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1 Development for dlPCF’s embedding

1.1 Syntax

Expressions e ::“ v | e1 e2 | xxe1, e2yy | letxxx, yyy “ e1 in e2 |

xe, ey | fstpeq | sndpeq | inlpeq | inrpeq | case e of e; e |
let !x “ e1 in e2 | e rs | e :: e | e;x.e

Values v ::“ x | c | λx.e | xxv1, v2yy | xv, vy | inlpeq | inrpeq | nil |
!e | Λ.e | ret e | bindx “ e1 in e2 | Ò

I | releasex “ e1 in e2 | store e
(No value forms for rIs τ)

Index I ::“ N | i | I ` I | I ´ I |
ř

iăI I |
I,I
Ï

a
I | λsi.I | I I

Sort S ::“ N | R` | SÑS
Kind K ::“ Type | SÑK
Types τ ::“ 1 | b | τ1 ( τ2 | τ1 b τ2 | τ1 & τ2 | τ1 ‘ τ2 | !aăIτ | rIs τ | M I τ |

α | @α :K .τ | @i :S .τ | λti.τ | τ I | L
Iτ | Di :S .τ | cñ τ | c&τ

Constraints c ::“ I “ I | I ă I | c ^ c

Lin. context Γ ::“ . | Γ, x : τ
for term variables
Bounded Lin. context Ω ::“ . | Ω, x :aăI τ
for term variables
Unres. context Θ ::“ . | Θ, i :S
for sort variables
Unres. context Ψ ::“ . | Ψ, α :K
for type variables

Definition 1 (Bounded sum of context for dlPCF).
ř

aăI . “ .
ř

aăI Γ, x : rb ă Jsτ “ p
ř

aăI Γq, x : rc ă
ř

aăI Jsσ
where
τ “ σrp

ř

dăa Jrd{as ` bq{cs

Definition 2 (Bounded sum of multiplicity context).
ř

aăI . “ .
ř

aăI Ω, x :băJ τ “ p
ř

aăI Ωq, x :că
ř

aăI J
σ

where
τ “ σrp

ř

dăa Jrd{as ` bq{cs

Definition 3 (Binary sum of context for dlPCF).

Γ1‘Γ2 fi

$

&

%

Γ2 Γ1 “ .
pΓ11 ‘ Γ2{xq, x : rc ă I ` Jsτ Γ1 “ Γ11, x : ra ă Isτ ra{cs ^ px : rb ă Jsτ rI ` b{csq P Γ2

pΓ11 ‘ Γ2q, x :aăI τ Γ1 “ Γ11, x : ra ă Isτ ^ px : r´s´q R Γ2

Definition 4 (Binary sum of multiplicity context).

Ω1 ‘ Ω2 fi

$

&

%

Ω2 Ω1 “ .
pΩ11 ‘ Ω2{xq, x :căI`J τ Ω1 “ Ω11, x :aăI τ ra{cs ^ px :băJ τ rI ` b{csq P Ω2

pΩ11 ‘ Ω2q, x :aăI τ Ω1 “ Ω11, x :aăI τ ^ px :´ ´q R Ω2
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Definition 5 (Binary sum of affine context).

Γ1 ‘ Γ2 fi

"

Γ2 Γ1 “ .
pΓ11 ‘ Γ2q, x : τ Γ1 “ Γ11, x : τ ^ px : ´q R Γ2
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1.2 Typesystem

Typing Ψ; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ, x : τ $ x : τ
T-var1

Θ,∆ |ù I ě 1

Ψ; Θ; ∆; Ω, x :aăI τ ; Γ $ x : τ r0{as
T-var2

Ψ; Θ; ∆; Ω; Γ $ pq : 1
T-unit

Ψ; Θ; ∆; Ω; Γ $ c : b
T-base

Ψ; Θ; ∆; Ω; Γ $ nil : L0 τ
T-nil

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : τ Ψ; Θ; ∆; Ω2; Γ2 $ e2 : Lnτ Θ; ∆ $ n : N
Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ e1 :: e2 : Ln`1τ

T-cons

Ψ; Θ; ∆; Ω1; Γ1 $ e : Ln τ

Ψ; Θ; ∆, n “ 0; Ω2; Γ2 $ e1 : τ 1 Ψ; Θ; ∆, n ą 0; Ω2; Γ2, h : τ, t : Ln´1τ $ e2 : τ 1

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ match e with |nil ÞÑ e1 |h :: t ÞÑ e2 : τ 1
T-match

Ψ; Θ; ∆; Ω; Γ $ e : τ rn{ss Θ; ∆ $ n :S

Ψ; Θ; ∆; Ω; Γ $ e : Ds :S .τ
T-existI

Ψ; Θ; ∆; Ω; Γ1 $ e : Ds :S .τ Ψ; Θ, s :S; ∆; Ω; Γ2, x : τ $ e1 : τ 1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ e;x.e1 : τ 1
T-existE

Ψ; Θ; ∆; Ω; Γ, x : τ1 $ e : τ2

Ψ; Θ; ∆; Ω; Γ $ λx.e : pτ1 ( τ2q
T-lam

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : pτ1 ( τ2q Ψ; Θ; ∆; Ω2; Γ2 $ e2 : τ1

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ e1 e2 : τ2
T-app

Ψ; Θ; ∆; Ω; Γ $ e : τ Ψ; Θ; ∆ $ τ ă: τ 1

Ψ; Θ; ∆; Ω; Γ $ e : τ 1
T-sub

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : τ1 Ψ; Θ; ∆; Ω2; Γ2 $ e2 : τ1

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ xxe1, e2yy : pτ1 b τ2q
T-tensorI

Ψ; Θ; ∆; Ω1; Γ1 $ e : pτ1 b τ2q Ψ; Θ; ∆; Ω2; Γ2, x : τ1, y : τ2 $ e1 : τ

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ letxxx, yyy “ e in e1 : τ
T-tensorE

Ψ; Θ; ∆; Ω; Γ $ e1 : τ1 Ψ; Θ; ∆; Ω; Γ $ e2 : τ2

Ψ; Θ; ∆; Ω; Γ $ xe1, e2y : pτ1 & τ2q
T-withI

Ψ; Θ; ∆; Ω; Γ $ e : pτ1 & τ2q

Ψ; Θ; ∆; Ω; Γ $ fstpeq : τ1
T-fst

Ψ; Θ; ∆; Ω; Γ $ e : pτ1 & τ2q

Ψ; Θ; ∆; Ω; Γ $ sndpeq : τ2
T-snd
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Ψ; Θ; ∆; Ω; Γ $ e : τ1

Ψ; Θ; ∆; Ω; Γ $ inlpeq : τ1 ‘ τ2
T-inl

Ψ; Θ; ∆; Ω; Γ $ e : τ2

Ψ; Θ; ∆; Ω; Γ $ inrpeq : τ1 ‘ τ2
T-inr

Ψ; Θ; ∆; Ω1; Γ1 $ e : pτ1 ‘ τ2q

Ψ; Θ; ∆; Ω2; Γ2, x : τ1 $ e1 : τ Ψ; Θ; ∆; Ω2; Γ2, y : τ2 $ e2 : τ

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ case e of e1; e2 : τ
T-case

Ψ; Θ, a; ∆, a ă I; Ω; . $ e : τ

Ψ; Θ; ∆;
ÿ

aăI

Ω; . $!e :!aăIτ
T-subExpI

Ψ; Θ; ∆; Ω1; Γ1 $ e : p!aăIτq Ψ; Θ; ∆; Ω2, x :aăI τ ; Γ2 $ e1 : τ 1

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ let !x “ e in e1 : τ 1
T-subExpE

Ψ, α :K; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ.e : p@α :K .τq
T-tabs

Ψ; Θ; ∆; Ω; Γ $ e : p@α :K .τq Ψ; Θ; ∆ $ τ 1 : K

Ψ; Θ; ∆; Ω; Γ $ e rs : pτ rτ 1{αsq
T-tapp

Ψ; Θ, i :S; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ.e : p@i :S .τq
T-iabs

Ψ; Θ; ∆; Ω; Γ $ e : p@i :S .τq Θ; ∆ $ I : S

Ψ; Θ; ∆; Ω; Γ $ e rs : pτ rI {isq
T-iapp

Ψ; Θ, b; ∆, b ă L; Ω, x :aăI τ rpb` 1`
b`1,a
ï

b

Iq{bs; . $ e : τ L ě
0,1
ï

b

I

Ψ; Θ; ∆;
ÿ

băL

Ω; . $ fixx.e : τ r0{bs
T-fix

Ψ; Θ; ∆; Ω; Γ $ e : τ Ψ; Θ; ∆ |ù Γ1 Ď Γ Ψ; Θ; ∆ |ù Ω1 Ď Ω

Ψ; Θ; ∆; Ω1; Γ1 $ e : τ
T-weaken

Ψ; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ ret e : M 0 τ
T-ret

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : M I1 τ1

Ψ; Θ; ∆; Ω2; Γ2, x : τ1 $ e2 : M I2 τ2 Θ; ∆ $ I1 : R` Θ; ∆ $ I2 : R`

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ bindx “ e1 in e2 : MpI1 ` I2q τ2
T-bind

Θ; ∆ $ I : R`

Ψ; Θ; ∆; Ω; Γ $ ÒI : M I 1
T-tick

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : rI1s τ1

Ψ; Θ; ∆; Ω2; Γ2, x : τ1 $ e2 : MpI1 ` I2q τ2 Θ; ∆ $ I1 : R` Θ; ∆ $ I2 : R`

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ releasex “ e1 in e2 : M I2 τ2
T-release
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Ψ; Θ; ∆; Ω; Γ $ e : τ Θ; ∆ $ I : R`

Ψ; Θ; ∆; Ω; Γ $ store e : M I prIs τq
T-store

Ψ; Θ; ∆, c; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ. e : pcñτq
T-CI

Ψ; Θ; ∆; Ω; Γ $ e : pcñτq Θ; ∆ |ù c

Ψ; Θ; ∆; Ω; Γ $ ers : τ
T-CE

Ψ; Θ; ∆; Ω; Γ $ e : τ Θ; ∆ |ù c

Ψ; Θ; ∆; Ω; Γ $ e : pc&τq
T-CAndI

Ψ; Θ; ∆; Ω; Γ $ e : pc&τq Ψ; Θ; ∆, c; Ω; Γ, x : τ $ e1 : τ 1

Ψ; Θ; ∆; Ω; Γ $ cletx “ e in e1 : τ 1
T-CAndE

Figure 1: Typing rules for λ-Amor

Ψ; Θ; ∆ $ τ ă: τ
sub-refl

Ψ; Θ; ∆ $ τ 11 ă: τ1 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 ( τ2 ă: τ 11 ( τ 12
sub-arrow

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 b τ2 ă: τ 11 b τ 12
sub-tensor

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 & τ2 ă: τ 11 & τ 12
sub-with

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 ‘ τ2 ă: τ 11 ‘ τ 12
sub-sum

Ψ; Θ; ∆ $ τ ă: τ 1 Θ; ∆ |ù n1 ď n

Ψ; Θ; ∆ $ rns τ ă: rn1s τ 1
sub-potential

Ψ; Θ; ∆ $ τ ă: τ 1 Θ; ∆ |ù n ď n1

Ψ; Θ; ∆ $Mn τ ă: Mn1 τ 1
sub-monad

Ψ; Θ, a; ∆, a ă J $ τ ă: τ 1 Θ, a; ∆ |ù J ď I

Ψ; Θ; ∆ $!aăIτ ă:!aăJτ
1

sub-subExp

Ψ; Θ; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $ Ln τ ă: Ln τ 1
sub-list

Ψ; Θ, s; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $ Ds.τ ă: Ds.τ 1
sub-exist

Ψ, α :K; Ψ; Θ; ∆ $ τ1 ă: τ2

Ψ; Θ; ∆ $ @α :K .τ1 ă: @α.τ2
sub-typePoly

Ψ; Θ, i :S; ∆ $ τ1 ă: τ2

Ψ; Θ; ∆ $ @i :S .τ1 ă: @i.τ2
sub-indexPoly
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Ψ; Θ; ∆ $ τ1 ă: τ2 Θ; ∆ |ù c2 ùñ c1

Ψ; Θ; ∆ $ c1 ñ τ1 ă: c2 ñ τ2
sub-constraint

Ψ; Θ; ∆ $ τ1 ă: τ2 Θ; ∆ |ù c1 ùñ c2

Ψ; Θ; ∆ $ c1&τ1 ă: c2&τ2
sub-CAnd

Θ; ∆ $ k : R` Θ; ∆ $ k1 : R`

Ψ; Θ; ∆ $ rkspτ1 ( τ2q ă: prk1s τ1 ( rk1 ` ks τ2q
sub-potArrow

Ψ; Θ; ∆ $ τ ă: r0s τ
sub-potZero

Ψ; Θ, i :S; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $ λsi :S .τ ă: λti :S .τ 1
sub-familyAbs

Θ $ I :S

Ψ; Θ; ∆ $ pλti :S .τq I ă: τ rI{is
sub-familyApp1

Θ $ I :S

Ψ; Θ; ∆ $ τ rI{is ă: pλti :S .τq I
sub-familyApp2

Ψ; Θ; ∆ $ r
ÿ

aăI

Ks !aăIτ ă:!aăI rKs τ
sub-bSum

Figure 2: Subtyping

Ψ; Θ; ∆ $ Γ Ď .
dlpcf-subBase

x : ra ă Jsτ 1 P Γ1 Ψ; Θ, a; ∆, a ă I $ τ 1 Ď τ Ψ; Θ; ∆ $ I ď J Ψ; Θ; ∆ $ Γ1{x Ď Γ2

Θ; ∆ $ Γ1 Ď Γ2, x : ra ă Isτ
dlpcf-subInd

Figure 3: Γ Subtyping for dlPCF

Ψ; Θ; ∆ $ Ω Ď .
sub-mBase

x :aăJ τ
1 P Ω1 Ψ; Θ, a; ∆, a ă I $ τ 1 ă: τ Θ; ∆ $ I ď J Ψ; Θ; ∆ $ Ω1{x Ď Ω2

Ψ; Θ; ∆ $ Ω1 Ď Ω2, x :aăI τ
sub-mInd

Figure 4: Ω Subtyping
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Ψ; Θ; ∆ $ Γ Ď .
sub-lBase

x : τ 1 P Γ1 Ψ; Θ; ∆ $ τ 1 ă: τ Ψ; Θ; ∆ $ Γ1{x Ď Γ2

Ψ; Θ; ∆ $ Γ1 Ď Γ2, x : τ
sub-lBase

Figure 5: Γ Subtyping

Θ, i :S; ∆ $ i : S
S-var

Θ; ∆ $ N : N
S-nat

Θ; ∆ $ R : R`
S-real

Θ; ∆ $ i : N
Θ $ i : R`

S-real1

Θ; ∆ $ I1 : N Θ; ∆ $ I2 : N
Θ; ∆ $ I1 ` I2 : N

S-add-Nat
Θ; ∆ $ I1 : R` Θ; ∆ $ I2 : R`

Θ; ∆ $ I1 ` I2 : R`
S-add-Real

Θ; ∆ $ I1 : N Θ; ∆ $ I2 : N Θ; ∆ |ù I1 ě I2

Θ; ∆ $ I1 ´ I2 : N
S-minus-Nat

Θ; ∆ $ I1 : R` Θ; ∆ $ I2 : R` Θ; ∆ |ù I1 ě I2

Θ; ∆ $ I1 ´ I2 : R`
S-minus-Real

Θ; ∆ $ I1 : N Θ; ∆, a : N $ I2 : N
Θ; ∆ $

ÿ

aăI1

I2 : N
S-bSum-Nat

Θ; ∆ $ I1 : N Θ; ∆, a : N $ I2 : R`

Θ; ∆ $
ÿ

aăI1

I2 : R`
S-bSum-Real

Θ; ∆ $ I1 : N Θ; ∆ $ I2 : N Θ; ∆, a : N $ I3 : N

Θ $

I1,I2
ï

a

I3 : N
S-forest

Θ, i :S; ∆ $ I : S1

Θ; ∆ $ λsi. I :SÑS1
S-family

Figure 6: Typing rules for sorts
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Ψ; Θ; ∆ $ 1 : Type
K-unit

Ψ; Θ; ∆ $ b : Type
K-base

Ψ; Θ; ∆ $ τ1 : K Ψ; Θ; ∆ $ τ2 : K

Ψ; Θ; ∆ $ τ1 ( τ2 : K
K-arrow

Ψ; Θ; ∆ $ τ1 : K Ψ; Θ; ∆ $ τ2 : K

Ψ; Θ; ∆ $ τ1 b τ2 : K
K-tensor

Ψ; Θ; ∆ $ τ1 : K Ψ; Θ; ∆ $ τ2 : K

Ψ; Θ; ∆ $ τ1 & τ2 : K
K-with

Ψ; Θ; ∆ $ τ1 : K Ψ; Θ; ∆ $ τ2 : K

Ψ; Θ; ∆ $ τ1 ‘ τ2 : K
K-or

Ψ; Θ, a :S; ∆, a ă I $ τ : K Θ $I: N
Ψ; Θ; ∆ $ !aăIτ : K

K-subExp

Ψ; Θ; ∆ $ τ : K Θ; ∆ $ I : R`

Ψ; Θ; ∆ $ rIs τ : K
K-lab

Ψ; Θ; ∆ $ τ : K Θ; ∆ $I: R`

Ψ; Θ; ∆ $M I τ : K
K-monad

Ψ, α :K 1; Θ; ∆ $ τ : K

Ψ; Θ; ∆ $ @α.τ : K
K-tabs

Ψ; Θ, i :S; ∆ $ τ : K

Ψ; Θ; ∆ $ @i.τ : K
K-iabs

Ψ; Θ; ∆, c $ τ : K

Ψ; Θ; ∆ $ cñ τ : K
K-constraint

Ψ; Θ; ∆ $ τ : K Θ; ∆ |ù c

Ψ; Θ; ∆ $ c&τ : K
K-consAnd

Ψ; Θ, i :S; ∆ $ τ : K

Ψ; Θ; ∆ $ λti.τ :SÑK
K-family

Ψ; Θ; ∆ $ τ :SÑ K Θ; ∆ $I: S

Ψ; Θ; ∆ $ τ I : K
K-iapp

Figure 7: Kind rules for types
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1.3 Semantics

Pure reduction, e ót v Forcing reduction, e óct v

e1 ót1 v e2 ót2 l

e1 :: e2 ót1`t2`1 v :: l
E-cons

e1 ót1 nil e2 ót2 v

match e1 with |nil ÞÑ e2 |h :: t ÞÑ e3 ót1`t2`1 v
E-matchNil

e1 ót1 vh :: l e3rvh{hsrl{ts ót2 v

match e1 with |nil ÞÑ e2 |h :: t ÞÑ e3 ót1`t2`1 v
E-matchCons

e1 ót1 v e2rv{xs ót2 v
1

e1;x.e2 ót1`t2`1 v
1

E-exist
e1 ót1 λx.e

1 e1re2{xs ót2 v
1

e1 e2 ót1`t2`1 v
1

E-app

e1 ót1 v1 e2 ót2 v2

xxe1, e2yy ót1`t2`1 xxv1, v2yy
E-TI

e ót1 xxv1, v2yy e1rv1{xsrv2{ys ót2 v

letxxx, yyy “ e in e1 ót1`t2`1 v
E-TE

e1 ót1 v1 e2 ót2 v2

xe1, e2y ót1`t2`1 xv1, v2y
E-WI

e ót xv1, v2y

fstpeq ót`1 v1
E-fst

e ót xv1, v2y

fstpeq ót`1 v2
E-snd

e ót v

inlpeq ót`1 inlpvq
E-inl

e ót v

inrpeq ót`1 inrpvq
E-inr

e ót1 inlpvq e1rv{xs ót2 v
1

case e of e1; e2 ót1`t2`1 inlpv1q
E-case1

e ót1 inrpvq e2rv{ys ót2 v
2

case e of e1; e2 ót1`t2`1 inlpv2q
E-case2

!e ó0!e
E-expI

e ót1 !e2 e1re2{xs ót2 v

let !x “ e in e1 ót1`t2`1 v
E-expE

erfixx.e{xs ót v

fixx.e ót`1 v
E-fix

v P tpq, x,nil , λy.e,Λ.e, ret e, bindx “ e1 in e2, Ò
κ, releasex “ e1 in e2, store eu

v ó0 v
E-val
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e ót1 Λ.e1 e1 ót2 v

e rs ót1`t2`1 v
E-tapp

e ót1 Λ.e1 e1 ót2 v

e rs ót1`t2`1 v
E-iapp

e ót1 Λ.e1 e1 ót1 v

e rs ót1`t2`1 v
E-CE

e1 ót1 v e2rv{xs ót2 v
1

cletx “ e1 in e2 ót1`t2`1 v
1

E-CandE
e ót v

ret e ó0
t`1 v

E-return

e1 ót1 v1 v1 ó
c1
t2
v11 e2rv

1
1{xs ót3 v2 v2 ó

c2
t4
v12

bindx “ e1 in e2 ó
c1`c2
t1`t2`t3`t4`1 v

1
2

E-bind
Òκ óκ1 pq

E-tick

e1 ót1 v1 e2rv1{xs ót2 v2 v2 ó
c
t3 v

1
2

releasex “ e1 in e2 ó
c
t1`t2`t3`1 v

1
2

E-release
e ót v

store e ó0
t`1 v

E-store

Figure 8: Evaluation rules: pure and forcing
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1.4 Model

Definition 6 (Value and expression relation).

J1K fi tpp, T , pqqu
JbK fi tpp, T , vq | v P JbKu
JL0τK fi tpp, T ,nilqu
JLs`1τK fi tpp, T , v :: lq|Dp1, p2.p1 ` p2 ď p ^ pp1, T , vq P JτK ^ pp2, T , lq P JLsτKu
Jτ1 b τ2K fi tpp, T , xxv1, v2yyq | Dp1, p2.p1 ` p2 ď p ^ pp1, T , v1q P Jτ1K ^ pp2, T , v2q P Jτ2Ku
Jτ1 & τ2K fi tpp, T , xv1, v2yq | pp, T , v1q P Jτ1K ^ pp, T , v2q P Jτ2Ku
Jτ1 ‘ τ2K fi tpp, T , inlpvqq | pp, T , vq P Jτ1Ku Y tpp, T , inrpvqq | pp, T , vq P Jτ2Ku
Jτ1 ( τ2K fi tpp, T , λx.eq | @p1, e1, T 1ăT .pp1, T 1, e1q P Jτ1KE ùñ pp` p1, T 1, ere1{xsq P Jτ2KEu
J!aăIτK fi tpp, T , !eq | Dp0, . . . , pI´1.p0 ` . . .` pI´1 ď p ^ @0 ď i ă I.ppi, T , eq P Jτ ri{asKEu
Jrns τK fi tpp, T , vq | Dp1.p1 ` n ď p ^ pp1, T , vq P JτKu
JMn τK fi tpp, T , vq | @n1, T 1ăT , v1.v ón

1

T 1 v
1 ùñ Dp1.n1 ` p1 ď p` n ^ pp1, T ´ T 1, v1q P JτKu

J@α.τK fi tpp, T ,Λ.eq | @τ 1, T 1ăT .pp, T 1, eq P Jτ rτ 1{αsKEu
J@i.τK fi tpp, T ,Λ.eq | @I T 1ăT .pp, T 1, eq P Jτ rI{isKEu
Jcñ τK fi tpp, T ,Λ.eq | @ T 1ăT . |ù c ùñ pp, T 1, eq P JτKEu
Jc&τK fi tpp, T , vq | |ù c ^ pp, T , vq P JτKu
JDs.τK fi tpp, T , vq | Ds1.pp, T , vq P Jτ rs1{ssKu
Jλti.τK fi f where @I. f I “ Jτ rI{isK
Jτ IK fi JτK I

JτKE fi tpp, T , eq | @v, T 1ăT .e óT 1 v ùñ pp, T ´ T 1, vq P JτKu

Definition 7 (Interpretation of typing contexts).

JΓKE “ tpp, T , γq | Df : VarsÑ Pots.
p@x P dompΓq. pfpxq, T , γpxqq P JΓpxqKEq ^ p

ř

xPdompΓq fpxq ď pqu

JΩKE “ tpp, T , δq | Df : VarsÑ IndicesÑ Pots.
p@px :aăI τq P Ω.@0 ď i ă I. pf x i, T , δpxqq P Jτ ri{asKEq ^
p
ř

x:aăIτPΩ

ř

0ďiăI f x iq ď pu

Definition 8 (Type and index substitutions). σ : TypeV ar Ñ Type, ι : IndexV ar Ñ Index

Lemma 9 (Value monotonicity lemma). @p, p1, v, τ, T 1, T .
pp, T , vq P JτK ^ p ď p1 ^T 1ďT ùñ pp1, T 1, vq P JτK

Proof. Proof by induction on τ

Lemma 10 (Expression monotonicity lemma). @p, p1, v, τ, T 1, T .
pp, T , eq P JτKE ^ p ď p1 ^T 1ďT ùñ pp1, T 1, eq P JτKE

Proof. From Definition 6 and Lemma 69

Lemma 11 (Lemma for substitution). @p, δ, I,Ω.
pp, δq P J

ř

aăI ΩK ùñ Dp0, . . . , pI´1.
p0 ` . . .` pI´1 ď p ^ @0 ď i ă I.ppi, δq P JΩri{aK

Proof. Given: pp, δq P J
ř

aăI ΩK
When Ω “ .
The proof is trivial simply choose pi as 0 and we are done

12



When Ωpaq “ x0 :băJ0paq τ0paq, . . . xn :băJnpaq τnpaq

Therefore from Definition 2 and Definition 7 we have
Df : VarsÑ IndicesÑ Pots.

p@pxj :că
ř

aăI Jj
σq P p

ř

aăI Ωq.@0 ď i ă
ř

aăI Jj . pf x i, δpxjqq P Jσri{csKq ^
p
ř

xj :că
ř

aăI Jj
σPp

ř

aăI Ωq

ř

0ďiă
ř

aăI Jj
f xj iq ď p (SM0)

To prove the desired, for each i P r0, I ´ 1s we choose
pi as

ř

xj :băJjpiq
τjpiqPpΩpiqq

ř

0ďkăJjpiq
f xj pk `

ř

dăi Jjrd{isq

and we need to prove

1. p0 ` . . .` pI´1 ď p:

It suffices to prove that
ř

0ďiăI

ř

xj :băJjpiq
τjpiqPdompΩpiqq

ř

0ďkăJjpiq
f xj pk `

ř

dăi Jjpiqrd{isq ď p

We know that domp
ř

aăI Ωq “ dompΩq and from (SM0) we get the desired

2. @0 ď i ă I.ppi, δq P JΩri{aK:

This means given some 0 ď i ă I , from Definition 7 it suffices to prove that

Df 1 : VarsÑ IndicesÑ Pots.
p@pxj :băJjpiq τjpiqq P Ωri{as.@0 ď k ă Jjpiq. pf

1 xj k, δpxjqq P Jτjpiqrk{bsKq ^
p
ř

xj :băJjpiq
PΩri{as

ř

0ďkăJjpiq
f 1 x kq ď pi

We choose f 1 s.t

@xj :băJjpiq τjpiq P pΩri{asq.@0 ď k ă Jjpiq.f
1 xj k “ f xj pk `

ř

dăi Jjrd{isq,

And we need to prove:

(a) @pxj :băJjpiq τjpiqq P Ωri{as.@0 ď k ă Jjpiq. pf
1 xj k, δpxjqq P Jτjpiqrk{bsK:

This means given some pxj :băJjpiq τjpiqq P Ωri{as and some 0 ď k ă Jjpiq and it
suffices to prove that

pf 1 xj k, δpxjqq P Jτjpiqrk{bsK

This means we need to prove that

pf xj pk `
ř

dăi Jjrd{isq, δpxjqq P Jτjpiqrk{bsK (SM1)

Instantiating (SM0) with the given xj and pk `
ř

dăi Jjrd{isq we get

pf xj pk `
ř

dăi Jjrd{isq, δpxjqq P Jσrpk `
ř

dăi Jjrd{isq{csK
And from Definition 2 we get the desired

(b) p
ř

xj :băJjpiq
τjpiqPΩri{as

ř

0ďkăJjpiq
f 1 x kq ď pi:

It suffices to prove that

p
ř

xj :băJjpiq
τjpiqPΩri{as

ř

0ďkăJjpiq
f x pk `

ř

dăi Jjrd{isqq ď pi

Since we know that pi is
ř

xj :băJjpiq
τjpiqPpΩpiqq

ř

0ďkăJjpiq
f xj pk`

ř

dăi Jjrd{isq there-

fore we are done
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Theorem 12 (Fundamental theorem). @Ψ,Θ,∆,Ω,Γ, e, τ P Type.
Ψ; Θ; ∆; Ω; Γ $ e : τ ^ ppl, T , γq P JΓ σιKE ^ ppm, T , δq P JΩ σιKE ^ . |ù ∆ ι ùñ
ppl ` pm, T , e γδq P Jτ σιKE .

Proof. Proof by induction on the typing judgment

1. T-var1:

Ψ; Θ; ∆; Ω; Γ, x : τ $ x : τ
T-var1

Given: ppl, T , γq P JΓ, x : τ σιKE and ppm, T , δq P JΩ σιKE
To prove: ppl ` pm, T , x δγq P Jτ σιKE

Since we are given that ppl, T , γq P JΓ, x : τ σιKE therefore from Definition 7 we know that

Df.pfpxq, T , γpxqq P Jτ σιKE where fpxq ď pl

Therefore from Lemma 70 we get ppl ` pm, T , x δγq P Jτ σιKE

2. T-var2:

Θ,∆ |ù I ě 1

Ψ; Θ; ∆; Ω, x :aăI τ ; Γ $ x : τ r0{as
T-var2

Given: ppl, T , γq P JΓ, σιKE and ppm, T , δq P JpΩ, x :aăI τq σιKE
To prove: ppl ` pm, x δγq P Jτ r0{as σιKE

Since we are given that ppm, T , δq P JpΩ, x :aăI τq σιKE therefore from Definition 7 we know
that

Df : VarsÑ IndicesÑ Pots.
ppf x 0, T , δpxqq P Jτ r0{as σιKEq where pf x 0q ď pm

Therefore from Lemma 70 we get ppl ` pm, T , x δγq P Jτ r0{as σιKE

3. T-unit:

Ψ; Θ; ∆; Ω; Γ $ pq : 1
T-unit

Given: ppl, T , γq P JΓσιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T , pq δγq P J1 σιKE

From Definition 6 it suffices to prove that

@ T 1ăT .pq óT 1 pq ùñ ppm ` pl, T ´ T 1, pqq P J1K

This means given pq ó0 pq it suffices to prove that

ppl ` pm, T , pqq P J1K

We get this directly from Definition 6
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4. T-base:

Ψ; Θ; ∆; Ω; Γ $ c : b
T-base

Given: ppl, T , γq P JΓ, σιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T , cq P JbKE

From Definition 6 it suffices to prove that

@v, T 1ăT .c óT 1 v ùñ ppm ` pl, T ´ T 1, cq P JbK

This means given some v, T 1ăT s.t c óT 1 v. Also from E-val we know that T 1“ 0 therefore
it suffices to prove that

ppl ` pm, T , vq P JbK

From (E-val) we know that v “ c therefore it suffices to prove that

ppl ` pm, T , cq P JbK

We get this directly from Definition 6

5. T-nil:

Ψ; Θ; ∆; Ω; Γ $ nil : L0 τ
T-nil

Given: ppl, T , γq P JΓ, σιKE , ppm, T , δq P JΩ σιKE
To prove: ppl ` pm, T ,nil δγq P JL0 τ σιKE

From Definition 66 it suffices to prove that

@ T 1ăT , v1.nil óT 1 v
1 ùñ ppl ` pm, T ´ T 1, v1q P JL0 τ σιK

This means given some T 1ăT , v1 s.t nil óT 1 v
1 it suffices to prove that

ppl ` pm, T ´ T 1, v1q P JL0 τ σιK

From (E-val) we know that T 1“ 0 and v1 “ nil , therefore it suffices to prove that

ppl ` pm, T ,nilq P JL0 τ σιK

We get this directly from Definition 66

6. T-cons:

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : τ Ψ; Θ; ∆; Ω2; Γ2 $ e2 : Lnτ Θ $ n : N
Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ e1 :: e2 : Ln`1τ

T-cons

Given: ppl, T , γq P JpΓ1 ‘ Γ2qσιKE , ppm, T , δq P JpΩq σιKE
To prove: ppl ` pm, T , pe1 :: e2q δγq P JLn`1 τ σιKE

From Definition 6 it suffices to prove that

@v1, t ăT .pe1 :: e2q δγ ót v
1 ùñ ppl ` pm, T ´t, v

1q P JLn`1 τ σιK
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This means given some v1, t ăT s.t pe1 :: e2q δγ ót v
1, it suffices to prove that

ppl ` pm, T ´t, v
1q P JLn`1 τ σιK

From (E-cons) we know that Dvf , l.v
1 “ vf :: l

Therefore from Definition 6 it suffices to prove that

Dp1, p2.p1 ` p2 ď pl ` pm ^ pp1, T ´t, vf q P Jτ σιK ^ pp2, T ´t, lq P JLnτ σιK (F-C0)

From Definition 7 and Definition 5 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE
Similarly from Definition 7 and Definition 4 we also know that

Dpm1, pm2.pm1 ` pm2 “ pm s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1:

ppl1 ` pm1, T , e1 δγq P Jτ σιKE
Therefore from Definition 6 we have

@t1 ă T.e1 δγ ó vf ùñ ppl1 ` pm1, T ´t1, vf q P JτK

Since we are given that pe1 :: e2q δγ ót vf :: l therefore fom E-cons we also know that
Dt1 ă t. e1 δγ ót1 vf

Therefore we have ppl1 ` pm1, T ´t1, vf q P Jτ σιK (F-C1)

IH2:

ppl2 ` pm2, T , e2 δγq P JLnτ σιKE
Therefore from Definition 6 we have

@t2 ăT .e2 δγ ót2 l ùñ ppl2 ` pm2, T ´t2, lq P JLnτ σιK

Since we are given that pe1 :: e2q δγ ót vf :: l therefore fom E-cons we also know that
Dt2 ă t´ t1. e2 δγ ó l

Since t2 ă t´ t1 ă t ăT , therefore we have

ppl2 ` pm2, T ´t2, lq P JLnτ σιK (F-C2)

In order to prove (F-C0) we choose p1 as pl1` pm1 and p2 as pl2` pm2, we get the desired
from (F-C1), (F-C2) and Lemma 69

7. T-match:

Ψ; Θ; ∆; Ω2; Γ1 $ e : Ln τ

Ψ; Θ; ∆, n “ 0; Ω2; Γ2 $ e1 : τ 1 Ψ; Θ; ∆, n ą 0; Ω2; Γ2, h : τ, t : Ln´1τ $ e2 : τ 1

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ match e with |nil ÞÑ e1 |h :: t ÞÑ e2 : τ 1
T-match

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , ppm, T , δq P JΩ σιKE
To prove: ppl ` pm, T , pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγq P Jτ 1 σιKE
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From Definition 6 it suffices to prove that

@t ăT , vf .pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγ ót vf ùñ ppl ` pm, T ´t, vf q P Jτ 1 σιK

This means given some t ăT , vf s.t pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγ ót vf it suffices
to prove that

ppl ` pm, T ´t, vf q P Jτ 1 σιK (F-M0)

From Definition 7 and Definition 5 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE
Similarly from Definition 7 and Definition 4 we also know that

Dpm1, pm2.pm1 ` pm2 “ pm s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1

ppl1 ` pm1, T , e δγq P JLnτ σιKE

This means from Definition 6 we have

@t1 ăT .e δγ ót1 v1 ùñ ppl1 ` pm1, T ´t
1, v1q P JLnτ σιK

Since we know that pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγ ót vf therefore from E-match
we know that Dt1 ă t, v1.e δγ ót1 v1.

Since t1 ă t ăT , therefore we have ppl1 ` pm1, T ´t
1, v1q P JLnτ σιK

2 cases arise:

(a) v1 “ nil :

In this case we know that n “ 0 therefore

IH2

ppl2 ` pm2, T , e1 δγq P Jτ 1 σιKE

This means from Definition 6 we have

@t1 ăT .e1 δγ ót1 vf ùñ ppl2 ` pm2, T ´t1, vf q P Jτ 1 σιK

Since we know that pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγ ót vf therefore from E-
match we know that Dt1 ă t. e1 δγ ót1 vf .

Since t1 ă t ăT therefore we have

ppl2 ` pm2, T ´t1, vf q P Jτ 1 σιK

And from Lemma 69 we get

ppl2 ` pm2 ` pl1 ` pm1, T ´t, vf q P Jτ 1 σιKE

And finally since pl “ pl1 ` pl2 and pm “ pm1 ` pm2therefore we get

ppl ` pm, T ´t, vf q P Jτ 1 σιKE
And we are done
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(b) v1 “ v :: l:

In this case we know that n ą 0 therefore

IH2

ppl2 ` pm2 ` pl1 ` pm1, T , e2 δγq P Jτ 1 σιKE
where

γ1 “ γ Y th ÞÑ vu Y tt ÞÑ lu and

This means from Definition 6 we have

@t2 ăT .e2 δγ
1 ót2 vf ùñ ppl2 ` pm2 ` pl1 ` pm1, T ´t2, vf q P Jτ 1 σιK

Since we know that pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγ ót vf therefore from E-
match we know that Dt2 ă t. e2 δγ

1 ó vf .

Since t2 ă t ăT therefore we have

ppl2 ` pm2 ` pl1 ` pm1, T ´t2, vf q P Jτ 1 σιK

From Lemma 69 we get

ppl2 ` pm2 ` pl1 ` pm1, T ´t, vf q P Jτ 1 σιK

And finally since pl “ pl1 ` pl2 and pm “ pm1 ` pm2 therefore we get

ppl ` pm, T ´t, vf q P Jτ 1 σιKE
And we are done

8. T-existI:

Ψ; Θ; ∆; Ω; Γ $ e : τ rn{ss Θ $ n :S

Ψ; Θ; ∆; Ω; Γ $ e : Ds :S .τ
T-existI

Given: ppl, T , γq P JΓ σιKE , ppm, T , δq P JΩ σιKE
To prove: ppl ` pm, T , e δγq P JDs.τ σιKE

From Definition 6 it suffices to prove that

@t ăT , vf .e δγ ót vf ùñ ppl ` pm, T ´t, vf δγq P JDs.τ σιK

This means given some t ăT , vf s.t e δγ ót vf it suffices to prove that

ppl ` pm, T ´t, vf q P JDs.τ σιK

From Definition 6 it suffices to prove that

Ds1.ppl ` pm, T ´t, vf q P Jτ rs1{ss σιK (F-E0)

IH: ppl ` pm, T , e δγq P Jτ rn{ss σιKE

This means from Definition 6 we have

@t1 ăT .e δγ ót1 vf ùñ ppl ` pm, T ´t
1, vf q P Jτ rn{ss σιK

Since we are given that e δγ ót vf therefore we get

ppl ` pm, T ´t, vf q P Jτ rn{ss σιK (F-E1)

To prove (F-E0) we choose s1 as n and we get the desired from (F-E1)
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9. T-existsE:

Ψ; Θ; ∆; Ω1; Γ1 $ e : Ds.τ Ψ; Θ, s; ∆; Ω2; Γ2, x : τ $ e1 : τ 1 Ψ; Θ; ∆ $ τ 1 :K

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ e;x.e1 : τ 1
T-existE

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , ppm, T , δq P JpΩq σιKE
To prove: ppl ` pm, T , pe;x.e

1q δγq P Jτ 1 σιKE

From Definition 6 it suffices to prove that

@t ăT , vf .pe;x.e
1q δγ ót vf ùñ ppl ` pm, T ´t, vf q P Jτ 1 σιK

This means given some t ăT , vf s.t pe;x.e1q δγ ót vf it suffices to prove that

ppl ` pm, T ´t, vf q P Jτ 1 σιK (F-EE0)

From Definition 7 and Definition 5 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE
Similarly from Definition 7 and Definition 4 we also know that

Dpm1, pm2.pm1 ` pm2 “ pm s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1

ppl1 ` pm1, T , e δγq P JDs.τ σιKE

This means from Definition 6 we have

@t1 ăT .e δγ ót1 v1 ùñ ppl1, T ´t1, v1q P JDs.τ σιKE

Since we know that pe;x.e1q δγ ót vf therefore from E-existE we know that Dt1 ă

t, v1.e δγ ó v1. Therefore we have

ppl1 ` pm1, T ´t1, v1q P JDs.τ σιK

Therefore from Definition 6 we have

Ds1.ppl1 ` pm1, T ´t1, v1q P Jτ rs1{ss σιK (F-EE1)

IH2

ppl2 ` pm2 ` pl1 ` pm1, T , e
1 δ1γq P Jτ 1 σι1KE

where

δ1 “ δ Y tx ÞÑ e1u and ι1 “ ιY ts ÞÑ s1u

This means from Definition 6 we have

@t2 ăT .e1 δ1γ ót2 vf ùñ ppl2 ` pm2 ` pl1 ` pm1, T ´t2, vf q P Jτ 1 σι1K

Since we know that pe;x.e1q δγ ót vf therefore from E-existE we know that Dt2 ă t.
e1 δ1γ ó vf .

Since t2 ă t ăT therefore we have
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ppl2 ` pm2 ` pl1 ` pm1, T ´t2, vf q P Jτ 1 σι1K

Since pl “ pl1 ` pl2 and pm “ pm1 ` pm2 therefore we get

ppl ` pm, T ´t2, vf q P Jτ 1 σι1K

And finally from Lemma 69 and since we have Ψ; Θ; ∆ $ τ 1 :K therefore we also have

ppl ` pm, T ´t, vf q P Jτ 1 σιK

And we are done.

10. T-lam:

Ψ; Θ; ∆; Ω; Γ, x : τ1 $ e : τ2

Ψ; Θ; ∆; Ω; Γ $ λx.e : pτ1 ( τ2q
T-lam

Given: ppl, T , γq P JΓ, σιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T , pλx.eq δγq P Jpτ1 ( τ2q σιKE

From Definition 6 it suffices to prove that

@t ăT , vf .pλx.eq δγ ót vf ùñ ppl ` pm, T ´t, vf q P Jpτ1 ( τ2q σιK

This means given some t ăT , vf s.t pλx.eq δγ ót vf . From E-val we know that t “ 0 and
vf “ pλx.eq δγ. Therefore we have

ppl ` pm, T , pλx.eq δγq P Jpτ1 ( τ2q σιK

From Definition 6 it suffices to prove that

@p1, e1, T 1ăT .pp1, T 1, e1q P Jτ1 σιKE ùñ ppl ` pm ` p
1, T 1, ere1{xsq P Jτ2 σιKE

This means given some p1, e1, T 1ăT s.t pp1, T 1, e1q P Jτ1 σιKE it suffices to prove that

ppl ` pm ` p
1, T 1, ere1{xsq P Jτ2 σιKE (F-L1)

From IH we know that

ppl ` p
1 ` pm, T , e δγ

1q P Jτ2 σιKE
where

γ1 “ γ Y tx ÞÑ e1u

Therefore from Lemma 70 we get the desired

11. T-app:

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : pτ1 ( τ2q Ψ; Θ; ∆; Ω2; Γ2 $ e2 : τ1

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ e1 e2 : τ2
T-app

Given: ppl, T , γq P JpΓ1 ‘ Γ2qσιKE , ppm, δq P JpΩ1 ‘ Ω2q σιKE and |ù ∆ ι

To prove: ppl ` pm, T , e1 e2 δγq P Jτ2 σιKE

From Definition 6 it suffices to prove that

@t ăT , vf .pe1 e2q δγ ót vf ùñ ppm ` pl, T ´t, vf q P Jτ2 σιK
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This means given some t ăT , vf s.t pe1 e2q δγ ót vf it suffices to prove that

ppm ` pl, T ´t, vf q P Jτ2 σιK (F-A0)

From Definition 7 and Definition 5 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE

Similarly from Definition 7 and Definition 4 we also know that Dpm1, pm2.pm1 ` pm2 “ pm
s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1

ppl1 ` pm1, T , e1 δγq P Jpτ1 ( τ2q σιKE

This means from Definition 6 we have

@t1 ăT .e1 ót1 λx.e ùñ ppl1 ` pm1, T ´t1, λx.eq P Jpτ1 ( τ2q σιK

Since we know that pe1 e2q δγ ót vf therefore from E-app we know that Dt1 ă t.e1 ót1 λx.e,
therefore we have

ppl1 ` pm1, T ´t1, λx.eq P Jpτ1 ( τ2q σιK

Therefore from Definition 6 we have

@p1, e1, T1ăT ´t1.pp
1, T1, e

1
1q P Jτ1 σιKE ùñ ppl1 ` pm1 ` p1, T1, ere

1
1{xsq P Jτ2 σιKE

(F-A1)

IH2

ppl2 ` pm2, T ´t1 ´ 1, e2 δγq P Jτ1 σιKE (F-A2)

Instantiating (F-A1) with pl2 ` pm2 and e2 δγ we get

ppl1 ` pm1 ` pl2 ` pm2, T ´t1 ´ 1, ere2 δγ{xsq P Jτ2 σιKE

This means from Definition 6 we have

@t2 ăT ´t1 ´ 1.ere2 δγ{xs ót2 vf ùñ ppl ` pm, T ´t1 ´ 1´ t2, vf q P Jτ2 σιK

Since we know that pe1 e2q δγ ót vf therefore from E-app we know that Dt2.ere2 δγ{xs ót2
vf , where t2 “ t´ t1 ´ 1, therefore we have

ppl ` pm, T ´t1 ´ t2 ´ 1, vf q P Jτ2 σιK

Since from E-app we know that t “ t1 ` t2 ` 1, this proves (F-A0)

12. T-sub:

Ψ; Θ; ∆; Ω; Γ $ e : τ Θ; ∆ $ τ ă: τ 1

Ψ; Θ; ∆; Ω; Γ $ e : τ 1
T-sub

Given: ppl, T , γq P JpΓqσιKE , ppm, T , δq P JpΩq σιKE
To prove: ppl ` pm, T , e δγq P Jτ 1 σιKE
IH ppl ` pm, T , e δγq P Jτ σιKE

We get the desired directly from IH and Lemma 73
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13. T-weaken:

Ψ; Θ; ∆; Ω; Γ $ e : τ Ψ; Θ |ù Γ1 ă: Γ Ψ; Θ |ù Ω1 ă: Ω

Ψ; Θ; ∆; Ω1; Γ1 $ e : τ
T-weaken

Given: ppl, T , γq P JpΓ1qσιKE , ppm, T , δq P JpΩ1q σιKE
To prove: ppl ` pm, T , e δγq P Jτ σιKE

Since we are given that ppl, T , γq P JpΓ1qσιKE therefore from Lemma 15 we also have
ppl, T , γq P JpΓqσιKE

Similarly since we are given that ppm, T , δq P JpΩ1qσιKE therefore from Lemma 16 we also
have ppm, T , δq P JpΩqσιKE

IH:

ppl ` pm, T , e δγq P Jτ σιKE

We get the desired directly from IH

14. T-tensorI:

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : τ1 Ψ; Θ; ∆; Ω2; Γ2 $ e2 : τ1

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ xxe1, e2yy : pτ1 b τ2q
T-tensorI

Given: ppl, T , γq P JpΓ1 ‘ Γ2qσιKE , ppm, T , δq P JpΩ1 ‘ Ω2q σιKE
To prove: ppl ` pm, T , xxe1, e2yy δγq P Jpτ1 b τ2q σιKE

From Definition 6 it suffices to prove that

@t ăT .xxe1, e2yy δγ ót xxvf1, vf2yy ùñ ppl ` pm, T ´t, xxvf1, vf2yy P Jpτ1 b τ2q σιK

This means given some t ăT s.t xxe1, e2yy δγ ót xxvf1, vf2yy it suffices to prove that

ppl ` pm, T ´t, xxvf1, vf2yyq P Jpτ1 b τ2q σιK (F-TI0)

From Definition 7 and Definition 5 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE

Similarly from Definition 7 and Definition 4 we also know that Dpm1, pm2.pm1 ` pm2 “ pm
s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1:

ppl1 ` pm1, T , e1 δγq P Jτ1 σιKE
Therefore from Definition 6 we have

@t1 ăT .e1 δγ ót1 vf1 ùñ ppl1 ` pm1, T ´t1, vf1q P Jτ1 σιK

Since we are given that xxe1, e2yy δγ ót xxvf1, vf2yy therefore fom E-TI we know that Dt1 ă
t.e1 δγ ót1 vf1
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Hence we have ppl1 ` pm1, T ´t1, vf1q P Jτ1 σιK (F-TI1)

IH2:

ppl2 ` pm2, T , e2 δγq P Jτ2 σιKE
Therefore from Definition 6 we have

@t2 ăT .e2 δγ ót2 vf2 ùñ ppl2 ` pm2, T ´t2, vf2 P Jτ2 σιK

Since we are given that xxe1, e2yy δγ ót xxvf1, vf2yy therefore fom E-TI we also know that
Dt2 ă t.e2 δγ ót2 vf2

Since t2 ă t ăT therefore we have

ppl2 ` pm2, T ´t2, vf2q P Jτ2 σιK (F-TI2)

Applying Lemma 69 on (F-TI1) and (F-TI2) and by using Definition 66 we get the desired.

15. T-tensorE:

Ψ; Θ; ∆; Ω1; Γ1 $ e : pτ1 b τ2q Ψ; Θ; ∆; Ω2; Γ2, x : τ1, y : τ2 $ e1 : τ

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ letxxx, yyy “ e in e1 : τ
T-tensorE

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , ppm, T , δq P JΩ σιKE
To prove: ppl ` pm, T , pletxxx, yyy “ e in e1q δγq P Jτ σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pletxxx, yyy “ e in e1q δγ ót vf ùñ ppl ` pm, T ´t, vf q P Jτ σιK

This means given some t ăT , vf s.t pletxxx, yyy “ e in e1q δγ ót vf it suffices to prove that

ppl ` pm, T ´t, vf q P Jτ σιK (F-TE0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE

Similarly from Definition 7 and Definition 4 we also know that Dpm1, pm2.pm1 ` pm2 “ pm
s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1

ppl1 ` pm1, T , e δγq P Jpτ1 b τ2q σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 xxv1, v2yy δγ ùñ ppl1 ` pm1, T ´t1, xxv1, v2yyq P Jpτ1 b τ2q σιK

Since we know that pletxxx, yyy “ e in e1q δγ ót vf therefore from E-subExpE we know that
Dt1 ă t, v1, v2.e δγ ót1 xxv1, v2yy. Therefore we have

ppl1 ` pm1, T ´t1, xxv1, v2yyq P Jpτ1 b τ2q σιKE
From Definition 66 we know that
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Dp1, p2.p1 ` p2 ď pl1 ` pm1 ^ pp1, T , v1q P Jτ1 σιK ^ pp2, T , v2q P Jτ2 σιK (F-TE1)

IH2

ppl2 ` pm2 ` p1 ` p2, T , e
1 δγ1q P Jτ σιKE

where

γ1 “ γ Y tx ÞÑ v1u Y ty ÞÑ v2u

This means from Definition 66 we have

@t2 ăT .e1 δγ1 ót2 vf ùñ ppl2 ` pm2 ` p1 ` p2, T ´t2, vf q P Jτ σιK

Since we know that pletxxx, yyy “ e in e1q δγ ót vf therefore from E-TE we know that
Dt2 ă t.e1 δγ1 ót2 vf . Therefore we have

ppl2 ` pm2 ` p1 ` p2, T ´t2, vf q P Jτ σιK

From Lemma 69 we get

ppl ` pm, T ´t, vf q P Jτ σιKE
And we are done

16. T-withI:

Ψ; Θ; ∆; Ω; Γ $ e1 : τ1 Ψ; Θ; ∆; Ω; Γ $ e2 : τ1

Ψ; Θ; ∆; Ω; Γ $ xe1, e2y : pτ1 & τ2q
T-withI

Given: ppl, T , γq P JΓσιKE , ppm, T , δq P JΩ σιKE
To prove: ppl ` pm, T , xe1, e2y δγq P Jpτ1 & τ2q σιKE

From Definition 66 it suffices to prove that

@t ăT .xe1, e2y δγ ót xvf1, vf2y ùñ ppl ` pm, T ´t, xvf1, vf2y P Jpτ1 & τ2q σιK

This means given xe1, e2y δγ ót xvf1, vf2y it suffices to prove that

ppl ` pm, T ´t, xvf1, vf2yq P Jpτ1 & τ2q σιK (F-WI0)

IH1:

ppl ` pm, T , e1 δγq P Jτ1 σιKE
Therefore from Definition 66 we have

@t1 ăT .e1 δγ ót1 vf1 ùñ ppl ` pm, T ´t1, vf1q P Jτ1 σιK

Since we are given that xe1, e2y δγ ót xvf1, vf2y therefore fom E-WI we know that Dt1 ă
t.e1 δγ ót1 vf1

Since t1 ă t ăT , therefore we have

ppl ` pm, T ´t1, vf1q P Jτ1 σιK (F-WI1)

IH2:

ppl ` pm, T , e2 δγq P Jτ2 σιKE
Therefore from Definition 66 we have
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@t2 ăT .e2 δγ ót2 vf2 ùñ ppl ` pm, T ´t2, vf2 P Jτ2 σιK

Since we are given that xe1, e2y δγ ót xvf1, vf2y therefore fom E-WI we also know that
Dt2 ă t.e2 δγ ót2 vf2

Since t2 ă t ăT , therefore we have

ppl ` pm, T ´t2, vf2q P Jτ2 σιK (F-WI2)

Applying Lemma 69 on (F-W1) and (F-W2) we get the desired.

17. T-fst:

Ψ; Θ; ∆; Ω; Γ $ e : pτ1 & τ2q

Ψ; Θ; ∆; Ω; Γ $ fstpeq : τ1
T-fst

Given: ppl, T , γq P JpΓq σιKE , p0, T , δq P JΩ σιKE
To prove: ppl ` pm, T , pfstpeqq δγq P Jτ1 σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pfstpeqq δγ ót vf ùñ ppl ` pm, T ´t, vf q P Jτ1 σιK

This means given some t ăT , vf s.t pfstpeqq δγ ót vf it suffices to prove that

ppl ` pm, T ´t, vf q P Jτ1 σιK (F-F0)

IH

ppl ` pm, T , e δγq P Jpτ1 & τ2q σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 xv1, v2y δγ ùñ ppl ` pm, T ´t1, xv1, v2yq P Jpτ1 & τ2q σιK

Since we know that pfstpeqq δγ ót vf therefore from E-fst we know that Dt1 ă t.v1, v2.e δγ ót1
xv1, v2y.

Since t1 ă t ăT , therefore we have

ppl ` pm, T ´t1, xv1, v2yq P Jpτ1 & τ2q σιK

From Definition 66 we know that

ppl ` pm, T ´t1, v1q P Jτ1 σιK

Finally using Lemma 69 we also have

ppl ` pm, T ´t, v1q P Jτ1 σιK

Since from E-fst we know that vf “ v1, therefore we are done.

18. T-snd:

Similar reasoning as in T-fst case above.
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19. T-inl:

Ψ; Θ; ∆; Ω; Γ $ e : τ1

Ψ; Θ; ∆; Ω; Γ $ inlpeq : τ1 ‘ τ2
T-inl

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE
To prove: ppl ` pm, T , inlpeq δγq P Jpτ1 ‘ τ2q σιKE

From Definition 66 it suffices to prove that

@t ăT .inlpeq δγ ót inlpvq ùñ ppl ` pm, T ´t, inlpvq P Jpτ1 ‘ τ2q σιK

This means given some t ăT s.t inlpeq δγ ót inlpvq it suffices to prove that

ppl ` pm, T ´t, inlpvqq P Jpτ1 ‘ τ2q σιK (F-IL0)

IH:

ppl ` pm, T , e1 δγq P Jτ1 σιKE
Therefore from Definition 66 we have

@t1 ăT .e1 δγ ót1 vf1 ùñ ppl ` pm, T ´t1, vf1q P Jτ1 σιK

Since we are given that inlpeq δγ ót inlpvq therefore fom E-inl we know that Dt1 ă t.e δγ ót1
v

Hence we have ppl ` pm, T ´t1, vq P Jτ1 σιK

From Lemma 69 we get ppl ` pm, T ´t, vq P Jτ1 σιK

And finally from Definition 66 we get (F-IL0)

20. T-inr:

Similar reasoning as in T-inr case above.

21. T-case:

Ψ; Θ; ∆; Ω; Γ1 $ e : pτ1 ‘ τ2q

Ψ; Θ; ∆; Ω; Γ2, x : τ1 $ e1 : τ Ψ; Θ; ∆; Ω; Γ2, y : τ2 $ e2 : τ

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ case e of e1; e2 : τ
T-case

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , p0, T , δq P JΩ σιKE
To prove: ppl ` pm, T , pcase e of e1; e2q δγq P Jτ σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pcase e of e1; e2q δγ ót vf ùñ ppl ` pm, T ´t, vf q P Jτ σιK

This means given some t ăT , vf s.t pcase e of e1; e2q δγ ót vf it suffices to prove that

ppl ` pm, T ´t, vf q P Jτ σιK (F-C0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE
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Similarly from Definition 7 and Definition 4 we also know that Dpm1, pm2.pm1 ` pm2 “ pm
s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1

ppl1 ` pm1, T , e δγq P Jpτ1 ‘ τ2q σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 v1 δγ ùñ ppl1 ` pm1, T ´t
1, v1q P Jpτ1 ‘ τ2q σιK

Since we know that pcase e of e1; e2q δγ ót vf therefore from E-case we know that Dt1 ă
t, v1.e δγ ót1 v1.

Since t1 ă t ăT , therefore we have

ppl1 ` pm1, T ´t
1, v1q P Jpτ1 ‘ τ2q σιK

2 cases arise:

(a) v1 “ inlpvq:

IH2

ppl2 ` pm2pl1 ` pm1, T ´t
1, e1 δγ

1q P Jτ σιKE
where

γ1 “ γ Y tx ÞÑ vu

This means from Definition 66 we have

@t1 ăT ´t
1.e1 δγ

1 ót1 vf ùñ ppl2 ` pm2 ` pl1 ` pm1, T ´t
1 ´ t1, vf q P Jτ σιK

Since we know that pcase e of e1; e2q δγ ót vf therefore from E-case we know that
Dt1.e1 δγ

1 ó vf where t1 “ t´ t1 ´ 1.

Since t1 “ t´ t1 ´ 1 ăT ´t1 therefore we have

ppl2 ` pm2 ` pl1 ` pm1, T ´t
1 ´ t1, vf q P Jτ σιK

From Lemma 69 we get

ppl2 ` pm2 ` pl1 ` pm1, T ´t, vf q P Jτ σιKE
And we are done

(b) v1 “ inrpvq:

Similar reasoning as in the inl case above.

