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—— Abstract

We study fundamental decision problems on linear dynamical systems in discrete time. We focus on
pseudo-orbits, the collection of trajectories of the dynamical system for which there is an arbitrarily
small perturbation at each step. Pseudo-orbits are generalizations of orbits in the topological
theory of dynamical systems. We study the pseudo-orbit problem, whether a state belongs to the
pseudo-orbit of another state, and the pseudo-Skolem problem, whether a hyperplane is reachable by
an e-pseudo-orbit for every e. These problems are analogous to the well-studied orbit problem and
Skolem problem on unperturbed dynamical systems. Our main results show that the pseudo-orbit
problem is decidable in polynomial time and the Skolem problem on pseudo-orbits is decidable. The
former extends the seminal result of Kannan and Lipton from orbits to pseudo-orbits. The latter
is in contrast to the Skolem problem for linear dynamical systems, which remains open for proper
orbits.
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1 Introduction

A (discrete-time) linear dynamical system in m dimensions is defined by a linear map = — Az
for an m x m rational matrix A. The map specifies how an individual state (a real-valued
vector in m dimensions) evolves over time; a trajectory starting from a state s is given
by the sequence (s, As, A%s,...). Linear dynamical systems are fundamental models in
many different domains of science and engineering, and the computability and complexity of
decision problems for linear dynamical systems are of both theoretical and practical interest.

The orbit of a point s is the smallest set containing s and closed under the dynamic map.
The orbit problem for linear dynamical systems asks, given s and ¢, if ¢ is in the orbit of s [11].
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In a seminal paper, Kannan and Lipton [12] showed that the orbit problem can be decided in
polynomial time. However, a natural generalization of the orbit problem, the Skolem problem,
in which we ask whether the orbit of a given state s intersects a given hyperplane, turns out
to be notoriously difficult and remains open after many decades [20, 16]. A breakthrough
occurred in the mid-1980s, when Mignotte et al. [14] and Vereshchagin [21] independently
showed decidability in dimension 4 or less. These deep results make essential use of Baker’s
theorem on linear forms in logarithms (which earned Baker the Fields Medal in 1970), as
well as a p-adic analogue of Baker’s theorem due to van der Poorten. Unfortunately, little
progress on that front has since been recorded.

The orbit and Skolem problems are defined on the exact dynamics of the linear system.
In dynamical systems theory, one is often interested in “rough” dynamics of a system—in
topological terms, we wish to study closed sets containing the orbit. Orbits arising from
linear dynamics are usually not closed sets. Indeed the orbit of the point 1 under the map
T %w does not contain the limit point 0. One way to retain closure is through pseudo-orbits
[8], a concept going back several decades. A pseudo-orbit generalizes the orbit by allowing
arbitrarily small imprecisions throughout the dynamics. For a precision € > 0, we say t is
in the e-pseudo-orbit of s if there is a sequence of points (s = sg, $1,...,8, =t) with n >0
such that ||As; — s;41|| < € for each i € {0,...,n — 1}. That is, an e-pseudo-orbit contains a
sequence of points that would be indistinguishable from an orbit if each state were known
only up to precision e. Finally, ¢ is in the pseudo-orbit of s if it is in the e-pseudo-orbit of s
for all e > 0.

One can provide a computational analogue of pseudo-orbits (see [17]). Alice is simulating
the trajectory of a dynamical system but in every iteration, her computation has a rounding
error €. An infinitely powerful adversary, Bob, rounds Alice’s result in an arbitrary fashion
to a new state within a distance of € of the actual outcome. A state t is pseudo-reachable
from s iff Bob can fool Alice into believing that ¢ is reachable in the simulation no matter
how accurate her simulation is.

We can formulate analogous decision problems on pseudo-orbits. The pseudo-orbit problem
asks, given a linear dynamical system and two states s and ¢, whether ¢ is in the pseudo-orbit
of s. The hyperplane pseudo-reachability (or pseudo-Skolem) problem asks, given a linear
dynamical system, an initial state s, and a hyperplane, if there is an e-pseudo orbit from s
that intersects the hyperplane for every € > 0.

In this paper, we study decision problems for pseudo-orbits of linear dynamical systems.
We show that the pseudo-orbit problem is decidable in polynomial time and that
the Skolem problem is decidable in full generality on pseudo-orbits.

We proceed in two steps. First, we generalize Kannan and Lipton’s analysis to show that
the pseudo-orbit problem can be decided in polynomial time. Our proof involves a careful
examination of the eigenvalues of the matrix A, similar to Kannan and Lipton’s proof. More
generally, we show that pseudo-reachability to a bounded semi-algebraic set is decidable.

Next, we consider the hyperplane pseudo-reachability (a.k.a. pseudo-Skolem) problem.
Our proof again proceeds by a case analysis on the eigenvalues of A. The most challenging
case is when there is an eigenvalue of modulus greater than 1. We analyze a series whose
terms are polynomial-exponential functions of n € N associated with the dynamics. We
show that the infimum of this sum can be effectively computed. The proof of effective
computability uses tools from Diophantine approximation as well as a reduction to the
decision problem for the theory of real closed fields.

We show that the dynamics pseudo-reaches the hyperplane in case the infimum of the
above sum is 0. If the infimum is non-zero, we prove that we can find an effective bound
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N such that the dynamics pseudo-reaches the hyperplane iff, for sufficiently small e, it
pseudo-reaches the hyperplane within N steps.
Putting everything together, we conclude that the pseudo-Skolem problem is decidable.

Other related work. The study of pseudo-orbits goes back to Anosov, Bowen, and Conley
[1, 3, 8]. Conley [8] formulated the fundamental theorem of dynamical systems: the iteration
of any continuous, possibly non-linear, map on a compact metric space decomposes the space
into a chain-recurrent part (the pseudo-orbit analogue of a period orbit) and a gradient-like
part. Our results imply that deciding if a state is chain recurrent is decidable for linear
systems.

In linear systems theory, controllability is a fundamental property of linear systems [19].
Controllability states that the system can be controlled from any point to any other point.

However, this may require unboundedly large control actions. A pseudo-orbit can be seen as
a stronger notion, where we ask if the dynamics can be controlled from a starting point to an
ending point no matter how small the control input is: if a state belongs to the pseudo-orbit,
then for every e, there is a sequence of control inputs each bounded in norm by € that steers
the system to that state.

2 Linear Dynamical Systems

Notation. The sets of natural numbers (including zero), rational numbers, real numbers,
and algebraic numbers are denoted by N, Q, R, and Q, respectively. We assume a standard
representation of algebraic numbers in terms of their defining polynomials, by which we can
perform arithmetic operations and test equality in polynomial time in their representation
(see, e.g., [6]).

For any column vector & = [z1,Za, ..., %] € R™, we use the notations ||z, := Va Tz
and ||z[| := max; |2;| to indicate respectively the two norm and infinity norm of . For any
matrix A = [a;;];; € R™*™, we define || A, and || A|  to indicate respectively the (induced)
two norm and infinity norm of A. Note that ||Az|, < [|A[l, ||z, and ||Az| < [|A]l o 2] &
for all z € R™. We write 0 € R™ for the zero vector and 1 € R™ for the all-ones vector. We
denote by p(A) the spectral radius of a matrix A, which is the largest absolute value of the
eigenvalues of A. For any A € R™*™ and any v > p(A), recall that there is a constant ¢ > 0
such that ||A™[|, < ¢y" for all n € N.

