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Abstract

We prove that the extension of the known hypersequent calculus for standard first-order Gédel logic with usual rules
for second-order quantifiers is sound and (cut-free) complete for Henkin-style semantics for second-order Gédel logic.
The proof is semantic, and it is similar in nature to Schiitte and Tait’s proof of Takeuti’s conjecture.

Keywords: Proof theory, Cut-admissibility, Second-order logic, Non-classical logics, Fuzzy logics, Godel logic,
Non-deterministic semantics

1. Introduction

Fuzzy logics form a natural generalization of classical logic, in which truth values consist of some linearly
ordered set, usually taken to be the real interval [0,1]. They have a wide variety of applications, as they
provide a reasonable model of certain very common vagueness phenomena. Both their propositional and
first-order versions are well-studied by now (see, e.g., [1]). Clearly, for many interesting applications (see,
e.g., [2] and Section 5.5.2 in Chapter I of [3]), propositional and first-order fuzzy logics do not suffice, and
one has to use higher-order versions. These are much less developed (see, e.g., [4] and [3]), especially from
the proof-theoretic perspective. Evidently, higher-order fuzzy logics deserve a proof-theoretic study, with
the aim of providing a basis for automated deduction methods, as well as a complementary point of view in
the investigation of these logics.

The proof-theory of propositional fuzzy logics is the main subject of [5]. There, an essential tool to
develop well-behaved proof calculi for fuzzy logics is the transition from (Gentzen-style) sequents, to hyper-
sequents. The latter, that are usually nothing more than disjunctions of sequents, turn to be an adequate
proof-theoretic framework for the fundamental fuzzy logics. In particular, propositional Godel logic (the
logic interpreting conjunction as minimum, and disjunction as maximum) is easily captured by a cut-free
hypersequent calculus called HG (introduced in [6]). The derivation rules of HG are the standard hyper-
sequent versions of the sequent rules of Gentzen’s LJ for intuitionistic logic, and they are augmented by
the communication rule that allows “exchange of information” between two hypersequents [7]. In [8], it was
shown that HIF, the extension of HG with the natural hypersequent versions of LJ’s sequent rules for the
first-order quantifiers, is sound and (cut-free) complete for standard first-order Godel logic.® As a corollary,
one obtains Herbrand theorem for the prenex fragment of this logic (see [5, 9]).

In this paper, we study the extension of HIF with usual rules for second-order quantifiers. These consist
of the single-conclusion hypersequent version of the rules for introducing second-order quantifiers in the

INote that Gédel logic is the only fundamental fuzzy logic whose first-order version is recursively axiomatizable [5].
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ordinary sequent calculus for classical logic (see, e.g., [10, 11]). We denote by HIF? the extension of (the
cut-free fragment of) HIF with these rules. Our main result is that HIF? is sound and complete for second-
order Gédel logic. Since we do not include the cut rule in HIF?, this automatically implies the admissibility
of cut, which makes this calculus a suitable possible basis for automated theorem proving. It should be
noted that like in the case of second-order classical logic, the obtained calculus characterizes Henkin-style
second-order Godel logic. Thus second-order quantifiers range over a domain that is directly specified in the
second-order structure, and it admits full comprehension (this is a domain of fuzzy sets in the case of fuzzy
logics). This is in contrast to what is called the standard semantics, where second-order quantifiers range
over all subsets of the universe. Hence HIF? is practically a system for two-sorted first-order Godel logic
together with the comprehension axioms (see also [12]).

While the soundness of HIF? is straightforward, proving its (cut-free) completeness turns out to be
relatively involved. This is similar to the case of second-order classical logic, where the completeness of
the cut-free sequent calculus was open for several years, and known as Takeuti’s conjecture [13].2 While
usual syntactic arguments for cut-elimination dramatically fail for the rules of second-order quantifiers,
Takeuti’s conjecture was initially verified by a semantic proof. This was accomplished in two steps. First,
the completeness was proved with respect to three-valued non-deterministic semantics (this was done by
Schiitte in [14]). Then, it was left to show that from every three-valued non-deterministic counter-model,
one can extract a usual (two-valued) counter-model, without losing comprehension (this was done first by
Tait in [15]). Our proof has basically a similar general structure. Thus, in Section 5, we present a non-
deterministic semantics for HIF? with generalized truth values. In Section 6, we use this semantics to derive
completeness with respect to the ordinary semantics. Finally, full proofs of the more technical propositions
are given in Appendices Appendix A and Appendix B.

2. Preliminaries

In what follows, £ denotes an arbitrary second-order language. For the simplicity of the presentation,
we follow [10] and restrict ourselves to simplified second-order languages, in which the second-order part of
the signature consists only of one predicate symbol £ (with the intuitive meaning of set membership). This
is formulated in the next definition.

Definition 2.1. A simple second-order language consists of the following:

1. Infinitely many individual variables v1, v, ... and set variables xi, x2,.... We use the metavariables
x,y,z and XY, Z (with or without subscripts) for individual and set variables (respectively).

2. A propositional constant L.

Binary connectives A, V,D. We use ¢ as a metavariable for the binary connectives.

@

4. Individual quantifiers V* and 3¢, and set quantifiers V* and 3°. We use Q* and Q°® as metavariables for
the individual and set quantifiers (respectively).

5. An arbitrary set of individual constant symbols, and an arbitrary set of set constant symbols. The
metavariables ¢ and C are used to range over individual and set constant symbols (respectively).

6. An arbitrary set of function symbols (that take individuals as arguments). The metavariable f is used
to range over them.

7. An arbitrary set of predicate symbols (that take individuals as arguments). The metavariable p is
used to range over them.

8. A predicate symbol e, with two places, the first for individuals and the second for sets.

9. Parentheses (" and ')’

Definition 2.2. The set of L-terms consists of first-order L-terms and second-order L-terms. These are
defined as follows:

2More precisely, Takeuti’s conjecture concerned full type-theory, namely, the completeness of the cut-free sequent calculus
that includes rules for quantifiers of any finite order. However, the proof for second-order fragment was the main breakthrough.
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1. First-order L-terms are all individual variables of £; all individual constant symbols of £; if f is an n-
ary function symbol of £ and t1, ..., t, are first-order L-terms then f(¢y,...,t,) is a first-order £L-term.
We use t (with or without subscripts) as a metavariable for first-order £-terms.

2. Second-order L-terms are all set variables of £ and all set constant symbols of £. We use T' (with or
without subscripts) as a metavariable for second-order £-terms.

The set of (individual) variables occurring in a first-order £-term t is defined as usual, and denoted by fu[t].
Similarly, the set of (set) variables occurring in a second-order L-term T is denoted by fv[T].

Following the convention in [10], we define a formula as an equivalence class of what we call concrete
formulas, so that two formulas that differ only by the names of their bound variables are considered as the
same.? This is convenient for handling the bureaucracy of free and bound variables. Moreover, it simplifies
the non-deterministic semantics below (see Remark 5.7).

Definition 2.3. Concrete L-formulas are inductively defined as follows:

1. p(t1,...,ts) is a concrete L-formula for n-ary every predicate symbol p of £ and first-order L-terms
ot

. (teT') is a concrete L-formula for every first-order £-term ¢ and second-order L-term T

. L is a concrete L-formula.

. If ¢} and @3 are concrete L-formulas, so are (¢ A ¢3), (¢ V ¢3), and (¢] D ¢3).

. If ¢® is a concrete L-formula, and z is an individual variable of £, then (Viz¢®) and (J'z¢®) are
concrete L-formulas.

6. If ©* is a concrete L-formula, and X is a set variable of £, then (V*X¢®) and (3°X¢®) are concrete

L-formulas.

T W N

We use ¢® (with or without subscripts) as a metavariable for concrete L-formulas. Free and bound variables
in concrete L-formulas are defined as usual. We denote by fv[e®], the set of (individual and set) variables
occurring free in a concrete L-formula ¢°®. Alpha-equivalence between concrete L-formulas is defined as
usual (renaming of bound variables). We denote by [¢®], the set of all concrete L-formulas which are
alpha-equivalent to ¢® (i.e. the equivalence class of ©*® under alpha-equivalence).

Definition 2.4. cp[p®], the complezity of a concrete L-formula ©* is the number of occurrences of quantifiers,
connectives (including 1), and atomic concrete formulas (formulas of the form p(¢1, ..., t,) or (teT)) in ©°.

Definition 2.5. An L-formula is an equivalence class of concrete L-formulas under alpha-equivalence. We
mainly use @, (with or without subscripts) as metavariables for £-formulas. The set of free variables and
the complexity of an L-formula are defined using representatives, i.e. for an L-formula @, fv[p] = fo[e®]
and cplp] = cplp®] for some ¢* € .

In the last definition and henceforth, it is easy to verify that all notions defined using representatives are
well-defined.

Definition 2.6. We define several operations on £-formulas:

e For o € {A,V, D}, and L-formulas ¢1 and @a: (10 w2) = [(©] ¢ ¥3)]a for some ¢$ € v and p§ € @s.

e For Q' € {V¢, 3"}, an individual variable z of £, and an L-formula ¢: (Q'z¢) = [(Q*z¢*®)], for some
p° €.

e For Q° € {V*,3°}, a set variable X of £, and an L-formula ¢: (Q*X¢) = [(Q°X¢*)], for some ¢* € .

The next proposition allows us to use inductive definitions and to prove claims by induction on complexity
of formulas:

Proposition 2.7. Exactly one of the following holds for every L-formula ¢:

3Since [10] does not provide all technical details for this convention, we do it here.
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e cplp] =1 and exactly one of the following holds:

— o ={p(t1,...,tn)} for unique n-ary predicate symbol p of £, and first-order L-terms ty,...,t,.
— ¢ = {(teT)} for unique first-order L-term ¢, and second-order L-term 7.

—o={Ll}
o v = (p1 © p2) for unique o € {A,V,D}, and L-formulas 1 and ¢y such that cp[p1] < cply] and
cplipa] < eple]-

e For every individual variable z € fv[p], ¢ = (Q'x1) for unique Q° € {V¢, 3%}, and L-formula 9 such
that cp[y)] < cp[ep].
e For every set variable X ¢ fv[p], ¢ = (Q*X)) for unique Q° € {Vv*,3°}, and L-formula ¢ such that

pl] < cpli].
Substitutions are defined as follows:
Definition 2.8. Let ¢ be a first-order £-term, and x be an individual variable of L.
1. Given a first-order L-term t', t'{¢/z} is inductively defined by:
t t'=ux
t'{tfa} =<t t'=yfory#£z,ort' =c
e}, s tn{tfe}) 1= [t tn)

2. Given an L-formula ¢, ¢{t/z} is inductively defined by:
{p(tl{t/1}77tn{t/¢})} @Y = {p<t177tn)}’

{0 {tf)eT)) o= {(1=T))
oy =1 oot

(p1{t/z} o pa{t/z}) o = (p10p2)
(Qy{t/x}) © = (Q'yy) for y & folt] U {x}
(QYY{t/x}) 0 =(Q°Y)

Definition 2.9. Let T be a second-order L-term, and X be a set variable of £. Given an L-formula ¢,
©{T/x} is inductively defined by:

¥ o ={p(t1,-.,tn)}
® o={(teT")} for T # X
{(t=T)) o = {(t=X)}
o{T/x} =4 o={L}
(pr{T/x}opa{T/x}) ¢ =(p10¢2)
(Q'y{T/x}) ¢ =(Q'yy)
(Q°Y{T/x}) ¢ =(QYy) for Y & fo[TJU{X}

Note that the above substitution operations are well-defined. In particular, the choice of the variables y
and Y is immaterial.

2.1. Henkin-style Second-Order Gddel Logic

In this section we precisely define Henkin-style second-order Godel logic, via a semantic presentation.
These definitions naturally extend the usual definitions of Henkin-style second-order classical logic, by re-
placing the usual two truth values T'rue and False by any bounded complete linearly ordered set of truth
values (e.g., the standard real interval [0, 1]). From a different angle, these definitions naturally extend the
usual definitions of (standard) first-order Godel logic, by extending the first-order domains with an addi-
tional collection of fuzzy sets. The first component of the semantics is the set of truth values. These should
form a Godel set, defined as follows:

4
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Definition 2.10. A (standard) Godel set is a bounded complete linearly ordered set V = (V, <). We denote
by 0y and 1y the maximal and minimal elements (respectively) of V' with respect to <. The operations
miny, maxy, infy and sup,, are defined as usual (where miny, ) = 1, and maxy @) = 0y,). For every pair of
elements ui,us € V, u; —y usg is defined to be 1y if uy < ug, and uy otherwise. The relations >, <, and
> are also defined in the obvious way. We omit the subscript V when it is clear from the context, and
sometimes we identify V with the set V' (e.g., when referring to the elements of V' as elements of V).

Next, we define the domain of the semantic structures. As done in Henkin-style second order logics, in
addition to the non-empty domain of individuals, we also have a domain of sets. In our case the elements
of this domain are fuzzy sets.

Definition 2.11. A function from a set D to a Godel set V is called a fuzzy subset of D over V.

Definition 2.12. Let V be a Godel set. A domain for £ and V is an ordered triplet (D;, Ds, I), where
D; is some non-empty set, D, is a non-empty collection of fuzzy subsets of D; over V, and I is a function
assigning: an element in D; to every individual constant symbol of £, a fuzzy subset in Dy to every set
constant symbol of £, and a function in D;" — D; to every n-ary function symbol of L.

Note that we include the interpretation of constants and function symbols in the domain itself. Thus,
a domain is defined relatively to the language, as well as to the set of truth values (which is used in the
definition of a fuzzy subset). Next, we define L-structures, that include, in addition to a Godel set of truth
values and a corresponding domain, an interpretation of the predicate symbols. Similarly to the set constant
symbols, unary predicate symbols are naturally interpreted as fuzzy subsets of the individuals domain, and
fuzzy subsets of tuples of individuals are used for predicates of larger arities.

Definition 2.13. An L-structure is a tuple U = (V, D, P) where:

1. Vis a Godel set.
2. D= (D;,Ds,I) is a domain for £ and V.
3. P is a function assigning a fuzzy subset of D;" over V to every n-ary predicate symbol of L.

As usual, an additional function is used for interpreting the free variables.

Definition 2.14. Let D = (D;, D,, I) be a domain for £ and V.