22. T-subExpI:

Ψ; Θ, a; ∆, a ă I; Ω; . $ e : τ

Ψ; Θ; ∆;
ÿ

aăI

Ω; . $!e :!aăIτ
T-subExpI

Given: ppl, γq P J.KE , ppm, δq P Jp
ř

aăI Ωq σιKE and |ù ∆ ι

To prove: ppl ` pm, !e δγq P J!aăIτ σιKE

From Definition 6 it suffices to prove that

@t ăT .p!eq δγ ót p!eq δγ ùñ ppm ` pl, T ´t, p!eq δγq P J!aăIτ σιK
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This means given some t ăT . s.t p!eq δγ ót p!eq δγ it suffices to prove that

ppm ` pl, T ´t, p!eq δγq P J!aăIτ σιK

From Definition 6 it suffices to prove that

Dp0, . . . , pI´1.p0` . . .` pI´1 ď ppm` plq ^ @0 ď i ă I.ppi, T , e δγq P Jτ ri{asKE (F-SI0)

Since we know that ppm, T , δq P Jp
ř

aăI Ωq σιKE therefore from Lemma 11 we know that

Dp10, . . . , p
1
I´1. p10 ` . . .` p

1
I´1 ď pm ^ @0 ď i ă I.ppi, T , δq P JΩri{asKE (F-SI1)

Instantiating IH with each p10 . . . p
1
I´1 we get

pp10, T , e δγq P Jτ r0{as σιKE and

. . .

pp1I´1, T , e δγq P Jτ rI ´ 1{as σιKE (F-SI2)

Therefore we get (F-SI0) from (F-SI1) and (F-SI2)

23. T-subExpE:

Ψ; Θ; ∆; Ω1; Γ1 $ e : p!aăIτq Ψ; Θ; ∆; Ω2, x :aăI τ ; Γ2 $ e1 : τ 1

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ let !x “ e in e1 : τ 1
T-subExpE

Given: ppl, γq P JpΓ1 ‘ Γ2q σιKE , ppm, δq P JpΩ1 ‘ Ω2q σιKE and |ù ∆ ι

To prove: ppl ` pm, plet !x “ e in e1q δγq P Jτ 1 σιKE

From Definition 6 it suffices to prove that

@t ăT , vf .plet !x “ e in e1q δγ ót vf ùñ ppm ` pl, T ´t, vf q P Jτ 1 σιK

This means given some t ăT s.t. plet !x “ e in e1q δγ ót vf it suffices to prove that

ppm ` pl, T ´t, vf q P Jτ 1 σιK (F-SE0)

From Definition 7 and Definition 5 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE

Similarly from Definition 7 and Definition 4 we also know that Dpm1, pm2.pm1 ` pm2 “ pm
s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1

ppl1 ` pm1, T , e δγq P J!aăIτ σιKE

This means from Definition 6 we have

@t1 ăT .e δγ ót1 !e1 δγ ùñ ppl1 ` pm1, T ´t1, !e1 δγq P J!aăIτ σιK

Sice we know that plet !x “ e in e1q δγ ót vf therefore from E-subExpE we know that
Dt1 ă t, e1.e δγ ót1 !e1 δγ. Therefore we have

ppl1 ` pm1, T ´t1, !e1 δγq P J!aăIτ σιK
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Therefore from Definition 6 we have

Dp0, . . . , pI´1.p0 ` . . .` pI´1 ď ppl1 ` pm1q ^ @0 ď i ă I.ppi, T ´t1, e1 δγq P Jτ ri{asKE
(F-SE1)

IH2

ppl2 ` pm2 ` p0 ` . . .` pI´1, T ´t1, e
1 δ1γq P Jτ 1 σιKE

where

δ1 “ δ Y tx ÞÑ e1u

This means from Definition 6 we have

@t2 ăT ´t1.e
1 δ1γ ót2 vf ùñ ppl2 ` pm2 ` p0 ` . . .` pI´1, T ´t1 ´ t2, vf q P Jτ 1 σιK

Since we know that plet !x “ e in e1q δγ ót vf therefore from E-subExpE we know that
Dt2.e

1 δ1γ ó vf s.t. t2 “ t´ t1 ´ 1. Therefore we have

ppl2 ` pm2 ` p0 ` . . .` pI´1, T ´t1 ´ t2, vf q P Jτ 1 σιK

Since from (F-SE1) we know that p0 ` . . . ` pI´1 ď pl1 ` pm1 therefore from Lemma 70
we get

ppl2 ` pm2 ` pl1 ` pm1, T ´t, vf q P Jτ 1 σιK

And finally since pl “ pl1 ` pl2 and pm “ pm1 ` pm2 therefore we get

ppl ` pm, T ´t, vf q P Jτ 1 σιK

And we are done

24. T-tabs:

Ψ, α :K; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ.e : p@α :K .τq
T-tabs

Given: ppl, T , γq P JΓσιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T ,Λ.e δγq P Jp@α :K .τq σιKE

From Definition 6 it suffices to prove that

@t ăT , v.Λ.e δγ ót v ùñ ppm ` pl, T ´t, vq P Jp@α :K .τq σιK

This means given some v s.t Λ.e δγ ó v and from (E-val) we know that v “ Λ.e δγ and
t “ 0 therefore it suffices to prove that

ppl ` pm, T ,Λ.e δγq P Jp@α :K .τq σιK

From Definition 6 it suffices to prove that

@τ 1, T 1ăT .ppl ` pm, T
1, e δγq P Jτ rτ 1{αsσιKE

This means given some τ 1, T 1ăT it suffices to prove that

ppl ` pm, T
1, e δγq P Jτ rτ 1{αs σιKE (F-TAb0)

IH ppl ` pm, T , e δγq P Jτ σ1ιKE
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where

σ1 “ σ Y tα ÞÑ τ 1u

We get the desired directly from IH

25. T-tapp:

Ψ; Θ; ∆; Ω; Γ $ e : p@α :K .τq Ψ; Θ; ∆ $ τ 1 : K

Ψ; Θ; ∆; Ω; Γ $ e rs : pτ rτ 1{αsq
T-tapp

Given: ppl, T , γq P JΓσιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T , e rs δγq P Jpτ rτ 1{αsq σιKE

From Definition 6 it suffices to prove that

@t ăT , vf .pe rsq δγ ót vf ùñ ppm ` pl, T ´t, vf q P Jpτ rτ 1{αsq σιK

This means given some t ăT , vf s.t pe rsq δγ ót vf it suffices to prove that

ppm ` pl, T ´t, vf q P Jpτ rτ 1{αsq σιK (F-Tap0)

IH

ppl ` pm, T , e δγq P Jp@α.τq σιKE

This means from Definition 6 we have

@t1 ăT , v
1.e δγ ót1 v

1 ùñ ppl ` pm, T ´t1, v
1q P Jp@ατq σιK

Since we know that pe rsq δγ ót vf therefore from E-tapp we know that Dt1 ă t.eδγ ót1 Λ.e,
therefore we have

ppl ` pm, T ´t1,Λ.eq P Jp@α.τq σιK

Therefore from Definition 6 we have

@τ2, T1ăT ´t1.ppl ` pm, T ´t1´ T1, e δγq P Jτ rτ2{αs σιKE

Instantiating it with the given τ 1 and T ´t1 ´ 1 we get

ppl ` pm, T ´t1 ´ 1, e δγq P Jτ rτ 1{αs σιKE

From Definition 6 we know that

@t2 ăT ´t1 ´ 1, v2.e δγ ót2 v
2 ùñ ppl ` pm, T ´t1 ´ 1´ t2, v

2q P Jτ rτ 1{αs σιK

Since we know that pe rsq δγ ót vf therefore from E-tapp we know that Dt2.e ót2 vf where
t2 “ t´ t1 ´ 1

Since t2 “ t´ t1 ´ 1 ăT ´t1 ´ 1 , therefore we have

ppl ` pm, T ´t, vf q P Jτ rτ 1{αs σιK

And we are done.
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26. T-iabs:

Ψ; Θ, i :S; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ.e : p@i :S .τq
T-iabs

Given: ppl, T , γq P JΓ, σιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T ,Λ.e δγq P Jp@i :S .τq σιKE

From Definition 6 it suffices to prove that

@t ăT , v.Λ.e δγ ót v ùñ ppm ` pl, T ´t, vq P Jp@i :S .τq σιK

This means given some t ăT , v s.t Λ.e δγ ót v and from (E-val) we know that v “ Λ.e δγ
and t “ 0 therefore it suffices to prove that

ppl ` pm, T ,Λ.e δγq P Jp@i :S .τq σιK

From Definition 6 it suffices to prove that

@I.ppl ` pm, T , eq P Jτ rI{is σιKE

This means given some I it suffices to prove that

ppl ` pm, T , eq P Jτ rI{is σιKE (F-TAb0)

IH ppl ` pm, T , e δγq P Jτ σι1KE
where

ι1 “ ιY ti ÞÑ Iu

We get the desired directly from IH

27. T-iapp:

Ψ; Θ; ∆; Ω; Γ $ e : p@i :S .τq Θ $ I : S

Ψ; Θ; ∆; Ω; Γ $ e rs : pτ rI {isq
T-iapp

Given: ppl, T , γq P JΓσιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T , e rs δγq P Jpτ rI {isq σιKE

From Definition 6 it suffices to prove that

@t ăT , vf .pe rsq δγ ót vf ùñ ppm ` pl, T ´t, vf q P Jpτ rI {isq σιK

This means given some t ăT , vf s.t pe rsq δγ ót vf it suffices to prove that

ppm ` pl, T ´t, vf q P Jpτ rI {isq σιK (F-Iap0)

IH

ppl ` pm, T , e δγq P Jp@i :S .τq σιKE

This means from Definition 6 we have

@t1 ăT , v
1.e δγ ót1 v

1 ùñ ppl ` pm, T ´t1, v
1q P Jp@i :S .τq σιK
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Since we know that pe rsq δγ ót vf therefore from (E-iapp) we know that Dt1 ă t.eδγ ót1
Λ.e, therefore we have

ppl ` pm, T ´t1,Λ.eq P Jp@i :S .τq σιK

Therefore from Definition 6 we have

@I2, T1ăT ´t1.ppl ` pm, T ´t1´ T1, e δγq P Jτ rI2{is σιKE

Instantiating it with the given I and T ´t1 ´ 1 we get

ppl ` pm, T ´t1 ´ 1, e δγq P Jτ rI{is σιKE

From Definition 6 we know that

@v2, t2 ăT ´t1 ´ 1.e δγ ót2 v
2 ùñ ppl ` pm, T ´t1 ´ 1´ t2, v

2q P Jτ rI{is σιK

Since we know that pe rsq δγ ót vf therefore from E-iapp we know that Dt2.e ót2 vf where
t2 “ t´ t1 ´ 1

Since t2 “ t´ t1 ´ 1 ăT ´t1 ´ 1 , therefore we have

ppl ` pm, vf q P Jτ rI{is σιK

And we are done.

28. T-CI:

Ψ; Θ; ∆, c; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ.e : pcñτq
T-CI

Given: ppl, T , γq P JΓσιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T ,Λ.e δγq P Jpcñτq σιKE

From Definition 6 it suffices to prove that

@v, t ăT .Λ.e δγ ót v ùñ ppm ` pl, T ´t, vq P Jpcñτq σιK

This means given some v, t ăT s.t Λ.e δγ ót v and from (E-val) we know that v “ Λ.e δγ
and t “ 0 therefore it suffices to prove that

ppl ` pm, T ,Λ.e δγq P Jpcñτq σιK

From Definition 6 it suffices to prove that

@ T 1ăT . |ù c ι ùñ ppl ` pm, T
1, e δγq P JτσιKE

This means given some T 1ăT s.t. . |ù c ι it suffices to prove that

ppl ` pm, T
1, e δγq P Jτ σιKE

IH ppl ` pm, T
1, e δγq P Jτ σιKE

We get the desired directly from IH
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29. T-CE:

Ψ; Θ; ∆; Ω; Γ $ e : pcñτq Θ; ∆ |ù c

Ψ; Θ; ∆; Ω; Γ $ ers : τ
T-CE

Given: ppl, T , γq P JΓσιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T , e rs δγq P Jpτq σιKE

From Definition 6 it suffices to prove that

@vf , t ăT .pe rsq δγ ót vf ùñ ppm ` pl, T ´t, vf q P Jpτq σιK

This means given some vf , t ăT s.t. pe rsq δγ ót vf it suffices to prove that

ppm ` pl, T ´t, vf q P Jpτq σιK (F-Tap0)

IH

ppl ` pm, T , e δγq P Jpcñ τq σιKE

This means from Definition 6 we have

@v1, t1 ăT .e δγ ót1 v
1 ùñ ppl ` pm, T ´t

1, v1q P Jpcñ τq σιK

Since we know that pe rsq δγ ót vf therefore from E-CE we know that Dt1 ă t.eδγ ót1 Λ.e1,
therefore we have

ppl ` pm, T ´t
1,Λ.e1q P Jpcñ τq σιK

Therefore from Definition 6 we have

@t2 ăT ´t1. |ù c ι ùñ ppl ` pm, T ´t
1 ´ t2, e1 δγq P Jτ σιKE

Since we are given Θ; ∆ |ù c and . |ù ∆ ι. Therefore instantiating it with T ´t1 ´ 1 and
since we know that . |ù c ι. Hence we get

ppl ` pm, T ´t
1 ´ 1, e1 δγq P Jτ σιKE

This means from Definition 6 we have

@v1f , t
2 ăT ´t1 ´ 1.pe1q δγ ó v1f ùñ ppm ` pl, v

1
f q P Jpτq σιK

Since from E-CE we know that e1δγ ót vf therefore we know that Dt2.e1 δγ ót2 vf s.t
t “ t1 ` t2 ` 1

Therefore instantiating (F-CE1) with the given vf and t2 we get

ppm ` pl, T ´t, vf q P Jpτq σιK

and we are done.

30. T-CAndI:

Ψ; Θ; ∆; Ω; Γ $ e : τ Θ; ∆ |ù c

Ψ; Θ; ∆; Ω; Γ $ e : pc&τq
T-CAndI

Given: ppl, T , γq P JΓ σιKE , ppm, T , δq P JΩ σιKE
To prove: ppl ` pm, T , e δγq P Jc&τ σιKE
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From Definition 6 it suffices to prove that

@vf , t ăT .e δγ ót vf ùñ ppl ` pm, T ´t, vf δγq P Jc&τ σιK

This means given some vf , t ăT s.t e δγ ót vf it suffices to prove that

ppl ` pm, T ´t, vf q P Jc&τ σιK

From Definition 6 it suffices to prove that

. |ù cι ^ ppl ` pm, T ´t, vf q P Jτ σιK

Since we are given that . |ù ∆ι and Θ; ∆ |ù c therefore it suffices to prove that

ppl ` pm, T ´t, vf q P Jτ σιK (F-CAI0)

IH: ppl ` pm, T , e δγq P Jτ σιKE

This means from Definition 6 we have

@t1 ăT .e δγ ót1 vf ùñ ppl ` pm, T ´t
1, vf q P Jτ σιK

Since we are given that e δγ ót vf therefore we get

ppl ` pm, T ´t, vf q P Jτ σιK (F-CAI1)

We get the desired from (F-CAI1)

31. T-CAndE:

Ψ; Θ; ∆; Ω; Γ1 $ e : pc&τq Ψ; Θ; ∆, c; Ω; Γ2, x : τ $ e1 : τ 1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ cletx “ e in e1 : τ 1
T-CAndE

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , ppm, T , δq P JpΩq σιKE
To prove: ppl ` pm, T , pcletx “ e in e1q δγq P Jτ 1 σιKE

From Definition 6 it suffices to prove that

@vf , t ăT .pcletx “ e in e1q δγ ót vf ùñ ppl ` pm, T ´t, vf q P Jτ 1 σιK

This means given some vf , t ăT s.t. pcletx “ e in e1q δγ ót vf it suffices to prove that

ppl ` pm, T ´t, vf q P Jτ 1 σιK (F-CAE0)

From Definition 7 and Definition 5 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE
Similarly from Definition 7 and Definition 4 we also know that

Dpm1, pm2.pm1 ` pm2 “ pm s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1

ppl1 ` pm1, T , e δγq P Jc&τ σιKE

This means from Definition 6 we have

@t1 ăT .e δγ ót1 v1 ùñ ppl1, T ´t1v1q P Jc&τ σιKE
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Since we know that pcletx “ e in e1q δγ ót vf therefore from E-CAndE we know that
Dt1 ă t, v1.e δγ ót1 v1. Therefore we have

ppl1 ` pm1, T ´t1, v1q P Jc&τ σιK

Therefore from Definition 6 we have

. |ù cι ^ ppl1 ` pm1, T ´t1, v1q P Jτ σιK (F-CAE1)

IH2

ppl2 ` pm2 ` pl1 ` pm1, T ´t1, e
1 δγ1q P Jτ 1 σιKE

where

γ1 “ γ Y tx ÞÑ v1u

This means from Definition 6 we have

@t2 ăT .e1 δγ1 ót2 vf ùñ ppl2 ` pm2 ` pl1 ` pm1, T ´t1 ´ t2, vf q P Jτ 1 σιK

Since we know that pcletx “ e in e1q δγ ót vf therefore from E-CAndE we know that
Dt2.e

1 δ1γ ót2 vf s.t t2 “ t´ t1 ´ 1

Therefore we have

ppl2 ` pm2 ` pl1 ` pm1, T ´t1 ´ t2, vf q P Jτ 1 σι1K

Since pl “ pl1 ` pl2 and pm “ pm1 ` pm2 therefore we get

ppl ` pm, T ´t, vf q P Jτ 1 σι1K

And we are done.

32. T-fix:

Ψ; Θ, b; ∆, b ă L; Ω, x :aăI τ rpb` 1`
b`1,a
ï

b

Iq{bs; . $ e : τ L ě
0,1
ï

b

I

Ψ; Θ; ∆;
ÿ

băL

Ω; . $ fixx.e : τ r0{bs
T-fix

Given: ppl, T , γq P J.KE , ppm, T , δq P J
ř

băL Ω σιKE and |ù ∆ ι

To prove: ppl ` pm, T , pfixx.eq δγq P Jτ r0{bs σιKE

From Definition 6 it suffices to prove that

@ T 1ăT , vf .pfixx.eq δγ óT 1 vf ùñ ppm ` pl, T ´ T 1, vf q P Jτ r0{bs σιK

This means given some t ăT , vf s.t. fixx.e δγ óT 1 vf therefore it suffices to prove that

ppl ` pm, T ´ T 1, vf q P Jτ r0{bs σιK (F-FX0)

Also from Lemma 11 we know that

Dp10, . . . , p
1
pI´1q. p

1
0 ` . . .` p

1
pL´1q ď pm ^ @0 ď i ă L.ppi, δq P JΩri{aKE

We define
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pN pleafq fi p1leaf

pN ptq fi p1t ` p
ř

aăIptq pN ppt` 1`
t`1,a
Ï

b

Ipbqqqq

Claim

@0 ď t ă L. ppN ptq, T , e δ
1γq P Jτ rt{bs σιKE

where

δ1 “ δ Y tx ÞÑ fixx.eδu

This means given some t it suffices to prove

ppN ptq, T , e δ
1γq P Jτ rt{bs σιKE

We prove this by induction on t

Base case: when t is a leaf node (say l)

It suffices to prove that pp1l, T , e δ
1γq P Jτ rl{bs σιKE

We know that Iplq “ 0 therefore from IH (of the outer induction) we get the desired

Inductive case: when t is some arbitrary non-leaf node

From IH we know that

@a ă Iptq.ppN pt
1q, T , e δ1γq P Jτ rt1{bs σιKE where t1 “ pt` 1`

t`1,a
Ï

b

Ipbqq

Claim

@τ 1.ppN pt
1q, T , e δ1γq P Jτ 1 σιKE where δ1 “ δ Y tx ÞÑ fixx.eδu ùñ

ppN pt
1q, T , fixx.e δγq P Jτ 1 σιKE

Proof is trivial

Therefore we have

@a ă Iptq.ppN pt
1q, T , fixx.e δγq P Jτ rt1{bs σιKE where t1 “ pt` 1`

t`1,a
Ï

b

Ipbqq

Now from the IH of the outer induction we get

pp1t `
ř

aăI pN pt
1q, T , e δ1γq P Jτ rt{bs σιKE

Which means we get the desired i.e

ppN ptq, T , e δ
1γq P Jτ rt{bs σιKE

Since we have proved

@0 ď t ă L. ppN ptq, T , e δ
1γq P Jτ rt{bs σιKE
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where

δ1 “ δ Y tx ÞÑ fixx.eu

Therefore from Definition 6 we have

@0 ď t ă L. @ T 2ăT .e δ1γ óT 2 vf ùñ ppN ptq, T ´ T 2, vf q P Jτ rt{bs σιKE

Instantiating with t with 0 and since we know that fixx.e δγ óT 1 vf therefore knwo that
D T 2ăT 1 .e δ1γ óT 2 vf where T 2“T 1 ´1

ppN p0q, T ´ T 2, vf q P Jτ r0{bs σιKE
Since pN p0q ď pm therefore pN p0q ď pl ` pm

And we get the (F-FX0) from Lemma 69

33. T-ret:

Ψ; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ ret e : M 0 τ
T-ret

Given: ppl, T , γq P JΓσιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T , ret e δγq P JM 0 τ σιKE

From Definition 6 it suffices to prove that

@t ăT .pret eq δγ ó pret eq δγ ùñ ppm ` pl, T ´t, pret eq δγq P JM 0 τ σιK

Since from E-val we know that t “ 0 therefore it suffices to prove that

ppm ` pl, T , pret eq δγq P JM 0 τ σιK

From Definition 6 it suffices to prove that

@n1, t1 ăT , vf .pret eq δγ ón
1

t1 vf ùñ Dp1.n1 ` p1 ď pl ` pm ^ pp
1, T ´t1, vf q P JτK

This means given some n1, t1 ăT , vf s.t. pret eq δγ ón
1

t1 vf it suffices to prove that

Dp1.n1 ` p1 ď pl ` pm ^ pp
1, T ´t1, vf q P JτK

From (E-ret) we know that n1 “ 0 therefore we choose p1 as pl`pm and it suffices to prove
that

ppl ` pm, T ´t
1, vf q P Jτ σιK (F-R0)

IH

ppl ` pm, T , e δγq P Jτ σιKE

This means from Definition 6 we have

@t1 ăT .peq δγ ót1 vf ùñ ppm ` pl, T ´t1, vf q P Jτ σιK

Since we know that pret eq δγ ó0
t1 vf therefore from (E-ret) we know that Dt1 ă t.e δγ ót2 vf

s.t t1 ` 1 “ t1

Therefore we have ppm ` pl, T ´t1, vf q P Jτ σιK and from Lemma 69 we are done
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34. T-bind:

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : Mn1 τ1

Ψ; Θ; ∆; Ω2; Γ2, x : τ1 $ e2 : Mn2 τ2 Θ $ n1 : R` Θ $ n2 : R`

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ bindx “ e1 in e2 : Mpn1 ` n2q τ2
T-bind

Given: ppl, T , γq P JpΓ1 ‘ Γ2qσιKE , ppm, T , δq P JpΩ1 ‘ Ω2q σιKE and |ù ∆ ι

To prove: ppl ` pm, T , bindx “ e1 in e2 δγq P JMpn1 ` n2q τ2 σιKE

From Definition 6 it suffices to prove that

@t ăT , v.pbindx “ e1 in e2q δγ ót v ùñ ppm`pl, T ´t, pbindx “ e1 in e2q δγq P JMpn1 ` n2q τ2 σιK

This means given some t ăT , v s.t. pbindx “ e1 in e2q δγ ót v and from E-val we know
that v “ pbindx “ e1 in e2q δγ and t “ 0. It suffices to prove that

ppm ` pl, T , pbindx “ e1 in e2q δγq P JMpn1 ` n2q τ2 σιK

This means from Definition 6 it suffices to prove that

@s1, t1 ăT , vf .pbindx “ e1 in e2 δγq ó
s1

t1 vf ùñ Dp1.s1 ` p1 ď pl ` pm ` n ^ pp
1, T ´t1, vf q P

Jτ2 σιK

This means given some s1, t1 ăT , vf s.t pbindx “ e1 in e2 δγq ó
s1

t1 vf and we need to prove
that

Dp1.s1 ` p1 ď pl ` pm ` n ^ pp
1, T ´t1, vf q P Jτ2 σιK (F-B0)

From Definition 7 and Definition 5 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE

Similarly from Definition 7 and Definition 4 we also know that Dpm1, pm2.pm1 ` pm2 “ pm
s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1

ppl1 ` pm1, T , e1 δγq P JMpn1q τ1 σιKE

From Definition 6 it means we have

@t1 ăT .pe1q δγ ót1 pe1q δγ ùñ ppm1 ` pl1, T ´t1, pe1q δγq P JMpn1q τ1 σιK

Since we know that pbindx “ e1 in e2q δγ ó
s1

t1 vf therefore from E-bind we know that
Dt1 ă t1, vm1.pe1q δγ ó pe1q δγ.

Since t1 ă t1 ăT , therefore we have

ppm1 ` pl1, T ´t1, pe1q δγq P JMpn1q τ1 σιK

This means from Definition 6 we are given that

@t11 ăT ´t1.pe1 δγq ó
s1
t11
v1 ùñ Dp11.s1`p

1
1 ď pl1`pm1`n1 ^ pp

1
1, T ´t1´ t

1
1, v1q P Jτ1 σιK

Since we know that pbindx “ e1 in e2q δγ ót1 vf therefore from E-bind we know that
Dt11 ă t1 ´ t1.pe1q δγ ó

s1
t11
v1.
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This means we have

Dp11.s1 ` p
1
1 ď pl1 ` pm1 ` n1 ^ pp

1
1, T ´t1 ´ t

1
1, v1q P Jτ1 σιK (F-B1)

IH2

ppl2 ` pm2 ` p
1
1, T ´t1 ´ t

1
1, e2 δγ Y tx ÞÑ v1uq P JMpn2q τ2 σιKE

From Definition 6 it means we have

@t2 ăT ´t1 ´ t11.pe2q δγ Y tx ÞÑ v1u ót2 pe2q δγ Y tx ÞÑ v1u ùñ ppm2 ` pl2 ` p11 ` n2, T
´t1 ´ t

1
1 ´ t2, pe2q δγ Y tx ÞÑ v1uq P JMpn2q τ2 σιK

Since we know that pbindx “ e1 in e2q δγ ó ´ ó
´
t vf therefore from E-bind we know that

Dt2 ă t1 ´ t1 ´ t
1
1.pe2q δγ Y tx ÞÑ v1u ót2 pe2q δγ Y tx ÞÑ v1u.

Since t2 ă t1 ´ t1 ´ t
1
1 ăT ´t1 ´ t

1
1 therefore we have

ppm2 ` pl2 ` p
1
1 ` n2, T ´t1 ´ t

1
1 ´ t2, pe2q δγ Y tx ÞÑ v1uq P JMpn2q τ2 σιK

This means from Definition 6 we are given that

@t12 ăT ´t1 ´ t
1
1 ´ t2.pe2 δγ Y tx ÞÑ v1uq ó

s2
t12
v2 ùñ Dp12.s2 ` p

1
2 ď pl2 ` pm2 ` p

1
1 ` n2 ^

pp12, T ´t1 ´ t
1
1 ´ t2 ´ t

1
2, v2q P Jτ2 σιK

Since we know that pbindx “ e1 in e2q δγ ó ´ ó
´
t1 vf therefore from E-bind we know that

Dt12 ă t1 ´ t1 ´ t
1
1 ´ t2, s2, v2.vm2 ó

s2
t12
v2.

This means we have

Dp12.s2 ` p
1
2 ď pl2 ` pm2 ` p

1
1 ` n2 ^ pp

1
2, T ´t1 ´ t

1
1 ´ t2 ´ t

1
2, v2q P Jτ2 σιK (F-B2)

In order to prove (F-B0) we choose p1 as p12 and it suffices to prove

(a) s1 ` p12 ď pl ` pm ` n:

Since from (F-B2) we know that

s2 ` p
1
2 ď pl2 ` pm2 ` p

1
1 ` n2

Adding s1 on both sides we get

s1 ` s2 ` p
1
2 ď pl2 ` pm2 ` s1 ` p

1
1 ` n2

Since from (F-B1) we know that

s1 ` p
1
1 ď pl1 ` pm1 ` n1

therefore we also have

s1 ` s2 ` p
1
2 ď pl2 ` pm2 ` pl1 ` pm1 ` n1 ` n2

And finally since we know that n “ n1 ` n2, s1 “ s1 ` s2, pl “ pl1 ` pl2 and
pm “ pm1 ` pm2 therefore we get the desired

(b) pp12, T ´t1 ´ t
1
1 ´ t2 ´ t

1
2, vf q P Jτ2 σιK:

From E-bind we know that vf “ v2 therefore we get the desired from (F-B2)
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35. T-tick:

Θ $ n : R`

Ψ; Θ; ∆; Ω; Γ $ Òn : Mn1
T-tick

Given: ppl, T , γq P JΓσιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T , Ò
n δγq P JMn1 σιKE

From Definition 6 it suffices to prove that

pÒnq δγ ó0 pÒ
nq δγ ùñ ppm ` pl, T , pÒ

nq δγq P JMn1 σιK

It suffices to prove that

ppm ` pl, T , pÒ
nq δγq P JMn1 σιK

From Definition 6 it suffices to prove that

@t1 ăT , n1.pÒnq δγ ón
1

t1 pq ùñ Dp1.n1 ` p1 ď pl ` pm ` n ^ pp
1, T ´t1, pqq P J1K

This means given some t1 ăT , n1 s.t. pÒnq δγ ón
1

t1 pq it suffices to prove that

Dp1.n1 ` p1 ď pl ` pm ` n ^ pp
1, T ´t1, pqq P J1K

From (E-tick) we know that n1 “ n therefore we choose p1 as pl ` pm and it suffices to
prove that

ppl ` pm, T ´t
1, pqq P J1K

We get this directly from Definition 6

36. T-release:

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : rn1s τ1

Ψ; Θ; ∆; Ω2; Γ2, x : τ1 $ e2 : Mpn1 ` n2q τ2 Θ $ n1 : R` Θ $ n2 : R`

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ releasex “ e1 in e2 : Mn2 τ2
T-release

Given: ppl, T , γq P JpΓ1 ‘ Γ2qσιKE , ppm, T , δq P JpΩ1 ‘ Ω2q σιKE and |ù ∆ ι

To prove: ppl ` pm, T , releasex “ e1 in e2 δγq P JMpn2q τ2 σιKE

From Definition 6 it suffices to prove that

preleasex “ e1 in e2q δγ ó0 preleasex “ e1 in e2 δγq ùñ ppm`pl, preleasex “ e1 in e2q δγq P
JMpn2q τ2 σιK

This means given preleasex “ e1 in e2q δγ ó0 preleasex “ e1 in e2q δγ it suffices to prove
that

ppm ` pl, preleasex “ e1 in e2q δγq P JMpn2q τ2 σιK

This means from Definition 6 it suffices to prove that

@t1 ăT , vf , s
1.preleasex “ e1 in e2 δγq ós

1

t1 vf ùñ Dp1.s1 ` p1 ď pl ` pm ` n2 ^ pp1, T
´t1, vf q P Jτ2 σιK
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This means given some t1 ăT , vf , s
1 s.t. preleasex “ e1 in e2 δγq ó

s1

t1 vf and we need to
prove that

Dp1.s1 ` p1 ď pl ` pm ` n2 ^ pp
1, T ´t1, vf q P Jτ2 σιK (F-R0)

From Definition 7 and Definition 5 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE

Similarly from Definition 7 and Definition 4 we also know that Dpm1, pm2.pm1 ` pm2 “ pm
s.t

ppm1, T , δq P JpΩ1qσιKE and ppm2, T , δq P JpΩ2qσιKE

IH1

ppl1 ` pm1, T , e1 δγq P Jrn1s τ1 σιKE

From Definition 6 it means we have

@t1 ăT .pe1q δγ ót1 v1 ùñ ppm1 ` pl1, T ´t1, v1q P Jrn1s τ1 σιK

Since we know that preleasex “ e1 in e2q δγ ó ´ ó
´
t1 vf therefore from E-rel we know that

Dt1 ă t1.pe1q δγ ót1 v1. This means we have

ppm1 ` pl1, T ´t1, v1q P Jrn1s τ1 σιK

This means from Definition 6 we have

Dp11.p
1
1 ` n1 ď pl1 ` pm1 ^ pp

1
1, T ´t1, v1q P Jτ1K (F-R1)

IH2

ppl2 ` pm2 ` p
1
1, T ´t1, e2 δγ Y tx ÞÑ v1uq P JMpn1 ` n2q τ2 σιKE

From Definition 6 it means we have

@t2 ăT ´t1.pe2q δγ Y tx ÞÑ v1u ót2 pe2q δγ Y tx ÞÑ v1u ùñ ppm2 ` pl2 ` p11 ` n2, T
´t1 ´ t2, pe2q δγ Y tx ÞÑ v1uq P JMpn1 ` n2q τ2 σιK

Since we know that preleasex “ e1 in e2q δγ ó ´ ó
´
t1 vf therefore from E-rel we know that

Dt2 ă t´ t1.pe2q δγ Y tx ÞÑ v1u ót2 pe2q δγ Y tx ÞÑ v1u. This means we have

ppm2 ` pl2 ` p
1
1 ` n2, T ´t1 ´ t2, pe2q δγ Y tx ÞÑ v1uq P JMpn1 ` n2q τ2 σιK

This means from Definition 6 we are given that

@t12 ăT ´t1 ´ t2.pe2 δγ Y tx ÞÑ v1uq ó
s2
t12
v2 ùñ Dp12.s2 ` p

1
2 ď pl2 ` pm2 ` p

1
1 ` n1 ` n2 ^

pp12, T ´t1 ´ t2 ´ t
1
2, v2q P Jτ2 σιK

Since we know that preleasex “ e1 in e2q δγ ó ´ ó
´
t1 vf therefore from E-rel we know that

Dt12.pe2q δγ Y tx ÞÑ v1u ó
s2 v2 s.t. t12 “ t1 ´ t1 ´ t2 ´ 1

Since t12 “ t1 ´ t1 ´ t2 ăT ´t1 ´ t2 ´ 1 ăT ´t1 ´ t2, therefore we have

Dp12.s2 ` p
1
2 ď pl2 ` pm2 ` p

1
1 ` n1 ` n2 ^ pp

1
2, T ´t1 ´ t2 ´ t

1
2, v2q P Jτ2 σιK (F-R2)

In order to prove (F-R0) we choose p1 as p12 and it suffices to prove
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(a) s1 ` p12 ď pl ` pm ` n2:

Since from (F-R2) we know that

s2 ` p
1
2 ď pl2 ` pm2 ` p

1
1 ` n1 ` n2

Since from (F-R1) we know that

p11 ` n1 ď pl1 ` pm1

therefore we also have

s2 ` p
1
2 ď pl2 ` pm2 ` pl1 ` pm1 ` n2

And finally since we know that s1 “ s2, pl “ pl1 ` pl2 and pm “ pm1 ` pm2 therefore
we get the desired

(b) pp12, T ´t
1, vf q P Jτ2 σιK:

From E-rel we know that vf “ v2 therefore we get the desired from (F-R2) and
Lemma 69

37. T-store:

Ψ; Θ; ∆; Ω; Γ $ e : τ Θ $ n : R`

Ψ; Θ; ∆; Ω; Γ $ store e : Mn prns τq
T-store

Given: ppl, T , γq P JΓσιKE , ppm, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl ` pm, T , store e δγq P JMn prns τq σιKE

From Definition 6 it suffices to prove that

pstore eq δγ ó pstore eq δγ ùñ ppm ` pl, T , pstore eq δγq P JMn prns τq σιK

It suffices to prove that

ppm ` pl, T , pstore eq δγq P JMn prns τq σιK

From Definition 6 it suffices to prove that

@t1 ăT , vf , n
1.pstore eq δγ ón

1

t1 vf ùñ Dp1.n1` p1 ď pl` pm`n ^ pp
1, T ´t1, vf q P Jrns τ σιK

This means given some t1 ăT , vf , n
1 s.t. pstore eq δγ ón

1

t1 vf it suffices to prove that

Dp1.n1 ` p1 ď pl ` pm ` n ^ pp
1, T ´t1, vf q P Jrns τ σιK

From (E-store) we know that n1 “ 0 therefore we choose p1 as pl ` pm ` n and it suffices
to prove that

ppl ` pm ` n, T ´t
1, vf q P Jrns τ σιKE

This further means that from Definition 6 we have

Dp2.p2 ` n ď pl ` pm ` n ^ pp
2, T ´t1, vf q P Jτ σιKEu

We choose p2 as pl ` pm and it suffices to prove that

ppl ` pm, T ´t
1, vf q P Jτ σιKEu (F-S0)

IH
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ppl ` pm, T , e δγq P Jτ σιKE

This means from Definition 6 we have

@t1 ăT .peq δγ ót1 vf ùñ ppm ` pl, T ´t1, vf q P Jτ σιKE

Since we know that pstore eq δγ ó ´ ó0
t1 vf therefore from (E-store) we know that Dt1 ă

t1.e δγ ót1 vf where t1 ` 1 “ t1

Therefore from Lemma 69 we get ppm ` pl, T ´t1, vf q P Jτ σιKE and we are done

Lemma 13 (Γ Subtyping: domain containment). @p, γ,Γ1,Γ2.
Ψ; Θ; ∆ $ Γ1 ă: Γ2 ùñ @x : τ P Γ2. x : τ 1 P Γ1 ^ Ψ; Θ; ∆ $ τ 1 ă: τ

Proof. Proof by induction on Ψ; Θ; ∆ $ Γ1 ă: Γ2

1. sub-lBase:

Ψ; Θ; ∆ $ Γ1 ă: .
sub-lBase

To prove: @x : τ 1 P p.q.x : τ P Γ1 ^ Ψ; Θ; ∆ $ τ 1 ă: τ

Trivial

2. sub-lInd:

x : τ 1 P Γ1 Ψ; Θ; ∆ $ τ 1 ă: τ Ψ; Θ; ∆ $ Γ1{x ă: Γ2

Ψ; Θ; ∆ $ Γ1 ă: Γ2, x : τ
sub-lBase

To prove: @y : τ P Γ2.y : τ P Γ1 ^ Ψ; Θ; ∆ $ τ 1 ă: τ

This means given some y : τ P pΓ2, x : τq it suffices to prove that

y : τ P Γ1 ^ Ψ; Θ; ∆ $ τ 1 ă: τ

The follwing cases arise:

• y “ x:

In this case we are given that x : τ 1 P Γ1 ^ Ψ; Θ; ∆ $ τ 1 ă: τ

Therefore we are done

• y ‰ x:

Since we are given that Ψ; Θ; ∆ $ Γ1{x ă: Γ2 therefore we get the desired from IH

Lemma 14 (Ω Subtyping: domain containment). @p, γ,Ω1,Ω2.
Ψ; Θ; ∆ $ Ω1 ă: Ω2 ùñ

@x :aăI τ P Ω2. x :aăJ τ
1 P Ω1 ^ Ψ; Θ; ∆ $ I ď J ^ Ψ; Θ, a; ∆, a ă I $ τ 1 ă: τ

Proof. Proof by induction on Ψ; Θ; ∆ $ Ω1 ă: Ω2
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1. sub-lBase:

Ψ; Θ; ∆ $ Ω ă: .
sub-mBase

To prove: @x :aăI τ P p.q.x :aăJ τ
1 P Ω1 ^ Ψ; Θ; ∆ $ I ď J ^ Ψ; Θ, a; ∆, a ă I $ τ 1 ă: τ

Trivial

2. sub-lInd:

x :aăJ τ
1 P Ω1

Ψ; Θ, a; ∆, a ă I $ τ 1 ă: τ Θ; ∆ $ I ď J Ψ; Θ; ∆ $ Ω1{x ă: Ω2

Ψ; Θ; ∆ $ Ω1 ă: Ω2, x :aăI τ
sub-mInd

To prove: @y :aăI τ P Ω2.y :aăJ τ
1 P Ω1 ^ Ψ; Θ; ∆ $ I ď J ^ Ψ; Θ, a; ∆, a ă I $ τ 1 ă: τ

This means given some y :aăI τ P pΩ2, x :aăI τq it suffices to prove that

y :aăJ τ
1 P Ω1 ^ Ψ; Θ; ∆ $ I ď J ^ Ψ; Θ, a; ∆, a ă I $ τ 1 ă: τ

The follwing cases arise:

• y “ x:

In this case we are given that

x :aăJ τ
1 P Ω1 ^ Ψ; Θ; ∆ $ I ď J ^ Ψ; Θ, a; ∆, a ă I $ τ 1 ă: τ

Therefore we are done

• y ‰ x:

Since we are given that Ψ; Θ; ∆ $ Ω1{x ă: Ω2 therefore we get the desired from IH

Lemma 15 (Γ subtyping lemma). @p, γ,Γ1,Γ2, σ, ι.
Ψ; Θ; ∆ $ Γ1 ă: Γ2 ùñ JΓ1σιK Ď JΓ2σιK

Proof. Proof by induction on Ψ; Θ; ∆ $ Γ1 ă: Γ2

1. sub-lBase:

Ψ; Θ; ∆ $ Γ ă: .
sub-lBase

To prove: @pp, T , γq P JΓ1σιKE .pp, T , γq P J.KE

This means given some pp, T , γq P JΓ1σιKE it suffices to prove that pp, T , γq P J.KE
From Definition 7 it suffices to prove that

Df : VarsÑ Pots. p@x P domp.q. pfpxq, T , γpxqq P JΓpxqKEq ^ p
ř

xPdomp.q fpxq ď pq

We choose f as a constant function f 1´ “ 0 and we get the desired
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2. sub-lInd:

x : τ 1 P Γ1 Ψ; Θ; ∆ $ τ 1 ă: τ Ψ; Θ; ∆ $ Γ1{x ă: Γ2

Ψ; Θ; ∆ $ Γ1 ă: Γ2, x : τ
sub-lBase

To prove: @pp, T , γq P JΓ1σιKE .pp, T , γq P JΓ2, x : τKE

This means given some pp, T , γq P JΓ1σιKE it suffices to prove that pp, T , γq P JΓ2, x : τKE

This means from Definition 7 we are given that

Df : VarsÑ Pots.
p@x P dompΓ1q. pfpxq, T , γpxqq P JΓpxqKEq (L0)

p
ř

xPdompΓ1q
fpxq ď pq (L1)

Similarly from Definition 7 it suffices to prove that

Df 1 : VarsÑ Pots. p@y P dompΓ2, x : τq. pf 1pyq, T , γpyqq P JΓpyqKEq ^ p
ř

yPdompΓ2,x:τq f
1pyq ď

pq

We choose f 1 as f and it suffices to prove that

(a) @y P dompΓ2, x : τq. pfpyq, T , γpyqq P JΓpyqKE :

This means given some y P dompΓ2, x : τq it suffices to prove that

pfpyq, T , γpyqq P Jτ2KE where say Γpyq “ τ2

From Lemma 13 we know that

y : τ1 P Γ1 ^ Ψ; Θ; ∆ $ τ1 ă: τ2

By instantiating (L0) with the given y

pfpyq, T , γpyqq P Jτ1KE

Finally from Lemma 18 we also get pfpyq, T , γpyqq P Jτ2KE
And we are done

(b) p
ř

yPdompΓ2,x:τq fpyq ď pq:

From (L1) we know that p
ř

xPdompΓ1q
fpxq ď pq and since from Lemma 13 we know

that dompΓ2, x : τq Ď dompΓ1q therefore we also have

p
ř

yPdompΓ2,x:τq fpyq ď pq

Lemma 16 (Ω subtyping lemma). @p, γ,Ω1,Ω2, σ, ι.
Ψ; Θ; ∆ $ Ω1 ă: Ω2 ùñ JΩ1σιK Ď JΩ2σιK

Proof. Proof by induction on Ψ; Θ; ∆ $ Ω1 ă: Ω2

1. sub-lBase:

Ψ; Θ; ∆ $ Ω ă: .
sub-mBase

To prove: @pp, T , γq P JΩ1σιKE .pp, T , γq P J.KE
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This means given some pp, T , γq P JΩ1σιKE it suffices to prove that pp, T , γq P J.KE
From Definition 7 it suffices to prove that

Df : Vars Ñ Indices Ñ Pots. p@px :aăI τq P ..@0 ď i ă I. pf x i, T , δpxqq P Jτ ri{asKEq ^
p
ř

x:aăIτP.

ř

0ďiăI f x iq ď p

We choose f as a constant function f 1´ “ 0 and we get the desired

2. sub-lInd:

x :aăJ τ
1 P Ω1

Ψ; Θ, a; ∆, a ă I $ τ 1 ă: τ Θ; ∆ $ I ď J Ψ; Θ; ∆ $ Ω1{x ă: Ω2

Ψ; Θ; ∆ $ Ω1 ă: Ω2, x :aăI τ
sub-mInd

To prove: @pp, T , γq P JΩ1σιKE .pp, T , γq P JΩ2, x : τKE

This means given some pp, T , γq P JΩ1σιKE it suffices to prove that pp, T , γq P JΩ2, x : τKE

This means from Definition 7 we are given that

Df : VarsÑ Pots.
p@px :aăI τq P Ω1.@0 ď i ă I. pf x i, T , δpxqq P Jτ ri{asKEq (L0)

p
ř

x:aăIτPΩ1

ř

0ďiăI f x iq ď p (L1)

Similarly from Definition 7 it suffices to prove that

Df 1 : Vars Ñ Indices Ñ Pots. p@py :aăIy τyq P Ω2, x : τ .@0 ď i ă Iy. pf x i, T , δpyqq P
Jτyri{asKEq ^ p

ř

y:aăIy τPΩ2,x:τ

ř

0ďiăIy
f 1 y iq ď p

We choose f 1 as f and it suffices to prove that

(a) p@py :aăIy τyq P Ω2, x : τ .@0 ď i ă Iy. pf x i, T , δpyqq P Jτyri{asKEq:
This means given some py :aăI τyq P Ω2, x : τ and some 0 ď i ă Iy it suffices to prove
that

pf x i, T , δpyqq P Jτyri{asKEq

From Lemma 13 we know that

y :aăJy τ1 P Ω1 ^ Ψ; Θ; ∆ $ Iy ď Jy ^ Ψ; Θ, a; ∆, a ă Iy $ τ1 ă: τy

Instantiating (L0) with the given y and i we get

pf x i, T , δpyqq P Jτ1ri{asKE

Finally using Lemma 18 we also get

pf x i, T , δpyqq P Jτyri{asKE
(b) p

ř

y:aăIy τyPΩ2,x:τ

ř

0ďiăIy
f 1 y iq ď p:

From Lemma 14 we know that

@y :aăIy τy P pΩ2, x : τq.y :aăJy τ1 P Ω1 ^ Ψ; Θ; ∆ $ Iy ď Jy ^ Ψ; Θ, a; ∆, a ă Iy $
τ1 ă: τy

And since from (L1) we know that p
ř

x:aăIτPΩ1

ř

0ďiăI f x iq ď p therefore we also
have

p
ř

y:aăIy τyPΩ2,x:τ

ř

0ďiăIy
f 1 y iq ď p
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Lemma 17 (Value subtyping lemma). @Ψ,Θ,∆, τ P Type, τ 1, σ, ι.
Ψ; Θ; ∆ $ τ ă: τ 1 ^ . |ù ∆ι ùñ Jτ σιK Ď Jτ 1 σιK

Proof. Proof by induction on the Ψ; Θ; ∆ $ τ ă: τ 1 relation

1. sub-refl:

Ψ; Θ; ∆ $ τ ă: τ
sub-refl

To prove: @pp, T , vq P Jτ σιK ùñ pp, T , vq P Jτ σιK

Trivial

2. sub-arrow:
Ψ; Θ; ∆ $ τ 11 ă: τ1 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 ( τ2 ă: τ 11 ( τ 12
sub-arrow

To prove: @pp, T , λx.eq P Jpτ1 ( τ2q σιK ùñ pp, T , λx.eq P Jpτ 11 ( τ 12q σιK

This means given some pp, T , λx.eq P Jpτ1 ( τ2q σιK we need to prove

pp, T , λx.eq P Jpτ 11 ( τ 12q σιK

From Definition 6 we are given that

@p1, e1, T 1ăT .pp1, T 1, e1q P Jτ1 σιKE ùñ pp` p1, T 1, ere1{xsq P Jτ2 σιKE (F-SL0)

Also from Definition 6 it suffices to prove that

@p1, e1, T 2ăT .pp1, T 2, e1q P Jτ 11 σιKE ùñ pp` p1, T 2, ere1{xsq P Jτ 12 σιKE

This means given some p1, e1, T 2 s.t pp1, T 2, e1q P Jτ 11 σιKE we need to prove

pp` p1, T 2, ere1{xsq P Jτ 12 σιKE (F-SL1)

Since Ψ; Θ; ∆ $ τ 11 ă: τ1 therefore from Lemma 18 we know that given some pp1, T 2, e2q P
Jτ 11 σιK we also have pp1, T 2, e2q P Jτ1 σιK

Therefore instantiating (F-SL0) with p1, e2, T 2 we get

pp` p1, T 2, ere2{xsq P Jτ2 σιKE

From Lemma 18 we get the desired

3. sub-tensor:

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 b τ2 ă: τ 11 b τ 12
sub-tensor

To prove: @pp, T , xxv1, v2yyq P Jpτ1 b τ2q σιK ùñ pp, T , xxv1, v2yyq P Jpτ 11 b τ 12q σιK

This means given pp, T , xxv1, v2yyq P Jpτ1 b τ2q σιK
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It suffices prove that

pp, T , xxv1, v2yyq P Jpτ 11 b τ 12q σιK

This means from Definition 6 we are given that

Dp1, p2.p1 ` p2 ď p ^ pp1, T , v1q P Jτ1 σιK ^ pp2, T , v2q P Jτ2 σιK

Also from Definition 6 it suffices to prove that

Dp11, p
1
2.p

1
1 ` p

1
2 ď p ^ pp11, T , v1q P Jτ 11 σιK ^ pp

1
2, T , v2q P Jτ 12 σιK

IH1 Jpτ1q σιK Ď Jpτ 11q σιK

IH2 Jpτ2q σιK Ď Jpτ 12q σιK

Instantiating p11, p
1
2 with p1, p2 we get the desired from IH1 and IH2

4. sub-with:

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 & τ2 ă: τ 11 & τ 12
sub-with

To prove: @pp, T , xv1, v2yq P Jpτ1 & τ2q σιK ùñ pp, T , xv1, v2yq P Jpτ 11 & τ 12q σιK

This means given pp, T , xv1, v2yq P Jpτ1 & τ2q σιK

It suffices prove that

pp, T , xv1, v2yq P Jpτ 11 & τ 12q σιK

This means from Definition 6 we are given that

pp, T , v1q P Jτ1 σιK ^ pp, T , v2q P Jτ2 σιK (F-SW0)

Also from Definition 6 it suffices to prove that

pp, T , v1q P Jτ 11 σιK ^ pp, T , v2q P Jτ 12 σιK

IH1 Jpτ1q σιK Ď Jpτ 11q σιK

IH2 Jpτ2q σιK Ď Jpτ 12q σιK

We get the desired from (F-SW0), IH1 and IH2

5. sub-sum:

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 ‘ τ2 ă: τ 11 ‘ τ 12
sub-sum

To prove: @pp, T , xv1, v2yq P Jpτ1 ‘ τ2q σιK ùñ pp, T , xv1, v2yq P Jpτ 11 ‘ τ 12q σιK

This means given pp, T , vq P Jpτ1 ‘ τ2q σιK

It suffices prove that

pp, T , vq P Jpτ 11 ‘ τ 12q σιK

This means from Definition 6 2 cases arise
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(a) v “ inlpv1q:

This means from Definition 6 we have pp, T , v1q P Jτ1 σιK (F-SS0)

Also from Definition 6 it suffices to prove that

pp, T , v1q P Jτ 11 σιK

IH Jpτ1q σιK Ď Jpτ 11q σιK

We get the desired from (F-SS0), IH

(b) v “ inrpv1q:

Symmetric reasoning as in the inl case

6. sub-potential:

Ψ; Θ; ∆ $ τ ă: τ 1 Ψ; Θ; ∆ $ n1 ď n

Ψ; Θ; ∆ $ rns τ ă: rn1s τ 1
sub-potential

To prove: @pp, T , vq P Jrns τ σιK.pp, T , vq P Jrn1s τ 1 σιK

This means given pp, T , vq P Jrns τ σιK and we need to prove

pp, T , vq P Jrn1s τ 1 σιK

This means from Definition 6 we are given

Dp1.p1 ` n ď p ^ pp1, T , vq P Jτ σιK (F-SP0)

And we need to prove

Dp2.p2 ` n1 ď p ^ pp2, T , vq P Jτ 1 σιK (F-SP1)

In order to prove (F-SP1) we choose p2 as p1

Since from (F-SP0) we know that p1 ` n ď p and we are given that n1 ď n therefore we
also have p1 ` n1 ď p

IH pp1, T , vq P Jτ 1 σιK

pp1, T , vq P Jτ 1 σιK we get directly from IH

7. sub-monad:

Ψ; Θ; ∆ $ τ ă: τ 1 Ψ; Θ; ∆ $ n ď n1

Ψ; Θ; ∆ $Mn τ ă: Mn1 τ 1
sub-monad

To prove: @pp, T , vq P JMn τ σιK.pp, T , vq P JMn1 τ 1 σιK

This means given pp, T , vq P JMn τ σιK and we need to prove

pp, T , vq P JMn1 τ 1 σιK

This means from Definition 6 we are given

@t1 ăT , n1, v
1.v ón1

t1 v
1 ùñ Dp1.n1 ` p

1 ď p` n ^ pp1, T ´t1, v1q P Jτ σιK (F-SM0)
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Again from Definition 6 we need to prove that

@t2 ăT , n2, v
2.v ón2

t2 v
2 ùñ Dp2.n1 ` p

2 ď p` n1 ^ pp2, T ´t2, v1q P Jτ 1 σιK

This means given some t2 ăT , n2, v
2 s.t. v ón2

t2 v
2 it suffices to prove that

Dp2.n1 ` p
2 ď p` n1 ^ pp2, T ´t2, v1q P Jτ 1 σιK (F-SM1)

Instantiating (F-SM0) with t2, n2, v
2 Since v ón2

t2 v
2 therefore from (F-SM0) we know that

Dp1.n1 ` p
1 ď p` n ^ pp1, T ´t2, v2q P Jτ σιK (F-SM2)

IH Jτ σιK Ď Jτ 1 σιK

In order to prove (F-SM1) we choose p2 as p1 and we need to prove

(a) n1 ` p
1 ď p` n1:

Since we are given that n ď n1 therefore we get the desired from (F-SM2)

(b) pp1, T ´t2, v1q P Jτ 1 σιK
We get this directly from IH

8. sub-subExp:

Ψ; Θ, a; ∆, a ă J $ τ ă: τ 1 Ψ; Θ, a; ∆ $ J ď I

Ψ; Θ; ∆ $!aăIτ ă:!aăJτ
1

sub-subExp

To prove: @pp, T , vq P J!aăIτ σιK.pp, T , vq P J!aăJτ 1 σιK

This means given pp, T , !vq P J!aăIτ σιK and we need to prove

pp, T , !vq P J!aăJτ 1 σιK

This means from Definition 6 we are given

Dp0, . . . , pI´1.p0 ` . . .` pI´1 ď p ^ @0 ď i ă I.ppi, T , vq P Jτ ri{asK (F-SE0)

Again from Definition 6 we need to prove that

Dp10, . . . , p
1
J´1.p

1
0 ` . . .` p

1
J´1 ď p ^ @0 ď j ă J.ppj , T , vq P Jτ 1rj{asK (F-SE1)

In order to prove (F-SE1) we choose p10 . . . p
1
J´1 as p0 . . . pJ´1 and we need to prove

(a) p0 ` . . .` pJ´1 ď p:

Since we are given that J ď I therefore we get the desired from (F-SE0)

(b) @0 ď j ă J.ppj , T , vq P Jτ 1rj{as σιK
We get this directly from IH and (F-SE0)

9. sub-list:

Ψ; Θ; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $ Ln τ ă: Ln τ 1
sub-list

To prove: @pp, T , vq P JLn τ σιK.pp, T , vq P JLn τ 1 σιK
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This means given pp, T , vq P JLn τ σιK and we need to prove

pp, T , vq P JLn τ 1 σιK

We induct on pp, T , vq P JLn τ σιK

(a) pp, T ,nilq P JL0 τ σιK:
We need to prove pp, T ,nilq P JL0 τ 1 σιK
We get this directly from Definition 6

(b) pp, T , v1 :: l1q P JLm`1 τ σιK:
In this case we are given pp, T , v1 :: l1q P JLm`1 τ σιK
and we need to prove pp, T , v1 :: l1q P JLm`1 τ 1 σιK

This means from Definition 6 are given

Dp1, p2.p1 ` p2 ď p ^ pp1, T , v
1q P Jτ σιK ^ pp2, T , l

1q P JLmτ σιK (Sub-List0)

Similarly from Definition 6 we need to prove that

Dp11, p
1
2.p

1
1 ` p

1
2 ď p ^ pp11, T , v

1q P Jτ 1 σιK ^ pp2, T , l
1q P JLmτ 1 σιK

We choose p11 as p1 and p12 as p2 and we get the desired from (Sub-List0) IH of outer
induction and IH of innner induction

10. sub-exist:

Ψ; Θ, s; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $ Ds.τ ă: Ds.τ 1
sub-exist

To prove: @pp, T , vq P JDs.τ σιK.pp, T , vq P JDs.τ 1 σιK

This means given some pp, T , vq P JDs.τ σιK we need to prove

pp, T , vq P JDs.τ 1 σιK

From Definition 6 we are given that

Ds1.pp, T , vq P Jτσιrs1{ssK (F-exist0)

IH: Jpτq σιY ts ÞÑ s1uK Ď Jpτ 1q σιY ts ÞÑ s1uK

Also from Definition 6 it suffices to prove that

Ds2.pp, T , vq P Jτ 1σιrs2{ssK

We choose s2 as s1 and we get the desired from IH

11. sub-typePoly:

Ψ, α; Ψ; Θ; ∆ $ τ1 ă: τ2

Ψ; Θ; ∆ $ @α.τ1 ă: @α.τ2
sub-typePoly

To prove: @pp, T ,Λα.eq P Jp@α.τ1q σιK.pp, T ,Λα.eq P Jp@α.τ2q σιK

This means given some pp, T ,Λα.eq P Jp@α.τ1q σιK we need to prove
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pp, T ,Λα.eq P Jp@α.τ2q σιK

From Definition 6 we are given that

@τ 1, T 1ăT .pp, T 1, eq P Jτ1rτ
1{αsKE (F-STF0)

Also from Definition 6 it suffices to prove that

@τ2, T 2ăT .pp, T 2 eq P Jτ2rτ
2{αsKE

This means given some τ2, T 2ăT and we need to prove

pp, T 2, erτ2{αsq P Jτ2rτ
2{αsKE (F-STF1)

IH: Jpτ1q σ Y tα ÞÑ τ2uιK Ď Jpτ2q σ Y tα ÞÑ τ2uιK

Instantiating (F-STF0) with τ2, T 2 we get

pp, T 2, eq P Jτ1rτ
2{αsKE

and finally from IH we get the desired

12. sub-indexPoly:

Ψ; Θ, i; ∆ $ τ1 ă: τ2

Ψ; Θ; ∆ $ @i.τ1 ă: @i.τ2
sub-indexPoly

To prove: @pp, T ,Λi.eq P Jp@i.τ1q σιK.pp, T ,Λi.eq P Jp@i.τ2q σιK

This means given some pp, T ,Λi.eq P Jp@i.τ1q σιK we need to prove

pp, T ,Λi.eq P Jp@i.τ2q σιK

From Definition 6 we are given that

@I, T 1ăT .pp, T 1, eq P Jτ1rI{isKE (F-SIF0)

Also from Definition 6 it suffices to prove that

@I 1, T 2ăT .pp, T 2, eq P Jτ2rI
1{isKE

This means given some I 1, T 2ăT and we need to prove

pp, T 2, eq P Jτ2rI
1{isKE (F-SIF1)

IH: Jpτ1q σιY ti ÞÑ I 1uK Ď Jpτ2q σιY ti ÞÑ I 1uK

Instantiating (F-SIF0) with I 1, T 2 we get

pp, T 2, eq P Jτ1rI
1{isKE

and finally from IH we get the desired
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13. sub-constraint:

Ψ; Θ; ∆ $ τ1 ă: τ2 Θ; ∆ |ù c2 ùñ c1

Ψ; Θ; ∆ $ c1 ñ τ1 ă: c2 ñ τ2
sub-constraint

To prove: @pp, T ,Λ.eq P Jpc1 ñ τ1q σιK.pp, T ,Λ.eq P Jpc2 ñ τ2q σιK

This means given some pp, T ,Λ.eq P Jpc1 ñ τ1q σιK we need to prove

pp, T ,Λ.eq P Jpc2 ñ τ2q σιK

From Definition 6 we are given that

@ T 1ăT . |ù c1ι ùñ pp, T 1, eq P Jτ1σιKE (F-SC0)

Also from Definition 6 it suffices to prove that

@ T 2ăT . |ù c2ι ùñ pp, T 2, eq P Jτ2σιKE

This means given some T 2ăT s.t. |ù c2ι and we need to prove

pp, T 2, eq P Jτ2σιKE (F-SC1)

Since we are given that Θ; ∆ |ù c2 ùñ c1 therefore we know that . |ù c1ι

Hence from (F-SC0) we have

pp, T 2, eq P Jτ1σιKE (F-SC2)

IH: Jpτ1q σιK Ď Jpτ2q σιK

Therefore we ge the desired from IH and (F-SC2)

14. sub-CAnd:

Ψ; Θ; ∆ $ τ1 ă: τ2 Θ; ∆ |ù c1 ùñ c2

Ψ; Θ; ∆ $ c1&τ1 ă: c2&τ2
sub-CAnd

To prove: @pp, T , vq P Jpc1&τ1q σιK.pp, T , vq P Jpc2&τ2q σιK

This means given some pp, T , vq P Jpc1&τ1q σιK we need to prove

pp, T , vq P Jpc2&τ2q σιK

From Definition 6 we are given that

. |ù c1ι ^ pp, T , eq P Jτ1σιKE (F-SCA0)

Also from Definition 6 it suffices to prove that

. |ù c2ι ^ pp, T , eq P Jτ2σιKE

Since we are given that Θ; ∆ |ù c2 ùñ c1 and . |ù c1ι therefore we also know that . |ù c2ι

Also from (F-SCA0) we have pp, T , eq P Jτ1σιKE (F-SCA1)

IH: Jpτ1q σιK Ď Jpτ2q σιK

Therefore we ge the desired from IH and (F-SCA1)

53



15. sub-potArrow:

Ψ; Θ; ∆ $ k1

Ψ; Θ; ∆ $ rkspτ1 ( τ2q ă: prk1s τ1 ( rk1 ` ks τ2q
sub-potArrow

To prove: @pp, T , λx.eq P Jprkspτ1 ( τ2qq σιK.pp, T , λx.eq P Jprk1s τ1 ( rk1 ` ks τ2q σιK

This means given some pp, T , λx.eq P Jprkspτ1 ( τ2qq σιK we need to prove

pp, T , λx.eq P Jpprk1s τ1 ( rk1 ` ks τ2qq σιK

From Definition 6 we are given that

Dp1.p1 ` k ď p ^ pp1, T , λx.eq P Jpτ1 ( τ2q σιKu (F-SPA0)

Again from Definition 6 we know that

@p3, e1, T 1ăT .pp3, T 1, e1q P Jτ1 σιKE ùñ pp1 ` p3, T 1, ere1{xsq P Jτ2 σιKE (F-SPA1)

Also from Definition 6 it suffices to prove that

@p2, e2, T 2ăT .pp2, T 2, e2q P Jrk1s τ1 σιKE ùñ pp` p2, T 2, ere2{xsq P Jrk ` k1s τ2 σιKE

This means given some p2, e2, T 2ăT s.t pp2, T 2, e2q P Jrk1s τ1 σιKE we need to prove

pp` p2, T 2, ere2{xsq P Jrk ` k1s τ2 σιKE (F-SSP2)

Applying Definition 6 on (F-SPA2) we get

@vf , t
1 ăT 2 .ere2{xs ót1 vf ùñ pp` p2, T 2 ´t1, vf q P Jrk ` k1s τ2 σιK

This means that given some vf , t
1 ăT 2 s.t. ere2{xs ót1 vf and we need to prove that

pp` p2, T 2 ´t1, vf q P Jrk ` k1s τ2 σιK

This means From Definition 6 it suffices to prove that

Dp22.p
2
2 ` pk ` k

1q ď pp` p2q ^ pp22, T
2 ´t1, vf q P Jτ2 σιKu (F-SPA4)

Also since we are given that pp2, T 2, e2q P Jrk1s τ1 σιKE we apply Definition 6 on it to obtain

@t ăT 2, v1.e2 ót v
1 ùñ pp2, T 2 ´t, v1q P Jrk1s τ1 σιK

Also since we are given that ere2{xs ót1 vf therefore we also know that

Dt2 ă t1 ăT 2 .e2 ót2 v
2

Instantiating with t2, v2 we get pp2, T 2 ´t2, v2q P Jrk1s τ1 σιK

Again using Definition 6 we know that we are given

Dp21.p
2
1 ` k

1 ď p2 ^ pp21, T
2 ´t2, v2q P Jτ1 σιK (F-SPA3)

Since pp21, T
2 ´t2, v2q P Jτ1 σιK therefore from Definition 6 we also have

pp21, T
2 ´t2, v2q P Jτ1 σιKE

Instantiating (F-SPA1) with p21, v
2, T 2 ´t2 we get
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pp1 ` p21, T
2 ´t2, erv2{xsq P Jτ2 σιKE

From Definition 6 this means that

@t3 ăT 2 ´t2, vf .erv
2{xs ó vf ùñ pp1 ` p21, T

2 ´t2 ´ t3, vf q P Jτ2 σιK (F-SPA4.1)

Since we know that ere2{xs ót1 vf therefore we also know that Dt3.erv2{xs ót3 vf s.t.
t3 ` t2 ď t1

Since we already know that Dt2 ă t1 ăT 2 .e2 ót2 v
2 therefore we have t2 ` t3 ď t1 ăT 2.

Instantiating (F-SPA4.1) with t3 we get

pp1 ` p21, T
2 ´t2 ´ t3, vf q P Jτ2 σιK (F-SPA5)

Since from (F-SPA0) we know that

p1 ` k ď p

And from (F-SPA3) we know that

p21 ` k
1 ď p2

We add the two to get

p1 ` p21 ` k ` k
1 ď p` p2 (F-SPA6)

In order to prove (F-SPA4) we choose p22 as p1 ` p21

and we get the desired from (F-SPA6) and (F-SPA5) and Lemma 69

16. sub-potZero:

Ψ; Θ; ∆ $ τ ă: r0s τ
sub-potZero

To prove: @pp, T , vq P Jτ σιK.pp, T , vq P Jr0s τ σιK

This means that given pp, T , vq P Jτ σιK

And we need to prove pp, T , vq P Jr0s τ σιK

From Definition 6 it suffices to prove that

Dp1.p1 ` 0 ď p ^ pp1, T , vq P Jτ σιK

We choose p1 as p and we get the desired

17. sub-familyAbs:

Ψ; Θ, i :S$ τ ă: τ 1

Ψ; Θ $ λti :S .τ ă: λti :S .τ 1
sub-familyAbs

To prove:

@f P Jλti :S .τ σιK.f P Jλti :S .τ 1 σιK

This means given f P Jλti :S .τ σιK and we need to prove
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f P Jλti :S .τ 1 σιK

This means from Definition 6 we are given

@I.f I P Jτ rI{is σιK (F-SFAbs0)

This means from Definition 6 we need to prove

@I 1.f I 1 P Jτ 1rI 1{is σιK

This further means that given some I 1 we need to prove

f I 1 P Jτ 1rI 1{is σιK (F-SFAbs1)

Instantiating (F-SFAbs0) with I 1 we get

f I 1 P Jτ rI 1{is σιK

From IH we know that Jτ σιY ti ÞÑ I 1 ιuK Ď Jτ 1 σιY ti ÞÑ I 1 ιuK

And this completes the proof.

