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Note: This online appendix contains a few minor typo corrections found
after submission. It also contains a more significant correction to the Flat
Combining case study. The original submission contained a last-minute sim-
plification of the protocol that turned out not to be sound. This updated
appendix (and the updated paper available at http://www.mpi-sws.org/
~turon/caresl/caresl.pdf) contains the original protocol, which has an
additional token needed to “freeze” the protocol in certain states.

To accommodate the presentation of the semantic model, the notation in
this appendix differs in one small way from that in the paper. Protocols in
the appendix have a nested component 6 giving their transition system and
token map, i.e., we have m ::= (0, ¢) and 0 ::= (S,~»,T). This means that
the full proof outlines here differ slightly from the corresponding sketches in
the paper. The syntax is presented in complete detail below.

Other minor differences: some of the domain and sort names are spelled
out in longer form here than in the paper.


http://www.mpi-sws.org/~turon/caresl/caresl.pdf
http://www.mpi-sws.org/~turon/caresl/caresl.pdf
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1 The language

1.1 Syntax
VALUES v
EXPRESSIONS e

COMPARABLE TYPES o

TYPES T

0

true

false
(v,v)

inj, v

rec f(z).e
Ae

n

T

v
if e then e else ¢

(e,e)

prj;

inj, e

case(e, inj, © = e,inj, y = e)
ee

e

new e

gete

e = ¢e

CAS(e, e, €)

newlcl

getLcl(e)

setLcl(e, e)

fork e

B

ref 7
refLcl 7
po.o

o

1

a
TXT
T+T
puoeT
Va.r
T—T

Unit value
Boolean value
Boolean value
Pair value

Sum value
Recursive function
Type abstraction
Heap location
Variable

Value

Conditional

Pair introduction

Pair elimination

Sum introduction

Sum elimination
Function application
Type application
Allocation
Dereferencing
Assignment

Atomic update

Thread local allocation
Thread local dereference
Thread local assignment
Thread forking

Boolean

Reference

Thread local reference
Recursive comparable type

Comparable type

Unit (i.e., nullary tuple)
Type variable

Product type

Sum type

Recursive type
Polymorphic type
Function type

Recursive types must be guarded: in pa.7, the variable o must appear under some non-u type constructor.



1.2 Typing

Type context syntax

TYPE VARIABLE CONTEXTS A == .| A«
TERM VARIABLE CONTEXTS I' == . |T,z:7
COMBINED CONTEXTS Q == AT
Well-typed expressions
QFe:B QFe;:T
Qe:Tha:T QF():1 QF true : B Q + false : B -
QFif ethen ey else ey : 7
QFe:m QFes:m QFe:m X7 QFe:7
QF (e1,e2) : 71 X T2 QFprj,e:7 QFinj,e:m + 1
QFe:m+m Qx:mbe T Qf: 7 —wrx:TkFe:T QFe:7 =71 QFe 7
QO+ case(e,inj, © = eq,inj, x = e2) : T QkFrec f(z)e: 7 =71 Qtee 7
Qake:r QFe:Va.r QFe:T QFe:ref r QFe:ref r QFe 7
QF Ae:Var Qte_:7[7"/a] QF newe:ref 7 QkFgete: T QFe:=¢€:1
QFe:ref o QFe,:0 QFe,:0o QFe:reflcl 7
Q I newlcl : refLcl 7
QF CAS(e,e,,e,): B QF getlcl(e) : 1+ 7
QFe:refLcl T Qe 7 QFe:1 QFe:par QFe: Tlpo.t/d]
QO+ setlcl(e,e') : 1 QFforke:1 QFe: 7T[pa.t/a] QFe:par

1.3 Operational semantics

Machine syntax

THREAD-LOCAL VALUE L €
HEAP-STORED VALUES u =
HEAPS h €
THREAD POOLS £ €
MACHINE STATE =
EVALUATION CONTEXTS K

Thread-local ref lifting

L)) {‘""1 0

N 22 Value

v| L

Heap £ N fin HeapVal

ThreadPool 2 N 2t Expression

h;E

[]]if Ktheneelsee | Ke|v K| K _

(K,e) | (v,K) | pri; K | inj; K | case(K,inj; x = e,inj, © = ¢)
new K |get K | K = ¢e|v = K

CAS(K,e,e) | CAS(v, K,e) | CAS(v,v, K)

getLcl(K) | setLcl(K,e) | setlcl(v, K)

i ¢ dom(L)

inj, L(i) otherwise



. pure
Pure reduction

. pure
if true then e¢; else es — ¢

. pure
if false then e¢; else e; "— €3

ure

pri; (vi,v2) ™5 v,

case(inj; v,inj, = = ey, injy = = e3) " e;fv/z]
rec f(z).ev "3 efrec f(z).e/f,v/x]
Ae_ 5% e
Per-thread reduction h;e BN e
h;e N h;e when e "5 ¢/
hinew v hW [l v]; L
h;get { % h;v when h(f) =v
AWl —];€ == v 5 hW[lev];()
W [0+ v,); CAS({, vy, v,) — hW [+ v,];true
h; CAS(¢,v,,v,) — h;false when h(f) # v,
h;newLcl = hw [l (0];¢
h;getLel(¢) 5 h;v when h(¢) =L, |L|(i) =v
hw [~ L];setLel(4,v) % hw [l L[i :=v]];()

General reduction hiE — KW E

he N h'e
e8] m Klel] = Wi £ Wi K|

hi & Wi s Klfork e]] — h; €W i > K[ W[ €]

1.4 Refinement

IfQFe :7and QF eg: 7, we say e, contextually refines eg, written = e, < eg : 7, if:

for every i,7 and C : (Q,7) ~ (#,N) we have
VnVE. O;i— Cle]] —=* hy;li— n]WE
= 3&. 0;[j — Cles]] =" hs;[j — n] W&

1.5 Derived forms

Ar.e = rec_(z).e
letz=cine 2 (A.e)e
e;ed & let_=ecine
™ 2 147
none £ inj, ()
some(e) £ inj,e



2 Example code

2.1 Pure lists

list(a) =
foreach
foreach £
2.2 Locking
tryAcq
acq

rel
withLock( f, lock)
mkSync

pp- 1+ (a x B)
Va. (@ = 1) — list(a) — 1

Ala]. Af : [ — 1]. rec loop(l). case [ of none = ()

> 1> 1> > 1>

| some(z,n) = f(z); loop(n)

Az. CAS(x, false, true)

rec loop(z). if tryAcq(z) then () else loop(x)

Az. x = false

Az. acq(lock); let r = f(z) in rel(lock); r

A().let lock = new false in A[a|.A[B].Af : [« — f].withLock(f, lock)



2.3 Stack (used in flat combining)
2.3.1 Specification

stacks @ Va. (a—=1)x(1—=ar) X ((a—>1)—=1)
stacks = Alal.
let hd = new (none)

let sync = mkSync()
let push = Az. hd := some(z, get(hd))
let pop = A(). case get(hd) of none = none
| some(z,n) = hd:=n; some(z)
let snap = sync [1] [list(«)] (A().get(hd))
letiter = Af. foreach a f (snap())
in (sync [a] [1] push, sync [1] [a] pop, iter)

2.3.2 Implementation

Adaptation of Treiber’s stack.

clist(c) = pB.ref 1+ (ax B) (Comparable list: allows CAS)
nil £ new none
cons e £ new some(e)

stack;: Va. (a = 1) x (1 5 a7) x (@ = 1) = 1)
stack; 2 Ala/.
let hd = new nil
let push = rec try(z).
let ¢ = get hd
let n = cons(z, ¢)
in if CAS(hd, ¢, n) then () else try(x),
let pop = rec try().
let ¢ = get hd
in case get c of
none = none
| some(d,n) = if CAS(hd, c,n) then some(d) else try()
let iter = \f.
let rec loop(c) = case get ¢ of
none = ()
| some(d,n) = f(d);loop(n)
in loop(get hd)
in (push, pop, iter)