1. An (L, D)-assignment is a function assigning an element of D; to every individual variable of £, and
an element of Dy to every set variable of £. An (L, D)-assignment o is extended to all L-terms by:
olc] = I[¢] for every individual constant ¢ of £, o[C] = I[C] for every set individual constant C' of
L, and o[f(t1,...,tn)] = I[f]lo[t1], ..., o[tn]] for every n-ary function symbol f of £ and first-order

L-terms tq, ..., t,.
2. Let ¢ be an (L, D)-assignment. Given an individual variable z of £ and d € D;, we denote by
Ox:i—q the (L, D)-assignment which is identical to o except for o,.—q[z] = d. Similarly, given a set

variable X of £, and D € Dy, we denote by ox.—p the (£, D)-assignment which is identical to o
except for ox.—p[X] = D. These notations are naturally extended to several distinct variables (e.g.

UV11:d11V21:d2,X1::D)~

We can now define the truth value assigned by a given structure to an arbitrary formula with respect to
some assignment. This definition generalizes in a natural way the usual recursive definition used in classical
higher-order logics, where instead of the usual truth tables we use their counterparts of Godel logic: A
corresponds to min, V to max, and the implication D is interpreted as the — operation. For the quantifiers,
we take inf and sup. Since the set of truth values is, by definition, complete, inf and sup are always defined.
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Definition 2.15. Let U = (V, D, P) be an L-structure, where D = (D,, D, I). For every L-formula ¢ and
(L, D)-assignment o, U[p, o] is the element of V inductively defined as follows:

Plplloft1], ..., ota]] o ={p(t1, .., tn)}
o[T[ot]] o= {(teT)}
0 p={Ll}
min{U[p1, o], Up2, 0]} @ = (p1 A p2)
max{U[p1,0],U[p2,0]} @ = (p1V2)
o=  Ulpro] > Ulpnol o= (015 2)
infdeDi U[¢, U:r::d] Y= (Vim/})
SUPgep; UW’ %::d] Y= (Hiﬂw)
infpep, U, 0 x.—p] o= (VX))
SUPpep, UlY,0x.=p] o= (F"X)

It can be verified that the choice of x and X in the last definition is immaterial, and U[p, o] is well-defined.

The last definition establishes the connection between the predicate symbol e, and the (fuzzy) set mem-
bership. The truth value assigned to a formula of the form {(tcT")} with respect to an assignment o is equal
to the membership degree of olt] in the fuzzy subset o[T].

Next, we define Henkin-style second-order Godel logic. This amounts to the set of tautologies induced by
the structures defined above with the additional restriction of comprehension. Thus, as done in Henkin-style
classical second-order logic, we require that all (fuzzy) subsets of the universe that can be captured by some
formula, are indeed included in the domain of (fuzzy) subsets. Structures satisfying this property (namely,
admit the comprehension axiom) are called comprehensive.

Definition 2.16. Let U/ = (V, D, P) be an L-structure, where D = (D;, Ds, I). Given an L-formula ¢, an
individual variable z of £, and an (£, D)-assignment o, we denote by U[p, o, x] the fuzzy subset of D; over
V defined by Ad € D;. U[p, 04.—q]. U is called comprehensive if U[p, o,x] € D, for every ¢, x, and o.

Definition 2.17. For an L-formula ¢, we write G2 ¢ if U[p,o] = 1 for every comprehensive L-structure
U= (V,D,P) and (L, D)-assignment 0. G% is the logic consisting of all formulas ¢ such that FGZ .

Remark 2.18. For simplicity, we identify a logic with its set of theorems, and do not consider consequence
relations.

Example 2.19. It is easy to see that the comprehension axiom scheme is valid in G% ie.
2 .
R (X (W ((p D {(zeX)}) A ({(zeX)} D))

for every L-formula ¢, set variable X ¢ fuv[p], and individual variable z. Indeed, let i = (V, D, P) be a com-
prehensive L-structure, where D = (D;, Dy, I). Let o be an (£, D)-assignment. By definition, U[p, o, x] € D;.
Thus

UFX (T '2((0 D {(zeX)NA{(zeX)} D 9)))), 0] > U[(V((¢ D {(zeX)HA{(zeX)} D ), Ox:=ufp.02]]-
By definition, for every d € D; we have:
U{(xeX)}), 0x.up.0u] 2:=d] = Ulp, 0, 2][d] = U, 0p.=a]-
Since X ¢ fu[p] (using Lemma Appendix A.1, see Appendix Appendix A),
Ul(p > {(zeX)}), ox.=ttlp,0,a),2:=d] = U, Oizd] = Ulp, 00ia] = 1,

and similarly,
u[({(IEX)} o Qo)v UX::U[¢,U,$],$::d] =1
6
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It follows that

U[((QO ) {(xsX)}) A ({(LE{:‘X)} ) @))70')(::1/{[59,0,32],36::(1] = Inin{la 1} =1

Since this holds for every d € D;, we have:
dlengu[((@ i) {(.Z‘EX)}) A ({(.TJEX)} B L)0))7O-X::Z/{[L,o,cr,x],as::d] =1

Consequently, _
U[FX (V' z((p D {(zeX)}) A ({(zeX)} D)), 0] = 1.

3. Hypersequent Calculus

In this section we present a cut-free hypersequent calculus for G%. This calculus is obtained by aug-
menting the hypersequent calculus HIF for standard first-order Godel logic (introduced in [8]) with rules for
second-order quantifiers. We begin by presenting HIF itself. We follow its formulation from [16] (adapted
to our definitions, where formulas are equivalence classes of concrete formulas).

Definition 3.1. A single-conclusion L-sequent is an ordered pair (I', ) of finite sets of L-formulas, where
FE is either a singleton or empty. A single-conclusion L-hypersequent is a finite set of single-conclusion
L-sequents.

Henceforth, we simply write L-sequent instead of single-conclusion L-sequent, and L-hypersequent instead
of single-conclusion L-hypersequent. The set of free variables and substitution operations are defined as
expected for sets of L-formulas, £-sequents, and L-hypersequents. We usually employ the standard sequent
notation I'= F (for (', E)) and the hypersequent notation sy |...| s, (for {s1,...,s,}). We also employ the
standard abbreviations, e.g. ', o =1 instead of I'U {p}={¢}, and H | s instead of H U {s}.

Definition 3.2. HIF is the hypersequent calculus consisting of the following derivation rules:
Structural Rules:

H|T=>E H|T'= H
W= Fmre=e " Fir=e B FroE
(com) H | 1—‘1,1—‘2$E1 H | Fl,F2:>E2 (ld)
H|F1:>E1‘F2:>E2 H|F,(,0:>(,O
Logical Rules:
=) HFT =%
H|T=p; H|T'po=FE H|T,01= 0
o= =D
5=) HI|T,(p1Dp2)=E &2) H|T'=(¢1 D )
H|T,p1.=E H|T,p,=E
V=
(V=) H|T,(p1Vp2)=FE
H|T=¢ H|T=¢y
=V =V
&) H | T'=(p1V 2) & Va) H[T=(p1Vp2)
H|T,p1=E H|T,p=E
(/\$1) ‘ P1 (/\ig) ‘ ©2

H T, (p1 Np2)=E HI|T, (g1 Np2)=>FE

H|T=¢1 H|T'=g
H|T=(p1 A p2)

&A)

7
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i H|T pl{tfa}=F i H|T=yp
=) Fnvep e V) BT &g

i H|T p=E i H | D= p{l)s}
G2 T Gepor O HITS @)

Applications of the rules (= V) and (3*=) must obey the eigenvariable condition: x is not a free variable in
the lower hypersequent.

Several clarifications should be noted:

1. As usual, rules are formulated by schemes using metavariables. In addition to the metavariables
declared above, we use: H for L-hypersequents; I' for finite sets of L-formulas; E for singleton or
empty sets of L-formulas. For example, an L-hypersequent H; can be derived from an £-hypersequent
Hs by applying the rule (V'=) iff Hy = H U {(T, (V'zp))} and Hy = H U {{T U {¢{t/=}}, E)} for some
L-hypersequent H, finite set I" of L-formulas, individual variable x of £, L-formula ¢, first-order
L-term t, and singleton or empty set E of L-formulas.

2. Since formulas are equivalence classes, the rules (= V'), (3'=) could be written also as:

H | T = p{v)e}
H|T= (Mzyp)

H|T,p{v/s}=E

&V O[T, Fap)=E

(3=

where y is not a free variable in the lower hypersequent.

3. In the presence of the weakening rules, it is always possible to incorporate external weakenings and left
internal weakenings in the applications of the rules. Thus for example, we could have defined an appli-
cation of (D =) as an inference step deriving H | T', o1 D w2 = F from H; |1 =1 and Hy | T2, 02 = F
with the requirement that Hy U Ho C H and I'; UTy CT'. Note that in the case of (com), the equiv-
alent definition allows us to derive H | T} = E; | I',= E5 from Hy | 'y, A1 = FE; and Hs | T9, Ay = F>
where Hy U Hy C H, Ty UA; C T and T2 U Ay C T Henceforth, we freely use this kind of applica-
tions (that formally might involve additional applications of the weakening rules).

Next, we introduce the rules schemes for the set quantifiers. These are the single-conclusion hypersequent
versions of the sequent rules used for classical logic (see the calculus L2K in [10]), and they have the same
structure of the rules for individual quantifiers, where instead of using first-order terms, one uses abstraction
terms (abstracts for short). Abstracts are syntactic objects of the form ¢z | ¢$ that intuitively represent sets
of individuals. Note that abstracts are just a syntactic tool for formulating the rules of the set quantifiers.
Derivations in the calculus still consist solely of hypersequents, and no abstracts are mentioned in them. As
we did for formulas, we first define concrete abstracts, and abstracts are defined as alpha-equivalence classes
of concrete ones.

Definition 3.3. A concrete L-abstract is an expression of the form §x | ¢*$, where x is an individual
variable of £, and ¢*® is a concrete L-formula. Alpha-equivalence between concrete L-abstracts is defined
as usual (where z is considered bound in ¢z | ©*$), and [§z | ¢°*}|, is standing for the set of all concrete
L-abstracts which are alpha-equivalent to ¢z | ©*$. An L-abstract is an equivalence class of concrete L£-
abstracts under alpha-equivalence. We mainly use 7 as a metavariable for L-abstracts. The set of free
variables of an L-abstract is defined using representatives, i.e. for an L-abstract 7, fv[r] = fv[dx | ¢*}] for
some ¢z | *b € T.

Definition 3.4. Given an individual variable x of £ and an L-formula ¢, ¢z | ¢} is the L-abstract [§x | ¢*$]a
for some *® € .

Proposition 3.5. For every L-abstract 7 and individual variable z ¢ fuv[r], there exists a unique £-formula
@, such that 7 = 4x | .

Definition 3.6. Let 7 be an L-abstract, and ¢ be a first-order L-term. 7[¢] is defined to be the £-formula
@{t/=z} for some individual variable z and L-formula ¢, such that 7 = §x | ).
8
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It is easy to see that 7[t] is well-defined. First, Proposition 3.5 ensures the existence of 2 and ¢ such
that 7 = 4§z | p$. Additionally, it is easy to see that the result does not depend on the choice of x. Next,
we define substitution of an abstract for a set variable in an arbitrary formula .

Definition 3.7. Let 7 be an L-abstract, and X be a set variable of £. Given an L-formula ¢, o{7/x} is
inductively defined by:

@ e ={p(t1,....tn)}, o ={(teD)} for T # X, or o = {L}
7t] ¢ ={(tsX)}
e{7/x} =S (pr{7/x}owa{T/x}) @ = (p10¢2)
(Qy{/x}) ¢ = (Q'yy) for y & fu[7]
(Q°Yp{7/x}) o= (QYY) for Y & fu[r]U{X}

Note that the this substitution operation is well-defined. In particular, the choice of the variables y and
Y is immaterial.

Example 3.8. For ¢ = (Vir1({(riex1)} D (Fx2{(r1ex2)}))), and 7 = §va | {p(v2,v2)}p, we have
p{7ha} = (Fi({p(v1,m1)} 5 (Fxe{(ex2)}))-

The following lemma will be useful in the sequel.

Notation 3.9. Given a second-order L-term T', T,ps denotes the L-abstract ¢vy | {(v1€T)}$.

Lemma 3.10. For every second-order £-term T, L-formula ¢, and set variable X of £, p{Tats/x} = p{T/x}.
PROOF. By usual induction on the complexity of . O

Using abstracts, the rules for the second-order quantifiers are formulated as follows.

Definition 3.11. HIF? is the hypersequent calculus obtained by augmenting HIF with the following
derivation rules:

. HI|D, p{7/x}=E . H|T=
=) T E@SX@);»E &) Fﬁ(vsﬁw)
(3 =) H|T,p=FE =3 H | T'=p{7/x}

H|T,>Xg)=E H|T=(FXp)

where X is not a free variable in the lower hypersequent in applications of the rules (= V*) and (3° =).
Below, we write - H to denote that a hypersequent H is provable in HIF?

As before, since formulas are equivalence classes, the rules (=V?), and (3°=) could be written as:

H|T=p{¥/x}
H|T=(VXgp)

H|T, o{V/x}=E
H|T,(>Xg)=E

=) (F*=)

where Y is not a free variable in the lower hypersequent.

Remark 3.12. Note that rules given by the schemes

H|T p{T/x}=FE H|T=p{T/x}
H|T,(V"X¢)=E H|T=(3Xp)

where T is a second-order L-term, are particular instances of (V*=) and (= 3°), obtained by choosing
7 = Tyups (see Lemma 3.10).
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Example 3.13. Let ¢ and v be L-formulas, and X be a set variable such that X & fv[p]U fo[ip]. We show
that F=((V*X (¢ V1)) D (¢ V (¥ X1))):

(id)

o= (idw:»w (com)

 Y=ele=9 Y=

=0 W S0 (pve)=o
(pVi)=o | (pVip)=9

(VX(eVy))=p| (V)=

(VX(p V)= | (VX(p V)=

(VX(p V)= | (VX(p V)= (VXy)

(VX (p V)= (pV (VX)) | (VX (p V)= (VX))
(VX (p V)= (pV (VX))

= ((VX(p V) D (pV (VX))

(id)
(V=)
(V=)

(V=)
(V=)
=)

(:>\/1)

(é \/2)

&2)

3.1. Some Admissible and Derivable Rules

In this section, we prove some properties of HIF?, to be used below for proving its completeness. First,
the following standard lemma establishes the admissibility of substitution:

Lemma 3.14. Let H be an L-hypersequent.

e For every individual variables x,y of £, such that y & fv[H], if - H then - H{v/x}.
e For every set variables X,Y of L, such that Y ¢ fv[H], if H H then F H{Y/x}.