18. Sub-tfamilyApp1:

Ψ; Θ; ∆ $ λti :S .τ I ă: τ rI{is
sub-familyApp1

To prove: @pp, T , vq P Jλti :S .τ I σιK.pp, T , vq P Jτ rI{is σιK

This means given pp, T , vq P Jλti :S .τ I σιK and we need to prove

pp, T , vq P Jτ rI{is σιK

This means from Definition 6 we are given

pp, T , vq P Jλti :S .τK I σι

This further means that we have

pp, T , vq P f Iι where f I “ JτσrIι{isK

This means we have pp, T , vq P JτσrIι{isK

And this completes the proof.

19. Sub-tfamilyApp2:

Ψ; Θ; ∆ $ τ rI{is ă: λti :S .τ I
sub-familyApp2

To prove: @pp, T , vq P Jτ rI{is σιK.pp, T , vq P Jλti :S .τ I σιK

This means given pp, T , vq P Jτ rI{is σιK (Sub-tF0)

And we need to prove

pp, T , vq P Jλti :S .τ I σιK

This means from Definition 6 it suffices to prove that

pp, T , vq P Jλti :S .τK I σι

It further suffices to prove that
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pp, T , vq P f Iι where f Iι “ JτσrIι{isK

which means we need to show that

pp, T , vq P JτσrIι{isK

We get this directly from (Sub-tF0)

20. sub-bSum:

Ψ; Θ; ∆ $ r
ÿ

aăI

Ks !aăIτ ă:!aăI rKs τ
sub-bSum

To prove: @pp, T , vq P Jr
ř

aăI Ks !aăIτ σιK ùñ pp, T , vq P J!aăI rKs τ σιK

This means given some pp, T , vq s.t pp, T , vq P Jr
ř

aăI Ks !aăIτ σιK it suffices to prove that

pp, T , vq P J!aăI rKs τ σιK

This means from Definition 6 we are given that

Dp1.p1 `
ř

aăI K ď p ^ pp1, T , vq P J!aăIτ σιKu (Sub-BS0)

Since pp1, T , vq P J!aăIτ σιKu therefore again from Definition 6 it means that De1. v “!e1

and

Dp0, . . . , pI´1.p0 ` . . .` pI´1 ď p1 ^ @0 ď i ă I.ppi, T , e
1q P Jτ ri{as σιKE (Sub-BS1)

Since @0 ď i ă I.ppi, T , e
1q P Jτ ri{as σιKE therefore from Definition 6 we have

@0 ď i ă I.@t ăT , v2.e1 ót v
2 ùñ ppi, T ´t, v

1q P Jτ ri{as σιK (Sub-BS1.1)

Since we know that v “!e1 therefore it suffices to prove that pp, T , !e1q P J!aăI rKs τ σιK

From Definition 6 it further suffices to prove that

Dp10, . . . , p
1
I´1.p

1
0 ` . . .` p

1
I´1 ď p ^ @0 ď i ă I.pp1i, T , e

1q P JrKs τ ri{as σιKE

We choose p10 as p0 `Kr0{as . . . p1I´1 as pI´1 `KrpI ´ 1q{as and it suffices to prove that

• p10 ` . . .` p
1
I´1 ď p:

We need to prove that

pp0 `Kr0{asq ` . . .` ppI´1 `KrpI ´ 1q{asq ď p

We get this from (Sub-BS0) and (Sub-BS1)

• @0 ď i ă I.pp1i, T , e
1q P JrKs τ ri{as σιKE :

Given some 0 ď i ă I it suffices to prove that

pp1i, T , e
1q P JrKs τ ri{as σιKE

Since p1i is pi `Kri{as therefore it suffices to prove that

ppi `Kri{as, T , e
1q P JrKri{ass τ ri{as σιKE

From Definition 6 we need to prove that

@v1, t2 ăT .e1 ót2 v
1 ùñ ppi `Kri{as, T ´t

2, v1q P JrKri{ass τ ri{as σιK

This means given some v1 s.t e1 ót2 v
1 we need to prove that
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ppi `Kri{as, T ´t
2, v1q P JrKri{ass τ ri{as σιK

From Definition 6 it suffices to prove that

Dp2.p2 `Kri{as ď pi `Kri{as ^ pp
2, T ´t2, v1q P Jτ ri{as σιKu

We choose p2 as pi and we need to prove

ppi, T ´t
2, v1q P Jτ ri{as σιK

Instantiating (Sub-BS1.1) with the given i and v1, t2 we get the desired

Lemma 18 (Expression subtyping lemma). @Ψ,Θ,∆, τ P Type, τ 1.
Ψ; Θ; ∆ $ τ ă: τ 1 ùñ Jτ σιKE Ď Jτ 1 σιKE

Proof. To prove: @pp, T , eq P Jτ σιKE ùñ pp, T , eq P Jτ 1 σιKE
This means given some pp, T , eq P Jτ σιKE it suffices to prove that
pp, T , eq P Jτ 1 σιKE

This means from Definition 6 we are given
@v, t ăT .e ót v ùñ pp, T ´t, vq P Jτ σιK (S-E0)

Similarly from Definition 6 it suffices to prove that
@v1, t1 ăT .e ót1 v

1 ùñ pp, T ´t1, v1q P Jτ 1 σιK

This means given some v1, t1 ăT s.t e ót1 v
1 it suffices to prove that

pp, T ´t1, v1q P Jτ 1 σιK

Instantiating (S-E0) with v1, t1 we get pp, T ´t1, v1q P Jτ σιK

And finally from Lemma 17 we get the desired.

Theorem 19 (Soundness). @e, n, n1, τ P Type, t.
$ e : Mn τ ^ e ón

1

t v ùñ n1 ď n

Proof. From Theorem 12 we know that p0, t` 1, eq P JMn τKE

From Definition 6 this means we have
@t1 ă t` 1.e ót1 v

1 ùñ p0, t` 1´ t1v1q P JMn τK

From the evaluation relation we know that e ó0 e therefore we have
p0, t` 1, eq P JMn τK

Again from Definition 6 it means we have
@t2 ă t` 1.e ón

1

t1 v ùñ Dp1.n1 ` p1 ď 0` n ^ pp1, t` 1´ t2, vq P JτK

Since we are given that e ón
1

t v therefore we have
Dp1.n1 ` p1 ď n ^ pp1, 1, vq P JτK

Since p1 ě 0 therefore we get n1 ď n

Theorem 20 (Soundness). @e, n, n1, τ P Type.
$ e : rns1(M 0 τ ^ e pq ót1 ´ ó

n1
t2 v ùñ n1 ď n
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Proof. From Theorem 12 we know that p0, t1 ` t2 ` 2, eq P Jrns1(M 0 τKE

Therefore from Definition 6 we know that
@t1 ă t1 ` t2 ` 2, v.e ót1 v ùñ p0, t1 ` t2 ` 2´ t1, vq P Jrns1(M 0 τK (S0)

Since we know that e pq ót1 ´ therefore from E-app we know that De1.e ót1 λx.e
1

Instantiating (S0) with t1, λx.e
1 we get p0, t2 ` 2, λx.e1q P Jrns1(M 0 τK

This means from Definition 6 we have
@p1, e1, t2 ă t2 ` 2.pp1, t2, e2q P Jrns1KE ùñ p0` p1, t2, e1re2{xsq P JM 0 τKE (S1)

Claim: @t.pI, t, pqq P JrIs1KE
Proof:
From Definition 6 it suffices to prove that
pq ó0 v ùñ pI, t, vq P JrIs1K

Since we know that v “ pq therefore it suffices to prove that
pI, t, vq P JrIs1K

From Definition 6 it suffices to prove that
Dp1.p1 ` I ď I ^ pp1, t, vq P J1Ku

We choose p1 as 0 and we get the desired

Instantiating (S1) with n, pq, t2 ` 1 we get pn, t2 ` 1, e1rpq{xsq P JM 0 τKE

This means again from Definition 6 we have
@t1 ă t2 ` 1.e1rpq{xs ót1 v

1 ùñ pn, t2 ` 1´ t1, v1q P JM 0 τK

From E-val we know that v1 “ e1rpq{xs and t1 “ 0 therefore we have
pn, t2 ` 1, e1rpq{xsq P JM 0 τK

Again from Definition 6 we have
@t1 ă t2 ` 1.e1rpq{xs ón

1

t1 v
2 ùñ Dp1.n1 ` p1 ď n` 0 ^ pp1, t2 ` 1´ t1, v2q P JτK

Since we are given that e ót1 ´ ó
n1
t2 v therefore we get

Dp1.n1 ` p1 ď n ^ pp1, 1, v2q P JτK

Since p1 ě 0 therefore we have n1 ď n

1.5 Embedding dlPCF

Type translation

LbM “ b
Lra ă Isτ1(τ2M “ p!aăI M 0Lτ1Mq( rIs1(M 0 Lτ2M

Judgment translation

Θ; ∆; Γ $K ed : τ  .; Θ; ∆; LΓM; . $ ea : rK ` countpΓqs1(M 0 LτM
where

countp.q “ 0
countpΓ, x : ra ă Isτq “ countpΓq ` I
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Definition 21 (Context translation).

L.M “ .
LΓ, x : ra ă IsτM “ LΓM, x :aăI M 0 LτM

Expression translation

Θ; ∆ |ù J ě 0
Θ; ∆ |ù I ě 1 Θ; ∆ $ σr0{as ă: τ Θ; ∆ |ù ra ă Isσ ó Θ; ∆ |ù Γ ó

Θ; ∆; Γ, x : ra ă Isσ $J x : τ  λp.release´ “ p in bind´ “ Ò1 in x
var

Θ; ∆; Γ, x : ra ă Isτ1 $J e : τ2  et

Θ; ∆; Γ $J λx.e : pra ă Is.τ1q( τ2  
λp1. retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in et a

lam

Θ; ∆; Γ $J e1 : pra ă Is.τ1q( τ2  et1
Θ, a; ∆, a ă I; ∆ $K e2 : τ1  et2 Γ1 Ě Γ‘

ÿ

aăI

∆ H ě J ` I `
ÿ

aăI

K

Θ; ∆; Γ1 $H e1 e2 : τ2  λp.E0
app

E0 “ release´ “ p in E1

E1 “ bind a “ storepq in E2

E2 “ bind b “ et1 a in E3

E3 “ bind c “ store!pq in E4

E4 “ bind d “ storepq in E5

E5 “ b pcoerce !et2 cq d

Θ, b; ∆, b ă L; Γ, x : ra ă Isσ $K e : τ  et

τ r0{as ă: µ Θ, a, b; ∆, a ă I, b ă L; Γ $ τ rpb` 1`
b`1,a
ï

b

Iq{bs ă: σ

Γ1 Ď
ÿ

băL

Γ L,M ě

0,1
ï

b

I N ěM ´ 1`
ÿ

băL

K

Θ; ∆; Γ1 $N fixx.e : µ E0
T-fix

E0 “ fixY.E1

E1 “ λp.E2

E2 “ release´ “ p in E3

E3 “ bindA “ storepq in E4

E4 “ let !x “ pE4.1 E4.2q in E5

E4.1 “ coerce1 !Y
E4.2 “ pλu.!pqq A
E5 “ bindC “ storepq in E6

E6 “ et C
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1.5.1 Type preservation

Theorem 22 (Type preservation: dlPCF to λ-Amor ). If Θ; ∆; Γ $I e : τ in dlPCF then there
exists e1 such that Θ; ∆; Γ $I e : τ  e1 such that there is a derivation of .; Θ; ∆; LΓM; . $ e1 :
rI ` countpΓqs1(M 0 LτM in λ-Amor .

Proof. Proof by induction on the Θ; ∆; Γ $I e : τ

• var:

Θ; ∆ |ù J ě 0
Θ; ∆ |ù I ě 1 Θ; ∆ $ σr0{as ă: τ Θ; ∆ |ù ra ă Isσ ó Θ; ∆ |ù Γ ó

Θ; ∆; Γ, x : ra ă Isσ $J x : τ  λp.release´ “ p in bind´ “ Ò1 in x
var

D2:
Θ; ∆ $ σr0{as ă: τ

Θ; ∆ $ Lσr0{asM ă: LτM
Lemma 27

D1:

¨; Θ; ∆; LΓM, x :aăI M 0 LσM,$ x : M 0 LσMr0{as
T-var2

¨; Θ; ∆; LΓM, x :aăI M 0 LσM,$ x : M 0 Lσr0{asM
Lemma 28

D0:

¨; Θ; ∆; LΓM, x :aăI M 0 LσM,$ Ò1 : M 1 1

¨; Θ; ∆; LΓM, x :aăI M 0 LσM,$ Ò1 : MpI ` J ` countpΓqq1
D1

¨; Θ; ∆; LΓM, x :aăI M 0 LσM,$ bind´ “ Ò1 in x : MpI ` J ` countpΓqq Lσr0{asM
bind

Main derivation:

¨; Θ; ∆; LΓM, x :aăI M 0 LσM, p : prI ` J ` countpΓqs1q $ p : prI ` J ` countpΓqs1q
D0

¨; Θ; ∆; LΓM, x :aăI M 0 LσM; p : prI ` J ` countpΓqs1q $

release´ “ p in bind´ “ Ò1 in x : M 0 LτM

T-release

¨; Θ; ∆; LΓM, x :aăI M 0 LσM; ¨ $
λp.release´ “ p in bind´ “ Ò1 in x : pprI ` J ` countpΓqs1q(M 0 LτMq

T-lam

• lam:

Θ; ∆; Γ, x : ra ă Isτ1 $J e : τ2  et

Θ; ∆; Γ $J λx.e : pra ă Is.τ1q( τ2  
λp1. retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in et a

E0 “ λp1. retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in et a

E1 “ retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in et a

E2 “ λy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in et a
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E3 “ λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in et a

E4 “ let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in et a

E4.1 “ release´ “ p1 in release´ “ p2 in bind a “ storepq in et a

E4.2 “ release´ “ p2 in bind a “ storepq in et a

E4.3 “ bind a “ storepq in et a

T0 “ rJ ` countpΓqs1(M 0 Lpra ă Isτ1q( τ2M

T0.1 “ rJ ` countpΓqs1(M 0pp!aăI M 0 Lτ1Mq( rIs1(M 0 Lτ2Mq

T0.2 “ rJ ` countpΓqs1

T1 “M 0pp!aăI M 0 Lτ1Mq( rIs1(M 0 Lτ2Mq

T2 “ pp!aăI M 0 Lτ1Mq( rIs1(M 0 Lτ2Mq

T2.1 “!aăI M 0 Lτ1M

T3 “ rIs1(M 0 Lτ2M

T3.1 “ rIs1

T4 “M 0 Lτ2M

T4.1 “MpJ ` I ` countpΓqq1

T4.2 “MpJ ` I ` countpΓqq Lτ2M

T4.3 “MpJ ` countpΓqq Lτ2M

T5 “ rpJ ` I ` countpΓqqs1(M 0 Lτ2M

D6:

¨; Θ; ∆; ¨; a : rJ ` I ` countpΓqs1 $ a : rJ ` I ` countpΓqs1
var

D5:

¨; Θ; ∆; LΓM, x :aăI M 0 Lτ1M; ¨ $ et : T5
IH

D4:
D5 D6

¨; Θ; ∆; LΓM, x :aăI M 0 Lτ1M; a : rJ ` I ` countpΓqs1 $ et a : T4
app

D3:

¨; Θ; ∆; ¨; ¨ $ storepq : T4.1
store D4

¨; Θ; ∆; LΓM, x :aăI M 0 Lτ1M; ¨ $ E4.3 : T4.2
bind

D2:

¨; Θ; ∆; ¨; p2 : T3.1 $ p2 : T3.1
D3

¨; Θ; ∆; LΓM, x :aăI M 0 Lτ1M; p2 : T3.1 $ E4.2 : T4.3
bind

D1:

¨; Θ; ∆; ¨; p1 : T0.2 $ p1 : T0.2
D2

¨; Θ; ∆; LΓM, x :aăI M 0 Lτ1M; p1 : T0.2, p2 : T3.1 $ E4.1 : T4
release
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D0:

¨; Θ; ∆; ¨; y : T2.1 $ y : T2.1
D1

¨; Θ; ∆; LΓM; p1 : T0.2, y : T2.1, p2 : T3.1 $ E4 : T4
T-subExpE

¨; Θ; ∆; LΓM; p1 : T0.2, y : T2.1 $ E3 : T3
lam

Main derivation:
D0

¨; Θ; ∆; LΓM; p1 : T0.2 $ E2 : T2
lam

¨; Θ; ∆; LΓM; p1 : T0.2 $ E1 : T1
ret

¨; Θ; ∆; LΓM; ¨ $ E0 : T0.1
lam

• app:

Θ; ∆; Γ1 $J e1 : pra ă Isτ1q( τ2  et1
Θ, a; ∆, a ă I; Γ2 $K e2 : τ1  et2 Γ1 Ě Γ1 ‘

ÿ

aăI

Γ2 H ě J ` I `
ÿ

aăI

K

Θ; ∆; Γ1 $H e1 e2 : τ2  E0
app

E0 “ λp.E1

E1 “ release´ “ p in E2

E2 “ bind a “ storepq in E3

E3 “ bind b “ et1 a in E4

E4 “ bind c “ store!pq in E5

E5 “ bind d “ storepq in b pcoerce1 et2 cq d

T0 “ rH ` countpΓ1qs1(M 0 Lτ2M

T0.11 “ rJ ` I `
ř

aăI K ` countpΓ1q ` countp
ř

aăI Γ2qs1(M 0 Lτ2M

T0.1 “ rJ ` I `
ř

aăI K ` countpΓ1q ` countp
ř

aăI Γ2qs1

T0.2 “M 0 Lτ2M

T0.3 “MpJ ` I `
ř

aăI K ` countpΓ1q ` countp
ř

aăI Γ2qq Lτ2M

T1 “ rpJ ` countpΓqqs1(M 0 Lpra ă Isτ1q( τ2M

T1.1 “ rpJ ` countpΓqqs1

T1.11 “MpJ ` countpΓqq rpJ ` countpΓqqs1

T1.12 “MpI `
ř

aăI K ` countp
ř

aăI Γ2qq Lτ2M

T1.13 “Mp
ř

aăI K ` countp
ř

aăI Γ2qqT1.14

T1.131 “Mp
ř

aăI K ` countp
ř

aăI Γ2qqT1.15

T1.14 “ rp
ř

aăI K ` countp
ř

aăI Γ2qqs !aăI1 “ r
ř

aăIpK ` countpΓ2qqs !aăI1

T1.15 “!aăI rpK ` countpΓ2qqs1

T1.2 “M 0 Lpra ă Isτ1q( τ2M

T2 “ rpJ ` countpΓqqs1(M 0 p!aăI M 0 Lτ1Mq(M 0 Lτ2M

T2.1 “ rpJ ` countpΓqqs1
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T2.2 “M 0 pp!aăI M 0 Lτ1Mq( rIs1(M 0 Lτ2Mq

T2.21 “ p!aăI M 0 Lτ1Mq( rIs1(M 0 Lτ2M

T2.22 “ rIs1(M 0 Lτ2M

T3 “M 0 Lτ2M

T3.1 “M I Lτ2M

T4 “M 0 Lτ1M

T4.1 “!aăI M 0 Lτ1M

T5 “ rpK ` countpΓ2qqs1(M 0 Lτ1M

T5.0 “!aăIprpK ` countpΓ2qqs1(M 0 Lτ1Mq

T5.1 “!aăI rpK ` countpΓ2qqs1(!aăI M 0 Lτ1M

D0.7:

¨; Θ; ∆; ¨; c : T1.15 $ c : T1.15
T-var

D0.6:

¨; Θ, a; ∆, a ă I; LΓ2M; ¨ $ et2 : T5
IH

¨; Θ; ∆;
ÿ

aăI

LΓ2M; ¨ $ !et2 : T5.0

subExpI D0.7

¨; Θ; ∆;
ÿ

aăI

LΓ2M; c : T1.15 $ coerce1 !et2 c : T4.1

Lemma 32

D0.5:

¨; Θ; ∆;
ÿ

aăI

LΓ2M; b : T2.21 $ b : T2.21

D0.6

¨; Θ; ∆;
ÿ

aăI

LΓ2M; b : T2.21, c : T1.15 $ b pcoerce1 !et2 cq : T2.22

T-app

D0.4:
D0.5

¨; Θ; ∆; ¨; d : rIs1 $ d : rIs1

¨; Θ; ∆;
ÿ

aăI

LΓ2M; b : T2.21, c : T1.15, d : rIs1 $ b pcoerce1 !et2 cq d : T3

D0.3:

¨; Θ; ∆; ¨; ¨ $ storepq : M I rIs1
D0.4

¨; Θ; ∆;
ÿ

aăI

LΓ2M; b : T2.21, c : T1.15 $ E5 : T3.1

bind

D0.21:

¨; Θ; ∆ $ T1.14 ă: T1.15
sub-bSum

D0.2:

¨; Θ; ∆; ¨; ¨ $!pq :!aăI1

¨; Θ; ∆; ¨; ¨ $ store!pq : T1.13
D0.21

¨; Θ; ∆; ¨; ¨ $ store!pq : T1.131
T-sub D0.3

¨; Θ; ∆;
ÿ

aăI

LΓ2M; b : T2.21 $ E4 : T1.12

bind
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D0.12:

¨; Θ; ∆; .; a : T2.1 $ a : T2.1
T-var

D0.11:

¨; Θ; ∆; LΓ1M; . $ et1 : T1
IH1

D0.1:
D0.11 D0.12

¨; Θ; ∆; LΓ1M; a : T2.1 $ et1 a : T2.2
app D0.2

¨; Θ; ∆; LΓ1M‘
ÿ

aăI

LΓ2M; a : T2.1 $ E3 : T1.12

bind

D0:

¨; Θ; ∆; ¨; ¨ $ storepq : T1.11
D0.1

¨; Θ; ∆; LΓ1M‘
ÿ

aăI

LΓ2M; ¨ $ E2 : T0.3

bind

D0.0:

Θ; ∆ $ Γ1 Ď Γ1 ‘
ÿ

aăI

Γ2

By inversion

Θ; ∆ $ LΓ1M ă: LΓ1 ‘
ÿ

aăI

Γ2M
Lemma 25

Main derivation:

¨; Θ; ∆; ¨; p : T0.1 $ p : T0.1
D0

¨; Θ; ∆; LΓ1M‘
ÿ

aăI

LΓ2M; p : T0.1 $ E1 : T0.2

release

¨; Θ; ∆; LΓ1M‘
ÿ

aăI

LΓ2M; ¨ $ E0 : T0.11

¨; Θ; ∆; LΓ1M‘ L
ÿ

aăI

Γ2M; ¨ $ E0 : T0.11

Lemma 24

¨; Θ; ∆; LΓ1 ‘
ÿ

aăI

Γ2M; ¨ $ E0 : T0.11

Lemma 23 D0.0

¨; Θ; ∆; LΓ1M; ¨ $ E0 : T0
T-sub,T-weaken

• fix:

Θ, b; ∆, b ă L; Γ, x : ra ă Isσ $K e : τ  et

τ r0{as ă: µ Θ, a, b; ∆, a ă I, b ă L $ τ rpb` 1`
b`1,a
ï

b

Iq{bs ă: σ

Γ1 Ď
ÿ

băL

Γ L,M ě

0,1
ï

b

I N ěM ´ 1`
ÿ

băL

K

Θ; ∆; Γ1 $N fixx.e : µ E0
T-fix

E0 “ fixY.E1
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E1 “ λp.E2

E2 “ release´ “ p in E3

E3 “ bindA “ storepq in E4

E4 “ let !x “ pE4.1 E4.2q in E5

E4.1 “ coerce1 !Y

E4.2 “ pλu.!pqq A

E5 “ bindC “ storepq in E6

E6 “ et C

costpb1q fi

if p0 ď b1 ă p
0,1
Ï

b

Ipbqqq then

Kpb1q ` Ipb1q ` countpΓpb1qq ` p
ř

aăIpb1q costppb
1 ` 1`

b1`1,a
Ï

b

Ipbqqqq

else
0

τ 1pb1q “ rcostpb1qs1(M 0 Lτpb1qM

T0.0 “ τ 1rpb1 ` 1`
b1`1,a
Ï

b

Iq{b1s

T0 “ rpN ` countpΓ1qqs1(M 0 LµM

T0.1 “ rpM ´ 1`
ř

b1ăLKq ` countp
ř

b1ăL Γqs1(M 0 Lτp0qM

b2 “ pb1 ` 1`
b1`1,a
Ï

b

Iq

T1.0 “!aăIpb1qprcostpb
2qs1(M 0 Lτpb2qMq

T1 “!aăIpb1q rcostpb
2qs1(!aăIpb1qM 0 Lτpb2qM

T1.1 “!aăIpb1qM 0 Lτpb2qM

T1.11 “M 0 Lτpb2qM

T1.12 “M 0 LσM

T2 “ r
ř

aăIpb1q costpb
2qs1

T3.0 “
ř

aăI costpb
2q!aăI1

T3 “!aăIrcostpb
2qs1

T4 “MpKpb1q ` Ipb1q ` countpΓpb1qqq Lτpb1qM

T4.1 “MpKpb1q ` Ipb1q ` countpΓpb1qqq rpKpb1q ` Ipb1q ` countpΓpb1qqqs1

T4.2 “ rpKpb
1q ` Ipb1q ` countpΓpb1qqqs1

T5 “ rpKpb
1q ` Ipb1q ` countpΓpb1qqqs1(M 0 Lτpb1qM

Tc0 “ 1( !aăI1

Tc0.1 “ r0s p1( !aăI1q

Tc1 “ r
ř

aăI costpb
2qs1( r

ř

aăI costpb
2qs !aăI1
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D5.2:

¨; Θ, b1; ∆, b1 ă L; ¨;C : T4.2 $ C : T4.2
var

D5.10:

.; Θ, b1; ∆, b1 ă L $ τpb2q ă: σ
Given

.; Θ, b1; ∆, b1 ă L $ Lτpb2qM ă: LσM
Lemma 27

D5.1:

¨; Θ, b1; ∆, b1 ă L; LΓM, x :aăIpb1q T1.12; ¨ $ et : T5
IH D5.10

¨; Θ, b1; ∆, b1 ă L; LΓM, x :aăIpb1q T1.11; ¨ $ et : T5
T-weaken

D5:
D5.1 D5.2

¨; Θ, b1; ∆, b1 ă L; LΓM, x :aăIpb1q T1.11;C : T4.2 $ et C : M 0 Lτpb1qM
app

D4:

¨; Θ, b1; ∆, b1 ă L; ¨; ¨ $ storepq : T4.1
D5

¨; Θ, b1; ∆, b1 ă L; LΓM, x :aăIpb1q T1.1;C : T4.2 $ E5 : T4

D3.2:

¨; Θ, b1; ∆, b1 ă L;Y :aăI T0.0; ¨ $!Y : T1.0
Lemma 29

D3.11:
D3.2

¨; Θ, b1; ∆, b1 ă L;Y :aăI T0.0; ¨ $ coerce1 p!Y q : T1
Lemma 32

D3.12:

.; Θ, b1; ∆, b1 ă L $ T3.0 ă: T3
sub-bSum

Dc2:

¨; Θ, b1; ∆, b1 ă L $ Tc0.1 ă: Tc1
sub-potArrow

Dc1:

¨; Θ, b1; ∆, b1 ă L, a ă I; ¨; ¨ $ pq : 1
T-unit

¨; Θ, b1; ∆, b1 ă L; ¨;u : 1 $!pq :!aăI1
T-subExpI,T-weaken

¨; Θ, b1; ∆, b1 ă L; ¨; ¨ $ λu.!pq : Tc0
T-lam

Dc:
Dc1

¨; Θ, b1; ∆, b1 ă L $ Tc0 ă: Tc0.1
sub-potZero

¨; Θ, b1; ∆, b1 ă L; ¨; ¨ $ λu.!pq : Tc0.1
T-sub Dc2

¨; Θ, b1; ∆, b1 ă L; ¨; ¨ $ λu.!pq : Tc1
T-sub
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D3.1:

D3.11

Dc
¨; Θ, b1; ∆, b1 ă L; ¨;A : T2 $ A : T2

var

¨; Θ, b1; ∆, b1 ă L; ¨;A : T2 $ pλu.!pqq A : T3.0
T-app D3.12

¨; Θ, b1; ∆, b1 ă L; ¨;A : T2 $ pλu.!pqq A : T3
T-sub

¨; Θ, b1; ∆, b1 ă L;Y :aăI T0.0;A : T2 $ E4.1 E4.2 : T1.1
app

D3:
D3.1 D4

¨; Θ, b1; ∆, b1 ă L; LΓM, Y :aăI T0.0;A : T2 $ E4 : T4

D2:

¨; Θ, b1; ∆, b1 ă L; LΓ1M; ¨ $ storepq : Mp
ÿ

aăIpb1q

costpb2qqT2

D3

¨; Θ, b1; ∆, b1 ă L; LΓ1M, Y :aăI T0.0; ¨ $ E3 : Mp costpb1qqLτpb1qM

D1:

¨; Θ, b1; ∆, b1 ă L; LΓM; p : rcostpb1qs1 $ p : rcostpb1qs1
D2

¨; Θ, b1; ∆, b1 ă L; LΓM, Y :aăI T0.0; p : rcostpb1qs1 $ E2 : Mp 0qLτpb1qM
release

D0:

D1

¨; Θ, b1; ∆, b1 ă L; LΓM, Y :aăI T0.0; ¨ $ E1 : τ 1pb1q

¨; Θ; ∆;
ÿ

aăL

LΓM; ¨ $ E0 : τ 1p0q
T-fix

¨; Θ; ∆;
ÿ

aăL

LΓM; ¨ $ E0 : T0.1

Claim

¨; Θ; ∆; L
ÿ

aăL

ΓM; ¨ $ E0 : T0.1

Lemma 24

¨; Θ; ∆; LΓ1M; ¨ $ E0 : T0.1
Lemma 25,T-weaken

Main derivation:
D0

¨; Θ; ∆; LΓ1M; ¨ $ E0 : T0
T-sub

Claim:

τ 1p0q “ rpM ´ 1`
ř

b1ăLKq ` countp
ř

b1ăL Γqs1(M 0 Lτp0qM

Proof.

It suffices to prove that

costp0q “ pM ´ 1`
ř

b1ăLKq ` countp
ř

b1ăL Γq

From Definition of cost we know that

costp0q “ p
ř

b1ăL Ipb
1q `

ř

b1ăLKpb
1qq `

ř

b1ăL countpΓq
“ pM ´ 1`

ř

b1ăLKpb
1qq `

ř

b1ăL countpΓq Definition of I and M
“ pM ´ 1`

ř

b1ăLKq ` countp
ř

b1ăL Γq Lemma 26
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Lemma 23 (Relation b/w dlPCF context and its translation - binary sum). @Γ1,Γ2 P dlPCF .
LΓ1 ‘ Γ2M “ LΓ1M‘ LΓ2M

Proof. Proof by induction on Γ1

Γ1 “ .

L.‘ Γ2M “ LΓ2M Definition 3
“ L.M` LΓ2M Definition 4

Γ1 “ Γ11, x : r´s´

When x : r´s´ R Γ2

LΓ11, x : ra ă Isτ ‘ Γ2M “ LpΓ11 ‘ Γ2q, x : ra ă IsτM Definition 3
“ LpΓ11 ‘ Γ2qM, x :aăI M 0 LτM Definition 21
“ pLΓ11M‘ LΓ2Mq, x :aăI M 0 LτM IH
“ LΓ11M, x :aăI M 0 LτM‘ LΓ2M Definition 4
“ LΓ11, x : ra ă IsτM‘ LΓ2M Definition 4

When x : rb ă Jsτ rI ` b{cs P Γ2

Let LΓ11, x : ra ă Isτ ra{cs ‘ Γ12, x : rb ă Jsτ rI ` b{csM “ Γr
Γr “ LpΓ11 ‘ Γ12q, x : rc ă pI ` JqsτM Definition 3

“ LpΓ11 ‘ Γ12qM, x :căpI`Jq M 0 LτM Definition 21

“ pLΓ11M‘ LΓ12Mq, x :căpI`Jq M 0 LτM IH

“ LΓ11M, x :aăI M 0 LτMra{cs ‘ LΓ12M, x :băJ M 0 LτMrI ` b{cs Definition 4
“ LΓ11M, x :aăI M 0 Lτ ra{csM‘ LΓ12M, x :băJ M 0 Lτ rI ` b{csM Lemma 28
“ LΓ11, x : ra ă Isτ ra{csM‘ LΓ12, x : rb ă Jsτ rI ` b{csM Definition 4

Lemma 24 (Relation b/w dlPCF context and its translation - bounded sum). @Γ P dlPCF .
L
ř

aăI ΓM “
ř

aăILΓM

Proof. Proof by induction on Γ
Γ “ .
L
ř

aăI .M “ L.M Definition 1
“ . Definition 21
“

ř

aăIL.M Definition 2

Γ “ Γ1, x : r´s´

Let L
ř

aăIpΓ
1, x : rb ă Jsσr

ř

dăa Jrd{as ` b{csqM “ Γr
Γr “ L

ř

aăIpΓ
1q, x : rc ă

ř

aăI JsσM Definition 1
“ L

ř

aăIpΓ
1qM, x :că

ř

aăI J M 0 LσM Definition 21

“
ř

aăILΓ
1M, x :că

ř

aăI J M 0 LσM IH

“
ř

aăIpLΓ
1M, x :băJ M 0 LσMr

ř

dăa Jrd{as ` b{csq Definition 2
“

ř

aăIpLΓ
1M, x :băJ M 0 Lσr

ř

dăa Jrd{as ` b{csMq Lemma 28
“

ř

aăILΓ
1, x : rb ă Jsσr

ř

dăa Jrd{as ` b{csM Definition 21

Lemma 25 (Relation b/w dlPCF context and its translation - subtyping). @Γ,Γ1 P dlPCF .
Θ; ∆ |ù Γ1 Ď Γ2 ùñ .; Θ; ∆ |ù LΓ1M ă: LΓ2M

Proof. Proof by induction on the Θ; ∆ $ Γ1 Ď Γ2 relation
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1. dlpcf-sub-mBase:

.; Θ; ∆ $ LΓ1M ă: .
sub-mBase

2. dlpcf-sub-mInd:

D4:

.; Θ; ∆ $ Γ1{x ă: Γ2
By inversion

.; Θ; ∆ $ LΓ1M{x ă: LΓ2M
IH

D3:

Θ; ∆ $ I ď J
By inversion

D2:

.; Θ, a; ∆, a ă I $ τ 1 ă: τ
By inversion

.; Θ, a; ∆, a ă I $ Lτ 1M ă: LτM
Lemma 27

.; Θ, a; ∆, a ă I $M 0 Lτ 1M ă: M 0 LτM

D1:

x : ra ă Jsτ 1 P Γ1
By inversion

x :aăJ M 0 Lτ 1M P LΓ1M
Definition 21

Main derivation:
D1 D2 D3 D4

.; Θ; ∆ $ LΓ1M ă: LΓ12M, x :aăI M 0 LτM
.; Θ; ∆ $ LΓ1M ă: LΓ12, x : ra ă IsτM

Lemma 26. @L,Γ.
ř

aăL countpΓq “ countp
ř

aăL Γq

Proof. By induction on Γ
Γ “ .
From Definition of count we know that countp.q “ 0 therefore
ř

aăL countp.q “ 0

From Definition 2 we know that
ř

aăL . “ .
Therefore again from Definition of count we know that countp.q “ 0
And we are done

Γ “ Γ1, x :băJ τ

countp
ř

aăL Γ1, x :băJ τq “ countp
ř

aăL Γ1, x :că
ř

aăL J
σq Definition 2

where τ “ σrp
ř

dăa Jrd{as ` bq{cs
“ countp

ř

aăL Γ1q `
ř

aăL J Definition countp.q
“

ř

aăL countpΓ
1q `

ř

aăL J IH
“

ř

aăL countpΓ
1, x :băJ τq
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Lemma 27 (Subtyping is preserved by translation). Θ; ∆ $D σ ă: τ ùñ Θ; ∆ $A LσM ă: LτM

Proof. By induction on Θ; ∆ $D σ ă: τ

1. ra ă Isσ1 ( σ2 ă: ra ă Jsτ1 ( τ2:

D1:

Θ; ∆ $A I ď J
By inversion

Θ; ∆ $A rJs1 ă: rIs1

Θ; ∆ $A Lσ2M ă: Lτ2M
IH2

Θ; ∆ $A M 0 Lσ2M ă: M 0 Lτ2M
Θ; ∆ $A rIs1(M 0 Lσ2M ă: rJs1(M 0 Lτ2M

Main derivation:

Θ, a; ∆ $A I ď J
By inversion

Θ; ∆ $A Lτ1M ă: Lσ1M
IH1

Θ; ∆ $A M 0 Lτ1M ă: M 0 Lσ1M
Θ; ∆ $A!aăJ M 0 Lτ1M ă:!aăI M 0 Lσ1M

D1

Θ; ∆ $A!aăI M 0 Lσ1M( rIs1(M 0 Lσ2M ă:!aăJ M 0 Lτ1M( rJs1(M 0 Lτ2M

Lemma 28 (Index Substitution lemma). @τ P dlPCF, J .
LτMrJ{bs “ Lτ rJ{bsM

Proof. By induction on τ

1. τ “ b:

LbMrJ{bs
“ b
“ LbrJ{bsM

2. τ “ ra ă Isτ1 ( τ2:

Lra ă Isτ1 ( τ2MrJ{bs
“ !aăI M 0Lτ1M( rIs1(M 0 Lτ2MrJ{bs
“ !aăIrJ{bsM 0Lτ1MrJ{bs( rIsrJ{bs1(M 0 Lτ2MrJ{bs
“ !aăIrJ{bsM 0Lτ1rJ{bsM( rIsrJ{bs1(M 0 Lτ2rJ{bsM (From IH)

“ Lra ă IrJ{bssτ1rJ{bs( τ2rJ{bsM

Lemma 29. Ψ; Θ; ∆;x :aăI τ ; ¨ $!x :!aăIτ

Proof.

Ψ; Θ, a; ∆, a ă I;x :bă1 τ ra` b{as; ¨ $ x : τ
T-var2

Ψ; Θ; ∆;
ÿ

aăI

x :bă1 τ ra` b{as; ¨ $!x :!aăIτ
T-subExpI

Ψ; Θ; ∆;x :aăI τ ; ¨ $!x :!aăIτ
Lemma 30

Lemma 30.
ř

aăI x :bă1 τ ra` b{as “ xaăIτ
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Proof. It suffices to prove that
ř

aăI x :bă1 τ ra` b{as “ xcăIτ rc{as

From Definition 2 it suffices to prove that
ř

aăI x :bă1 τ ra` b{as “ xcă
ř

aăI 1τ rc{as

Again from Definition 2 it suffices to prove that
τ rc{asrp

ř

dăa 1rd{as ` bq{cs “ τ ra` b{as

τ rc{asrp
ř

dăa 1rd{as ` bq{cs “
τ rc{asrp

ř

dăa 1rd{as ` bq{cs “
τ rc{asrpa` bq{cs “
τ rpa` bq{as

So, we a re done

Definition 31 (Coercion function). coerce1 F X fi

let ! f “ F in let !x “ X in!pf xq

Lemma 32 (Coerce is well-typed). ¨; ¨; ¨; ¨; ¨ $ coerce1 :!aăIpτ1 ( τ2q(!aăIτ1 (!aăIτ2

Proof. D2.2

¨; a; a ă I;x :bă1 τ1ra` b{as; ¨ $ x : τ1

D2.1:

¨; a; a ă I; f :bă1 pτ1 ( τ2qra` b{as; ¨ $ f : τ1 ( τ2

D2:

D2.1 D2.2

¨; a; a ă I; f :bă1 pτ1 ( τ2qra` b{as, x :bă1 τ1ra` b{as; ¨ $ pf xq : τ2

¨; ¨; ¨;
ÿ

aăI

f :bă1 pτ1 ( τ2qra` b{as, x :bă1 τ1ra` b{as; ¨ $!pf xq :!aăIτ2

T-subExpI

¨; ¨; ¨; f :aăI pτ1 ( τ2q, x :aăI τ1; ¨ $!pf xq :!aăIτ2
Lemma 33

D1:

¨; ¨; ¨; f :aăI pτ1 ( τ2q;X :!aăIτ1 $!pf xq
D2

¨; ¨; ¨; f :aăI pτ1 ( τ2q; ¨ $ let !x “ X in!pf xq

D0:

¨; ¨; ¨; ¨;F :!aăIpτ1 ( τ2q $ F :!aăIpτ1 ( τ2q
T-var1 D1

¨; ¨; ¨; ¨;F :!aăIpτ1 ( τ2q $ let ! f “ F in let !x “ X in!pf xq

Main derivation:

D0

¨; ¨; ¨; ¨;F :!aăIpτ1 ( τ2q $ λX. let ! f “ F in let !x “ X in!pf xq

¨; ¨; ¨; ¨; ¨ $ λF.λX. let ! f “ F in let !x “ X in!pf xq :!aăIpτ1 ( τ2q(!aăIτ1 (!aăIτ2

Lemma 33.
ř

aăI f :bă1 pτ1 ( τ2qra` b{as, x :bă1 τ1ra` b{as “ f :aăI τ1 ( τ2, x :aăI τ1
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Proof. It suffices to prove that
ř

aăI f :bă1 pτ1 ( τ2qra` b{as, x :bă1 τ1ra` b{as “ f :căI pτ1 ( τ2qrc{as, x :căI τ1rc{as

From Definition 2 it suffices to prove that
ř

aăI f :bă1 pτ1 ( τ2qra ` b{as, x :bă1 τ1ra ` b{as “ f :că
ř

aăI 1 pτ1 ( τ2qrc{as, x :că
ř

aăI 1

τ1rc{as

Again from Definition 2 it suffices to prove that

1. pτ1 ( τ2qrc{asrp
ř

dăa 1rd{as ` bq{cs “ pτ1 ( τ2qra` b{as:

pτ1 ( τ2qrc{asrp
ř

dăa 1rd{as ` bq{cs “

pτ1 ( τ2qrc{asrp
ř

dăa 1rd{as ` bq{cs “

pτ1 ( τ2qrc{asrpa` bq{cs “

pτ1 ( τ2qrpa` bq{as

2. τ1rc{asrp
ř

dăa 1rd{as ` bq{cs “ τ1ra` b{as:

τ1rc{asrp
ř

dăa 1rd{as ` bq{cs “

τ1rc{asrp
ř

dăa 1rd{as ` bq{cs “

τ1rc{asrpa` bq{cs “

τ1rpa` bq{as

So, we are done

1.5.2 Cross-language model: dlPCF to λ-amor

Definition 34 (Logical relation for dlPCF to λ-Amor).

tbuV fi tpsv , tvq | sv P JbK^ tv P JbK^ sv “ tvu
tra ă Isτ1 ( τ2uV fi tpλx.es, λx.λp. let !x “ y in etq | @e

1
s, e

1
t.

pe1s, e
1
tq P tra ă Isτ1uNE ùñ pesre

1
s{xs, etre

1
t{ysrpq{psq P tτ2uEu

tτ uE fi tpes, etq | @
sv .es ó

sv ùñ Dtvt,
tvf , J.et ó

tvt ó
J tvf ^ p

sv , tvf q P tτ uV u

tra ă Isτ uNE fi tpes, etq | De
1
t.et “ coerce1 !e1t !pq ^ @0 ď i ă I.pes, e

1
tpqq P tτ ri{asuEu

Definition 35 (Interpretation of typing contexts).

tΓuE “ tpδs, δtq |
p@x : ra ă Jsτ P dompΓq.@0 ď j ă J.pδspxq, δtpxqq P tτ rj{asuEq

Theorem 36 (Fundamental theorem). @Θ,∆,Γ, τ, es, et, I, δs, δt.
Θ; ∆; Γ $I es : τ  et ^ pδs, δtq P tΓ ιuE ^ . |ù ∆ ι
ùñ

pesδs, et pq δtq P tτ ιuE

Proof. Proof by induction on the translation relation:
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1. var:

Θ; ∆ |ù J ě 0
Θ; ∆ |ù I ě 1 Θ; ∆ $ τ 1r0{as ă: τ Θ; ∆ |ù ra ă Isτ 1 ó Θ; ∆ |ù Γ ó

Θ; ∆; Γ, x : ra ă Isτ 1 $J x : τ  λp.release´ “ p in bind´ “ Ò1 in x
var

E1 “ λp.release´ “ p in bind´ “ Ò1 in x

Given: pδs, δtq P tΓ, xuE

To prove: pxδs, E1 pqδtq P tτ uE

This means from Definition 34 we need to prove that

@sv .xδs ó
sv ùñ Dtvt,

tvf , J
1.E1 pq ó

tvt ó
J 1 tvf ^ p

sv , tvf q P tτ uV

This means that given some sv s.t xδs ó
sv it suffices to prove that

Dtvt,
tvf , J

1.E1 pq ó
tvt ó

J 1 tvf ^ p
sv , tvf q P tτ uV (F-DA-V0)

Since we are given that pδs, δtq P tΓ, xuE therefore from Definition 35 we know that

@y : ra ă Jsτ2 P dompΓ, xq. @0 ď i ă J.pδspyq, δtpyqq P tτ
2ri{asuE

This means we also have pδspxq, δtpxqq P tτ
1r0{asuE . This further means that from Defini-

tion 34 we have

@sv2.δspxq ó
sv2 ùñ DJ2, tv2t ,

tv2f .δtpxq ó
tv2t ó

J2 tv2f ^ psv2, tv2f q P tτ 1r0{asuV
(F-DA-V1)

We instantiate (F-DA-V1) with sv and in order to prove (F-DA-V0) we choose J 1 as J2,
tvt as tv2t and tvf as tv2f and we get the desired from (F-DA-V1) and Lemma 37.

2. lam:

Θ; ∆; Γ, x : ra ă Isτ1 $J e : τ2  et

Θ; ∆; Γ $J λx.e : pra ă Is.τ1q( τ2  
λp1. retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in et a

lam

E1 “ λp1. retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in et a

E2 “ λy.λp2. let !x “ y in E3

E3 “ release´ “ p1 in release´ “ p2 in bind a “ storepq in et a

Given: pδs, δtq P tΓuE

To prove: pλx.eδs, E1pqδtq P tpra ă Is.τ1q( τ2uE

This means from Definition 34 we need to prove that

@sv .λx.eδs ó
sv ùñ DJ 1, tvt,

tvf .E1pq ó
tvt ó

J 1 tvf ^ p
sv , tvf q P tpra ă Is.τ1q( τ2uV

This means that given some sv s.t λx.eδs ó
sv it suffices to prove that
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DJ 1, tvt,
tvf .E1pq ó

tvt ó
J 1 tvf ^ p

sv , tvf q P tpra ă Is.τ1q( τ2uV (F-DA-L0)

We know that sv “ λx.eδs. Also from E-app, E-ret we know that tvf “ E2 and J 1 “ 0

Therefore it suffices to show pλx.e δs, E2q P tppra ă Is.τ1q( τ2qιuV

From Definition 34 it further suffices to prove that

@e1s, e
1
t.pe

1
s, e

1
tq P tra ă Isτ1ιuNE ùñ pesre

1
s{xs, E3re

1
t{ysrpq{p2sq P tτ2 ιuE (F-DA-L1)

This means given some e1s, e
1
t s.t pe1s, e

1
tq P tra ă Isτ1ιuNE . We need to prove that

pesre
1
s{xs, E2re

1
t{xsrpq{p2sq P tτ2 ιuE (F-DA-L1.1)

Since pe1s, e
1
tq P tra ă Isτ1ιuNE therefore from Definition 34 we have

De2t .e
1
t “ coerce1 !e2t !pq ^ @0 ď i ă I.pe1s, e

2
t pqq P tτ1ri{as ιuE

Let

δ1s “ δs Y tx ÞÑ e1su and

δ1t “ δt Y tx ÞÑ e2t pqu

From Definition 35 we know that

pδ1s, δ
1
tq P tΓ, x : ra ă Isτ1 ιuE

Therefore from IH we have

pes δ
1
s, etpq δ

1
tq P tτ2 ιuE (F-DA-L2)

This means from Definition 34 we have

@svb.es δ
1
s ó

svb ùñ DJb,
tvt1,

tvb.etpq δ
1
t ó

tvt1 ó
Jb tvb ^ p

svb,
tvbq P tτ2 ιuV (F-DA-L3)

Applying Definition 34 on (F-DA-L1.1) we need to prove

@svf .esre
1
s{xsδs ó

svf ùñ DJ1,
tvt,

tvf .E2re
1
t{xsrpq{p2sδt ó

tvt ó
J1 tvf ^ p

svf ,
tvf q P tτ2ιuV

This means given some svf s.t esre
1
s{xsδs ó

svf it suffices to prove

DJ1,
tvt,

tvf .E2re
1
t{xsrpq{p2sδt ó

tvt ó
J1 tvf ^ p

svf ,
tvf q P tτ2ιuV (F-DA-L4)

Therefore instantiating (F-DA-L3) with svf and we get the desired

3. app:

Θ; ∆; Γ $J e1 : pra ă Is.τ1q( τ2  et1
Θ, a; ∆, a ă I; ∆ $K e2 : τ1  et2 Γ1 Ď Γ‘

ÿ

aăI

∆ H ě J ` I `
ÿ

aăI

K

Θ; ∆; Γ1 $H e1 e2 : τ2  E1
app

E1 “ λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in E11

E11 “ bind d “ storepq in b pcoerce1 !et2 cq d

Given: pδs, δtq P tΓ
1 ιuE
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To prove: pe1 e2δs, E1pqδtq P tτ2 ιuE

This means from Definition 34 we need to prove that

@svf .pe1 e2qδs ó
svf ùñ DJ 1, tvt,

tvf .E1pq ó
tvt ó

J 1 tvf ^ p
svf ,

tvf q P tτ2 ιuV

This means that given some svf s.t pe1 e2qδs ó
svf it suffices to prove that

DJ 1, tvt,
tvf .E1pq ó

tvt ó
J 1 tvf ^ p

svf ,
tvf q P tτ2 ιuV (F-DA-A0)

IH1

pe1δs, et1pqδtq P tpra ă Isτ1 ( τ2q ιuE

This means from Definition 34 we have

@sv1.e1δs ó
sv1 ùñ DJ1,

tv 11,
tv1.et1pqδt ó

tv 11 ó
J1 tv1 ^ p

sv1,
tv1q P tpra ă Isτ1 ( τ2q ιuV

Since we know that pe1 e2qδs ó
n svf therefore we know that Dsv1 s.t e1δs ó

sv1. Therefore
we have

DJ1,
tv 11,

tv1.et1pqδt ó
tv 11 ó

J1 tv1 ^ p
sv1,

tv1q P tpra ă Isτ1 ( τ2q ιuV (F-DA-A1)

Since we know that psv1,
tv1q P tpra ă Isτ1 ( τ2q ιuV

Let sv1 “ λx.ebs and tv1 “ λx.λp. let !x “ y in ebt

Therefore from Definition 34 we have

@e1s, e
1
t.pe

1
s, e

1
tq P tra ă Isτ1 ιuNE ùñ pebsre

1
s{xs, ebtre

1
t{xsrpq{psq P tτ2 ιuE (F-DA-A2)

IH2

pe2δs, et2pqδtq P tτ1 ιY ta ÞÑ 0uuE

pe2δs, et2pqδtq P tτ1 ιY ta ÞÑ 1uuE

. . .

pe2δs, et2pqδtq P tτ1 ιY ta ÞÑ I ´ 1uuE (F-DA-A3)

We claim that

pe2δs, coerce !et2 !pqδtq P tra ă Isτ1 ιuNE

From Definition 31 we know that

coerce F X fi

let ! f “ F in let !x “ X in!pf xq

therefore the desired holds from Definition 34 and (F-DA-A3)

Instantiating (F-DA-A2) with e2δs, coerce !et2 !pqδt we get

pebsre2δs{xs, ebtrcoerce !et2 !pqδt{xspqq P tτ2 ιuE (F-DA-A4)

This further means that from Definition 34 we have

@svbf .ebsre2δs{xs ó
svbf ùñ DJ2,

tvtb,
tvbf .ebtrcoerce !et2 !pqδt{xspq ó

tvtb ó
J2 tvbf ^

psvbf ,
tvbf q P tτ2 ιuV
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Since we know that pe1 e2qδs ó
n svf therefore we know that Dsvbf , n2 s.t ebsre2δs{xs ó

n2

svbf . Therefore we have

DJ2,
tvtb,

tvbf .ebtrcoerce !et2 !pqδt{xspq ó
tvtb ó

J2 tvbf ^ p
svbf ,

tvbf q P tτ2 ιuV (F-DA-A5)

In order to prove (F-DA-A0) we choose J 1 as J1 ` J2, tvt as tvtb and tvf as tvbf , we get
the desired from (F-DA-A1) and (F-DA-A5)

4. fix:

Θ, b; ∆, b ă L; Γ, x : ra ă Isσ $K e : τ  et

τ r0{as ă: µ Θ, a, b; ∆, a ă I, b ă L; Γ $ τ rpb` 1`
b`1,a
ï

b

Iq{bs ă: σ

Γ1 Ď
ÿ

băL

Γ L,M ě

0,1
ï

b

I N ěM ´ 1`
ÿ

băL

K

Θ; ∆; Γ1 $N fixx.e : µ E0
T-fix

E0 “ fixY.E1

E1 “ λp.E2

E2 “ release´ “ p in E3

E3 “ bindA “ storepq in E4

E4 “ let !x “ pE4.1 E4.2q in E5

E4.1 “ coerce1 !Y

E4.2 “ pλu.!pqq A

E5 “ bindC “ storepq in E6

E6 “ et C

Given: pδs, δtq P tΓuE

To prove: pfixx.eδs, pfixY.E1qpqδtq P tµ ιuE

This means from Definition 34 we need to prove that

@sv .fixx.eδs ó
sv ùñ DJ 1, tvt,

tvf .E0pq ó
tvt ó

J 1 tvf ^ p
sv , tvf q P tµ ιuV

This means that given some sv s.t fixx.eδs ó
sv it suffices to prove that

DJ 1, tvt,
tvf .E0pq ó

tvt ó
J 1 tvf ^ p

sv , tvf q P tµ ιuV (F-DA-F0)

Claim 1

@0 ď t ă L. pe δ1s, E1 pq δ
1
tq P tτ rt{bs ιuE

where δ1s “ δs Y tx ÞÑ pfixx.eqδsu and δ1t “ δt Y tx ÞÑ pfixx.E1qδtu

We prove this by induction on the recursion tree

Base case: when t is a leaf node

Since for a leaf node Iptq “ 0 and x R freepeq therefore from IH (outer induction) we get
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pe δs, et pq δtq P tτ rt{bs ιuE

This means from Definition 34 we have

@sv 1.es δs ó
sv ùñ Dtv 1t ,

tv 1f , J
1.et pqδt ó

tv 1t ó
J 1 tv 1f ^ p

sv 1, tv 1f q P tτ rt{bs ιuV (BC0)

Since we have to prove pe δ1s, E1 pq δ
1
tq P tτ rt{bs ιuE

Therefore from Definition 34 it suffices to prove that

@sv .es δ
1
s ó

sv ùñ Dtvt,
tvf , J.E1 pq ó

tvt ó
J tvf ^ p

sv , tvf q P tτ rt{bs ιuV

This means given some sv s.t es δ
1
s ó

sv it suffices to prove that

Dtvt,
tvf , J.E1 pq ó

tvt ó
J tvf ^ p

sv , tvf q P tτ rt{bs ιuV (BC1)

Instantiating (BC0) with sv we get

Dtv 1t ,
tv 1f , J

1.et pqδ
1
t ó

tv 1t ó
J 1 tv 1f ^ p

sv 1, tv 1f q P tτ rt{bs ιuV (BC2)

From E-release, E-bind, E-subExpE we also know that if

et pqδt ó
tv 1t ó

J 1 tv 1f then E1 pqδ
1
t ó

tv 1t ó
J 1 tv 1f

Therefore we get we choose tvt,
tvf , J as tv 1t ,

tv 1f , J
1 in (BC1) and we get the desired from

(BC2)

Inductive case: when t is a some internal node

From IH we know that

@0 ď a ă Iptq.pe δ1s, E1 pq δ
1
tq P tτ rt

1{bs ιuE where t1 “ pt` 1`
t`1,a
Ï

b

Iptqq

Since Θ, a, b; ∆, a ă I, b ă L; . $ τ rpb ` 1 `
b`1,a
Ï

b

Iq{bs ă: σ therefore from Lemma 38 we

know that

@0 ď a ă Iptq.pe δ1s, E1 pq δ
1
tq P tσ ιuE (F-DA-F0.1)

Claim 2

pe δ1s, E1 pq δ
1
tq P tσ ιuE ùñ ppfixx.eq δs, ppfixx.pλp.E2qq pqq δtq P tσ ιuE

Proof is trivial

Since from (F-DA-F0.1) we know that

@0 ď a ă Iptq.pe δ1s, E1 pq δ
1
tq P tσ ιuE

Therefore from Claim2 we also get

@0 ď a ă I.pfixx.e δs, fixx.E1 pq δtq P tσ ιuE

Let

δ2s “ δs Y tx ÞÑ fixx.eδsu

δ2t “ δt Y tx ÞÑ ppfixx.E1qδt pqqu
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From Definition 35 it can been that pδ2s , δ
2
t q P tΓ, x :aăI σuE

Therefore from IH (outer induction) we get

pe δ2s , et pq δ
2
t q P tτ rt{bs ιuE

This means from Definition 34 we have

@sv0.es δ
2
s ó

sv0 ùñ DJ0,
tvt,

tvf .et pq δ2t ó
tvt ó

J0 tvf ^ psv0,
tvf q P tτ rt{bs ιuV

(F-DA-F1)

In order to prove pe δ1s, E1 pq δ
1
tq P tτ rt{bs ιuE from Definition 34 it suffices to prove

@svs.e δ
1
s ó

svs ùñ DJ1,
tv 1t ,

tvt.E2rpq{psδ
1
t ó

tv 1t ó
J1 tvt ^ p

svs,
tvtq P tτ rt{bs ιuV

This means given some svs s.t e δ1s ó
svs and we need to prove that

DJ1,
tv 1t ,

tvt.E2rpq{psδ
1
t ó

tv 1t ó
J1 tvt ^ p

svs,
tvtq P tτ rt{bs ιuV (F-DA-F2)

From E-release, E-bind, E-subExpE we also know that E2rpq{psδ
1
t
˚
Ñ etrpfixY.E1q pq{xs pq

therefore from (F-DA-F1) we get the desired.

This proves Claim1

Since from Claim1 we know that @0 ď t ă L. pe δ1s, E1 pq δ
1
tq P tτ rt{bs ιuE . Therefore

instantiating it with 0 we get

pe δ1s, E1 pq δ
1
tq P tτ r0{bs ιuE

This means from Definition 34 we have

@sv 1.eδ1s ó
sv 1 ùñ Dtv 1t ,

tv 1f , J
1.E1 pqδ

1
t ó

tv 1t ó
J 1 tv 1f ^ p

sv 1, tv 1f q P tτ r0{bsιuV

Instantiating it with the given sv and since know that fixx.eδs ó
sv therefore from E-fix

we also know that erfixx.e{xsδs ó
sv . Hence we have

Dtv 1t ,
tv 1f , J

1.E1 pqδ
1
t ó

tv 1t ó
J 1 tv 1f ^ p

sv 1, tv 1f q P tτ r0{bsιuV (F-DA-F3)

Since E1 pqδ
1
t ó

tv 1t ó
J 1 tv 1f therefore from E-fix we also know that fixx.E1 pqδt ó

tv 1t ó
J 1 tv 1f .

Also since τ r0{bs ă: µ therefore from (F-DA-F3) and Lemma 37 we get the desired.

Lemma 37. @Θ,∆, τ, τ 1, es, et, ι.

(a) Θ; ∆ $ τ ă: τ 1 ^ |ù ∆ι ùñ tτ ιuV Ď tτ 1 ιuV

(b) Θ; ∆ $ ra ă Isτ ă: ra ă Jsτ 1 ^ |ù ∆ι ùñ tra ă Isτ ιuNE Ď tra ă Jsτ 1 ιuNE

Proof. Proof by simultaneous induction on Θ; ∆ $ τ ă: τ 1 and Θ; ∆ $ ra ă Isτ ă: ra ă Jsτ 1

Proof of statement (a)
We case analyze the different cases:

79



1. (:

Θ; ∆ $ B ă: A Θ; ∆ $ τ ă: τ 1

Θ; ∆ $ A( τ ă: B( τ 1

To prove: tpA( τq ιuV Ď tpB( τ 1q ιuV

This means we need to prove that

@pλx.e, λx.λp.etq P tA( τ ιuV .pλx.e, λx.λp.etq P tB( τ 1 ιuE

This means given pλx.es, λy.λp. let !x “ y in etq P tA( τ ιuV and we need to prove

pλx.es, λy.λp. let !x “ y in etq P tB( τ 1 ιuV

This means from Definition 34 we are given that

@e1s, e
1
t.pe

1
s, e

1
tq P tA ιuNE ùñ pesre

1
s{xs, etre

1
t{ysrpq{psq P tτ ιuEu (SV-A0)

And we need to prove that

@e2s, e
2
t .pe

2
s, e

1
tq P tB ιuNE ùñ pesre

2
s{xs, etre

2
t {ysrpq{psq P tτ

1 ιuEu

This means given pe2s, e
1
tq P tB ιuNE we need to prove that

pesre
2
s{xs, etre

2
t {ysrpq{ysq P tτ

1 ιuE (SV-A1)

Since we are given that pe2s, e
1
tq P tB ιuNE therefore from IH (Statement (b)) we have

pe2s, e
1
tq P tA ιuNE

In order to prove (SV-A1) we instantiate (SV-A0) with e2s, e
2
t and we get

pesre
2
s{xs, etre

2
t {ysrpq{psq P tτ ιuE

Finally from Lemma 38 we get

pesre
2
s{xs, etre

2
t {ysrpq{psq P tτ

1 ιuE

Proof of statement (b)

Θ; ∆ $ J ď I Θ; ∆ $ τ ă: τ 1

Θ; ∆ $ ra ă Isτ ă: ra ă Jsτ 1

To prove: tra ă Isτ ιuNE Ď tra ă Jsτ 1 ιuNE

This means we need to prove that
@pes, etq P tra ă Isτ ιuNE .pes, etq P tra ă Jsτ 1 ιuNE

This means given pes, etq P tra ă Isτ ιuNE and we need to prove
pes, etq P tra ă Jsτ 1 ιuNE

This means from Definition 34 we are given
De1t.et “ coerce1 !e1t !pq ^ @0 ď i ă I.pes, e

1
tq P tτ ri{as ιuE (SNE0)

and we need to prove
De2t .et “ coerce1 !e2t !pq ^ @0 ď j ă J.pes, e

2
t q P tτ

1rj{as ιuE (SNE1)

In order to prove (SNE1) we choose e2t as e1t from (SNE0) and we need to prove
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@0 ď j ă J.pes, e
1
tq P tτ

1rj{as ιuE

This means given some 0 ď j ă J and we need to prove that
pes, e

1
tq P tτ

1rj{as ιuE

From (SNE0) we get
pes, e

1
tq P tτ rj{as ιuE

And finally from Lemma 38 we get
pes, e

2
t q P tτ

1rj{as ιuE

Lemma 38. @Θ,∆, τ, τ 1, es, et, ι.
Θ; ∆ $ τ ă: τ 1 ^ |ù ∆ι ùñ tτ ιuE Ď tτ 1 ιuE

Proof. Given: Θ; ∆ $ τ ă: τ 1

To prove: tτ ιuE Ď tτ 1 ιuE

It suffices to prove that
@pes, etq P tτ ιuE .pes, etq P tτ

1 ιuE

This means given pes, etq P tτ ιuE it suffices to prove that
pes, etq P tτ

1 ιuE

This means from Definition 34 we are given that
@sv0.es ó

sv0 ùñ DJ0,
tv 10,

tv0.et ó
tv 10 ó

J0 tv0 ^ p
sv0,

tv0q P tτ ιuV (S0)

And it suffices to prove that
@sv .es ó

sv ùñ DJ, tvt,
tvf .et ó

tvt ó
J tvf ^ p

sv , tvf q P tτ
1 ιuV

This means given some sv s.t es ó
sv and we need to prove

DJ, tvt,
tvf .et ó

tvt ó
J tvf ^ p

sv , tvf q P tτ
1 ιuV (S1)

We get the desired from (S0) and Lemma 37

1.5.3 Re-deriving dlPCF’s soundness

Definition 39 (Closure translation).