2.4 Universal construction
2.4.1 Specification

flat; : Va. V8. (a— B8) — (o — )
flaty 2 mkSync()

2.4.2 Flat combining implementation

flat, : Va.VB. (a = 8) = (a— B)
flat, 2 Alal. AIBLAf: la— f].
let lock : [ref B] = new (false)
let localOps : [refLcl op] = newLcl  (where op = ref o + 3)
let (add, _, iter) = stack; [op]
let doOp : [op — 1] = o.
case get(o) of inj; req = o0 :=inj, f(req)
| injy res = ()
let install : [« — op] = A req.
case getlcl(localOps)
of none = let 0 = new (inj; req)
in setlcl(localOps, 0);
add(o);
0
| some(o) = o:=inj; req;o
in Az. let o = install(z)
let rec loop() = case get(o)
of inj, - = if not(get lock) and tryAcq(lock) then
iter doOp;
rel(lock);
loop()
else loop()
| injy res = res
in loop()

2.4.3 Counterexample to refinement

let 7 = newlcl
let f = flat [1] [17] (A\(). getLcl(7))
in fork f();

setLcl(r, ());

f0

With flats, always returns some(). With flat;, can also return none.



3 Logic: syntax

3.1 Grammar

IMPL/SPEC IS
TERMS M, N
SORTS b))
ABSOLUTE PROPS. A
PROPOSITIONS PQ,R
PREDICATES 0,
STS 0
ProTocoLs m

Recursive predicates must be guarded: in pa € P(X).P, the variable o must appear under the later >

modality.

I]s

X|nle| K[MM|(MM)|MeM]|[M|()]|M:=M]|---

1| Nat | Val | Exp | AExp | EvalCtx | ThreadPool
TokenSet | State | LocalStorage | ¥ x X

M=M
TokPure(P)
M5 M
P —4 P

rely
MC, M

guar

MC, M

A

M —; M

PxP

P=P

PAP

PV P

iX e ¥.P

VX € X.P

P(M)

I eP(X).P

Vp € P(2).P

P

>P

[l

Tid(M)

(P} M= M {}

(P) M =15 M (g)

M —¢ M

M=s M

M M

p

(Xex).P

pp € P(X).¢

(57,\/\-}77—)

where S C State,
~C S xS,
T € S — p(Token)

(0,9) ¢ token-pure

10

Equality

Token-pure proposition
Effect-free step

Spec step

Rely move
Guarantee move

Absolute proposition

Singleton implementation heap
Separating conjunction

Implication

Conjunction

Disjunction

Existential quantification (first order)
Universal quantification (first order)

Predicate elimination (also written M € )

Existential quantification (second order)
Universal quantification (second order)
Always modality

Later modality

Island assertion

Thread ID token

Concurrent Hoare triple

Atomic Hoare triple

Singleton specification heap

Singleton specification thread
Relatedness between thread IDs

Predicate variable (also g, r)
Predicate introduction
Recursive predicate

States
Transition relation
Free tokens



3.2 Sort system (selected rules)

Variable contexts

X o=

Well-sorted terms

X}—Mlel

XX S| X, pP(S)

X"MQZEQ

X, X:YXFX: X X Fn: Nat

X F M : EvalCtx X F N : EvalCtx X F M : EvalCtx

X+ N :Exp

X = (My, M) : Xy x 3o

XFM:Val

X M[N] : EvalCtx

X F M[N]: Exp

X F new M : AExp

X F M :Val X F M :Val XEN:Val X F M :Val X E N, : Val X F N, :Val
X F get M : AExp X+FM := N:AExp X+ CAS(M,N,,N,,) : AExp
X+ M :Val X+ M :Val X E N :Val

X + newlcl : AExp

X 0 : LocalStorage

X F getlcl(M) : AExp

X+ M : Nat X FN:Val

X F setlcl(M, N) : AExp

X F M : LocalStorage

X F N : LocalStorage

X F [M — N] : LocalStorage

X F M : LocalStorage X F N :Nat

X + M : TokenSet

X+ MW N : LocalStorage

X + N : TokenSet

X F [M]|(N): Val

X+ MW N : TokenSet

Well-sorted propositions XHP:B
XEM:X% XEN:X XEop:PX) XFEM:X XFP:B XHFQ:B
XFM=N:B XEpM):B XFPVQ:B
X,p:PX)-P:B X+ M : Nat XEN:Exp X F M : State x TokenSet X E N : Nat

XFIpePX)P:B XFMBssN:B Xl—ﬂN:IB
X+P:B X+ M : Nat X+ N:Exp X Fp:P(Val)
XF{P} M= N {p}:B
X+P:B X+ M : Nat X+ N : AExp X+ P(Val)
XE(P) M e N (o) :B
Well-sorted predicates XEo:P(X)

X.X:S+HP:B
XFXex PP

X,p:P(E)Fp:P(X)

11

X.p:P(E)F ¢ P(D)
XEpup eP(E). ¢: P(X)




3.3 Conventions

Throughout, we use additional metavariables to denote terms (or variables) of specific sorts, often leaving
off sort annotations:

x,y,z,v : Val

e : Exp

a : AExp
i,7,k : Nat

S State

T TokenSet

b State x TokenSet
K,k EvalCtx

L LocalStorage

4 Logic: semantics

4.1 Semantic structures

State > s
©(Token) > T
Resource £ {n=(hsI) | IT€pN) }
Tsland,, £ {1=0.0,(:7) | @e[P(State)],, T#6.T(s) |
ThreadMap 2 { BCNxN | B a partial bijection }
World,, £ { W = (k,w, B) ‘ k<n, weN fin Islandy, }
[1] = {0}
at =
[Nat] 5 N
a £ Va
[Val] £ Val
[Exp] = Exp
[AExp] £ AExp
valCtx = EvalCtx
EvalC £ EvalC
[ThreadPool] £ ThreadPool
[State] £ State
okenSet = pan(Token
TokenS = Tok
[LocalStorage] £ LocalStorage
[¥1 x 3] = [Z1] x [22]
[B]. £ World,, x Resource =" B
[P(X)]n £ World,, x Resource 3" o([2])

. mon . . .
The function space — includes only monotonic functions from World,, x Resource to an ordered
codomain, i.e., f is monotonic iff

YW’ > W' >n. f(W',0') > f(W,n)

where > on worlds and resources is defined in section 4.4 below.

12



s=g,

4.2 Island and world operations
6,8,5,7)| 2 (0,,5,0)
|(k,w, B)| 2 (k,\i.|w(i)|, B)
10,2,s,T)|k £ (0, ® | Worldy, x Resource, s, T)
>(k+1,w, B) £ (k, )\ lw(i)]k, B)
interp(0, ®,5, T)(W) £ {n | se®W,n) }
4.3 Resource composition
Resources (hi, (h;&1),11) ® (he,(hb;&),12) & (hiWha, (R Why; E1WE), I W)
Islands 0,®,s,T) @ (0,95, T 2 (0,,5,TWT) when 0 = ¢,
Worlds (k,w,B) ® (kK ,w',B’) =

4.4 World and resource ordering

1

n <

L/I

W//

IN
(1>

L

w

IN
(1>

4.5 Protocol conformance

In.nen =n"
rely

A Q L h# @y =

w1 S W, Wi W e WY = W

o =9’
(k, Mi.w(i) ® W' (i), B) when k =k', B= B’, dom(w) = dom(w

Protocol step OF (s, T) ~ (s,71) L sps, 0.T(S)WT =0.T(swT
Frame token set frameyp (s, T') £ (s, Token — 0.7 (s) — T)
Guarantee move 6+ (s,7) gEr (s, 1) 2 0k (5,T) ~* (s,T)
rely
Rely move OF (s,T) Ey (s',7") £ 0 frameg(s, T) ~* frameg(s’,T")
Tsland move 0,8,5,T) C (0,8,8,T) 2 0=0¢, =3, 0F (s,T)C (5,7
rg rg
World move (k,w, B) Eg (K,w' B") £ k=Fk, Vicdom(w). w(i)Cw'(i), BCB
where rg = rely | guar

4.6 World satisfaction

(§1a§s) : VV7"7 é

Wk>0 =

NN = (gl'h’ Ss) I)

Vi € dom(W.w). n; € interp(W.w(7))(>|W|)

dom(W.B) C dom(g;.£),
rng(W.B) C dom(.£),
I C dom(g.E)

4.7 Semantics of variable contexts

[[X,X : Zﬂn
[X.p:P(X)].