Discrete-Time Linear Dynamical Systems. An m-dimensional discrete-time linear
dynamical system is specified by an m x m matrix A of rational numbers. The trajectory
determined by an initial state g € R™ is the sequence (x,,),>0 given by

Tpt1 = Az,, (n €N).

We call the set O(A,zg) := {x,, | n € N} the orbit of xo.
For any € > 0, an e-perturbed linear dynamical system has state trajectories (z,)n>0
such that

Tpi1 = Az +d,, (n €N),

where A is as before and d,, € [—¢,€]™ for all n. For an initial state zo € R™, we define
the e-pseudo-orbit O. (A, zp) of the dynamics as the set of states reachable in the perturbed
dynamics. More formally, define

for n = 0, O™ (A, z0) :={xo},

for all n € N, (5£n+1)(A,:c0) ={Az+deR" |z € (5£n)(A,x0), d € [—€,€¢/™}, and
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Oc(A,20) := U, O (4, 20).

Finally, we define the pseudo-orbit O(A, zg) := Neso O.(A, z0) as the intersection of all
the e-pseudo orbits of 2, for all € > 0. Clearly, O(A4,z) C O(A, z) for any A and z.

We will make use of the following characterization, which follows directly from the
definition: Any ¢t € O(A4, s) is of the form t = A™s + Z;:Ol Ald,, ;4 for some n € N and
some sequence of perturbations d; with ||d;|| < e.

We also need the following properties of O(A, ) and O(A, z).

> Claim 1~(Transitivity). For every A and € > 0, and for states s,z,u € R™, if t € (55(/1, s)
and u € O, (A,t) then u € O.(A,s). If t € O(A,s) and v € O(A,t), then u € O(A,s).

> Claim 2 (Closure). For every A, € > 0, and state s € R™, the sets (55(14, s) and (5(A, s)
are closed sets.

» Problem 3 (Orbit problem). Given A € Q™*™ and s,t € Q™, decide whether t € O(A, s).
A celebrated result of Kannan and Lipton [12] shows that the Orbit Problem is decidable

in polynomial time.
» Theorem 4. [12] The orbit problem is decidable in polynomial time.
In this paper, we study the following problems.
» Problem 5 (Pseudo-orbit problem). Given A € Q™*™ and s,t € Q™, decide whether
te O(A,s).

» Problem 6 (Hyperplane pseudo-reachability problem). Given A € Q™*™, s € Q™, and a
hyperplane ¢ - x = v for c,v € Q™, decide whether O (A, s) intersects the hyperplane for all
e>0.

The following summarizes our main theorem.

» Theorem 7 (Main Theorem).
1. The pseudo-orbit problem is decidable in polynomial time.
2. The hyperplane pseudo-reachability problem is decidable.

The rest of the paper is devoted to the proof of this theorem.

2.1 Preliminaries

First we establish that pseudo-orbits can be translated with change of bases.

> Propositi~on 8. For matrices A, B,Q € E@mxm with A = QBQ™! and for any x € R™,
we have Q O.,(B,Q'z) C O (A,z) C QO,,(B,Q 'z), where v = eHQ_lHOO and vy =
e/ |Q|l.,- Moreover, 5(A7x) = Q@(B,Q_lx),

We will use Proposition 8 with matrix A represented using the Jordan canonical form.
Jordan Decomposition. For a given rational square matrix A one can compute change of
basis matriz Q and Jordan normal form J so that A = QJQ~! and J = diag(J1, Jo, -+, J.)

with J; representing the i*” Jordan block taking the following form

A1 0 ... 0 0
0 A, 1 ... 0 0
Ji = : : s (1)
0 0 O A1
0 0 0 0 A
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where A; denotes the i*" eigenvalue of A. The size of J; is equal to the multiplicity of the
eigenvalue A; and is denoted by x(A;).

Real Jordan form. For any A € R"*™ having complex eigenvalues, matrices () and J in
the Jordan normal form could have complex entries. In this case, the complex eigenvalues
form complex conjugate pairs and give a real Jordan form: there are real matrices @) and J
such that A = QJQ~! and J = diag(Jy, Jo, - - - ,J.). The matrix J; represents the i*" real
Jordan block corresponding to either a real eigenvalue A; or a complex pair A; = a; £ jb;. It
is equal to (1) for real A; and has the following form for the complex pair A; = a; %+ jb;,

Ai Iaxa Oaxo ... Oaxo O2xo
Oax2 Ay Ioxa ... 0Oox2 Oaxo
Ji = , (2)
Oax2 Oax2 Oax2 ... Ay Ioxo
Oax2  O2x2 Oax2 ... O2x2 Ay

a; — bi

where with abuse of notation, we have indicated A; = [b
T

:|. IQXQ and 02><2 denote

identity and fully zero matrices of size 2 by 2.

The real Jordan normal form and the change of basis matrices Q and Q~' can be
computed in polynomial time (see [4] and also Appendix D).
Computing matrix powers. If A = QJQ ', then we have A" = QJ"Q ! for n € N,
where J" = diag(J7*, J3,...,J7) and

Nt @At e (A

0 A7 nA?fl . (kEQ)A?kaﬂ
Ji=1 : : 3 :

0 0 0 . nA?fl

3

3 The pseudo-orbit problem is decidable in polynomial time

In this section, we show that Problem 5 is decidable in polynomial time. Fix a matrix A and
let J be the real Jordan form for A. Proposition 8 shows that O(A, z) can be obtained from
the pseudo-orbit (5(J, x). Our decidability proof involves a case analysis on the modulus of
the eigenvalues of J. We first consider the cases where J is a single block, i.e.,

AT
J= A withA:[“ b] and]z[l 0
. b a 0 1

A

}, or A=[r]and I =[1], (3)

with real matrix entries a, b,r € R.

We shall case split on the spectral radius p(J), which is the absolute value of the unique
eigenvalue of the Jordan block J. We consider three cases: p(J) < 1, p(J) =1 and p(J) > 1.
The following lemma will be useful in relating the first and third cases. Its proof is simply
by reversing time.

23:5
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» Lemma 9 (Reversibility Lemma). For any invertible matriz A € R™*™ 1z € (56(A,s)
implies s € O, (A, z) with v =€ ||A_1HOO. Moreover,

z€0(A,s) — scO(A™ " ). (4)

» Lemma 10 (Eigenvalues inside the unit circle). Let J € R™*™ be a Jordan block of the
form (3) with p(J) < 1. For every s € R™,

O(J,s) = O(J,s) U{0} = O(J, s),
where O(J, s) denotes the closure of the orbit.

Proof. We prove the lemma by showing there is a constant C' > 0 satisfying

O(7.5) = O(J,5) U {0} C O(J, s) C ﬂ U BzC’eCO(Js) (5)

€e>02€0(J,s)

where B(z,€) := {y € R™| ||z — y||, < €} is the closed ball with respect to two norm with
center z and radius e. It is easy to see that equality (*) holds since all the eigenvalues of
J are inside the unit circle, lim,_,~, J™ = 0, and 0 is the only limiting point of any state
trajectory.