Lpe, rsqM fi e
Lpe, C1, . . . , CnqM fi λx1 . . . xn.e LC1M . . . LCnM

Definition 40 (Krivine triple translation).

Lpe, ρ, εqM fi Lpe, ρqM
Lpe, ρ, c.θqM fi LLpe, ρqM LcM, ., θM

Lemma 41 (Type preservation for Closure translation). @Θ,∆, e, ρ, τ .
Θ; ∆ $J pe, ρq : σ ùñ Θ; ∆; . $J Lpe, ρqM : σ

Proof.

Θ; ∆;x1 : ra ă I1sτ1 . . . xn : ra ă Insτn $K e : σ

Θ, a; ∆, a ă Ii $Hi Ci : τi J ě K ` I1 ` . . .` In `
ÿ

aăI1

H1 ` . . .`
ÿ

aăIn

Hn

Θ; ∆ $J pe, pC1 . . . Cnqq : σ
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J 1 “ K ` I1 ` . . .` In `
ř

aăI1
H1 ` . . .`

ř

aăIn
Hn

D1:

Θ, a; ∆; .a ă Ii $Hi LCiM : τi
IH

D0:

Θ; ∆;x1 : ra1 ă I1sτ1, . . . , xn : ran ă Insτn($K e : σ
Given

Θ; ∆; . $K λx1 . . . xn.e : ra1 ă I1sτ1 ( ra2 ă I2sτ1 ( . . . ran ă Insτn( σ
D-lam

Main derivation:

D0 D1

Θ; ∆; . $J 1 λx1 . . . xn.e LC1M . . . LCnM : σ
D-app

Θ; ∆; . $J λx1 . . . xn.e LC1M . . . LCnM : σ
Lemma 3.5 of [3]

Θ; ∆; . $J Lpe, C1 . . . CnqM : σ
Definition 39

Theorem 42 (Type preservation for Krivine triple translation). @Θ,∆, e, ρ, θ, τ .
Θ; ∆ $I pe, ρ, θq : τ ùñ Θ; ∆; . $I Lpe, ρ, θqM : τ

Proof.
Θ; ∆ $K pe, ρq : σ Θ; ∆ $J θ : pσ, τq I ě K ` J

Θ; ∆ $I pe, ρ, θq : τ

Let I 1 “ K ` J
Proof by induction on θ

1. Case ε:

Given: Θ; ∆ $I pe, ρ, εq : τ

To prove: Θ; ∆; . $I Lpe, ρ, εqM : τ

D0:

Θ; ∆; . $K Lpe, ρqM : σ
Lemma 41

Main derivation:

D0

Θ; ∆; . $I 1 Lpe, ρqM : τ
Lemma 3.5 of [3]

Θ; ∆; . $I 1 Lpe, ρ, εqM : τ
Definition 40

Θ; ∆; . $I Lpe, ρ, εqM : τ
Lemma 3.5 of [3]

2. Case C.θ1:

Given: Θ; ∆ $I pe, ρ, C.θ
1q : τ

To prove: Θ; ∆; . $I Lpe, ρ, C.θ1qM : τ

Since θ “ C.θ1 therefore from dlPCF’s type rule for C.θ1 we know that

σ “ rd ă Lsγ ( µ
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That is we are given that

Θ, d; ∆, d ă Lg $Kg C : γ Θ; ∆ $Hg θ
1 : pµ, τq J ě Hg `

ÿ

dăLg

Kg ` Lg

Θ; ∆ $J C.θ1 : prd ă Lgsγ ( µ, τq

D2:

Θ; ∆ $J C.θ1 : prd ă Lgsγ ( µ, τq
Given

Θ; ∆ $Hg θ
1 : pµ, τq

By inversion

D1:

Θ; ∆; . $K Lpe, ρqM : rd ă Lgsγ ( µ
Lemma 41

D0:

D1
Θ, d; ∆, d ă Lg $Kg C : γ

Given

Θ, d; ∆, d ă Lg $Kg LCM : γ
Lemma 41

Θ; ∆; . $K`Lg`
ř

Lg
Kg

Lpe, ρqM LCM : µ
D-app

D0.1:
D0

Θ; ∆; . $K`Lg`
ř

Lg
Kg
pLpe, ρqM LCM, .q : µ

D0.0:

D0.1 D2

Θ; ∆ $K`Lg`
ř

Lg
Kg`Hg

pLpe, ρqM LCM, ., θ1q : τ
J ě Lg `

ÿ

Lg

Kg `Hg

Θ; ∆ $K`J pLpe, ρqM LCM, ., θ1q : τ
Lemma 3.5 of [3]

Main derivation:

D0.0

Θ; ∆; . $I 1 Lpe, ρq LCM, ., θM : τ
IH

Θ; ∆; . $I 1 Lpe, ρ, C.θqM : τ
Definition 40

Θ; ∆; . $I Lpe, ρ, C.θqM : τ
Lemma 3.5 of [3]
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Definition 43 (Equivalence for λ-amor).

v1
s
«aV v2 fi

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

True v1 “ pq ^ v2 “ pq

@e1, e2, s1 ă s.e1
s1
«aE e

2 ùñ v1 “ λx.e2 ^ v2 “ λx.e2

e1re
1{xs

s1
«aE e2re

2{xs

e1
s
«aE e2 v1 “!e1 ^ v2 “!e2

v1 “ Λ.e1 ^ v2 “ Λ.e2

@i ă s.v1 ó
k
i va ùñ v1 “ ret´ ^ v2 “ ret´

v2 ó
k vb ^ va

s´i
« aE vb v1 “ bind´ “ ´ in ´ ^ v2 “ bind´ “ ´ in ´

v1 “ Ò
n ^ v2 “ Ò

n

v1 “ release´ “ ´ in ´ ^ v2 “ release´ “ ´ in ´
v1 “ store´ ^ v2 “ store´

va1
s
«aV vb1 ^ va2

s
«aV vb2 v1 “ xxva1, va2yy ^ v2 “ xxvb1, vb2yy

va1
s
«aV vb1 ^ va2

s
«aV vb2 v1 “ xva1, va2y ^ v2 “ xvb1, vb2y

va
s
«aV vb v1 “ inlpvaq ^ v2 “ inlpvbq

va
s
«aV vb v1 “ inrpvaq ^ v2 “ inrpvbq

e1
s
«aE e2 fi @i ă s.e1 ói va ùñ e2 ó vb ^ va

s´i
« aV vb

δ1
s
«aE δ2 fi dompδ1q “ dompδ2q ^ @x P dompδ1q.δ1pxq

s
«aE δ2pxq

Lemma 44 (Monotonicity lemma for value equivalence). @v1, v2, s.

v1
s
«aV v2 ùñ @s1 ă s.v1

s1
«aV v2

Proof. Given: v1
s
«aV v2

To prove: @s1 ă s.v1
s1
«aV v2

This means given some s1 ă s and it suffices to prove that v1
s1
«aV v2

We induct on v1

1. v1 “ pq:

Since we are given that v1
s
«aV v2 therefore we get the desired Directly from Definition 43

2. v1 “ λx.e1:

Since we are given that v1
s
«aV v2 therefore from Definition 43 we are given that

@e1, e2, s2 ă s.e1
s2
«aE e

2 ùñ e1re
1{xs

s2
«aE e2re

2{xs (M-L0)

and we need to prove that v1
s1
«aV v2 therefore again from Definition 43 we need to prove

that

@e11, e
2
1, s

2
1 ă s.e11

s21
«aE e

2
1 ùñ e1re

1
1{xs

s21
«aE e2re

2
1{xs

This means given some e11, e
2
1, s

2
1 ă s1 s.t e11

s21
«aE e

2
1 we need to prove that

e1re
1
1{xs

s21
«aE e2re

2
1{xs

Instantiating (M-L0) with e11, e
2
1, s

2
1 we get e1re

1
1{xs

s21
«aE e2re

2
1{xs
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3. v1 “!e1:

Since we are given v1
s
«aV v2 therefore from Definition 43 we have

e1
s
«aE e2 where v2 “!e2

Similarly from Definition 43 it suffices to prove that e1
s1
«aE e2

We get this directly from Lemma 45

4. v1 “ Λe1:

Similar reasoning as in the !e1 case

5. v1 “ ret e1:

Since we are given v1
s
«aV v2 therefore from Definition 43 we have

@i ă s.v1 ó
k
i va ùñ v2 ó

k vb ^ va
s´i
« aE vb where v2 “ ret e2 (MV-R0)

Similarly from Definition 43 it suffices to prove that

@j ă s1.v1 ó
k
i va ùñ v2 ó

k vb ^ va
s1´j
« aE vb

This means given some j ă s1 and v1 ó
k
i va and it suffices to prove that

v2 ó
k vb ^ va

s1´j
« aE vb

Instantiating (MV-R0) with j we get v2 ó
k vb ^ va

s´j
« aE vb

Since we have va
s´j
« aE vb therefore from Lemma 45 we also get va

s1´j
« aE vb

6. v1 “ bind´ “ ´ in ´, Òn, release´ “ ´ in ´, store´:

Similar reasoning as in the ret´ case

7. v1 “ xxva1, va2yy:

From Definition 43 and IH we get the desired

8. v1 “ xva1, va2y:

From Definition 43 and IH we get the desired

9. v1 “ inlpvq:

From Definition 43 and IH we get the desired

10. v1 “ inrpvq:

From Definition 43 and IH we get the desired

Lemma 45 (Monotonicity lemma for expression equivalence). @e1, e2, s.

e1
s
«aE e2 ùñ @s1 ă s.e1

s1
«aE e2
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Proof. Given: e1
s
«aE e2

To prove: @s1 ă s.e1
s1
«aE e2

This means given some s1 ă s and we need to prove e1
s1
«aE e2

Since we are given e1
s
«aE e2 therefore from Definition 43 we have

@i ă s.e1 ói va ùñ e2 ó vb ^ va
s´i
« aV vb (ME0)

Similarly from Definition 43 it suffices to prove that

@j ă s1.e1 ój va ùñ e2 ó vb ^ va
s1´j
« aV vb

This means given some j ă s1 s.t e1 ój va and we need to prove

e2 ó vb ^ va
s1´j
« aV vb

We get the desired from (ME0) and Lemma 44

Lemma 46 (Monotonicity lemma for δ equivalence). @δ1, δ2, s.

δ1
s
«aE δ2 ùñ @s1 ă s.δ1

s1
«aE δ2

Proof. From Definition 43 and Lemma 45

Theorem 47 (Fundamental theorem for equivalence relation of λ-amor). @δ1, δ2, e, s.

δ1
s
«aE δ2 ùñ eδ1

s
«aE eδ2

Proof. We induct on e

1. e “ x:

We need to prove that xδ1
s
«aE xδ2

This means it suffices to prove that δ1pxq
s
«aE δ2pxq

We get this directly from Definition 43

2. e “ λy.e1:

We need to prove that λy.e1δ1
s
«aE λy.e

1δ2

This means from Definition 43 it suffices to prove that

@i ă s.λy.e1δ1 ói va ùñ λy.e1δ2 ó vb ^ va
s´i
« aV vb

This means that given some i ă s s.t λy.e1δ1 ói va it suffices to prove that

λy.e1δ2 ó vb ^ va
s´i
« aV vb (FTE-L0)

From E-val we know that va “ λy.e1δ1

From (FTE-L0) we need to prove that

(a) λy.e1δ2 ó vb:

From E-val we know that vb “ λy.e1δ2
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(b) va
s´i
« aV vb:

We need to prove that

λy.e1δ1
s
«aV λy.e1δ2

This means from Definition 43 it suffices to prove that

@e11, e
1
2, s

1 ă s.e11
s1
«aE e

1
2 ùñ e1δ1re

1
1{ys

s1
«aE e

1δ2re
1
2{ys

This further means that given some e11, e
1
2, s

1 ă s s.t e11
s1
«aE e12 it suffices to prove

that

e1δ1re
1
1{ys

s1
«aE e

1δ2re
1
2{ys

We get this from IH and Lemma 46

3. e “ fixy.e1:

We induct on s

IHi: @s2 ă s. δ1
s2
«aE δ2 ùñ fixy.e1δ1

s1
«aE fixy.e1δ2

To prove: δ1
s
«aE δ2 ùñ fixy.e1δ1

s
«aE fixy.e1δ2

This means we are given δ1
s
«aE δ2 and we need to prove

fixy.e1δ1
s
«aE fixy.e1δ2

From Definition 43 it suffices to prove that

@i ă s.fixy.e1δ1 ói va ùñ fixy.e1δ2 ó vb ^ va
s´i
« aV vb

This means given some i ă s s.t fixy.e1δ1 ói va and we need to prove fixy.e1δ2 ó vb ^

va
s´i
« aV vb

Since we are given that fixy.e1δ1 ói va therefore from E-fix we know that

e1rfixx.e1δ1{ysδ1 ói´1 va

Instantiating IHi with s´ 1 and using Lemma 46 we get

fixy.e1δ1
s´1
« aE fixy.e1δ2 (F1)

Let

δ11 “ δ1 Y ty ÞÑ fixy.e1δ1u

δ12 “ δ2 Y ty ÞÑ fixy.e1δ2u

From Lemma 46 and (F1) we know that δ11
s´1
« aE δ

1
2

Therefore from IH of outer induction we know that we have

e1δ11
s´1
« aE e

1δ12

This means from Definition 43 we know that

@i1 ă ps´ 1q.e1δ11 ói1 va ùñ e1δ12 ó vb ^ va
s´1´i1
« aV vb

Instantiating with i´ 1 and since we know that e1δ11 ói´1 va and therefore we get

e1δ12 ó vb ^ va
s´i
« aV vb which is the desired.
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4. e “ e1 e2:

We need to prove that e1 e2δ1
s
«aE e1 e2δ2

This means from Definition 43 it suffices to prove that

@i ă s.e1 e2δ1 ói va ùñ e1 e2δ2 ó vb ^ va
s´i
« aV vb

This means that given some i ă s s.t e1 e2δ1 ói va it suffices to prove that

e1 e2δ2 ó vb ^ va
s´i
« aV vb (FTE-A0)

IH1: e1δ1
s
«aE e1δ2

Therefore from Definition 43 we have

@j ă s.e1δ1 ój v
1
a ùñ e1δ2 ó v

1
b ^ v1a

s´j
« aV v1b (FTE-A1)

Since pe1δ1 e2δ1q ói va therefore from E-app we know that Di1 ă i.e1δ1 ói1 λy.e
1

Therefore instantiating (FTE-A1) with i1 we get e1δ2 ó v
1
b ^ v1a

s´i1
« aV v1b (FTE-A1.1)

Since v1a “ λy.e1 and since v1a
s´i1
« aV v1b therefore from Definition 43 we know that v1b “ λy.e2

Again since λy.e1
s´i1
« aV λy.e2 therefore from Definition 43 we know that

@e11, e
1
2, s

1 ă ps´ i1q.e
1
1

s1
«aE e

1
2 ùñ e1re11{ys

s1
«aE e

2re12{ys (FTE-A2)

IH2: e2δ1
s´i1´1
« aE e2δ2

Instantiating (FTE-A2) with e2δ1, e2δ2 we get

e1re2δ1{ys
s´i1´1
« aE e

2re2δ1{ys

Again from Definition 43 we have

@j ă ps´ i1´ 1q.e1re2δ1{ys ój v
2
a ùñ e2re2δ1{ys ó v

2
b ^ v2a

s´i1´1´j
« aV v2b (FTE-A2.1)

Since pe1δ1 e2δ1q ói va therefore from E-app we know that Di2 “ i´ i1´1.e1re2δ1{xs ói2 va

Instantiating (FTE-A2.1) with i2 we get e2re2δ1{ys ó v
2
b ^ va

s´i1´1´i2
« aV v2b

Since i “ i1 ` i2 ` 1 therefore this proves (FTE-A0) and we are done.

5. e “ xxe1, e2yy:

We need to prove that xxe1, e2yyδ1
s
«aE xxe1, e2yyδ2

This means from Definition 43 it suffices to prove that

@i ă s.xxe1, e2yyδ1 ói va ùñ xxe1, e2yyδ2 ó vb ^ va
s´i
« aV vb

This means that given some i ă s s.t xxe1, e2yyδ1 ói va it suffices to prove that

xxe1, e2yyδ2 ó vb ^ va
s´i
« aV vb (FTE-TI0)
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From E-TI we know that va “ xxva1, va2yy and e1δ1 ói1 va1 and e2δ1 ói2 va2

IH1: e1δ1
s
«aE e1δ2

Therefore from Definition 43 we have

@i ă s.e1δ1 ói va1 ùñ e1δ2 ó vb1 ^ va1
s´i
« aV vb1

Since we know that e1δ1 ói1 va1 therefore we get

e1δ2 ó vb1 ^ va1
s´i1
« aV vb1 (FTE-TI1)

IH2: e2δ1
s
«aE e2δ2

Similarly from Definition 43 we have

@i ă s.e2δ1 ói va1 ùñ e2δ2 ó vb1 ^ va1
s´i
« aV vb1

Since we know that e2δ1 ói2 va2 therefore we get

e2δ2 ó vb2 ^ va2
s´i2
« aV vb2 (FTE-TI2)

From (FTE-TI0) we need to prove

(a) xxe1, e2yyδ2 ó vb:

We get this from (FTE-TI1), (FTE-TI2) and E-TI

(b) va
s´i
« aV vb:

Since i “ i1 ` i2, va “ xxva1, va2yy and vb “ xxvb1, vb2yy it suffices to prove that

xxva1, va2yy
s´i1´i2
« aV xxvb1, vb2yy

From Definition 43 it suffices to prove that

va1
s´i1´i2
« aV vb1 and va2

s´i1´i2
« aV vb2

We get this from (FTE-TI1), (FTE-TI2) and Lemma 44

6. e “ letxxx, yyy “ e1 in e2:

We need to prove that letxxx, yyy “ e1 in e2δ1
s
«aE letxxx, yyy “ e1 in e2δ2

This means from Definition 43 it suffices to prove that

@i ă s. letxxx, yyy “ e1 in e2δ1 ói va ùñ letxxx, yyy “ e1 in e2δ2 ó vb ^ va
s´i
« aV vb

This means that given some i ă s s.t letxxx, yyy “ e1 in e2δ1 ói va it suffices to prove that

letxxx, yyy “ e1 in e2δ2 ó vb ^ va
s´i
« aV vb (FTE-TE0)

IH1: e1δ1
s
«aE e1δ2

Therefore from Definition 43 we have

@i ă s.e1δ1 ói va1 ùñ e1δ2 ó vb1 ^ va1
s´i
« aV vb1

Since we know that letxxx, yyy “ e1 in e2δ1 ói va therefore from E-TE we know that
Di1 ă s.e1δ1 ói1 xxv

1
a1, v

1
a2yy. Therefore we get
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e1δ2 ó vb1 ^ va1
s´i1
« aV vb1 (FTE-TE1)

Since va1
s´i1
« aV vb1 and va1 “ xxv

1
a1, v

1
a2yy therefore from Definition 43 we have

vb1 “ xxv
1
b1, v

1
b2yy (FTE-TE1.1)

Let

δ11 “ δ1 Y tx ÞÑ xxv1a1, v
1
a2yyu

δ12 “ δ2 Y tx ÞÑ xxv1b1, v
1
b2yyu

IH2: e2δ
1
1

s´i1
« aE e2δ

1
2

Therefore from Definition 43 we have

@i ă ps´ i1q.e2δ
1
1 ói va ùñ e2δ

1
2 ó vb2 ^ va

s´i1´i
« aV vb

Since we know that letxxx, yyy “ e1 in e2δ1 ói va therefore from E-TE we know that
Di2 “ i´ i1.e2δ

1
1 ói2 va. Therefore we get

e2δ
1
2 ó vb2 ^ va

s´i1´i2
« aV vb (FTE-TE2)

This proves the desired

7. e “ xea1, ea2y:

Similar reasoning as in the xxea1, ea2yy case above

8. e “ fstpe1q:

We need to prove that fstpe1qδ1
s
«aE fstpe1qδ2

This means from Definition 43 it suffices to prove that

@i ă s.fstpe1qδ1 ói va ùñ fstpe1qδ2 ó vb ^ va
s´i
« aV vb

This means that given some i ă s s.t fstpe1qδ1 ói va it suffices to prove that

fstpe1qδ2 ó vb ^ va
s´i
« aV vb (FTE-F0)

Since we know that fstpe1qδ1 ói va therefore from E-fst we know that e1δ1 ói xxva,´yy

IH: e1δ1
s
«aE e

1δ2

This means from Definition 43 we have

@j ă s.e1δ1 ój va1 ùñ e1δ2 ó vb1 ^ va1
s´j
« aV vb1

Instantiating with i we get e1δ2 ó vb1 ^ va1
s´j
« aV vb1

Since we know that va1 “ xxva,´yy therefore from Definition 43 we also know that

vb1 “ xxvb,´yy s.t va
s
«aV vb

This proves the desired.

9. e “ sndpe1q:

Similar reasoning as in the fstpe1q case
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10. e “ inlpe1q:

We need to prove that inlpe1qδ1
s
«aE inlpe1qδ2

This means from Definition 43 it suffices to prove that

@i ă s.inlpe1qδ1 ói va ùñ inlpe1qδ2 ó vb ^ va
s´i
« aV vb

This means that given some i ă s s.t inlpe1qδ1 ói va it suffices to prove that

inlpe1qδ2 ó vb ^ va
s´i
« aV vb (FTE-IL0)

Since we know that inlpe1qδ1 ói va therefore from E-inl we know that va “ inlppqv1aq and
e1δ1 ói v

1
a

IH: e1δ1
s
«aE e

1δ2

This means from Definition 43 we have

@j ă s.e1δ1 ój va1 ùñ e1δ2 ó vb1 ^ va1
s´j
« aV vb1

Instantiating with i we get e1δ2 ó vb1 ^ va1
s´i
« aV vb1

Since e1δ2 ó vb1 therefore from E-inl we have inlpe1qδ2 ó inlpvb1q

And since we know that va1
s´i
« aV vb1 therefore from Definition 43 we also know that

inlpva1q
s´i
« aV inlpvb1q

This proves the desired.

11. e “ inrpe1q:

Similar reasoning as in the inlpe1q case

12. e “ case ec of el; er:

We need to prove that case ec of el; erδ1
s
«aE case ec of el; erδ2

This means from Definition 43 it suffices to prove that

@i ă s.case ec of el; erδ1 ói va ùñ case ec of el; erδ2 ó vb ^ va
s´i
« aV vb

This means that given some i ă s s.t case ec of el; erδ1 ói va it suffices to prove that

case ec of el; erδ2 ó vb ^ va
s´i
« aV vb (FTE-C0)

Since we know that case ec of el; erδ1 ói va therefore two cases arise:

2 cases arise:

(a) ecδ1 ó inlpvc1q:

IH1 ecδ1
s
«aE ecδ2

This means from Definition 43 we have

@j ă s.ecδ1 ój vc1 ùñ ecδ2 ó vc2 ^ vc1
s´j
« aV vc2

Since we know that case ec of el; erδ1 ói va therefore from E-case1 we know that Di1
s.t ecδ1 ói1 inlpv1c1q
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Therefore instantiating with i1 we get ecδ2 ó vc2 ^ vc1
s´i1
« aV vc2

From Definition 43 we know that Dv1c2.vc2 “ inlpv1c2q s.t v1c1
s´i1
« aV v1c2

IH2 elδ1rv
1
c1{xs

s´i1
« aE elδ2rv

1
c2{xs

This means from Definition 43 we have

@j ă ps´ i1q.elδ1rv
1
c1{xs ój vl1 ùñ elδ2rv

1
c2{xs ó vl2 ^ vl1

s´i1´j
« aV vb

Since we know that case ec of el; erδ1 ói va therefore from E-case1 we know that Di2
s.t elδ1 ói2 va

Therefore instantiating with i2 we get elδ2rv
1
c2{xs ó vl2 ^ va

s´i1´j
« aV vb

This proves the desired

(b) ecδ1 ó inrpvc1q:

Similar reasoning as in the previous case

13. e “!e1:

We need to prove that !e1δ1
s
«aE !e1δ2

This means from Definition 43 it suffices to prove that

@i ă s.!e1δ1 ói va ùñ !e1δ2 ó vb ^ va
s´i
« aV vb

This means that given some i ă s s.t !e1δ1 ói va it suffices to prove that

!e1δ2 ó vb ^ va
s´i
« aV vb (FTE-B0)

From E-val we know that va “!e1δ1 and i “ 0

IH: e1δ1
s
«aE e

1δ2

From (FTE-B0) we need to prove that

(a) !e1δ2 ó vb:

From E-val we know that vb “!e1δ2

(b) va
s´i
« aV vb:

We need to prove that

!e1δ1
s
«aV !e1δ2

This means from Definition 43 it suffices to prove that

e1δ1
s
«aE e

1δ2

We get this directly from IH

14. e “ let !x “ e11 in e12:

We need to prove that let !x “ e11 in e12δ1
s
«aE let !x “ e11 in e12δ2

This means from Definition 43 it suffices to prove that

@i ă s. let !x “ e11 in e12δ1 ói va ùñ let !x “ e11 in e12δ2 ó vb ^ va
s´i
« aV vb
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This means that given some i ă s s.t let !x “ e11 in e12δ1 ói va it suffices to prove that

let !x “ e11 in e12δ2 ó vb ^ va
s´i
« aV vb (FTE-BE0)

IH1: e11δ1
s
«aE e

1
1δ2

This means from Definition 43 we have

@j ă s.e11δ1 ój va11 ùñ e11δ2 ó vb1 ^ va1
s´j
« aV vb11

Since we know that let !x “ e11 in e12δ1 ói va therefore from E-subExpE we know that
Di1.e

1
1δ1 ói1 !eb1

Instantiating with i1 we get e11δ2 ó vb11 ^ va11
s´i1
« aV vb11

Since we know that va11 “!eb1 therefore from Definition 43 we also know that

vb11 “!eb2 s.t eb1
s´i1
« aE eb2

IH2: e12reb1{xsδ1
s´i1
« aE e

1
2reb2{xsδ2

This means from Definition 43 we have

@j ă s.e12reb1{xsδ1 ój va ùñ e12reb2{xsδ2 ó vb ^ va
s´i1´j
« aV vb

Since we know that let !x “ e11 in e12δ1 ói va therefore from E-subExpE we know that
Di2.e

1
1reb1{xsδ1 ói2 va

Instantiating with i2 we get e12reb2{xsδ2 ó vb ^ va
s´i1´i2
« aV vb

This proves the desired

15. e “ Λ.e1:

Similar reasoning as in the λy.e1 case

16. e “ e1 rs:

Similar reasoning as in the app case

17. e “ ret e1:

We need to prove that ret e1δ1
s
«aE ret e1δ2

This means from Definition 43 it suffices to prove that

@i ă s. ret e1δ1 ói va ùñ ret e1δ2 ó vb ^ va
s´i
« aV vb

This means that given some i ă s s.t ret e1δ1 ói va it suffices to prove that

ret e1δ2 ó vb ^ va
s´i
« aV vb (FTE-R0)

From E-val we know that va “ ret e1δ1 and i “ 0

From (FTE-R0) we need to prove that

(a) ret e1δ2 ó vb:

From E-val we know that vb “ ret e1δ2
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(b) va
s´i
« aV vb:

We need to prove that

ret e1δ1
s
«aV ret e1δ2

This means from Definition 43 it suffices to prove that

ret e1δ1 ó
k
i va ùñ ret e1δ2 ó

k vb ^ va
s´i
« aV vb

This further means that given some ret e1δ1 ó
k
i va it suffices to prove that

ret e1δ2 ó
k vb ^ va

s´i
« aV vb (FTE-R1)

From E-return we know that k “ 0 and e1δ1 ói va

IH: e1δ1
s
«aE e

1δ2

This means from Definition 43 we have

@j ă s.e1δ1 ój va ùñ e1δ2 ó vb ^ va
s´j
« aV vb

Since we are given that e1δ1 ói va therefore we get

e1δ2 ó vb ^ va
s´j
« aV vb

Since e1δ2 ó vb therefore from E-return we also have

ret e1δ2 ó
0 vb

This proves the desired

18. e “ bindx “ eb in ec:

We need to prove that bindx “ eb in ecδ1
s
«aE bindx “ eb in ecδ2

This means from Definition 43 it suffices to prove that

@i ă s. bindx “ eb in ecδ1 ói va ùñ bindx “ eb in ecδ2 ó vb ^ va
s´i
« aV vb

This means that given some i ă s s.t bindx “ eb in ecδ1 ói va it suffices to prove that

bindx “ eb in ecδ2 ó vb ^ va
s´i
« aV vb (FTE-BI0)

From E-val we know that va “ bindx “ eb in ecδ1 and i “ 0

We need to prove

(a) bindx “ eb in ecδ2 ó vb:

From E-val we know that vb “ bindx “ eb in ecδ2

(b) va
s´i
« aV vb:

We need to prove that bindx “ eb in ecδ1
s
«aV bindx “ eb in ecδ2

From Definition 43 it suffices to prove that

bindx “ eb in ecδ1 ó
k
i vt1 ùñ bindx “ eb in ecδ2 ó

k vt2 ^ vt1
s´i
« aV vt2

This means that given bindx “ eb in ecδ1 ó
k
i vt1 it suffices to prove that

bindx “ eb in ecδ2 ó
k vt2 ^ vt1

s´i
« aV vt2 (F-BI1)

IH1: ebδ1
s
«aE ebδ2
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This means from Definition 43 we have

@j ă s.ebδ1 ój va1 ùñ ebδ2 ó vb1 ^ va1
s´j
« aV vb1

Since we know that bindx “ eb in ecδ1 ói va therefore from E-bind we know that
Di1.ebδ1 ói1 va1

Instantiating with i1 we get ebδ2 ó vb1 ^ va1
s´i1
« aV vb1

Since va1 is a mondic value and va1 ó
k1
i11
v1a1

Since va1
s´i1
« aV vb1 therefore from Definition 43 we know that

va1 ó
k1
i11
v1a1 ùñ vb1 ó

k1 v1b1 ^ v1a1

s´i1´i11
« aV v1b1

Since we are given that va1 ó
k1
i11
v1a1 therefore we have

vb1 ó
k1 v1b1 ^ v1a1

s´i1´i11
« aV v1b1

IH2: ecre
1
a1{xsδ1

s´i1´i11
« aE ecre

1
b1{xsδ2

This means from Definition 43 we have

@j ă s.ecre
1
a1{xsδ1 ój va2 ùñ ecre

1
b1{xsδ2 ó vb ^ va

s´i1´i11´j
« aV vb2

Since we know that bindx “ eb in ecδ1 ói va therefore from E-bind we know that
Di2.ecre

1
a1{xsδ1 ói2 va2

Instantiating with i2 we get ecre
1
b1{xsδ2 ó vb ^ va2

s´i1´i11´i2
« aV vb2

From E-bind we know that va2 is a mondic value and va2 ó
k2
i12
v1a2

Since va2

s´i1´i11´i2
« aV vb2 therefore from Definition 43 we know that

va2 ó
k2
i12
v1a2 ùñ vb2 ó

k2 v1b2 ^ v1a2

s´i1´i11´i2´i
1
2

« aV v1b2

Since we are given that va2 ó
k2
i12
v1a2 therefore we have

vb2 ó
k2 v1b2 ^ v1a2

s´i1´i11´i2´i
1
2

« aV v1b2

This proves the desired

19. e “ Òn:

Trivial

20. e “ release er “ x in ec:

Similar reasoning as in the bind case

21. e “ store e:

Similar reasoning as in the return case

Lemma 48 (Equivalence relation of λ-amor is reflexive for values). @v, s. v
s
«aV v
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Proof. Instantiating Theorem 47 with . for δ1 and δ2, v for e and with the given s we get v
s
«aE v

From Definition 43 this means we have
@i ă s.v ói va ùñ v ó vb ^ va

s´i
« aV vb

Instantiating it with i as 0 and since we knwo that v ó0 v therefore we get the desired

Lemma 49 (Property of app rule in λ-Amor). @e1, e2, e, s.

e1
s
«aE e2 ùñ e e1

s
«aE e e2

Proof. We get the desired from Theorem 47

Lemma 50 (Lemma for app1 : empty stack). @t, u, ρ, θ, va, v1, j.
Θ; ∆; . $´ Lpt u, ρ, εqM : ´ ^
Θ; ∆; . $´ Lpt, ρ, pu, ρq.εqM : ´ ^
Lpt u, ρ, εqMpq ó va ój v1 ùñ

Dvb, v2. Lpt, ρ, pu, ρq.εqMpq ó vb ój v2 ^ @s.v1
s
«aE v2

Proof. From Definition 40 know that
Lpt u, ρ, εqM “ Lt u, ρM “
pλx1 . . . xn.t uq LC1M . . . LCnM (A1.0)

Similarly from Definition 40 we also have
Lpt, ρ, pu, ρq.εqM “ LLpt, ρqM Lpu, ρqM, ., εM “ LLpt, ρqM Lpu, ρqM, .M “ Lpt, ρqM Lpu, ρqM =
ppλx1 . . . xn.tq LC1M . . . LCnMq pλx1 . . . xn.uq LC1M . . . LCnM (A1.1)

Since Θ; ∆; . $´ Lpt u, ρ, εqM : ´ therefore from Theorem 22 we know that
Lpt u, ρ, εqM =
pλx1 . . . xn.t uq LC1M . . . LCnM =
λp.release´ “ p in bind a “ storepq in bind b “ et1,n a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !et2,n cq d

et1,n “ pλx1 . . . xn.t uq LC1M . . . LCn´1M
et2,n “ LCnM

et1,n =

pλx1 . . . xn.t uq LC1M . . . LCn´1M =
λp.release´ “ p in bind a “ storepq in bind b “ et1,n´1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !et2,n´1 cq d

et1,n´1 “ pλx1 . . . xn.t uq LC1M . . . LCn´2M
et2,n´1 “ LCn´1M

. . .

et1,2 =

pλx1 . . . xn.t uq LC1M =
λp.release´ “ p in bind a “ storepq in bind b “ et1,1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !et2,1 cq d
et1,1 “ pλx1 . . . xn.t uq
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et2,1 “ LC1M

et1,1 =
pλx1 . . . xn.t uq =
λp1. retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in et2 a
where
et2 “ pλx2 . . . xn.t uq

. . .

etn´1 =
pλxn´1xn.t uq =
λp1. retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in etn a
where
etn “ pλxn.t uq

etn =
pλxn.t uq =
λp1. retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in e1t a
where
e1t “ pt uq

e1t =
pt uq =
λp.release´ “ p in bind a “ storepq in bind b “ et a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !eu cq d
et “ t
eu “ u

Since we know that Lpt u, ρ, εqMpq ó va ój v1 therefore from the reduction rule we know that
Djl, L.LtM pq ó ´ ójl L and Dja.L pcoerce1!LuM!pqq pq ó ´ ójl v1 s.t j “ jl ` ja

Similarly from (A1.1) we know that
Lpt, ρ, pu, ρq.εqM =
ppλx1 . . . xn.tq LC1M . . . LCnMq pλx1 . . . xn.uq LC1M . . . LCnM

Since Θ; ∆; . $´ Lpt, ρ, pu, ρq.εqM : ´ therefore from Theorem 22 we know that
Lpt, ρ, pu, ρq.εqM =
ppλx1 . . . xn.tq LC1M . . . LCnMq ppλx1 . . . xn.uq LC1M . . . LCnMq =
λp.release´ “ p in bind a “ storepq in bind b “ et,n a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !eu,n cq d

et,n “ ppλx1 . . . xn.tq LC1M . . . LCnMq
eu,n “ ppλx1 . . . xn.uq LC1M . . . LCnMq

et,n “ ppλx1 . . . xn.tq LC1M . . . LCnMq =
λp.release´ “ p in bind a “ storepq in bind b “ et1,n a in bind c “ store!pq in bind d “ storepq in Ec
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where
Ec “ b pcoerce1 !et2,n cq d

et1,n “ ppλx1 . . . xn.tq LC1M . . . LCn´1Mq
et2,n “ Cn

et1,n “ ppλx1 . . . xn.tq LC1M . . . LCn´1Mq =
λp.release´ “ p in bind a “ storepq in bind b “ et1,n´1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !et2,n´1 cq d

et1,n´1 “ ppλx1 . . . xn.tq LC1M . . . LCn´2Mq
et2,n´1 “ Cn´1

. . .

et1,2 “ ppλx1 . . . xn.tq LC1Mq =
λp.release´ “ p in bind a “ storepq in bind b “ el1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !et2,1 cq d
el1 “ pλx1 . . . xn.tq
et2,1 “ C1

el1 “ pλx1 . . . xn.tq =
λp1. retλy.λp2. let !x1 “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in el2 a
where
el2 “ pλx2 . . . xn.tq

. . .

eln “ pλxn.tq =
λp1. retλy.λp2. let !xn “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in eT a
where
eT “ t (A1.2)

Similarly we also have
eu,n “ ppλx1 . . . xn.uq LC1M . . . LCnMq

eu,n “ ppλx1 . . . xn.uq LC1M . . . LCnMq =
λp.release´ “ p in bind a “ storepq in bind b “ eu1,n a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !eu2,n cq d

eu1,n “ ppλx1 . . . xn.uq LC1M . . . LCn´1Mq
eu2,n “ Cn

eu1,n “ ppλx1 . . . xn.uq LC1M . . . LCn´1Mq “
λp.release´ “ p in bind a “ storepq in bind b “ eu1,n´1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !eu2,n´1 cq d

eu1,n´1 “ ppλx1 . . . xn.uq LC1M . . . LCn´2Mq
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eu2,n´1 “ Cn´1

eu1,n´1 “ ppλx1 . . . xn.uq LC1M . . . LCn´2Mq “
λp.release´ “ p in bind a “ storepq in bind b “ eu1,n´2 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !eu2,n´2 cq d

eu1,n´2 “ ppλx1 . . . xn.uq LC1M . . . LCn´3Mq
eu2,n´2 “ Cn´2

. . .

eu1,2 “ pλx1 . . . xn.uq LC1M =
λp.release´ “ p in bind a “ storepq in bind b “ eu1,1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !eu2,1 cq d
eu1,1 “ pλx1 . . . xn.uq
eu2,1 “ C1

eu1,1 “ pλx1 . . . xn.uq =
λp1. retλy.λp2. let !x1 “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in eU,1 a
where
eU,1 “ pλx2 . . . xn.uq

eU,1 “ pλx2 . . . xn.uq “
λp1. retλy.λp2. let !x2 “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in eU,2 a
where
eU,2 “ pλx3 . . . xn.uq
. . .

eU,n´1 “ pλxn.uq =
λp1. retλy.λp2. let !xn “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in eU,n a
where
eU,n “ u (A1.3)

E0 “ λp.release´ “ p in bind a “ storepq in bind b “ et,n a in bind c “ store!pq in bind d “ storepq in E10
E10 “ b pcoerce1 !eu,n cq d
vb “ release´ “ pq in bind a “ storepq in bind b “ et,n a in bind c “ store!pq in bind d “ storepq in E10
E0.1 “ bind a “ storepq in bind b “ et,n a in bind c “ store!pq in bind d “ storepq in

b pcoerce1 !eu,n cq d
E0.2 “ bind b “ et,n a in bind c “ store!pq in bind d “ storepq in b pcoerce1 !eu,n cq d
E0.3 “ bind c “ store!pq in bind d “ storepq in b pcoerce1 !eu,n cq d
E0.4 “ bind d “ storepq in b pcoerce1 !eu,n cq d
et,n “ λp.release´ “ p in bind a “ storepq in bind b “ et1,n a in bind c “ store!pq in bind d “ storepq in E1t,n
E1t,n “ b pcoerce1 !et2,n cq d
Et,n,1 “ release´ “ pq in bind a “ storepq in bind b “ et1,n a in bind c “ store!pq in bind d “

storepq in E1t,n
Et,n,1.1 “ bind b “ et1,n pq in bind c “ store!pq in bind d “ storepq in E1t,n
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et1,n “ λp.
release´ “ p in bind a “ storepq in bind b “ et1,n´1 a in bind c “ store!pq in bind d “ storepq in E1t1,n

E1t1,n “ b pcoerce1 !et2,n´1 cq d
Et1,n,1 “ release´ “ pq in bind a “ storepq in bind b “ et1,n´1 a in bind c “ store!pq in bind d “

storepq in b pcoerce1 !et2,n´1 cq d
Et1,n,2 “ bind b “ et1,n´1 pq in bind c “ store!pq in bind d “ storepq in b pcoerce1 !et2,n´1 cq d
Et1,n,3 “ bind c “ store!pq in bind d “ storepq in b pcoerce1 !et2,n´1 cq d
Et1,n,4 “ bind d “ storepq in b pcoerce1 !et2,n´1 cq d
et1,2 “ λp.

release´ “ p in bind a “ storepq in bind b “ el1 a in bind c “ store!pq in bind d “ storepq in E1t1,2
E1t1,2 “ b pcoerce1 !et2,1 cq d
Et1,2,1 “ release´ “ pq in bind a “ storepq in bind b “ el1 a in bind c “ store!pq in bind d “

storepq in b pcoerce1 !et2,1 cq d
Et1,2,2 “ bind b “ el1 a in bind c “ store!pq in bind d “ storepq in b pcoerce1 !et2,1 cq d
Et1,2,3 “ bind c “ store!pq in bind d “ storepq in b pcoerce1 !et2,1 cq d
el1 “ λp1. retλy.λp2. let !x1 “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in el2 a
El1 “ retλy.λp2. let !x1 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in el2 a
El,1,1 “ λy.λp2. let !x1 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in el2 a
El,1,2 “ let !x1 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in el2 a

El,1,3 “ release´ “ pq in release´ “ pq in bind a “ storepq in el2 arpLC1M pqq{x1s

El2 “ retλy.λp2. let !x2 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in el3 arpLC1M pqq{x1s

El,2,1 “ λy.λp2. let !x2 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in el3 arpLC1M pqq{x1s

El,2,2 “ release´ “ pq in release´ “ pq in bind a “ storepq in el3 arpLC1M pqq{x1srpLC2M pqq{x2s

El3 “ retλy.λp2. let !x3 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in el4 a
rpLC1M pqq{x1srpLC2M pqq{x2s

El,3,1 “ λy.λp2. let !x3 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in el4 a

rpLC1M pqq{x1srpLC2M pqq{x2s

Dn´32:
...

El,n´3,1 pcoerce1 !LCn´3M !pqq pq ó´ El,n´2,1

D12:

El,1,1pcoerce1!LC1M!pqqpq ó ´ ó El,2,1

D11:

El1 ó
0 El,1,1

D22.3:

El3 ó
´ El,3,1

D22.2:

el3 pqrpLC1M pqq{x1srpLC2M pqq{x2s ó El3

D22.1:

pcoerce1 !LC2M !pqq ó!pLC2M pqq
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D22:
D22.1

El,2,1rpcoerce1 !LC2M !pqq{ysrpq{p2s ó El1,2,2
D22.2 D22.3

El,2,1 pcoerce1 !et2,1 !pqq pq ó´ El,3,1

D21:

el1 pq ó El1
D11 D12

Et1,2,1 ó
0 El,2,1

D32:
...

El,3,1 pcoerce1 !LC3M !pqq pq ó´ El,4,1

D31:
et1,2 pq ó Et1,2,1 D21 D22

Et1,3,1 ó El,3,1

Dn´22:
...

El,pn´2q,1 pcoerce1 !LCn´2M !pqq pq ó0 El,pn´1q,1

Dn´21:

et1,n´3 pq ó Et1,n´3,1

et1,3pq ó Et1,3,1
D31 D32

...

Dn´32

Et1,n´2,1 ó
´ El,n´2,1

Dn´12:
...

El,n´1,1pcoerce1!LCn´1M!pqqpq ó0 El,n,1

Dn´11:

et1,n´2 pq ó Et1,n´2,1
Dn´21 Dn´22

Et1,n´1,1 ó El,n´1,1

Dn2:

tr!pLCnM pqq{xns ó ´ ójl L
By inversion

El,n,1rpcoerce1!LCnM!pqq{xnsrpq{p2s ó
jl L

El,n,1pcoerce1!LCnM!pqq pq ójl L

Dn1:

et1,n´1 pq ó Et1,n´1,1
Dpn´1q1 Dpn´1q2

Et1,n,1 ó
j El,n,1

D2:

va ó
j v1

Given
va

s
«aV vb

vb ó
j v2 v1

s
«aV v2

Definition 43
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T1:

L pcoerce1 !eu,n !pqq pq ó ´ ója vb va
s
«aV vb

Claim, Lemma 49, Definition 43

E0.4rL{bsr!pq{cs ó
ja vb

E0.3rL{bs ó
ja vb

T0:

et1,n pq ó Et1,n,1
Dn1 Dn2

Et,n,1 ó
j L

E-bind

D0.0:

storepq ó0 pq

et,n pq ó Et,n,1
T0 T1 D2

E0.2 ó
j v2

E-bind

E0.1 ó
j v2

E-bind

vb ó
j v2

E-release

Main derivation:

E0pq ó vb
D0.0

E0 pq ó vb ó
j v2

ppλx1 . . . xn.tq LC1M . . . LCnMq pλx1 . . . xn.uq LC1M . . . LCnM pq ó vb ój v2

Lpt, ρ, pu, ρq.εqM pq ó vb ój v2

Claim: @s.coerce1 !urLC1M pq{x1s . . . rLCnM pq{xns !pq
s
«aE coerce1 !eu,n !pq

Proof

From Definition 43 it suffices to prove

@i ă s.coerce1 !urLC1M pq{x1s . . . rLCnM pq{xns !pq ói v1 ùñ coerce1 !eu,n !pq ó v2 ^ v1
s´i
« aV v2

This further means that given some i ă s s.t coerce1 !urLC1M pq{x1s . . . rLCnM pq{xns !pq ói v1

and we need to prove

coerce1 !eu,n !pq ó v2 ^ v1
s´i
« aV v2 (C0)

Since we are given that coerce1 !urLC1M pq{x1s . . . rLCnM pq{xns !pq ó v1

This means from Definition 31 we have v1 “!purLC1M pq{x1s . . . rLCnM pq{xns pqq

Similarly again from Definition 31 we know that
v2 “!peu,n pqq

In order to prove that !purLC1M pq{x1s . . . rLCnM pq{xns pqq
s´i
« aE !peu,n pqq

from Definition 43 it suffices to prove that

purLC1M pq{x1s . . . rLCnM pq{xns pqq
s´i
« aE peu,n pqq

Using Definition 43 it suffices to prove

@j ă ps´ iq.purLC1M pq{x1s . . . rLCnM pq{xns pqq ój v11 ùñ peu,n pqq ó v
1
2 ^ v11

s´i´j
« aV v12
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This means given some j ă ps´ iq s.t purLC1M pq{x1s . . . rLCnM pq{xns pqq ój v11
it suffices to prove that

peu,n pqq ó v
1
2 ^ v11

s´i´j
« aV v12

From the embedding of dlPCF into λ-amor we know that v11 is a value of monadic type

Since we know that
eu,n “ λp.

release´ “ p in bind a “ storepq in bind b “ eu1,n a in bind c “ store!pq in bind d “ storepq in E1u,n
where
E1u,n “ b pcoerce1 !eu2,n cq d

eu1,n “ ppλx1 . . . xn.uq LC1M . . . LCn´1Mq
eu2,n “ Cn

eu,n pq ó v
1
2 from E-app where

v12 “ release´ “ pq in bind a “ storepq in bind b “ eu1,n a in bind c “ store!pq in bind d “
storepq in b pcoerce1 !eu2,n cq d

Now we need to prove that v11
s´i´j
« aV v12

From Definition 43 it suffices to prove that

v11 ó
k
l v

1
a ùñ v12 ó

k v1b ^ v1a
s´i´j´l
« aV v1b

This means given v11 ó
k
l v

1
a it suffices to prove

v12 ó
k v1b ^ v1a

s´i´j´l
« aV v1b

v12 “ release´ “ pq in bind a “ storepq in bind b “ eu1,n a in bind c “ store!pq in bind d “
storepq in b pcoerce1 !eu2,n cq d

Eu,n,1 “ bind a “ storepq in bind b “ eu1,n a in bind c “ store!pq in bind d “ storepq in b pcoerce1 !eu2,n cq d
Eu,n,1.1 “ bind b “ eu1,n pq in bind c “ store!pq in bind d “ storepq in b pcoerce1 !eu2,n cq d
Eu,n,1.2 “ bind c “ store!pq in bind d “ storepq in b pcoerce1 !eu2,n cq d
eu1,n “ λp.

release´ “ p in bind a “ storepq in bind b “ eu1,n´1 a in bind c “ store!pq in bind d “ storepq in E1u1,n

E1u1,n “ b pcoerce1 !eu2,n´1 cq d
Eu1,n,1 “ release´ “ pq in bind a “ storepq in bind b “ eu1,n´1 a in bind c “ store!pq in bind d “

storepq in b pcoerce1 !eu2,n´1 cq d
Eu1,n,2 “ bind b “ eu1,n´1 pq in bind c “ store!pq in bind d “ storepq in b pcoerce1 !eu2,n´1 cq d
Eu1,n,3 “ bind c “ store!pq in bind d “ storepq in b pcoerce1 !eu2,n´1 cq d
Eu1,n,4 “ bind d “ storepq in b pcoerce1 !eu2,n´1 cq d
eu1,2 “ λp.

release´ “ p in bind a “ storepq in bind b “ el1 a in bind c “ store!pq in bind d “ storepq in E1u1,2

E1u1,2 “ b pcoerce1 !eu2,1 cq d
Eu1,2,1 “ release´ “ pq in bind a “ storepq in bind b “ el1 a in bind c “ store!pq in bind d “

storepq in b pcoerce1 !eu2,1 cq d
Eu1,2,2 “ bind b “ el1 a in bind c “ store!pq in bind d “ storepq in b pcoerce1 !eu2,1 cq d
Eu1,2,3 “ bind c “ store!pq in bind d “ storepq in b pcoerce1 !eu2,1 cq d
el1 “ λp1. retλy.λp2. let !x1 “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in eU,2 a
El1 “ retλy.λp2. let !x1 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in eU,2 a
El,1,1 “ λy.λp2. let !x1 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in eU,2 a
El,1,2 “ let !x1 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in eU,2 a
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El,1,3 “ release´ “ pq in release´ “ pq in bind a “ storepq in eU,2 arpLC1M pqq{x1s

El2 “ retλy.λp2. let !x2 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in eU,3 arpLC1M pqq{x1s

El,2,1 “ λy.λp2. let !x2 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in eU,3 arpLC1M pqq{x1s

El,2,2 “ prelease´ “ pq in release´ “ pq in bind a “ storepq in eU,3 aq S2

El3 “ pretλy.λp2. let !x3 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in
eU,4 aq S2

El,3,1 “ pλy.λp2. let !x3 “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in eU,4 aq S2

S2 “ rpLC1M pqq{x1srpLC2M pqq{x2s

El,n,1 “ pλy.λp2. let !xn “ y in release´ “ pq in release´ “ p2 in bind a “ storepq in eU,n aq Sn´1

Sn´1 “ rpLC1M pqq{x1s . . . rpLCn´1M pqq{xn´1s

Dn´32:
...

El,pn´3q,1 pcoerce1 !LCn´3M !pqq pq ó0 El,pn´2q,1

D12:

El,1,1pcoerce1!LC1M!pqqpq ó ´ ó El,2,1

D11:

El1 ó
0 El,1,1

D22.3:

El3 ó
0 El,3,1

D22.2:

el3 pqrpLC1M pqq{x1srpLC2M pqq{x2s ó El3

D22.1:

pcoerce1 !LC2M !pqq ó!pLC2M pqq

D22:
D22.1

El,2,1rpcoerce1 !LC2M !pqq{ysrpq{p2s ó El1,2,2
D22.2 D22.3

El,2,1 pcoerce1 !eu2,1 !pqq pq ó0 El,3,1

D21:

el1 pq ó El1
D11 D12

Eu1,2,1 ó
0 El,2,1

D32:
...

El,3,1 pcoerce1 !LC3M !pqq pq ó0 El,4,1

D31:
eu1,2 pq ó Eu1,2,1 D21 D22

Eu1,3,1 ó El,3,1
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Dn´22:
...

El,pn´2q,1 pcoerce1 !LCn´2M !pqq pq ó0 El,pn´1q,1

Dn´21:

eu1,n´3 pq ó Eu1,n´3,1

eu1,3pq ó Eu1,3,1
D31 D32

...

Dn´32

Eu1,n´2,1 ó
0 El,n´2,1

Dn´12:
...

El,n´1,1pcoerce1!LCn´1M!pqqpq ó0 El,n,1

Dn´11:

eu1,n´2 pq ó Eu1,n´2,1
Dn´21 Dn´22

Eu1,n´1,1 ó
0 El,n´1,1

Dn2:

ur!pLC1M pqq{x1s . . . r!pLCnM pqq{xns ó v11 ó
k v1a

Given

El,n,1rpcoerce1!LCnM!pqq{xnsrpq{p2s ó v
1
1 ó

k v1a

El,n,1pcoerce1!LCnM!pqq pq ók v1a
Dn1:

eu1,n´1 pq ó Eu1,n´1,1
Dpn´1q1 Dpn´1q2

Eu1,n,1 ó
0 El,n,1

Main derivation:

eu1,n pq ó Eu1,n,1
Dn1 Dn2

Eu,n,1 ó
k v1a

E-bind

v12 ó
k v1a

E-release

From Lemma 48 we get v1a
s´i´j´l
« aV v1a

Lemma 51 (Lemma for app1: non-empty stack). @t, u, ρ, θ, v1ε1, vε1, v
1
ε2, vε2, vθ1, j, j

1, j2.
pt u, ρ, εq and pt, ρ, pu, ρq.εq are well-typed
pt u, ρ, θq and pt, ρ, pu, ρq.θq are well-typed
pt u, ρ, εq Ñ pt, ρ, pu, ρq.εq ^ pt u, ρ, θq Ñ pt, ρ, pu, ρq.θq ^

Lpt u, ρ, εqM pq ó v1ε1 ó
j vε1 ^ Lpt, ρ, pu, ρq.εqM pq ó v1ε2 ó

j1 vε2 ^ @s.vε1
s
«aV vε2 ^

Lpt u, ρ, θqM pq ó v1θ1 ó
j2 vθ1

ùñ

Dv1θ2, vθ2, j
3. Lpt, ρ, pu, ρq.θqM pq ó v1θ2 ó

j3 vθ2 ^ pj ´ j
1q “ pj2 ´ j3q ^ @s.vθ1

s
«aV vθ2
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Proof. We prove this by induction on θ

1. Case θ “ ε:

Directly from given

2. Case θ “ C1.θ1:

Let θ1 “ C11 . . . C
1
n and θ2 “ C11 . . . C

1
n´1

Given:

pt u, ρ, C1.θ1q and pt, ρ, pu, ρq.C1.θ1q are well-typed ^

pt u, ρ, C1.θ1q Ñ pt, ρ, pu, ρq.C1.θ1q ^ Lpt u, ρ, C1.θ1qM pq ó v1θ1 ó
j2 vθ1

We need to prove that

Dv1θ2, vθ2, j
3.

Lpt, ρ, pu, ρq.C1.θ1qM pq ó v1θ2 ó
j3 vθ2 ^ pj ´ j

1q “ pj2 ´ j3q ^ @s.vθ1
s
«aV vθ2 (ET-0)

From IH we know

pt u, ρ, C1.θ2q and pt, ρ, pu, ρq.C1.θ2q are well-typed ^

pt u, ρ, C1.θ2q Ñ pt, ρ, pu, ρq.C1.θ2q ^ Lpt u, ρ, C1.θ2qM pq ó v1θ11 ó
j21 vθ11 ùñ Dj31 , v

1
θ22, vθ22.

Lpt, ρ, pu, ρq.C1.θ2qM pq ó v1θ22 ó
j31 vθ22 ^ pj´j

1q “ pj21´j
3
1 q ^ @s.vθ11

s
«aV vθ22 (ET-IH)

From Definition 39 and Definition 40 we know that

Lpt u, ρ, C1.θ1qM = LpLt u, ρM LC1M . . . LCn´1M LCnMqM (ET-1)

Since pt u, ρ, C1.θ1q is well typed therefore we know that

Lpt u, ρ, C1.θ1qM = LpLt u, ρM LC1M . . . LCn´1M LCnMqM =

λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec

where

Ec “ b pcoerce1 !et2 cq d

et1 “ LpLt u, ρM LC1M . . . LCn´1MqM

et2 “ LCnM (ET-1.1)

From Krivine reduction (app rule) we also know that pt u, ρ, C1.θ2q Ñ pt, ρ, pu, ρq.C1.θ2q

Also since we know that Lpt u, ρ, C1.θ1qM pq ó v1θ1 ó
j2 vθ1 therefore we also know that

Dj21 , v
1
1, v1.et1pq ó v1 ó

j21 v11

Also since we know that

pt u, ρ, C1.θ1q and pt, ρ, pu, ρq.C1.θ1q are well-typed

therefore from Lemma 56 we also know that

pt u, ρ, C1.θ2q and pt, ρ, pu, ρq.C1.θ2q are well-typed

Therefore from (ET-IH) we have
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Dj31 , v
1
θ22, vθ22. Lpt, ρ, pu, ρq.C1.θ2qM pq ó v1θ22 ó

j31 vθ22 ^ pj ´ j
1q “ pj21 ´ j

3
1 q

^ @s.vθ11
s
«aV vθ22 (ET-2)

From (ET-0) and Definition 39, Definition 40 it suffices to prove that

Dj3, v1θ2, vθ2. LpLt, ρM Lpu, ρqM LC1M . . . LCn´1M LCnMqM pq ó v1θ2 ó
j3 vθ2 ^ pj ´ j

1q “ pj2´ j3q ^

@s.vθ1
s
«aV vθ2 (ET-3)

Since pt, ρ, pu, ρq.C1.θ1q is well typed therefore we know that

LpLt, ρM Lpu, ρqM LC1M . . . LCn´1M LCnMqM =

λp.release´ “ p in bind a “ storepq in bind b1 “ e1t1 a in bind c “ store!pq in bind d “ storepq in Ec

where

Ec “ b1 pcoerce1 !e1t2 cq d

e1t1 “ LpLt, ρM Lpu, ρqM LC1M . . . LCn´1MqM

e1t2 “ LCnM

From (ET-2) we know that e1t1pq ó v
1
θ22 ó

j31 vθ22

and we need to prove that vθ22 pcoerce1 !e1t2 cq d ó vt ó
j3´j31 vθ2 (ET-p)

Since we are given that Lpt u, ρ, C1.θ1qM pq ó v1θ1 ó
j2 vθ1 this means from (ET-1.1) we have

λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec
ó v1θ1 ó

j2 vθ1

where

Ec “ b pcoerce1 !et2 cq d

Also since we are given that Lpt u, ρ, C1.θ2qM pq ó v1θ11 ó
j21 vθ11 this means we have

et1 pq ó v
1
θ11 ó

j21 vθ11

This means vθ11 pcoerce1 !et2 cq d ó ´ ó
y vθ1 for some y s.t y ` j21 “ j2

Since @s.vθ11
s
«aV vθ22 and et2 “ e1t2 “ LCnM therefore from Definition 43 we get @s.vθ1

s
«aV

vθ2. Also from Definition 43 we have

j2 ´ j21 “ j3 ´ j31 =

j2 ´ j3 “ j21 ´ j
3
1 =

j2 ´ j3 “ j ´ j1 (From ET-IH)

Lemma 52 (Cost and size lemma). @es, Ds, Es.

pes, ε, εq
˚
Ñ Ds Ñ Es ^

Ds is well-typed ^
Es is well-typed ^
et “ LDsM ^ et pq ó va ó

j v1

ùñ

De1t. e
1
t “ LEsM ^ e1t pq ó vb ó

j1 v2 ^ @s. v1
s
«aE v2 ^
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1. j1 “ j ^ |Ds| ą |Es| or

2. j1 “ j ´ 1 ^ |Es| ă |Ds| ` |es|

Proof. We case analyze on the Ds Ñ Es reduction

1. App1:

Given Ds “ pt u, ρ, θq and Es “ pt, ρ, pu, ρq.θq

Let D1s “ pt u, ρ, εq and E1s “ pt, ρ, pu, ρq.εq

Since we are given that Ds is well-typed and Es is well-typed therefore from Lemma 53
we also have

D1s is well-typed and E1s is well-typed

Also since we know that et pq ó va ó
j v1 therefore from Lemma 54 we also know that

Dje.LD1sM pq ó v1d ó
je vd

From Lemma 50 we know that Dve. LE1sM pq ó v1e óje ve s.t @s.vd
s
«aV ve

And finally from Lemma 51 we know that LEsM pq ó vb ój v2 s.t @s.v1
s
«aV v2

|Ds| ą |Es| holds directly from the Definition of | ´ |

2. App2:

Given: pλx.t, ρ, c.θq Ñ pt, c.ρ, θq

We induct on θ

(a) Case θ “ ε:

Since we are given that Ds i.e pλx.t, ρ, c.εq is well typed

Therefore from Theorem 42 Lpλx.t, ρ, c.εqM is well-typed

From Definition 40 LpLλx.t, ρM LcM, ., εqM is well-typed

Again from Definition 40 Lλx.t, ρM LcM is well-typed

From Definition 39 we have

ppλx1 . . . xn.λx.tq LC1M . . . LCnM LcMq is well-typed

Therefore from Theorem 22 we know that

LDsM =

ppλx1 . . . xn.λx.tq LC1M . . . LCnM LCMq =

λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec

where

Ec “ b pcoerce1 !et2 cq d

et1 “ ppλx1 . . . xn.λx.tq LC1M . . . LCnMq
et2 “ LCM (S-A0)

Since we are given that LDsM pq ó va ój v1

therefore from the evaluation rules we know that

LtMrLCMpq{xsrLC1Mpq{x1s . . . rLC1Mpq{x1s ó ´ ó
j v1 (S-A0.1)
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Similarly since we are given that Es i.e pt, c.ρ, εq is well-typed

Therefore from Theorem 42 Lpt, c.ρ, εqM is well-typed

From Definition 40 Lt, c.ρM is well-typed

From Definition 39 we have ppλx, x1 . . . xn.tq LCM LC1M . . . LCnMq is well-typed

Therefore from Theorem 22 we know that

LEsM =

ppλx x1 . . . xn.tq LCM LC1M . . . LCnMq =

λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec

where

Ec “ b pcoerce1 !et2 cq d

et1 “ ppλx x1 . . . xn.tq LCM, LC1M . . . LCn´1Mq
et2 “ LCnM (S-A1)

From (SA-0.1) we know that

LEsM pq ó ´ ój v1

And finally from Theorem 47 we have @s.v1
s
«aV v1

(b) Case θ “ C1.θ1:

Let θ1 “ Cθ1 . . . Cθn and ρ “ Cρ1 . . . Cρn

Since we are given that Ds i.e pλx.t, ρ, C.C1.θ1q is well typed

Therefore from Theorem 42 we know that Lpλx.t, ρ, C.C1.θ1qM is well-typed

From Definition 40 we also have LpLλx.t, ρM LCM, ., C1.θ1qM is well-typed

which further means that LpLλx.t, ρM LCM LC1M, ., θ1qM is well-typed

which further means that LLλx.t, ρM LCM LC1M LCθ1M . . . LCθ1MM is well-typed

which further means that pλx1 . . . xn.λx.tq LCρ1M . . . LCρnM LCM LC1M LCθ1M . . . LCθmM is
well-typed

From Theorem 22 we have

LDsM = pλx1 . . . xn.λx.tq LCρ1M . . . LCρnM LCM LC1M LCθ1M . . . LCθmM =

λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec

where

Ec “ b pcoerce1 !et2 cq d

et1 “ pλx1 . . . xn.λx.tq LCρ1M . . . LCρnM LCM LC1M LCθ1M . . . LCθm´1M
et2 “ LCθmM (S-A2)

Since we are given that LDsM pq ó va ój v1

therefore from the evaluation rules we know that

De1, j1.LtMrLCMpq{xsrLC1Mpq{x1s . . . rLC1Mpq{x1s ó ´ ó
j1 λx1x1 . . . xm.e

1

s.t

λx1x1 . . . xm.e
1LtMrLC1Mpq{xsrLCθ1Mpq{x1s . . . rLCθmMpq{xms ó ´ ój2 v1

and j1 ` j2 “ j (S-A2.1)

Similarly since we are given that Es i.e pt, C.ρ, C1.θ1q is well typed

Therefore from Theorem 42 we know that Lpt, C.ρ, C1.θ1qM is well-typed
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From Definition 40 we also have LpLt, C.ρM LC1M, ., θ1qM is well-typed

which further means that LpLt, C.ρM LC1M LCθ1M . . . LCθmMqM is well-typed

which further means that pλx, x1 . . . xn.tqLCM LCρ1M . . . LCρnM LC1M LCθ1M . . . LCθmM is well-
typed

From Theorem 22 we have

LEsM = pλx, x1 . . . xn.tqLCM LCρ1M . . . LCρnM LC1M LCθ1M . . . LCθmM =

λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec

where

Ec “ b pcoerce1 !et2 cq d

et1 “ pλx, x1 . . . xn.tqLCM LCρ1M . . . LCρnM LC1M LCθ1M . . . LCθm´1M
et2 “ LCθmM (S-A3)

From (S-A2.1) it is clear that

LEsM pq ó ´ ój v1

And finally from Theorem 47 we have @s.v1
s
«aV v1

|Ds| ą |Es| holds directly from the Definition of | ´ |

3. Fix:

Given: pfixx.t, ρ, θq Ñ pt, pfixx.t, ρq.ρ, θq

Let D1s “ pfixx.t, ρ, εq and E1s “ pt, pfixx.t, ρq.ρ, εq

Since we are given that Ds and Es are well-typed therefore from Lemma 53 we know that
D1s and E1s are well-typed too.