(> 1> 1>

4.8 Semantics of terms

| pe[X]., VelX] }

Elided, but if ¥ F M : ¥ and p € [X] then [M]? € [X].

13

| pe[X]n, @€ [P(E)]n

}

)



4.9 Semantics of absolute propositions

Assume that there is some X with X - A: B, p € [X],. Then:

A [A]” iff
M =N | [M]”=[N]*
TokPure(P) | VW € World,. Vn. [P]y,, <= [[P]]\/)WIJZ
MPECN | [M] PR [N]P
P —s Q | VW € World,,, h, I, <, sp#s. if [[PMV?(,“J) then I¢'#cr. (cWep) =* (¢’ Wer), [[Q]]sv,(h,c',l)
MEN | mor ] T N]?
MET, N |rorF[M]PC [N

4.10 Semantics of propositions

Assume that there is some X with X - R: B, p € [X],, W € World,,. Then:

R (R, iff
A [Ap”
PAQ [P, A QT
PvaQ [P, v [Qlw,,
P=qQ YW’ > W, 0 >n. [Pl = Q.
vXeX. P | W e[s] [Pl
IXex. P |3Ve[n]. [[P]]PXHV
Va € P(). P | Y& € [P()]w. [Plhs ™
Ja € P(D). P | 30 € [P(S)]w. [Plie ™
apr [[P]]fW\ 0
>P Wk >0= [Pl
PM) | M € [P,
M < N n.h([M]?) = [N]*?
M —=s N | neh([M]?) = [N]*
M =g N n.c.E([M]?) = [N]”?
Tid(M) [M]P end
M N ([M]?,[N]?) e W.B
P+ Py W =W; W, n=mn ®na, [[H]]ﬁymi
(M) | We(INT) > (@, [, [M])
In addition, we extend the syntax of propositions as follows:
P = ... |safe(M,N,)

and treat concurrent triples as sugar:

{P} M= N {g} =

O(P = safe([M — NJ], M, ))

The semantics of atomic triples and safe are given below.

14



4.11 Semantics of predicates

Assume that there is some X with X F ¢ : P(X), p € [X],, W € World,,. Then for any V € [X]:

@ Ve [elwy, iff

X—=V
xex. P |[PIATY]

po € P(X). ¥ | V€ [Y[ua.P/a]ly,,
« Ve p(a)

4.12 Safety

rely
[safe(M, N, o)., 2 YW 3 Wo, np#tn, €= [M]P, Er#e.
if Wk>0and (h;EWER, &) : W,n®nr and &'#EF then:
guar
h & — b & = 30 W I W= ¢l (W8 WER, )W 0 @nr, [safe(E', N, )5,

guar
E=EW[N]P = o] = L' W o W. s =", (hEWER, ) : W' @np, [safe(E, N, True) * p(v)[7

4.13 Atomic triples
For implementation code, the semantics of atomic triples is:

[0P) M = N (DD, = YWV 2 [Wol,m,nedta.
if Wk >0 and [P[{y,, and (n @ nr).h; [N]? 2 h';v then 3/ #np.
W= @nr)h, enr).s—=*0@nr)s, nl=n"1, [p@)lw,

For spec code, we treat the atomic triple as sugar:

(P) M =5 N (@) 2 Vi (Px M =4 rk[N]) —s (Fz. o(z) * M = k[z])

15



5 Logic: proof theory

5.1 Judgments

P €  pgin(Prop)
C == AP

X;PFQ 2 (YPeP.XFP:B),
XFQ:B,
Vn. Vp € [X]. YW € World,,, ¥n. if (VP € P. [P[y;,) then Q]

Proof rules implicitly assume well-sortedness.

5.2 Laws of intuitionistic second-order logic with recursion
PecC CHP(M) CFM=M CHP CFHQ CHFPAQ

— A E EL
crp M CF P @ crpag cep
CrPA CrPv C,PFR CQFR CrPp Cr
7Q/\ER @ @ VE ——— VIL 7QVIR
CrQ CrR CrPVQ CrPVQ
CPrQ _ CFP=5Q CHP . CX:NEP . CRVXER.P CEM:Y
CFP=Q CrQ Y CFvxes.p CF P[M/X]
CH3Xew.P CX:NPHQ_ . CEPM/X]  CRM:® CaiBE)FP
CHQ ' CHIX:%.P ' CHVYacP(X). P °
CkHVYa.P CHFQ:B Ck3IaeP(X).P C,a:P(X),PFQ
VoE bE
CF PlQ/a] CrQ
CHPQ/a] CHQ:B CHrMe(XeX).P Ch M € (pa € P(S).0)
321 ELEM ELEI\/I—‘LL
CF 3a.P CF PM/X] CF M € plpa € P(X).¢/q]

5.3 Axioms from the logic of (affine) bunched implications

(PVQ)+*R <= (P*R)V(Q*R)
(P*Q];zg : g:éDQ*R) (PNQ)*R = (P*xR)AN(Q=xR)

PxQ = P (Gz. P)xQ <<= Ja. (PxQ)

(Vz. P)x@Q = Vz.(PxQ)

CPFQ CPFQ
C,Pl*Pg |—Q1*Q2
5.4 Laws for island assertions
rely rely

‘Sl,Tl ‘:*‘SQ,TQ ‘: = 38 ;_L*(S,Tl) Q,r (Sl,Tl)*(S,TQ) ;ﬂ (SQ,TQ)
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5.5 Laws for the later modality

CFP ione SPPFP. pO0P < [P VX €X.P < VXeX.pP
CkovP CFP >(PAQ) <= pPA>Q pIX e X P <« dXeX P
>(PVQ) <= pPV>Q >(PxQ) <= bpPxpQ

5.6 Laws for the always modality

xOPFOP
X, 0P, P +0OP OP = OPxP

The following propositions P are “completely stable”, i.e., they enjoy the axiom P < OP:
A ixj  (P)MesN() (P} MeN{gt [ MY

5.7 Atomic Hoare logic

5.7.1 Small axioms

(True)) i B15 new v (ret. ret <5 v) NEw (v =15 V') i s get v (ret. ret = v’ x v <5 V') GET
(v —)iEgv = v (ret. ret = () x v <5 V) SET
(v =15 Vo) © B CAS(v, V0, vy,) (ret. ret = true * v 5 vy,) CAStre
(v =5 v * v # V) i Eis CAS(v,0,,vy,) (ret. ret = false * v 5 V') CASraise
(True) i =15 newlel (ret. ret < () NEwLcL
(v = L) ¢ =5 getlel(v) (ret. ret = | L|(7) x v <5 L) GETLCL
(v —s L) i =5 setlel(v,v') (ret. ret = () % v <5 L[i := v']) SETLOL

5.7.2 Spec rewriting

Che™¢ CH(P)j=sa(z. Q)
- - -~ SPURE - - SPRIM
CH(Pxjies Kle]) =s (Pxj=s K[e]) CH(Pxjeg Kla]) = F2. Q*j =4 K[z])
SFORK

CH(Pxje=s Klfork e]) =5 (PxjEs K[)] ks e)

5.7.3 Structural and glue rules

FP=P  CH(P)imsal(z Q) rFQ =Q CH(P)imsa(z. Q)
- ACsQ - AFRAME
CH(P)iEsa(r Q) CH(P*R)ieia(z Qx*R)
CH(P) i a (o) CH (P) i s a (o) CH(P)i=a(z Q) CHQ—s R
- ADisJ - AEXECSPEC
CH(PLV P) i a(¥) CH(P) i a(x. R)