Next, the rules (com), (V=), (3*=), and (3*=) can be generalized as follows.

Proposition 3.15 (Generalized (com)). The following rule is derivable in HIF*:

Hy [T,/ =E |..|T, [\ =E, Hy|TsTy=F |..|Ts,Th=FE,
H; | Hy | Fl,FIQ:>E1 || Fl,F/Q:>En | FQ,F/1:>F1 ‘| FQ,F/11>Fm

PROOF. The proof is similar to the proof of Proposition 22 in [16]. O
Proposition 3.16 (Generalized (V=)). The following rule is derivable in HIF?:

Hy|Ty,o1=E .| T, o1 = E, Hy | Ty, 00=Fy |...|To, 02= Fiy
Hi | Hy | T, (o1 V2)=Er || T, (g1 Vo) =E, | T, (01 V2)=F1 |...| Ta, (01 V 2) = Fp

PROOF. The proof is similar to the proof of Proposition 23 in [16]. O

Proposition 3.17 (Generalized (3°=)). For every L-hypersequent H, singleton or empty sets of £-formulas
Ex, ..., By, finite set T of L-formulas, £L-formula ¢, and individual variable x ¢ fu[H]U fo[l'U Eq U ... U E,]:
ift-HI|T,p=FE|...|T,p=E,, then - H|T,(Fxp)=E; |...| T, (Fap)=E,.

PROOF. We use induction on n. The claim is trivial for n = 0. Now assume that the claim holds for
n — 1, we prove it for n. Let H be an L-hypersequent, Fi,..., E, be singleton or empty sets of L-
formulas, ' be a finite set of L-formulas, ¢ be an L-formula, and x be an individual variable of £ such
that & fo[H|U foTUEL U...UE,]. Let Hy=H |TI',o=FE, |...|T,po=E,. Suppose that - Hy. Let y
be an individual variable of £ such that y ¢ fv[Hy]. By Lemma 3.14, - Hy{v/=}. By Proposition 3.15, the
following L-hypersequent is derivable from Hy and Ho{¥/=}:

H|T,o=FE, |, o{yz}=F1 |...|T,o{v/a}=FE,_1

10



O. Lahav and A. Avron / Fuzzy Sets and Systems 00 (2014) 1-30 11

(to see this, take H; = H | Iyo = E, and Hy = H | T, o{¥/x} = Ey | ... | T, ¢{¥/a} = E,_1). By an
application of (3°=) on the last hypersequent, we obtain:

H|T,(Fap)=Ey | T, 0{vfa} = E1 |...| T, o{v/z} = En_
The induction hypothesis now entails that - H | T, (F'zp)=E1 |...| T, (Flzp) = E,.

Similarly, we have the following:

Proposition 3.18 (Generalized (3° =)). For L-hypersequent H, singleton or empty sets of L-formulas
E, ..., E,, finite set T’ of L-formulas, £-formula ¢, and set variable X ¢ fo[H]U fo[[UE; U...UE,]: if
FHI|T,o=FE|...|T,o=E,, then - H|T', (I Xp)=FE |...|T,(FXp)=E,.

4. Soundness

In this section we prove the soundness of HIF? for G2.

Definition 4.1. Let & = (V, D, P) be an L-structure, where V = (V, <).

1. An (L, D)-assignment o is a model (with respect to U) of:
(a) an L-sequent I'=E (denoted by: o FY I'= E) if minger U[p, 0] < maxyep U[p, o).t
(b) an L-hypersequent H (denoted by: o EY H) if 0 EY s for some component s € H.
2. U is a model of an L-hypersequent H if o =¥ H for every (L, D)-assignment o.

Theorem 4.2. Let H be an L-hypersequent. If - H, then every comprehensive L-structure is a model of
H.

Soundness for G2 is an obvious corollary:
Corollary 4.3. For every L-formula ¢, if ==, then FGZ ®.

PRrOOF. Directly follows from Theorem 4.2, using the fact that I/ is a model of = ¢ iff U[p, o] = 1 for every
comprehensive L-structure U = (V, D, P) and (L, D)-assignment o. O

Theorem 4.2 is proved in the usual way, by induction on the length of the derivation in HIF2. Note
that the soundness proof for HIF in [16], was with respect to Kripke-style semantics, where here we prove
soundness of HIF? for the many-valued semantics described above. We use the following technical lemmas
(full proofs are given in Appendix Appendix A):

Lemma 4.4. Let U = (V, D, P) be an L-structure, ¢ be a first-order £-term, and z be an individual variable
of L. For every L-formula ¢, and (£, D)-assignment o: U[p, 05.—o[] = U[p{t/z},0].

Lemma 4.5. Let U = (V, D, P) be an L-structure, where D = (D;, D,,I), T be an L-abstract, x & fv[7]
be an individual variable, and X be a set variable of L. For every L-formula ¢ and (£, D)-assignment o, if
U[T[I], g, 1}] € D;, then U[QP{T/X}v 0] = U[cp, O‘X:ZM[T[I],U,J,‘]}'

PROOF (THEOREM 4.2). Let U = (V, D, P) be an L-structure, where V = (V,<) and D = (D;, D, I). It
suffices to prove soundness of each possible application of a rule of HIF2. We do here several cases, and
leave the other cases to the reader:

4Dealing with single-conclusion sequences, E is either a singleton {¢} and then max,crU[p, o] = U[p, o], or empty and
then max,ecg U[p, o] = 0.

11
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(com) Suppose that H |T'y = F; | 9= E5 is derived from H | T'y,I'y= FE; and H | I'1, 'y = E5 using (com).
Let o be an (£, D)-assignment. If o ¥ s for some component s € H, then we are done. Oth-
erwise, 0 EY T'1,I'y=FE; and o Y T'1,['s=E>. Thus minger,ur, U[p, 0] < maxyer, Ulp, o], and
minger,ur, U, 0] < maxyep, U[p,o]. Now, either we have ming,er,ur, U[p, o] = minger, U[p, o]
or minger,ur, U[p, o] = minger, Ulp, o). It follows that either ming,cr, U[p, o] <y maxycr, U[p, o]
or minger, U[p, 0] < maxyep, Ulp,o]. Therefore, 0 EY T'1=E; or 0 Y I'y=F5. In both cases,
cEY H|T\=E; |Ty=E,.

(D =) Suppose that H | T, (p1 D p2)=E is derived from H | T'= ¢y and H | T, po=F using (D =). Let
o be an (£, D)-assignment. If o E¥ s for some s € H, then we are done. Otherwise, o EY I'= ¢
and 0 FYT,p9=FE. Let u; = mingerU[),o] and us = maxypepU,o]. If uy < ug, then we
have o EY T, (¢1 D p2)=E, and we are done. Otherwise, u; < U[p1,0], Up2,0] < ug, and so
Ulpa, 0] < Ulp1,0]. Tt follows that U[(v1 D w2),0] =Ulp1,0] = Ulps, o] = U[pa, 0] < ug. Conse-
quently, o Y T, (1 D pa) = E in this case as well.

(Vi=) Suppose that H = H' | T, (Vizp)=E is derived from the L-hypersequent H' | T, p{t/x} = E using
(V' =). Assume that o [£¥ H for some (£, D)-assignment 0. Hence, o Y s for every s € H', and o Y
T, (Viap)= E. Let u = maxyep U, o). Since o EY T, (Vixp)= E, we have minger U[1), o] > u, and
U[(Vizy), 0] > u. By definition, U[(Vizy), o] = infaep, U[p, 0r.—q). Thus U[p, 04.—4) > u for every
d € D;. In particular, U[p,04.—s4] > u. Lemma 4.4 implies that U[p{t/z},o] > u. It follows that
o U T, p{t/z}= E. Consequently, U is not a model of H' | T, p{t/z}= E.

(V¥=) Suppose that H = H' | T, (V*X )= F is derived from the £L-hypersequent H' | ', o{7/x} = E using
(V* =). Assume that o Y H for some (£, D)-assignment o. Hence, o Y s for every s € H',
and o Y T,(V*X¢) = E. Let u = maxyepU[h,0]. Since o Y T,(V*X¢) = E, we have
minger U, o] > u, and U[(V*Xp),0] > u. By definition, U[(V*Xp),o] = infpep, U[p, ox.=p].
Thus U[p,0x.=p] > u for every D € Ds. Let x be an individual variable such that x ¢ fo[r], and
let Dy = U[r[x],0,x]. Since U is comprehensive, Dy € Dy, and in particular, U[p,ox.—p,] > u.
Lemma 4.5 implies that U[p{7/x}, o] > u. It follows that o £Y T',p{7/x} = E. Consequently, U is
not a model of H' | T, p{7/x}=E. O

5. Complete Non-deterministic Semantics

It remains to prove the completeness of HIF? for Henkin-style second-order Gédel logic. This will be
established in two stages. First, in this section, we present a non-deterministic semantics for which HIF?
is complete. In the next section, we prove completeness with respect to the semantics described above, by
extracting an ordinary counter-model out of a non-deterministic one. The non-deterministic semantics that
we use here extends the semantics that was presented in [17] for the propositional fragment. It is based on
quasi-L-structures, defined as follows.

Definition 5.1. A quasi-domain for L is an ordered triplet (D;, Dy, I), where D; and D, are non-empty
sets, and [ is a function assigning: an element of D; to every individual constant symbol of £, an element
of D, to every set constant symbol of £, and a function in D;" — D; to every n-ary function symbol of L.

Note that the elements of D, in quasi-domains may not be fuzzy subsets. This allows us to compose
D, out of abstracts (as done in the completeness proof). (£, D)-assignments are defined for quasi-domains
exactly as for domains (see Definition 2.14).

Definition 5.2. Let ¥V = (V, <) be a Godel set.

1. A non-empty closed interval for V is a set of elements of the form {u € V : 1 < u < r} (denoted by
[[,7]) where I, € V and | < r. We denote by Inty the set of all non-empty closed intervals for V.
2. Given some non-empty set D, a function D from D to Inty is called a quasi fuzzy subset of D over V.

Definition 5.3. A quasi-L-structure is a tuple Q@ = (V, D, P, v) where:
12
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1. Vis a Godel set.
2. D =(D;,Ds,I) is a quasi-domain for L.
3. P is a function assigning a quasi fuzzy subset of D;" over V to every n-ary predicate symbol of £, and
a quasi fuzzy subset of D; over V to every element of D;.
4. v is a function assigning an interval in Inty to every (pair of) L-formula ¢ and (£, D)-assignment o,
such that the following hold:
(a) For every pair of individual variables x,y such that y € fv[e], and every d € D;:

U[‘)Oa Ua:::d] = U[(p{y/z}7 Uy:=d}-

(b) For every pair of set variables X, Y such that Y & fu[y], and every D € D;:

v, 0x.=p] = v[p{Y/X},0v.=D].
Quasi-L-structures are different from L-structures in several important aspects:

1. The interpretations of the predicate symbols are not fuzzy subsets of tuples of elements of D;, but
quasi fuzzy subsets, namely Pp|[dy, ..., d,] is a non-empty closed interval of truth values.

2. The interpretation function P of a quasi-L-structure also assigns a quasi fuzzy subset of D; over V to
every element of D;.

3. Quasi-L-structures include also a valuation function v that assigns to every formula and assignment
some interval of truth values. Intuitively, the left endpoint of v[p, o] should be thought of as the
value of ¢ with respect to ¢ when ¢ occurs on left sides of sequents, and the right endpoint is the
corresponding value when it occurs on right sides of sequents. This flexibility is the key for proving
completeness when the cut rule is absent. Indeed, intuitively speaking, from a semantic point of view,
the cut rule and the identity axiom bind the left and right value of each formula. The reason to
have v included in the structure lies in the fact that the resulting semantics is non-deterministic (see
discussion below). Thus, in contrast to (ordinary) structures, in quasi structures the values of the
atomic formulas do not uniquely determine the values of all compound formulas. The function v is
then used to “store” the values of the compound formulas.

Obviously, in order to be able to extract an ordinary counter-model out of a quasi-structure, further
conditions should be imposed:

Notation 5.4. For each function F' whose range is Inty from Definition 5.3 (namely, P[p] for every predicate
symbol p, P[D] for every D € D,, and v), we denote by F! and F" the functions obtained from F by taking
only the left and the right endpoints (respectively). For instance, for every ¢ and o, v!'[p, o] is the left
endpoint of the interval v[p, o].

Definition 5.5. Let Q@ = (V, D, P,v) be a quasi-L-structure, where D = (D;, Dy, I). For every L-formula
v and (£, D)-assignment o, Q[p, o] is the interval in Inty, defined as follows:

Plpl[ofta], ..., oltn]] o =A{p(t1, ..., tn)}
Plo[T])[o][t]] ¢ ={(teT)}
{0} p={L1}

[min{v'[1, 0], 0! [p2, 0]}, min{v"[1, 0], 0" [02,0]}] @ = (01 A p2)

Qlp, o] = [max{v'[p1, 0], v'[pa, o]}, max{v"[p1, 0], 0" [p2,0]}] ¥ = (p1V p2)
’ [v7 @1, 0] = v'[p2, 0], 0! 1, 0] = v"[ip2,0]] ¢ = (p1 D p2)
[infgep, 0'[Y), 0pimal, infaep, V71, 00:—d]] o= (Vi)
[Supde’Di 01[1/17 Opi=d), SUPgep, V[, 0pi=d]] Y= (Hiﬂw)
[inf pep, v' [, 0x.=p], inf pep, v" [, 0x.=p]] o= (VX))
[SupDGDS vl (¥, 0x.=D], SUPpep, v"[th, 0x.=p]] o= (FXY)

13



O. Lahav and A. Avron / Fuzzy Sets and Systems 00 (2014) 1-30 14

Conditions (a) and (b) in Definition 5.3 ensure that Q is well-defined, namely that the choice of z and
X is immaterial. It is straightforward to verify that Q[p, o] is indeed non-empty for every L-formula ¢ and
(L, D)-assignment o (for D, note that if u; < ug and uz < ug then us — uz < up — uy).