Also since we know that et pq ó va ó
j v1 therefore from Lemma 54 we also know that

Dje.LD1sM ó ´ óje ve
From Lemma 57 we know that LE1sM pq ó v1e óje ve

And then from Lemma 55 we know that LEsM ó vb ój v2 s.t @s.v1
s
«aV v2

|Ds| ą |Es| holds directly from the Definition of | ´ |

4. Var:

Given: Ds “ px, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, θq and Es “ ptx, ρx, θq

Let D1s “ px, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, εq and E1s “ ptx, ρx, εq

Since we are given that Ds and Es are well-typed therefore from Lemma 53 we know that
D1s and E1s are well-typed too.

Also since we know that et pq ó ´ ó
j v1 therefore from Lemma 54 we also know that

Dje.LD1sM ó ´ óje ve
From Lemma 59 we know that LE1sM ó ´ óje´1 ve
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And then from Lemma 58 we know that LEsM ó ´ ój´1 v2 s.t @s.v1
s
«aV v2

|Es| ă |Ds| ` |es| holds directly from the Definition of | ´ | and from Lemma 4.2 in [3]

Lemma 53 (ε typing). @Θ,∆, I, e, ρ, θ.
Θ; ∆ $´ pe, ρ, θq : ´ ùñ Θ; ∆ $´ pe, ρ, εq : ´

Proof. Main derivation:

Θ; ∆ $I pe, ρ, θq : τ
Given

Θ; ∆ $J pe, ρq : σ
By inversion

Θ; ∆ $0 ε : pσ, σq

Θ; ∆ $J pe, ρ, εq : σ

Lemma 54 (ε reduction). @e, ρ, θ.
pe, ρ, θq is well typed ^ Lpe, ρ, θqM pq ó ´ ó´ ´ ùñ Lpe, ρ, εqM pq ó ´ ó´ ´

Proof. Since pe, ρ, θq is well typed therefore from Lemma 53 we also know that
pe, ρ, εq is well typed

From Theorem 42 we know that Lpe, ρ, εqM is also well typed

From Definition 40 we know that Lpe, ρ, εqM = Lpe, ρqM

Let θ “ C1 . . . Cn
Similarly from Definition 40 we also know that
Lpe, ρ, θqM = Lpe, ρ, C1 . . . CnqM =
LpLe, ρM LC1M, rs, C2 . . . CnqM =
LpLe, ρM LC1M . . . LCnM, rs, εqM =
LpLe, ρM LC1M . . . LCnMqM

From Theorem 22 we know that
Lpe, ρ, θqM =
LpLe, ρM LC1M . . . LCnMqM =
λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !et2 cq d
et1 “ LpLe, ρM LC1M . . . LCn´1MqM
et2 “ LCnM (E0)

Since LpLe, ρM LC1M . . . LCnMqM ó ´ ó´ ´, therefore we also know that LLe, ρMM ó ´ ó´ ´

Lemma 55 (Lemma for fix : non-empty stack). @t, ρ, θ, j, j1, j2, vε1, vε2, vθ1.
pfixx.t, ρ, εq and pt, pfixx.t, ρq.ρ, εq are well-typed
pfixx.t, ρ, θq and pt, pfixx.t, ρq.ρ, θq are well-typed

Lpfixx.t, ρ, εqM pq ó ´ ój vε1 ^ Lpt, pfixx.t, ρq.ρ, εqM pq ó ´ ój1 vε1 ^ @s.vε1
s
«aV vε2 ^

Lpfixx.t, ρ, θqM pq ó ´ ój2 vθ1 ^
ùñ

Dvθ2, j
3. Lpt, pfixx.t, ρq.ρ, θqM pq ó ´ ój3 vθ2 ^ @s.vθ1

s
«aV vθ2 ^ pj ´ j

1q “ pj2 ´ j3q
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Proof. We prove this by induction on θ

1. Case θ “ ε:

Directly from given

2. Case θ “ C1.θ1:

Let θ1 “ C11 . . . C
1
n and θ2 “ C11 . . . C

1
n´1

Given:

pfixx.t, ρ, C1.θ1q and pt, pfixx.t, ρq.ρ, C1.θ1q are well-typed ^

Lpfixx.t, ρ, C1.θ1qM pq ó ´ ój2 vθ1
We need to prove that

Lpt, pfixx.t, ρq.ρ, C1.θ1qM pq ó ´ ój3 vθ2 ^ @s.vθ1
s
«aV vθ2 ^ pj ´ j

1q “ pj2 ´ j3q (ET-0)

From IH we know

pfixx.t, ρ, C1.θ2q and pt, pfixx.t, ρq.ρ, C1.θ2q are well-typed,

Lpfixx.t, ρ, C1.θ2qM pq ó ´ ój21 vθ11 ùñ

Lpt, pfixx.t, ρq.ρ, C1.θ2qM pq ó ´ ój
3
1 vθ22 ^ @s.vθ11

s
«aV vθ22 ^ pj ´ j1q “ pj21 ´ j31 q

(ET-IH)

From Definition 39 and Definition 40 we know that

Lpfixx.t, ρ, C1.θ1qM = Lfixx.t, ρM LC1M . . . LCn´1M LCnM (ET-1)

Since pfixx.t, ρ, C1.θ1q is well typed therefore we know that

Lpfixx.t, ρ, C1.θ1qM = Lfixx.t, ρM LC1M . . . LCn´1M LCnM =

λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec

where

Ec “ b pcoerce1 !et2 cq d

et1 “ Lfixx.t, ρM LC1M . . . LCn´1M

et2 “ LCnM (ET-1.1)

Since we know that Lpfixx.t, ρ, C1.θ1qM pq ó ´ ój2 vθ1 therefore we also know that

Dj21 , v
1
1.et1pq ó ´ ó

j21 vθ11

Also since we know that

pfixx.t, ρ, C1.θ1q and pt, pfixx.t, ρq.ρ, C1.θ1q are well-typed

therefore from Lemma 56 we also know that

pfixx.t, ρ, C1.θ2q and pt, pfixx.t, ρq.ρ, C1.θ2q are well-typed

Therefore from (ET-IH) we have

Dvθ22, j
3
1 . Lpt, pfixx.t, ρq.ρ, C1.θ2qM ó ´ ój31 vθ22 ^ @s.vθ11

s
«aV vθ22 ^ pj ´ j1q “ pj21 ´ j31 q

(ET-2)
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From Definition 39 we know that

Lpt, pfixx.t, ρq.ρ, C1.θ1qM = pLt, pfixx.t, ρq.ρM LC1M . . . LCn´1M LCnMq

Since pt, pfixx.t, ρq.ρ, C1.θ1q is well typed therefore we know that

Lpt, pfixx.t, ρq.ρ, C1.θ1qM =

pLt, pfixx.t, ρq.ρM LC1M . . . LCn´1M LCnMq =

λp.release´ “ p in bind a “ storepq in bind b1 “ e1t1 a in bind c “ store!pq in bind d “ storepq in Ec

where

Ec “ b1 pcoerce1 !e1t2 cq d

e1t1 “ pLt, pfixx.t, ρq.ρM LC1M . . . LCn´1M LCn´1Mq

e1t2 “ LCnM

Since from (ET-2) we know that Lpt, pfixx.t, ρq.ρ, C1.θ2qM ó ´ ój31 vθ22

Therefore it suffices to prove that

vθ22 pcoerce1 !e1t2 cq d ó ´ ó
j3´j31 vθ2 and @s.vθ1

s
«aV vθ2 (ET-p)

Since we are given that Lpfixx.t, ρ, C1.θ1qM this means from (ET-1.1) we have

λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec ó
´ ój

2

vθ1

where

Ec “ b pcoerce1 !et2 cq d

This means

1) et1 pq ó ´ ó
j21 vθ11 and

2) This means vθ11 pcoerce1 !et2 cq d ó ´ ó
y vθ1 for some y s.t y ` j21 “ j2

Since from (ET-2) we know that @s.vθ11
s
«aV vθ22 and since et2 “ e1t2 “ LCnM therefore

from Definition 43 and Lemma 49 we have

vθ22 pcoerce1 !e1t2 cq d ó ´ ó
j2´j21 vθ2 and @s.vθ1

s
«aV vθ2

This means

j2 ´ j21 “ j3 ´ j31 =

j2 ´ j3 “ j21 ´ j
3
1 =

j2 ´ j3 “ j ´ j1 (From IH)

Lemma 56. @C, θ.
θ.C is well-typed ùñ θ is well-typed

Proof. Proof by induction on θ
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1. Base case θ “ ε:

Directly from the typing rule for ε

2. Case θ “ C1.θ1

This means we have C1.θ1.C is well-typed. This means from the stack typing rule for closure
we know that θ1.C is well-typed.

From IH we know that θ1 is well-typed.

Since C1 is well tped and θ1 is well-typed therefore C1.θ1 is well-typed.

Lemma 57 (Lemma for fix : empty stack). @t, ρ, θ.
Lpfixx.t, ρ, εqM is well-typed ^
Lpt, pfixx.t, ρq.ρ, εqM is well-typed ^
Lpfixx.t, ρ, εqM pq ó ´ ój v1 ùñ

Lpt, pfixx.t, ρq.ρ, εqMpq ó ´ ój v2 ^ @s.v1
s
«aV v2

Proof. Let ρ “ pC1, . . . , Cnq
Since we know that Lpfixx.t, pC1, . . . , Cnq, εqM is well-typed and
Lpfixx.t, pC1, . . . , Cnq, εqM = ppλx1 . . . xn.fixx.tq LC1M . . . LCnMq
Therefore from Theorem 22 we know that
Lpfixx.t, pC1, . . . , Cnq, εqM =
ppλx1 . . . xn.fixx.tq LC1M . . . LCnMq =
λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !et2 cq d
et1 “ ppλx1 . . . xn.fixx.tq LC1M . . . LCn´1Mq
et2 “ LCnM (F1)

Since we know that
ppλx1 . . . xn.fixx.tq LC1M . . . LCnMq pq ó ´ ój v1

Therefore from E-release, E-store, E-bind, E-subExpE and E-app we know that
trfixx.trLC1Mpq{x1s . . . rLCnMpq{xns pq{xs ó ´ ój v1 (F2)

Similarly since we know that Lpt, pfixx.t, pC1, . . . , Cnqq.pC1, . . . , Cnq, εqM is well-typed and
Lpt, pfixx.t, pC1, . . . , Cnqq.pC1, . . . , Cnq, εqM = ppλx, x1 . . . xn.tq Lfixx.t, pC1, . . . , CnqM LC1M . . . LCnMq
Therefore from Theorem 22 we know that
Lpt, pfixx.t, pC1, . . . , Cnqq.pC1, . . . , Cnq, εqM =
ppλx, x1 . . . xn.tq Lfixx.t, pC1, . . . , CnqM LC1M . . . LCnMq =
λp.release´ “ p in bind a “ storepq in bind b “ e1t1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !e1t2 cq d
e1t1 “ ppλx, x1 . . . xn.tq Lfixx.t, pC1, . . . , CnqM LC1M . . . LCn´1Mq
e1t2 “ LCnM (F3)

We need to prove that
ppλx, x1 . . . xn.tq Lfixx.t, ρM LC1M . . . LCnMq ó ´ ój v2

This means it suffices to prove that
trfixx.trLC1Mpq{x1s . . . rLCnMpq{xns pq{xs ó ´ ój v2

We get this directly from (F2) and Lemma 48
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Lemma 58 (Lemma for var : non-empty stack). @t, ρ, θ, j, j1, j2, vε1, vε2, vθ1.
px, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, εq and ptx, ρx, εq are well-typed
px, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, θq and pt, pfixx.t, ρq.ρ, θq are well-typed
Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, εqM pq ó ´ ój vε1 ^ Lptx, ρx, εqM pq ó ´ ój

1

vε1 ^

@s.vε1
s
«aV vε2 ^

Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, θqM pq ó ´ ój
2

vθ1 ^
ùñ

Dvθ2, j
3. Lptx, ρx, θqM pq ó ´ ój

3

vθ2 ^ @s.vθ1
s
«aV vθ2 ^ pj ´ j

1q “ pj2 ´ j3q

Proof. We prove this by induction on θ

1. Case θ “ ε:

Directly from given

2. Case θ “ C1.θ1:

Let θ1 “ C11 . . . C
1
n and θ2 “ C11 . . . C

1
n´1

Given:

px, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C
1.θ1q and ptx, ρx, C

1.θ1q are well-typed ^

Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C1.θ1qM pq ó ´ ój
2

vθ1

We need to prove that

Lptx, ρx, C1.θ1qM pq ó ´ ój
3

vθ2 ^ @s.vθ1
s
«aV vθ2 ^ pj ´ j

1q “ pj2 ´ j3q (ET-0)

From IH we know

px, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C
1.θ2q and ptx, ρx, C

1.θ2q are well-typed,

Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C1.θ2qM pq ó ´ ój
2
1 vθ11 ùñ

Lptx, ρx, C1.θ2qM pq ó ´ ój
3
1 vθ22 ^ @s.vθ11

s
«aV vθ22 ^ pj ´ j

1q “ pj21 ´ j
3
1 q (ET-IH)

From Definition 39 and Definition 40 we know that

Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C
1.θ1qM = Lx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnqM LC1M . . . LCn´1M LCnM

(ET-1)

Since px, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C
1.θ1q is well typed therefore we know that

Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C1.θ1qM = Lx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnqM LC1M . . . LCn´1M LCnM
=

λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec

where

Ec “ b pcoerce1 !et2 cq d

et1 “ Lx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnqM LC1M . . . LCn´1M

et2 “ LCnM (ET-1.1)

Since we know that Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C1.θ1qM pq ó ´ ój
2

vθ1 therefore we
also know that
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Dj21 , v
1
1.et1pq ó ´ ó

j21 v11

Also since we know that

px, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C
1.θ1q and pt, pfixx.t, ρq.ρ, C1.θ1q are well-typed

therefore from Lemma 56 we also know that

px, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C
1.θ2q and ptx, ρx, C

1.θ2q are well-typed

Therefore from (ET-IH) we have

Dvθ22, j
3
1 . Lptx, ρx, C1.θ2qM ó ´ ój

3
1 vθ22 ^ @s.vθ11

s
«aV vθ22 ^ pj ´ j1q “ pj21 ´ j31 q

(ET-2)

From Definition 39 we know that

Lptx, ρx, C1.θ1qM = pLtx, ρxM LC1M . . . LCn´1M LCnMq

Since ptx, ρx, C
1.θ1q is well typed therefore we know that

Lptx, ρx, C1.θ1qM =

pLtx, ρxM LC1M . . . LCn´1M LCnMq =

λp.release´ “ p in bind a “ storepq in bind b1 “ e1t1 a in bind c “ store!pq in bind d “ storepq in Ec

where

Ec “ b1 pcoerce1 !e1t2 cq d

e1t1 “ pLtx, ρxM LC1M . . . LCn´1M LCn´1Mq

e1t2 “ LCnM

Since from (ET-2) we know that Lptx, ρx, C1.θ2qM ó ´ ój
3
1 vθ22

Therefore it suffices to prove that

vθ22 pcoerce1 !e1t2 cq d ó ´ ó
j3´j31 vθ2 and @s.vθ1

s
«aV vθ2 (ET-p)

Since we are given that Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C
1.θ1qM ó ´ ój

2

vθ1 this means
from (ET-1.1) we have

λp.release´ “ p in bind a “ storepq in bind b “ et1 a in bind c “ store!pq in bind d “ storepq in Ec ó
´ ój

2

vθ1

where

Ec “ b pcoerce1 !et2 cq d

This means

1) Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, C1.θ2qM pq ó ´ ój
2
1 vθ11 and

2) This means vθ11 pcoerce1 !et2 cq d ó ´ ó
y vθ1 for some y s.t y ` j21 “ j2

Since from (ET-2) we have @s.vθ11
s
«aV vθ22 ^ and since et2 “ e1t2 “ LCnM therefore from

Definition 43 and Lemma 49 we have
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vθ22 pcoerce1 !e1t2 cq d ó ´ ó
j2´j21 vθ2 and @s.vθ1

s
«aV vθ2

This means

j2 ´ j21 “ j3 ´ j31 =

j2 ´ j3 “ j21 ´ j
3
1 =

j2 ´ j3 “ j ´ j1 (From IH)

Lemma 59 (Lemma for var : empty stack). @t, ρ, θ.
Θ; ∆; . $´ Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, εqM : ´ ^
Θ; ∆; . $´ Lptx, ρx, εqM : ´ ^
Lpx, pt0, ρ0q . . . ptx, ρxq . . . ptn, ρnq, εqM pq ó ´ ój v ùñ
Lptx, ρx, εqM pq ó ´ ój´1 v

Proof. From Definition 40 we also have
Lpx, pt0, ρ0q, . . . ptx, ρxq, . . . ptn, ρnq, εqM
= Lx, pt0, ρ0q, . . . ptx, ρxq, . . . ptn, ρnqM
= pλx1 . . . x . . . xn.xq Lpt0, ρ0qM . . . Lptn, ρnqM

Similarly from Definition 40 we also have
Lptx, ρx, εqM = Lptx, ρxqM (S-V1)

Therefore from Theorem 22 we know that
Lpx, ppt1, ρ1q, . . . ptx, ρxq . . . , ptn, ρnqq, εqM =
ppλx1 . . . x . . . xn.xq Lpt1, ρ1qM . . . Lptx, ρxqM . . . Lptn, ρnqMq =
λp.release´ “ p in bind a “ storepq in bind b “ et1,n a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !et2,n cq d

et1,n “ ppλx1 . . . x . . . xn.xq Lpt1, ρ1qM . . . Lptx, ρxqM . . . Lptn´1, ρn´1qMq
et2,n “ Lptn, ρnqM (V4)

Simialrly
et1,n =
λp.release´ “ p in bind a “ storepq in bind b “ et1,n´1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !et2,n´1 cq d

et1,n´1 “ ppλx1 . . . x . . . xn.xq Lpt1, ρ1qM . . . Lptx, ρxqM . . . Lptn´2, ρn´2qMq
et2,n´1 “ Lptn´1, ρn´1qM

In the same way we have
et1,1 =
λp.release´ “ p in bind a “ storepq in bind b “ et1,1 a in bind c “ store!pq in bind d “ storepq in Ec
where
Ec “ b pcoerce1 !et2,1 cq d
et1,1 “ pλx1 . . . x . . . xn.xq

et2,1 “ Lpt1, ρ1qM

Similalry we also get
et1,1 =
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λp1. retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in el,1 a
where
el,1 “ ppλx2 . . . x . . . xn.xqq

and
el,n =
λp1. retλy.λp2. let !x “ y in release´ “ p1 in release´ “ p2 in bind a “ storepq in el,n a
where
el,n “ x = λp.release´ “ p in bind´ “ Ò1 in x

Since we know that
ppλx1 . . . x . . . xn.xq Lpt0, ρ0qM . . . Lptn, ρnqMq pq ó ´ ój v
this means from E-release, E-bind, E-store, E-app that
pbind´ “ Ò1 in Lptx, ρxqM pqq ó ´ ój v
Therefore from E-bind, E-step and E-app we know that Lptx, ρxqM pq ó ´ ój´1 v

Theorem 60 (Rederiving dlPCF’s soundness). @t, I, τ, ρ.
$I pt, ε, εq : τ ^ pt, ε, εq

n
Ñ pv, ρ, εq ùñ n ď |t| ˚ pI ` 1q

Proof. Let us rename t to t1 and v to tn`1 then we know that
pt1, ε, εq Ñ pt2, ρ2, θ2q . . . ptn, ρn, θnq Ñ ptn`1, ρ, εq

Since we are given that pt, ε, εq is well-typed therefore from dlPCF’s subject reduction we
know that pt2, ρ2, θ2q to ptn, ρn, θnq and ptn`1, ρ, εq are all well-typed.

From Theorem 63 we know that @1 ď i ď n.Lpti, ρi, θiqM
˚
Ñ ´

Also from Theorem 42 we know that @1 ď i ď n.Lpti, ρi, θiqM is well typed

So now we can apply Theorem 36 and from Definition 34 to get
@1 ď i ď n` 1.Dji.Lpti, ρi, θiqM pq ó ´ óji ´

Next we apply Theorem 52 for every step of the reduction starting from pt1, ε, εq and we
know that either the cost reduces by 1 and the size increases by |t| or cost remains the same
and the size reduces.

Thus we know that size can vary from t to 1 and cost can vary from j1 to 0. Therefore, the
number of reduction steps are bounded by |t| ˚ pj1 ` 1q

From Theorem 20 we know that j1 ă I therefore we have n ď |t| ˚ pI ` 1q

1.5.4 Cross-language model: Krivine to dlPCF

Definition 61 (Cross language logical realtion: Krivine to dlPCF).

pvk, ρ, εq „v vd fi vd “ vk ρ

pek, ρ, θq „e ed fi @vk, ρ
1.pek, ρ, θq

˚
Ñ pvk, ρ

1, εq ùñ Dvd.ed
˚
Ñ vd ^ pvk, ρ

1, εq „v vd

Lemma 62. @ek, ρ, θ, e
1
k, ρ

1, θ1.

pek, ρ, θq
˚
Ñ pe1k, ρ

1, θ1q ùñ De1d.Lpek, ρ, θqM
˚
Ñ e1d ^ e1d “ Lpe1k, ρ

1, θ1qM
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Proof. Given: pek, ρ, θq
˚
Ñ pe1k, ρ

1, θ1q

To prove: De1d.Lpek, ρ, θqM
˚
Ñ e1d ^ e1d “ Lpe1k, ρ

1, θ1qM

Lets assume it takes n steps for pek, ρ, θq
n
Ñ pe1k, ρ

1, θ1q

We induct on n
Base case (n “ 1)

1. App1:

In this case we are given pt u, ρ, θq Ñ pt, ρ, pu, ρq.θq

Let ρ “ Cρ1 . . . Cρn and θ “ Cθ1 . . . Cθm

From Definition 40 we know that

Lpek, ρ, θqM =

pλx1 . . . xn.t uqLCρ1M . . . LCρnM LCθ1M . . . LCθmM

From dlPCF’s app rule we know that

pλx1 . . . xn.t uqCρ1 . . . Cρn Cθ1 . . . Cθm
˚
Ñ

trLCρ1M{x1s . . . rLCρnM{xns urLCρ1M{x1s . . . rLCρnM{xns LCθ1M . . . LCθmM

We choose e1d as trLCρ1M{x1s . . . rLCρnM{xns urLCρ1M{x1s . . . rLCρnM{xns LCθ1M . . . LCθmM and we
get thedesired from Definition 40

2. App2:

In this case we are given pλx.t, ρ, C.θq Ñ pt, C.ρ, θq

Let ρ “ Cρ1 . . . Cρn and θ “ Cθ1 . . . Cθm

From Definition 40 we know that

Lpλx.t, ρ, C.θqM =

pλx1 . . . xn.λx.tqLCρ1M . . . LCρnM LCM LCθ1M . . . LCθmM

From dlPCF’s app rule we know that

pλx1 . . . xn.λx.tqLCρ1M . . . LCρnM LCM LCθ1M . . . LCθmM ˚
Ñ

trLCρ1M{x1s . . . rLCρnM{xnsrLCM{xs Cθ1 . . . Cθm

We choose e1d as trLCρ1M{x1s . . . rLCρnM{xnsrLCM{xs Cθ1 . . . Cθm and we get the desired from
Definition 40

3. Var:

In this case we are given px, pt0, ρ0q . . . ptn, ρnq, θq Ñ ptx, ρx, θq

Let θ “ Cθ1 . . . Cθm

From Definition 40 we know that

Lpx, pt0, ρ0q . . . ptn, ρnq, θqM =

pλx1 . . . xn.λx.tqLCρ1M . . . LCρnM LCθ1M . . . LCθmM

From dlPCF’s app rule we know that
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pλx1 . . . xn.xqLpt0, ρ0qM . . . Lptn, ρnqM LCθ1M . . . LCθmM ˚
Ñ

Lptx, ρxqM Cθ1 . . . Cθm

Let ρx “ Cx1 . . . Cxk therefore from Definition 40 we know that

Lptx, ρxqM Cθ1 . . . Cθm =

λxx1 . . . xxk .tx LCx1M . . . LCxkM Cθ1 . . . Cθm

Therefore from dlPCF’s app rule we know that

Lptx, ρxqM Cθ1 . . . Cθm
˚
Ñ txrLCx1M{x1s . . . rLCxkM{xks Cθ1 . . . Cθm

We choose e1d as txrLCx1M{x1s . . . rLCxkM{xks Cθ1 . . . Cθm and we get the desired from Defini-
tion 40

4. Fix:

In this case we are given pfixx.t, ρ, θq Ñ pt, pfixx.t, ρq.ρ, θq

Let ρ “ Cρ1 . . . Cρn and θ “ Cθ1 . . . Cθm

From Definition 40 we know that

Lpfixx.t, ρ, θqM =

pλx1 . . . xn.fixx.tqLCρ1M . . . LCρnM Lpfixx.t, ρqM LCθ1M . . . LCθmM

From dlPCF’s app and fix rule we know that

pλx1 . . . xn.fixx.tqLCρ1M . . . LCρnM LCM LCθ1M . . . LCθmM ˚
Ñ

fixx.trLCρ1M{x1s . . . rLCρnM{xnsrLpfixx.t, ρqM{xs Cθ1 . . . Cθm Ñ

t rLCρ1M{x1s . . . rLCρnM{xnsrLpfixx.t, ρqM{xs Cθ1 . . . Cθm

We choose e1d as t rLCρ1M{x1s . . . rLCρnM{xnsrLpfixx.t, ρqM{xs Cθ1 . . . Cθm and we get the desired
from Definition 40

Inductive case

We get this directly from IH and the base case

Theorem 63 (Fundamental theorem). @ek, ρ, θ. pek, ρ, θq „e Lpek, ρ, θqM

Proof. From Definition 61 it suffices to prove that
@vk, ρ

1.pek, ρ, θq
˚
Ñ pvk, ρ

1, εq ùñ Dvd.ed
˚
Ñ vd ^ pvk, ρ

1, εq „v vd

This means athat given some vk, ρ
1 s.t pek, ρ, θq

˚
Ñ pvk, ρ

1, εq it suffices to prove that

Dvd.ed
˚
Ñ vd ^ pvk, ρ

1, εq „v vd

From Lemma 62 we know that
De1d.Lpek, ρ, θqM

˚
Ñ e1d ^ e1d “ Lpvk, ρ1, εqM

Let ρ1 “ C1 . . . Cn therefore from Definition 40 we know that
Lpvk, ρ1, εqM = pλx1 . . . xnvkq LC1M . . . LCnM

Therefore from dlPCF’s app rule we know that
Lpvk, ρ1, εqM

˚
Ñ vkrLC1M{x1s . . . rLCnM{xns

We choose vd as vkrLC1M{x1s . . . rLCnM{xns and we get the desired from Definition 61
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2 Development for univariate RAML’s embedding

2.1 Syntax

Expressions e ::“ v | e1 e2 | xxe1, e2yy | letxxx, yyy “ e1 in e2 |

xe, ey | fstpeq | sndpeq | inlpeq | inrpeq | case e of e; e |
let !x “ e1 in e2 | e :: e | e rs | e;x.e

Values v ::“ x | pq | c | λx.e | xxv1, v2yy | xv, vy | inlpeq | inrpeq | ! e | nil |
Λ.e | ret e | bindx “ e1 in e2 | Ò

I | releasex “ e1 in e2 | store e
(No value forms for rIs τ)

Index I ::“ i | N | R | I ` I | I ´ I |
ř

iăI I | λsi :S .I | I I
Sort S ::“ N | R` | SÑS
Kind K ::“ Type | SÑK
Types τ ::“ 1 | b | τ1 ( τ2 | τ1 b τ2 | τ1 & τ2 | τ1 ‘ τ2 | ! τ | rIs τ | M I τ | LI τ

α | @α :K .τ | @i :S .τ | λti :S .τ | τ I | Di :S .τ | cñ τ | c&τ
Constraints c ::“ I “ I | I ă I | c ^ c

Lin. context Γ ::“ . | Γ, x : τ
for term variables
Unres. context Ω ::“ . | Ω, x : τ
for term variables
Unres. context Θ ::“ . | Θ, i :S
for index variables
Unres. context Ψ ::“ . | Ψ, α :K
for type variables

Definition 64 (Binary sum of multiplicity context).

Ω1 ‘ Ω2 fi

$

&

%

Ω2 Ω1 “ .
pΩ11 ‘ Ω2q, x : τ Ω1 “ Ω11, x : τ ^ px : ´q R Ω2

undefined Ω1 “ Ω11, x : τ ^ px : τq P Ω2

Definition 65 (Binary sum of affine context).

Γ1 ‘ Γ2 fi

$

&

%

Γ2 Γ1 “ .
pΓ11 ‘ Γ2q, x : τ Γ1 “ Γ11, x : τ ^ px : ´q R Γ2

undefined Γ1 “ Γ11, x : τ ^ px : ´q P Γ2
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2.2 Typesystem

Typing Ψ; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ, x : τ $ x : τ
T-var1

Ψ; Θ; ∆; Ω, x : τ ; Γ $ x : τ
T-var2

Ψ; Θ; ∆; Ω; Γ $ pq : 1
T-unit

Ψ; Θ; ∆; Ω; Γ $ c : b
T-base

Ψ; Θ; ∆; Ω; Γ $ nil : L0 τ
T-nil

Ψ; Θ; ∆; Ω; Γ1 $ e1 : τ Ψ; Θ; ∆; Ω; Γ2 $ e2 : Lnτ

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ e1 :: e2 : Ln`1τ
T-cons

Ψ; Θ; ∆; Ω; Γ1 $ e : Ln τ

Ψ; Θ; ∆, n “ 0; Ω; Γ2 $ e1 : τ 1 Ψ; Θ; ∆, n ą 0; Ω; Γ2, h : τ, t : Ln´1τ $ e2 : τ 1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ match e with |nil ÞÑ e1 |h :: t ÞÑ e2 : τ 1
T-match

Ψ; Θ; ∆; Ω; Γ $ e : τ rn{ss Θ; ∆ $ n :S

Ψ; Θ; ∆; Ω; Γ $ e : Ds :S .τ
T-existI

Ψ; Θ; ∆; Ω; Γ1 $ e : Ds.τ Ψ; Θ, s; ∆; Ω; Γ2, x : τ $ e1 : τ 1 Ψ; Θ; ∆ $ τ 1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ e;x.e1 : τ 1
T-existE

Ψ; Θ; ∆; Ω; Γ, x : τ1 $ e : τ2

Ψ; Θ; ∆; Ω; Γ $ λx.e : pτ1 ( τ2q
T-lam

Ψ; Θ; ∆; Ω; Γ1 $ e1 : pτ1 ( τ2q Ψ; Θ; ∆; Ω; Γ2 $ e2 : τ1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ e1 e2 : τ2
T-app

Ψ; Θ; ∆; Ω; Γ $ e : τ Ψ,Θ; ∆ $ τ ă: τ 1

Ψ; Θ; ∆; Ω; Γ $ e : τ 1
T-sub

Ψ; Θ; ∆; Ω; Γ $ e : τ Ψ; Θ; ∆ |ù Γ1 Ď Γ Ψ; Θ; ∆ |ù Ω1 Ď Ω

Ψ; Θ; ∆; Ω1; Γ1 $ e : τ
T-weaken

Ψ; Θ; ∆; Ω; Γ1 $ e1 : τ1 Ψ; Θ; ∆; Ω; Γ2 $ e2 : τ1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ xxe1, e2yy : pτ1 b τ2q
T-tensorI

Ψ; Θ; ∆; Ω; Γ1 $ e : pτ1 b τ2q Ψ; Θ; ∆; Ω; Γ2, x : τ1, y : τ2 $ e1 : τ

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ letxxx, yyy “ e in e1 : τ
T-tensorE

Ψ; Θ; ∆; Ω; Γ $ e1 : τ1 Ψ; Θ; ∆; Ω; Γ $ e2 : τ1

Ψ; Θ; ∆; Ω; Γ $ xe1, e2y : pτ1 & τ2q
T-withI
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Ψ; Θ; ∆; Ω; Γ $ e : pτ1 & τ2q

Ψ; Θ; ∆; Ω; Γ $ fstpeq : τ1
T-fst

Ψ; Θ; ∆; Ω; Γ $ e : pτ1 & τ2q

Ψ; Θ; ∆; Ω; Γ $ sndpeq : τ2
T-snd

Ψ; Θ; ∆; Ω; Γ $ e : τ1

Ψ; Θ; ∆; Ω; Γ $ inlpeq : τ1 ‘ τ2
T-inl

Ψ; Θ; ∆; Ω; Γ $ e : τ2

Ψ; Θ; ∆; Ω; Γ $ inrpeq : τ1 ‘ τ2
T-inr

Ψ; Θ; ∆; Ω; Γ1 $ e : pτ1 ‘ τ2q Ψ; Θ; ∆; Ω; Γ2, x : τ1 $ e1 : τ Ψ; Θ; ∆; Ω; Γ2, y : τ2 $ e2 : τ

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ case e of e1; e2 : τ
T-case

Ψ; Θ; ∆; Ω; . $ e : τ

Ψ; Θ; ∆; Ω; . $!e :!τ
T-ExpI

Ψ; Θ; ∆; Ω; Γ1 $ e :!τ Ψ; Θ; ∆; Ω, x : τ ; Γ2 $ e1 : τ 1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ let !x “ e in e1 : τ 1
T-ExpE

Ψ, α :K; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ.e : p@α :K .τq
T-tabs

Ψ; Θ; ∆; Ω; Γ $ e : p@α :K .τq Ψ; Θ; ∆ $ τ 1 :K

Ψ; Θ; ∆; Ω; Γ $ e rs : pτ rτ 1{αsq
T-tapp

Ψ; Θ, i :S; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ.e : p@i :S .τq
T-iabs

Ψ; Θ; ∆; Ω; Γ $ e : p@i :S .τq Θ; ∆ $ I :S

Ψ; Θ; ∆; Ω; Γ $ e rs : pτ rI{isq
T-iapp

Ψ; Θ; ∆; Ω, x : τ ; . $ e : τ

Ψ; Θ; ∆; Ω; . $ fixx.e : τ
T-fix

Ψ; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ ret e : M 0 τ
T-ret

Ψ; Θ; ∆; Ω; Γ1 $ e1 : Mn1 τ1

Ψ; Θ; ∆; Ω; Γ2, x : τ1 $ e2 : Mn2 τ2 Θ; ∆ $ I1 : R` Θ; ∆ $ I2 : R`

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ bindx “ e1 in e2 : MpI1 ` I2q τ2
T-bind

Θ; ∆ $ I : R`

Ψ; Θ; ∆; Ω; Γ $ ÒI : M I 1
T-tick

Ψ; Θ; ∆; Ω; Γ1 $ e1 : rI1s τ1

Ψ; Θ; ∆; Ω; Γ2, x : τ1 $ e2 : MpI1 ` I2q τ2 Θ; ∆ $ I1 : R` Θ; ∆ $ I2 : R`

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ releasex “ e1 in e2 : M I2 τ2
T-release

Ψ; Θ; ∆; Ω; Γ $ e : τ Θ; ∆ $ I : R`

Ψ; Θ; ∆; Ω; Γ $ store e : M I prIs τq
T-store

Ψ; Θ; ∆, c; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ. e : pcñτq
T-CI

Ψ; Θ; ∆; Ω; Γ $ e : pcñτq Θ; ∆ |ù c

Ψ; Θ; ∆; Ω; Γ $ ers : τ
T-CE

Ψ; Θ; ∆; Ω; Γ $ e : τ Θ; ∆ |ù c

Ψ; Θ; ∆; Ω; Γ $ e : pc&τq
T-CAndI

Ψ; Θ; ∆; Ω; Γ $ e : pc&τq Ψ; Θ; ∆, c; Ω; Γ, x : τ $ e1 : τ 1

Ψ; Θ; ∆; Ω; Γ $ cletx “ e in e1 : τ 1
T-CAndE

Figure 9: Typing rules for λ-Amor
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Ψ; Θ; ∆ $ τ ă: τ
sub-refl

Ψ; Θ; ∆ $ τ 11 ă: τ1 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 ( τ2 ă: τ 11 ( τ 12
sub-arrow

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 b τ2 ă: τ 11 b τ 12
sub-tensor

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 & τ2 ă: τ 11 & τ 12
sub-with

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 ‘ τ2 ă: τ 11 ‘ τ 12
sub-sum

Ψ; Θ; ∆ $ τ ă: τ 1 Θ; ∆ |ù I 1 ď I

Ψ; Θ; ∆ $ rIs τ ă: rI 1s τ 1
sub-potential

Ψ; Θ; ∆ $ τ ă: τ 1 Θ; ∆ |ù I ď I 1

Ψ; Θ; ∆ $M I τ ă: M I 1 τ 1
sub-monad

Ψ; Θ; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $!τ ă:!τ 1
sub-Exp

Ψ; Θ; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $ Ln τ ă: Ln τ 1
sub-list

Ψ; Θ; ∆, s $ τ ă: τ 1

Ψ; Θ; ∆ $ Ds.τ ă: Ds.τ 1
sub-exist

Ψ, α; Θ; ∆ $ τ1 ă: τ2

Ψ; Θ; ∆ $ @α.τ1 ă: @α.τ2
sub-typePoly

Ψ; Θ, i; ∆ $ τ1 ă: τ2

Ψ; Θ; ∆ $ @i.τ1 ă: @i.τ2
sub-indexPoly

Ψ; Θ; ∆ $ τ1 ă: τ2 Θ; ∆ |ù c2 ùñ c1

Ψ; Θ; ∆ $ c1 ñ τ1 ă: c2 ñ τ2
sub-constraint

Ψ; Θ; ∆ $ τ1 ă: τ2 Θ; ∆ |ù c1 ùñ c2

Ψ; Θ; ∆ $ c1&τ1 ă: c2&τ2
sub-CAnd

Ψ; Θ, i :S; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $ λti :S .τ ă: λti :S .τ 1
sub-familyAbs

Θ; ∆ $ I :S

Ψ; Θ; ∆ $ λti :S .τ I ă: τ rI{is
sub-familyApp1

Θ; ∆ $ I :S

Ψ; Θ; ∆ $ τ rI{is ă: λti :S .τ I
sub-familyApp2

Figure 10: Subtyping
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Ψ; Θ; ∆ $ Ω Ď .
sub-mBase

x : τ 1 P Ω1 Ψ; Θ; ∆ $ τ 1 ă: τ Ψ; Θ; ∆ $ Ω1{x Ď Ω2

Ψ; Θ; ∆ $ Ω1 Ď Ω2, x : τ
sub-mInd

Figure 11: Ω Subtyping

Ψ; Θ; ∆ $ Γ Ď .
sub-lBase

x : τ 1 P Γ1 Ψ; Θ; ∆ $ τ 1 ă: τ Ψ; Θ; ∆ $ Γ1{x Ď Γ2

Ψ; Θ; ∆ $ Γ1 Ď Γ2, x : τ
sub-lBase

Figure 12: Γ Subtyping

Θ, i :S; ∆ $ i : S
S-var

Θ; ∆ $ N : N
S-nat

Θ; ∆ $ R : R`
S-real

Θ; ∆ $ i : N
Θ; ∆ $ i : R`

S-real1

Θ; ∆ $ I1 : N Θ; ∆ $ I2 : N
Θ; ∆ $ I1 ` I2 : N

S-add-Nat
Θ; ∆ $ I1 : R` Θ; ∆ $ I2 : R`

Θ; ∆ $ I1 ` I2 : R`
S-add-Real

Θ; ∆ $ I1 : N Θ; ∆ $ I2 : N Θ; ∆ |ù I1 ě I2

Θ; ∆ $ I1 ´ I2 : N
S-minus-Nat

Θ; ∆ $ I1 : R` Θ; ∆ $ I2 : R` Θ; ∆ |ù I1 ě I2

Θ; ∆ $ I1 ´ I2 : R`
S-minus-Real

Θ; ∆ $ I1 : N Θ; ∆, a : N $ I2 : N
Θ; ∆ $

ÿ

aăI1

I2 : N
S-bSum-Nat

Θ; ∆ $ I1 : N Θ; ∆, a : N $ I2 : R`

Θ; ∆ $
ÿ

aăI1

I2 : R`
S-bSum-Real

Θ, i :S; ∆ $ I : S1

Θ; ∆ $ λsi.I :SÑS1
S-family

Figure 13: Typing rules for sorts
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Ψ; Θ; ∆ $ 1 : Type
K-unit

Ψ; Θ; ∆ $ b : Type
K-base

Ψ; Θ; ∆ $ τ : K Θ; ∆ $ I : S

Ψ; Θ; ∆ $ LIτ : K
K-List

Ψ; Θ; ∆ $ τ1 : K Ψ; Θ; ∆ $ τ2 : K

Ψ; Θ; ∆ $ τ1 ( τ2 : K
K-arrow

Ψ; Θ; ∆ $ τ1 : K Ψ; Θ; ∆ $ τ2 : K

Ψ; Θ; ∆ $ τ1 b τ2 : K
K-tensor

Ψ; Θ; ∆ $ τ1 : K Ψ; Θ; ∆ $ τ2 : K

Ψ; Θ; ∆ $ τ1 & τ2 : K
K-with

Ψ; Θ; ∆ $ τ1 : K Ψ; Θ; ∆ $ τ2 : K

Ψ; Θ; ∆ $ τ1 ‘ τ2 : K
K-or

Ψ; Θ; ∆ $ τ : K

Ψ; Θ; ∆ $ !τ : K
K-Exp

Ψ; Θ; ∆ $ τ : K Θ; ∆ $ I : R`

Ψ; Θ; ∆ $ rIs τ : K
K-lab

Ψ; Θ; ∆ $ τ : K Θ; ∆ $ I : R`

Ψ; Θ; ∆ $M I τ : K
K-monad

Ψ, α :K 1; Θ; ∆ $ τ : K

Ψ; Θ; ∆ $ @α.τ : K
K-tabs

Ψ; Θ, i :S; ∆ $ τ : K

Ψ; Θ; ∆ $ @i.τ : K
K-iabs

Ψ; Θ; ∆, c $ τ : K

Ψ; Θ; ∆ $ cñ τ : K
K-constraint

Ψ; Θ; ∆ $ τ : K Θ; ∆ |ù c

Ψ; Θ; ∆ $ c&τ : K
K-consAnd

Ψ; Θ, i :S; ∆ $ τ : K

Ψ; Θ; ∆ $ λti.τ :SÑK
K-family

Ψ; Θ; ∆ $ τ :SÑ K Θ; ∆ $ I : S

Ψ; Θ; ∆ $ τ I : K
K-iapp

Figure 14: Kind rules for types
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2.3 Semantics

Pure reduction, e ót v Forcing reduction, e óct v

e1 ót1 v e2 ót2 l

e1 :: e2 ót1`t2`1 v :: l
E-cons

e1 ót1 nil e2 ót2 v

match e1 with |nil ÞÑ e2 |h :: t ÞÑ e3 ót1`t2`1 v
E-matchNil

e1 ót1 vh :: l e3rvh{hsrl{ts ót2 v

match e1 with |nil ÞÑ e2 |h :: t ÞÑ e3 ót1`t2`1 v
E-matchCons

e1 ót1 v e2rv{xs ót2 v
1

e1;x.e2 ót1`t2`1 v
1

E-exist
e1 ót1 λx.e

1 e1re2{xs ót2 v
1

e1 e2 ót1`t2`1 v
1

E-app

e1 ót1 v1 e2 ót2 v2

xxe1, e2yy ót1`t2`1 xxv1, v2yy
E-TI

e ót1 xxv1, v2yy e1rv1{xsrv2{ys ót2 v

letxxx, yyy “ e in e1 ót1`t2`1 v
E-TE

e1 ót1 v1 e2 ót2 v2

xe1, e2y ót1`t2`1 xv1, v2y
E-WI

e ót xv1, v2y

fstpeq ót`1 v1
E-fst

e ót xv1, v2y

fstpeq ót`1 v2
E-snd

e ót v

inlpeq ót`1 inlpvq
E-inl

e ót v

inrpeq ót`1 inrpvq
E-inr

e ót1 inlpvq e1rv{xs ót2 v
1

case e of e1; e2 ót1`t2`1 inlpv1q
E-case1

e ót1 inrpvq e2rv{ys ót2 v
2

case e of e1; e2 ót1`t2`1 inlpv2q
E-case2

!e ó0!e
E-expI

e ót1 !e2 e1re2{xs ót2 v

let !x “ e in e1 ót1`t2`1 v
E-expE

erfixx.e{xs ót v

fixx.e ót`1 v
E-fix

v P tpq, x,nil , λy.e,Λ.e, ret e, bindx “ e1 in e2, Ò
κ, releasex “ e1 in e2, store eu

v ó0 v
E-val
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e ót1 Λ.e1 e1 ót2 v

e rs ót1`t2`1 v
E-tapp

e ót1 Λ.e1 e1 ót2 v

e rs ót1`t2`1 v
E-iapp

e ót1 Λ.e1 e1 ót1 v

e rs ót1`t2`1 v
E-CE

e1 ót1 v e2rv{xs ót2 v
1

cletx “ e1 in e2 ót1`t2`1 v
1

E-CandE
e ót v

ret e ó0
t`1 v

E-return

e1 ót1 v1 v1 ó
c1
t2
v11 e2rv

1
1{xs ót3 v2 v2 ó

c2
t4
v12

bindx “ e1 in e2 ó
c1`c2
t1`t2`t3`t4`1 v

1
2

E-bind
Òκ óκ1 pq

E-tick

e1 ót1 v1 e2rv1{xs ót2 v2 v2 ó
c
t3 v

1
2

releasex “ e1 in e2 ó
c
t1`t2`t3`1 v

1
2

E-release
e ót v

store e ó0
t`1 v

E-store

Figure 15: Evaluation rules: pure and forcing
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2.4 Model

Definition 66 (Value and expression relation).

J1K fi tpp, T , pqqu
JbK fi tpp, T , vq | v P JbKu
JL0τK fi tpp, T ,nilqu
JLs`1τK fi tpp, T , v :: lq|Dp1, p2.p1 ` p2 ď p ^ pp1, T , vq P JτK ^ pp2, T , lq P JLsτKu
Jτ1 b τ2K fi tpp, T , xxv1, v2yyq | Dp1, p2.p1 ` p2 ď p ^ pp1, T , v1q P Jτ1K ^ pp2, T , v2q P Jτ2Ku
Jτ1 & τ2K fi tpp, T , xv1, v2yq | pp, T , v1q P Jτ1K ^ pp, T , v2q P Jτ2Ku
Jτ1 ‘ τ2K fi tpp, T , inlpvqq | pp, T , vq P Jτ1Ku Y tpp, T , inrpvqq | pp, T , vq P Jτ2Ku
Jτ1 ( τ2K fi tpp, T , λx.eq | @p1, e1, T 1ăT .pp1, T 1, e1q P Jτ1KE ùñ pp` p1, T 1, ere1{xsq P Jτ2KEu
J!τK fi tpp, T , !eq | p0, T , eq P JτKEu
Jrns τK fi tpp, T , vq | Dp1.p1 ` n ď p ^ pp1, T , vq P JτKuu
JMn τK fi tpp, T , vq | @n1, v1, T 1ăT .v ón

1

T 1 v
1 ùñ Dp1.n1 ` p1 ď p` n ^ pp1, T ´T 1, v1q P JτKu

J@α.τK fi tpp, T ,Λ.eq | @τ 1, T 1ăT .pp, T 1, eq P Jτ rτ 1{αsKEu
J@i.τK fi tpp, T ,Λ.eq | @I, T 1ăT .pp, T 1, eq P Jτ rI{isKEu
Jcñ τK fi tpp, T ,Λ.eq | . |ù c ùñ pp, T , eq P JτKEu
Jc&τK fi tpp, T , vq | . |ù c ^ pp, T , vq P JτKu
JDs.τK fi tpp, T , vq | Ds1.pp, T , vq P Jτ rs1{ssKu
Jλti.τK fi f where @I. f I “ Jτ rI{isK
Jτ IK fi JτK I

JτKE fi tpp, T , eq | @ T 1ăT , v.e óT 1 v ùñ pp, T ´ T 1, vq P JτKu

Definition 67 (Interpretation of typing contexts).

JΓKE “ tpp, T , γq | Df : VarsÑ Pots.
p@x P dompΓq. pfpxq, T , γpxqq P JΓpxqKEq ^ p

ř

xPdompΓq fpxq ď pqu

JΩKE “ tp0, T , δq | p@x P dompΩq.p0, T , δpxqq P JτKEqu

Definition 68 (Type and index substitutions). σ : TypeV ar Ñ Type, ι : IndexV ar Ñ Index

Lemma 69 (Value monotonicity lemma). @p, p1, v, τ .
pp, T , vq P JτK ^ p ď p1 ^T 1ďT ùñ pp1, T 1, vq P JτK

Proof. Proof by induction on τ

Lemma 70 (Expression monotonicity lemma). @p, p1, v, τ .
pp, T , eq P JτKE ^ p ď p1 ^T 1ďT ùñ pp1, T 1, eq P JτKE

Proof. From Definition 66 and Lemma 69

Theorem 71 (Fundamental theorem). @Θ,Ω,Γ, e, τ, T , pl, γ, δ, σ, ι.
Ψ; Θ; ∆; Ω; Γ $ e : τ ^ ppl, T , γq P JΓ σιKE ^ p0, T , δq P JΩ σιKE ^ . |ù ∆ ι ùñ
ppl, T , e γδq P Jτ σιKE .

Proof. Proof by induction on the typing judgment

1. T-var1:

Ψ; Θ; ∆; Ω; Γ, x : τ $ x : τ
T-var1
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Given: ppl, T , γq P JΓ, x : τ σιKE and p0, T , δq P JΩ σιKE
To prove: ppl, T , x δγq P Jτ σιKE

Since we are given that ppl, T , γq P JΓ, x : τ σιKE therefore from Definition 67 we know that

Df.pfpxq, T , γpxqq P Jτ σιKE where fpxq ď pl

Therefore from Lemma 70 we get ppl, T , x δγq P Jτ σιKE

2. T-var2:

Ψ; Θ; ∆; Ω, x : τ ; Γ $ x : τ
T-var2

Given: ppl, T , γq P JΓ, σιKE and p0, T , δq P JpΩ, x : τq σιKE
To prove: ppl, T , x δγq P Jτ σιKE

Since we are given that p0, T , δq P JpΩ, x : τq σιKE therefore from Definition 67 we know
that

p0, T , δpxqq P Jτ σιKE

Therefore from Lemma 70 we get ppl, T , x δγq P Jτ σιKE

3. T-unit:

Ψ; Θ; ∆; Ω; Γ $ pq : 1
T-unit

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , pq δγq P J1 σιKE

From Definition 66 it suffices to prove that

@ T 1ăT , v1.pq óT 1 v
1 ùñ ppl, T ´ T 1, v1q P J1K

This means given some T 1ăT , v1 s.t pq óT 1 v
1 it suffices to prove that

ppl, T ´ T 1, v1q P J1K

From (E-val) we know that T 1“ 0 and v1 “ pq, therefore it suffices to prove that

ppl, T , pqq P J1K

We get this directly from Definition 66

4. T-base:

Ψ; Θ; ∆; Ω; Γ $ c : b
T-base

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , cq P JbKE

From Definition 66 it suffices to prove that
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@ T 1ăT , v1.c óT 1 v
1 ùñ ppl, T ´ T 1, v1q P J1K

This means given some T 1ăT , v1 s.t c óT 1 v
1 it suffices to prove that

ppl, T ´ T 1, v1q P J1K

From (E-val) we know that T 1“ 0 and v1 “ c, therefore it suffices to prove that

ppl, T , cq P JbK

We get this directly from Definition 66

5. T-nil:

Ψ; Θ; ∆; Ω; Γ $ nil : L0 τ
T-nil

Given: ppl, T , γq P JΓ, σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T ,nil δγq P JL0 τ σιKE

From Definition 66 it suffices to prove that

@ T 1ăT , v1.nil óT 1 v
1 ùñ ppl, T ´ T 1, v1q P JL0 τ σιK

This means given some T 1ăT , v1 s.t nil óT 1 v
1 it suffices to prove that

ppl, T ´ T 1, v1q P JL0 τ σιK

From (E-val) we know that T 1“ 0 and v1 “ nil , therefore it suffices to prove that

ppl, T ,nilq P JL0 τ σιK

We get this directly from Definition 66

6. T-cons:

Ψ; Θ; ∆; Ω; Γ1 $ e1 : τ Ψ; Θ; ∆; Ω; Γ2 $ e2 : Lnτ Θ $ n : N
Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ e1 :: e2 : Ln`1τ

T-cons

Given: ppl, T , γq P JpΓ1 ‘ Γ2qσιKE , p0, T , δq P JpΩq σιKE
To prove: ppl, T , pe1 :: e2q δγq P JLn`1 τ σιKE

From Definition 66 it suffices to prove that

@t ăT , v1.pe1 :: e2q δγ ót v
1 ùñ ppl, T ´t, v

1q P JLn`1 τ σιK

This means given some t ăT , v1 s.t pe1 :: e2q δγ ót v
1, it suffices to prove that

ppl, T ´t, v
1q P JLn`1 τ σιK

From (E-cons) we know that Dvf , l.v
1 “ vf :: l

Therefore from Definition 66 it suffices to prove that

Dp1, p2.p1 ` p2 ď pl ^ pp1, T ´t, vf q P Jτ σιK ^ pp2, T ´t, lq P JLnτ σιK (F-C0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, γq P JpΓ1qσιKE and ppl2, γq P JpΓ2qσιKE
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IH1:

ppl1, T , e1 δγq P Jτ σιKE
Therefore from Definition 66 we have

@t1 ă T.e1 δγ ót1 vf ùñ ppl1, T ´t1, vf q P JτK

Since we are given that pe1 :: e2q δγ ót vf :: l therefore fom E-cons we also know that
Dt1 ă t. e1 δγ ót1 vf

Since t1 ă t ăT , therefore we have ppl1, T ´t1, vf q P Jτ σιK (F-C1)

IH2:

ppl2, T , e2 δγq P JLnτ σιKE
Therefore from Definition 66 we have

@t2 ăT .e2 δγ ót2 l ùñ ppl2, T ´t2, l P JLnτ σιK

Since we are given that pe1 :: e2q δγ ót vf :: l therefore fom E-cons we also know that
Dt2 ă t´ t1. e2 δγ ót2 l

Since t2 ă t´ t1 ă t ăT , therefore we have

ppl2, T ´t2, lq P JLnτ σιK (F-C2)

In order to prove (F-C0) we choose p1 as pl1 and p2 as pl2 and it suffices to prove that

ppl1, T ´t, vq P Jτ σιK ^ ppl2, T ´t, lq P JLnτ σιK

Since t “ t1 ` t2 ` 1 therefore from (F-C1) and Lemma 69 we get ppl1, T ´t, vq P Jτ σιK

Similarly from (F-C2) and Lemma 69 we also get ppl2, T ´t, lq P JLnτ σιK

7. T-match:

Ψ; Θ; ∆; Ω; Γ1 $ e : Ln τ

Ψ; Θ; ∆; Ω; Γ2 $ e1 : τ 1 Ψ; Θ; ∆, n ą 0; Ω; Γ2, h : τ, t : Ln´1τ $ e2 : τ 1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ match e with |nil ÞÑ e1 |h :: t ÞÑ e2 : τ 1
T-match

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγq P Jτ 1 σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγ ót vf ùñ ppl, T ´t, vf q P Jτ 1 σιK

This means given some t ăT , vf s.t pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγ ót vf it suffices
to prove that

ppl, T ´t, vf q P Jτ 1 σιK (F-M0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, γq P JpΓ1qσιKE and ppl2, γq P JpΓ2qσιKE

IH1
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ppl1, T , e δγq P JLnτ σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 v1 ùñ ppl1, T ´t
1, v1q P JLnτ σιK

Since we know that pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγ ót vf therefore from E-match
we know that Dt1 ă t, v1.e δγ ót1 v1.

Since t1 ă t ăT , therefore we have ppl1, T ´t
1, v1q P JLnτ σιK

2 cases arise:

(a) v1 “ nil :

In this case we know that n “ 0 therefore

IH2

ppl2, T , e1 δγq P Jτ 1 σιKE

This means from Definition 66 we have

@t1 ăT .e1 δγ ót1 vf ùñ ppl2, T ´t1, vf q P Jτ 1 σιK

Since we know that pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγ ót vf therefore from E-
match we know that Dt1 ă t. e1 δγ ót1 vf .

Since t1 ă t ăT therefore we have

ppl2, T ´t1, vf q P Jτ 1 σιK

And from Lemma 69 we get

ppl2 ` pl1, T ´t, vf q P Jτ 1 σιKE

And finally since pl “ pl1 ` pl2 therefore we get

ppl, T ´t, vf q P Jτ 1 σιKE
And we are done

(b) v1 “ v :: l:

In this case we know that n ą 0

IH2

ppl2 ` pl1, T , e2 δγ
1q P Jτ 1 σιKE

where

γ1 “ γ Y th ÞÑ vu Y tt ÞÑ lu

This means from Definition 66 we have

@t2 ăT .e2 δγ
1 ót2 vf ùñ ppl2 ` pl1, T ´t2, vf q P Jτ 1 σιK

Since we know that pmatch e with |nil ÞÑ e1 |h :: t ÞÑ e2q δγ ót vf therefore from E-
match we know that Dt2 ă t. e2 δγ

1 ót2 vf .