5.8 Concurrent Hoare logic
5.8.1 Shorthand

A bit of shorthand:
©[M] £ 3s,T. M = (s,T) A 7.0(5)

17



5.8.2 Rules
rel uar
C Vb3, bo. 3 3, b. (7[0] * P) i =1 a (o >[0] * Q)

CH(P) i a(Q) UppIsL
CH{pP}i= a {Q} PRIVATE CH {;L *DP} i=a {:C Elb/.;L*Q}
Ce™e CH{P}im¢ {ap}P CriP}ir e fr. Qxenlbl} NEWISL
CH{oP} i e {p} URE C%{P}ibe{x.@*ﬂn.@ﬁ}
CH{P} i e {z.Q} CI—Q—>SRE .
CF{P}im ¢ {z R} NECIPEC
CH{P} iz e {z. Q} C,z+-{Q} i = K[x] {R} BinD Rt
CH{P} i= Kle] {R} CH{True} i=v {z.x =v}
CH{PxTidj)} j=e {z.2=()} Fori C,j<j H{Px Tid(j) * j' &g es} j= e {z. 2= ()} FORKS
CH{P} i forke {z.z = ()} CH{P=xi =¢ Klfork es]} i = fork e, {i' = K[()]}
FP=P  CH{P}ime{z.Q"} xI—Q’=>QC
CH{P} i e {z.Q} s
CH{P} i= e {p} CH{PR} i= e {p} Diss C,XH{P} i e {¢}
CH{PV P} i=e {p} CH{3IX. P} i e {v}
CH{P}im e {z.Q} PRAME
CH{P+R} i e {z.Q*R}
CHOQ CH{PxOQ} i= e {¢} Oin C,O0Q+F{P} i=e {p} J0uT
CH{P}i=e {¢} CH{P+0OQ} iE e {p}

6 Logic: derived notions

6.1 Derived assertions
{Pef{p} £ Vi.{P}is e {p}

6.2 Derived rules
C,f,Ve.{oP} i fa {¢} FVz. {P} i e {¢}

Chve (0P} i (rec f().) @ (o) ¢

CH{P} i e {z. Jy. (x =inj; yx>Q1) V (z = inj, y *>Q2)}
Cyb{z=inj, yxQi} i e {p}  Cyb{z=inj,y*Qz} i e {p}
CF {P} i = case(e,inj; y = e1,inj, y = e2) {¢}

18



6.3 Encoding refinement

Inv(P) £ 3n. ?97 (s).p) Where 6 = (0, As. 0)

Type(p) 2 OV(zy,xs) € @. Oz, 25) €
(enes) Lo = Y(ixj), k. {Tid(i)* j s kles]} i B e {@. s, p(x1, 25) * Tid(i) * j = K[z}
] £ (zy28). 2 =25=()
[B] £ (aas). (2 = x5 = true) V (2, = x5 = false)
[[Tl X 7’2]] = (@1, ). (P"h oy, prip os) | HTI]]
A (prj2 Ty, Priy xs) { [72]]
[[7'1 + 7'2]] £ (wr,25). (>3, ys) € [[7'1]]- @ = injy Y A x5 = injy ys)
V (>3(yr, ys) € 2] @ =injy, yi A zs = injy ys)
[r =71 £ (z,25). OV, ys. O, 9s) € [7]) = (@0 v, s ys) 4 [7']
Va.r] & (21,75). OVa € P(Val x Val). Type(a) = (z; 25 -) | [7]
[ref 7] = (21, 25). Inv(3(yy, ys) € [T]. 21 =1 Y1 * Ts <> Ys)
A AL, Ly. x; <> Ly % x5 <—¢ Lg
[reflet] = (o 2). Tov ( A (i), (L), L)) € [1+ ﬂ})
[a] 2 a
[uer] = pefr]
Logical relatedness ‘ AThHe Seg: 1 ‘

;T The Res:T = a€P(Val x Val),x, x5 € Val; Type(a), (a1, 25) € [7] F (ex[21/7], esws/x]) | [7]

In order to prove congruence, we need the following proof rule, which internalizes the fact that the world
asserted in the precondition is assumed to be inhabited (and thus cannot contain two islands claiming to
own a single heap location):

CH{Px(zi=y o axs=ys)}t i = e {p}

CH{Px (z,xs) € [o] * (g ys) € [o])} i = e {p} COMPARABLE

19



7 Example specs and proofs

7.1 Pure lists

[l

list(cx) uB. 1+ (ax f)
foreach : Va.(a—1)— list(a) — 1

(1>

foreach Aa. \f. rec loop(l). case [ of none =()

| some(x,n) = f(z); loop(n)

[I>

Map(yp) up € P(Val). (z € Val). 2 = none V (Jy, z. = some(y, z) * o(y) *>p(z))

Spec for foreach

Vp,q € P(Val). Vr € P(1). Vf. (Va. {p(x) * r} f(z) {ret. ret = () x q(z) *r})
= VI. {Map(p)(l) = r} foreach _ f I {ret. ret = () x Map(q)(l) xr}

Verification of foreach

A. Af. rec loop(l).

Prop context: Variables: f,p,q,r, [, loop
Va. {p(z)xr} f(z) {ret. ret = () x ¢(x) * 7}
Vn. {>(Map(p)(n) * )} loop n {ret. ret = () * Map(q)(n) *r}

{Map(p)(l) = r}
case |
of none =

{l = none x Map(p)(l) x r}
{Map(q)(l) * 7}
0
{ret. ret = () * Map(q)(l) = r}
| some(z,n) =
{l = some(x,n) * Map(p)(l) = r}
{l = some(z,n) x p(x) x >Map(p)(n) * r}
f(@);
{l = some(x,n) * () * >Map(p)(n) * r}
loop(n)
{ret. ret = () x| = some(z, n) x q(x) * Map(q)(n) = r}
{ret. ret = () * Map(q)(l) xr}

20



7.2 Locking

tryAcq

acq

rel

withLock( f, lock)
mkSync

> 1> 1> > >

(>

Syncer(p)

Spec for mkSync

Az. CAS(z, false, true)

rec loop(z). if tryAcq(z) then () else loop(z)

Ax. z = false

Az. acq(lock); let z = f(z) in rel(lock); z

A().let lock = new false in Aa].A[B].Af : [ — ].withLock(f,lock)

(s € Val). Vf,z,q,r. {pxq} fax{z.pxr(2)}
= {¢} s fa{zr(2)}

Vp € P(1). TokPure(p) = {p} i = mkSync () {s. s € Syncer(p)}

Protocol 7(p) £ (0, (s € State). s = Locked V (s = Unlocked * p)), where @ is the following STS:

Verification of mkSync

AD- TokPure(p)

Prop context: Variables: p

{r}

let lock = new false
{p * lock —, false}

iﬂz.)\?g\locked, ]

|Unlocked, 01,

{pxq} fax{z.pxr(z)}

Prop context: Variables: f,x,q,7,n

{a}

{g *| Unlocked, 0]}

acq(lock);

{gxp+[Locked o |1 )}

let z = f(x)

() e Lock ol )

rel(lock);

{r(2)}
{r

A

(2)}

(
(

{r(2) ¢[ Unlocked, 0}
(
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7.3 Bag spec for stacks

The principal spec for stacks

stacks : Va. (a—=1)x (11— ar) x ((aa—1)—>1)
stacks = Alal.

let hdg = new (none)

let sync = mkSync()

let push = Az. hdg := some(z, get(hdy))

let pop = A(). case get(hds) of none = none

| some(z,n) = hds :=n; some(x)
let snap = sync [1] [list(a)] (A().get(hds))
let iter = Af. foreach [a] f (snap())
in (sync [a] [1] push, sync [1] [a2] pop, iter)

The abstract bag spec

Bag £ (e € Expr).
Vp,q € P(Val). (V. TokPure(p(z)) A (p(z) = Og(x))) =
{True} e {bag. bag = (add, rem, iter) x P}
where P 2 Vz. {p(x)} add {ret. ret = ()}
{True} rem {ret. ret = none V (3. ret = some(x) * p(ret))}
Vi,r. (Vo {g(z) xr} f(x) {ret.ret = () xr}) =
{r} iter(f) {ret. ret = () xr}

> >

Representation invariant

Repp(hds) £ 3l hdg < [ Map(p)(1)

Abstracting stacks to bags We want to show Bag(stackg -).