It is also easy to see that inclusion (**) is correct. Note that for any € > 0, O(J, s) C
Oc(J, s) and the set O. (J; 5) is closed by definition. Taking intersection over € > 0, we get
O(J,s) C O(J, s) with O(J, s) being a closed set. Therefore, O(J,s) C O(J, s).

We now choose a value of C' which allows us to prove inclusion (}). First pick ~
such that p(J) < v < 1. Next choose ¢; to be a constant (which is guaranteed to exist)
satisfying ||J"||, < ¢1y™ for all n € N, and finally set C := ¢;m/(1 — ). We show that
O.(J,s) C U.co(s,s) B(z, Ce) for any € > 0. Take any x € Oc(J,s). Then there is a sequence
(do,d1,...) and n € N such that ||d;|| ., < eand z = J"s + Z?;Ol Jid,_i_1. Now

n—1 ) n—1
<D N nially <
2 i=0 =0

We then get z € B(z,Ce) for z := J"s € O(J, s).

The inclusion § can be proven by taking an arbitrary point y ¢ O(J, s) and showing that
there is an € > 0 for which y & B(z,Ce) for all z € O(J,s). Note that the complement of
O(J, s) is an open set, which means there is a § > 0 such that B(y, ) N O(J,s) = (. Taking
€ such that Ce < 0 will give the intended result. <

|z — Jn5||2 =

= Cl,

n—i—1

Additionally, we prove the following lemma (that will be useful later) about the behaviour
of pseudo-orbits when all eigenvalues are inside the unit circle.

» Lemma 11. Let A € R™*™ and s € R™. If p(A) < 1, then for every 6 > 0 there exists
an effectively computable N € N and € > 0 such that after time N, all e-pseudo-orbits are
contained inside the ball B(0,9).

Proof. Let (x,)nen denote an e-pseudo-orbit starting from s with a sequence of disturbances
(dn)nen. Suppose p(A) < 1 and let v € (p(A),1). There is a constant ¢ > 0 satisfying
[|A"||y < evy™ for all n. Then we get

n—1 n—1
lzally = |[A"s + D Afdnosa|| < 1AM Islly + D [1A* (|, Ida-r—1lly
k=0 2 k=0
— mec

< ey slly + Y meer” < ey sll, +
k=0
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Taking € = §(1 —v)/(2mc) and N with v ||s||, < &/(2c) gives the intended result. <

> Lemma 12 (Eigenvalues outside the unit circle). Let J € R™*™ be a Jordan block of the
form (3) with p(J) > 1. For every s € R™, we have O(J,0) =R™ and O(J,s) = O(J, s) if
s # 0.

Proof. In this case, J is invertible and all eigenvalues of J~! are inside the unit circle. We
apply the Reversibility Lemma 9 and Lemma 10.

1€0(Js) —= seOWJ 'z) « se0O(J " z)U{0} « s=0o0rzecO(Js).
Therefore, any z is in O(J, s) if s = 0, and O(J, s) = O(J, s) for s # 0. <

» Lemma 13 (Eigenvalues on the unit circle). Let J € R™*™ be a Jordan block of the form
(3) with p(J) = 1. For every s € R™, we have O(J,s) = R™.

Proof. The key part of the proof is to show that 0 € 6(14, s) for any s and for any A having
the eigenvalues on the unit circle. Once we show this, we know that s € (5(14_1, 0) is true
for any s and any matrix A due to the Reversibility lemma. Stated for the inverse of A and
any x, we get x € 6(14, 0). Since pseudo-orbits are transitive, we have = € (5(14, s) for any x
and s, which is the intended result.

We show 0 € (5(A, s) equivalently by replacing A with its Jordan form J and doing
induction on the structure of J. The proof has two stages. The first stage is to show that
0e (5(J, s) for all s when J has a single block simple eigenvalues. The second stage is to
show that we can sequentially increase the multiplicity of eigenvalues and multiple blocks.

Base case: Suppose J = {Z _ab] with a? + b? = 1 or J = r with |r| = 1. Observe that

the multiplication by J does not increase the two norm of a vector. Hence setting

Jxp ;
i - —e.m if ||[Jzn||co > €,
—Jz, otherwise,
we obtain the e-pseudo-orbit (zg = s,21,22,...,2m,0,0,...) from any s where ||zx|, =
|zk—1]5 — € for k < m, which gives 0 € O(J, s).

Inductive case: We show that if 0 € (5(J1,51) and 0 € (’3((]2,52) for all s; and sy of

‘(])1 i} for any B and any

s with appropriate dimensions. Let us partition any state z = (x!,2?) according to the

dimensions of J; and Jy. Let € > 0 and s = (s',s%). By the assumption, there exist e-
perturbations (d3,d%,...,d% ;) that bring s to 0 under J>. Let d,, = (0,d2) for 0 <n < N

be a sequence of e-perturbations for the linear system with mapping J. We obtain the

appropriate dimensions, we also have 0 € (5(J, s) with J = {

sequence (rg = s,21,...,xy) with 4 = 0: the e-perturbations do, ...,dy_1 have brought
the second coordinate to 0. By the assumption, we also have 0 € O.(J1, z} ), which gives
e-perturbations (dj,...,d};) that bring z to 0 under J;. Let us expand the sequence of

perturbations for the linear system J with d,,+n = (d%,0) for 0 < n < M. It is easy to see
that (do,...,dn+ar) bring the system from s to 0 due to the structure of J that is upper
triangular.

<

We now consider the general case where J has multiple blocks.

23:7
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» Definition 14. Let J € R"™*™ be a real Jordan block matrix and s € R™. We define

R™  dfp(J)=1 or, p(J) >1 and s =0,
A(J,s) =< {0} if p(J) <1,

0 otherwise.

The following lemma states that certain points in the pseudo-orbit of real Jordan blocks
are e-pseudo reachable exactly at any sufficiently large time step, for every € > 0. The lemma
provides the flexibility to “synchronize” reaching parts of the state for different Jordan blocks.

» Lemma 15 (Synchronization Lemma). Let J € R™*™ be a Jordan block with eigenvalue M.
For s e R™, t € A(J,s) if and only if for every € > 0 there exists N. € N such that for all
N > N, there exists an e-pseudo-orbit (x;);en of s under J such that xn = t.

Proof. Al <1 and A(J,s) = {0}. By Lemma 10, 0 € O(.J, s) and hence for every ¢ > 0,
there exists IV, such that t = 0 can be e-pseudo reached at time N.. Now simply observe
that once an e-pseudo-orbit reaches 0, it can remain there forever by setting all future
perturbations to zero. To prove the other direction, suppose ¢t # 0. By Lemma 11, there
must exist a time bound T such that for sufficiently small €, all e-pseudo-orbits of s after
time T are contained in B(O0, ”g”"’ ). Hence for sufficiently small € no N, with the the
specified property can exist.

[A| =1 and A(J,s) = R™. In the proof of Lemma 13, for every t € R™ and € > 0 we
construct an e-pseudo-orbit from s that visits 0 followed by ¢. Let N, be the number
of steps required to e-reach t. We can postpone visiting ¢ to any time step N > N, by

simplying waiting at the point 0 for N — N, steps.

[A| > 1, s =0 and A(J,s) = R™. Similarly to the case above, in Lemma 12 for each e
we construct an e-pseudo-orbit that visits ¢ at time N, and reaching ¢ can be delayed
arbitrarily by spending a necessary number of steps at 0 at the beginning.