Since t2 ă t ăT therefore we have

ppl2 ` pl1, T ´t2, vf q P Jτ 1 σιK

From Lemma 69 we get

ppl2 ` pl1, T ´t, vf q P Jτ 1 σιK

And finally since pl “ pl1 ` pl2 therefore we get

ppl, T ´t, vf q P Jτ 1 σιKE
And we are done
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8. T-existI:

Ψ; Θ; ∆; Ω; Γ $ e : τ rn{ss Θ $ n :S

Ψ; Θ; ∆; Ω; Γ $ e : Ds :S .τ
T-existI

Given: ppl, T , γq P JΓ σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , e δγq P JDs.τ σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .e δγ ót vf ùñ ppl, T ´t, vf δγq P JDs.τ σιK

This means given some t ăT , vf s.t e δγ ót vf it suffices to prove that

ppl, T ´t, vf q P JDs.τ σιK

From Definition 66 it suffices to prove that

Ds1.ppl, T ´t, vf q P Jτ rs1{ss σιK (F-E0)

IH: ppl, T , e δγq P Jτ rn{ss σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 vf ùñ ppl, T ´t
1, vf q P Jτ rn{ss σιK

Since we are given that e δγ ót vf therefore we get

ppl, T ´t, vf q P Jτ rn{ss σιK (F-E1)

To prove (F-E0) we choose s1 as n and we get the desired from (F-E1)

9. T-existsE:

Ψ; Θ; ∆; Ω; Γ1 $ e : Ds.τ Ψ; Θ, s; ∆; Ω; Γ2, x : τ $ e1 : τ 1 Θ $ τ 1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ e;x.e1 : τ 1
T-existE

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , p0, T , δq P JpΩq σιKE
To prove: ppl, T , pe;x.e

1q δγq P Jτ 1 σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pe;x.e
1q δγ ót vf ùñ ppl, T ´t, vf q P Jτ 1 σιK

This means given soem t ăT , vf s.t pe;x.e1q δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jτ 1 σιK (F-EE0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, γq P JpΓ1qσιKE and ppl2, γq P JpΓ2qσιKE

IH1

ppl1, T , e δγq P JDs.τ σιKE

This means from Definition 66 we have
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@t1 ăT .e δγ ót1 v1 ùñ ppl1, T ´t1, v1q P JDs.τ σιKE

Since we know that pe;x.e1q δγ ót vf therefore from E-existE we know that Dt1 ă

t, v1.e δγ ót1 v1. Therefore we have

ppl1, T ´t1, v1q P JDs.τ σιK

Therefore from Definition 66 we have

Ds1.ppl1, T ´t1, v1q P Jτ rs1{ss σιK (F-EE1)

IH2

ppl1 ` pl2, T , e
1 δ1γq P Jτ 1 σι1KE

where

δ1 “ δ Y tx ÞÑ e1u and ι1 “ ιY ts ÞÑ s1u

This means from Definition 66 we have

@t2 ăT .e1 δ1γ ót2 vf ùñ ppl1 ` pl2, T ´t2, vf q P Jτ 1 σι1K

Since we know that pe;x.e1q δγ ót vf therefore from E-existE we know that Dt2 ă t.
e1 δ1γ ót2 vf .

Since t2 ă t ăT therefore we have

ppl1 ` pl2, T ´t2, vf q P Jτ 1 σι1K

Since pl “ pl1 ` pl2 therefore we get

ppl, T ´t2, vf q P Jτ 1 σι1K

From Lemma 69 we get

ppl, T ´t, vf q P Jτ 1 σι1K

And finally since we have Ψ; Θ $ τ 1 therefore we also have

ppl, T ´t, vf q P Jτ 1 σιK

And we are done

10. T-lam:

Ψ; Θ; ∆; Ω; Γ, x : τ1 $ e : τ2

Ψ; Θ; ∆; Ω; Γ $ λx.e : pτ1 ( τ2q
T-lam

Given: ppl, T , γq P JΓ, σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , pλx.eq δγq P Jpτ1 ( τ2q σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pλx.eq δγ ót vf ùñ ppl, T ´t, vf q P Jpτ1 ( τ2q σιK

This means given some t ăT , vf s.t pλx.eq δγ ót vf . From E-val we know that t “ 0 and
vf “ pλx.eq δγ

Therefore it suffices to prove that
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ppl, T , pλx.eq δγq P Jpτ1 ( τ2q σιK

From Definition 66 it suffices to prove that

@p1, e1, T 1ăT .pp1, T 1, e1q P Jτ1 σιKE ùñ ppl ` p
1, T 1, ere1{xsq P Jτ2 σιKE

This means given some p1, e1, T 1ăT s.t pp1, T 1, e1q P Jτ1 σιKE it suffices to prove that

ppl ` p
1, T 1, ere1{xsq P Jτ2 σιKE (F-L1)

From IH we know that

ppl ` p
1, T , e δγ1q P Jτ2 σιKE

where

γ1 “ γ Y tx ÞÑ e1u

Therefore from Lemma 70 we get the desired

11. T-app:

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : pτ1 ( τ2q Ψ; Θ; ∆; Ω2; Γ2 $ e2 : τ1

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ e1 e2 : τ2
T-app

Given: ppl, T , γq P JpΓ1 ‘ Γ2qσιKE , p0, T , δq P JpΩq σιKE
To prove: ppl, T , e1 e2 δγq P Jτ2 σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pe1 e2q δγ ót vf ùñ ppl, T ´t, vf q P Jτ2 σιK

This means given some t ăT , vf s.t pe1 e2q δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jτ2 σιK (F-A0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, γq P JpΓ1qσιKE and ppl2, γq P JpΓ2qσιKE

IH1

ppl1, T , e1 δγq P Jpτ1 ( τ2q σιKE

This means from Definition 66 we have

@t1 ăT .e1 ót1 λx.e ùñ ppl1, T ´t1, λx.eq P Jpτ1 ( τ2q σιK

Since we know that pe1 e2q δγ ót vf therefore from E-app we know that Dt1 ă t.e1 ót1 λx.e,
therefore we have

ppl1, T ´t1, λx.eq P Jpτ1 ( τ2q σιK

Therefore from Definition 66 we have

@p1, e1, T1ăT ´t1.pp
1, T1, e

1
1q P Jτ1 σιKE ùñ ppl1 ` p

1, T1, ere
1
1{xsq P Jτ2 σιKE (F-A1)

IH2

ppl2, T ´t1 ´ 1, e2 δγq P Jτ1 σιKE (F-A2)
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Instantiating (F-A1) with pl2, e2 δγ and T ´t1 ´ 1 we get

ppl1 ` pl2, T ´t1 ´ 1, ere2 δγ{xsq P Jτ2 σιKE

This means from Definition 66 we have

@t2 ăT ´t1 ´ 1.ere2 δγ{xs ót2 vf ùñ ppl1 ` pl2, T ´t1 ´ 1´ t2, vf q P Jτ2 σιK

Since we know that pe1 e2q δγ ót vf therefore from E-app we know that Dt2.ere2 δγ{xs ót2 vf
where t2 “ t´ t1 ´ 1, therefore we have

ppl1 ` pl2, T ´t1 ´ t2 ´ 1, vf q P Jτ2 σιK where pl1 ` pl2 “ pl

Since from E-app we know that t “ t1 ` t2 ` 1, therefore we have proved (F-A0)

12. T-sub:

Ψ; Θ; ∆; Ω; Γ $ e : τ Θ $ τ ă: τ 1

Ψ; Θ; ∆; Ω; Γ $ e : τ 1
T-sub

Given: ppl, T , γq P JpΓq σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , e δγq P Jτ 1 σιKE
IH ppl, T , e δγq P Jτ σιKE

We get the desired directly from IH and Lemma 73

13. T-weaken:

Ψ; Θ; ∆; Ω; Γ $ e : τ Ψ; Θ; ∆ |ù Γ1 ă: Γ Ψ; Θ; ∆ |ù Ω1 ă: Ω

Ψ; Θ; ∆; Ω1; Γ1 $ e : τ
T-weaken

Given: ppl, T , γq P JpΓ1qσιKE , p0, T , δq P JpΩ1q σιKE
To prove: ppl, T , e δγq P Jτ σιKE

Since we are given that ppl, T , γq P JpΓ1qσιKE therefore from Lemma 74 we also have
ppl, T , γq P JpΓqσιKE

Similarly since we are given that p0, T , δq P JpΩ1qσιKE therefore from Lemma 76 we also
have p0, T , δq P JpΩqσιKE

IH:

ppl, T , e δγq P Jτ σιKE

We get the desired directly from IH

14. T-tensorI:

Ψ; Θ; ∆; Ω; Γ1 $ e1 : τ1 Ψ; Θ; ∆; Ω; Γ2 $ e2 : τ1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ xxe1, e2yy : pτ1 b τ2q
T-tensorI

Given: ppl, T , γq P JpΓ1 ‘ Γ2qσιKE , p0, T , δq P JpΩq σιKE
To prove: ppl, T , xxe1, e2yy δγq P Jpτ1 b τ2q σιKE
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From Definition 66 it suffices to prove that

@t ăT .xxe1, e2yy δγ ót xxvf1, vf2yy ùñ ppl, T ´t, xxvf1, vf2yy P Jpτ1 b τ2q σιK

This means given some t ăT s.t xxe1, e2yy δγ ót xxvf1, vf2yy it suffices to prove that

ppl, T ´t, xxvf1, vf2yyq P Jpτ1 b τ2q σιK (F-TI0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, γq P JpΓ1qσιKE and ppl2, γq P JpΓ2qσιKE

IH1:

ppl1, T , e1 δγq P Jτ1 σιKE
Therefore from Definition 66 we have

@t1 ăT .e1 δγ ót1 vf1 ùñ ppl1, T ´t1, vf1q P Jτ1 σιK

Since we are given that xxe1, e2yy δγ ót xxvf1, vf2yy therefore fom E-TI we know that Dt1 ă
t.e1 δγ ót1 vf1

Hence we have ppl1, T ´t1, vf1q P Jτ1 σιK (F-TI1)

IH2:

ppl2, T , e2 δγq P Jτ2 σιKE
Therefore from Definition 66 we have

@t2 ăT .e2 δγ ót2 vf2 ùñ ppl2, T ´t2, vf2 P Jτ2 σιK

Since we are given that xxe1, e2yy δγ ót xxvf1, vf2yy therefore fom E-TI we also know that
Dt2 ă t.e2 δγ ót2 vf2 s.t

Since t2 ă t ăT therefore we have

ppl2, T ´t2, vf2q P Jτ2 σιK (F-TI2)

Applying Lemma 69 on (F-TI1) and (F-TI2) and by using Definition 66 we get the desired.

15. T-tensorE:

Ψ; Θ; ∆; Ω; Γ1 $ e : pτ1 b τ2q Ψ; Θ; ∆; Ω; Γ2, x : τ1, y : τ2 $ e1 : τ

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ letxxx, yyy “ e in e1 : τ
T-tensorE

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , pletxxx, yyy “ e in e1q δγq P Jτ σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pletxxx, yyy “ e in e1q δγ ót vf ùñ ppl, T ´t, vf q P Jτ σιK

This means given some t ăT , vf s.t pletxxx, yyy “ e in e1q δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jτ σιK (F-TE0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t
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ppl1, γq P JpΓ1qσιKE and ppl2, γq P JpΓ2qσιKE

IH1

ppl1, T , e δγq P Jpτ1 b τ2q σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 xxv1, v2yy δγ ùñ ppl1, T ´t1, xxv1, v2yyq P Jpτ1 b τ2q σιK

Since we know that pletxxx, yyy “ e in e1q δγ ót vf therefore from E-TE we know that
Dt1 ă t, v1, v2.e δγ ót1 xxv1, v2yy. Therefore we have

ppl1, T ´t1, xxv1, v2yyq P Jpτ1 b τ2q σιKE
From Definition 66 we know that

Dp1, p2.p1 ` p2 ď pl1 ^ pp1, T , v1q P Jτ1 σιK ^ pp2, T , v2q P Jτ2 σιK (F-TE1)

IH2

ppl2 ` p1 ` p2, T , e
1 δγ1q P Jτ σιKE

where

γ1 “ γ Y tx ÞÑ v1u Y ty ÞÑ v2u

This means from Definition 66 we have

@t2 ăT .e1 δγ1 ót2 vf ùñ ppl2 ` p1 ` p2, T ´t2, vf q P Jτ σιK

Since we know that pletxxx, yyy “ e in e1q δγ ót vf therefore from E-TE we know that
Dt2 ă t.e1 δγ1 ót2 vf . Therefore we have

ppl2 ` p1 ` p2, T ´t2, vf q P Jτ σιK

From Lemma 69 we get

ppl, T ´t, vf q P Jτ σιKE
And we are done

16. T-withI:

Ψ; Θ; ∆; Ω; Γ $ e1 : τ1 Ψ; Θ; ∆; Ω; Γ $ e2 : τ1

Ψ; Θ; ∆; Ω; Γ $ xe1, e2y : pτ1 & τ2q
T-withI

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , xe1, e2y δγq P Jpτ1 & τ2q σιKE

From Definition 66 it suffices to prove that

@t ăT .xe1, e2y δγ ót xvf1, vf2y ùñ ppl, T ´t, xvf1, vf2y P Jpτ1 & τ2q σιK

This means given xe1, e2y δγ ót xvf1, vf2y it suffices to prove that

ppl, T ´t, xvf1, vf2yq P Jpτ1 & τ2q σιK (F-WI0)

IH1:
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ppl, T , e1 δγq P Jτ1 σιKE
Therefore from Definition 66 we have

@t1 ăT .e1 δγ ót1 vf1 ùñ ppl, T ´t1, vf1q P Jτ1 σιK

Since we are given that xe1, e2y δγ ót xvf1, vf2y therefore fom E-WI we know that Dt1 ă
t.e1 δγ ót1 vf1

Since t1 ă t ăT , therefore we have

ppl, T ´t1, vf1q P Jτ1 σιK (F-WI1)

IH2:

ppl, T , e2 δγq P Jτ2 σιKE
Therefore from Definition 66 we have

@t2 ăT .e2 δγ ót2 vf2 ùñ ppl, T ´t2, vf2 P Jτ2 σιK

Since we are given that xe1, e2y δγ ót xvf1, vf2y therefore fom E-WI we also know that
Dt2 ă t.e2 δγ ót2 vf2

Since t2 ă t ăT , therefore we have

ppl, T ´t2, vf2q P Jτ2 σιK (F-WI2)

Applying Lemma 69 on (F-W1) and (F-W2) we get the desired.

17. T-fst:

Ψ; Θ; ∆; Ω; Γ $ e : pτ1 & τ2q

Ψ; Θ; ∆; Ω; Γ $ fstpeq : τ1
T-fst

Given: ppl, T , γq P JpΓq σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , pfstpeqq δγq P Jτ1 σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pfstpeqq δγ ót vf ùñ ppl, T ´t, vf q P Jτ1 σιK

This means given some t ăT , vf s.t pfstpeqq δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jτ1 σιK (F-F0)

IH

ppl, T , e δγq P Jpτ1 & τ2q σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 xv1, v2y δγ ùñ ppl, T ´t1, xv1, v2yq P Jpτ1 & τ2q σιK

Since we know that pfstpeqq δγ ót vf therefore from E-fst we know that Dt1 ă t.v1, v2.e δγ ót1
xv1, v2y.

Since t1 ă t ăT , therefore we have

ppl, T ´t1, xv1, v2yq P Jpτ1 & τ2q σιK
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From Definition 66 we know that

ppl, T ´t1, v1q P Jτ1 σιK

Finally using Lemma 69 we also have

ppl, T ´t, v1q P Jτ1 σιK

Since from E-fst we know that vf “ v1, therefore we are done.

18. T-snd:

Similar reasoning as in T-fst case above.

19. T-inl:

Ψ; Θ; ∆; Ω; Γ $ e : τ1

Ψ; Θ; ∆; Ω; Γ $ inlpeq : τ1 ‘ τ2
T-inl

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , inlpeq δγq P Jpτ1 ‘ τ2q σιKE

From Definition 66 it suffices to prove that

@t ăT .inlpeq δγ ót inlpvq ùñ ppl, T ´t, inlpvq P Jpτ1 ‘ τ2q σιK

This means given some t ăT s.t inlpeq δγ ót inlpvq it suffices to prove that

ppl, T ´t, inlpvqq P Jpτ1 ‘ τ2q σιK (F-IL0)

IH:

ppl, T , e1 δγq P Jτ1 σιKE
Therefore from Definition 66 we have

@t1 ăT .e1 δγ ót1 vf1 ùñ ppl, T ´t1, vf1q P Jτ1 σιK

Since we are given that inlpeq δγ ót inlpvq therefore fom E-inl we know that Dt1 ă t.e δγ ót1
v

Hence we have ppl, T ´t1, vq P Jτ1 σιK

From Lemma 69 we get ppl, T ´t, vq P Jτ1 σιK

And finally from Definition 66 we get (F-IL0)

20. T-inr:

Similar reasoning as in T-inr case above.

21. T-case:

Ψ; Θ; ∆; Ω; Γ1 $ e : pτ1 ‘ τ2q

Ψ; Θ; ∆; Ω; Γ2, x : τ1 $ e1 : τ Ψ; Θ; ∆; Ω; Γ2, y : τ2 $ e2 : τ

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ case e of e1; e2 : τ
T-case

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , pcase e of e1; e2q δγq P Jτ σιKE
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From Definition 66 it suffices to prove that

@t ăT , vf .pcase e of e1; e2q δγ ót vf ùñ ppl, T ´t, vf q P Jτ σιK

This means given some t ăT , vf s.t pcase e of e1; e2q δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jτ σιK (F-C0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, γq P JpΓ1qσιKE and ppl2, γq P JpΓ2qσιKE

IH1

ppl1, T , e δγq P Jpτ1 ‘ τ2q σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 v1 δγ ùñ ppl1, T ´t
1, v1q P Jpτ1 ‘ τ2q σιK

Since we know that pcase e of e1; e2q δγ ót vf therefore from E-case we know that Dt1 ă
t, v1.e δγ ót1 v1.

Since t1 ă t ăT , therefore we have

ppl1, T ´t
1, v1q P Jpτ1 ‘ τ2q σιK

2 cases arise:

(a) v1 “ inlpvq:

IH2

ppl2 ` pl1, T ´t
1, e1 δγ

1q P Jτ σιKE
where

γ1 “ γ Y tx ÞÑ vu

This means from Definition 66 we have

@t1 ăT ´t
1.e1 δγ

1 ót1 vf ùñ ppl2, T ´t
1 ´ t1, vf q P Jτ σιK

Since we know that pcase e of e1; e2q δγ ót vf therefore from E-case we know that
Dt1.e1 δγ

1 ó vf where t1 “ t´ t1 ´ 1.

Since t1 “ t´ t1 ´ 1 ăT ´t1 therefore we have

ppl2, T ´t
1 ´ t1, vf q P Jτ σιK

From Lemma 69 we get

ppl2 ` pl1, T ´t, vf q P Jτ σιKE

And finally since pl “ pl1 ` pl2 therefore we get

ppl, T ´t, vf q P Jτ σιKE
And we are done

(b) v1 “ inrpvq:

Similar reasoning as in the inl case above.
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22. T-ExpI:

Ψ; Θ; ∆; Ω; . $ e : τ

Ψ; Θ; ∆; Ω; . $!e :!τ
T-ExpI

Given: ppl, T , γq P JΓ σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , !e δγq P J!τ σιKE

From Definition 66 it suffices to prove that

@t ăT .p!eq δγ ót p!eq δγ ùñ ppl, T ´t, p!eq δγq P J!τ σιK

This means given some t ăT s.t p!eq δγ ót p!eq δγ it suffices to prove that

ppl, T ´t, p!eq δγq P J!τ σιK

From Definition 66 it suffices to prove that

p0, T ´t, e δγq P Jτ σιKE

IH: p0, T ´t, e δγq P Jτ σιKE

We get the desired directly from IH

23. T-ExpE:

Ψ; Θ; ∆; Ω; Γ1 $ e :!τ Ψ; Θ; ∆; Ω, x : τ ; Γ2 $ e1 : τ 1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ let !x “ e in e1 : τ 1
T-ExpE

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , p0, T , δq P JpΩq σιKE
To prove: ppl, T , plet !x “ e in e1q δγq P Jτ 1 σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .plet !x “ e in e1q δγ ót vf ùñ ppl, T ´t, vf q P Jτ 1 σιK

This means given some t ăT , vf s.t plet !x “ e in e1q δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jτ 1 σιK (F-E0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, γq P JpΓ1qσιKE and ppl2, γq P JpΓ2qσιKE

IH1

ppl1, T , e δγq P J!τ σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 !e1 δγ ùñ ppl1, T ´t1, !e1 δγq P J!τ σιK

Since we know that plet !x “ e in e1q δγ ót vf therefore from (E-ExpE) we know that
Dt1 ă t, e1.e δγ ót1 !e1 δγ.

Since t1 ă t ăT , therefore we have
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ppl1, T ´t1, !e1 δγq P J!τ σιKE

This means from Definition 66 we have

p0, T ´t1, e1 δγq P JτKE (F-E1)

IH2

ppl2, T ´t1, e
1 δ1γq P Jτ 1 σιKE

where

δ1 “ δ Y tx ÞÑ e1u

This means from Definition 66 we have

@t2 ăT ´t1.e
1 δ1γ ót2 vf ùñ ppl2, T ´t1 ´ t2, vf q P Jτ 1 σιK

Since we know that plet !x “ e in e1q δγ ót vf therefore from (E-ExpE) we know that
Dt2.e

1 δ1γ ó vf where t2 “ t´ t1 ´ 1.

Since t2 “ t´ t1 ´ 1 ăT ´t1, therefore we have

ppl2, T ´t1 ´ t2, vf q P Jτ 1 σιK

From Lemma 70 we get

ppl2 ` pl1, T ´t, vf q P Jτ 1 σιK

And finally since pl “ pl1 ` pl2 therefore we get

ppl, T ´t, vf q P Jτ 1 σιK

And we are done

24. T-tabs:

Ψ, α :K; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ.e : p@α :K .τq
T-tabs

Given: ppl, T , γq P JΓ, σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , pΛ.eq δγq P Jp@α.τq σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pΛ.eq δγ ót vf ùñ ppl, T ´t, vf q P Jp@α.τq σιK

This means given some t ăT , vf s.t pΛ.eq δγ ót vf . From E-val we know that t “ 0 and
vf “ pΛ.eq δγ

Therefore it suffices to prove that

ppl, T , pΛ.eq δγq P Jp@α.τq σιK

From Definition 66 it suffices to prove that

@τ 1, T 1ăT .ppl, T
1, eq P Jτ rτ 1{αs σιKE

This means given some τ 1, T 1ăT it suffices to prove that

ppl, T
1, eq P Jτ rτ 1{αs σιKE (F-TAB0)
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From IH we know that

ppl, T , e δγq P Jτ σ1ιKE
where

σ1 “ γ Y tα ÞÑ τ 1u

Therefore from Lemma 70 we get the desired

25. T-tapp:

Ψ; Θ; ∆; Ω; Γ $ e : p@α.τq Ψ; Θ∆ $ τ 1

Ψ; Θ; ∆; Ω; Γ $ e rs : pτ rτ 1{αsq
T-tapp

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , e rs δγq P Jτ rτ 1{αs σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pe rsq δγ ót vf ùñ ppl, T ´t, vf q P Jτ rτ 1{αs σιK

This means given some t ăT , vf s.t pe rsq δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jτ rτ 1{αs σιK (F-A0)

IH

ppl, T , e δγq P Jp@α.τq σιKE

This means from Definition 66 we have

@t1 ăT .e ót1 Λ.e ùñ ppl, T ´t1,Λ.eq P Jp@α.τq σιK

Since we know that pe rsq δγ ót vf therefore from E-tapp we know that Dt1 ă t.e ót1 Λ.e,
therefore we have

ppl, T ´t1,Λ.eq P Jp@α.τq σιK

Therefore from Definition 66 we have

@τ2, T1ăT ´t1.ppl, T1, eq P Jτ rτ2{αs σιKE (F-A1)

Instantiating (F-A1) with the given τ 1 and T ´t1 ´ 1 we get

ppl, T ´t1 ´ 1, eq P Jτ rτ 1{αs σιKE

From Definition 66 we have

@t2 ăT ´t1 ´ 1.e ót2 vf ùñ ppl, T ´t1 ´ t2 ´ 1, vf q P Jτ rτ 1{αs σιK

Since we know that pe rsq δγ ót vf therefore from E-tapp we know that Dt2.e ót2 vf where
t2 “ t´ t1 ´ 1

Since t2 “ t´ t1 ´ 1 ăT ´t1 ´ 1 , therefore we have

ppl, T ´t1 ´ t2 ´ 1, vf q P Jτ rτ 1{αs σιK and we are done.

145



26. T-iabs:

Ψ; Θ, i :S; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ.e : p@i :S .τq
T-iabs

Given: ppl, T , γq P JΓ, σιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , pΛ.eq δγq P Jp@i.τq σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pΛ.eq δγ ót vf ùñ ppl, T ´t, vf q P Jp@i.τq σιK

This means given some t ăT , vf s.t pΛ.eq δγ ót vf . From E-val we know that t “ 0 and
vf “ pΛ.eq δγ

Therefore it suffices to prove that

ppl, T , pΛ.eq δγq P Jp@i.τq σιK

From Definition 66 it suffices to prove that

@I, T 1ăT .ppl, T
1, eq P Jτ rI{is σιKE

This means given some I, T 1ăT it suffices to prove that

ppl, T
1, eq P Jτ rI{is σιKE (F-IAB0)

From IH we know that

ppl, T , e δγq P Jτ σι1KE
where

ι1 “ γ Y ti ÞÑ Iu

Therefore from Lemma 70 we get the desired

27. T-iapp:

Ψ; Θ; ∆; Ω; Γ $ e : p@i :S .τq Ψ; Θ; ∆ $ I :S

Ψ; Θ; ∆; Ω; Γ $ e rs : pτ rI{isq
T-iapp

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , e rs δγq P Jτ rI{is σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pe rsq δγ ót vf ùñ ppl, T ´t, vf q P Jτ rI{is σιK

This means given some t ăT , vf s.t pe rsq δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jτ rI{is σιK (F-A0)

IH

ppl, T , e δγq P Jp@i.τq σιKE

This means from Definition 66 we have
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@t1 ăT .e ót1 Λ.e ùñ ppl, T ´t1,Λ.eq P Jp@i.τq σιK

Since we know that pe rsq δγ ót vf therefore from E-tapp we know that Dt1 ă t.e ót1 Λ.e,
therefore we have

ppl, T ´t1,Λ.eq P Jp@i.τq σιK

Therefore from Definition 66 we have

@I, T1ăT ´t1.ppl, T1, eq P Jτ rI{is σιKE (F-IAP1)

Instantiating (F-IAP1) with the given I and T ´t1 ´ 1 we get

ppl, T ´t1 ´ 1, eq P Jτ rI{is σιKE

From Definition 66 we have

@t2 ăT ´t1 ´ 1.e ót2 vf ùñ ppl, T ´t1 ´ t2 ´ 1, vf q P Jτ rI{is σιK

Since we know that pe rsq δγ ót vf therefore from E-iapp we know that Dt2.e ót2 vf where
t2 “ t´ t1 ´ 1

Since t2 “ t´ t1 ´ 1 ăT ´t1 ´ 1 , therefore we have

ppl, T ´t1 ´ t2 ´ 1, vf q P Jτ rI{is σιK and we are done.

28. T-CI:

Ψ; Θ; ∆, c; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ Λ.e : pcñτq
T-CI

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl, T ,Λ.e δγq P Jpcñτq σιKE

From Definition 66 it suffices to prove that

@v, t ăT .Λ.e δγ ót v ùñ ppl, T ´t, vq P Jpcñτq σιK

This means given some v, t ăT s.t Λ.e δγ ót v and from (E-val) we know that v “ Λ.e δγ
and t “ 0 therefore it suffices to prove that

ppl, T ,Λ.e δγq P Jpcñτq σιK

From Definition 66 it suffices to prove that

. |ù c ι ùñ ppl, T , e δγq P JτσιKE

This means given that . |ù c ι it suffices to prove that

ppl, T , e δγq P Jτ σιKE

IH ppl, T , e δγq P Jτ σιKE

We get the desired directly from IH
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29. T-CE:

Ψ; Θ; ∆; Ω; Γ $ e : pcñτq Θ; ∆ |ù c

Ψ; Θ; ∆; Ω; Γ $ ers : τ
T-CE

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE and |ù ∆ ι

To prove: ppl, T , e rs δγq P Jpτq σιKE

From Definition 66 it suffices to prove that

@vf , t ăT .pe rsq δγ ót vf ùñ ppl, T ´t, vf q P Jpτq σιK

This means given some vf , t ăT s.t pe rsq δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jpτq σιK (F-Tap0)

IH

ppl, T , e δγq P Jpcñ τq σιKE

This means from Definition 66 we have

@v1, t1 ăT .e δγ ó v1 ùñ ppl ` pm, v
1q P Jpcñ τq σιK

Since we know that pe rsq δγ ót vf therefore from E-CE we know that Dt1 ă t.eδγ ót1 Λ.e1,
an since t1 ă t ăT therefore we have

ppl, T ´t
1,Λ.e1q P Jpcñ τq σιK

Therefore from Definition 66 we have

. |ù c ι ùñ ppl, T ´t
1, e1 δγq P Jτ σιKE

Since we are given Θ; ∆ |ù c and . |ù ∆ ι therefore we know that . |ù c ι. Hence we get

ppl, T ´t
1, e1 δγq P Jτ σιKE

This means from Definition 66 we have

@v1f , t
2 ăT ´t1.pe1q δγ ót2 v

1
f ùñ ppl, T ´t

1 ´ t2, v1f q P Jpτq σιK (F-CE1)

Since from E-CE we know that e1δγ ót vf therefore we know that Dt2.e1 δγ ót2 vf s.t
t “ t1 ` t2 ` 1

Therefore instantiating (F-CE1) with the given vf and t2 we get

ppl, T ´t
1 ´ t2, vf q P Jpτq σιK

Since t “ t1 ` t2 ` 1 therefore from Lemma 69 we get the desired.

30. T-CAndI:

Ψ; Θ; ∆; Ω; Γ $ e : τ Θ; ∆ |ù c

Ψ; Θ; ∆; Ω; Γ $ e : pc&τq
T-CAndI

Given: ppl, T γq P JΓ σιKE , p0, T δq P JΩ σιKE
To prove: ppl, e δγq P Jc&τ σιKE
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From Definition 66 it suffices to prove that

@vf , t ăT .e δγ ót vf ùñ ppl, T ´t, vf δγq P Jc&τ σιK

This means given some vf , t ăT s.t e δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jc&τ σιK

From Definition 66 it suffices to prove that

. |ù cι ^ ppl, T ´t, vf q P Jτ σιK

Since we are given that . |ù ∆ι and Θ; ∆ |ù c therefore it suffices to prove that

ppl, T ´t, vf q P Jτ σιK (F-CAI0)

IH: ppl, T , e δγq P Jτ σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 vf ùñ ppl, T ´t
1, vf q P Jτ σιK

Since we are given that e δγ ót vf therefore we get

ppl, T ´t, vf q P Jτ σιK (F-CAI1)

We get the desired from (F-CAI1)

31. T-CAndE:

Ψ; Θ; ∆; Ω; Γ1 $ e : pc&τq Ψ; Θ; ∆, c; Ω; Γ2, x : τ $ e1 : τ 1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ cletx “ e in e1 : τ 1
T-CAndE

Given: ppl, T , γq P JpΓ1 ‘ Γ2q σιKE , p0, T , δq P JpΩq σιKE
To prove: ppl, T , pcletx “ e in e1q δγq P Jτ 1 σιKE

From Definition 66 it suffices to prove that

@vf , t ăT .pcletx “ e in e1q δγ ót vf ùñ ppl, T ´t, vf q P Jτ 1 σιK

This means given soem vf , t ăT s.t pcletx “ e in e1q δγ ót vf it suffices to prove that

ppl, T ´t, vf q P Jτ 1 σιK (F-CAE0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, T , γq P JpΓ1qσιKE and ppl2, T , γq P JpΓ2qσιKE

IH1

ppl1, T , e δγq P Jc&τ σιKE

This means from Definition 66 we have

@t1 ăT .e δγ ót1 v1 ùñ ppl1, T ´t1v1q P Jc&τ σιKE

Since we know that pcletx “ e in e1q δγ ót vf therefore from E-CAndE we know that
Dv1, t1 ă t.e δγ ót1 v1. Therefore we have

ppl1, T ´t1, v1q P Jc&τ σιK
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Therefore from Definition 66 we have

. |ù cι ^ ppl1, T ´t1, v1q P Jτ σιK (F-CAE1)

IH2

ppl2 ` pl1, T , e
1 δγ1q P Jτ 1 σιKE

where

γ1 “ γ Y tx ÞÑ v1u

This means from Definition 66 we have

@t2 ăT .e1 δγ1 ót2 vf ùñ ppl2 ` pl1, T ´t2, vf q P Jτ 1 σιK

Since we know that pcletx “ e in e1q δγ ót vf therefore from E-CAndE we know that
Dt2 ă t.e1 δ1γ ót2 vf .

Therefore we have

ppl2 ` pl1, T ´t2, vf q P Jτ 1 σιK

Since pl “ pl1 ` pl2 therefore we get

ppl, T ´t2, vf q P Jτ 1 σιK

And finally from From Lemma 69 we get

ppl, T ´t, vf q P Jτ 1 σιK

And we are done.

32. T-fix:

Ψ; Θ; ∆; Ω, x : τ ; . $ e : τ

Ψ; Θ; ∆; Ω; . $ fixx.e : τ
T-fix

Given: p0, T , γq P J.KE , p0, T , δq P JΩ σιKE
To prove: p0, T , pfixx.eq δγq P Jτ σιKE (F-FX0)

We induct on T

Base case, T“ 1:

It suffices to prove that p0, 1, pfixx.eq δγq P Jτ σιK

This means from Definition 66 it suffices to prove

@t ă 1.pfixx.eq δγ ót v ùñ p0, 1´ t, vq P JτK

This further means that given t ă 1 s.t pfixx.eq δγ ót v it suffices to prove that

p0, 1´ t, vq P JτK

Since from E-fix we know that minimum value of t can be 1 therefore t ă 1 is not possible
and the goal holds vacuously.

Inductive case:

IH: p0, T ´1, pfixx.eq δγq P Jτ σιKE
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Therefore from Definition 67 we have

p0, T ´1, δ1q P JΩ, x : τ σιKE where δ1 “ δ Y tx ÞÑ fixx.e δu

Applying Definition 66 on (F-FX0) it suffices to prove that

@t ăT .pfixx.eq δγ ót vf ùñ p0, T ´t, vf q P Jτ σιK

This means given some t ăT s.t fixx.e δγ ót vf it suffices to prove that

p0, T ´t, vf q P Jτ σιK (F-FX0.0)

Now from IH of outer induction we have

p0, T ´1, e δ1γq P Jτ σιKE
This means from Definition 66 we have

@t1 ăT ´1.e δ1γ ót1 vf ùñ p0, T ´1´ t1, vf q P Jτ σιK

Since we know that fixx.e δγ ót vf therefore from E-fix we know that Dt1 “ t ´ 1 s.t
e δ1γ ót1 vf

Since t ă T therefore t1 “ t´ 1 ă T ´ 1 hence we have

p0, T ´t, vf q P Jτ σιK

Therefore we are done

33. T-ret:

Ψ; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ ret e : M 0 τ
T-ret

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , ret e δγq P JM 0 τ σιKE

From Definition 66 it suffices to prove that

@t ăT , vf .pret eq δγ ót vf ùñ ppl, T ´t, vf q P JM 0 τ σιK

It means we are given some t ăT , vf s.t pret eq δγ ót vf . From E-val we know that t “ 0
and vf “ pret eq δγ.

Therefore it suffices to prove that

ppl, T , pret eq δγq P JM 0 τ σιK

From Definition 66 it further suffices to prove that

@t1 ăT .pret eq δγ ón
1

t1 vf ùñ Dp1.n1 ` p1 ď pl ^ pp
1, T ´t1, vf q P Jτ σιK

This means given some t1 ăT s.t pret eq δγ ón
1

t1 vf it suffices to prove that

Dp1.n1 ` p1 ď pl ^ pp
1, T ´t1, vf q P Jτ σιK

From (E-ret) we know that n1 “ 0 therefore we choose p1 as pl and it suffices to prove that

ppl, T ´t
1, vf q P Jτ σιK (F-R0)
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IH

ppl, T , e δγq P Jτ σιKE

This means from Definition 66 we have

@t1 ăT .peq δγ ót vf ùñ ppl, T ´t1, vf q P Jτ σιK

Since we know that pret eq δγ ó0
t1 vf therefore from (E-ret) we know that Dt1.e δγ ót1 vf

Since t1 ă t ăT therefore we have

ppl, T ´t1, vf q P Jτ σιK

And finally from Lemma 69 we get

ppl, T ´t, vf q P Jτ σιK

and we are done.

34. T-bind:

Ψ; Θ; ∆; Ω; Γ1 $ e1 : Mn1 τ1

Ψ; Θ; ∆; Ω; Γ2, x : τ1 $ e2 : Mn2 τ2 Θ $ n1 : R` Θ $ n2 : R`

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ bindx “ e1 in e2 : Mpn1 ` n2q τ2
T-bind

Given: ppl, T , γq P JpΓ1 ‘ Γ2qσιKE , p0, T , δq P JpΩq σιKE
To prove: ppl, T , bindx “ e1 in e2 δγq P JMpn1 ` n2q τ2 σιKE

From Definition 66 it suffices to prove that

@t ăT , v.pbindx “ e1 in e2q δγ ót v ùñ ppl, T ´t, vq P JMpn1 ` n2q τ2 σιK

This means given some t ăT , v s.t pbindx “ e1 in e2q δγ ót v. From E-val we know that
t “ 0 and v “ pbindx “ e1 in e2 δγq

Therefore it suffices to prove that

ppl, T , pbindx “ e1 in e2 δγqq P JMpn1 ` n2q τ2 σιK

This means from Definition 66 it suffices to prove that

@t1 ăT , vf .pbindx “ e1 in e2 δγq ó
s1

t1 vf ùñ Dp1.s1 ` p1 ď pl ` n ^ pp
1, T ´t1, vf q P Jτ2 σιK

This means given some t1 ăT , vf s.t pbindx “ e1 in e2 δγq ó
s1

t1 vf and we need to prove that

Dp1.s1 ` p1 ď pl ` n ^ pp
1, T ´t1, vf q P Jτ2 σιK (F-B0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, γq P JpΓ1qσιKE and ppl2, γq P JpΓ2qσιKE

IH1

ppl1, T , e1 δγq P JMpn1q τ1 σιKE

From Definition 66 it means we have

@t1 ăT .pe1q δγ ót1 vm1 ùñ ppl1, T ´t1, vm1q P JMpn1q τ1 σιK
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Since we know that pbindx “ e1 in e2q δγ ó
s1

t1 vf therefore from E-bind we know that
Dt1 ă t1, vm1.pe1q δγ ót1 vm1.

Since t1 ă t1 ăT , therefore we have

ppl1, T ´t1, vm1q P JMpn1q τ1 σιK (F-B1)

This means from Definition 66 we are given that

@t11 ăT ´t1.vm1 ó
s1 v1 ùñ Dp11.s1 ` p

1
1 ď pl1 ` n1 ^ pp

1
1, T ´t1 ´ t

1
1, v1q P Jτ1 σιK

Since we know that pbindx “ e1 in e2q δγ ót1 vf therefore from E-bind we know that
Dt11 ă t´ t1.pe1q δγ ó

s1
t11
v1.

Since t11 ă t´ t1 ăT ´t1 therefore means we have

Dp11.s1 ` p
1
1 ď pl1 ` n1 ^ pp

1
1, T ´t1 ´ t

1
1, v1q P Jτ1 σιK (F-B1)

IH2

ppl2 ` p
1
1, T ´t1 ´ t

1
1, e2 δγ Y tx ÞÑ v1uq P JMpn2q τ2 σιKE

From Definition 66 it means we have

@t2 ăT ´t1 ´ t11.pe2q δγ Y tx ÞÑ v1u ót2 vm2 ùñ ppl2 ` p11, T ´t1 ´ t11 ´ t2, vm2q P

JMpn2q τ2 σιK

Since we know that pbindx “ e1 in e2q δγ ó
s1

t1 vf therefore from E-bind we know that
Dt2 ă t1 ´ t1 ´ t

1
1.pe2q δγ Y tx ÞÑ v1u ót2 vm2.

Since t2 ă t1 ´ t1 ´ t
1
1 ăT ´t1 ´ t

1
1 therefore we have

ppl2 ` p
1
1, T ´t1 ´ t

1
1 ´ t2, vm2q P JMpn2q τ2 σιK

This means from Definition 66 we are given that

@t12 ăT ´t1´ t
1
1´ t2.vm2 ó

s2
t12
v2 ùñ Dp12.s2`p

1
2 ď pl2`p

1
1`n2 ^ pp

1
2, T ´t1´ t

1
1´ t

1
2, v2q P

Jτ2 σιK

Since we know that pbindx “ e1 in e2q δγ ó
s1

t1 vf therefore from E-bind we know that
Dt12 ă t1 ´ t1 ´ t

1
1 ´ t2, s2, v2.vm2 ó

s2
t12
v2.

This means we have

Dp12.s2 ` p
1
2 ď pl2 ` p

1
1 ` n2 ^ pp

1
2, T ´t1 ´ t

1
1 ´ t2 ´ t

1
2, v2q P Jτ2 σιK (F-B2)

In order to prove (F-B0) we choose p1 as p12 and it suffices to prove

(a) s1 ` p12 ď pl ` n:

Since from (F-B2) we know that

s2 ` p
1
2 ď pl2 ` p

1
1 ` n2

Adding s1 on both sides we get

s1 ` s2 ` p
1
2 ď pl2 ` s1 ` p

1
1 ` n2

Since from (F-B1) we know that

s1 ` p
1
1 ď pl1 ` n1
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therefore we also have

s1 ` s2 ` p
1
2 ď pl2 ` pl1 ` n1 ` n2

And finally since we know that n “ n1 ` n2, s1 “ s1 ` s2 and pl “ pl1 ` pl2 therefore
we get the desired

(b) pp12, T ´t1 ´ t
1
1 ´ t2 ´ t

1
2, vf q P Jτ2 σιK:

From E-bind we know that vf “ v2 therefore we get the desired from (F-B2)

35. T-tick:

Θ $ n : R`

Ψ; Θ; ∆; Ω; Γ $ Òn : Mn1
T-tick

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , Ò

n δγq P JMn1 σιKE

From Definition 66 it suffices to prove that

@t ăT , v.pÒnq δγ ót v ùñ ppl, T ´t, vq P JMn1 σιK

This means we are given some t ăT , v s.t pÒnq δγ ót v. From E-val we know that t “ 0
and v “ pÒnq δγ

Therefore it suffices to prove that

ppl, T , pÒ
nq δγq P JMn1 σιK

From Definition 66 it suffices to prove that

@t1 ăT .pÒnq δγ ón
1

t1 pq ùñ Dp1.n1 ` p1 ď pl ` n ^ pp
1, T ´t1, pqq P J1K

This means given some t1 ăT s.t pÒnq δγ ón
1

t1 pq it suffices to prove that

Dp1.n1 ` p1 ď pl ` n ^ pp
1, T ´t1, pqq P J1K

From (E-tick) we know that n1 “ n therefore we choose p1 as pl and it suffices to prove
that

ppl, T ´t
1, pqq P J1K

We get this directly from Definition 66

36. T-release:

Ψ; Θ; ∆; Ω; Γ1 $ e1 : rn1s τ1

Ψ; Θ; ∆; Ω; Γ2, x : τ1 $ e2 : Mpn1 ` n2q τ2 Θ $ n1 : R` Θ $ n2 : R`

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $ releasex “ e1 in e2 : Mn2 τ2
T-release

Given: ppl, T , γq P JpΓ1 ‘ Γ2qσιKE , p0, T , δq P JpΩq σιKE
To prove: ppl, T , releasex “ e1 in e2 δγq P JMpn2q τ2 σιKE

From Definition 66 it suffices to prove that
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@t ăT , v.preleasex “ e1 in e2q δγ ót v ùñ ppl, T ´t, vq P JMpn2q τ2 σιK

This means given some t ăT , v s.t preleasex “ e1 in e2q δγ ó preleasex “ e1 in e2q δγ. From
E-val we know that t “ 0 and v “ preleasex “ e1 in e2 δγq

Therefore it suffices to prove that

ppl, T , preleasex “ e1 in e2q δγq P JMpn2q τ2 σιK

This means from Definition 66 it suffices to prove that

@t1 ăT , vf .preleasex “ e1 in e2 δγq ó
s1

t1 vf ùñ Dp1.s1 ` p1 ď pl ` n2 ^ pp1, T ´t1, vf q P
Jτ2 σιK

This means given some t1 ăT , vf s.t preleasex “ e1 in e2 δγq ó
s1

t1 vf and we need to prove
that

Dp1.s1 ` p1 ď pl ` n2 ^ pp
1, T ´t1, vf q P Jτ2 σιK (F-R0)

From Definition 67 and Definition 65 we know that Dpl1, pl2.pl1 ` pl2 “ pl s.t

ppl1, γq P JpΓ1qσιKE and ppl2, γq P JpΓ2qσιKE

IH1

ppl1, T , e1 δγq P Jrn1s τ1 σιKE

From Definition 66 it means we have

@t1 ăT .pe1q δγ ót1 v1 ùñ ppl1, T ´t1, v1q P Jrn1s τ1 σιK

Since we know that preleasex “ e1 in e2q δγ ó
s1

t1 vf therefore from E-rel we know that
Dt1 ă t1.pe1q δγ ót1 v1.

Since t1 ă t1 ăT , therefore we have

ppl1, T ´t1, v1q P Jrn1s τ1 σιK

This means from Definition 66 we have

Dp11.p
1
1 ` n1 ď pl1 ^ pp

1
1, T ´t1, v1q P Jτ1K (F-R1)

IH2

ppl2 ` p
1
1, T ´t1, e2 δγ Y tx ÞÑ v1uq P JMpn1 ` n2q τ2 σιKE

From Definition 66 it means we have

@t2 ăT ´t1.pe2q δγ Y tx ÞÑ v1u ót2 vm2 Y tx ÞÑ v1u ùñ ppl2 ` p11, T ´t1 ´ t2, vm2q P

JMpn1 ` n2q τ2 σιK

Since we know that preleasex “ e1 in e2q δγ ó
s1

t1 vf therefore from E-rel we know that
Dt2 ă t´ t1.pe2q δγ Y tx ÞÑ v1u ót2 vm2. This means we have

ppl2 ` p
1
1, T ´t1 ´ t2, vm2q P JMpn1 ` n2q τ2 σιK

This means from Definition 66 we are given that

@t12 ăT ´t1´t2.vm2 ó
s2
t12
v2 ùñ Dp12.s2`p

1
2 ď pl2`p

1
1`n1`n2 ^ pp

1
2, T ´t1´t2´t

1
2, v2q P

Jτ2 σιK
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Since we know that preleasex “ e1 in e2q δγ ó
s1

t1 vf therefore from E-rel we know that
Dt12.vm2 ó

s2
t12
v2 s.t. t12 “ t1 ´ t1 ´ t2 ´ 1

Since t12 “ t1 ´ t1 ´ t2 ăT ´t1 ´ t2, therefore we have

Dp12.s2 ` p
1
2 ď pl2 ` p

1
1 ` n1 ` n2 ^ pp

1
2, T ´t1 ´ t2 ´ t

1
2, v2q P Jτ2 σιK (F-R2)

In order to prove (F-R0) we choose p1 as p12 and it suffices to prove

(a) s1 ` p12 ď pl ` n2:

Since from (F-R2) we know that

s2 ` p
1
2 ď pl2 ` p

1
1 ` n1 ` n2

Since from (F-R1) we know that

p11 ` n1 ď pl1

therefore we also have

s2 ` p
1
2 ď pl2 ` pl1 ` pm1 ` n2

And finally since we know that s1 “ s2, pl “ pl1 ` pl2 and 0 “ pm1 therefore we get
the desired

(b) pp12, T ´t1 ´ t2 ´ t
1
2, vf q P Jτ2 σιK:

From E-rel we know that vf “ v2 therefore we get the desired from (F-R2)

37. T-store:

Ψ; Θ; ∆; Ω; Γ $ e : τ Θ $ n : R`

Ψ; Θ; ∆; Ω; Γ $ store e : Mn prns τq
T-store

Given: ppl, T , γq P JΓσιKE , p0, T , δq P JΩ σιKE
To prove: ppl, T , store e δγq P JMn prns τq σιKE

From Definition 66 it suffices to prove that

@t ăT , v.pstore eq δγ ót v ùñ ppl, T ´t, vq P JMn prns τq σιK

This means we are given some t ăT , v s.t pstore eq δγ ót v. From E-val we know that t “ 0
and v “ pstore eq δγ

Therefore it suffices to prove that

ppl, T , pstore eq δγq P JMn prns τq σιK

From Definition 66 it suffices to prove that

@t1 ăT , vf , n
1.pstore eq δγ ón

1

t1 vf ùñ Dp1.n1 ` p1 ď pl ^ pp
1, T ´t1, vf q P Jrns τ σιK

This means given some t1 ăT , vf s.t pstore eq δγ ón
1

t1 vf it suffices to prove that

Dp1.n1 ` p1 ď pl ^ pp
1, T ´t1, vf q P Jrns τ σιK

From (E-store) we know that n1 “ 0 therefore we choose p1 as pl ` n and it suffices to
prove that

ppl ` n, T ´t
1, vf q P Jrns τ σιK
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This further means that from Definition 66 we have

Dp2.p2 ` n ď pl ` n ^ pp
2, T ´t1, vf q P Jτ σιK

We choose p2 as pl and it suffices to prove that

ppl, T ´t
1, vf q P Jτ σιK (F-S0)

IH

ppl, T , e δγq P Jτ σιKE

This means from Definition 66 we have

@t1 ăT .peq δγ ót1 vf ùñ ppl, T ´t1, vf q P Jτ σιK

Since we know that pstore eq δγ ó0
t1 vf therefore from (E-store) we know that Dt1 ă

t1.e δγ ót1 vf

Since t1 ă t1 ăT therefore we have

ppl, T ´t1, vf q P Jτ σιK

and finally from Lemma 69 we have

ppl, T ´t
1, vf q P Jτ σιK

Lemma 72 (Value subtyping lemma). @Ψ,Θ, τ P Type, τ 1.
Ψ; Θ; ∆ $ τ ă: τ 1 ^ . |ù ∆ι ùñ Jτ σιK Ď Jτ 1 σιK

Proof. Proof by induction on the Ψ; Θ; ∆ $ τ ă: τ 1 relation

1. sub-refl:

Ψ; Θ; ∆ $ τ ă: τ
sub-refl

To prove: @pp, T , vq P Jτ σιK ùñ pp, T , vq P Jτ σιK

Trivial

2. sub-arrow:
Ψ; Θ; ∆ $ τ 11 ă: τ1 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 ( τ2 ă: τ 11 ( τ 12
sub-arrow

To prove: @pp, T , λx.eq P Jpτ1 ( τ2q σιK ùñ pp, T , λx.eq P Jpτ 11 ( τ 12q σιK

This means given some pp, T , λx.eq P Jpτ1 ( τ2q σιK we need to prove

pp, T , λx.eq P Jpτ 11 ( τ 12q σιK

From Definition 66 we are given that

@ T 1ăT , p1, e1.pp1, T 1, e1q P Jτ1 σιKE ùñ pp` p1, T 1, ere1{xsq P Jτ2 σιKE (F-SL0)

Also from Definition 66 it suffices to prove that
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@ T 2ăT , p2, e2.pp2, T 2, e2q P Jτ 11 σιKE ùñ pp` p2, T 2, ere2{xsq P Jτ 12 σιKE

This means given some T 2ăT , p2, e2 s.t pp2, T 2, e2q P Jτ 11 σιK we need to prove

pp` p1, T 2, ere2{xsq P Jτ 12 σιKE (F-SL1)

IH1: Jτ 11 σιK Ď Jτ1 σιK

Since we have pp2, T 2, e2q P Jτ 11 σιK therefore from IH1 we also have pp2, T 2, e2q P Jτ1 σιK

Therefore instantiating (F-SL0) with p1, T 2, e2 we get

pp` p2, T 2, ere2{xsq P Jτ2 σιKE

And finally from Lemma 73 we get the desired

3. sub-tensor:

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 b τ2 ă: τ 11 b τ 12
sub-tensor

To prove: @pp, T , xxv1, v2yyq P Jpτ1 b τ2q σιK ùñ pp, T , xxv1, v2yyq P Jpτ 11 b τ 12q σιK

This means given pp, T , xxv1, v2yyq P Jpτ1 b τ2q σιK

It suffices prove that

pp, T , xxv1, v2yyq P Jpτ 11 b τ 12q σιK

This means from Definition 66 we are given that

Dp1, p2.p1 ` p2 ď p ^ pp1, T , v1q P Jτ1 σιK ^ pp2, T , v2q P Jτ2 σιK

Also from Definition 66 it suffices to prove that

Dp11, p
1
2.p

1
1 ` p

1
2 ď p ^ pp11, T , v1q P Jτ 11 σιK ^ pp

1
2, T , v2q P Jτ 12 σιK

IH1 Jpτ1q σιK Ď Jpτ 11q σιK

IH2 Jpτ2q σιK Ď Jpτ 12q σιK

Choosing p1 for p11 and p2 for p12 we get the desired from IH1 and IH2

4. sub-with:

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 & τ2 ă: τ 11 & τ 12
sub-with

To prove: @pp, T , xv1, v2yq P Jpτ1 & τ2q σιK ùñ pp, T , xv1, v2yq P Jpτ 11 & τ 12q σιK

This means given pp, T , xv1, v2yq P Jpτ1 & τ2q σιK

It suffices prove that

pp, T , xv1, v2yq P Jpτ 11 & τ 12q σιK

This means from Definition 66 we are given that
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pp, T , v1q P Jτ1 σιK ^ pp, T , v2q P Jτ2 σιK (F-SW0)

Also from Definition 66 it suffices to prove that

pp, T , v1q P Jτ 11 σιK ^ pp, T , v2q P Jτ 12 σιK

IH1 Jpτ1q σιK Ď Jpτ 11q σιK

IH2 Jpτ2q σιK Ď Jpτ 12q σιK

We get the desired from (F-SW0), IH1 and IH2

5. sub-sum:

Ψ; Θ; ∆ $ τ1 ă: τ 11 Ψ; Θ; ∆ $ τ2 ă: τ 12

Ψ; Θ; ∆ $ τ1 ‘ τ2 ă: τ 11 ‘ τ 12
sub-sum

To prove: @pp, T , xv1, v2yq P Jpτ1 ‘ τ2q σιK ùñ pp, T , xv1, v2yq P Jpτ 11 ‘ τ 12q σιK

This means given pp, T , vq P Jpτ1 ‘ τ2q σιK

It suffices prove that

pp, T , vq P Jpτ 11 ‘ τ 12q σιK

This means from Definition 66 two cases arise

(a) v “ inlpv1q:

This means from Definition 66 we have pp, T , v1q P Jτ1 σιK (F-SS0)

Also from Definition 66 it suffices to prove that

pp, T , v1q P Jτ 11 σιK

IH Jpτ1q σιK Ď Jpτ 11q σιK

We get the desired from (F-SS0), IH

(b) v “ inrpv1q:

Symmetric reasoning as in the inl case

6. sub-list:

Ψ; Θ; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $ Ln τ ă: Ln τ 1
sub-list

To prove: @pp, T , vq P JLn τ σιK.pp, T , vq P JLn τ 1 σιK

This means given pp, T , vq P JLn τ σιK and we need to prove

pp, T , vq P JLn τ 1 σιK

We induct on pp, T , vq P JLn τ σιK
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(a) pp, T ,nilq P JL0 τ σιK:
We need to prove pp, T ,nilq P JL0 τ 1 σιK
We get this directly from Definition 66

(b) pp, T , v1 :: l1q P JLm`1 τ σιK:
In this case we are given pp, T , v1 :: l1q P JLm`1 τ σιK
and we need to prove pp, T , v1 :: l1q P JLm`1 τ 1 σιK

This means from Definition 66 are given

Dp1, p2.p1 ` p2 ď p ^ pp1, T , v
1q P Jτ σιK ^ pp2, T , l

1q P JLmτ σιK (Sub-List0)

Similarly from Definition 66 we need to prove that

Dp11, p
1
2.p

1
1 ` p

1
2 ď p ^ pp11, T , v

1q P Jτ 1 σιK ^ pp2, T , l
1q P JLmτ 1 σιK

We choose p11 as p1 and p12 as p2 and we get the desired from (Sub-List0) IH of outer
induction and IH of innner induction

7. sub-exist:

Ψ; Θ, s; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $ Ds.τ ă: Ds.τ 1
sub-exist

To prove: @pp, T , vq P JDs.τ σιK.pp, T , vq P JDs.τ 1 σιK

This means given some pp, T , vq P JDs.τ σιK we need to prove

pp, T , vq P JDs.τ 1 σιK

From Definition 66 we are given that

Ds1.pp, T , vq P Jτσιrs1{ssK (F-exist0)

IH: Jpτq σιY ts ÞÑ s1uK Ď Jpτ 1q σιY ts ÞÑ s1uK

Also from Definition 66 it suffices to prove that

Ds2.pp, T , vq P Jτ 1σιrs2{ssK

We choose s2 as s1 and we get the desired from IH

8. sub-potential:

Ψ; Θ; ∆ $ τ ă: τ 1 Ψ; Θ; ∆ $ n1 ď n

Ψ; Θ; ∆ $ rns τ ă: rn1s τ 1
sub-potential

To prove: @pp, T , vq P Jrns τ σιK.pp, T , vq P Jrn1s τ 1 σιK

This means given pp, T , vq P Jrns τ σιK and we need to prove

pp, T , vq P Jrn1s τ 1 σιK

This means from Definition 66 we are given

Dp1.p1 ` n ď p ^ pp1, T , vq P Jτ σιK (F-SP0)
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And we need to prove

Dp2.p2 ` n1 ď p ^ pp2, T , vq P Jτ 1 σιK (F-SP1)

In order to prove (F-SP1) we choose p2 as p1

Since from (F-SP0) we know that p1 ` n ď p and we are given that n1 ď n therefore we
also have p1 ` n1 ď p

IH Jτ σιK Ď Jτ 1 σιK

We get the desired directly from IH

9. sub-monad:

Ψ; Θ; ∆ $ τ ă: τ 1 Ψ; Θ; ∆ $ n ď n1

Ψ; Θ; ∆ $Mn τ ă: Mn1 τ 1
sub-monad

To prove: @pp, T , vq P JMn τ σιK.pp, T , vq P JMn1 τ 1 σιK

This means given pp, T , vq P JMn τ σιK and we need to prove

pp, T , vq P JMn1 τ 1 σιK

This means from Definition 66 we are given

@t1 ăT , n1, v
1.v ón1

t1 v
1 ùñ Dp1.n1 ` p

1 ď p` n ^ pp1, T ´t1, v1q P Jτ σιK (F-SM0)

Again from Definition 66 we need to prove that

@t2 ăT , n2, v
2.v ón2

t2 v
2 ùñ Dp2.n2 ` p

2 ď p` n1 ^ pp2, T ´t2, v2q P Jτ 1 σιK

This means given some t2 ăT , v2, n2 s.t v ón2
t2 v

1 it suffices to prove that

Dp2.n2 ` p
2 ď p` n1 ^ pp2, T ´t2, v2q P Jτ 1 σιK (F-SM1)

Instantiating (F-SM0) with t2, n2, v
2 Since v ón2

t2 v
2 therefore from (F-SM0) we know that

Dp1.n2 ` p
1 ď p` n ^ pp1, T ´t2, v2q P Jτ σιK (F-SM2)

IH Jτ σιK Ď Jτ 1 σιK

In order to prove (F-SM1) we choose p2 as p1 and we need to prove

(a) n2 ` p
2 ď p` n1:

Since we are given that n ď n1 therefore we get the desired from (F-SM2)

(b) pp1, v1q P Jτ 1 σιK
We get this directly from IH and (F-SM2)

10. sub-Exp:

Ψ; Θ; ∆ $ τ ă: τ 1

Ψ; Θ; ∆ $!τ ă:!τ 1
sub-Exp
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To prove: @pp, T , vq P J!τ σιK.pp, T , vq P J!τ 1 σιK

This means given pp, T , !eq P J!τ σιK and we need to prove

pp, T , !eq P J!τ 1 σιK

This means from Definition 66 we are given

p0, T , eq P Jτ σιKE (F-SE0)

Again from Definition 66 we need to prove that

p0, T , eq P Jτ 1 σιKE (F-SE1)

IH Jτ σιK Ď Jτ 1 σιK

Therefore from (F-SE0) and IH we get p0, T , eq P Jτ 1 σιK and we are done.

11. sub-typePoly:

Ψ, α; Θ; ∆ $ τ1 ă: τ2

Ψ; Θ; ∆ $ @α.τ1 ă: @i.τ2
sub-typePoly

To prove: @pp, T ,Λ.eq P Jp@i.τ1q σιK.pp, T ,Λ.eq P Jp@i.τ2q σιK

This means given some pp, T ,Λ.eq P Jp@α.τ1q σιK we need to prove

pp, T ,Λ.eq P Jp@α.τ2q σιK

From Definition 66 we are given that

@τ, T 1ăT .pp, T 1, eq P Jτ1rτ{αsKE (F-STP0)

Also from Definition 66 it suffices to prove that

@τ 1, T 2ăT .pp, T 2, eq P Jτ2rτ
1{αsKE

This means given some τ 1, T 2ăT and we need to prove

pp, T 2, eq P Jτ2rτ
1{αsKE (F-STP1)

IH: Jpτ1q σιY tα ÞÑ τ 1uK Ď Jpτ2q σιY tα ÞÑ τ 1uK

Instantiating (F-STP0) with τ 1, T 2 we get

pp, T 2, eq P Jτ1rτ
1{αsKE

and finally from IH we get the desired.