A Prop context: Variables: p,q
| Va. TokPure(p(z)) A (p(z) = Oq(x))
{True}

let hds = new (none)
{s <> none}

{Repp(hds)}
let sync = mkSync()

{sync € Syncer(Rep, (hds))}

22



We split out the characterization of the internal procedures, implicitly inheriting the logical and variable
context above.

Prop context: Variables: p, q
V. TokPure(p(x)) A (p(x) = Oq(z))
sync € Syncer(Rep,,(hds))

let push = Az.
{Rep,,(hds) * p(x)}

{3l. hdg < I« Map(p)(l) * p(z)}
hds := some(z, get(s))

{ret. ret = () * 3. hdg <, some(x, 1) * Map(p)(l) * p(x)}
{ret. ret = () x 3. hds <, I * Map(p)(I')}
{ret. ret = () *x Rep, (hds)}

Prop context: Variables: p, q
Va. TokPure(p(z)) A (p(z) = Og(z))
sync € Syncer(Rep,,(hds))
let pop = A().

{Repp(hdb)}

{3l. hdg < I« Map(p)(l) * p(z)}
case get(hds)
of none =
{hdg <, none * Map(p)(none)}
{Rep, (hds)}
none

{ret. ret = none * Rep, (hds) }
| some(x,n) =

{hdg <, some(xz, n) x Map(p)(some(z,n))}
{hdg < some(x, n) * >Map(p)(n) * p(x)}
hdg :=n;

{hds <= n * Map(p)(n) * p(z)}

{Rep,,(hds) * p(z)}
some(z)

{ret. ret = some(z) * Rep,,(hds) * p(x)}
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Prop context: Variables: p, q
V. TokPure(p(x)) A (p(x) = Oq(z))
sync € Syncer(Rep, (hds))

let snap = sync - _ A().

{Repp(hdg)}
{31. hdg <, 1+ Map(p)(1)}
get(hdy)

{ret. hdg <, ret * Map(p)(ret)}
{ret. hds <, ret «* Map(p)(ret) * Map(q)(ret)}
{ret. Rep, (hds) * Map(q)(ret)}

Prop context: Variables: p, q
V. TokPure(p(x)) A (p(x) = Oq(z))
sync € Syncer(Rep,,(hds))

let iter = \f.
Prop context: Variables: f,r
V. {q(z) xr} f(x) {ret. ret = () x r}
{r}

let snapshot = snap()

{Map(q)(snapshot) x r}
foreach _ f snapshot

{ret. ret = () * Map(True)(snapshot) * r}
{ret. ret = () x r}



7.4 Treiber’s stack
Protocol We define a protocol TSProt(p, hd,, hds, locks) as follows.

We define a simple STS 0, with state space N iR Val and transition relation s ~g s iff s C 5. There are
no free tokens.

Link £ puq. (s,2,15). 30,8’ 5 = [1, > 2] W &’
(zg = none x Ty = none)

Fys, 2. x5 = some(ys, 2s) *

*
Vol 3y, z1. kg = some(y, z1) *
(ylv ys) € p * [>q(8,, 21, ZS)
[s] 2 locks < false x 3K sedom(s)! 1 5(0)
*  dry, xg. hd; < x; * hdg —¢ g
*  Link(s, 2, zs)
Refinement
stack, 2 A.
Prop context: Variables: p,i, 7,k
Type(p) i

{Jj & Kstacks _|}
let hd;, = new nil

{j = K[stacks ] * 3z. hd, < 2 * & < none}
3 hds, locks. hdg <5 none * locks < false * j = r[stackl] * . hd; < = * £ <> none
S

{J s Alstack] « 3z [z - none] .}

{j = K[stacky] *@W}

where
m & TSProt(p, hd;, hds, locks)
push, 2 Az. hds := some(x, get(hds))
pop, = A(). case get(hds) of none = none
| some(z,n) = hds := n; some(z)
snap 2  withLock(A().get(hds), locks)
itery = \f. foreach _ f (snap())
stack, £ (withLock(push, locks), withLock(pop,locks), iters)
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let push = rec try(z).

Prop context: Variables: 4, j, k, z, xg
] @ﬂ (x,x5) €D
{j Bs klwithLock(push, locks) ]}
let ¢ = get hd,
{j &5 klwithLock(push, locks) ]}
let n = cons(z, ¢)
{j &5 r[withLock(pushy, locks) xs] * n < some(x,c)}
{j &5 rlwithLock(pushg, locks) ] * n < some(z, ¢) x Tr}
if CAS(hd,, ¢, n) then
{j = £[0] %] [n < some(z, )] |}
0
{ret. ret = () x j =5 &[]}
else
{j = r[withLock(pushy, locks) xs] * n < some(x, ) *W}
{j B¢ k|withLock(push, locks) x|}
try(z)
{ret. ret = () * j =4 &[]}

let pop = rec try().

Prop context: Variables: i, j, k
isaj  [0],

{J B¢ klwithLock(popy, locks) ()]}

{j =5 r|withLock(popg, locks) ()] * 7T}

let ¢ = get hd,

p = [c — none| * j = K[none]
Jp. *
G ” ( V 3d,n.p = [c+ some(d,n)] * j B¢ klwithLock(popy, locks) ()] J
case get c of
none =

{Tr % j B> K[none|}
{ret. Jrets. (ret, rets) € [p2] * j =5 K[rets]}
| some(d,n) =

{’ [c — some(d, n)] ‘w * j =4 klwithLock(popg, locks) ()]}

if CAS(hd,, c,n) then
{lc > some(d, n)] |, + 3ds. (d, ds) € p* j = rlds]}
some(d)
{ret. Jrets. (ret, rets) € [po] * j = K[rets]}

else
{’ [c — some(d, n)] ‘W * J ¢ k|withLock(popg, locks) ()]}
{J = r|withLock(popy, locks) ()]}

try()
{ret. Jrets. (ret, rets) € [p2] * j = K[rets] }
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let iter = \f.

Prop context: Variables: i, j, &, f, fs
isaj [0, (£ elp—1]

{Tid(i) % j £ Kliters fs]}
let rec loop(c) =

Prop context: Variables: c, ¢

{Tid(i) * j = k[foreach’ cg] * 3s. [s ], * Link(s, ¢, cs) }
case get c of
none =

{Tid(i) * j = k[foreach’ ¢] * 3s’. | [c — none] W s" | x Link(s, ¢, cg) }

{Tid(i) = j = k[foreach’ ¢g] * ¢ = none}
E)Tid(i) *j s 6[0]}
{ret. ret = () = Tid(i) x j =5 k[()]}

| some(d,n) =

{Tid(i) * j = k[foreach’ ¢g] x 3s’. | [c — some(d,n)| W s’

-« Link(s, ¢, c5) }
{Tid(i) * j = K[foreach’ cg] * Is’. z‘ﬂ * Ads, ns. ¢s = some(ds, ng) * (d, ds) € p *>Link(s’, n, ng)}
{3ds, ns. Tid(i) * j B k[ fs(ds); foreach’ ng] + 3s'. [ s | % (d, ds) € p * >Link(s', n, ns)}

f(d);
{3ns. Tid(i) * j = k[foreach’ ng] x 3s’. 77 x >Link(s’, n, ng)}
loop(n)