Definition 5.6. A quasi-L-structure Q = (V, D, P, v) is called legal if Q[¢, o] C v[p, o] for every L-formula
¢ and (£, D)-assignment o.

We can now demonstrate the non-deterministic nature of the semantics. Suppose that v[p, o] = [l1,71]
and v[psz, o] = [l2,r2]. All we require from, e.g., v[(¢1 A p2), 0] is [min{ly, l2}, min{ry,r2}] C v[(p1 A p2), 0.
In other words, every interval [I,7] such that I < min{ly,l5} and min{ry,r2} < r can be chosen as a value
for v[(p1 A v2),0]. In contrast to ordinary structures, here the values of (p1,0) and (p3,0) do not uniquely
determine the value of ((¢1 A p2),0). Intuitively speaking, non-determinism is a direct result of the “split”
truth values: each logical introduction rule enforces only one-sided bound on values of formulas when they
appear on a certain side of the sequent.

Remark 5.7. Since formulas are defined to be alpha equivalence classes of concrete formulas, we do not
have to enforce in the definition of a quasi-structure that two alpha-equivalent formulas obtain the same
value. Previous works on non-deterministic semantics for languages with quantifiers, such as [18], studied
structures in which truth values are non-deterministically assigned to concrete formulas. In this case,
additional (technically complicated) restrictions are needed.

We adapt the definition of comprehensive structures to quasi-structures, keeping in mind that the function
P interprets the elements of Dy as quasi fuzzy sets.

Definition 5.8. A quasi-L-structure Q@ = (V, D, P,v), where D = (D;, Dy, I), is called comprehensive if
for every L-formula ¢, individual variable x, and (£, D)-assignment o, there exist some D € D, such that
P[D] =\ € D;. ’U[Lp, Ua:::d]~

The notion of model for quasi-L-structures is given in Definition 5.9. Note that the definition is “liberal”,
taking the smallest possible value (the left endpoint of each interval) when a formula occurs on the left side
of a sequent, and the greatest one (the right endpoint) when a formula occurs on the right side of a sequent.

Definition 5.9. Let Q = (V, D, P,v) be a quasi-L-structure, where V = (V, <).

1. An (£, D)-assignment o is a model (with respect to Q) of:
(a) an L-sequent I'=E (denoted by: ¢ E< I'=E) if minger v'[p, 0] < max,ep v"[p, o).
(b) an L-hypersequent H (denoted by: o =< H) if o =< s for some component s € H.
2. Qis a model of an L-hypersequent H if o =2 H for every (£, D)-assignment o.

Theorem 5.10. Suppose that t/ Hy, for some L-hypersequent Hy. Then there exists a legal comprehensive
quasi-L-structure which is not a model of Hy.

The rest of this section is devoted to prove this theorem. First, we introduce the two main ingredients
of this proof: maximal extended hypersequents and Herbrand quasi-domains.

Remark 5.11. Every L-structure U = (V,D, P) naturally induces a quasi-L-structure Q = (V', D', P v),
by taking V' =V, D' = D, P'[p] = My, ...,d, € D;. {P[p]ld1,...,d,]} for every n-ary predicate symbol,
P'[D] = M € D;. {D[d]} for every D € Dy, and v[p,o] = {U[p,o]} for every ¢ and o. It is easy to
verify that Q is always legal, as well as comprehensive assuming that U is comprehensive. In addition, it is
straightforward to verify the soundness of HIF? with respect to the semantics of legal comprehensive quasi-
structures (i.e. - H implies that every legal comprehensive quasi-L-structure is a model of H). Soundness
would not hold if we added (cut) to HIF?, since we allow cases in which v'[p,0] < v"[p, 0] and then Q
might be both a model of = ¢ and p=.

14
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5.1. Maximal Extended Hypersequents

Maximal extended L-hypersequents will play a crucial role in the completeness proof below. These are
straightforward adaptations of the corresponding notions in [16], that were used to prove cut-free complete-
ness of the first-order fragment. The full proofs, that are also adaptations of the corresponding proofs in
[16], are given in Appendix Appendix B.

Definition 5.12. An extended L-sequent is an ordered pair of (possibly infinite) sets of £-formulas. Given
two extended L-sequents pu; = (L1,R1) and pe = (Lo, Rg), we write u1 E pg if Ly € Ly and Ry € Ry, An
extended L-sequent is called finite if it consists of finite sets of formulas.

Definition 5.13. An extended L-hypersequent is a (possibly infinite) set of extended L-sequents. Given
two extended L-hypersequents Q1,Qs, we write 1 C Qo (and say that Qg extends ;) if for every extended
L-sequent g € 1, there exists pus € Q9 such that g1 C puo. An extended L-hypersequent is called finite if
it consists of finite number of finite extended L-sequents.

We shall use the same notations as above for extended L-sequents and extended L-hypersequents. For
example, we write L =R instead of (L,R), and Q | L, =R instead of QU {(LU {y},R)}. Obviously, every
L-hypersequent is an extended L-hypersequent, and so the definition above and the properties defined below
apply to (ordinary) £-hypersequents as well. Note that finite extended sequents (hypersequents) correspond
to multiple-conclusion sequents (hypersequents).

Definition 5.14. An extended L-sequent L=-R admits the witness property if the following hold for every
L-formula ¢, individual variable x of £, and set variable X of L:

1. If (Vixp) € R, then ¢{¥/z} € R for some individual variable y of L.
2. If (J'zy) € L, then p{v/=} € L for some individual variable y of L.
3. If (V*X ) €R, then p{Y/x} € R for some set variable Y of L.
4. If (F* X ) € L, then p{¥/x} € L for some set variable Y of L.

Definition 5.15. Let Q2 be an extended L-hypersequent.

1. Q is called unprovable if I/ H for every (ordinary) L-hypersequent H C . Otherwise, Q is called
provable.
2. Let ¢ be an L-formula. Q is called internally mazimal with respect to ¢ if for every L=R € :
(a) If ¢ € L then Q | L, o =R is provable.
(b) If ¢ ¢ R then Q | L=, R is provable.
3. Q is called internally maximal if it is internally maximal with respect to any L-formula.
4. Let s be an L-sequent. € is called externally maximal with respect to s if either {s} C Q, or Q | s is
provable.
5. Q is called externally mazimal if it is externally maximal with respect to any L-sequent.
Q admits the witness property if every L=R € () admits the witness property.
7. Q is called mazimal if it is unprovable, internally maximal, externally maximal, and it admits the
witness property.

&

Less formally, an extended hypersequent €2 is internally maximal if every formula added on some side of
some component of 2 would make it provable. Similarly, 2 is externally maximal if every sequent added to
Q would make it provable. Note that the availability of external and internal weakenings ensures that for
ordinary hypersequents the previous notion of provability (denoted by ) and the current one are equivalent.

The following propositions easily follow from the definitions using internal and external weakenings.

Proposition 5.16. Let ) be an extended L-hypersequent, which is internally maximal with respect to an
L-formula ¢. For every L=R € (:

1. f ¢ €L, then we have - H | T, o= FE |...| I, o= E, for some L-hypersequent H C Q and L-sequents
I'=FE,..,I'sFE, CL=R.
15
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2. If ¢ € R, then we have F H | '= ¢ for some L-hypersequent H C 2 and finite set T" C L.

Proposition 5.17. Let 2 be an extended L-hypersequent, which is externally maximal with respect to an
L-sequent s. If {s} [Z Q, then there exists an L-hypersequent H C Q such that - H | s.

Lemma 5.18. Every unprovable £-hypersequent can be extended to a mazimal extended L-hypersequent.

PRrROOF. See Appendix Appendix B. O

5.2. The Herbrand Quasi-Domain

Definition 5.19. The Herbrand quasi-domain for L is the quasi-domain D = (D;, Ds, I) where D; is the
set of all first-order L-terms, Dy is the set of all L-abstracts, I[c] = ¢ for every individual constant symbol
cof L, I[C] = Cups = $v1 | {(11eC)}p for every set constant symbol C of L (see Notation 3.9), and
I[f] = My, ... sty € Dy. f(t1, ..., t,) for every n-ary function symbol f of L.

In an Herbrand quasi-domain, we can extend (£, D)-assignments to apply on formulas. Roughly speaking,
every occurrence of a free variable z or X in a formula ¢ is replaced in o[yp| by o[z] or o[X]. Formally, this
is defined as follows.

Definition 5.20. Let D = (D;, Dy, I) be the Herbrand quasi-domain for £. Let ¢ be an L-formula, and o
be an (L, D)-assignment. The set of free variables of the pair (p,o) (denoted by fv[(p,c)]) consists of the
variables of o[x] for every individual variable x € fv[y], and the free variables of o[X] for every set variable
X € foly].

Definition 5.21. Let D = (D;, D;, I) be the Herbrand quasi-domain for £. (£, D)-assignments are extended
to L-formulas, according to the following inductive definition:

{p(olti],...,olta])} = {p(t1,....ta)}
o[T][o[t]] ¢ ={(teT)}
= 1) =11}
(olp1] o ofp2]) ¢ = (p10p2)
(Qixgz::z[¢]) ¥ = (Q2x¢) for x ¢ fv[<9070>]
(@ Xoxi=x,,,[¥]) »=(Q°XY) for X & fv[(p,0)]

Note that the choice of # and X in the last definition is immaterial, and thus o[y] is well-defined. The
following properties of the Herbrand quasi-domain are needed in the completeness proof. Their proofs are
given in Appendix Appendix A.

Lemma 5.22. Let D be the Herbrand quasi-domain for L.

1. Let ¢ be a first-order L-term. For every L-formula ¢, (£, D)-assignment o, and individual variables

z,y SUCh that Y ¢ fU[QO], Ua:::t[‘p] = ay::t[W{y/x}]'
2. Let 7 be an L-abstract. For every L-formula ¢, (£, D)-assignment o, and set variables X, Y such that

Y ¢ fv[(pL UX::T[QO] = UY::T[@{Y/X}]'
Lemma 5.23. Let D be the Herbrand quasi-domain for L.

1. Let t be a first-order L-term. For every L-formula ¢, (£, D)-assignment o, and individual variables

x,z such that z & folo[el], ou=z[l{!/z} = Ow:zil@]-
2. Let 7 be an L-abstract. For every L-formula ¢, (£, D)-assignment o, and set variable X ¢ fv[o[¢]],

OX =Xaps [P{7/X} = ox:=[0].
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5.83. Proof of Theorem 5.10

Suppose that ¥ Hy. The availability of external and internal weakenings ensures that Hj is unprovable
(seen as an extended hypersequent). By Lemma 5.18, there exists a maximal extended £-hypersequent Q*
such that Hy C Q*. We use Q* to construct a counter-model for Hy in the form of a quasi-L-structure
Q= (V,D,Pv).

First, we define a bounded linearly ordered set Vy, that will be used to construct (using the Dedekind-
MacNeille completion) the Godel set V. For every L-formula ¢ we define:

L] ={L=Re Q" : pel}, R[p]={L=ReQ*: <R}
Let Vo = (Vp, C), where
Vo = {L[p] : ¢ is an L-formula} U {R[¢] : ¢ is an L-formula} U {Q*, 0}.

Clearly, V, is partially ordered set, bounded by 0 = () and 1 = Q*. To see that Vj is linearly ordered by C,
it suffices to prove the following:

1. Llp1] € L{ws] or Llps] C L[p1] for every pair of L-formulas ¢; and ¢s. To see this, suppose that
there are Ly =R; € Q* and Lo =Ry € Q*, such that Ly =Ry € L[p1] \ L[p2] and Ly =>Rs € L{ps] \ L[p1].
Hence, we have ¢ € L1, @1 € Lo, @2 € Lo and @9 € L;. Since Q* is internally maximal, by Proposi-
tion 5.16, there exist an L-hypersequent H; C Q* and an L-sequent I'1y=F;,...,I'1=F, CLi=R;
such that - Hy | T'1,¢02=F1 |...| I'1, p2= E,. Similarly, there exist an L£-hypersequent Hy C Q* and
an L-sequent I'o=F}, ..., s = F,, C Lo =Ry such that - Hy | 'y, 01 = F} |...| s, o1 = F,,,. By Propo-
sition 315, F H, | Hs ‘ F17g01:>E1 || Fl,gﬁl =F, ‘ F27(p2:>F1 || F2,¢2:>Fm. But, 0* extends
this hypersequent, and this contradicts £2*’s unprovability.

2. R[p1] C Rlps] or R[pa] C R[¢p1] for every pair of L-formulas ¢1, 2. To see this, suppose that there
are Ly =Ry € Q* and Ly =Ry € O, such that L =Ry € R[p1] \ R[p2] and Ly=Ry € R[ps] \ R[¢1]-
Hence, ¢1 € Ry, 1 € Ry, 2 € Ry and ¢ € Ry. Since 2 is internally maximal, by Proposition 5.16,
there exist L-hypersequents Hy, Hy C Q* and finite sets T’y C Ly and T's C Ly such that = Hy | Ty =y
and F Hy | To= 2. By applying (com), we obtain - Hy | Hy | To=¢1 | T'1 = 2. Again, since *
extends this hypersequent, this contradicts 2*’s unprovability.

3. Lipi1] C R[p2] or Rlpz] C L[p] for every pair of L-formulas o1, 2. To see this, suppose that there are
L1 =Ry € Q* and Ly =Ry € O*, such that Ly =Ry € L{p1] \ R[ps] and Lo =Ry € R[p2] \ L[p1]. Hence,
w1 € L1, ¢1 € Lo, 2 € R; and @2 € Re. Since * is internally maximal, by Proposition 5.16, there
exist L-hypersequents Hy, Ho C Q* sequents I'1 = F1,...,['1 = E,, C Ly =Ry and a finite set I'y C Lo,
such that - Hy | Ty, 01 =FE1 |...| 1,1 = E, and - Hy | ['s = ¢5. By Proposition 3.15, it follows that
FHy|Ho |T1,To=F |...|T'1,Te=E, | o1 =¢2. Again, this contradicts 2*’s unprovability.