[A] > 1, s # 0 and A(J,s) = 0. Let ¢t € R™. In this case, observe that there must exist a
time bound T such that for sufficiently small €, all e-pseudo-orbits of s after time T are
contained outside B(0,2|t||,). Hence for sufficiently small e no N, with the the specified
property can exist. <

There are two modes of pseudo reachability: via orbit, or at larger and larger time steps
for smaller e.

» Lemma 16. Let A € R™*™ and s,t € R™. If there exists N such that for every e, t is
e-pseudo-reachable from s within the first N steps, then t € O(A,s).

Proof. Suppose such N exists. By continuity of the map = — Az, for every § > 0 there
exists € > 0 such that for every ¢ < e and €-pseudo-orbit (x;);cn, ||xl — AisH2 < ¢ for

0 <7 < N. Hence the intersection of the first IV elements of all e-pseudo-orbits is exactly
{s,As,..., AN=1s}. <

» Lemma 17. For J = diag(Jy, ..., J;) in real Jordan normal form and s € R™,
O(J,s) = O(J, s) UTI'_ | A(J;, s;).

Proof. Suppose t = (tl,....,tl) € I'_,A(J;,s;). That is, for every ¢ and 1 < i <[ there

exists an e-pseudo-orbit (.r;-)jeN of s; under J; that reaches t;. By Lemma 15, for every e
there exist e-pseudo-orbits (y§)jeN of s1,---,s; that reach t1,..., ¢, respectively, at the same



J. D’Costa et al.

time N. That is, y& = t; for 1 < i < m. Hence (y},...,y?)ien is an e-pseudo-orbit of s
under J that reaches .

Now suppose ¢ € O(J, s) \ O(J, s). We prove, by a case analysis on .J;, that t; € A(J;, s;)
for 1 <4 <. The main idea is that if ¢ is pseudo-reachable but not reachable, then in order
to reach it via an e-pseudo-orbit one will need longer and longer time horizons as ¢ — 0
(Lemma 16).

1. p(J;) < 1. Since t is not in the orbit, we can find a sequence N1 < N < --- of time steps

and €; > €3 > --- of perturbations such that ¢ is ¢;-reachable from s earliest at time IV;.

In particular, ¢; is €; reachable from s; at time N; for every j. But by Lemma 11 this
means that |t;| < d for every § > 0. Hence t; = 0 € A(J;, s;).

2. p(J;) = 1. Since in this case A(J;, s;) = R*D) trivially ¢; € A(J;, s5).

p(J;) > 1 and s; = 0. Since in this case too A(J;, s;) = R trivially t; € A(J;, 55).

4. p(J;) > 1 and s; # 0. This case cannot arise, as similarly to Case 1, one can argue that if

w

pseudo-reaching t; requires larger and larger time steps as e — 0, then |t;| > ¢ for every ¢.

But in this case no such ¢; can exist. |

Proof. (of Theorem 7(1)). We now put everything together to show the pseudo-orbit problem
is decidable in polynomial time. Given A € Q™*™ and s,t € Q™, we compute (in polynomial
time) matrices Q, J, Q~! € (RNQ)™*™ such that A = QJQ ! and J is in real Jordan normal
form (Appendizc D). Then, we compute t' = Q¢ and s’ = Q~'s, and by Proposition 8 we

have that t € O(A, s) if and only if ¢’ € O(J,s'). It remains to decide whether ¢’ € O(.J, s').

For this we use the characterization described in Lemma 17. To decide whether t' € O(J, s),
observe that Q~'t € O(J,Q 7 1s) < t € O(A,s), and whether t € O(A, s) is an instance
of the Orbit Problem and can be decided in polynomial time.! Finally, it remains to check
whether t; € A(J;, s;) for each block J;, which can be done easily given the simplicity of
A(JZ, 87;). <

We end the section with an application of Theorem 7(1). A set S is pseudo-reachable
from s under A if for every € > 0, there exists a point z. € S that is e-pseudo-reachable from
s under A. An algebraic set is the set of zeros of a collection of polynomials. A semialgebraic
set is a union of algebraic sets and projections of algebraic sets. We show (in Appendix B.2)
that we can decide if a bounded semialgebraic set is pseudo-reachable, by reducing the
problem to the pseudo-orbit problem.

» Theorem 18. Given A € Q™*™, xy € Q™, and a bounded semialgebraic set S, it is
decidable if S is pseudo-reachable from xg under A.

4 Hyperplane pseudo-reachability is decidable

In this section, we prove Theorem 7(2). First we consider the case where we are given:

a hyperplane H = {x € R™ : ¢z = v} with (¢,v) € (RNQ)™ x (RNQ),

J = diag(Jy,...,J.) € (RN Q)™ ™ in real Jordan normal form, and

a starting point zop € (RN Q)™.
We show how to decide if for every e > 0 there exists an e-pseudo-orbit (x;);cn of 2o under
J that hits the hyperplane H, i.e. ¢y —v = 0 for some N € N.

1 Technically, [12] consider the orbit problem for rational inputs and we require the orbit problem where

the input can contain algebraic numbers. However, a polynomial time algorithm is still possible.
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A block J; is relevant with respect to hyperplane H = {z : ¢" z = v} if the coefficients of
c at the coordinates corresponding to .J; are not all 0. Intuitively, dimensions corresponding
to blocks that are not relevant can simply be omitted from the analysis as they do not play
a role in determining whether a point is in H or not. Relevant eigenvalues of J are the
eigenvalues of relevant blocks. The relevant spectral radius, written pg(J), is the largest
modulus of all relevant eigenvalues. Our proof is based on a case analysis on the relevant
spectral radius of J. We shall see that the proof is simple when the relevant spectral radius
is < 1 but requires more technical ideas when it is > 1.

» Lemma 19 (Case py(J) < 1). Fiz a matriz J in real Jordan normal form, a starting state

xo, and a hyperplane H = {x : ¢"z = v}.

1. If pu(J) =1, then H is pseudo-reachable.

2. If pu(J) <1 and O € H then H is pseudo-reachable. If py(J) <1 and 0 ¢ H, there
exists an effectively computable time bound N such that H is pseudo-reachable if and only
if there exists 0 < i < N such that Jizg € H (that is, H is reachable from xq under J
after at most N steps).

Proof. First suppose pg(J) = 1. We write J = diag(Jy, J,), where py(J,) = 1 and
pr(Jr) <1 (observe that wlog we can assume the blocks of J have non-decreasing spectral
radius when listed from top to bottom) and correspondingly set s = (sp, $»), ¢ = (ch, ¢r).
Note that ¢, # 0 by the relevance of at least one of eigenvalues of modulus 1.

By Lemma 10 we know 0 € (5(J,,, sr). By Lemma 13, we can select y such that c;';y—v =0
and y € 6(Jh, sp). Therefore, invoking Lemma 15, for every € > 0 we can find N € N and
construct e-pseudo-orbits (2!

that for the e-pseudo-orbit a,, = (
Now suppose pg(J) < 1.

Jnen and (x7),en such that % =y and 'y = 0, which implies
. ), ey —v= CIy + c:O — v = 0 as desired.

n’

Case 1: v =0. Since 0 € H and the origin is pseudo-reachable from zy (Lemma 10), H is
pseudo-reachable.