{ret. ret = () * Tid(i) * j =5 £[()]}

let h = get hd,

{3hs. Tid(i) * j = k[foreach’ he] * Is. [s], * Link(s, h, hg)}
loop h

{ret. ret = () x Tid(7) * j =5 6[()]}
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7.5 Universal construction

flaty : Va.VB8. (e — B) — (o — B)
flat; = mkSync()

(e, €5) IPWe @ & Vi, k. {j s kles]} e {ret;. Trets. o(rety, rets) * j =g w[rets]}

Specification: a qualified refinement

Yo, B, fi, fs. Type(a) A Type(8) A O(V(wi,25) € . (fi a1, fs a5) 1P )
= -Hflat, - fi<flats .- fs:a— 0

Protocol We define a protocol FCProt( fs, locks, lock, localOps) as follows.
First, we have a following per-thread STS 6;, with state space

OpState ::= 1 | Init | Req(4, j, K,v) | Exec(£) | Resp(¢,j, K,v") | Ack(¢)

Z7]‘7[(71}

| Req(t, j, K, v); 04

| Exec(¢); Lock |

j,K,’U ’U,

| Ack(0); 8, 0;

| Resp(f,j, K: U/); i

Second, we have a single lock STS 6, With state space

LockState ::= Unlocked | Locked

Unlocked:;

The full STS 6 is then a product:

Sen OpState, s € LockState
State space (S, s) (Vi. 0;.T(S(i))#0i0ck. T (5

(%53 0T (S)#0,.T(S
Transitions (S, s) v (5',5) & s~) s A Vz )~ S (i
Free tokens 6.7(S,s) £ Ok T(s) U U, 0:.T(S ())

Note that, in giving the state space, we pun the L state with an “undefined” input to a partial function—and
thus, we require that only a finite number of threads ¢ have a non-_L state in S.
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Next we define an interpretation of states for the internal transition systems:

[mit]* 2  Tid(:)
[Req(t, 7, m,x)]F 2 L(i) = €% £~ inj, 2, Tid(i) * Ixg. (x;,25) € a * j Bg r]withLock(fs, locks) xs]
[Exec(O)]F & L(i) = £+ £ < inj; —* Tid(i)
[Resp(¢, 5, ’iayl)]]zL 2 L(i) = € £ =y injy yy * Tid(i) * Jys. (Y1, ys) € B* j =5 K[ys]
[Ack(O)]F £ L(i) =L* L inj, —
[Unlocked] £ lock <, false  locks < false
[Locked] = lock <, true

Finally, we lift these internal interpretations to interpret global states:

(S, ). [s] * 3L. IclOps <, L = *iedom(s) [S(i))F
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Flat combining implementation

flat, £ A. A \f.

Prop context: Variables: «, (3, fi, fs,1,j, k
Type(«) Type(5) i

V(xn, zs) € o (fi @, fo @s) PV B

{Tid(i) * j =g kl[flats fs]}

let lock = new (false)

{Tid(7) x j B¢ klflats fs] * lock <, false}

let localOps = newlLcl

{Tid(i) * j =5 kl[flatg fs] * lock <, false * localOps <, 0}
{Tid(i) * 3 locks. j = k|withLock(fs, locks)] * locks < false x lock <, false * localOps <, ()}

{ Tid(i) * 3 locks. j = r[withLock(fs, locks)] * In. [0 ]}
let (add, _, iter) = stacks -

where m = FCProt( fs, locks, lock, localOps).
We instantiate the stack-as-bag spec using the same predicate for element resources and for iteration
resources:

Op(t) 2 3k.|k+> Req(l,—,—,—) |1
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let doOp = Xo.

‘ Variables: o,1 ‘

{Op(0) *| 0; Lock [ x locks — false}
{3s. ;ﬁ * (s =k — Req(o,—,—,—) Vs =k — Resp(o,—, —, —)) * locks — false}

case get(o)
(1) of inj; req =

(2)

{| k — Exec(0);o; [* * 37, reqq. (req,reqq) € a* j B¢ klwithLock(fs, locks) reqg] = locks < false}

T

{| k — Exec(0);o; [ * 37, reqq. (req,req) € a * j B k[let r = f reqq in rel(locks); 7] * locks < true}

{| k — Exec(0);o; [ * 37, reqq. (req,req) € a * j =5 (k[let r =[] in rel(locks); r])[fs reqs] * locks < true}

let res = fi(req)

{| k +— Exec(0);0; [ x 3j, ress. (res, resg) € 8 j =g (k[let r = [] in rel(locks); 7])[ress] * locks <> true}

us

{| k — Exec(0);0; [ x 3j, ress. (res,resg) € 8 j =g k[let 7 = resq in rel(locks); 7] * locks < true}

{| k — Exec(0);0; [* * 3, ress. (res,ress) € 8 j ¢ K[resg] * locks < false}

T

0 :=injy res

{ret. ret = () % |k — Resp(o, —, —, res); Lock ‘Z * locky < false}

{ret. ret = () x| 0; Lock [* * locks < false}

(3) | inj, res =

{’ k — Resp(o, —, —, res); Lock "; * lockg < false}
0

{ret. ret = () * Z * locky < false}

1. Suppose o <, inj; — instantaneously, and the state is rely-bounded by Req; Lock or Resp; Lock. The

real state cannot be Exec because Lock is locally-owned; it cannot be Resp or Ack because o is currently
inj;, —. Thus, the state must be Req. We make a guarantee move to Exec;o; (trading Lock for this
token).

. Given that our rely bound is Exec; ¢;, the actual state must still be Exec, because the token ¢; must

be given up to move forward, and we own the token locally. We, however, can make a guarantee move
to Resp; Lock, trading o; for Lock, by both updating o to inj, — and handing over the associated spec
resources.

. Suppose o < inj, — instantaneously, and the state is rely-bounded by Req; Lock or Resp; Lock. The

real state cannot be Req or Exec, which require o to be inj; —. So it must be either Resp or Ack,
either of which is in the rely-future of Resp; Lock.
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let install = ) req.

Prop context: Variables: req,reqq, 1,7, s
(req,reqy) € «

u
us

{Tid(i) * j = k[withLock(locks, fs) reqq]}

{@Q « Tid(i) * j = k[withLock(locks, fs) reqq]}
case getLcl(localOps)
(1) of none =

{|i > Init; e;,0;

" % j = klwithLock(locks, fs) reqy]}

let o = new (inj; req)

{;ﬁ % j =4 kwithLock(lockg, fs) reqy] * o <, inj; req}
setLcl(localOps, 0);

{[i = Rea(o, 4, v, req); o; '}

{{i = Req(o,, K, req); 8; [+ + Op(o) }
add(o);
{{i = Req(0, ], x, req); o;

'I?,}
T

o

i3

{ret. ’L — Req(ret, j, k,req); o;

(3) | some(o) =

(4)

{|i — Ack(o) [ * Tid(i) * j = k[withLock(locks, fs) reqq]}

o0 :=inj; req;

)

{’ s R()q(07 7/ ) req); ®;

o

71}
T

{ret. ’2 — Req(ret, j, k,req); o;

. Given that |localOps] (i) = none instantaneously and that we own T%d(i), the only possible state for

the thread i protocol is 1. We make a guarantee move to Init, gaining both tokens, by giving up
ownership of Tid(i).

. Given our assertion 2, the protocol for ¢ must be in the Init state (we own the token

necessary to move forward). On the other hand, by initializing the localOps at index i, we must make
a guarantee move to the request state, giving up the ¢; token, the spec code, and ownership of o.

. Given that [localOps|(i) = some(o) instantaneously and that we own Tid(), the only possible state

for the thread i protocol is Ack.

. Given that the state is bounded by Ack and that we own Tid(i), the state must instantaneously be

some (future) Ack, i.e., the protocol may have gone around the cycle some number of times but must
have stopped at Ack. In writing inj; — to o we must make a guarantee move to Req, choosing a
new j, K,v for the protocol and giving up ownership of Tid(i) and our spec code (and copying the
knowledge, from our proof context, about the relatedness of arguments to fs). In return we gain the
token e;.
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in \x.