Now, since Vy might not be complete, we consider its Dedekind-MacNeille completion ¥V = (V, C) defined
by:
V={ICV,: " =11}
where ITT = {Q € V5 : Q' C Qforall Q' € I} and IV = {Q € Vj : Q C Q' for all Q' € IT}. V is a bounded
complete linearly ordered set (see [5]), and thus it forms a Godel set. Note that using C as the order relation,

min and max are sets intersection and sets union (respectively). In addition, the function n : Vo — V defined
by 7(Q) = {Q}* is injective and it satisfies the following properties:®

o {0} =n(0).

e For every Q,Q) € Vj:
— QC O iff n(Q) C ().
— () Nn(Q) =n(Q@N ).

5All operations notations from Definition 2.10 are adopted to Vg in the obvious way.
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— (@) Un() =n(QUL).
= () = () =n(Q — &)

e For every Q € V and II C Vj:
— IFQ C Ny e ', then () C inforenn(Y').
= If Neyen @ € Q, then infoepn(Q) € n(Q2).
— IfQC Ugen ', then n(Q) C supg ey n(Y).
— If Ugren € € Q, then supg cpn(') € 7(Q).

The proofs of these properties are straightforward (note that the linearity of V4 is needed in some of them).
Henceforth, we will identify each element Q0 of Vi with the corresponding element {Q} in V., and freely use
the properties above.

Next, for every formula ¢, let 2*[¢] be the non-empty closed interval for V given by: Q*[¢] = [L[¢], R[¢]].
To see that Q*[¢] is a non-empty interval for every L£-formula ¢, note that in the presence of (id), either ¢ & L
or ¢ € R for every L=R €  and L-formula ¢ (otherwise, {p = ¢} C Q, contradicting the unprovability of
), and consequently, L[¢] C R[y]. Let D = (D;, Ds, I) be the Herbrand quasi-domain for £, and define P
and v as follows:

e For every n-ary predicate symbol p of £, Plp] = At1, ..., tn € Di. Q*[{p(t1,...,tn)}].
e For every L-abstract 7 € Ds, P[] = At € D;. Q*[7[t]].
e For every L-formula ¢ and (£, D)-assignment o, v[p, o] = Q*[o]¢]].

It is easy to verify that conditions (a) and (b) from Definition 5.3 hold. Indeed, Lemma 5.22 ensures
that if y & fu[p], then for every first-order £-term we have o04.=[¢] = 0y.=¢[¢{¥/=}]. This implies that
V[@, 0g.=t] = v[@{¥/z}, 0yy.=¢] for every t € D,. Condition (b) holds for a similar reason using the second part
of Lemma 5.22.

We show that Q is not a model of Hy. Consider the (L, D)-assignment ;4 defined by o;4[x] = z for
every individual variable x of £, and 0,4[X] = Xaps for every set variable X of £ (see Notation 3.9). Let
I'=F € Hy. Since Hy C Q*, there exists some L = R € Q*, such that ' = F C L =R. We claim that
L=R € v![p, 044 for every ¢ € T, and L=R ¢ v"[p, 0;4] for every ¢ € E. To see this, it suffices to note
that o;4[¢] = ¢ for every L-formula ¢. This fact follows from the definition of ;4[]. As a consequence, we
obtain that () cp v, 0ia] € Uper V", 0id], and so 044 EeT=E.

It remains to prove that Q is legal and comprehensive. We first show that it is legal, namely that
Qlp, 0] C v[p, o] for every L-formula ¢ and (£, D)-assignment o. Let ¢ be an L-formula, and o be an
(L, D)-assignment. Then, exactly one of the following holds:

e v = {p(t1,...,tn)} for some n-ary predicate symbol p of £, and first-order L-terms ty,...,t,. By
definition, Qp, o] = Plp|[o[t1], .., ofta]] = @ [{p(altal, ..., oltn]) }] = Q*[o[e]] = v]e, o],

e v = {(teT)} for some first-order L-term ¢, and second-order L-term T. By definition, we have
Qlw, 0] = Plo[T]]lo[t]] = *[o[T][o[t]] = Q*[ole]] = v[e, o].

e o = {Ll}. By definition, Q[p,o] = {0}. To see that Qlp,o] C v[p,o], it suffices to note that
v![p,0] = 0. This follows from the fact that o[p] = {L} & L for every L =R € Q*. (Otherwise,
{{L}=}C O but - {L}= by applying the rule (L=).)

o = (1 A ) for some ¢ and @o. By definition, Q[y, o] = [v![p1, o] Nvi[ps, o], v"[@1, 0] N V" P2, 0]l
We first prove that v![p, o] C v![py, 0] Nv![p2,0]. Suppose that L=R & v!'[p1,0], and so o[p] & L.
We prove that L=R & v![p,]. (The case that L=R ¢ v'[p2, 0] is symmetric.) By Proposition 5.16,
since olp1] € L, there exist an L-hypersequent H; C Q*, and L-sequents '=FE4,...,'=FE, C L=R,
such that - Hy | T, op1]=FE1 |...| T, o[p1]= E,. The availability of (A = 1) entails that - H for
H=H; |T,(o[p1] Nolp2])=E1 |...| T, (olp1] A olpz])= E,. Since Q* is unprovable, H Z Q*, and
thus (a[p1] A o[p2]) € L. By definition, (a[p1] A o[p2]) = olp]. Tt follows that L=R & v![p, o).

Next, we prove that v"[p1, 0] Nv"[p2,0] C v"[p,o]. Suppose that L=R € v"[¢1,0] N v"[¢2,0]. Then
we have ofp1] € R and o[ps] € R. By Proposition 5.16, there exist L-hypersequents Hy, Hy T QF,
18
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and finite sets ', T’y C L, such that - Hy | Ty = op1] and b Hy | To=>0[ps]. The availability of (= A)
entails that - H for H = Hy | Ha | T'1,Ta= (o]p1] Aofepz]). Since Q* is unprovable, H Z Q*, and thus
o] = (alp1] A ofe2]) € R. Tt follows that L=R € v"[p, 0].

© = (1 V @3) for some @1 and @y. By definition, Q[p, o] = [v'[p1, o] Uvt[pa, o], v" 01, 0] U |02, o]].
We first prove that v![p, o] C v![p1, 0] Uvl[pa,o]. Assume that L=R & v![p1, 0] Uv![pa, 0]. We prove
that L=>R ¢ v![p, 0]. Our assumption entails that o[p;] € L and o[p2] € L. By Proposition 5.16, there
are L-hypersequents H1, Ho C Q*, and L-sequents I'y = FE4, ..., 1= F,,['s=Fy,...,['s=F,, C L=R,
such that - H; | F170'[(p1] = F; | | F17U[(‘01] = F, and - Hy ‘ FQ,O’[QOQ] =F | ‘ FQ,O'[QOQ] = F,,. Us-
ing Proposition 3.16 (note that (o[p1] V o[ps]) = oly]), we obtain that - Hy | Hy | Hs | Hy, where
Hs =T1,0[p]=FE1 |...| T'1,0[p|= E, and Hy =T3,0[p|=F} |...| ', 0[¢]| = F,. Since Q* is unprov-
able, Hy | Hy | Hs | Hy Z Q*, and thus o[p] ¢ L. It follows that L=-R ¢ v![p, o).

Next, we prove that v"[p1, 0] Uv"[p2,0] C v"[p, o]. Suppose that L=-R € v"[¢1, 0], and so o[p1] & R.
(The case that L=R € v"[pq, o] is symmetric.) By Proposition 5.16, there exist an L-hypersequent
H, C Q*, and a finite set I" C L, such that = Hy | T'= o[¢p1]. The availability of (= V1) entails that - H
for H = Hy | T'= (o]p1] Volez]). Since Q* is unprovable, H Z Q*, and thus o[p] = (o[p1] Vo[p2]) € R.
It follows that L=-R € v"[p, 0].

¢ = (p1 D o) for some ¢ and 3. Then, Qp, o] = [v"[p1,0] — V]2, o], v![p1, 0] = V" [p2, 0]]. We
first prove that v!'[p,a] C v"[p1,0] = v![pa,0]. Suppose that L=R & v"[¢1, 0] — v![p2,0]. Then,
v"[p1,0] L v'[pa,0] and L = R & vl[ps,0]. Let L' = R’ € Q* such that L' = R € v"[py,0],
and L' = R’ ¢ v![py,0]. Hence, o[p;] € R’ and o[ps] ¢ L'. By Proposition 5.16, there exist £-
hypersequents Hy, Hy C Q*, a finite set I'y C L', and L-sequents I's= E1,...,['s=FE, C L'=R’, such
that = Hy | Ty =0[p1], and F Hy | Ta, 0[@2]=FE4 |...| 'y, 0[p2] = E,. By n consecutive applications
of (O=) (note that (o[p1] D olpa]) = olp]), we obtain that

"Hl |H2 |F1,F2,U[@]$E1 |...|F1,F2,0’[(p]=>En. (1)

Since L=R ¢ v![ps, o], we have (2] € L. By Proposition 5.16, there exist £-hypersequent Hs C Q*,
and L-sequents I's=F},...,I's=F,, C L=R, such that - Hs | T's, o[p2] = F1 |...| I's, o[¢2] = Fi. By
another m applications of (D=), we obtain that

- Hy ‘H3|F1,F3,0'[(p]:>F1|...|F1,F3,0[@]$Fm. (2)
By Proposition 3.15, from (1) and (2) above, we have:
[ H1 | H2 ‘ H3 | Fl,F2:>E1 ‘| Fl,F2:>En | F3,0’[(p]:>F1 || F3,0’[(p]:>Fm.

Now, if o[¢] € L, then Q* extends this hypersequent, and this contradicts Q*’s unprovability. Therefore,
olp] € L, and consequently L=R ¢ v'[c[¢]].

Next, we prove that v![¢1,0] — v"[p2,0] C v"[p,0]. Suppose that L=R & v"[p, o], and so o[p] € R.
To show that L=R & v![p1, 0] — v"[p2, 0], we first show that L=R & v"[p2, o] and then we show that
’Ul[gal,d] Z UT[SDQ,U}:

1. Assume for contradiction that L=R € v"[pq, o], and thus o[ps] € R. Then by Proposition 5.16,
there exist an L-hypersequent H C Q*, and a finite set I' C L, such that - H | T'=o]ps]. By ap-
plying internal weakening we obtain - H | T', o[p1] = o[ps2]. Using (= D) we obtain - H | I'=o|[y].
This contradicts 2*’s unprovability (because H | I'=op] C Q*).

2. Note that Q*’s unprovability and the availability of (= D) also entail that I/ H | o[¢1]=o[p2].
Therefore, by Proposition 5.17, Q*’s external maximality entails that o[p1]= o[p2] C Q*. Thus
there exists an extended L-sequent L' =R’ € Q*, such that o[p1] € L’ and ofps] € R'. Conse-
quently, L' =R’ € v'[p1,0] and L' =R’ & v"[pa, o). Hence v!'[py,0] € v"[p2, o).

¢ = (Fay) for some individual variable x ¢ fv[o[p]] and L-formula 1. By definition, we have

Q[‘Pa 0-} = [SupteDi v! ['Qb) U$::t]a SUP¢ep; UTW, O'm::t]]-
We first prove that v'[p, 0] C sup,cp, v'[1), 02:=¢]. Suppose that L=R € v'[p,0]. Thus ofg] € L. By
definition, of¢] = (Fz0os.—[1]). By Q*s witness property, there exists an individual variable y
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of £, such that o,.—,[¢)]{¥/z} € L. By Lemma 5.23, 0,.—3[t)]{¥/z} = 05—y[¢)]. It follows that
L=R € v'[¢{), 04:—,], and therefore L=R € U, cp, V'Y, 00i=i].
Next, we prove that sup,cp, v"[1),02.=¢] C v"[p,0]. Suppose that L = R € U,cp, V"¢, 0ui=t].
Thus L=R € v"[¢), 0,.—¢] for some t € D;. By definition, we have o,.—;[¢)] ¢ R. By Lemma 5.23,
Opet[] = Opime[¥]{t/x}. By Proposition 5.16, there exist an L-hypersequent H C Q*, and a finite set
[ CL, such that - H |T=0,.-.[¢]{t/z}. By applying (=3'), we obtain + H | ['= (F'zos.—.[¢]).
Since Q* is unprovable, (F'wo,.—.[t)]) € R. By definition, (3xo,.—.[¢)]) = of¢]. It follows that
L=R € v"[p,0].

o © = (V*X 1) for some set variable X ¢ fv[o[p]] and L-formula 1. By definition, in this case we have
Q[@y U} = [inf'r'E'DS vt [1/}; UX::T]a inf‘r‘E'DS vr[d}’ UXZ:T]]'
We first prove that v![p, o] C inf,ep, v!'[th, 0x.=]. Thus we show that v![p, o] C v![¢), 0 x.—,] for every
7 € D,. Suppose that L = R ¢ v'[th,0x.—,] for some 7 € D,. By definition, ox.—,[¢)] € L. By
Lemma 5.23, ox.—-[¢)] = ox.=x,,.[¢¥]{7/x}. By Proposition 5.16, there exist an L-hypersequent
H C Q* and L-sequents '= F1,...,'= FE,, C L=R, such that

FH T, ox=x, [WHT/X = By || T oxeex,, [WHT/X = En.
By n consecutive applications of (V*=), we obtain
FH|T,(VXox.=x,,.[¥])=E1]...|] T, (V' Xox.=x,,.[¥]) = En.

Since Q* is unprovable, (V°*Xox.—x,,.[%]) ¢ L. By definition, (V*Xox.—x,,.[¢]) = ol¢]. It follows
that L=R & v![p, o].

Next, we prove that inf.ep, v"[¢),0x.—r] C v"[p,0]. Suppose that L=R & v"[p,0]. By definition,
ole] = (V*Xox.=x,,.[¢]). By Q*’s witness property, there exists a set variable Y of £, such that
X [1{Y /) € Re By Lemma 3.10, 0x,x,y, [61{Y/X} = 0.,y []{¥or/x}. By Lomma 5.23,
Ox:=X . [WH{Yors X} = 0x.2v,,.[¢]. Thus, ox.—y,,.[¢] € R. It follows that L=R & v"[¢),0x.—.], for
7 = Yaups € Ds. and therefore L=R ¢ ﬂTGDS V[, ox.=r]-

e The cases p = (V'x1)) and ¢ = (3° X)) are handled similarly.