Case 2: v # 0. Using Lemma 11, and setting § = |v|/(2|¢l;), we can find € > 0 and
horizon N € N after which every e-pseudo-orbit is trapped in B(0,§). Thus, the hyperplane
cannot be pseudo-reached after time N, as the hyperplane does not intersect with 5(0,d). It
remains to check if the hyperplane is pseudo-reachable at any of the first N time-steps. In
fact, for a bounded time interval, a hyperplane is pseudo-reachable iff it is reachable. This is
because the effect of finitely many disturbance terms (dp,...,dx_1) can be made arbitrarily
small for small enough €. Therefore, decidability in this case only requires checking if the
bounded orbit (y,)o<n<n hits the hyperplane before the time horizon N, that is, if there
exists a time-step 0 < n < N such that cTyn — v = 0, which is clearly decidable. <

We now consider the case pg(J) > 1. The main ideas of our proof are as follows:
1. A point z,, in the e-pseudo orbit belongs to the hyperplane (c,v) if ¢' 2, — v = 0. In

T, — v can be written as a sum over exponential polynomials in eigenvalues

particular, ¢
of different sizes.

2. We factor out the scaling factor corresponding to the top eigenvalues, leaving a sum over
normalized eigenvalues, together with a sum over disturbances (of order ¢) and additional
terms which go to zero with large n.

3. We relate hyperplane pseudo-reachability to the limit inferior of the sum over normalized

eigenvalues. If the limit is zero, we show the hyperplane is pseudo-reachable. If the
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limit is positive, we show there is an effective bound N such that if the hyperplane is
pseudo-reachable, it is reachable within N steps.

4. We apply results from Diophantine approximation and the theory of reals to compute
the limit inferior of the sum over normalized eigenvalues.

Fix J = diag(Jy,...,J;) € (RNQ)™*™, a starting point 2o € (RNQ)™, and a hyperplane
H={z €R™|c'z=v} with ¢,v € (RN Q)™. We assume without loss of generality that
all blocks are relevant.

Step 1: Analysing ¢z, —v. Let L = py(J) > 1 be the largest modulus of a relevant
eigenvalue of J and suppose the blocks are arranged in non-increasing order of the modulus
of eigenvalues. In particular, let ¢ < I be such that the first ¢ blocks (¢ for “top”) have

p(J1) == p(Jy) = L > 1. We call the eigenvalues of these blocks the top eigenvalues.

The remaining blocks satisfy L > p(Jiy1) > -+ > p(Jp).
Let (d;)ien be a sequence of perturbations and (z;);en the resulting pseudo-orbit. We
have that for all time steps n,

n—1 l n—1
'z, —v=c' (J"aco + Z Jkdnk;L) —v= Z <cifoé + Z JF ;k1> -,

k=0 i=1 k=0

where for all 1 < i <1, ¢!, 2, d are projections of ¢', z,, and d,,, respectively, onto the
coordinates governed by .J;. Observe that ¢’ is a row vector for every i.

Step 2: Normalized sum. We define a normalized version of this sum by factoring out L™
(the size of the top eigenvalues) and n”, where we define D in such a way that we normalize
polynomials in n that appear in the sum. Observe that for 1 <14 <t (the top eigenvalues),

{pﬁ(n)k" FPi)A Py (AT +pén(i)(n))\”] if J; has eigenvalues A\, A
=
[pi(n)p” o pz(i)(n)p”} if J; has a single eigenvalue p

for polynomials pi, ..., pfi(i) (with algebraic coefficients) where x(i) is the multiplicity of the
block J;.

We define D to be the largest number such that the monomial n” appears with a non-zero
coefficient in at least one of ciJZ-" for 1 <14 <t. (Note that if all entries of ¢ are non-zero
D + 1 is equal to the largest multiplicity of a top eigenvalue block of J, as can be seen from
the description of powers of a Jordan block in Section 2.)

We can now define

. ¢’ Iy —U l i Jzn I in_l Jzk i v
fn):=—0"5 =>_|e LD To ¢ > TpD k1 | = oD
k=0

=1

For notational convenience we define vector-valued functions g*(n) := cZL;IT forl1 <i<I.

The following technical lemma summarizes the relevant properties of these scaled terms.

Lemma 20 (Normalization Lemma).

. For 1 <i<t (top eigenvalues), ||g'(n)||__ = O(1) (with respect to n).

. Fort+1 <1< (non-top eigenvalues), lim,,_, oo Hg’(n)”OO =0.

There exists 1 < j <t and effectively computable N € N and C' > 0 such thatn > N —
ng(n)HOo > C.

Proof. We address each point individually.

_L;.)Mn—tv
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1: For 1 < ¢ <t let J; have eigenvalues A and by (the case where J; has a single real
eigenvalue is similar but simpler) and observe that

i — | Pt : " 2 () (1) Ph.n(™ ()"
o= B ()" B ()" 2 )"+ B (3]
By the definition of top eigenvalues, |A| = L and thus % and % have modulus 1. By
construction of n?, the polynomials pt(n),..., pgﬁ(i) all have degree at most D and hence
the terms p“,?) e, p%(%(n) are bounded from above by a constant.
n n

2: For t+1 < i <Ilet J; have eigenvalues A and A and observe that

o = [ () + B (3)" e e (1))
By construction |A| < L and thus v := % and 7 have moduli |y, 7] < 1. The polynomials
pi(n),... ,pén(i)(n) may not be asymptotically bounded by n” (since n” was constructed

only considering top eigenvalues). However, it is clear that the exponentially vanishing (%)n

and (%) will dominate the polynomials and all entries of g?(n) will thus vanish.

3:  Observe that by construction of n”, there must exist a top eigenvalue block J; (1 < j < t)
for which at least one polynomial in ¢ Ji' has degree D. Let r > D be the multiplicity of
the block J;, which has the form of a real Jordan matrix with a single block (Eq. (3)) with
sub-blocks A. One can write

AT AT (AT (A
0 A" nAPTl () AT
I =ld doy o d]] ; z z . (6)
0 0 0 nA"~1
0 0 0 A"

where c,i for 1 < k < r corresponds to a row vector of size two or one, respectively, when A
isa 2 x2or1x1 matrix. Analyzing this product, we see that ¢/,...,c),,, =0, ¢, # 0 and

the single entry of ¢ Ji' whose polynomial component has degree D is exactly ch (g)A"_D .
We define A := A/L. Note that HAH = 1. Now observe that for this block J;, we have

2
1

gj(n) = WCJJ? = Cjb

1

A+ %(0(1)).

Therefore, there exists sufficiently large N such that for all n € N,

J Jn _ I 2
n>N:>HLnnDch OO>2 C]DD!A > D
o
Thus we have shown Point 3 with C' = I 4%|1‘2. <

Step 3: Conditions for reachability and non-reachability. Now we are ready to
attack our original problem. Going back, H is e-pseudo-reachable if and only if f(n) = 0 for
some disturbance sequence (d;);en with d; € [—¢, €]™ for all i. We analyze how f(n) can be
brought to 0 in this way.
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» Lemma 21. Let

t

> g (n)a|.

i=1

If D =0, then H is pseudo-reachable. If D > 0, there exists a computable time bound N
such that H is pseudo-reachable if and only if it is reachable (in the standard sense) within
the first N steps.