Prop context: Variables: 4, j, k, z, xg
14 j

(x,25) €

{Tid(7) * j & k|withLock(fs, locks) xs]}

let o = install(z)

{’ s Req((),j, K,y :L)* ®;
let rec loop() =

)

mn }
s

{’Z = Req(o,j,ﬁ,x); ®;

case get(o)
of inj, .=

{’L — Req(o, j,k,x);e; [*}
if not(get lock) and tryAcq(lock) then
(1) {’z — Req(o, j, Kk, 2); ®; [ * ’ (0: Lock
(2)  iter doOp;
{’ i+ Req(o, 7, k,x); 0;

" x lockg < false}

o+ [ 0; Lock ]!+ locks < false}

rel(lock);

{{i = Req(o, j, x,x); e |1}

loop()

{res. i+ Ack(o) [ * Tid(i) * Jress. (res, resg) € B * j =g k[ress|}
else

7L}
g

{’ i+ Req(o, 7, k,x);0;
loop()
{res. mg % Tid(1) * Jresg. (res, resg) € 5 j =g K[resg]}
(3) | inj, res =
{Q « Tid(i) * Jresg. (res,ress) € [ x j = k[ress]}
res
in loop()

{res. |i — Ack(o) [* « Tid(i) % Jresg. (res,ress) € [ * j = K[ress|}

1. The tryAcq function will succeed only if we can atomically update lock from false to true. In so doing,
we move the locking protocol from the Unlocked to the Locked state, gaining control of the Lock token
and ownership of locks.

7T

2. Here we apply the iter spec with loop invariant Q*IockS — g false. The assertion‘ i — Req(o, j, Kk, z); 0; [*

acts as a frame.

" and that o is instantaneously inj, —, the only possible

3. Given our assertion ‘z — Req(o, j, Kk, z); 8; [

state is Resp (the state cannot be Req or Exec, which require o <, inj; —, nor Ack, which requires
¢;). We make a guarantee move to Ack, giving up the token e; in return for Tid(i) and our spec code.
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8 Soundness

8.1 Basic Properties

rely guar
Lemma 1 (Rely-guarantee Preorders). The relations C and C are preorders.

rely
Lemma 2 (Rely-closure of Assertions). [P[y;, and W' J W implies [P[,, .

Lemma 3. [W|@W =W.
rely rely
Lemma 4. If W T W’ then |W| C |W/|.

rely
Lemma 5 (Rely Decomposition). If W7 @ Wy T W' then there are W{ and Wj with W’/ = W{ @ W3,
rely rely

W1 E Wll and W2 E WQI

guar rel.
Lemma 6 (Token Framing). If W T W' and W @ Wy is defined then there exists some W Qy Wp such

that W' ® W]/c is defined and W @ Wy gEr W'® Wji
Lemma 7. If (¢, ) : W,n then (¢,¢) : W W', n.
Lemma 8. If (¢,¢) : W ® W’ 5 then (g,<) : W,n.

uar rel
Lemma 9. If Wk > 0 then oW 3 W and sW 3 W.
Lemma 10. If W.k > 0 then | > W| =p|W|.

Lemma 11 (Later Satisfaction). If W.k > 0 and (g, <) : W, 7 then (g, ) : >W, 7.
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8.2 Properties of safe
Lemma 12 (Framing). [safe(M,N,z. Q) €V,n and Wy, ny E° R with W#W;, n#n; gives

[safe(M, N,z. Q R)]]?/V@Wf,n@nf.

Proof. The proof proceeds by induction on W.k.
Case
rely
1. Let W/ j W e W;.
2 Wk=W®Ws).k=Wk=0.
Case
3. Let & = [M]p.
rel
1 Let W' 3 W @ Wy, nd,n @ ng, E;#E.
rely rely
5. Write W/ = W] @ W} with W/ 3 W, W4 3 Wy
by Lem. 5.
6. Suppose (W] ® W3).k > 0.
7. Wik = (W] ®@Wj).k>0.
8. Suppose h;EWER, 65 : W] @ Wi, n®@ny @1}
9. h;EWER, G : W1,17®nf®77f by Lem. 8.
10. Suppose E'#E5.
Case |h;E — h; &
11. Pick ¢/, ', and W/’ with by assumption.
guar
Wl jl W17
gS % gsy
h': 5/U5f,§s " Qnf ®77f,
W'k =Wk-—

[safe(&’, N, z. Q) €V{’7n’

rely guar
12. Pick W' 3 W) with W' @ W) 3 W] W]
by Lem. 6.
13. h';E’ErJff,gé:W{’@Wé’,n’@m@n} by Lem. 7.
u W/ eWihk=W/'k=W[k—-1= W@ Wi).k—
15. W3, ny = R.

16. [safe(€", N, 2. Q « R)[fy gy

'@y by induction hypothesis.

Case ‘ﬂNﬂp:iandé’:&)&J[in—)v]‘

17. Pick ¢, n’, and W7’ with by assumption.

guar

wy :'0 wi,

gS _> gs7

hiEWEr, <& W' @ny @1,

[safe(Ey, N, True) * Q(v)]4; W
He
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Pick Wy 'S Wy with W e wy S Wl e wy

by Lem. 6.
W EWEs W @ W ' @np @) by Lem. 7.
(W@ Wk =W k=W]k= W @W).k.
Wy =P R
. [safe(&y, N, True) x Q(v) * RH@V{/®Wé/vn/®nf.
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Lemma 13 (Parallel Composition). If we have [safe(Mi, Ni,z. Q1)]yy, ,,, and [safe(Mz, No,z. Q2)7y, .,
with Wi #Ws, m#ne, [Mi]p#[Mz]p and [N1] € dom([M;]p) then we also have

[safe(M; & My, Ny, . Ql)}]e[/l@Wz,m@nz'

Proof. Let & = [Mi]p, &2 = [Mz]p, n1 = [Ni]p, ne = [N2]p. The proof proceeds by induction on the
measure M (E1, Wy, nq) defined by

Wk n ¢ dom(&)

M(E,W,n) =
Wk+1 nedom(f)

Case ’M(El, Wi,nq) = 0‘

1. (Wl ® Wg)k =Wi.k=0.

Case ’M(Sl,Wl,’l’Ll) > O‘

rely
2. Let W/ Q W1 ® W2777f#7]1 ® ﬂz,gf#gl [ 52.

rely

3 Waite W' = W{ @ W4 with W '3 Wy, w3 'S W,
by Lem. 5.
4. Suppose (W{ @ W3).k > 0.
5. Wik=(W{Wj).k>0.
6. Suppose h; E1 W EWEr, ¢ : W{ @ Wi, m ® n2 @ ny.
7. Suppose E'#E;.
8. MEWEWEs, ¢ W, m @12 @y by Lem. 8.

Case |h;E4WE — B E

9. Write &' = £ W & WLOG.

10. hy € — B3 & by nondeterminism of fork.
11. Pick ¢, 1, and W{" with by assumption.

wy D) Wy,

G =" 64

Wik =Wik—1,
WE W EWES, 6L Wi @1 @y,
[safe(&], N1, x1. Q1)]]€v;',n;

. rely . guar
12. Pick WY 3 W} with W/ @ Wy 2 W/ o W,
by Lem. 6.
13 (W WHk=W/"k=W]k—-1=(W @ Wi).k—1.
14 W ETWEWE, W @Wy ni ®n2 ®ny by Lem. 7.
15. [safe(Ea, ma, za. 622)]]';[,2,,7772 by assumption.

16. [safe(&] W&y, my, 1. Ql)ﬂ@v{' by induction hypothesis.

QWY ,ni®n2

Case ‘51L+Jé’gzgow[n1»—>v1]‘

17. ny € dom(&) by assumption.
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18.

19.

20.
21.
22.