Finally, we show that Q is comprehensive. Let ¢ be an L-formula, x be an individual variable of
L, and ¢ be an (£, D)-assignment. Let y & fulp] U fv[o[¢]] be an individual variable of £, and let
T =4y | oy:=y[@{¥/z}]}. Then 7 € D,. We show that P[r] = At € D;. v[p,05.=¢]. Let t € D;. We have
Pir][t] = Q*[7[t]] = Q¥ [oy.=y[{¥/=}|{!/y}]. By Lemma 5.22, 0y.—y[@{¥/z}] = 05.=y[p]. By Lemma 5.23,
Ozmy[Pl{t/y} = Oumt[ip]. Thus, P[7][t] = Q*[00:=t[]] = v[p, 00.=t]. [

6. Completeness for the Ordinary Semantics

In this section, we use the complete semantics of quasi-structures to prove the completeness of HIF? for
the (ordinary) structures of Henkin-style second-order Godel logic. To do so, we show that from every legal
quasi-structure which is a counter-model of some hypersequent H, it is possible to extract an (ordinary)
structure, which is also not a model of H, without losing comprehension.

Definition 6.1. Let D = (D;, Ds, I) be a quasi-domain for £, D' = (D;, D.,I') be a domain for £ and V,
and d be a function from D to T [D.].6 A pair (0,0’) of an (£, D)-assignment and an (£, D’)-assignment
(respectively) is called a d-pair if (i) olx] = o’[x] for every individual variable; and (ii) o’[X] € 0[o[X]] for
every set variable.

Theorem 6.2. Let Q = (V, D, P,v) be a legal and comprehensive quasi-L-structure, where D = (D;, D;, I).
Then there exists a comprehensive L-structure U = (V, D', P'), where D' = (D;, D.,I'), and a function
§ : Dy — T [DL], such that U[p, o’ € v[p, o] for every L-formula ¢ and §-pair (o, 0’) (of an (L, D)-assignment
and an (£, D’)-assignment).

60T [DL] denotes the set of all non-empty subsets of D~.
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PROOF. First, we define D/, (the second component in the domain of U). For every D € D,, denote by Fp
the set of fuzzy subsets D’ of D; over V (i.e. D' : D; — V), such that D'[d] € P[D][d] for every d € D;.
Note that for every D € Dy, Fp is non-empty, since P[D][d] is non-empty for every d € D;. Define D’ to be
Upep, Fip- Next, I and P’ are defined as follows:

e For every individual constant symbol ¢ of £, I'[c] = I]c].

e For every set constant symbol C of £, I’[C] is defined to be an arbitrary element in Fre)-
e For every function symbol f of £, I'[f] = I[f].

e For every predicate symbol p of £, P'[p] = P[p]’.

Let § : Dy — pT[DL.] defined by § = AD € D,. Fp. We prove that U and § satisfy the requirement in the
theorem: Ulp,o’] € v]p,o] for every L-formula ¢ and é-pair (o,0’). Let ¥V = (V, <). We use induction on
the complexity of ¢. Note that since Q is legal, it suffices to show that U[p, o'] € Qlp, o] for every d-pair
(o,0).

First, suppose that ¢p[p] = 1, and let (0,0’) be a d-pair of an (L, D)-assignment and an (L, D’)-
assignment. Exactly one of the following holds:

e v = {p(t1,...,t,)} for some n-ary predicate symbol p of £, and first-order L-terms ti,...,t,. By

definition, U[p,o’] = P'[pllo’[t1],..., o [ta]] = Plp)[o’[t1]], ..., 0'[tn]]]. Now, since ¢ and o agree
on all individual variables, we have ¢’'[t] = oft] for every first-order L-term t. Hence, we have
Ulp,o'] = Plpl'[o[t1]], .., otn]] € Qlp, 0.

e v = {(teT)} for some first-order L-term ¢, and second-order L-term T. By definition, we have
Ulp,o'] = o'[T][o'[t]. As in the previous case, we have o’'[t] = o[t]. We also have that o'[T] € F,p
(in case T is a variable, this holds since (o,0”’) is a d-pair, and if T is a constant then it holds by
definition). Therefore, o'[T][0'[t]] = o'[T][o[t]] € Plo[T]][o[t]] = Qlp, o).

o ¢ ={L}. Then by definition, U[p,c’] =0 € {0} = Q[p, o).

Next, suppose that ¢p[p] > 1, and that the claim holds for £-formulas of lower complexity. Let (o, ') be a
0-pair. Exactly one of the following holds:

o © = (p1 A ya) for L-formulas p; and ¢y of lower complexity. By the induction hypothesis, we have
Ulp1,0'] € [v'[p1,0],v"[p1,0]], and U[ps, '] € [V!]ps, a], v"[p2, o]]. Therefore:

Ulp, 0] = min{U[p1, 0", Ulpa, 0']} € [min{v'[p1, 0], 0 [p2, 0]}, min{v"[p1, 0], 0" [p2, 0]}] = Qlg, 0.

© = (¢1 V p2) for L-formulas p; and @9 of lower complexity. This case is similar to the previous case
(replace min by max).

© = (¢1 D p2) for L-formulas ¢ and @9 of lower complexity. By the induction hypothesis, we have
Up1,0'] € [Vl[e1,0],v"[¢1,0]], and U[pa, 0’] € [v![pa, o], v [p2,0]]. Therefore:

Ulp, 0’ =U[p1,0"] = Ulpa, 0'] € [V [p1,0] = v'[p2, 0], v'[p1,0] = v"[p2,0]] = Qe 0]

(here we use the fact that if u1 < v’ < wuy and uz < v’ < uy, then us — uz < v — v’ <wuyp — uq).

o = (Q'x1)) for some Q' € {V¢, 3}, individual variable x of £, and L-formula v of lower complexity.
We continue with Q* = V¢ (the proof is similar for 3%). Clearly, for every d € D;, (04.—4,0,._,) is a
0-pair. Thus by the induction hypothesis, for every d € D;, U[), 0’,._ 4] € V[, 04.=q]. Hence,

Ulp,o') = int U, og] € [int o'[6,00=a). inf 0" [0 2mal) = Qlp, ).

" deD;

o = (Q*X1) for some Q° € {V!, 3}, set variable X of £, and L-formula 1 of lower complexity. We
continue with Q* = V* (the proof is similar for 3%). In this case, we should prove that:

. / . l . r
D}Ielfpg u[wv OX::D’] € [D1££8 v [wv JX::D]v Dlélés v [1/% UX::D]]‘
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— First, we show that infpep, v'[¢),0x.=p] < infpep U, 0%._p], by showing that we have
infpep, V'Y, ox.—p] < U, 0% ._p] for every D' € D.. Let D’ € D,, and let D be an arbitrary
element in Dy such that D’ € Fp. Then (o x.=p, 0%._p/) is a §-pair. By the induction hypothesis,
vy, ox.—p] KU, 0'._p/]. Thus, infpep, v'[th, ox.—p] <UD, o._pi].

— Next, we show that infpep, U[p,0'%._p/] < infpep, v"[¢),0x.=p], by showing that we have
infprepr U, 0. ] <", 0x.—p] for every D € D,. Let D € Dy, and let D’ be an arbitrary
element in Fp. Then D' € D), and (0x.=p,0%._p/) is a d-pair. By the induction hypothesis,

u[wa O{X;:D/] S UT[W UX::D]- ThUS, infD'ED; uW’ O-AIX;:D/] S ’Ur[wa UX::D]~

Finally, we show that U is comprehensive. Let ¢ be an L-formula, x be an individual variable, and
o’ be an (L, D')-assignment. We show that U[p,o’,z] € D.. Define an (L, D)-assignment o as follows:
(i) olx] = o'[z] for every individual variable x; and (i) for every set variable X, o[X] is an (arbitrary)
element of D, such that o'[X] € F,x). Since Q is comprehensive, there exists some D € D, such that
P[D] = \d € D;. v[p, 04:=q). We claim that U[p,o’,x] € Fp (and so, U[p,o’,z] € D,). By definition, we
should show that U[p, o', z][d] € P[D][d] for every d € D;. Let d € D;. Obviously, (04.=4,0%._,) is a d-pair,

xri=

and thus by the claim proved above, we have U[p, o', z|[d] = U[p, ol,._,] € v[p, 04.=a] = P[D][d]. O
Corollary 6.3. If i/ H, then there exists a comprehensive L-structure which is not a model of H.

PRrROOF. Suppose that I/ H. Then, by Theorem 5.10, there exists a legal and comprehensive quasi-L-
structure Q = (V, D, P,v), which is not a model of H. This implies that there exists an (£, D)-assignment
o, such that o 2 I'=F for every '=FE € H. Let U = (V, D', P') be a comprehensive L-structure and &
be a function, satisfying the requirement in Theorem 6.2. Let o’ be an (£, D’)-assignment such that (o, o”)
is a 0-pair (there exists such an assignment since the range of § does not include the empty set). We show
that o' £Y H. Let I'=FE € H. Since o [£2 I' = E, we have minger v![p, 0] > max,cp v"[p,o]. The fact
that U[p, o’] € v[p, o] for every ¢ entails that minger U[p, 0’] > maxyepU[p,0'], and so o’ Y T'=E. O

Corollary 6.4. For every L-formula ¢, if G2 @ then F=-¢.
Finally, recall that HIF? is cut-free, so we automatically obtain the admissibility of the cut rule:

Corollary 6.5. Let HIF? be the extension of HIF with the rule:

H|T'=¢ H|T,o=F
H|I'=sE

(cut)

Then, an L-hypersequent H is provable in HIFz iff it is provable in HIFZ.

PROOF. The left to right direction is obvious. For the converse, we first prove that applications of (cut)
are sound. Indeed, suppose that H |T'=FE is derived from H |I'=¢ and H | T, o= F using (cut). Let
U= (V,D,P) be an L-structure, and o be an (L, D)-assignment. If ¢ E s for some component s € H,
then we are done. Otherwise, 0 FY I'=¢ and o EY T',p=FE. Hence, minyecr U, o] <U[p,o] and
mingeruger U, 0] < maxyep U, o). Thus minger Uy, 0] < maxyepU[t), o], and so o EY I'=E. Con-
sequently, o Y H | T'= E. Now, it follows that if an L-hypersequent H is provable in HIFS7 then every
comprehensive L-structure is a model of H. By Corollary 6.3, this implies that - H. O

Remark 6.6. While we allowed any Gdodel set to serve as the set of truth values in L-structures, we could
equivalently take the real interval [0, 1]. Obviously, soundness for [0, 1] is a particular instance. Completeness
for [0,1] can be obtained by embedding (Vj, C) in the proof of Theorem 5.10 into the rational numbers in
[0,1] (note that (Vo, C) is countable). The result (V,C) of the completion would then be the real interval

[0, 1] with its standard order. Finally, the extracted ordinary counter-model employs the same Godel set.
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Further Work

The properties proved in [16] for HIF are slightly stronger than those shown in this paper for HIFZ.

Obtaining these stronger results for HIF? seems to be straightforward. This includes:

1. In [16] we considered derivations from (possibly) non-empty sets of hypersequents, serving as assump-
tions. In this case the cut rule must be added to the calculus, and obviously one cannot have full
cut-admissibility. However, it was (semantically) proved that in HIF-proofs cuts can be confined to
formulas appearing in the set of assumptions (this property is called strong cut-admissibility).

2. For applications, it is sometimes useful to enrich Gédel logic with a globalization connective (also
known as Baaz Delta connective, see [19]). [16] studies the extension of HIF with rules for this
connective, and the same can be done for HIF?.

In addition, the following extensions of the current result are left for a future work:

1. It is interesting to consider equality, both between first-order terms and second-order ones. In this
case, rules for extensionality should be added.

2. Extending the calculus for richer second order signatures, that include arbitrary predicate symbols that
take sets as arguments, as well as quantification over n-ary predicates seem to be possible. Additionally,
we believe that our approach can be straightforwardly generalized to handle full type theory. In the
case of classical logic, cut-free completeness for the extended system was proved shortly after Tait’s
proof for the second-order one by Takahashi and Prawitz, [20, 21]. This extension is necessary in order
to obtain a proof system for (the Godel fragment) of fuzzy set theory (see [12]).
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Appendix A. Some Proofs

In this appendix we provide the proofs for some technical lemmas that appear above. The following
lemmas will be useful:

Lemma Appendix A.1. Let U = (V, D, P) be an L-structure, where D = (D;, D;, I).
1. Let « be an individual variable of £ and let d € D;. For every L-formula ¢ such that = & fv[y], and
(L, D)-assignment o: Ulp, 04.—q] = Up, o].
2. Let X be a set variable of £ and let D € D,. For every L-formula ¢ such that X & fo[y], and
(L, D)-assignment o: Ulp, ox.=p] = U[p, o).

PROOF. After proving the claim for first-order L-terms (that o[t] = 04.-q[t] for every first-order L£-term
such that = ¢ fo[t], and (£, D)-assignment ), the claim is obtained by usual induction on the complexity
of ¢. The second item is similar. O

Lemma Appendix A.2. Let 7 be an L-abstract, ¢ and ' be first-order £-terms, and z be an individual
variable such that = & fu[r]. Then, 7[¢'|{t/z} = 7[t'{t/=}].

PROOF. It is straightforward to prove that o{t'/y}{t/=} = @{¥'{*/=}/y} for every L-formula ¢, first-order
L-terms t and t’, and individual variables z and y, such that = ¢ fv[p]. The claim then easily follows from
our definitions. O

In addition, to prove Lemma 4.4, we use the following lemma:

Lemma Appendix A.3. Let D be a domain for £ and V, ¢ be an (£, D)-assignment, ¢ be a first-order
L-term, and x be an individual variable of £. For every first-order L-term t': o[t'{*/z}]] = 04.—0py[t'].