D = liminf

n—oo

(7)

Proof. Suppose D = 0. Take an arbitrary € > 0. We argue that H is e-pseudo-reachable.

Recall that
l n—1
;I JE v
f(“):2< I 570 + ¢ ZLn dnk1>—LnnD
! v
Z( $0+Can ”>_LnnD'

Let I be such that Hgl(n)HOO > C, for C > 0 and sufficiently large n (Point 3 of the
Normalization Lemma). We construct a pseudo-orbit with all perturbations set to zero
except djy and obtain

t

J” 1 S I v
I i 7 7
f(’/l) g $0 + g c LnnD To — LnnD’

i=1 1=t+1

I J[
TnnD
but we have to argue that this can be done using a disturbance of size at most €. Moreover,

Intuitively, we will use the term ¢ do to cancel out the remaining summands above,

observe that ¢ L]n 5 is very close to g’(n). Formally, we first find N large enough such that

l9" )],

HZZ 41 C LJiNDxO LNNDH < HJH 5 (possible because for t +1 <4 <[, p(J;) <1

and L > 1), and

t i i t i %

HZi=1 g (N)xp >i—19'(n)z, )-
Finally, we determine the value of dj. Without loss of generality, assume that g’ (N) is of
the form [C” -++] where |C’| > C, that is the first entry of g’(N) is large. We then observe

Cc? e . .
LO < (A (possible because lim inf,,

that cf LNND d} = g (N)J; 'd} and set
t i i 1 . JN . v T
do—JI { ’(Zi:lg(N)xo+Zi:t+lcLNNDxO LNND> 00 --- 0
to obtain
JN 1 1 . JN ‘ ;
o LT )
L (Zg J1o+ D ¢ TN DT~ TNND
i=t+1

and hence f(N) =0
Now suppose D > 0. Recall

n—1 Jk p v
Z $0+CZLnD”k1 _LnnD

-~

n

] ) l J l n—1 Jk v
:; Z(’n)l‘%—‘r Z LnnD'rO—i—Z };}LnnD n—k—1"" LnnD

i=t+1 i=1
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In this case we shall construct a time bound N after which for all sufficiently small value of
€, the term 2221 g'(n)z} will dominate the other summands. Let 2A > 0 be a lower bound
on liminf, . | 32'_, g°(n)x}| > 0. We shall see how to obtain such a bound effectively later
(Lemma 22). We compute N with the following properties.

Foralln > N, |30, gl(n)xf)’ > A. Possible because liminf,,_, ‘Zle g'(n)zt | > 2A.

For all n > N, ‘ZZ 41 ch‘indxo

t+1<z<l p(J;) < L.

‘ < A. The former is possible because for

‘ v
Lmnd

ZéLnndd’n e 1’<<Af0r1§i§l. To see

that this is always pObblble, observe that

n—1

<3

k=0

o Jk
(3 7

n—1 k

7 J’L i c
nypd
Lrn®||

c L”nd n—k—1
k=0

Me (where fixed M bounds the matrix dimension)

and

n

Jm

k=0

k

Ln n—k kad

k

nopd
Lrn®||

<

TL—>OO

c Lnlkg’:(k)H

n—)oo
oo

Recalling Point 1 of the Normalization Lemma, || gl(n)Hoo = O(1) and hence

n

lim E
n— oo
k=0

by bounding the sum Y, _, H ﬁ g'(k) HDO from above by a geometric sequence. Therefore,
n—1 ‘ 4 J,f

k=0 Lnnd
Once we have chosen N, by the properties above we will have that for all n > N, for

et )=o)

o0

Me can be made < A by choosing € to be sufficiently small.

c

sufficiently small e,

l

n—
) v
7 d
Z CLn dx0+z ZL”TLd n—k—1 " Lnnd > 0.
=1 =

i=t+1

t

Do

i=1

[f(n)] =

Therefore, H is pseudo-reachable if and only if for every ¢ > 0, H is e-pseudo-reachable
within the first N steps. By Lemma 16, this is the case if and only if H is reachable within

the first IV steps. |
Step 4: Analyzing liminf, .. |Y)!_, ¢(n)z}|. Consider a single term g'(n)xz}. Writing
ah=[Xo X1 - XZ]T,where Xi1,...,X, € R, we have
s (00 (A (3"
i i N N X..
g'mab =3 ( D (L) 50\ T

Let v; = % Note that |y;| = 1. By the construction of n”, none of the polynomials have a
term of degree higher than D. Therefore, we can absorb the constants X,. and the monomial
D into the polynomials, sum the terms up, and write them as polynomials in . That is,

g'(n)ay = ¢'(1/n)y + ¢ (1/n)5"
for suitable polynomials ¢* with algebraic coefficients. Thus

t

> g (),

i=1

t

> q' (/1 + ¢ (1 /n)7"

i=1

= lim inf
n—oo

lim inf
n— oo
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We defer the proof of the following lemma, which requires tools from Diophantine analysis
and the theory of reals, to the next section.

» Lemma 22. Let v1,...,v be algebraic numbers with modulus 1. Let ¢', ..., q" be polyno-
mials with algebraic coefficients. The quantity

t
lim inf 26] (1/n)yi +q*(1/n)7

can be effectively computed. If it is greater than zero, there is an effectively computable N
satisfying the requirement of Lemma 21.

Proof of Theorem 7(2). We are now ready to aggregate our case analysis into the
proof the pseudo-reachability in hyperplanes is decidable. Given A € Q™*™ x5 € Q™
and H = {z : ¢' -2 = 0}, we first convert A to real Jordan normal form as described in
Section 2 to obtain J = Q1 AQ. We then perform a coordinate transform on z¢ and H to
obtain H' = {z : ¢'Qx = 0} and 2}, = Q'xo. The original problem is now equivalent to
pseudo-reachability of H' from z{, under J.

Next, we remove dimensions from x{,c'@Q and J that do not correspond to relevant
blocks and determine the relevant spectral radius pg(J) of J. If pg(J) = 1 then H' is
reachable by Lemma 19(1). If py(J) < 1, then by Lemma 19(2), H’ is pseudo-reachable if
and only if 0 € H' or zf), Jx},..., JNx) hits H', where N is the computable bound in the
Lemma.

Finally, we consider the case where pg(J) > 1. Let Jq, ..., J; be the blocks of J with
p(J) = pa(J) and ¢, ... ct, x}, ...,z be the corresponding coordinates of ¢' @ and z,

respectively. Finally, compute the value of lim inf,, . |S0_, ¢*(n)z" ‘ using Lemma 22 and

use Lemma 21 to either immediately conclude reachability or to compute the bound N and
determine reachability by checking if zf), Jx}, ..., JNz) hits H'.

5 Proof of Lemma 22

We now prove a generalization of Lemma 22. Let Ay, ..., A\, be algebraic numbers of modulus
1 and let pq, ..., pm be polynomials with algebraic coefficients. Let n range over the natural
numbers. We show how to effectively determine the value of liminf,,_, . | Z;"Zl pi(1/n)A%].
Moreover, if the value is strictly greater than 0, we show we can find an explicit bound A
and N € N such that for all n > N, we have | ZT:I pj(1/n)A}[ > A. Lemma 22 follows as a
special case.