Write & = & W [ng — v1].

Pick ¢/, 7}, and W' with
guar

Wlll 20 Wlla

G =" <,

Wik = Wik,

h;gl&JEQLﬂgf,Cé : Wl/,,ni®772®77f,

[safe(&1, N1, True) * Q1(v1)

. [[safe(é‘QaNQw/EQ' Q2)]]I‘;V2”77]2'
. [safe(&y, N1, True) x Q1 (v1)

]]P
Wi’ m

p
]]W{’*WQ” M %kN2
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by assumption.

rel; guar
Pick W§ 3 W with Wi« WY "3 W]+ W} by Lem. 6.
(W' % W)k = W{' .k = W{.k = (W]« Wj).k.
h;gl W & L‘Ugf7§é : W{/*WQHan,l * T2 kN

by Lem. 7.
by assumption.

by induction hypothesis.



/

Lemma 14 (Sequential Composition). If we have [safe([N — e]& M, N, @]y, and, for all v and any W', 7
with W', = ¢(v) we have [safe([N ~— M'[v]], N, ¢")[fy ,, then

[safe([N = M'[e]] & M, N, ©")[%,-

Proof. Let i = [N]p, K = [M']p, & = [M]p, € =[i — Kle]] W &.
The proof proceeds by induction on W.k; the case W.k = 0 is trivial so we assume W.k > 0. We branch
on the structure of e:

L Let W'D Wi, €4

2. Suppose W'.k > 0.

3. Suppose h;EWEs, ¢ : W n®ny.
4. Suppose E'#E5.

Case

5. Pick ¢}, n/, and W with by assumption.
W Do W,
S =" s
h;EWEr, ¢ : W 1 Qny,
W' k=W"'k,
[safe(&o, 7, True) * p(v)]{y
6. Write W"” = W/ @ W4 and ' = n] ® n. with
Wi',m B e(v),

: P
[safe(&y, 7, True)] W s
7. [safe([i = K[v]], 4, &)y by assumption.
s. [safe([i — K[v]] W&, i, ¢" )|y, by Lem. 13.
Case |K[v] =7
9. Pick ¢//,n", and W"’ with by (8).
W/// gillz:)r W//
S =
hiEWEr, ¢ - W" " @mny,
Wk =W"k
[safe(&o, 7, True) * ¢’ (') [y 0
10. ¢ —=* ¢f.

Case ‘h; [i = Kv)]]Ww& — b5 &

11. Pick ¢/, n”, and W' with by (8).
W/// gillar W//
=1 )

s =" <Y,

h/;g/ USf,CSH . W///,,r]// ® nf,
Wk =W"k—1,

Hsafe(g/, 7:7 QO/)]]?/V/N’,”N

12, ¢ =% ¢l
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Case |e#wv

13. Suppose h; [i — Kle]]W & — b5 [i — Kle']| W&’
14 hilielW& — Wi[i = e|WE.
15. Pick ¢, 7', and W with by assumption.
o S
s = &G
Wili—elWE WEs ¢l W' 0 @ny,
W'k =W'k—1,
[safe([i — €'l W &', i, @) fymm
(

[
[=2]

- [safe([i = K[ W& i, @)y, by induction hypothesis.
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8.3 Soundness of key proof rules

The soundness of FRAME, BIND, and FORK follow easily from the lemmas proved in the previous section.
Here we give proofs for the key rules dealing with islands and lifting atomic triples.

Lemma 15.
CH{P} i= e {p=*>m]b]}

CH{P}i=e {(p*ﬂn@ﬁ}

Let (s,T) = [p] and let (6, ') = m. We prove the result by a straightforward induction on the step index
in the underlying safety definition. Thus, the proof boils down to the following internal lemma: if

NEwWISL

hiEWEs ¢ :Win@np and =& W[i—v] and W.nE" o(v) x>¢'(s) * safe(&y, ¢, True)
then

In', W’ gi?)r W.hEWEr, o Wi.n @np and W' n' E? p(v) * In. @Z * safe(&o, i, True)

Proof.
1. Let n € N\ dom(W.w).
2 W=W1 W@ W3, n=mn Qn Qns,
W17771 ):P QD(’U) WQa T2 ':p [>(p/(8), W3a UE] ':P safe(Eo,i,True).
3. Let W = (W.k,Wwd[n— (0,[£]°,(s,T))], W.B)

guar

o W Jg W

5. DWW, =P pg!(s)

6. Let ' =1 @13

7. hEWEr G W @nr

8. Wo ® W3, n3 =P safe(&y, i, True) by framing
9. W0’ =P o(v) * In. @2 * safe(&o, 7, True)
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Lemma 16.

CH(P)i=ra(Q)

Cr (P} im0 a {QF VAP

We show (P) i = a (Q) = {>P} i = a {Q}. Suppose for notational simplicity that the assertions are
variable-closed (allowing us, e.g., to write ¢ instead of [i]?).

Proof.

1. Suppose Wy, n =° (P) i =1 a (Q)

2. Suppose |Wy|,0 =P >P = safe([i — al, i, Q)
3. Suppose W > [Wy| and 71 >0

4. Suppose W, n =° >P

5 Suppose W' 3 W, W'k >0,
ne#n, E=liral, Ep#E, E'#Ep,
hEWER, ¢ : W . n®@np, hjli—a — h;E
6 . hia-sh;v and & = [i — v].
7. 3. Vi € dom(W'.w). n; € interp(W'.w(2))(>|W|)
8. Let np =np @7
9. G = (N&np)s
0. W' . n =P P
11. (n®@ng).h;a Ay
12. Let b/ = (f @ nlp).h
133 #np. (M@ np)s =" (' ©np)s
(n@np)d =0 @ng).I
[RW)IEw
14. Let ¢ = (0 @ nr).c

guar
15. bW 33 W/
16. W5 i = 0] ¢l W0 @0l

17. [safe([i = o], 4, @)Ly
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Lemma 17. 1
C Vb 2o bo. 3 3, b. (7[b] * P) i =1 a (o >#[0] * Q)

CF{Z*DP} i a {:17 ab’.:*Q}

Suppose for notational simplicity that the assertions are variable-closed (allowing us, e.g., to write i
instead of [i]?).

UpbIsL

Proof.

1. Suppose Wy, n =~ C
2. Let £ =[i— d]

3. Suppose |Wol|,n = ? *>P
4. Suffices to show |[Wy|,n = safe([i — a, 4,30’ ﬁ *Q)

5. Fix W r%y [Wo| and np#n and Ep#]i — a

6. Suppose W.k >0 and h;EWER, s : W,n @nr and E'#EF
7. Let 1o = (7.0, 7.0, bo)

8. Wy, Wo,ny,me. W =W; @ Wy

n=mn QN2
Wi,m =° w
Wa,n2 =P >P

rely
9. I T vo,wp. Wiw =wpWn—

10. 3,7, 1. N @ 1p @0, @ ne = (hy6s, 1)
3, € interp(z) (/171 )
i € interp(wr) (o] )

11 > Wi, n, E° t.p(e.s)

12. Suppose h;E — ;&'

13. Ju. & =i — 0]

14. Suppose W.k > 1 WLOG

15. Let b = (v.s,¢.T)

rely
16. .0 b, by
7. 3. O g;u?: b by assumption
(w[b] * P) i = a (z. >ab] *Q)

18. W, m, @ 2 =P w[b] * P
19. Let p =0 @ np @ m
20. Let 1 =1, @ 19
21. (M@ MNF).h;a Ay
22 INH#NE. B = (7 Q@F).h

M @nF).c =" (N ®0F)-<

nl=1n.1
23. bW, =P . > w[b] * Q
24. Let W= (Wk — 1, |w.F|wg—1W[n— (7.0,7.0,0)])

guar

25 W 11 W
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WL EP enb] xQ
R VT RS

K EWER, (M @nE)s W () @0 @m) nE
WL @ @ =P safe(E, 4,230 [V ]+ Q)
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