PROOF. By usual induction on the structure of ¢'. O

PrROOF (LEMMA 4.4). Suppose that D = (D;, Ds, I). We prove the claim by induction on the complexity
of ¢. First, suppose that ¢p[p] = 1, and let o be an (£, D)-assignment. Exactly one of the following holds:
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o o = {L1}. In this case the claim obviously holds.

e v = {p(t1,...,tn)}. In this case, o{t/z} = {p(t1{t/c}, ..., tn{t/=})}. Thus U[p{t/=},o] is equal to
Plpllo[ti{t/=}], ..., o[tn{t/=}]]. By Lemma Appendix A.3,

Plpllofti{/z}], ., olta{t/a}] = Plpllow=giltr]; - 0oy [tn]]-

By definition, this is equal to U[p, 04[]

o o = {(¢<T)}. Tn this case, p{t/s} = {(F{tfs}eT)}. Thus Ulp{t/e}, o] = oTIlol ()] By
Lemma Appendix A.3, o[t'{t/z}] = 04.—oy[t']. Clearly, o[T] = 04.—o[T]. Hence, o[T][o[t'{t/z}]] =
Ogi=o[t] [T][00:=o[4[t']. By definition, this is equal to U[p, 04.—s[]-

Next, suppose that cp[¢] > 1, and that the claim holds for L-formulas of lower complexity. Let o be an
(L, D)-assignment. Exactly one of the following holds:

e © = (p1 © ) for some ¢ € {A,V,D}, and L-formulas p; and ¢y of lower complexity. By defi-
nition, @{t/z} = (p1{t/z} © p2{t/z}). We continue with ¢ =D (the proof is similar for A and V).
Thus, U[p{t/z},0] = Ulp1{t/=},0] = U[p2{t/z},0]. By the induction hypothesis, U[p1{t/z}, 0] —
Ulpa{t/z}, 0] = U[p1, 0pmolr)] — Ulp2, 04:—opy]- By definition, this is equal to U[p, 04[]

o = (Q'yy) for some Q' € {V¢, 3}, individual variable y & {z} U fv[t] of £, and L-formula v of lower
complexity. By definition, p{t/z} = (Q'yy{t/x}). We continue with Q° = V* (the proof is similar for
3%). Thus, U[p{t/=}, 0] = infaep, U[1{!/x}, 0y.=q]. By the induction hypothesis, U[{t/c}, 0y.=q] =
U, 0y—dz:i—opy) for every d € D; (note that y # x), and so U[p{t/z}] = infaep, U, 0y.—g z:=o[1]- By
deﬁnition, indeDi Z/{W}, Gy::d,z::o[t]] = U[(p, Ua:::a[t]]~

e p = (Q°X) for some Q° € {V*,3°}, set variable X of L, and L-formula ¢ of lower complexity.
By definition, ¢{t/z} = (Q°X¢{t/z}). We continue with Q° =V* (the proof is similar for 3°).
Thus, U[p{t/z},0] = infpep, U[Y{t/z},0x.=p]. By the induction hypothesis, U[Y{t/z},ox.=p] =
U, 0x.—p gi=opy] for every D € D, and so U[p{t/z}, 0] = infpep, U[Y),0x.—p z:i—opy].- The claim
follows, since by definition infpep, UV, 0x.—p z:=o1]] = U[P, Opimo[y]- O

ProOOF (LEMMA 4.5). If X & fu[p], then p{7/x} = ¢ and the claim follows by Lemma Appendix A.I.
Suppose otherwise. We prove the claim by induction on the complexity of . First, suppose that cp[p] = 1.
Let o be an (£, D)-assignment, and let Dy = U|[r[z], o, z]. Suppose that Dy € D,. Since X € fv[p], we must
have ¢ = {(teX)} for some first-order L-term ¢. In this case, p{7/x} = 7[t]. Then, by Lemma Appendix
A2, 7[t] = Tx{t/z}] = 7T[z]{t/=}. Thus U[p{7/x}, 0] = U[T[z]{t/=z},o]. By Lemma 4.4, U[r[z]{/=}, 0] =
U[T[x], 04.=o11)]. Now, by definition, U[7[z], 04.—,1] = Dolo[t]] = U[e, o x.=D,]-

Next, suppose that ¢p[¢] > 1, and that the claim holds for £-formulas of lower complexity. Let o be an
(L, D)-assignment, and again let Dy = U[7[z],0,x]. Suppose that Dy € D,. Exactly one of the following
holds:

e p = (1 0 p2) for some ¢ € {A,V,D}, and L-formulas ¢; and @ of lower complexity. By defini-
tion, o{7/x} = (p1{7/x} o w2{7/x}). We continue with ¢ =D (the proof is similar for A and V).
Thus, U[p{7/x},0] = U[p1{7/x},0] — [p2{7/x},0]. By the induction hypothesis (and the case in
which X & folo]), U[p1{7/x}, 0] = Ulp1,0x:.=D,] and U[p2{7/x}, 0] = U[p2,0x.=D,]. By definition,
Ulp1,0x.=p,] = Ulp2,0x.=p,] = U[p, 0x.=D, -

o v = (Qyy) for some Q° € {Vv! I}, individual variable y ¢ {x} U fv[r] of £, and L-formula
¢ of lower complexity. By definition, ¢{7/x} = (Q'yy{7/x}). We continue with Q°=V" (the
proof is similar for 3). Thus, U[p{7/x}, 0] = infgep, U[Y{7/x},04.—a]. Now, using Lemma Ap-
pendix A.1, we have Dy = U|[r[z],0y.=q, ] for every d € D; (since y ¢ fv[r[z]]). Therefore,
by the induction hypothesis, infgep, U[WY{7/x}, 0y=d] = infaep, U, 0y.—a,x:=D,]. By definition,
infgep, u[wa O'y::d,X::Do] = U[(p, UX::D0]~

e v = (Q°Y) for some Q° € {V*,3°}, set variable Y ¢ {X} U fu[r] of L, and L-formula ¢ of lower
complexity. By definition, ¢{7/x} = (Q*Y¥{7/x}). We continue with @Q° = V* (the proof is similar
for 3°). Thus, U[p{7/x},0] = infpep, U[{7/x},0v.=p]. Now, using Lemma Appendix A.1, we
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have Dy = U[r[z],0y.=p,z] for every D € Dy (since Y & fulr[z]]). Therefore, by the induction
hypothesis, inf pep, U[Y{7/x},0y.=p] = infpep, UV, 0y.=p, x:=D,] (note that Y # X). By definition,
infDeDS UW, UY::D,X::DO] = u[@v UX::DO]- D

ProoF (LEMMA 5.22). Let D = (D;,Ds,I). First, we show that for every first-order L£-terms ¢’ and ¢,
(L, D)-assignment o, and individual variables z,y such that y & fu[t'], 0. [t'] = 0y.=¢[t'{¥/=}]. This claim
is proved by induction on the structure of #':

e Suppose that ¢’ = ¢ for some individual constant symbol ¢ of £, or ' = z for some individual variable
z & {x,y}. Then t'{v/e} =1/, and og.—[t'] = 0.4 [t'].

e Suppose that t’ = z. Then o,.—¢[t'] =t, and oy.—; [t'{¥/2}] = 0y.=¢[y] = 1.

e Suppose that ¢ = f(t1,...,¢,) for some n-ary function symbol f of £, and first-order L-terms
t1,y e stn. Then, oy.-4[t'] = f(or=t[t1], ..., Om=t[tn]). By the induction hypotheses this term equals
floy=t[t1{¥/z}], ..., oy:=t[tn{¥/x}]), which in turn equals oy.—¢[f (1, ..., t,){¥/=}].

Next, we prove the claims in Lemma 5.22:

1. We use induction on the complexity of ¢. First, suppose that ep[p] = 1. Let o be an (£, D)-assignment,
and let z,y be individual variables such that y ¢ fv[p]. Exactly one of the following holds:

e v = {p(ty,...,t,)} for some n-ary predicate symbol p of £, and first-order L-terms ti,...,%,.
Then, by definition o,.—¢t[¢] = {p(oz.=t[t1], .-, Owmt[tn])}. Since y & fo[t;] for every 1 < i < n,
this formula equals {p(cy.=¢[t1{¥/=}], ..., oy:=¢[tn{¥/=}])}, which is, by definition, oy.—[¢{¥/z}].

e o = {(t'eT)} for some first-order L-term ¢, and second-order L-term T. Then, o,.—+[p] =
Op:=t|T][0z:=¢[t']]. Since y & fo[t'], this formula equals 04— [T][oy.=¢[t'{¥/z}]]. Since = and y
does not occur in T, this is equal to oy.—¢[T)[0y.=¢[t'{¥/=}]]. By definition, this formula is equal
to oy.— [{(t'{v/2}eT)}], which is oy.— [{ (t'eT) }{v/z}].

o o ={L1}. Then, ouey[p] = {L} = oyii[p{¥/x}].

Next, suppose that ¢p[p] > 1, and that the claim holds for £-formulas of lower complexity. Let o
be an (L, D)-assignment, and let z,y be individual variables such that y ¢ fv[p]. Exactly one of the
following holds:

o v = (p0opy) for o € {A,V,D} and L-formulas 1 and ¢y of lower complexity. Then, o,.—+[p] =
(0p:=t[¢1] © 0g:=t[p2]). By the induction hypothesis, this £-formula is equal to (oy.=¢[p1{¥/z}] ©
Oy:=t|p2{¥/z}]). And, by definition, this is equal to oy.—¢[@{¥/z}].

e p = (Qizy) for Q' € {Vv!, 3}, L-formula 1) of lower complexity, and individual variable z of
L such that z ¢ {x,y} Uo[p] U fo[t]. Then, ou.—4[p] = (Q°204.—¢ ..—.[¢]). By the induction
hypothesis, this £-formula is equal to (Q*zoy.—t ».—.[¥){¥/z}]). And this is (by definition) equal
to 0y.—¢[(Q' 29 {v/=})], which is equal to oy.—¢[p{v/x}].

e v = (Q°X9) for Q° € {v* 3}, L-formula ¢ of lower complexity, and set variable X of L
such that X ¢ fu[o[g]]. Then, ou.=¢[p] = (Q°X0g.=¢,x:=x,,.[¥]). By the induction hypothe-
sis, this L-formula is equal to (Q5Xoy.—¢ x.=x,,.[{¥/=}]). And this is (by definition) equal to
0y:=t[(Q* X Y{¥/z})], which in turn equals oy.—[(p{¥/z}].

2. If X & fu[y], then ox.=-[¢] = ol¢] = oy.=-[p{Y/x}]. Suppose now that X € fv[p]. We use induction
on the complexity of ¢. First, suppose that ¢p[p] = 1. Let o be an (£, D)-assignment, and let X,Y
be set variables such that Y & fv[p]. Assume that X € fo[p]. Thus we have ¢ = {(tcX)} for some
first-order L-term t. Then, ox.—,[p] = T[ox.=-[t]]. Since X and Y do not occur in ¢, this is equal
to Tloy.=-[t]], which in turn equals oy.—.[p{Y/x}]. Next, suppose that ¢p[¢] > 1, and that the claim
holds for £-formulas of lower complexity. Let o be an (£, D)-assignment, and let X,Y be set variables
such that Y & fu[p]. Exactly one of the following holds:

e v = (p10p) for o € {A,V,D} and L-formulas ¢; and ¢y of lower complexity. Then, ox.—,[p] =
(0x.=r[p1] © 0x.=+[p2]). By the induction hypothesis (and the case in which X ¢ fo[y]), this
L-formula is equal to (oy.—-[p1{Y/X}] ¢ oy.=-[p2{¥/x}]). And, by definition, this is equal to
oy.=r[p{Y/x}].
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o p = (Q'a) for QF € {V! 3}, Lformula 1) of lower complexity, and individual variable z of
L such that x € fu[r] U fvlofg]]. Then, ox.—[p] = (Q'z0x.—rz.—z[t)]). By the induction
hypothesis, this £-formula is equal to (Q'zoy.—r .=z [¢{¥/x}]). And this is (by definition) equal
to oy.—- [p{Y/x}].

e v = (Q°ZY) for Q° € {Vv*,3°}, L-formula ¢ of lower complexity, and set variable Z of £ such
that Z & fo[r)U{X,Y}U folo[¢]]. Then, ox.—-[¢]| = (Q*Zox.—r z:.=2,,.[%]). By the induction
hypothesis, this £-formula is equal to (Q*Zoy.=r z.=z,,.[%{Y/Xx}]). And this is (by definition)
equal to oy.—.[p{Y/x}]. O

PrOOF (LEMMA 5.23). Let D = (D;, D,,I). First, we show that for every first-order L-terms t' and ¢,
(L, D)-assignment o, and individual variables z,z such that z € fulo[t']], ou.=.[t']{t/z} = 02.=¢[t]. This
claim is proved by induction on the structure of ¢’

e Suppose that ¢’ = ¢ for some individual constant symbol ¢ of £. Then:

oai=a [tz = Tc{/2} = e{t/e} = e = I[d] = 0w [t'].

e Suppose that ' = y for some individual variable y # . Then oy, [t'|{t/z} = o[y]{t/z}. Since
z & fu[o[y]], we have o[y]{t/-} = o[y]. The claim then follows since o[y] = oz.=¢[y].

e Suppose that ¢’ = x. Then, o,.—,[t'|{t/z} = 2{t/z} =t = op.=t|z].

e Suppose that t' = f(t1, ..., t,) for some n-ary function symbol f of £, and first-order L-terms t1, ..., t,.
Then, ou.—.[t'|{t/z} = flow=:[t1], -, 0n=z[ta){t/z} = flow=2[t1]{t/z}, .., Onzz[tn]{t/z}). By the

induction hypotheses this term equals f(og.=¢[t1], ..., Oz:=t[tn]), Which in turn equals o,.—[t'].
Next, we prove the claims in Lemma 5.23:

1. We use induction on the complexity of ¢. First, suppose that ep[p] = 1. Let o be an (£, D)-assignment,
and let z, z be individual variables such that z ¢ fv[o[p]]. Exactly one of the following holds:

e v = {p(t1,...,t,)} for some n-ary predicate symbol p of £ and first-order L-terms t1,...,%,.
Then, op.—:[p[{!/z} = {p(ow:=:[t1], -, 0n=:[tn]) !/} = {Plow=[t:]{¥/}, .. owms[ta]{!/2}) }-
Since z ¢ fv[o[t;]] for every 1 < i < n, the claim above for terms entails that this formula equals
{p(0z:=t[t1], ..., 0u:=t[tn]) }, which is, by definition, o,.—¢[¢].

o o = {(t'eT)} for some first-order L-term ' and second-order L-term 7. In this case, we have
Opimz|Ql{t/2} = Opimz[T)[Owmz [t ){t/2} = 0[T][02:==[t']|{t/}. By Lemma Appendix A.2, since
z & fu[o[T]], this formula equals o[T|[oz.—.[t'|{t/-}]. Since z & fu[o[t']], the proof above for
terms entails that this formula equals o[T][0,.—¢[t']]. Since z does not occur in T', this is equal to
Owiet[T)|02:=¢[t']], which is, by definition, o,.—¢[¢].

o o= [L}. Then, ous@{t/:} = {1} = orcili].