We require some technical machinery from the theory of Diophantine approximations.
We need the following theorem of Masser [13]. A proof can be found in [5] or [9].

» Theorem 23 ([13]). Let m € N be fized and let Ay, ..., A\ be complex algebraic numbers
each of modulus 1. Consider the free Abelian group

L={(01,. . 0m) €Z™ : VNS .. \Um = 1}.

L has a basis {[{, . ,K;,} C Z™ (with p < m), where the entries of each of the K; are all
polynomially bounded in the total description length of A1, ..., . Moreover, such a basis
can be can also computed in time polynomial in the total description length.

23:15
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Let L be as described in Theorem 23 above and suppose we have computed a basis
{l1,...,4,} CZ™. For each j e {l,...,p},let £; = ({1,...,¢;m). Now we define a set

T::{('Zla"'vzm)ecm:|Zl|:"':|2m|:1and
for each j € {1,...,p}, zf“ L2 =1} (8)

Notice that |z| =1 <= Re(z)? +Im(z)? — 1 =0, and the ¢; are fixed integers, and
thus the conditions above can be written as polynomials in the real and imaginary parts of z.
Thus T is an algebraic set.

We now state a version of Kronecker’s theorem on simultaneous Diophantine approxima-
tion. A derivation of this version of the theorem from the standard version ([10] Chap 23)
can be found in [15].

» Theorem 24 (Kronecker's theorem, density version). Let T be defined from A1,..., A as
in (8). Then {(A\},...,A") :n € N} is a dense subset of T

Theorem 24 enables us to compute the lim inf by minimizing a function over a compact
algebraic set:

» Theorem 25. Let Ay,..., N\, be complexr numbers of modulus 1. Let py,...,pm be
polynomials (with algebraic coefficients) with constant terms ci,...,cn Tespectively. Let
z=(21,...,2m) and ¢ = (c1,...,¢m). We have that
m m
im i . " = limi A = T . 2| = mi LI
hnrggf Z;p](l/n))\J hnrggf Z;c])\] znelg“|c z| rzrél%ﬂc z|,
j= j=

where T is the algebraic set computed in (8) as the closure of {(A},...,A) :n € N}.

To prove the theorem, we need the following lemma that shows that we can replace the
polynomials by their constant terms.

» Lemma 26. Let Ay, ..., A\, be complex numbers of modulus 1. Let py, ..., pm be polynomials
(with algebraic coefficients) with constant terms c1,. .., ¢y, respectively. Then

linrgioréf ij(l/n))\;-’ = linrgioléf Z cjA} |-
j=1 j=1

Proof. (of Theorem 25). The first equality follows from Lemma 26 and the second follows

from Theorem 24. The third equality holds because the function z + |c' - z| is continuous

and T is compact. |

Now, since T is an algebraic set, the minimum min,c |cT - z| can be expressed in the
theory of reals with addition and multiplication (omitting the encoding of absolute values):

JzeTo=|c" 2/ AVZ cTw<|c" -7

Therefore, by Tarski’s theorem [18, 2, 7], we can characterize the unique v that attains the
minimum.

Suppose the minimum v is some number B > 0. In this case, we require a bound A € R
and N € N such that |ZT:1 pj(1/n)A}| > B for all n > N. By emulating the proof of
Lemma 26, we can find a bound N such that for all n > N, we have | E;’;l p;i(1/n)A}| > B/2.
The required bounds are A = B/2 and this N.

This concludes the proof of Lemma 22 and therefore also Theorem 7.



J. D’Costa et al. 23:17

—— References

1  Dmitri V. Anosov. Geodesic flows on closed Riemannian manifolds of negative curvature.
Proc. Steklov Inst. Math., 90, 1967.

2 Saugata Basu, Richard Pollack, and Marie-Franpise Roy. Algorithms in Real Algebraic
Geometry. Springer, 2006.

3 Rufus Bowen. Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, volume
470 of Lecture Notes in Mathematics. Springer-Verlag, 1975.

4 Jin-Yi Cai. Computing Jordan normal forms exactly for commuting matrices in polynomial
time. Int. J. Found. Comput. Sci., 5(3/4):293-302, 1994.

5 Jin-Yi Cai, Richard J. Lipton, and Yechezkel Zalcstein. The complexity of the A B C problem.
SIAM J. Comput., 29(6), 2000.

6  Henri Cohen. A Course in Computational Algebraic Number Theory. Springer, 1993.

7  George E. Collins. Quantifier elimination for real closed fields by cylindrical algebraic decom-
postion. In H. Brakhage, editor, Automata Theory and Formal Languages, pages 134—183,
Berlin, Heidelberg, 1975. Springer Berlin Heidelberg.

8 Charles C. Conley. Isolated invariant sets and the Morse index, volume 25 of CBMS Regional
Conference Series in Mathematics. American Mathematical Society, 1978.

9 Guoqgiang Ge. Algorithms Related to Multiplicative Representations of Algebraic Numbers.
PhD thesis, U.C. Berkeley, 1993.

10 Godfrey H. Hardy and Edward M. Wright. An Introduction to the Theory of Numbers. Oxford
University Press, 1999.

11  Michael A. Harrison. Lectures on linear sequential machines. Technical report, DTIC Document,
1969.

12 Ravindran Kannan and Richard J. Lipton. Polynomial-time algorithm for the orbit problem.
J. ACM, 33(4):808-821, 1986.

13  David W. Masser. Linear relations on algebraic groups. In New Advances in Transcendence
Theory. Camb. Univ. Press, 1988.

14  Maurice Mignotte, Tarlok N. Shorey, and Robert Tijdeman. The distance between terms of
an algebraic recurrence sequence. J. fiir die reine und angewandte Math., 349, 1984.

15  Joél Ouaknine and James Worrell. Positivity problems for low-order linear recurrence sequences.
In Proceedings of the Twenty-Fifth Annual ACM-SIAM Symposium on Discrete Algorithms,
SODA 2014, Portland, Oregon, USA, January 5-7, 2014, pages 366-379, 2014.

16  Joél Ouaknine and James Worrell. On linear recurrence sequences and loop termination. ACM
SIGLOG News, 2(2):4-13, 2015.

17  Christos H. Papadimitriou and Georgios Piliouras. From nash equilibria to chain recurrent
sets: An algorithmic solution concept for game theory. Entropy, 20(10):782, 2018.

18  James Renegar. On the computational complexity and geometry of the first-order theory of
the reals. J. Symb. Comp., 1992.

19 Eduardo D. Sontag. Mathematical Control Theory: Deterministic Finite Dimensional Systems.
Springer-Verlag, Berlin, Heidelberg, 1998.

20  Terence Tao. Structure and randomness: pages from year one of a mathematical blog. American
Mathematical Society, 2008.

21  Nikolai K. Vereshchagin. The problem of appearance of a zero in a linear recurrence sequence
(in russian). Mat. Zametki, 38(2), 1985.

A  Proof of Proposition 8
We want to show
Q0,,(B,Q'z) C O.(A,2) € QO (B,Q 'x), (9)

where 71 = € || Q7| and 72 = ¢/ [|Q]| .-
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Take any y € 55(14,18). We show that Q~ 'y € 5% (B,Q'z) to get the right-hand
side of (9). Since y € O.(A,z), there is a state trajectory (z¢,z1,...) and a sequence
(do,d1,...) such that g = &, X1 = Azy + dp, d,, € [—€,€]™ for all n € N, and y appears
in the state trajectory. We construct a new state trajectory (yo,y1,...) and the sequence
(do,dy,...) with the transformation x, = Qy, and d, = Qd,. Then we have y, 1 =
Q' AQyn + Q7 'dn = Byn + dy. Note that ||dn||_ = [|@ 7 dal| L < |Q7|. ldnlle < M-
Since y appears in the state trajectory (zo,1,...), @ 'y appears in the state trajectory
(0, Y1,--.) with yo = Q 'xg = Q 'z. Therefore, Q~'y € O,,(B,Q 'z) which results in
y € Q0. (B,Q 'x).

To prove the left-hand side of (9), We invoke the right-hand side by replacing (4, B, @, x, €)
with (B, A,Q™1,Q 'x,,). This gives 672 (B,Q tz) c Q! 671 (A, z) with v{ =7 ||Q|| -
Setting 1 = € proves the left-hand side of (9).

To prove that (5(147 x) = Q@(B, Q~'z), we take intersection of all the sides in (9) over
€>0:

NQO.,(B.Q ') C () Oc(A ) € () QO (B,Q "a).
e>0

e>0 e>0

Due to the linear relation between v, and 5 with €, we get

QO(B,Q7'z) CO(A,x) CQOB,Q7'z) = O(Az)=Q0O(B,Q 'z).

B Proofs from Section 3

B.1 Proof of Lemma 9

Any t € 6€(A,s) is of the form t = A™s + Z?;ol A'd,,_;_, for some n € N and some d;

with ||d;||, < e. This means s = A™"t + Z?;OI A=, . | with d,,_,_, = A~'d;. Since
Hd{n—l—iH < HA_1H e, we get s € O, (A71,t). To get (4), notice that
o o0

teO(As)=te()O(As)=se ()0 (A t)=s€O(A 1)
e>0 v>0

Applying the same argument to the matrix A~! will give the other side of (4).

B.2 Proof of Theorem 18

We show that S is pseudo-reachable from zo under A if and only if there exists = € S that is
pseudo-reachable from xy under A, allowing us to restrict our attention to compact sets and
the existence of a pseudo-reachable point in a set as opposed to pseudo-reachability of the set
as a whole. Deciding pseudo-reachability then reduces to checking whether S N (5(J, xo) =0,
which can be computed using Lemma 17.

Suppose S is pseudo-reachable. Let (€;);eny be a sequence of positive numbers with
lim.,o =0, and (z;);en be a sequence of elements of S such that x; is €;-pseudo-reachable
for all 4 > 0. By the Bolzano—Weierstrass theorem, boundedness of S implies that (z;);en
must have a limit point  in S. To argue that z is pseudo-reachable, let ¢ > 0. Since z
is the limit point of (2;);cn, there must exist an §$-pseudo-orbit (y;);en containing a point
yn such that ||z —yn| . < §. Therefore, x is e-pseudo-reachable from s via the sequence
SyY1ye o s YN—-1,T.

Now suppose € S is pseudo-reachable. To argue that S is pseudo-reachable, let
€ > 0. Since z € S, there must exist a point ' € S such that ||z/ — z||, < §. Since z is
5-pseudo-reachable, ' must be e-pseudo-reachable.
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C Proof of Lemma 26

We can write p;(1/n) as ¢; + Z?il C(j,i) o Where ¢; is the constant term, c(; ;) are the other
coefficients, and d; is the degree. Define A; = Z?il lc(j.i)| and observe that

d; d
- 1 Zz‘il ‘C(j,i)| A;j
|pj(1/n) _Cj| < |;C(‘j7i)ﬁ| < = = #

Thus for any e, setting N;(e) = [A; /€] ensures that

n> Nj(e) = |p;j(1/n) —¢j| <e.
Define N(€) = maxjeqy,... m) Nj(e/m).
> Claim 27. Let S, be defined as | }77" | ¢;A}|. For all € > 0,

Sp—e< |ij(l/n))\?| < Snte

j=1
Taking the limit inferior of each term gives us the desired result.

Proof. (of Claim 27) We write

m

‘ij 1/n)\|—\ch+p] 1/n) — ) il

Jj=1 Jj=1
which gives us

m m

|Z p;i(1/n) — c;)A}| < \ij(l/n)A?l < S, +|Z<pj(1/n> — ¢;)\]|

and thus

m

w— > |(pi(1/n) - A"\<|2p]1/m"\<s —|—Z|pjl/n )\,
j=1

by elementary properties of sums of absolute values. Observing that \;s have absolute value
1, we can reduce the proposition above to

m

Sn =D @i (1/n) =)l < 1D pi(L/m)AFI < St lpi(L/n) = ¢5)l.

j=1 =1 j=1

Now setting n > N(€) = max 1, m} Nj(e/m)}, we have |(p;(1/n) —¢;)| < e¢/m for all

AAAA

7, which gives us

Sn—e< D pi(A/n)A}| < S, +e

j=1

D Computing real JNF in polynomial time

We discuss how to compute the the real Jordan normal form of A in polynomial time. First
compute, in polynomial time, the (complex) Jordan normal form J' and matrices T, T~!
such that A = TJ'T~! using the algorithm from [4].

23:19
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Computing J: Suppose, without loss of generality, that
:]/ - dlag(J{, Jé, ey Jék—l? Jék’ Jék-’rl? ey Jék-i—z)

where for 1 < j <k, the Jordan blocks Jo;_1 and J»; have the same dimension and have

conjugate eigenvalues \; = a;+b;7 and A= aj—b;i, respectively. The blocks Jék_H, R S

on the other hand, have real eigenvalues. J is obtained by replacing, for each 1 < j < k,

diag(J3,_4,J3;) with a real Jordan block of the same dimension with A = {Z _b} and
a

keeping the blocks J3, 1, .., Jy;, . unchanged.

Computing P: Let x(j) denote the multiplicity of the Jordan block J! for 1 <1 < 2k + z,

and vi, ... ,vi(l), ik ,vi’(“%), o utkE ,vi’(“;;fiz) € Q" be the columns of T. It
will be the case that for all 1 < j <k and [, vfj_l = vfj in the sense that lej_l = xf + yljz

and v}? = @] —yli for vectors ],y € R™. Moreover, for j > 2k, v;’ € R™. Finally, columns
of P are obtained from columns of T" as follows. For 1 < j7 < k and all [, replace vfj 1 with
x? and vfj with ylj and keep vfk+z for all [ and m > 0 unchanged, in the same way the proof
of existence of real Jordan normal form proceeds.

Computing P~!': Summarizing the construction above, P is obtained from T by replacing
columns z +yi and x — yi, ,y € R™ by x and y, respectively. Since z = %(:chyz) + %(z —yi)
and y = —L1i(x +yi) + 2i(z — yi), this construction is linear and we can write P =T --- A for
some A € C™*™ with entries in {%, —%, %i, —%i, 1,0}. Moreover, the linear transformation
is clearly invertible: x +yi =1-x +iy and 2 — yi = 1 -2 — (—i)y, and hence A~! € C"™*™
with entries in {1,, —i}. Finally, compute P~! via P=TA = P~!= A71T~1 observing
that we already know how to compute 7! in polynomial time.
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