Next, suppose that ep[p] > 1, and that the claim holds for £-formulas of lower complexity. Let o be
an (L, D)-assignment, and let z, z be individual variables such that z ¢ fv[o]p]]. Exactly one of the
following holds:

o v = (10 ¢g) for o € {A,V,D} and L-formulas ¢ and s of lower complexity. Then, we have
Opma|p]{t/a} = (Op=z[01]{t/2} © On.=2[©2]{t/-}). By the induction hypothesis, this L-formula is
equal to (0z.=¢[¢1] © 0r.=t[©2]). And, by definition, this is equal to oz.—¢[¢].

e v = (Qiyy) for Q° € {Vi, 3}, L-formula 1) of lower complexity, and individual variable y
of £ such that y & fo[t]U{z, 2} U fo[o[p]]l. Then, op.—:[p]{!/:} = (Qiyox::%y::y[@/}]){t/z} =
(Q"YOz:=2 y:=y[¥]{?/=}). By the induction hypothesis, this £-formula is equal to (Q"Yoz. =t y:—y[¥]).
And this is (by definition) equal to og.=¢[¢].

o v = (Q°X) for Q° € {V*,3°}, L-formula 9 of lower complexity, and set variable X of £ such that
X ¢ fololg]]. Then, op—[l{!/z} = (Q* X 00—z x:=x0. [V]{!/z} = (Q" X Owmz x:=x,,., [WI{!/2})-
By the induction hypothesis, this £-formula is equal to (Q'yos.—¢ x:=x,,.[t]). And this is (by
definition) equal to o.—¢[¢].
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If X & folyg], then ox.—x,,.[¢] = olg] = ox.=-[¢]. Since X & fv[o[g]], we also have o[p]{7/x} = o[p]
as well. Suppose now that X € fo[p]. We use induction on the complexity of . First, suppose that
eplp] = 1. Let o be an (L, D)-assignment, and let X ¢ fv[o[p]]. Since X € folp], we must have
© = {(teX)} for some first-order L-term ¢. Then,

X=X, [PHT/X} = Xavs [0 [t]{7/x} = {(o[t]e X)H7/x} = 7lo[t] = ox.=-[¢].

Next, suppose that ¢p[p] > 1, and that the claim holds for £-formulas of lower complexity. Let o be
an (L, D)-assignment, and let X ¢ fv[o[p]]. Exactly one of the following holds:

e v = (g1 0pa) for o € {A,V,D} and L-formulas ¢; and ¢y of lower complexity. Then, we have
X=X [PH{T/X} = (0x:=x,. 1 {7/X} 0 02 x,,. [02]{7/x}). By the induction hypothesis (and
the case in which X ¢€ fu[p]), this L-formula is equal to (ox.—-[¢1] © ox.=+[¢2]). And, by
definition, this is equal to ox.—[¢].

o p = (Q'z) for Q' € {V!, 3}, L-formula ¢ of lower complexity, and individual variable x of
L such that = ¢ fu[r] U fo[o[p]]l. Then, ox.—x,,. [pl{7/x} = (Qwox.=x,. :=a[VI{7/X} =
(Q'rox.=x,,..0:=[¥]{7/x}). By the induction hypothesis, this L-formula is equal to ox.—-[¢].

e v = (Q%Y) for Q° € {Vv*,3°}, L-formula ¢ of lower complexity, and set variable Y of £ such
that ¥ ¢ folr] U (X} U fololgll. Then, ox.—x...[e/{7/x} = (@Y oxox,0. vooyu, W) {7/} =
(QYox.=x,,.v:=Y.. [¥]{7/x}). By the induction hypothesis, this £-formula is equal to ox.=-[¢].

O

Appendix B. Proofs for Section 5.1

PROOF (PROPOSITION 5.16).

1.

Let L=R € Q such that ¢ ¢ L. By internal maximality, Q | L, o =R is provable, and so there exists an
L-hypersequent H' C Q| L, =R, such that - H'. Let H = {s € H' : {s} C Q}. Note that for every
L-sequent I'=F € H'\ H, we have p € I', '\ {¢} CL, and F CR. Let I'y = F4,...,I', = E,, be an
enumeration of these sequents, and let ' = (JT'; \ {¢}. By applying internal weakenings on H', we
obtain - H |T',o=F; |...|T,¢o=FE,. Clearlyy HC Q and I'= E,...,I'= E,, CL=-R.

. Let L=R € Q such that ¢ € R. By internal maximality, {2 | L=, R is provable, and so there exists an

L-hypersequent H' C Q | L=¢, R, such that - H'. Let H = {s € H' : {s} C Q}. Note that for every
L-sequent I'=F € H'\ H, we have E = {p} and ' C L. Let I'; = ¢, ...,T';, = ¢ be an enumeration
of theses sequents. Let I' = |JT';. By applying internal weakenings on H', we obtain - H | T'= .
Clearly, HC Q and I' C L. O

To prove Lemma 5.18, we need some additional lemmas:

Lemma Appendix B.1. Let H =T1=A |...| I';,; = A,, be an unprovable finite extended £-hypersequent.
Then there exists an unprovable finite extended L-hypersequent H' of the form I') = A} |...| T, = Al | such
that I'; C T and A; C Al for every 1 <i < n, and H' admits the witness property.

PRrOOF. This extension is done in steps.” In every step, we take some extended L-sequent I'=A € H, and
proceed as follows:

If T contains a formula of the form (F'x¢p), we take an individual variable y of £, which is not a free
variable in the current hypersequent, and add the formula @{¥/z} to T.

If A contains a formula of the form (Vizyp), we take an individual variable y of £, which is not a free
variable in the current hypersequent, and add the formula ¢{¥/z} to A.

If T’ contains a formula of the form (3°X ), we take a set variable Y of £, which is not a free variable
in the current hypersequent, and add the formula o{Y/x} to T.

"Formally, this extension should be defined inductively, but the intention should be clear.
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e If A contains a formula of the form (V*X ), we take a set variable Y of £, which is not a free variable
in the current hypersequent, and add the formula o{¥/x} to A.

We continue this procedure until the obtained extended L-hypersequent admits the witness property. Note
that since the number of formulas in H is finite, and the complexity of the formulas which are added is
decreasing, this procedure would terminate after a finite number of steps. H'’ is the finite extended L-
hypersequent obtained from H by this procedure. We show that every such extension keeps the extended
L-hypersequent unprovable (and thus H’ is unprovable):

e Suppose that an unprovable extended L-hypersequent H; contains an extended L-sequent I'= A,
where T' contains a formula of the form (F¢xy). Let Hs be the extended L-hypersequent obtained from
H; by adding ¢{v/z} to ', where y is an individual variable which does not occur in fv[H;]|. Assume
for contradiction that Hs is provable. Hence there exist an L£-hypersequent H T Hs, and L-sequents
I'=sE,..,I"=E,CT'=A, such that H H | TV, p{¥/a}=Ey |...| T, p{¥/a} = E,,. Proposition 3.17
entails that - H | T7, (F'2¢)= E1 |...| I’ (3'x¢) = E,. This contradicts the fact the H; is unprovable.

e Suppose that an unprovable extended L-hypersequent H; contains an extended L-sequent I' = A,
where A contains a formula of the form (Vixy). Let Ho be the extended L-hypersequent obtained
from H; by adding ¢{v¥/z} to A, where y is an individual variable which does not occur in fv[H;].
Assume for contradiction that Hs is provable. Hence there exist an L-hypersequent H T Hs, and a
finite set I C T, such that = H | I"= {v/=}. By applying (= V), we obtain - H | "= (V'zy). This
contradicts the fact the Hy is unprovable.

e The set quantifiers are handled similarly, using Proposition 3.18 in the case of 3°. O

Lemma Appendix B.2. Let H =T1=A |...|T';,= A, be an unprovable finite extended L-hypersequent.
Let ¢ be an L-formula, and s be an L-sequent. Then there exists an unprovable finite extended L-
hypersequent H’, such that:

H =T)/=A|...]T,=Al,, where n/ € {n,n+ 1}, T; CT} and A; C A for every 1 <i <n.
H’ is internally maximal with respect to ¢.

H'’ is externally maximal with respect to s.
H’ admits the witness property.

PROOF. Suppose s = I'* = E. First, if H | s is unprovable, let n’ = n + 1 and define T';,;; = T'* and
A1 = E. Otherwise, let n’ = n. We recurswely define a ﬁnite sequence of finite extended L-hypersequents,
Hy=T9=AY .. |T9=A0, .. Hy=TY =AY |..|T%=A%, in which I\ C T'’*" and Al C A'™! for
everylgjgn’andogzgn —1.

First, define F? =Ty, A? =Aj forevery 1 < j <n'. Let 0 <i <n’— 1. Assume that the hypersequent
H; =Ti{=A}|...|T%,=Al, is defined. We show how to construct H;; = I'{™ = AT || T = AT

n’

L IT{ = A || T, o=Al |...|Ti = Al, is unprovable, then T} =T% , U{p}, AT} = AL |,
and F;‘H =T and A?‘l = Al for every j #i+ 1.

2. Otherwise? if T% = A | | I‘j:_H = A§_+17g0 | = | I%, = Al, is unprovable, then I'if} =T7,,
AT = Al U{p}, and I‘}H =T and A;H = A} for every j # i+ 1.

3. If both do not hold, then F;‘H =T and A;fH = Al for every 1 < j <n'.

It is easy to verify that H,, = F{‘/ = A?' [...] FZ; = AZ: is an unprovable finite extended L-hypersequent.
By Lemma Appendix B.1, there exists an unprovable finite extended L-hypersequent, H' of the form
i=A1]...|]T,,=A/, such that 1"?/ - F’j and A?/ C A;- for every 1 < j < n/, and H' admits the
witness property. It is again easy to see that H’ has all the required properties. For example, we show that
H' is internally maximal with respect to ¢. Let I'=>A € H'. Suppose that I' = I'; and A = A’.

e Assume that ¢ ¢ I'. Since F? C T, this implies that TY ' = AJ~" || F;:_l, <p:>A;:_1 [...] Ff;l ﬁAZl,_l
is provable. It easily follows that H' | T, = A (which extends this finite extended L£-hypersequent)
is provable.
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e Assume that ¢ € A. If ¢ € I', then since ¢ = ¢ is an axiom of HIF? H' |T'= ¢, A is provable.
Otherwise, ¢ ¢ I', and since FJ CTI and A] C A, our construction ensures that the hypersequent
= AT L I‘;- ! A; 1,30 || T2, 1:>An, is provable. It easily follows that H | I' = ¢, A
(which extends this finite extended L-hypersequent) is provable. O

ProoOF (LEMMA 5.18). Suppose that H = T'y = E; | ... | T, = E,,. Let ¢g,¢1 ... be an enumeration
of all L-formulas, in which every formula occurs infinitely often. Let sg,s;... be an enumeration of all
L-sequents. We recursively define an infinite sequence of unprovable finite extended L-hypersequents,
Hy=T9=A}[...|T9 =A)  Hy =T{=A}|..|T} =Al . suchthat: ng <ny < ..,and Iy C 7" and
Aé - A;H for every i > 0 and 1 < j < n;.

First, let ng = n and I') = T, A} = Ej for every 1 < j < ng. Let i > 0. Assume that the
hypersequent H; = ' = Al |...| F; = A; is defined. By Lemma Appendix B.2, there exists an unprovable
L-hypersequent H’ such that:

o H =T)=A|...|T,,=Al, where n' € {n;,n; + 1}, and I'; C T, and A; C A} for every 1 <i < n,.
e H’ is internally maximal with respect to ;.

e H' is externally maximal with respect to s;.

e H’ admits the witness property.

Let n;y 1 =n’/, and l";ﬂ I, AZH A’ for every 1 < j <n'.

Note that after every step we have an unprovable finite extended L-hypersequent, so Lemma Appendix
B.2 can be applied. Finally, let N be max{ng,n1,...} + 1, if such a maximum exists, and infinity other-
wise. Let n(j) = min{i : j < n;} for every 1 < j < N. Define Lj = Uiz (5T and Rj = U;sp(jyAY for every
1 < j < N. Let Q be the extended L-hypersequent Ly =Ry | Lo=-Rp | .... Obviously, Q2 extends H. We prove
that Q is maximal:

Unprovability Suppose by way of contradiction that - H for some L£-hypersequent H C ). Assume that
H=T1=A1]...|Ty=A,. The construction of 2 ensures that for every 1 < i < n, there exists k; > 1
such that I'; C Lg, and A; C Rg,. This entails that for every 1 < i < n, there exists m,; > 0 such that
[; T and A; € AP, By the construction of the F;’s and A;’s, we have that for every 1 <i <n
and [ > m,;, I'; C Fﬁci and A; C Afc Let m = max{my,...,m,}. Then, by definition H C H,,. Since
F H, it follows that H,, is provable. But, this contradicts the fact that Hy is unprovable, and that
each application of Lemma Appendix B.2 yields an unprovable extended L-hypersequent.

Internal Maximality Let ¢ be an L-formula, and let L; =R; € Q. Since we included ¢ infinite number
of times in the enumeration of the formulas, there exists some ¢ > n(j) such that ¢; = ¢. Our
construction ensures that H;;; is internally maximal with respect to ¢, and so if ¢ & I’;H then
Hiyq | P;H,go = A;H is provable, and if ¢ & A;H then H;yq | F;H = @,A§+1 is provable. Since
H; 1 T, it follows that if ¢ ¢ L; then Q | L;, =R, is provable, and if ¢ ¢ R; then Q | L;=¢,R; is
provable.

External Maximality Let s be an L£-sequent. Assume that s = s; (i > 0), our construction ensures that
H; 4 is externally maximal with respect to s. Hence, either {s} C H, 1, or H;11 | s is provable. Since
H; 1 CQ, either {s} C Q, or Q] s is provable.

The Witness Property Let 1 < j < N. We show that L; = R; admits the witness property. Assume
(V'zp) € Rj. Then (Viap) € Al for some i > n(j). We can assume that ¢ > 0 (if it holds for ¢ = 0
then it holds for i =1 as well). Our construction ensures that H; admits the witness property, and so
there exists an individual variable y such that p{v/z} € A’. Since A} C R;, we have that p{v/z} € R;.
The cases involving the other quantifiers are analogous. O

30