12. sub-indexPoly:

Ψ; Θ, i; ∆ $ τ1 ă: τ2

Ψ; Θ; ∆ $ @i.τ1 ă: @i.τ2
sub-indexPoly

To prove: @pp, T ,Λi.eq P Jp@i.τ1q σιK.pp, T ,Λi.eq P Jp@i.τ2q σιK

This means given some pp, T ,Λi.eq P Jp@i.τ1q σιK we need to prove
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pp, T ,Λi.eq P Jp@i.τ2q σιK

From Definition 66 we are given that

@I, T 1ăT .pp, T 1, eq P Jτ1rI{isKE (F-SIP0)

Also from Definition 66 it suffices to prove that

@I 1, T 2ăT .pp, T 2, eq P Jτ2rI
1{isKE

This means given some I 1, T 2ăT and we need to prove

pp, T 2, eq P Jτ2rI
1{isKE (F-SIP1)

IH: Jpτ1q σιY ti ÞÑ I 1uK Ď Jpτ2q σιY ti ÞÑ I 1uK

Instantiating (F-SIP0) with I 1, T 2 we get

pp, T 2, eq P Jτ1rI
1{isKE

and finally from IH we get the desired

13. sub-constraint:

Ψ; Θ; ∆ $ τ1 ă: τ2 Θ; ∆ |ù c2 ùñ c1

Ψ; Θ; ∆ $ c1 ñ τ1 ă: c2 ñ τ2
sub-constraint

To prove: @pp, T ,Λ.eq P Jpc1 ñ τ1q σιK.pp, T ,Λ.eq P Jpc2 ñ τ2q σιK

This means given some pp, T ,Λ.eq P Jpc1 ñ τ1q σιK we need to prove

pp, T ,Λ.eq P Jpc2 ñ τ2q σιK

From Definition 66 we are given that

. |ù c1ι ùñ pp, T , eq P Jτ1σιKE (F-SC0)

Also from Definition 66 it suffices to prove that

. |ù c2ι ùñ pp, T , eq P Jτ2σιKE

This means given some . |ù c2ι and we need to prove

pp, T , eq P Jτ2σιKE (F-SC1)

Since we are given that Θ; ∆ |ù c2 ùñ c1 therefore we know that . |ù c1ι

Hence from (F-SC0) we have

pp, T , eq P Jτ1σιKE (F-SC2)

IH: Jpτ1q σιK Ď Jpτ2q σιK

Therefore we ge the desired from IH and (F-SC2)

163



14. sub-CAnd:

Ψ; Θ; ∆ $ τ1 ă: τ2 Θ; ∆ |ù c1 ùñ c2

Ψ; Θ; ∆ $ c1&τ1 ă: c2&τ2
sub-CAnd

To prove: @pp, vq P Jpc1&τ1q σιK.pp, vq P Jpc2&τ2q σιK

This means given some pp, vq P Jpc1&τ1q σιK we need to prove

pp, vq P Jpc2&τ2q σιK

From Definition 66 we are given that

. |ù c1ι ^ pp, eq P Jτ1σιKE (F-SCA0)

Also from Definition 66 it suffices to prove that

. |ù c2ι ^ pp, eq P Jτ2σιKE

Since we are given that Θ; ∆ |ù c2 ùñ c1 and . |ù c1ι therefore we also know that . |ù c2ι

Also from (F-SCA0) we have pp, eq P Jτ1σιKE (F-SCA1)

IH: Jpτ1q σιK Ď Jpτ2q σιK

Therefore we ge the desired from IH and (F-SCA1)

15. sub-familyAbs:

Ψ; Θ, i :S$ τ ă: τ 1

Ψ; Θ $ λti :S .τ ă: λti :S .τ 1
sub-familyAbs

To prove:

@f P Jλti :S .τ σιK.f P Jλti :S .τ 1 σιK

This means given f P Jλti :S .τ σιK and we need to prove

f P Jλti :S .τ 1 σιK

This means from Definition 66 we are given

@I.f I P Jτ rI{is σιK (F-SFAbs0)

This means from Definition 66 we need to prove

@I 1.f I 1 P Jτ 1rI 1{is σιK

This further means that given some I 1 we need to prove

f I 1 P Jτ 1rI 1{is σιK (F-SFAbs1)

Instantiating (F-SFAbs0) with I 1 we get

f I 1 P Jτ rI 1{is σιK

From IH we know that Jτ σιY ti ÞÑ I 1 ιuK Ď Jτ 1 σιY ti ÞÑ I 1 ιuK

And this completes the proof.
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16. Sub-tfamilyApp1:

Ψ; Θ; ∆ $ λti :S .τ I ă: τ rI{is
sub-familyApp1

To prove:

@pp, T , vq P Jλti :S .τ I σιK.pp, T , vq P Jτ rI{is σιK

This means given pp, T , vq P Jλti :S .τ I σιK and we need to prove

pp, T , vq P Jτ rI{is σιK

This means from Definition 66 we are given

pp, T , vq P Jλti :S .τK I σι

This further means that we have

pp, T , vq P f I σι where f I σι “ Jτ rI{is σιK

This means we have pp, T , vq P Jτ rI{is σιK

And this completes the proof.

17. Sub-tfamilyApp2:

Ψ; Θ; ∆ $ τ rI{is ă: λti :S .τ I
sub-familyApp2

To prove: @pp, T , vq P Jτ rI{is σιK.pp, T , vq P Jλti :S .τ I σιK

This means given pp, T , vq P Jτ rI{is σιK (Sub-tF0)

And we need to prove

pp, T , vq P Jλti :S .τ I σιK

This means from Definition 66 it suffices to prove that

pp, T , vq P Jλti :S .τK I σι

It further suffices to prove that

pp, T , vq P f I σι where f I σι “ Jτ rI{is σιK

which means we need to show that

pp, T , vq P Jτ rI{is σιK

We get this directly from (Sub-tF0)

Lemma 73 (Expression subtyping lemma). @Ψ,Θ, τ, τ 1.
Ψ; Θ $ τ ă: τ 1 ùñ Jτ σιKE Ď Jτ 1 σιKE
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Proof. To prove: @pp, T , eq P Jτ σιKE ùñ pp, T , eq P Jτ 1 σιKE
This means given some pp, T , eq P Jτ σιKE it suffices to prove that
pp, T , eq P Jτ 1 σιKE
This means from Definition 66 we are given
@t ăT , v.e ót v ùñ pp, T ´t, vq P Jτ σιK (S-E0)

Similarly from Definition 66 it suffices to prove that
@t1 ăT , v1.e ót1 v

1 ùñ pp, T ´t, v1q P Jτ 1 σιK

This means given some t1 ăT , v1 s.t e ót1 v
1 it suffices to prove that

pp, T ´t1, v1q P Jτ 1 σιK

Instantiating (S-E0) with t1, v1 we get pp, T ´t1, v1q P Jτ σιK

And finally from Lemma 72 we get the desired.

Lemma 74 (Γ subtyping lemma). @Ψ,Θ,Γ1,Γ2, σ, ι.
Ψ; Θ $ Γ1 ă: Γ2 ùñ JΓ1σιK Ď JΓ2σιK

Proof. Proof by induction on Ψ; Θ $ Γ1 ă: Γ2

1. sub-lBase:

Ψ; Θ $ Γ ă: .
sub-lBase

To prove: @pp, T , γq P JΓ1σιKE .pp, T , γq P J.KE

This means given some pp, T , γq P JΓ1σιKE it suffices to prove that pp, T , γq P J.KE
From Definition 67 it suffices to prove that

Df : VarsÑ Pots. p@x P domp.q. pfpxq, T , γpxqq P JΓpxqKEq ^ p
ř

xPdomp.q fpxq ď pq

We choose f as a constant function f 1´ “ 0 and we get the desired

2. sub-lInd:

x : τ 1 P Γ1 Ψ; Θ $ τ 1 ă: τ Ψ; Θ $ Γ1{x ă: Γ2

Ψ; Θ $ Γ1 ă: Γ2, x : τ
sub-lBase

To prove: @pp, T , γq P JΓ1σιKE .pp, T , γq P JΓ2, x : τKE

This means given some pp, T , γq P JΓ1σιKE it suffices to prove that pp, T , γq P JΓ2, x : τKE

This means from Definition 67 we are given that

Df : VarsÑ Pots.
p@x P dompΓ1q. pfpxq, T , γpxqq P JΓpxqKEq (L0)

p
ř

xPdompΓ1q
fpxq ď pq (L1)

Similarly from Definition 67 it suffices to prove that

Df 1 : VarsÑ Pots. p@y P dompΓ2, x : τq. pf 1pyq, T , γpyqq P JpΓ2, x : τqpyqKEq ^
p
ř

yPdompΓ2,x:τq f
1pyq ď pq

We choose f 1 as f and it suffices to prove that
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(a) @y P dompΓ2, x : τq. pfpyq, T , γpyqq P JpΓ2, x : τqpyqKE :

This means given some y P dompΓ2, x : τq it suffices to prove that

pfpyq, T , γpyqq P Jτ2KE where say pΓ2, x : τqpyq “ τ2

From Lemma 75 we know that

y : τ1 P Γ1 ^ Ψ; Θ $ τ1 ă: τ2

By instantiating (L0) with the given y

pfpyq, T , γpyqq P Jτ1KE

Finally from Lemma 73 we also get pfpyq, T , γpyqq P Jτ2KE
And we are done

(b) p
ř

yPdompΓ2,x:τq fpyq ď pq:

From (L1) we know that p
ř

xPdompΓ1q
fpxq ď pq and since from Lemma 75 we know

that dompΓ2, x : τq Ď dompΓ1q therefore we also have

p
ř

yPdompΓ2,x:τq fpyq ď pq

Lemma 75 (Γ Subtyping: domain containment). @p, γ,Γ1,Γ2.
Ψ; Θ $ Γ1 ă: Γ2 ùñ @x : τ P Γ2. x : τ 1 P Γ1 ^ Ψ; Θ $ τ 1 ă: τ

Proof. Proof by induction on Ψ; Θ $ Γ1 ă: Γ2

1. sub-lBase:

Ψ; Θ $ Γ1 ă: .
sub-lBase

To prove: @x : τ 1 P p.q.x : τ P Γ1 ^ Ψ; Θ $ τ 1 ă: τ

Trivial

2. sub-lInd:

x : τ 1 P Γ1 Ψ; Θ $ τ 1 ă: τ Ψ; Θ $ Γ1{x ă: Γ2

Ψ; Θ $ Γ1 ă: Γ2, x : τx
sub-lBase

To prove: @y : τ1 P pΓ2, x : τxq.y : τ P Γ1 ^ Ψ; Θ $ τ 1 ă: τ

This means given some y : τ P pΓ2, x : τxq it suffices to prove that

y : τ P Γ1 ^ Ψ; Θ $ τ 1 ă: τ

The follwing cases arise:

• y “ x:

In this case we are given that x : τ 1 P Γ1 ^ Ψ; Θ $ τ 1 ă: τ

Therefore we are done

• y ‰ x:

Since we are given that Ψ; Θ $ Γ1{x ă: Γ2 therefore we get the desired from IH
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Lemma 76 (Ω subtyping lemma). @Ψ,Θ,Ω1,Ω2, σ, ι.
Ψ; Θ $ Ω1 ă: Ω2 ùñ JΩ1σιK Ď JΩ2σιK

Proof. Proof by induction on Ψ; Θ $ Ω1 ă: Ω2

1. sub-lBase:

Ψ; Θ $ Ω ă: .
sub-mBase

To prove: @p0, T , δq P JΩ1σιKE .p0, T , δq P J.KE

This means given some p0, T , δq P JΩ1σιKE it suffices to prove that p0, T , δq P J.KE
We get the desired directly from Definition 67

2. sub-lInd:

x : τ 1 P Ω1 Ψ; Θ $ τ 1 ă: τ Ψ; Θ $ Ω1{x ă: Ω2

Ψ; Θ $ Ω1 ă: Ω2, x : τ
sub-mInd

To prove: @p0, T , δq P JΩ1σιKE .p0, T , δq P JΩ2, x : τKE

This means given some p0, T , δq P JΩ1σιKE it suffices to prove that p0, T , δq P JΩ2, x : τKE

This means from Definition 67 we are given that

p@x : τ P Ω1. p0, T , δpxqq P JτKEq (L0)

Similarly from Definition 67 it suffices to prove that

p@y : τy P pΩ2, x : τq.p0, T , δpyqq P JτyKEq

This means given some y : τy P pΩ2, x : τq it suffices to prove that

p0, T , δpyqq P JτyKE

From Lemma 77 we know that Dτ 1.y : τ 1 P dompΩ1q ^ Ψ; Θ $ τ 1 ă: τy

Instantiating (L0) with y : τ 1 we get p0, T , δpyqq P Jτ 1KE

And finally from Lemma 73 we get the desired

Lemma 77 (Ω Subtyping: domain containment). @Ψ,Θ,Ω1,Ω2.
Ψ; Θ $ Ω1 ă: Ω2 ùñ @x : τ P Ω2. x : τ 1 P Ω1 ^ Ψ; Θ $ τ 1 ă: τ

Proof. Proof by induction on Ψ; Θ $ Ω1 ă: Ω2

1. sub-lBase:

Ψ; Θ $ Ω ă: .
sub-mBase

To prove: @x : τ P p.q.x : τ 1 P Ω ^ Ψ; Θ $ τ 1 ă: τ

Trivial
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2. sub-lInd:

x : τ 1 P Ω1 Ψ; Θ $ τ 1 ă: τ Ψ; Θ $ Ω1{x ă: Ω2

Ψ; Θ $ Ω1 ă: Ω2, x : τ
sub-mInd

To prove: @y : τ P pΩ2, x : τxq.y : τ 1 P Ω1 ^ Ψ; Θ $ τ 1 ă: τ

This means given some y : τ P pΩ2, x : τq it suffices to prove that

y : τ 1 P Ω1 ^ Ψ; Θ $ τ 1 ă: τ

The following cases arise:

• y “ x:

In this case we are given that

x : τ 1 P Ω1 ^ Ψ; Θ $ τ 1 ă: τ

Therefore we are done

• y ‰ x:

Since we are given that Ψ; Θ $ Ω1{x ă: Ω2 therefore we get the desired from IH

Theorem 78 (Soundness 1). @e, n, n1, τ P Type, t.
$ e : Mn τ ^ e ón

1

t v ùñ n1 ď n

Proof. From Theorem 71 we know that p0, t` 1, eq P JMn τKE

From Definition 66 this means we have
@t1 ă t` 1.e ót1 v

1 ùñ p0, t` 1´ t1v1q P JMn τK

From the evaluation relation we know that e ó0 e therefore we have
p0, t` 1, eq P JMn τK

Again from Definition 66 it means we have
@t2 ă t` 1.e ón

1

t1 v ùñ Dp1.n1 ` p1 ď 0` n ^ pp1, t` 1´ t2, vq P JτK

Since we are given that e ón
1

t v therefore we have
Dp1.n1 ` p1 ď n ^ pp1, 1, vq P JτK

Since p1 ě 0 therefore we get n1 ď n

Theorem 79 (Soundness 2). @e, n, n1, τ P Type.
$ e : rns1(M 0 τ ^ e pq ót1 ´ ó

n1
t2 v ùñ n1 ď n

Proof. From Theorem 71 we know that p0, t1 ` t2 ` 2, eq P Jrns1(M 0 τKE

Therefore from Definition 66 we know that
@t1 ă t1 ` t2 ` 2, v.e ót1 v ùñ p0, t1 ` t2 ` 2´ t1, vq P Jrns1(M 0 τK (S0)

Since we know that e pq ót1 ´ therefore from E-app we know that De1.e ót1 λx.e
1

Instantiating (S0) with t1, λx.e
1 we get p0, t2 ` 2, λx.e1q P Jrns1(M 0 τK

This means from Definition 66 we have
@p1, e1, t2 ă t2 ` 2.pp1, t2, e2q P Jrns1KE ùñ p0` p1, t2, e1re2{xsq P JM 0 τKE (S1)
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Claim: @t.pI, t, pqq P JrIs1KE
Proof:
From Definition 66 it suffices to prove that
pq ó0 v ùñ pI, t, vq P JrIs1K

Since we know that v “ pq therefore it suffices to prove that
pI, t, vq P JrIs1K

From Definition 66 it suffices to prove that
Dp1.p1 ` I ď I ^ pp1, t, vq P J1Ku

We choose p1 as 0 and we get the desired

Instantiating (S1) with n, pq, t2 ` 1 we get pn, t2 ` 1, e1rpq{xsq P JM 0 τKE

This means again from Definition 66 we have
@t1 ă t2 ` 1.e1rpq{xs ót1 v

1 ùñ pn, t2 ` 1´ t1, v1q P JM 0 τK

From E-val we know that v1 “ e1rpq{xs and t1 “ 0 therefore we have
pn, t2 ` 1, e1rpq{xsq P JM 0 τK

Again from Definition 66 we have
@t1 ă t2 ` 1.e1rpq{xs ón

1

t1 v
2 ùñ Dp1.n1 ` p1 ď n` 0 ^ pp1, t2 ` 1´ t1, v2q P JτK

Since we are given that e ót1 ´ ó
n1
t2 v therefore we get

Dp1.n1 ` p1 ď n ^ pp1, 1, v2q P JτK

Since p1 ě 0 therefore we have n1 ď n

Corollary 80 (Soundness). @Γ, e, q, q1, τ, T, pl.
.; .; .; Γ $ e : rqs1(M 0 rq1s τ ^
ppl, T , γq P JΓKE ^
e pq γ ót1 vt ó

J
t2 v ^

t1 ` t2 ăT
ùñ

Dpv.ppv, T ´t1 ´ t2, vq P JτK ^ J ď pq ` plq ´ pq
1 ` pvq

Proof. From Theorem 71 we know that ppl, T , eq P Jrqs1(M 0 rq1s τKE

Therefore from Definition 66 we know that
@ T 1ăT , v.eγ óT 1 v ùñ ppl, T ´ T 1, vq P Jrqs1(M 0 rq1s τK (S0)

Since we know that e pqγ ót1 vt therefore from E-app we know that
De1.e ót11 λx.e

1 and e1rpq{xs ót21 vt s.t t11 ` t
2
1 ` 1 “ t1

Instantiating (S0) with t11, λx.e
1 we get ppl, T ´t

1
1, λx.e

1q P Jrqs1(M 0 rq1s τK

This means from Definition 66 we have
@p1, T 1ă pT ´t11q, e

1.pp1, T 1, e2q P Jrqs1KE ùñ ppl ` p
1, T 1, e1re2{xsq P JM 0 rq1s τKE (S1)

Claim: @ T .pI, T , pqq P JrIs1KE
Proof:
From Definition 66 it suffices to prove that
@ T 2ăT , v.pq óT 2 v ùñ pI, T ´ T 2, vq P JrIs1K

From (E-val) we know that T 2“ 0 and v “ pq therefore it suffices to prove that
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pI, T , pqq P JrIs1K

From Definition 66 it further suffices to prove that
Dp1.p1 ` I ď I ^ pp1, T , pqq P J1Ku

We choose p1 as 0 and we get the desired

Using the claim we know that we have pq, T ´t11 ´ 1, pqq P Jrqs1KE
Instantiating (S1) with q, T ´t11 ´ 1, pq and using the claim proved above we get
ppl ` q, T ´t

1
1 ´ 1, e1rpq{xsq P JM 0 rq1s τKE

This means again from Definition 66 we have
@ T1ăT ´t

1
1 ´ 1.e1rpq{xs ó v1 ùñ ppl ` q, T ´t

1
1 ´ 1´ T1, v

1q P JM 0 rq1s τK

Instantiating with t21, vt and since t1 ă T , therefore we also have t21 ă T ´ t11.
Also since we are given that epqγ ót1 vt, therefore we know that v1 “ vt. Thus, we have
ppl ` q, T ´t

1
1 ´ 1´ t21, vtq P JM 0 rq1s τK

Again from Definition 66 we have
@v2, t12 ăT ´t

1
1´t

2
1´1.vt ó

J
t12
v2 ùñ Dp1.J`p1 ď pl`q ^ pp

1, T ´t11´t
2
1´1´t12, v

2q P Jrq1s τK

Instantiating with v, t2 and since t2 ă T ´ t11 ´ t
2
1 ´ 1 and e ót1 vt ó

J
t2 v therefore we get

Dp1.J ` p1 ď pl ` q ^ pp
1, T ´t11 ´ t

2
1 ´ 1´ t2, vq P Jrq1s τK (S2)

Since we have pp1, T ´t11 ´ t
2
1 ´ 1´ t2, vq P Jrq1s τK therefore from Definition 66 we have

Dp11.p
1
1 ` q

1 ď p1 ^ pp11, T ´t
1
1 ´ t

2
1 ´ 1´ t2, vq P JτKu (S3)

In order to prove Dpv.ppv, T ´t1 ´ t2, vq P JτK ^ J ď pq ` plq ´ pq
1 ` pvq we choose pv as p11

and we need to prove

1. pp11, T ´t1 ´ t2, vq P JτK:

Since from (S3) we have pp11, T ´t
1
1´ t

2
1´1´ t2, vq P JτK and since t11` t

2
1`1 “ t1 therefore

also have

pp11, T ´t1 ´ t2, vq P JτK

2. J ď pq ` plq ´ pq
1 ` pvq:

From (S2) and (S3) we get

J ď ppl ` qq ´ pq
1 ` p11q

2.5 Embedding Univariate RAML

Univariate RAML’s type syntax

Types τ ::“ b | L~q τ | pτ1, τ2q

A ::“ τ
q{q1
Ñ τ

Type translation
LunitM “ 1
LbM “ !b
LL~q τM “ Ds.prφp~q, sqs1 b LsLτMq
Lpτ1, τ2qM “ pLτ1M b Lτ2Mq

Lτ1
q{q1
Ñ τ2M “ prqs1( Lτ1M(M 0 rq1s Lτ2Mq
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Type context translation
L.M “ .
LΓ, x : τM “ LΓM, x : LτM

Function context translation
L.M “ .
LΣ, x : τM “ LΣM, x : LτM

Judgment translation

Σ; Γ $qq1 er : τ  .; .; LΣM; LΓM $ ea : rqs1(M 0 prq1sLτMq

Definition 81. φp~q, nq fi
ř

1ďiďk

`

n
i

˘

qi as defined in [2, 1]

Expression translation

Σ; . $q`K
unit

q pq : unit λu.release´ “ u in bind´ “ ÒK
unit

in bind a “ storepq in retpaq
unit

Σ; . $q`K
base

q c : b λu.release´ “ u in bind´ “ ÒK
base

in bind a “ storep!cq in retpaq
base

Σ;x : τ $q`K
var

q x : τ  λu.release´ “ u in bind´ “ ÒK
var

in bind a “ storex in retpaq
var

τ1
q{q1
Ñ τ2 P Σpfq

Σ;x : τ1 $
q`Kapp

1

q1´Kapp
2

f x : τ2  λu.E0

app

where
E0 “ release´ “ u in bind´ “ ÒK

app
1 in bindP “ storepq in E1

E1 “ bind f1 “ pf P xq in release f2 “ f1 in bind´ “ ÒK
app
2 in bind f3 “ store f2 in ret f3

Σ;H $q`K
nil

q nil : L~pτ  

λu.release´ “ u in bind´ “ ÒK
nil

in bind a “ storepq in bind b “ storexxa,nilyy in retpbq

nil

~p “ pp1, . . . , pkq

Σ;xh : τ, xt : LpŸ ~pqτ $q`p1`K
cons

q conspxh, xtq : Lpτ  
λu.release´ “ u in bind´ “ ÒK

cons
in E0

cons

where
E0 “ xt;x. letxxx1, x2yy “ x in E1

E1 “ release´ “ x1 in bind a “ storepq in bind b “ storexxa, xh :: x2yy in retpbq

Σ; Γ $
q´KmatN

1

q1`KmatN
2

e1 : τ 1  ea1

~p “ pp1, . . . , pkq Σ; Γ, h : τ, t : LpŸ ~pqτ $
q`p1´KmatC

1

q1`KmatN
2

e2 : τ 1  ea2

Σ; Γ;x : Lpτ $qq1 match x with |nil ÞÑ e1 |h :: t ÞÑ e2 : τ 1  λu.E0
match
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where
E0 “ release´ “ u in E0.1

E0.1 “ x; a. letxxx1, x2yy “ a in E1

E1 “ match x2 with |nil ÞÑ E2 |h :: lt ÞÑ E3

E2 “ bind´ “ ÒK
matN
1 in E2.1

E2.1 “ bind b “ storepq in E12
E12 “ bind c “ pea1 bq in E12.1
E12.1 “ release d “ c in E12.2
E12.2 “ bind´ “ ÒK

matN
2 in E12.3

E12.3 “ release´ “ x1 in store d

E3 “ bind´ “ ÒK
matC
1 in E3.1

E3.1 “ release´ “ x1 in E3.2

E3.2 “ bind b “ storepq in E3.3

E3.3 “ bind t “ retxxb, ltyy in E3.4

E3.4 “ bind d “ storepq in E3.5

E3.5 “ bind f “ ea2 d in E3.6

E3.6 “ release g “ f in E3.7

E3.7 “ bind´ “ ÒK
matC
2 in store g

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea τ “ τ1 . τ2 τ “ τ1 “ τ2 “ 1

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-unit

E0 “ λu.E1

E1 “ bind a “ coerce1,1,1 z in letxxx, yyy “ a in ea u

coerce1,1,1 : L1M(M 0 pL1M b L1Mq
coerce1,1,1 fi λu. retxx!pq, !pqyy

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea τ “ τ1 . τ2 τ “ τ1 “ τ2 “ b

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-base

E0 “ λu.E1

E1 “ bind a “ coerceb,b,b z in letxxx, yyy “ a in ea u

coerce1,1,1 : LbM(M 0 pLbM b LbMq
coerceb,b,b fi λu. let !u1 “ u in retxx!u1, !u1yy

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea

τ “ L~pτ2 τ1 “ L ~p1τ21 τ2 “ L ~p2τ22 τ2 “ τ21 . τ22 ~p “ ~p1 ` ~p2

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-list

E0 “ λu.E1

E1 “ bind a “ coerceτ,τ1,τ2 z in letxxx, yyy “ a in ea u

coerceL~pτ,L ~p1τ1,L ~p2τ2
:!pLτM(M 0 Lτ1M b Lτ2Mq( LL~pτM(M 0 LL ~p1τ1M b LL ~p2τ2M

coerceL~pτ,L ~p1τ1,L ~p2τ2
fi fixf.λ g.λe. let ! g1 “ g in e;x. letxxp, lyy “ x in E0

where
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E0 fi release´ “ p in E1

E1 fi match l with |nil ÞÑ E2.1 |h :: t ÞÑ E3

E2.1 fi bind z1 “ storepq in E2.2

E2.2 fi bind z2 “ storepq in E2.3

E2.3 fi retxxxxz1,nilyy, xxz2,nilyyyy
E3 fi bindH “ g1 h in E3.1

E3.1 fi bind ot “ pq in E3.2

E3.2 fi bindT “ f g xxot, tyy in E4

E4 fi letxxH1, H2yy “ H in E5

E5 fi letxxT1, T2yy “ T in E6

E6 fi T1; tp1. letxxp11, l
1
1yy “ tp1 in E7.1

E7.1 fi T2; tp2. letxxp12, l
1
2yy “ tp2 in E7.2

E7.2 fi release´ “ p11 in E7.3

E7.3 fi release´ “ p12 in E7.4

E7.4 fi bind o1 “ storepq in E7.5

E7.5 fi bind o2 “ storepq in E8

E8 fi retxxxxo1, H1 :: T1yy, xxo2, H2 :: T2yyyy

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea

τ “ τ1 . τ2 τ “ pτa, τbq τ1 “ pτ
1
a, τ

1
bq τ2 “ pτ

2
a , τ

2
b q

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-pair

E0 “ λu.E1

E1 “ bind a “ coercepτa,τbq,pτ 1a,τ 1bq,pτ2a ,τ
2
b q
z in letxxx, yyy “ a in ea u

coercepτa,τbq,pτ 1a,τbq,pτ2a ,τ2b q :!pLτaM ( M 0 Lτ 1aM b Lτ2a Mq (!pLτbM ( M 0 Lτ 1bM b Lτ2b Mq ( Lpτa, τbqM (
M 0 Lpτ 1a, τ 1bqM b Lpτ2a , τ2b qM
coercepτa,τbq,pτ 1a,τ 1bq,pτ2a ,τ

2
b q

fi λ g1.λ g2.λp. let !xxp1, p2yy “ p in E0

where
E0 fi let ! g11 “ g1 in E1

E1 fi let ! g12 “ g2 in E2

E2 fi bindP 11 “ g11p1 in E3

E3 fi bindP 12 “ g12p2 in E4

E4 fi let !xxp111, p
1
12yy “ P 11 in E5

E5 fi let !xxp121, p
1
22yy “ P 12 in E6

E6 fi retxxp111, p
1
21yy, xxp

1
12, p

1
22yy

Σ; Γ $qq1 e : τ  ea τ ă: τ 1

Σ; Γ $qq1 e : τ 1  ea
Sub

Σ; Γ, x : τ1 $
q
q1 e : τ  ea τ 11 ă: τ1

Σ; Γ, x : τ 11 $
q
q1 e : τ  ea

Super

Σ; Γ $pp1 e : τ  ea q ě p q ´ p ě q1 ´ p1

Σ; Γ $qq1 e : τ  λo.E0
Relax

where
E0 “ release´ “ o in E1
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E1 “ bind a “ storepq in E2

E2 “ bind b “ ea a in E3

E3 “ release c “ b in store c

Σ; Γ1 $
q´Klet

1
p e1 : τ1  ea1 Σ; Γ2, x : τ1 $

p´Klet
2

q1`Klet
3
e2 : τ1  ea2

Σ; Γ1,Γ2 $
q
q1 let x “ e1 in e2 : τ  Et

Let

where
Et “ λu.E0

E0 “ release´ “ u in E1

E1 “ bind´ “ ÒK
let
1 in E2

E2 “ bind a “ storepq in E3

E3 “ bind b “ ea1 a in E4

E4 “ releasex “ b in E5

E5 “ bind´ “ ÒK
let
2 in E6

E6 “ bind c “ storepq in E7

E7 “ bind d “ ea2 c in E8

E8 “ release f “ d in E9

E9 “ bind´ “ ÒK
let
3 in E10

E10 “ bind g “ store f in ret g

Σ;x1 : τ1, x2 : τ2 $
q`Kpair

q px1, x2q : pτ1, τ2q Et
pair

where
Et “ λu.E0

E0 “ release´ “ u in E1

E1 “ bind´ “ ÒK
pair

in E2

E2 “ bind a “ storepx1, x2q in ret a

τ “ pτ1, τ2q Σ,Γ, x1 : τ1, x2 : τ2 $
q´KmatP

1

q1`KmatP
2

e : τ 1  et

Σ; Γ, x : τ $qq match x with px1, x2q Ñ e : τ 1  Et
matP

where
Et “ λu.E0

E0 “ release´ “ u in E1

E1 “ bind´ “ ÒK
matP
1 in E2

E2 “ letxxx1, x2yy “ x in E3

E3 “ bind a “ storepq in E4

E4 “ bind b “ et a in E5

E5 “ release c “ b in E6

E6 “ bind´ “ ÒK
matP
2 in E7

E7 “ bind d “ store c in ret d

Σ; Γ $qq1 e : τ  ea

Σ; Γ, x : τ 1 $qq1 e : τ  ea
Augment
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2.5.1 Type preservation

Theorem 82 (Type preservation: Univariate RAML to λ-Amor ). If Σ; Γ $qq1 e : τ in Univariate

RAML then there exists e1 such that Σ; Γ $
q
q1 e : τ  e1 such that there is a derivation of

.; .; .; LΣM, LΓM $ e1 : rqs1(M 0 prq1sLτMq in λ-Amor .

Proof. By induction on Σ; Γ $qq1 e : τ

1. unit:

Σ; . $q`K
unit

q pq : unit λu.release´ “ u in bind´ “ ÒK
unit

in bind a “ storepq in retpaq
unit

E0 “ λu.release´ “ u in bind´ “ ÒK
unit

in bind a “ storepq in retpaq

E1 “ release´ “ u in bind´ “ ÒK
unit

in bind a “ storepq in retpaq

T0 “ rq `K
units1(M 0 prqsLunitMq

T1 “ rq `K
units1

T2 “Mpq `Kunitq prqs1q

T2.1 “Mpqq prqs1q
T3 “MKunit 1

T4 “M 0 prqs1q

T5 “M q prqs1q

D1:

.; .; .; LΣM; . $ storepq : T5 .; .; .; LΣM; a : rqs1 $ retpaq : T4

.; .; .; LΣM; . $ bind a “ storepq in retpaq : T5

D0:

.; .; .; LΣM; . $ ÒK
unit

: T3

D0.0:
D0 D1

.; .; .; LΣM; . $ bind´ “ ÒK
unit

in bind a “ storepq in retpaq : T2

T-bind

Main derivation:

.; .; .; LΣM;u : T1 $ u : T1
T-var D0.0

.; .; .; LΣM;u : T1 $ E1 : T4
T-release

.; .; .; LΣM; . $ E0 : T0
T-lam

2. base:

Σ; . $q`K
base

q c : b λu.release´ “ u in bind´ “ ÒK
base

in bind a “ storep!cq in retpaq
base
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E0 “ λu.release´ “ u in bind´ “ ÒK
base

in bind a “ storep!cq in retpaq

E1 “ release´ “ u in bind´ “ ÒK
base

in bind a “ storep!cq in retpaq

T0 “ rq `K
bases1(M 0 prqsLbMq

T1 “ rq `K
bases1

T2 “Mpq `Kbaseq prqs !bq

T2.1 “Mpqq prqs !bq
T3 “MKbase L1M

T4 “M 0 prqs !bq

T5 “M q prqs !bq

D1:

.; .; .; LΣM; . $ storep!cq : T5 .; .; .; LΣM; a : rqs !b $ retpaq : T4

.; .; .; LΣM; . $ bind a “ storep!cq in retpaq : T2.1

D0:

.; .; .; LΣM; . $ ÒK
base

: T3

D0.0:
D0 D1

.; .; .; LΣM; . $ bind´ “ ÒK
base

in bind a “ storep!cq in retpaq : T2

T-bind

Main derivation:

.; .; .; LΣM;u : T1 $ u : T1
T-var D0.0

.; .; .; LΣM;u : T1 $ E1 : T4
T-release

.; .; .; LΣM; . $ E0 : T0
T-lam

3. var:

Σ;x : τ $q`K
var

q x : τ  λu. bind´ “ ÒK
var

in retpxq
var

E0 “ λu.release´ “ u in bind´ “ ÒK
var

in bind a “ storex in retpaq

E1 “ release´ “ u in bind´ “ ÒK
var

in bind a “ storex in retpaq

T0 “ rq `K
vars1(M 0 prqsLτMq

T1 “ rq `K
vars1

T2 “M 0 prq `KvarsLτMq

T3 “MKvar L1M

T4 “M 0 prqsLτMq

T5 “M q prqsLτMq

D1:

.; .; .; LΣM;x : LτM $ storex : T5 .; .; .; LΣM; a : rqs LτM $ retpaq : T4

.; .; .; LΣM;x : LτM $ bind a “ storex in retpaq : T5
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D0:

.; .; .; LΣM;x : LτM $ ÒK
var

: T3

D0.0:

D0 D1

.; .; .; LΣM;x : LτM $ bind´ “ ÒK
var

in bind a “ storex in retpaq : T2

T-bind

Main derivation:

.; .; .; LΣM;u : T1 $ u : T1
T-var D0.0

.; .; .; LΣM;x : LτM, u : T1 $ E1 : T4
T-release

.; .; .; LΣM;x : LτM $ E0 : T0
T-lam

4. app:

τ1
q{q1
Ñ τ2 P Σpfq

Σ;x : τ1 $
q`Kapp

1

q1´Kapp
2

f x : τ2  λu.E0

app

where

E0 “ release´ “ u in bind´ “ ÒK
app
1 in bindP “ storepq in E1

E1 “ bind f1 “ pf P xq in release f2 “ f1 in bind´ “ ÒK
app
2 in bind f3 “ store f2 in ret f3

E1.1 “ release f2 “ f1 in bind´ “ ÒK
app
2 in bind f3 “ store f2 in ret f3

E1.2 “ bind´ “ ÒK
app
2 in bind f3 “ store f2 in ret f3

E1.3 “ bind f3 “ store f2 in ret f3

E1.4 “ store f2

E1.5 “ ret f3

E0.1 “ bind´ “ ÒK
app
1 in bindF “ f in E1

T0 “ rq `K
app
1 s1(M 0 prq1 ´Kapp

2 sLτMq

T0.1 “ rq `K
app
1 s1

T0.2 “M 0 prq1 ´Kapp
2 sLτ2Mq

T1 “Mpq `Kapp
1 q1

T1.2 “M 0 rq1 ´Kapp
2 s Lτ2M

T2 “MpKapp
1 q1

T3 “Mpqq Lτ2M

T4 “M q pLτ1M(M 0 rq1s Lτ2Mq

T4.1 “ pLτ1M(M 0 rq1s Lτ2Mq

T4.2 “M 0 rq1s Lτ2M

T4.3 “ rq
1s Lτ2M

T4.4 “Mp q1 ´Kapp
2 qrq1 ´Kapp

2 s Lτ2M
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T4.41 “Mp q1qrq1 ´Kapp
2 s Lτ2M

T4.5 “ rq
1 ´Kapp

2 s Lτ2M

T4.6 “M 0 rq1 ´Kapp
2 s Lτ2M

D2.3:

.; .; .; LΣM; f2 : Lτ2M $ E1.4 : T4.4 .; .; .; LΣM; f3 : T4.5 $ E1.5 : T4.6

.; .; .; LΣM; f2 : Lτ2M, f3 : T4.5 $ E1.3 : T4.4

D2.2:

.; .; .; LΣM; . $ ÒK
app
2 : MKapp

2 1
D2.3

.; .; .; LΣM; f2 : Lτ2M $ E1.2 : T4.41

D2.1:

.; .; .; LΣM; f1 : T4.3 $ f1 : T4.3
D2.2

.; .; .; LΣM; f1 : T4.3 $ E1.1 : T1.2

D2:

.; .; .; LΣM;x : Lτ1M, P : rqs1 $ f P x : T4.2
D2.1

.; .; .; LΣM;x : Lτ1M, P : rqs1 $ E1 : T1.2

D1:

.; .; .; LΣM; . $ storepq : M q rqs1
D2

.; .; .; LΣM;x : Lτ1M $ bindP “ storepq in E1 : T1.2

D0:

.; .; .; LΣM;x : Lτ1M $ ÒK
app
1 : T1

D1

.; .; .; LΣM;x : Lτ1M $ E0.1 : T1.2

Main derivation:

.; .; .; LΣM;u : T0.1 $ u : T0.1
T-var D0

.; .; .; LΣM;x : Lτ1M, u : T0.1 $ E0 : T0.2

.; .; .; LΣM;x : Lτ1M $ λu.E0 : T0

5. nil:

Σ;H $q`K
nil

q nil : L~pτ  

λu.release´ “ u in bind´ “ ÒK
nil

in bind a “ storepq in bind b “ storexxa,nilyy in retpbq

nil

E0 “ λu.release´ “ u in bind´ “ ÒK
nil

in bind a “ storepq in bind b “ storexxa,nilyy in
retpbq

E1 “ release´ “ u in bind´ “ ÒK
nil

in bind a “ storepq in bind b “ storexxa,nilyy in retpbq

E2 “ bind´ “ ÒK
nil

in bind a “ storepq in bind b “ storexxa,nilyy in retpbq

179



E3 “ bind a “ storepq in bind b “ storexxa,nilyy in retpbq

E4 “ bind b “ storexxa,nilyy in retpbq

E5 “ retpbq

T0 “ rq `K
nils1(M 0 prqs Dn.φp~p, nq b listrnsLτMq

T1 “ rpq `K
nilqs1

T2 “M 0 prqs Dn. rφp~p, nqs1 b listrnsLτMq

T3 “Mpq `Knilq prqs Dn. rφp~p, nqs1 b listrnsLτMq

T4 “MKnil 1

T5 “Mpqq prqs Dn. rφp~p, nqs1 b listrnsLτMq

T5.1 “ prqs Dn. rφp~p, nqs1 b listrnsLτMq

T6 “Mp0q prqs Dn. rφp~p, nqs1 b listrnsLτMq

D4:
φp~p, 0q “ 0

.; .; .; LΣM; a : r0s1 $ a : r0s1 .; .; .; LΣM; a : r0s1 $ nil : listr0sLτM
.; .; .; LΣM; a : r0s1 $ xxa,nilyy : T6r0{ns

.; .; .; LΣM; a : r0s1 $ xxa,nilyy : T6

D3:

.; .; .; LΣM; b : T5.1 $ E5 : T6

D2:
D4

.; .; .; LΣM; a : r0s1 $ storexxa,nilyy : T5
D3

.; .; .; LΣM; a : r0s1 $ E4 : T5

D1:

.; .; .; LΣM; . $ storepq : M 0 r0s1
D2

.; .; .; LΣM; . $ E3 : T5

D0:

.; .; .; LΣM; . $ ÒK
nil

: T4

D1

.; .; .; LΣM; . $ E2 : T3

Main derivation:

.; .; .; LΣM;u : T1 $ u : T1
D0

.; .; .; LΣM;u : T1 $ E1 : T2

.; .; .; LΣM; . $ E0 : T0

6. cons:

~p “ pp1, . . . , pkq

Σ;xh : τ, xt : LpŸ ~pqτ $q`p1`K
cons

q conspxh, xtq : Lpτ  
λu.release´ “ u in bind´ “ ÒK

cons
in E0

cons
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where

E0 “ xt;x. letxxx1, x2yy “ x in E1

E1 “ release´ “ x1 in bind a “ storepq in storexxa, xh :: x2yy

T0 “ rq ` p1 `K
conss1(M 0 prqs Dn1. rφp~p, n1qs1 b Ln

1LτMq

T1 “ rq ` p1 `K
conss1

T2 “M 0 prqs Dn1. rφp~p, n1qs1 b Ln
1LτMq

T2.1 “Mpq ` p1q prqs Dn
1. rφp~p, n1qs1 b Ln

1LτMq

T2.2 “Mpq ` p1 ` φpŸ~p, sqq prqs Dn
1. rφp~p, n1qs1 b Ln

1LτMq

T2.3 “Mpqq prqs Dn1. rφp~p, n1qs1 b Ln
1LτMq

T2.4 “ Dn
1. rφp~p, n1qs1 b Ln

1LτM

T2.5 “ rφp~p, n
1qs1 b Ln

1LτM

T3 “ rpp1 ` φpŸ~p, sqqs1

Tl “ Ds.prφpŸ~p, sqs1 b LsLτMq

Tl1 “ prφpŸ~p, sqs1 b LsLτMq

Tl2 “ rφpŸ~p, sqs1

Tl3 “ LsLτM

D1.4:

.; s : N; .; LΣM;xh : LτM, x2 : Tl3, a : T3 $ xxa, xh :: x2yy : T2.5rps` 1q{n1s

s : N $ s` 1 : N
.; s : N; .; LΣM;xh : LτM, x2 : Tl3, a : T3 $ xxa, xh :: x2yy : T2.4

.; s : N; .; LΣM;xh : LτM, x2 : Tl3, a : T3 $ storexxa, xh :: x2yy : T2.3

D1.3:

.; s : N; .; LΣM; . $ storepq : Mpp1 ` φpŸ~p, sqq rp1 ` φpŸ~p, sqs1
D1.4

.; s : N; .; LΣM;xh : LτM, x2 : Tl3 $ bind a “ storepq in storexxa, xh :: x2yy : T2.2

D1.2:

.; s : N; .; LΣM;x1 : Tl2 $ x1 : Tl2
D1.3

.; s : N; .; LΣM;xh : LτM, x1 : Tl2, x2 : Tl3 $ E1 : T2.1

D1.1:

.; s : N; .; LΣM;x : Tl1 $ x : Tl1
D1.2

.; s : N; .; LΣM;xh : LτM, x : Tl1 $ letxxx1, x2yy “ x in E1 : T2.1

D1:

.; .; .; .; LΣM;xt : Tl $ xt : Tl
D1.1

.; .; .; .; LΣM;xh : LτM, xt : Tl $ E0 : T2.1
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D0:

.; .; .; .; LΣM; . $ ÒK
cons D1

.; .; .; .; LΣM;xh : LτM, xt : Tl $ bind´ “ ÒK
cons

in E0 : T2.1

Main derivation:

.; .; .; .; LΣM;u : T1 $ u : T1
D0

.; .; .; .; LΣM;xh : LτM, xt : Tl, u : T1 $ release´ “ u in bind´ “ ÒK
cons

in E0 : T2

.; .; .; .; LΣM;xh : LτM, xt : Tl $ λu.release´ “ u in bind´ “ ÒK
cons

in E0 : T0

7. match:

Σ; Γ $
q´KmatN

1

q1`KmatN
2

e1 : τ 1  ea1

~p “ pp1, . . . , pkq Σ; Γ, h : τ, t : LpŸ ~pqτ $
q`p1´KmatC

1

q1`KmatC
2

e2 : τ 1  ea2

Σ; Γ, x : Lpτ $qq1 match x with |nil ÞÑ e1 |h :: t ÞÑ e2 : τ 1  λu.E0
match

where

E0 “ release´ “ u in E0.1

E0.1 “ x; a. letxxx1, x2yy “ a in E1

E1 “ match x2 with |nil ÞÑ E2 |h :: lt ÞÑ E3

E2 “ bind´ “ ÒK
matN
1 in E2.1

E2.1 “ bind b “ storepq in E12

E12 “ bind c “ pea1 bq in E12.1

E12.1 “ release d “ c in E12.2

E12.2 “ bind´ “ ÒK
matN
2 in E12.3

E12.3 “ release´ “ x1 in store d

E3 “ bind´ “ ÒK
matC
1 in E3.1

E3.1 “ release´ “ x1 in E3.2

E3.2 “ bind b “ storepq in E3.3

E3.3 “ bind t “ retxxb, ltyy in E3.4

E3.4 “ bind d “ storepq in E3.5

E3.5 “ bind f “ ea2 d in E3.6

E3.6 “ release g “ f in E3.7

E3.7 “ bind´ “ ÒK
matC
2 in store g

T0 “ rqs1(M 0 prq1s Lτ 1Mq

T1 “ rqs1

T2 “M 0 prq1s Lτ 1Mq

T2.0 “M q1 prq1s Lτ 1Mq

T2.1 “M q prq1s Lτ 1Mq

182



T2.10 “Mpq ´KmatC
1 q prq1s Lτ 1Mq

T2.11 “Mpq ´KmatN
1 q prq1s Lτ 1Mq

T2.12 “Mpq ´KmatN
1 q prpq ´KmatN qs1q

T2.13 “ prpq ´K
matN
1 qs1q

T3 “Mpq ´KmatC
1 ` p1 ` φpŸ~p, iqq rq

1s Lτ 1M

T3.0 “Mpq ´KmatC
1 ` p1q rq

1s Lτ 1M

T3.1 “M 0 rq1s Lτ 1M

T3.2 “Mpq1 `KmatC
2 q rq1s Lτ 1M

T4.0 “MpφpŸ~p, iqq1
T4.10 “M 0T4.1

T4.1 “ Ds
1.prpφpŸ~p, s1qqs1 b Ls

1LτMq

T4.11 “ prpφpŸ~p, iqqs1 b LiLτMq

T4.12 “ prpφpŸ~p, iqqs1

T4.13 “ LiLτMq

T4.2 “Mpq ´ kmatC1 ` p1q rpq ´ k
matC
1 ` p1qs1

T4.3 “M 0 rpq1 `KmatC
2 qs LτM

T4.4 “ rpq
1 `KmatC

2 qs LτM

Tb “ rφpŸ~p, s
1qs1

Tc “ Ds
1.prφpŸ~p, s1qs1 b Ls

1LτMq

Td “ rq ´K
matC
1 ` p1s1

Tf “ T4.4

Tg “ LτM

Tl “ Ds.prφp~p, sqs1 b LsLτMq

T 1l “ prφp~p, sqs1 b LsLτMq

Tl1 “ rφp~p, sqs1

Tl2 “ LsLτM

Tl3 “ Ds
1.prφpŸ~p, s1qs1 b Ls

1LτMq

Tl4 “ LiLτM

Tih1 “ rq ´K
matN
1 s1(M 0 prq1 `KmatN

2 s Lτ 1Mq

Tih1.1 “M 0 prq1 `KmatN
2 s Lτ 1Mq

Tih1.2 “ prq
1 `KmatN

2 s Lτ 1Mq

Tih2 “ rq ` p1 ´K
matC
1 s1(M 0 prq1 `KmatC

2 s Lτ 1Mq

Tih2.1 “M 0 prq1 `KmatC
2 s Lτ 1Mq

D3.8:

.; s, i; s “ i` 1; LΣM; g : Tg $ store g : M q1 rq1s LτM
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D3.7:

.; s, i; s “ i` 1; LΣM; . $ ÒK
matC
2 : MKmatC

2 1
E3.8

.; s, i; s “ i` 1; LΣM; g : Tg $ E3.7 : T3.3

D3.6:

.; s, i; s “ i` 1; LΣM; f : Tf $ f : Tf
E3.7

.; s, i; s “ i` 1; LΣM; f : Tf $ E3.6 : T3.2

D3.5:

.; s, i; s “ i` 1; LΣM; LΓM, h : LτM, t : Tc, d : Td $ ea2 d : T4.3
E3.6

.; s, i; s “ i` 1; LΣM; LΓM, h : LτM, t : Tc, d : Td $ E3.5 : T3.2

D3.4:

.; s, i; s “ i` 1; LΣM; . $ storepq : T4.2
E3.5

.; s, i; s “ i` 1; LΣM; LΓM, h : LτM, t : Tc $ E3.4 : T3.1

D3.31:

.; s, i; s “ i` 1; LΣM; lt : Tl4, b : Tb $ xxb, ltyy : T4.11

.; s, i; s “ i` 1; LΣM; lt : Tl4, b : Tb $ xxb, ltyy : T4.1

D3.3:
D3.31

.; s, i; s “ i` 1; LΣM; lt : Tl4, b : Tb $ retxxb, ltyy : T4.10
D3.4

.; s, i; s “ i` 1; LΣM; LΓM, h : LτM, lt : Tl4, b : Tb $ E3.3 : T3.1

D3.2:

.; s, i; s “ i` 1; LΣM; . $ storepq : T4.0
D3.3

.; s, i; s “ i` 1; LΣM; LΓM;h : LτM, lt : Tl4 $ E3.2 : T3

D3.1:

.; s, i; s “ i` 1; LΣM;x1 : Tl1 $ x1 : Tl1
D3.2

.; s, i; s “ i` 1; LΣM; LΓM, x1 : Tl1, h : LτM, lt : Tl4 $ E3.1 : T2.10

D3:

.; s, i; s “ i` 1; LΣM; . $ ÒK
matC
1 : MKmatC

1 1
D3.1

.; s, i; s “ i` 1; LΣM; LΓM, x1 : Tl1, h : LτM, lt : Tl4 $ E3 : T2.1

D2.32:

.; s; s “ 0; LΣM;x1 : Tl1 $ x1 : Tl1 .; s; s “ 0; LΣM; d : Lτ 1M $ store d : T2.0

.; s; s “ 0; LΣM;x1 : Tl1, d : Lτ 1M $ E12.3 : T2.0

D2.31:

.; s; s “ 0; LΣM; . $ ÒK
matN
2 : MKmatN

2 1
D2.32

.; s; s “ 0; LΣM;x1 : Tl1, d : Lτ 1M $ E12.2 : T3.2

184



D2.3:

.; s; s “ 0; LΣM; c : Tih1.2 $ c : Tih1.2

D2.31

.; s; s “ 0; LΣM;x1 : Tl1, c : Tih1.2 $ E12.1 : T2

D2.22:

.; s; s “ 0; LΣM; b : T2.13 $ b : T2.13

D2.21:

.; s; s “ 0; LΣM; LΓM $ ea1 : Tih1

D2.2:
D2.21 D2.22

.; s; s “ 0; LΣM; LΓM, b : T2.13 $ ea1 b : Tih1.1

D2.20:
D2.2 D2.3

.; s; s “ 0; LΣM; LΓM, x1 : Tl1, b : T2.13 $ E12 : T2

D2.1:

.; s; s “ 0; LΣM; . $ storepq : T2.12
D2.20

.; s; s “ 0; LΣM; LΓM, x1 : Tl1 $ E2.1 : T2.11

D2:

.; s; s “ 0; LΣM; . $ ÒK
matN
1 : MKmatN

1 1
D2.1

.; s; s “ 0; LΣM; LΓM, x1 : Tl1 $ E2 : T2.1

D1.1:

.; s; .; LΣM;x2 : Tl2 $ x2 : Tl2
D2 D3

.; s; .; LΣM; LΓM, x1 : Tl1, x2 : Tl2 $ E1 : T2.1

D1:

.; s; .; LΣM; a : T 1l $ a : T 1l
D1.1

.; s; .; LΣM; LΓM, a : T 1l $ letxxx1, x2yy “ a in E1 : T2.1

D0:

.; .; .; LΣM;x : Tl $ x : Tl
D1

.; .; .; LΣM; LΓM, x : Tl $ E0.1 : T2.1

Main derivation:

.; .; .; LΣM; LΓM, x : Tl, u : T1 $ u : T1
D0

.; .; .; LΣM; LΓM, x : Tl, u : T1 $ E0 : T2

.; .; .; LΣM; LΓM, x : Tl $ λu.E0 : T0
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8. Share:

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea τ “ τ1 . τ2 τ “ τ1 “ τ2 “ 1

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-unit

E0 “ λu.E1

E1 “ bind a “ coerce1,1,1 z in letxxx, yyy “ a in ea u

T0 “ rqs1(M 0 prq1s Lτ 1Mq

D1:

.; .; .; LΣM; LΓM, u : rqs1, x : Lτ1M, y : Lτ2M $ ea : T0 .; .; .; LΣM;u : rqs1 $ u : rqs1

.; .; .; LΣM; LΓM, u : rqs1, x : Lτ1M, y : Lτ2M $ ea u : M 0 rq1s1

D0:

.; .; .; LΣM; a : pLτ1M b Lτ2Mq $ a : pLτ1M b Lτ2Mq
D1

.; .; .; LΣM; LΓM, u : rqs1, a : pLτ1M b Lτ2Mq $ letxxx, yyy “ a in ea u : rqs(M 0 rqs Lτ 1M

Main derivation:

Dc1
.; .; .; LΣM; z : LτM $ z : LτM

.; .; .; LΣM; z : LτM $ coerce1,1,1 z : M 0 pLτ1M b Lτ2Mq
D0

.; .; .; LΣM; LΓM, z : LτM, u : rqs1 $ E0 : M 0 rq1s Lτ 1M
.; .; .; LΣM; LΓM, z : LτM $ λu.E0 : T0

coerce1,1,1 : L1M(M 0 pL1M b L1Mq

coerce1,1,1 fi λu. retxx!pq, !pqyy

Tc0 “ L1M(M 0 pL1M b L1Mq

Tc1 “M 0 pL1M b L1Mq

Tc2 “ L1M b L1M

Dc1:

.; .; .; .; . $ xx!pq, !pqyy : Tc2

.; .; .; .;u : L1M $ xx!pq, !pqyy : Tc2

.; .; .; .;u : L1M $ retxx!pq, !pqyy : Tc1

.; .; .; .; . $ λu. retxx!pq, !pqyy : Tc0

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea τ “ τ1 . τ2 τ “ τ1 “ τ2 “ b

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-base
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E0 “ λu.E1

E1 “ bind a “ coerceb,b,b z in letxxx, yyy “ a in ea u

T0 “ rqs1(M 0 rq1s Lτ 1M

D1:

.; .; .; LΣM; LΓM, u : rqs1, x : Lτ1M, y : Lτ2M $ ea : T0 .; .; .; LΣM;u : rqs1 $ u : rqs1

.; .; .; LΣM; LΓM, u : rqs1, x : Lτ1M, y : Lτ2M $ ea u : M 0 rq1s1

D0:

.; .; .; LΣM; a : pLτ1M b Lτ2Mq $ a : pLτ1M b Lτ2Mq
D1

.; .; .; LΣM; LΓM, u : rqs1, a : pLτ1M b Lτ2Mq $ letxxx, yyy “ a in ea u : rqs(M 0 rqs Lτ 1M

Main derivation:

Dc1
.; .; .; LΣM; z : LτM $ z : LτM

.; .; .; LΣM; z : LτM $ coerceb,b,b z : M 0 pLτ1M b Lτ2Mq
D0

.; .; .; LΣM; LΓM, z : LτM, u : rqs1 $ E0 : M 0 rq1s Lτ 1M
.; .; .; LΣM; LΓM, z : LτM $ λu.E0 : T0

coerceb,b,b : LbM(M 0 pLbM b LbMq

coerceb,b,b fi λu. let !u1 “ u in retxx!u1, !u1yy

Tc0 “ LbM(M 0 pLbM b LbMq

Tc1 “M 0 pLbM b LbMq

Tc2 “ LbM b LbM

Dc2:

.; .; .;u1 : b; . $ xx!u1, !u1yy : Tc2

.; .; .;u1 : b; . $ retxx!u1, !u1yy : Tc1

Dc1:

.; .; .; .;u :!b $ u :!b
Dc2

.; .; .; .;u : LbM $ let !u1 “ u in retxx!u1, !u1yy : Tc1

.; .; .; .; . $ λu. let !u1 “ u in retxx!u1, !u1yy : Tc0

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea

τ “ L~pτ2 τ1 “ L ~p1τ21 τ2 “ L ~p2τ22 τ2 “ τ21 . τ22 ~p “ ~p1 ` ~p2

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-list

187



E0 “ λu.E1

E1 “ bind a “ coerceτ,τ1,τ2 z in letxxx, yyy “ a in ea u

T0 “ rqs1(M 0 prq1s Lτ 1Mq

D1:

.; .; .; LΣM; LΓM, u : rqs1, x : Lτ1M, y : Lτ2M $ ea : T0 .; .; .; LΣM;u : rqs1 $ u : rqs1

.; .; .; LΣM; LΓM, u : rqs1, x : Lτ1M, y : Lτ2M $ ea u : M 0 rq1s1

D0:

.; .; .; LΣM; a : pLτ1M b Lτ2Mq $ a : pLτ1M b Lτ2Mq
D1

.; .; .; LΣM; LΓM, u : rqs1, a : pLτ1M b Lτ2Mq $ letxxx, yyy “ a in ea u : rqs(M 0 rqs Lτ 1M

Main derivation:

.; .; .; LΣM; z : LτM $ coerceτ,τ1,τ2 z : M 0 pLτ1M b Lτ2Mq
D0

.; .; .; LΣM; LΓM, z : LτM, u : rqs1 $ E0 : M 0 rq1s Lτ 1M
.; .; .; LΣM; LΓM, z : LτM $ λu.E0 : T0

coerceL~pτ,L ~p1τ1,L ~p2τ2
:!pLτM(M 0 Lτ1M b Lτ2Mq( LL~pτM(M 0 LL ~p1τ1M b LL ~p2τ2M

coerceL~pτ,L ~p1τ1,L ~p2τ2
fi fixf.λ g.λe. let ! g1 “ g in e;x. letxxp, lyy “ x in E0

where

E0 fi release´ “ p in E1

E1 fi match l with |nil ÞÑ E2.1 |h :: t ÞÑ E3

E2.1 fi bind z1 “ storepq in E2.2

E2.2 fi bind z2 “ storepq in E2.3

E2.3 fi retxxxxz1,nilyy, xxz2,nilyyyy

E3 fi bindH “ g1 h in E3.1

E3.1 fi bind ot “ pq in E3.2

E3.2 fi bindT “ f g xxot, tyy in E4

E4 fi letxxH1, H2yy “ H in E5

188



E5 fi letxxT1, T2yy “ T in E6

E6 fi T1; tp1. letxxp11, l
1
1yy “ tp1 in E7.1

E7.1 fi T2; tp2. letxxp12, l
1
2yy “ tp2 in E7.2

E7.2 fi release´ “ p11 in E7.3

E7.3 fi release´ “ p12 in E7.4

E7.4 fi bind o1 “ storepq in E7.5

E7.5 fi bind o2 “ storepq in E8

E8 fi retxxxxo1, H1 :: T1yy, xxo2, H2 :: T2yyyy

T0 “!pLτM(M 0 pLτ1M b Lτ2Mqq( LL~pτM(M 0 pLL ~p1τ1M b LL ~p2τ2Mq

T1 “!pLτM(M 0 pLτ1M b Lτ2Mqq

T 11 “ pLτM(M 0 pLτ1M b Lτ2Mqq

T1.0 “ Ds.prφp~p, sqs1 b LsLτMq

T1.1 “ prφp~p, sqs1 b LsLτMq

T1.2 “ rφp~p, sqs1

T1.3 “ LsLτM

T2 “ LL~pτM(M 0 pLL ~p1τ1M b LL ~p2τ2Mq

T3 “M 0 pLL ~p1τ1M b LL ~p2τ2Mq

T3.1 “Mpφp~p, sqq pLL ~p1τ1M b LL ~p2τ2Mq

T3.11 “MpφpŸ~p, s´ 1qq prpφpŸ~p, s´ 1qqs1q

T3.12 “ rpφpŸ~p, s´ 1qqs1

T4 “M 0 pLτ1M b Lτ2Mq

T4.1 “ pLτ1M b Lτ2Mq

T5 “M 0 pLLŸ ~p1τ1M b LLŸ ~p2τ2Mq

T5.1 “ pLLŸ ~p1τ1M b LLŸ ~p2τ2Mq

T5.2 “ LLŸ ~p1τ1M “ Ds11.prφpŸ~p1, s
1
1qs1 b Ls

1
1Lτ1Mq

T5.21 “ prφpŸ~p1, s
1
1qs1 b Ls

1
1Lτ1Mq

T5.22 “ rφpŸ~p1, s
1
1qs1

T5.23 “ Ls
1
1Lτ1M

T5.3 “ LLŸ ~p2τ2M “ Ds12.prφpŸ~p2, s
1
2qs1 b Ls

1
2Lτ2Mq

T5.31 “ prφpŸ~p2, s
1
2qs1 b Ls

1
2Lτ2Mq

T5.32 “ rφpŸ~p2, s
1
2qs1
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T5.33 “ Ls
1
2Lτ2M

P1 “ ~p1 Ó1 `φpŸ~p1, s
1
1q

P2 “ ~p2 Ó1 `φpŸ~p2, s
1
2q

T6 “MP1 prP1s1q

T6.1 “ rP1s1

T7 “MP2 prP2s1q

T7.1 “ rP2s1

T8.0 “Mp~p Ó1q pLL ~p1τ1M b LL ~p2τ2Mq

T8.1 “Mp~p Ó1 `P1q pLL ~p1τ1M b LL ~p2τ2Mq

T8.2 “Mp~p Ó1 `P1 ` P2q pLL ~p1τ1M b LL ~p2τ2Mq

T8.3 “Mp~p2 Ó1 `P2q pLL ~p1τ1M b LL ~p2τ2Mq

T8.4 “M 0 pLL ~p1τ1M b LL ~p2τ2Mq

T8.41 “ LL ~p1τ1M b LL ~p2τ2M

T8.5 “ LL ~p1τ1M

T8.51 “ Ds1.prφp~p1, s1qs1 b Lrs1sLτ1Mq

T8.52 “ prφp~p1, s
1
1qs1 b Ls

1
1Lτ1Mq

T8.6 “ LL ~p2τ2M

T8.61 “ Ds2.prφp~p2, s2qs1 b Lrs2sLτ2Mq

T8.62 “ prφp~p2, s
1
2qs1 b Ls

1
2Lτ2Mq

D1.82:

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H2 : Lτ2M, l12 : T5.33, o2 : T7.1 $ xxo2, H2 :: l12yy : T8.62

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H2 : Lτ2M, l12 : T5.33, o2 : T7.1 $ xxo2, H2 :: l12yy : T8.61

D1.81:

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, l11 : T5.23, o1 : T6.1 $ xxo1, H1 :: l11yy : T8.52

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, l11 : T5.23, o1 : T6.1 $ xxo1, H1 :: l11yy : T8.51

D1.8:

D1.81 D1.182

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, l11 : T5.23, l
1
2 : T5.33, o1 : T6.1, o2 : T7.1 $

xxxxo1, H1 :: l11yy, xxo2, H2 :: l12yyyy : T8.41

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, l11 : T5.23, l
1
2 : T5.33, o1 : T6.1, o2 : T7.1 $

retxxxxo1, H1 :: l11yy, xxo2, H2 :: l12yyyy : T8.4

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, l11 : T5.23, l
1
2 : T5.33, o1 : T6.1, o2 : T7.1 $ E8 : T8.4

D1.75:

.; s12, s
1
1, s; .; g

1 : T 11, f : T0; . $ storepq : T7
D1.8

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, l11 : T5.23, l
1
2 : T5.33, o1 : T6.1 $

bind o2 “ storepq in E8 : T8.3

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, l11 : T5.23, l
1
2 : T5.33, o1 : T6.1 $ E7.5 : T8.3
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D1.74:

.; s12, s
1
1, s; .; g

1 : T 11, f : T0; . $ storepq : T6
D1.75

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, l11 : T5.23, l
1
2 : T5.33 $ bind o1 “ storepq in E7.5 : T8.2

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, l11 : T5.23, l
1
2 : T5.33 $ E7.4 : T8.2

D1.73:

.; s12, s
1
1, s; .; g

1 : T 11, f : T0; p12 : T5.32 $ p12 : T5.32
D1.74

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, l11 : T5.23, p
1
2 : T5.32, l

1
2 : T5.33 $

release´ “ p12 in E7.4 : T8.1

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, l11 : T5.23, p
1
2 : T5.32, l

1
2 : T5.33 $ E7.3 : T8.1

D1.72:

.; s12, s
1
1, s; .; g

1 : T 11, f : T0; p11 : T5.22 $ p11 : T5.22
D1.73

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, p11 :, l11 :, p12 : T5.32, l
1
2 : T5.33 $

release´ “ p11 in E7.3 : T8.0

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, p11 :, l11 :, p12 : T5.32, l
1
2 : T5.33 $ E7.2 : T8.0

D1.711:

.; s12, s
1
1, s; .; g

1 : T 11, f : T0; tp2 : T5.31 $ tp2 : T5.31
D1.72

.; s12, s
1
1, s; .; g

1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, p11 : T5.22, l
1
1 : T5.23, tp2 : T5.31 $

letxxp12, l
1
2yy “ tp2 in E7.2 : T8.0

D1.71:

.; s11, s; .; g
1 : T 11, f : T0;T2 : T5.3 $ T2 : T5.3

D1.711

.; s11, s; .; g
1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, T2 : T5.3, p

1
1 : T5.22, l

1
1 : T5.23 $

T2; tp2. letxxp12, l
1
2yy “ tp2 in E7.2 : T8.0

.; s11, s; .; g
1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, T2 : T5.3, p

1
1 : T5.22, l

1
1 : T5.23 $ E7 : T8.0

D1.61:

.; s11, s; .; g
1 : T 11, f : T0; tp1 : T5.21 $ tp1 : T5.21

D1.71

.; s11, s; .; g
1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, T2 : T5.3, tp1 : T5.21 $ letxxp11, l

1
1yy “ tp1 in E7 : T8.0

D1.6:

.; s; .; g1 : T 11, f : T0;T1 : T5.2 $ T1 : T5.2

.; s; .; g1 : T 11, f : T0; p : T1.2, H1 : Lτ1M, H2 : Lτ2M, T1 : T5.2, T1 : T5.3 $

T1; tp1. letxxp11, l
1
1yy “ tp1 in E7 : T8.0

D1.61

.; s; .; g1 : T 11, f : T0;H1 : Lτ1M, H2 : Lτ2M, T1 : T5.2, T1 : T5.3 $ E6 : T8.0
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D1.5:

.; s; .; g1 : T 11, f : T0;T : T5.1 $ T : T5.1
D1.6

.; s; .; g1 : T 11, f : T0; p : T1.2, H1 : Lτ1M, H2 : Lτ2M, T : T5.1 $ letxxT1, T2yy “ T in E6 : T8.0

.; s; .; g1 : T 11, f : T0; p : T1.2, H1 : Lτ1M, H2 : Lτ2M, T : T5.1 $ E5 : T8.0

D1.4:

.; s; .; g1 : T 11, f : T0;H : T4.1 $ H : T4.1
D1.5

.; s; .; g1 : T 11, f : T0; p : T1.2, H : T4.1, T : T5.1 $ letxxH1, H2yy “ H in E5 : T8.0

.; s; .; g1 : T 11, f : T0; p : T1.2, H : T4.1, T : T5.1 $ E4 : T8.0

D1.3:

.; s; .; g1 : T 11, f : T0; t : Ls´1LτM, ot : T3.12 $ f xxot, tyy : T5

D1.4

.; s; .; g1 : T 11, f : T0; p : T1.2, H : T4.1, t : Ls´1LτM, ot : T3.12 $ bindT “ f xxot, tyy in E4 : T8.0

D1.21:

.; s; .; g1 : T 11, f : T0; p : T1.2, h : LτM, t : Ls´1LτM $ storepq : T3.11

D1.3

.; s; .; g1 : T 11, f : T0; p : T1.2, h : LτM, t : Ls´1LτM $ bind ot “ storepq in E3.2 : T3.1

.; s; .; g1 : T 11, f : T0; p : T1.2, h : LτM, t : Ls´1LτM $ E3.1 : T3.1

D1.2:

.; s; .; g1 : T 11, f : T0;h : LτM $ g1 h : T4
D1.3

.; s; .; g1 : T 11, f : T0; p : T1.2, h : LτM, t : Ls´1LτM $ bindH “ g1 h in E3.1 : T3.1

.; s; .; g1 : T 11, f : T0; p : T1.2, h : LτM, t : Ls´1LτM $ E3 : T3.1

D1.14:

.; s; .; g1 : T 11, f : T0; z2 : r0s1 $ z2 : r0s1 .; s; .; g1 : T 11, f : T0; z2 : r0s1 $ nil : L0Lτ2M
.; s; .; g1 : T 11, f : T0; z2 : r0s1 $ xxz2,nilyy : pr0s1 b L0Lτ2Mq

.; s; .; g1 : T 11, f : T0; z2 : r0s1 $ xxz2,nilyy : Ds1.prs1s1 b Ls
1

Lτ2Mq

D1.13:

.; s; .; g1 : T 11, f : T0; z1 : r0s1 $ z1 : r0s1 .; s; .; g1 : T 11, f : T0; z1 : r0s1 $ nil : L0Lτ1M
.; s; .; g1 : T 11, f : T0; z1 : r0s1 $ xxz1,nilyy : pr0s1 b L0Lτ1Mq

.; s; .; g1 : T 11, f : T0; z1 : r0s1 $ xxz1,nilyy : Ds1.prs1s1 b Ls
1

Lτ1Mq

D1.12:

D1.13 D1.14

.; s; .; g1 : T 11, f : T0; z1 : r0s1, z2 : r0s1 $ xxxxz1,nilyy, xxz2,nilyyyy : T3.2

.; s; .; g1 : T 11, f : T0; z1 : r0s1, z2 : r0s1 $ retxxxxz1,nilyy, xxz2,nilyyyy : T3.1

.; s; .; g1 : T 11, f : T0; z1 : r0s1, z2 : r0s1 $ E2.3 : T3.1
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D1.11:

.; s; .; g1 : T 11, f : T0; . $ storepq : M 0 r0s1
D1.12

.; s; .; g1 : T 11, f : T0; z1 : r0s1 $ bind z2 “ storepq in E2.3 : T3.1

.; s; .; g1 : T 11, f : T0; z1 : r0s1 $ E2.2 : T3.1

D1.10:

.; s; .; g1 : T 11, f : T0; . $ storepq : M 0 r0s1
D1.11

.; s; .; g1 : T 11, f : T0; . $ bind z1 “ storepq in E2.2 : T3.1

.; s; .; g1 : T 11, f : T0; . $ E2.1 : T3.1

D1:

.; s; .; g1 : T 11, f : T0; l : T1.3 $ l : T1.3
D1.10 D1.2

.; s; .; g1 : T 11, f : T0; p : T1.2, l : T1.3 $ match l with |nil ÞÑ E2 |h :: t ÞÑ E3 : T3.1

D0.3:

.; s; .; g1 : T 11, f : T0; p : T1.2 $ p : T1.2
D1

.; s; .; g1 : T 11, f : T0; p : T1.2, l : T1.3 $ release´ “ p in E1 : T3

.; s; .; g1 : T 11, f : T0; p : T1.2, l : T1.3 $ E0 : T3

D0.2:

.; s; .; g1 : T 11, f : T0;x : T1.1 $ x : T1.1
D0.3

.; s; .; g1 : T 11, f : T0;x : T1.1 $ letxxp, lyy “ x in E0 : T3

D0.1:

.; .; .; g1 : T 11, f : T0; e : LLpτM $ e : LLpτM
D0.2

.; .; .; g1 : T 11, f : T0; e : LLpτM $ e;x. letxxp, lyy “ x in E0 : T3

D0:

.; .; .; f : T0; g : T1 $ g : T1
D1.1

.; .; .; f : T0; g : T1, e : LLpτM $ let ! g1 “ g in e;x. letxxp, lyy “ x in E0 : T3

.; .; .; f : T0; g : T1 $ λe. let ! g1 “ g in e;x. letxxp, lyy “ x in E0 : T2

.; .; .; f : T0; . $ λ g.λe. let ! g1 “ g in e;x. letxxp, lyy “ x in E0 : T0

.; .; .; .; . $ fixf.λ g.λe. let ! g1 “ g in e;x. letxxp, lyy “ x in E0 : T0

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea

τ “ τ1 . τ2 τ “ pτa, τbq τ1 “ pτ
1
a, τ

1
bq τ2 “ pτ

2
a , τ

2
b q

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-pair

E0 “ λu.E1

E1 “ bind a “ coercepτa,τbq,pτ 1a,τ 1bq,pτ2a ,τ
2
b q
z in letxxx, yyy “ a in ea u

T0 “ rqs1(M 0 prq1s Lτ 1Mq
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D1:

.; .; .; LΣM; LΓM, u : rqs1, x : Lτ1M, y : Lτ2M $ ea : T0 .; .; .; LΣM;u : rqs1 $ u : rqs1

.; .; .; LΣM; LΓM, u : rqs1, x : Lτ1M, y : Lτ2M $ ea u : M 0 rq1s1

D0:

.; .; .; LΣM; a : pLτ1M b Lτ2Mq $ a : pLτ1M b Lτ2Mq
D1

.; .; .; LΣM; LΓM, u : rqs1, a : pLτ1M b Lτ2Mq $ letxxx, yyy “ a in ea u : rqs(M 0 rqs Lτ 1M

Main derivation:

.; .; .; LΣM; z : LτM $ coercepτa,τbq,pτ 1a,τ 1bq,pτ2a ,τ
2
b q
z : M 0 pLτ1M b Lτ2Mq

D0

.; .; .; LΣM; LΓM, z : LτM, u : rqs1 $ E0 : M 0 rq1s Lτ 1M
.; .; .; LΣM; LΓM, z : LτM $ λu.E0 : T0

coercepτa,τbq,pτ 1a,τbq,pτ2a ,τ2b q :!pLτaM(M 0 Lτ 1aM b Lτ2a Mq(!pLτbM(M 0 Lτ 1bM b Lτ2b Mq( Lpτa, τbqM(
M 0 Lpτ 1a, τ 1bqM b Lpτ2a , τ2b qM

coercepτa,τbq,pτ 1a,τ 1bq,pτ2a ,τ
2
b q

fi λ g1.λ g2.λp. let !xxp1, p2yy “ p in E0

where

E0 fi let ! g11 “ g1 in E1

E1 fi let ! g12 “ g2 in E2

E2 fi bindP 11 “ g11p1 in E3

E3 fi bindP 12 “ g12p2 in E4

E4 fi let !xxp111, p
1
12yy “ P 11 in E5

E5 fi let !xxp121, p
1
22yy “ P 12 in E6

E6 fi retxxp111, p
1
21yy, xxp

1
12, p

1
22yy

T0 “!pLτaM(M 0 pLτ 1aM b Lτ2a Mqq(!pLτbM(M 0 pLτ 1bM b Lτ2b Mqq(
Lpτa, τbqM(M 0 pLpτ 1a, τ 1bqM b Lpτ2a , τ2b qMq

T0.31 “!pLτaM(M 0 pLτ 1aM b Lτ2a Mqq

T0.32 “ pLτaM(M 0 pLτ 1aM b Lτ2a Mqq

T0.4 “!pLτbM(M 0 pLτ 1bM b Lτ2b Mqq( Lpτa, τbqM(M 0 pLpτ 1a, τ 1bqM b Lpτ2a , τ2b qMq

T0.41 “!pLτbM(M 0 pLτ 1bM b Lτ2b Mqq

T0.42 “ pLτbM(M 0 pLτ 1bM b Lτ2b Mqq

T0.5 “ Lpτa, τbqM(M 0 pLpτ 1a, τ 1bqM b Lpτ2a , τ2b qMq

T0.51 “ Lpτa, τbqM

T0.6 “M 0 pLpτ 1a, τ 1bqM b Lpτ2a , τ2b qMq

T0.61 “ pLpτ 1a, τ 1bqM b Lpτ2a , τ2b qMq

T1 “M 0 pLτ 1aM b Lτ2a Mq

T1.1 “ pLτ 1aM b Lτ2a Mq
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T1.11 “ Lτ 1aM

T1.12 “ Lτ2a M

T2 “M 0 pLτ 1bM b Lτ2b Mq

T2.1 “ pLτ 1bM b Lτ2b Mq

T2.11 “ Lτ 1bM

T2.12 “ Lτ2b M

D6:

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; p111 : T1.11, p

1
12 : T1.12, p

1
21 : T2.11, p

1
22 : T2.12 $

xxp111, p
1
21yy, xxp

1
12, p

1
22yy : T0.61

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; p111 : T1.11, p

1
12 : T1.12, p

1
21 : T2.11, p

1
22 : T2.12 $

retxxp111, p
1
21yy, xxp

1
12, p

1
22yy : T0.6

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; p111 : T1.11, p

1
12 : T1.12, p

1
21 : T2.11, p

1
22 : T2.12 $ E6 : T0.6

D5:

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42;P 12 : T2.1 $ P 12 : T2.1

D6

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; , P 12 : T2.1, p

1
11 : T1.11, p

1
12 : T1.12 $ let !xxp121, p

1
22yy “ P 12 in E6 : T0.6

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; , P 12 : T2.1, p

1
11 : T1.11, p

1
12 : T1.12 $ E5 : T0.6

D4:

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; , P 11 : T1.1 $ P 11 : T1.1

D5

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42;P 11 : T1.1, P

1
2 : T2.1 $ let !xxp111, p

1
12yy “ P 11 in E5 : T0.6

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42;P 11 : T1.1, P

1
2 : T2.1 $ E4 : T0.6

D3:

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; p2 : Lτ2M $ g12p2 : T2

D4

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; p2 : Lτ2M, P 11 : T1.1 $ bindP 12 “ g12p2 in E4 : T0.6

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; p2 : Lτ2M, P 11 : T1.1 $ E3 : T0.6

D2:

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; p1 : Lτ1M $ g11p1 : T1

D3

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; p1 : Lτ1M, p2 : Lτ2M $ bindP 11 “ g11p1 in E3 : T0.6

.; .; .; f : T0; g11 : T0.32, g
1
2 : T0.42; p1 : Lτ1M, p2 : Lτ2M $ E2 : T0.6

D1:

.; .; .; f : T0; g11 : T0.32; g2 : T0.41 $ g2 : T0.41
D2

.; .; .; f : T0; g11 : T0.32; g2 : T0.41, p1 : Lτ1M, p2 : Lτ2M $ let ! g12 “ g2 in E2 : T0.6

.; .; .; f : T0; g11 : T0.32; g2 : T0.41, p1 : Lτ1M, p2 : Lτ2M $ E1 : T0.6
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D0.1:

.; .; .; f : T0; g1 : T0.31 $ g1 : T0.31
D1

.; .; .; f : T0; g1 : T0.31, g2 : T0.41, p1 : Lτ1M, p2 : Lτ2M $ let ! g11 “ g1 in E1 : T0.6

.; .; .; f : T0; g1 : T0.31, g2 : T0.41, p1 : Lτ1M, p2 : Lτ2M $ E0 : T0.6

D0:

.; .; .; f : T0; p : T0.51 $ p : T0.51
D0.1

.; .; .; f : T0; g1 : T0.31, g2 : T0.41, p : T0.51 $ let !xxp1, p2yy “ p in E0 : T0.6

.; .; .; f : T0; g1 : T0.31, g2 : T0.41 $ λp. let !xxp1, p2yy “ p in E0 : T0.5

.; .; .; f : T0; g1 : T0.31 $ .λ g2.λp. let !xxp1, p2yy “ p in E0 : T0.4

.; .; .; f : T0; . $ λ g1.λ g2.λp. let !xxp1, p2yy “ p in E0 : T0

.; .; .; .; . $ fixf.λ g1.λ g2.λp. let !xxp1, p2yy “ p in E0 : T0

9. Sub:

Σ; Γ $qq1 e : τ  ea τ ă: τ 1

Σ; Γ $qq1 e : τ 1  ea
Sub

Main derivation:

.; .; .; LΣM; LΓM $ ea : rqs1(M 0 prq1sLτMq
τ ă: τ 1

.; .; . $ LτM ă: Lτ 1M
Lemma 83

.; .; .; LΣM; LΓM $ ea : rqs1(M 0 prq1sLτ 1Mq
T-sub

10. Super:

Σ; Γ, x : τ1 $
q
q1 e : τ  ea τ 11 ă: τ1

Σ; Γ, x : τ 11 $
q
q1 e : τ  ea

Super

Main derivation:

.; .; .; LΣM; LΓM, x : Lτ1M $ ea : rqs1(M 0 prq1sLτMq
τ 11 ă: τ1

.; .; . $ Lτ 11M ă: Lτ1M
Lemma 83

.; .; .; LΣM; LΓM, x : Lτ 11M $ ea : rqs1(M 0 prq1sLτMq
T-weaken

11. Relax:

Σ; Γ $pp1 e : τ  ea q ě p q ´ p ě q1 ´ p1

Σ; Γ $qq1 e : τ  λo.E0
Relax

where

E0 “ release´ “ o in E1

E1 “ bind a “ storepq in E2

E2 “ bind b “ ea a in E3
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E3 “ release c “ b in store c

D2:

.; .; .; LΣM; b : rp1sLτM $ b : rp1sLτM

.; .; .; LΣM; c : LτM $ store c : Mpq ´ p` p1q prq ´ p` p1sLτMq
.; .; .; LΣM; b : rp1sLτM $ E3 : Mpq ´ pq prq ´ p` p1sLτMq

D1.2:

.; .; .; LΣM; a : rps1 $ a : rps1

D1.1:

.; .; .; LΣM; LΓM $ ea : rps1(M 0 prp1sLτMq
IH

D1:
D1.1 D1.2

.; .; .; LΣM; LΓM, a : rps1 $ ea a : M 0 prp1sLτMq
D2

.; .; .; LΣM; LΓM, a : rps1 $ E2 : Mpq ´ pq prq ´ p` p1sLτMq

D0:

.; .; .; LΣM; . $ storepq : M p prps1q
D1

.; .; .; LΣM; LΓM $ E1 : Mpqq prq ´ p` p1sLτMq

D0.0:

q1 ď q ´ p` p1
Given

.; .; . $ prq ´ p` p1sLτMq ă: prq1sLτMq
.; .; . $M 0 prq ´ p` p1sLτMq ă: M 0 prq1sLτMq

Main derivation:

.; .; .; LΣM; o : rqs1 $ o : rqs1
D0

.; .; .; LΣM; LΓM, o : rqs1 $ E0 : M 0 prq ´ p` p1sLτMq
D0.0

.; .; .; LΣM; LΓM, o : rqs1 $ E0 : M 0 prq1sLτMq
T-sub

.; .; .; LΣM; LΓM $ λo.E0 : rqs1(M 0 prq1sLτMq

12. Let:

Σ; Γ1 $
q´Klet

1
p e1 : τ1  ea1 Σ; Γ2, x : τ1 $

p´Klet
2

q1`Klet
3
e2 : τ1  ea2

Σ; Γ1,Γ2 $
q
q1 let x “ e1 in e2 : τ  Et

Let

where

Et “ λu.E0

E0 “ release´ “ u in E1

E1 “ bind´ “ ÒK
let
1 in E2

E2 “ bind a “ storepq in E3
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E3 “ bind b “ ea1 a in E4

E4 “ releasex “ b in E5

E5 “ bind´ “ ÒK
let
2 in E6

E6 “ bind c “ storepq in E7

E7 “ bind d “ ea2 c in E8

E8 “ release f “ d in E9

E9 “ bind´ “ ÒK
let
3 in E10

E10 “ bind g “ store f in ret g

T0 “ rqs1(M 0 prq1sLτMq

T0.1 “ rqs1

T0.2 “M 0 prq1sLτMq

T0.3 “M q prq1sLτMq

T0.4 “Mpq ´K let
1 q prq

1sLτMq

T0.5 “Mpq ´K let
1 q prq ´K

let
1 s1q

T0.51 “ rq ´K
let
1 s1

T0.6 “M 0 rps Lτ1M

T0.61 “ rps Lτ1M

T0.7 “M p prq1sLτMq

T0.8 “Mpp´K let
2 q prq

1sLτMq

T0.9 “Mpp´K let
2 q prpp´K

let
2 qs1q

T0.91 “ rpp´K
let
2 qs1

T1 “M 0 rpq1 `K3
letqs LτM

T1.1 “ rpq
1 `K3

letqs LτM

T1.2 “Mpq1 `K3
letq prq1sLτMq

T1.3 “M q1 prq1sLτMq

D10:

.; .; .; LΣM; g : rq1s LτM $ ret g : M 0 rq1s LτM

D9:

.; .; .; LΣM; f : LτM $ store f : T1.3
D10

.; .; .; LΣM; f : LτM $ bind g “ store f in ret g : T1.3

.; .; .; LΣM; f : LτM $ E10 : T1.3

D8:

.; .; .; . $ ÒK
let
3 : MK let

3 1
D9

.; .; .; LΣM; f : LτM $ bind´ “ ÒK
let
3 in E10 : T1.2

.; .; .; LΣM; f : LτM $ E9 : T1.2

198



D7:

.; .; .; LΣM; d : T1.1 $ d : T1.1
D8

.; .; .; LΣM; d : T1.1 $ release f “ d in E9 : T0.2

.; .; .; LΣM; d : T1.1 $ E8 : T0.2

D6:

.; .; .; LΣM; LΓ2M, c : T0.91 $ ea2 c : T1
D7

.; .; .; LΣM; LΓ2M, c : T0.91 $ bind d “ ea2 c in E8 : T0.2

.; .; .; LΣM; LΓ2M, c : T0.91 $ E7 : T0.2

D5:

.; .; .; LΣM; . $ storepq : T0.9
D6

.; .; .; LΣM; LΓ2M $ bind c “ storepq in E7 : T0.8

.; .; .; LΣM; LΓ2M $ E6 : T0.8

D4:

.; .; .; LΣM; . $ ÒK
let
2 : MK let

2 1
D5

.; .; .; LΣM; LΓ2M $ bind´ “ ÒK
let
2 in E6 : T0.7

.; .; .; LΣM; LΓ2M $ E5 : T0.7

D3:

.; .; .; LΣM; b : T0.61 $ b : T0.61
D4

.; .; .; LΣM; LΓ2M, b : T0.61 $ releasex “ b in E5 : T0.2

.; .; .; LΣM; LΓ2M, b : T0.61 $ E4 : T0.2

D2:

.; .; .; LΣM; LΓ1M, a : T0.51 $ ea1 a : T0.6
D3

.; .; .; LΣM; LΓ1M, LΓ2M, a : T0.51 $ bind b “ ea1 a in E4 : T0.2

.; .; .; LΣM; LΓ1M, LΓ2M, a : T0.51 $ E3 : T0.2

D1:

.; .; .; LΣM; LΓ1M, LΓ2M $ storepq : T0.5
D2

.; .; .; LΣM; LΓ1M, LΓ2M $ bind a “ storepq in E3 : T0.4

.; .; .; LΣM; LΓ1M, LΓ2M $ E2 : T0.4

D0:

.; .; .; . $ ÒK
let
1 : MK let

1 1
D1

.; .; .; LΣM; LΓ1M, LΓ2M $ bind´ “ ÒK
let
1 in E2 : T0.3

.; .; .; LΣM; LΓ1M, LΓ2M $ E1 : T0.3
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Main derivation:

.; .; .; LΣM; LΓ1M, LΓ2M, u : T0.1 $ u : T0.1
D0

.; .; .; LΣM; LΓ1M, LΓ2M, u : T0.1 $ release´ “ u in E1 : T0.2

.; .; .; LΣM; LΓ1M, LΓ2M, u : T0.1 $ E0 : T0.2

.; .; .; LΣM; LΓ1M, LΓ2M $ λu.E0 : T0

13. Pair:

Σ;x1 : τ1, x2 : τ2 $
q`Kpair

q px1, x2q : pτ1, τ2q Et
pair

where

Et “ λu.E0

E0 “ release´ “ u in E1

E1 “ bind´ “ ÒK
pair

in E2

E2 “ bind a “ storepx1, x2q in ret a

T0 “ rpq `K
pairqs1(M 0 prqs Lτ1M b Lτ2Mq

T0.1 “ rpq `K
pairqs1

T0.2 “M 0 prqs Lτ1M b Lτ2Mq

T0.3 “M pq `Kpairq prqs Lτ1M b Lτ2Mq

T0.4 “M q prqs Lτ1M b Lτ2Mq

D2:

.; .; .; LΣM; a : rqs Lτ1M b Lτ2M $ ret a : M 0 rqs Lτ1M b Lτ2M

D1:

.; .; .; LΣM;x1 : Lτ1M, x2 : Lτ2M $ storepx1, x2q : T0.4
D2

.; .; .; LΣM;x1 : Lτ1M, x2 : Lτ2M $ bind a “ storepx1, x2q in ret a : T0.4

.; .; .; LΣM;x1 : Lτ1M, x2 : Lτ2M $ E2 : T0.4

D0:

.; .; .; LΣM; . $ ÒK
pair

: MKpair 1
D1

.; .; .; LΣM;x1 : Lτ1M, x2 : Lτ2M $ bind´ “ ÒK
pair

in E2 : T0.3

.; .; .; LΣM;x1 : Lτ1M, x2 : Lτ2M $ E1 : T0.3

Main derivation:

.; .; .; LΣM;x1 : Lτ1M, x2 : Lτ2M, u : T0.1 $ u : T0.1
D0

.; .; .; LΣM;x1 : Lτ1M, x2 : Lτ2M, u : T0.1 $ release´ “ u in E1 : T0.2

.; .; .; LΣM;x1 : Lτ1M, x2 : Lτ2M, u : T0.1 $ E0 : T0.2

.; .; .; LΣM;x1 : Lτ1M, x2 : Lτ2M $ λu.E0 : T0
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14. MatP:

τ “ pτ1, τ2q Σ,Γ, x1 : τ1, x2 : τ2 $
q´KmatP

1

q1`KmatP
2

e : τ 1  et

Σ; Γ, x : τ $qq1 match x with px1, x2q Ñ e : τ 1  Et
matP

where

Et “ λu.E0

E0 “ release´ “ u in E1

E1 “ bind´ “ ÒK
matP
1 in E2

E2 “ letxxx1, x2yy “ x in E3

E3 “ bind a “ storepq in E4

E4 “ bind b “ et a in E5

E5 “ release c “ b in E6

E6 “ bind´ “ ÒK
matP
2 in E7

E7 “ bind d “ store c in ret d

T0 “ rqs1(M 0 prq1s Lτ 1Mq

T0.1 “ rqs1

T0.2 “M 0 prq1s Lτ 1Mq

T0.3 “M q prq1s Lτ 1Mq

T0.4 “Mpq ´KmatP
1 q prq1s Lτ 1Mq

T0.5 “Mpq ´KmatP
1 q prpq ´KmatP

1 qs1q

T0.51 “ rpq ´K
matP
1 qs1

T0.6 “M 0 prq1 ` kmatP2 s Lτ 1Mq

T0.61 “ rpq
1 ` kmatP2 qs Lτ 1M

T0.7 “Mpq1 `KmatP
2 q rq1s Lτ 1M

T0.71 “ rq
1s Lτ 1M

T0.8 “M q1 prq1s Lτ 1Mq

D7:

.; .; .; LΣM; d : rq1s Lτ 1M $ ret d : M 0 rq1s Lτ 1M

D6:

.; .; .; LΣM; c : Lτ 1M $ store c : M q1 rq1s Lτ 1M
D7

.; .; .; LΣM; c : Lτ 1M $ bind d “ store c in ret d : T0.8

.; .; .; LΣM; c : Lτ 1M $ E7 : T0.8

D5:

.; .; .; LΣM; c : Lτ 1M $ ÒK
matP
2 : MKmatP

2 1
D6

.; .; .; LΣM; c : Lτ 1M $ bind´ “ ÒK
matP
2 in E7 : T0.7

.; .; .; LΣM; c : Lτ 1M $ E6 : T0.7
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D4:

.; .; .; LΣM; b : T0.61 $ b : T0.61
D5

.; .; .; LΣM; b : T0.61 $ release c “ b in E6 : T0.2

.; .; .; LΣM; b : T0.61 $ E5 : T0.2

D3:

.; .; .; LΣM; LΓM, x1 : Lτ1M, x2 : Lτ2M, a : T0.51 $ et a : T0.6
D4

.; .; .; LΣM; LΓM, x1 : Lτ1M, x2 : Lτ2M, a : T0.51 $ bind b “ et a in E5 : T0.2

.; .; .; LΣM; LΓM, x1 : Lτ1M, x2 : Lτ2M, a : T0.51 $ E4 : T0.2

D2:

.; .; .; LΣM; . $ storepq : T0.5
D3

.; .; .; LΣM; LΓM, x1 : Lτ1M, x2 : Lτ2M $ bind a “ storepq in E4 : T0.4

.; .; .; LΣM; LΓM, x1 : Lτ1M, x2 : Lτ2M $ E3 : T0.4

D1:

.; .; .; LΣM;x : LτM $ x : LτM
D2

.; .; .; LΣM; LΓM, x : LτM $ letxxx1, x2yy “ x in E3 : T0.4

.; .; .; LΣM; LΓM, x : LτM $ E2 : T0.4

D0:

.; .; .; LΣM; . $ ÒK
matP
1 : MKmatP

1 1
D1

.; .; .; LΣM; LΓM, x : LτM $ bind´ “ ÒK
matP
1 in E2 : T0.3

.; .; .; LΣM; LΓM, x : LτM $ E1 : T0.3

Main derivation:

.; .; .; LΣM; LΓM, x : LτM, u : T0.1 $ u : T0.1
D0

.; .; .; LΣM; LΓM, x : LτM, u : T0.1 $ release´ “ u in E1 : T0.2

.; .; .; LΣM; LΓM, x : LτM, u : T0.1 $ E0 : T0.2

.; .; .; LΣM; LΓM, x : LτM $ λu.E0 : T0

15. Augment:

Σ; Γ $qq1 e : τ  ea

Σ; Γ, x : τ 1 $qq1 e : τ  ea
Augment

Main derivation:

.; .; .; LΣM; LΓM $ ea : rqs1(M 0 prq1sLτMq
.; .; .; LΣM; LΓM, x : Lτ 1M $ ea : rqs1(M 0 prq1sLτMq

T-weaken

Lemma 83 (Subtyping preservation). @τ, τ 1.
τ ă: τ 1 ùñ LτM ă: Lτ 1M
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Proof. Proof by induction on the τ ă: τ 1 relation

1. Base:

b ă: b

Main derivation:

.; . $!b ă:!b

2. Pair:

τ1 ă: τ 11 τ2 ă: τ 12

pτ1, τ2q ă: pτ 11, τ
1
2q

Main derivation:

Lτ1M ă: Lτ 11M
IH1

Lτ2M ă: Lτ 12M
IH2

pLτ1M b Lτ2Mq ă: pLτ 11M b Lτ 12Mq

3. List:

τ1 ă: τ2 ~p ě ~q

L~pτ1 ă: L~qτ2

Main derivation:

~q ď ~p
Given

φp~q, sq ď φp~p, sq

.; s $ rφp~p, sqs1 ă: rφp~q, sqs1

.; s $ Lτ1M ă: Lτ2M
IH

.; s $ LsLτ1M ă: LsLτ2M
.; s $ prφp~p, sqs1 b LsLτ1Mq ă: prφp~q, sqs1 b LsLτ2Mq

.; . $ Ds.prφp~p, sqs1 b LsLτ1Mq ă: Ds.prφp~q, sqs1 b LsLτ2Mq
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2.5.2 Cross-language model: RAMLU to λ-Amor

Definition 84 (Logical relation for RAMLU to λ-Amor ).

tunituHV fi tpT , sv , tvq | sv P JunitK^ tv P J1K^ sv “ tvu
tbuHV fi tpT , sv , !tvq | sv P JbK^ tv P JbK^ sv “ tvu
tpτ1, τ2qu

H
V fi tpT , `, xxtv1,

tv2yyq | Hp`q “ p
sv1,

sv2q ^ pT ,
sv1,

tv1q P tτ1uV ^ pT ,
sv2,

tv2q P tτ2uVu

tL~qτ uHV fi tpT , `s, xxpq, ltyyq | pT , `s, ltq P tL τ uHV u
where
tL τ uHV fi tpT ,NULL,nilquuY

tpT , `, tv :: ltq | Hp`q “ p
sv , `sq ^ pT ,

sv , tvq P tτ uV ^ pT , `s, ltq P tL τ uVu

tτ1
q{q1
Ñ τ2u

H
V 1 fi tpT , fpxq “ es, fixf.λu.λx.etq | @

sv 1, tv 1, T 1ăT .

pT 1, sv 1, tv 1q P tτ1uV ùñ pT 1, es, etrpq{usr
tv 1{xsrfixf.λu.λx.et{f sq P tτ2u

tx ÞÑsv 1u,H
E u

tτ uV,HE fi tpT , es, etq | @H
1, sv , p, p1, t ăT . V,H $

p
p1 es ót

sv , H 1 ùñ

Dtvt,
tvf , J.et ó´

tvt ó
J
´
tvf ^ pT ´t,

sv , tvf q P tτ u
H 1

V ^ p´ p1 ď Ju

Definition 85 (Interpretation of typing context).

tΓuHV “ tpT , V, δtq | @x : τ P dompΓq.pT , V pxq, δtpxqq P tτ u
H
V u

Definition 86 (Interpretation of function context).

tΣuHV “ tpT , δsf , δtf q | p@f : pτ1
q{q1
Ñ τ2q P dompΣq.pT , δsf pfq δsf , δtf pfq δtf q P tpτ1

q{q1
Ñ τ2qu

H
V 1qu

Lemma 87 (Monotonicity for values). @sv , tv , T , τ,H.
pT , sv , tvq P tτ uHV ùñ @ T 1ďT .pT 1, sv , tvq P tτ uHV

Proof. Given: pT , sv , tvq P tτ uHV
To prove: @ T 1ďT .pT 1, sv , tvq P tτ uHV

This means given some T 1ďT it suffices to prove that
pT 1, sv , tvq P tτ uHV
By induction on τ

1. τ “ unit:

In this case we are given that pT , sv , tvq P tunituHV

and we need to prove pT 1, sv , tvq P tunituHV

We get the desired trivially from Definition 84

2. τ “ b:

In this case we are given that pT , sv , !tv 1q P tbuHV

and we need to prove pT 1, sv , !tv 1q P tbuHV

We get the desired trivially from Definition 84

3. τ “ L~pτ 1:

In this case we are given that pT , sv , tvq P tL~pτ 1uHV

Here let sv “ `s and tv “ xxpq, tvh :: ltyy
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and we have pT , `s,
tvh :: ltq P tLτ

1uHV (MV-L1)

And we need to prove pT 1, `s,
tvh :: ltq P tL

~pτ 1uHV

Therefore it suffices to prove that pT 1, `s,
tvh :: ltq P tLτ

1uHV

We induct on pT , `s,
tvh :: ltq P tLτ

1uHV

• pT ,NULL,nilq P tL~pτ 1uHV :

In this case we need to prove that pT 1, NULL,nilq P tLτ 1uHV
We get this directly from Definition 84

• pT , `s, tvh :: ltq P tLτ
1uHV :

Since from (MV-L1) we are given that pT , `s,
tvh :: ltq P tLτ

1uHV
therefore from Definition 84 we have

Hp`sq “ p
svh, `stq ^ pT ,

svh,
tvhq P tτ

1uV ^ pT , `st, ltq P tL τ 1uV (MV-L2)

In this case we need to prove that pT 1, `s,
tvh :: ltq P tLτ

1uHV
From Definition 84 it further it suffices to prove that

– Hp`sq “ p
svh, `stq:

Directly from (MV-L2)

– pT 1, svh,
tvhq P tτ

1uV :
From (MV-L2) and outer induction

– pT 1, `st, ltq P tL τ 1uV :
From (MV-L2) and inner induction

4. τ “ pτ1, τ2q:

In this case we are given that pT , `, ptv1,
tv2qq P tpτ1, τ2qu

H
V

This means from Definition 84 we have

Hp`q “ psv1,
sv2q ^ pT ,

sv1,
tv1q P tτ1uV ^ pT ,

sv2,
tv2q P tτ2uV (MV-P0)

and we need to prove pT 1, `, ptv1,
tv2qq P tpτ1, τ2qu

H
V

Similarly from Definition 84 it suffices to prove that

Hp`q “ psv1,
sv2q ^ pT

1, sv1,
tv1q P tτ1uV ^ pT

1, sv2,
tv2q P tτ2uV

We get this directly from (MV-P0), IH1 and IH2

Lemma 88 (Monotonicity for functions). @sv , tv , T , τ,H.

pT , fpxq “ es, fixf.λu.λx.etq P tτ1
q{q1
Ñ τ2u

H
V 1 ùñ @ T 1ďT .pT 1, fpxq “ es, fixf.λu.λx.etq P

tτ1
q{q1
Ñ τ2u

H
V 1

Proof. We need to prove that pT 1, fpxq “ es, fixf.λu.λx.etq P tτ1
q{q1
Ñ τ2u

H
V 1

This means from Definition 84 it suffices to prove that

@sv 1, tv 1, T 2ăT 1 .pT 2, sv 1, tv 1q P tτ1uV ùñ pT 2, es, etrpq{usr
tv 1{xsrfixf.λu.λx.et{f sq P tτ2u

tx ÞÑsv 1u,H
E

This means given some sv 1, tv 1, T 2ăT 1 s.t pT 2, sv 1, tv 1q P tτ1uV it suffices to prove that
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pT 2, es, etrpq{usr
tv 1{xsrfixf.λu.λx.et{f sq P tτ2u

tx ÞÑsv 1u,H
E (MF0)

Since we are given that pT , fpxq “ es, fixf.λu.λx.etq P tτ1
q{q1
Ñ τ2u

H
V 1 therefore from Defini-

tion 84 we have
@sv 11,

tv 11, T
1
1ăT .pT 11,

sv 11,
tv 11q P tτ1uV ùñ pT 11, es, etrpq{usr

tv 11{xsrfixf.λu.λx.et{f sq P tτ2u
tx ÞÑsv 11u,H
E

Instantiating with the given sv 1, tv 1, T 2 we get the desired

Lemma 89 (Monotonicity for expressions). @es, et, T , τ,H.
pT , es, etq P tτ u

H
E ùñ @ T 1ďT .pT 1, es, etq P tτ u

H
E

Proof. To prove: pT 1, es, etq P tτ u
H
E

This means from Definition 84 it suffices to prove that
@H 1, sv , p, p1, t ăT 1 . V,H $

p
p1 es ót

sv , H 1 ùñ Dtvt,
tvf , J.et ó´

tvt ó
J
´

tvf ^ pT 1

´t, sv , tvf q P tτ u
H 1

V ^ p´ p1 ď J

This means given some H 1, sv , p, p1, t ăT 1 s.t V,H $
p
p1 es ót

sv , H 1 it suffices to prove that

Dtvt,
tvf , J.et ó´

tvt ó
J
´
tvf ^ pT

1 ´t, sv , tvf q P tτ u
H 1

V ^ p´ p1 ď J (ME0)

Since we are given that pT , es, etq P tτ u
H
E therefore again from Definition 84 we know that

@H 1, sv , p, p1, t ăT . V,H $
p
p1 es ót

sv , H 1 ùñ Dtvt,
tvf , J.et ó´

tvt ó
J
´
tvf ^ pT ´t,

sv , tvf q P

tτ uH
1

V ^ p´ p1 ď J

Instantiating with the given H 1, sv , p, p1, t and using Lemma 87 we get the desired

Lemma 90 (Monotonicity for Γ). @sv , tv , T , τ,H.
pT , V, δtq P tΓu

H
V ùñ @ T 1ďT .pT 1, V, δtq P tΓu

H
V

Proof. To prove: pT 1, V, δtq P tΓu
H
V

From Definition 85 it suffices to prove that
@x : τ P dompΓq.pT 1, V pxq, δtpxqq P tτ u

H
V

This means given some x : τ P dompΓq it suffices to prove that
pT 1, V pxq, δtpxqq P tτ u

H
V

Since we are given that pT , V, δtq P tΓu
H
V

therefore from Definition 85 we have
@x : τ P dompΓq.pT , V pxq, δtpxqq P tτ u

H
V

Instantiating it with the given x and using Lemma 87 we get the desired

Lemma 91 (Monotonicity for Σ). @sv , tv , T , τ,H.
pT , δsf , δtf q P tΣuHV ùñ @ T 1ďT .pT 1, δsf , δtf q P tΣuHV

Proof. To prove: pT 1, δsf , δtf q P tΣuHV
From Definition 86 it suffices to prove that

p@f : pτ1
q{q1
Ñ τ2q P dompΣq.pT

1, δsf pfq δsf , δtf pfq δtf q P tpτ1
q{q1
Ñ τ2qu

H
V 1q

This means given some f : pτ1
q{q1
Ñ τ2q P dompΣq it suffices to prove that

pT 1, δsf pfq δsf , δtf pfq δtf q P tpτ1
q{q1
Ñ τ2qu

H
V 1

Since we are given that pT , δsf , δtf q P tΣuHV
therefore from Definition 85 we have

p@f : pτ1
q{q1
Ñ τ2q P dompΣq.pT , δsf pfq δsf , δtf pfq δtf q P tpτ1

q{q1
Ñ τ2qu

H
V 1q

Instantiating it with the given f and using Lemma 88 we get the desired
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Theorem 92 (Fundamental theorem). @Σ,Γ, q, q1, τ, es, et, I, V,H, δt, δsf , δtf , T .
Σ; Γ $qq1 es : τ  et ^

pT , V, δtq P tΓu
H
V ^ pT , δsf , δtf q P tΣuHV

ùñ

pT , esδsf , et pq δtδtf q P tτ u
V,H
E

Proof. Proof by induction on Σ; Γ $qq1 es : τ  et

1. unit:

Σ; . $q`K
unit

q pq : unit Et
unit

where

Et “ λu.release´ “ u in bind´ “ ÒK
unit

in bind a “ storepq in retpaq

E1t “ release´ “ u in bind´ “ ÒK
unit

in bind a “ storepq in retpaq

To prove: pT , xδsf , Et pq δtδtf q P tτ u
V,H
E

This means from Definition 84 we are given some

sv , H 1, sv , r, r1, t s.t V,H $rr1 pq ót pq, H. From (E:Unit) we know that t “ 1

Therefore it suffices to prove that

(a) Dtvt,
tvf , J.Et pq ó´

tvt ó
J
´
tvf ^ pT ´1, pq, tvf q P tunituV :

We choose tvt,
tvf , J as E1t, pq,K

unit respectively

Since from E-app we know that Et ó E1t, also since E1t ó
Kunit

pq (from E-release,
E-bind, E-store, E-return)

Therefore we get the desired from Definition 85

(b) r ´ r1 ď J :

From (E:Unit) we know that Dp.r “ p ` Kunit, r1 “ p and since we know that
J “ Kunit, therefore we are done

2. base:

Σ; . $q`K
base

q c : b Et
unit

where

Et “ λu.release´ “ u in bind´ “ ÒK
base

in bind a “ storep!cq in retpaq

E1t “ release´ “ u in bind´ “ ÒK
base

in bind a “ storep!cq in retpaq

To prove: pT , xδsf , Et pq δtδtf q P tbu
V,H
E

This means from Definition 84 we are given some

sv , H 1, sv , r, r1, t s.t V,H $rr1 c ót c,H. From (E:base) we know that t “ 1

Therefore it suffices to prove that
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(a) Dtvt,
tvf , J.Et pq ó´

tvt ó
J
´
tvf ^ pT ´1, pq, tvf q P tbuV :

We choose tvt,
tvf , J as E1t, !c,K

base respectively

Since from E-app we know that Et ó E1t, also since E1t ó
Kbase

!c (from E-release,
E-bind, E-store, E-return)

Therefore we get the desired from Definition 85

(b) r ´ r1 ď J :

From (E:base) we know that Dp.r “ p ` Kbase, r1 “ p and since we know that
J “ Kbase, therefore we are done

3. var:

Σ;x : τ $q`K
var

q x : τ  Et
var

where

Et “ λu.release´ “ u in bind´ “ ÒK
var

in bind a “ storex in retpaq

E1t “ release´ “ pq in bind´ “ ÒK
var

in bind a “ storex in retpaq

To prove: pT , xδsf , Et pq δtδtf q P tτ u
V,H
E

This means from Definition 84 we are given some

sv , H 1, sv , r, r1, t s.t V,H $rr1 x ót V pxq, H. From (E:Var) we know that t “ 1

Therefore it suffices to prove that

(a) Dtvt,
tvf , J.Et pq ó´

tvt ó
J
´
tvf ^ pT ´1, V pxq, tvf q P tτ uV :

We choose tvt,
tvf , J as E1t, δtpxq respectively

Since from E-app we know that Et ó E
1
t, also since Et ó

Kvar
δtpxq (from E-release,

E-bind, E-store, E-return)

Therefore we get the desired from Definition 85 and Lemma 91

(b) r ´ r1 ď J :

From (E:VAR) we know that Dp.r “ p`Kvar, r1 “ p and J “ Kvar, so we are done

4. app:

τ1
q{q1
Ñ τ2 P Σpfq

Σ;x : τ1 $
q`Kapp

1

q1´Kapp
2

f x : τ2  Et
app

where

Et “ λu.E0

E0 “ release´ “ u in bind´ “ ÒK
app
1 in bindP “ storepq in E1

E1 “ bind f1 “ pf P xq in release f2 “ f1 in bind´ “ ÒK
app
2 in bind f3 “ store f2 in ret f3

To prove: pT , f x,Et pq δtδtf q P tτ2u
V,H
E

This means from Definition 84 we are given some

sv , H 1, sv , r, r1, t ăT s.t V,H $rr1 f xδsf ót
sv , H 1

and it suffices to prove that
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Dtvt,
tvf , J.Et pq ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tτ2u
H 1

V ^ r ´ r1 ď J (F-A0)

Since we are given that pT , δsf , δtf q P tΣuHV therefore from Definition 86 we know that

pT , δsf pfq δsf , δtf pfq δtf q P tpτ1
q{q1
Ñ τ2qu

H
V 1

From Definition 84 we know that δsf pfq “ pfpxq “ esq and δtf pfq “ fixf.λu.λx.et and we
have

@sv 1, tv 1, T 1ăT .pT 1, sv 1, tv 1q P tτ1u
H
V ùñ pT 1, es, etrpq{usr

tv 1{xsrfixf.λu.λx.et{f sq P tτ2u
tx ÞÑsv 1u,H
E

(F-A1)

Since we are given that pT , V, δtq P tΓu
H
V therefore we have

pT , V pxq, δtpxqq P tτ1u
H
V

This means from Lemma 87 we also have pT ´1, V pxq, δtpxqq P tτ1u
H
V

Instantiating (F-A1) with T ´1, V pxq, δtpxq we get

pT ´1, es, etrpq{usrδtpxq{xsrfixf.λu.λx.et{f sq P tτ2u
tx ÞÑV pxqu,H
E

This means from Definition 84 we have

@H 11,
sv1, r1, r

1
1, t

1 ăT ´1. V,H $
r1
r11
es ót1

sv1, H
1
1 ùñ

Dtvt,
tvf , J1.etrpq{usrδtpxq{xsrfixf.λu.λx.et{f s ó

tvt ó
J1 tvf ^ pT ´1´t1, sv1,

tvf q P tτ2u
H 11
V ^

r1 ´ r
1
1 ď J1 (F-A2)

Since we know that V,H $rr1 f xδsf ót
sv , H 1 where t ăT therefore from (E:FunApp) we

know that

V,H $
r´Kapp

1

r1`Kapp
2

es ót´1
sv , H 1 therefore instantiating (F-A2) with H 1, sv , r ´ Kapp

1 , r1 `

Kapp
2 , t´ 1 we get

Dtvt,
tvf , J1.etrpq{usrδtpxq{xsrfixf.λu.λx.et{f s ó

tvt ó
J tvf ^ pT ´t, sv , tvf q P tτ2u

H 1

V ^

pr ´Kapp
1 q ´ pr1 `Kapp

2 q ď J1 (F-A3)

From E-release, E-bind, E-store we know that J “ J1 `K
app
1 `Kapp

2 therefore we get the
desired from (F-A3)

5. nil:

Σ;H $q`K
nil

q nil : L~pτ  Et
nil

where

Et “ λu.release´ “ u in bind´ “ ÒK
nil

in bind a “ storepq in bind b “ storexxa,nilyy in
retpbq

To prove: pT , nil, Et pq δtδtf q P tL
~pτ uV,HE

This means from Definition 84 we are given some

sv , H 1, sv , t ăT s.t H,H $
p
p1 nil ót

sv , H 1

From (E:NIL) we know that sv “ NULL, H 1 “ H and t “ 1 and it suffices to prove that

209



(a) Dtvt,
tvf , J.et ó

tvt ó
J tvf ^ pT ´1,nil , tvf q P tL

~pτ uV :

From E-bind, E-release, E-return we know that tv “ xxpq,nilyy therefore from Defini-
tion 84 we get the desired

(b) p´ p1 ď J :

Here p “ q `Knil, p1 “ q and J “ Knil, so we are done

6. cons:

~p “ pp1, . . . , pkq

Σ;xh : τ, xt : LpŸ ~pqτ $q`p1`K
cons

q conspxh, xtq : Lpτ  Et
cons

where

Et “ λu.release´ “ u in bind´ “ ÒK
cons

in E0

E0 “ xt;x. letxxx1, x2yy “ x in E1

E1 “ release´ “ x1 in bind a “ storepq in storexxa, xh :: x2yy

E1t “ release´ “ pq in bind´ “ ÒK
cons

in E0

To prove: pT , conspxh, xtq, Et pq δtδtf q P tL
~pτ uV,HE

This means from Definition 84 we are given some

sv , H 1, sv , p, p1, t ăT s.t H,H $
p
p1 conspxh, xtqδsf ót

sv , H 1

and it suffices to prove that

(a) Dtvt,
tvf , J.Et pq ó

tvt ó
J tvf ^ pT ´t,H

1p`q, tvf q P tL
~pτ uHV :

From (E-app) of λ-Amor we know that Et pq ó E
1
t

Also from E-release, E-bind, E-store we know that tvf “ xxpq, δtpxhq :: δtpxtq Ó2yy

Therefore it suffices to prove that pT ´t, `, xxpq, δtpxhq :: δtpxtq Ó2yyq P tL
~pτ uH

1

V

From Definition 84 it further suffices to prove that

pT ´t, `, δtpxhq :: δtpxtq Ó2q P tL τ uH
1

V

Since from (E:CONS) rule of univariate RAML we know that H 1 “ Hr` ÞÑ vs where
v “ pV pxhq, V pxtqq

Therefore it further suffices to prove that

pT ´t, V pxhq, δtpxhqq P tτ u
H 1

V and pT ´t, V pxtq, δtpxtq Ó2q P tL τ uH
1

V

Since we are given that pT , V, δtf q P tΣu
V,H
V 1 therefore from Definition 85 and Lemma 87

it means we have

pT ´t, V pxhq, δtpxhqq P tτ u
H
V (F-C1)

and

pT ´t, V pxtq, δtpxtqq P tL
Ÿ~pτ uHV

This means we also have pT ´t, V pxtq, δtpxtq Ó2q P tL τ uHV (F-C2)

Since H 1 “ Hr` ÞÑ vs where v “ pV pxhq, V pxtqq therefore we also have

We get the desired from (F-C1), (F-C2) and Definition 84
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(b) p´ p1 ď J :

From (E:CONS) we know that p “ q1 `Kcons and p1 “ q1 for some q1. Also we know
that J “ Kcons. Therefore we are done.

7. match:

Σ; Γ $
q´KmatN

1

q1`KmatN
2

e1 : τ 1  ea1

~p “ pp1, . . . , pkq Σ; Γ, h : τ, t : LpŸ ~pqτ $
q`p1´KmatC

1

q1`KmatN
2

e2 : τ 1  ea2

Σ; Γ;x : Lpτ $qq1 match x with |nil ÞÑ e1 |h :: t ÞÑ e2 : τ 1  λu.E0
match

where

E0 “ release´ “ u in E0.1

E0.1 “ x; a. letxxx1, x2yy “ a in E1

E1 “ match x2 with |nil ÞÑ E2 |h :: lt ÞÑ E3

E2 “ bind´ “ ÒK
matN
1 in E2.1

E2.1 “ bind b “ storepq in E12

E12 “ bind c “ pea1 bq in E12.1

E12.1 “ release d “ c in E12.2

E12.2 “ bind´ “ ÒK
matN
2 in E12.3

E12.3 “ release´ “ x1 in store d

E3 “ bind´ “ ÒK
matC
1 in E3.1

E3.1 “ release´ “ x1 in E3.2

E3.2 “ bind b “ storepq in E3.3

E3.3 “ bind t “ retxxb, ltyy in E3.4

E3.4 “ bind d “ storepq in E3.5

E3.5 “ bind f “ ea2 d in E3.6

E3.6 “ release g “ f in E3.7

E3.7 “ bind´ “ ÒK
matC
2 in store g

To prove: pT ,match x with |nil ÞÑ e1 |h :: t ÞÑ e2, λu.E0 pq δtδtf q P tτ
1u
V,H
E

This means from Definition 84 we are given some

sv , H 1, sv , p, p1, t ăT s.t V,H $
p
p1 pmatch x with |nil ÞÑ e1 |h :: t ÞÑ e2qδsf ót

sv , H 1

2 cases arise:

(a) V pxq “ NULL:

Since pT , V, δtq P tΓu
V,H
V therefore from Definition 85 and Definition 84 we have

δtpxq “ xxpq,nilyy

IH: pT ´1, e1δsf , ea1 pq δtδtf q P tτ
1u
V,H
E

This means from Definition 84 we have
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@H 11,
sv1, p1, p

1
1, t1. V,H $

p1
p11
e1 ót1

sv1, H
1
1 ùñ Dtvt1,

tvf1, J1.ea1 ó
tvt1 ó

J1 tvf1 ^ pT

´1´ t1,
sv1,

tvf1q P tτ
1u
H 11
V ^ p1 ´ p

1
1 ď J1 (F-RUA-M0)

Since we are given that V,H $
p
p1 pmatch x with |nil ÞÑ e1 |h :: t ÞÑ e2qδsf ót

sv , H 1

therefore from (E:MatvhN) we know that V,H $
p´KmatN

1

p1`KmatN
2

e1 ót´1
sv , H 1 therefore

instantiating (F-RUA-M0) with H 1, sv , p´KmatN
1 , p1 `KmatN

2 we get

Dtvt1,
tvf1, J1.ea1 ó

tvt1 ó
J1 tvf1 ^ pT ´t,

sv , tvf1q P tτ
1uH

1

V ^ p´KmatN
1 ´p1 ´KmatN

2 ď

J1 (F-RUA-M1)

It suffices to prove that

Dtvt,
tvf , J.λu.E0 pq ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tτ
1uH

1

V ^ p´ p1 ď J

We choose tvt as tvt1, tvf as tvf1 and J as J1`K
matN
1 `KmatN

2 and we get the desired
from E-bind, E-release, E-store and (F-RUA-M1)

(b) V pxq “ `s:

Since pT , V, δtq P tΓu
V,H
V therefore from Definition 85 and Definition 84 we have

δtpxq “ xxpq,
tvh :: ltyy s.t

Hp`sq “ p
svh, `tsq, p

sv , tvq P tτ 1uV and p`s, ltq P tL τ 1uV and

Let V 1 “ V Y th ÞÑ svhu Y tt ÞÑ `tsu and δ1t “ δt Y th ÞÑ
tvhu Y tt ÞÑ ltsu

From Definition 85 and Lemma 87 we have pT ´1, V 1, δ1tq P tΓ, h : τ, t : LŸ~pτ uV
1,H

V
Therefore from IH we have

pT ´1, e2δsf , ea2 pq δ
1
tδtf q P tτ

1u
V 1,H
E

This means from Definition 84 we have

@H 12,
sv2, p2, p

1
2, t1. V,H $

p1
p11
e2 ót1

sv2, H
1
2 ùñ Dtvt2,

tvf2, J2.ea2 ó
tvt2 ó

J2 tvf2 ^ pT

´1´ t1,
sv2,

tvf2q P tτ
1u
H 12
V ^ p2 ´ p

1
2 ď J2 (F-RUA-M0.0)

Since we are given that V,H $
p
p1 pmatch x with |nil ÞÑ e1 |h :: t ÞÑ e2qδsf ót

sv , H 1

therefore from (E:MatvhC) we know that V,H $
p´KmatC

1

p1`KmatC
2

e2 ót´1
sv , H 1 therefore

instantiating (F-RUA-M0.0) with H 1, sv , p´KmatC
1 , p1 `KmatC

2 , t´ 1 we get

Dtvt2,
tvf2, J2.ea2 ó

tvt2 ó
J2 tvf2 ^ pT ´t, sv2,

tvf2q P tτ 1u
H 12
V ^ p2 ´ p12 ď J2

(F-RUA-M2)

It suffices to prove that

Dtvt,
tvf , J.λu.E0 pq ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tτ
1uH

1

V ^ p´ p1 ď J

We choose tvt as tvt2, tvf as tvf2 and J as J2`K
matC
1 `KmatC

2 and we get the desired
from E-bind, E-release, E-store and (F-RUA-M2)

8. Share:

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea τ “ τ1 . τ2 τ “ τ1 “ τ2 “ 1

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-unit

E0 “ λu.E1

E1 “ bind a “ coerce1,1,1 z in letxxx, yyy “ a in ea u
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coerce1,1,1 fi λu. retxx!pq, !pqyy

To prove: pT , erz{x, z{ys, E0 pq δtδtf q P tτ
1u
V,H
E

This means from Definition 84 we are given some

sv , H 1, sv , p, p1, t s.t V,H $
p
p1 erz{x, z{ysδsf ót

sv , H 1

And we need to prove

Dtvt,
tvf , J.E0 pq ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tτ u
H 1

V ^ p´ p1 ď J

Let

V 1 “ V Y tx ÞÑ V pzqu Y ty ÞÑ V pzqu

δ1t “ δt Y tx ÞÑ δtpzqu Y ty ÞÑ δtpzqu

Since we are given that pT , V, δtq P tΓ, z : 1uV,HV therefore from Definition 85 we also have

pT , V 1, δ1tq P tΓ, x : 1, y : 1uV
1,H

V

IH

pT , e, ea pq δ
1
tδtf q P tτ

1u
V 1,H
E

This means from Definition 84 we have

@H 11,
sv1, p1, p

1
1, t1. V

1, H $
p1
p11

e ót1
sv1, H

1
1 ùñ Dtvt,

tvf , J.eapq ó
tvt ó

J tvf ^ pT

´t1,
sv1,

tvf q P tτ
1uH

1

V ^ p1 ´ p
1
1 ď J

Instantiating it with the given H 1, sv , p, p1, t we get the desired

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea τ “ τ1 . τ2 τ “ τ1 “ τ2 “ b

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-base

E0 “ λu.E1

E1 “ bind a “ coerceb,b,b z in letxxx, yyy “ a in ea u

coerceb,b,b fi λu. let !u1 “ u in retxxu1, u1yy

Similar reasonign as in the unit case above

Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea τ “ τ1 . τ2

τ “ L~pτ2 τ1 “ L ~p1τ21 τ2 “ L ~p2τ22 τ2 “ τ21 ‘ τ
2
2 ~p “ ~p1 ‘ ~p2

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-list

E0 “ λu.E1

E1 “ bind a “ coerceτ,τ1,τ2 z in letxxx, yyy “ a in ea u

coerceL~pτ,L ~p1τ1,L ~p2τ2
fi fixf.λ g.λe. let ! g1 “ g in e;x. letxxp, lyy “ x in E0

where
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E0 fi release´ “ p in E1

E1 fi match l with |nil ÞÑ E2.1 |h :: t ÞÑ E3

E2.1 fi bind z1 “ storepq in E2.2

E2.2 fi bind z2 “ storepq in E2.3

E2.3 fi retxxxxz1,nilyy, xxz2,nilyyyy

E3 fi bindH “ g1 h in E3.1

E3.1 fi bind ot “ pq in E3.2

E3.2 fi bindT “ f g xxot, tyy in E4

E4 fi letxxH1, H2yy “ H in E5

E5 fi letxxT1, T2yy “ T in E6

E6 fi T1; tp1. letxxp11, l
1
1yy “ tp1 in E7.1

E7.1 fi T2; tp2. letxxp12, l
1
2yy “ tp2 in E7.2

E7.2 fi release´ “ p11 in E7.3

E7.3 fi release´ “ p12 in E7.4

E7.4 fi bind o1 “ storepq in E7.5

E7.5 fi bind o2 “ storepq in E8

E8 fi retxxxxo1, H1 :: T1yy, xxo2, H2 :: T2yyyy

To prove: pT , erz{x, z{ys, E0 pq δtδtf q P tτ
1u
V,H
E

This means from Definition 84 we are given some

sv , H 1, sv , p, p1, t ăT s.t V,H $
p
p1 erz{x, z{ysδsf ót

sv , H 1

And we need to prove

Dtvt,
tvf , J.E0 pq ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tτ u
H 1

V ^ p´ p1 ď J

Let

V 1 “ V Y tx ÞÑ V pzqu Y ty ÞÑ V pzqu

δ1t “ δt Y tx ÞÑ δtpzqu Y ty ÞÑ δtpzqu

Since we are given that pT , V, δtq P tΓ, z : τ uV,HV therefore from Definition 85 we also have

pT , V 1, δ1tq P tΓ, x : τ1, y : τ2u
V 1,H
V

IH

pT , e, ea pq δ
1
tδtf q P tτ

1u
V 1,H
E

This means from Definition 84 we have

@H 11,
sv1, p1, p

1
1, t1. V

1, H $
p1
p11

e ót1
sv1, H

1
1 ùñ Dtvt,

tvf , J.eapq ó
tvt ó

J tvf ^ pT

´t1,
sv1,

tvf q P tτ
1uH

1

V ^ p1 ´ p
1
1 ď J

Instantiating it with the given H 1, sv , p, p1, t we get the desired
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Σ; Γ, x : τ1, y : τ2 $
q
q1 e : τ 1  ea

τ “ τ1 . τ2 τ “ pτa, τbq τ1 “ pτ
1
a, τ

1
bq τ2 “ pτ

2
a , τ

2
b q τ “ τ1 ‘ τ2

Σ; Γ, z : τ $qq1 erz{x, z{ys : τ 1  E0
Share-pair

E0 “ λu.E1

E1 “ bind a “ coercepτa,τbq,pτ 1a,τ 1bq,pτ2a ,τ
2
b q
z in letxxx, yyy “ a in ea u

coercepτa,τbq,pτ 1a,τ 1bq,pτ2a ,τ
2
b q

fi λ g1.λ g2.λp. let !xxp1, p2yy “ p in E0

where

E0 fi let ! g11 “ g1 in E1

E1 fi let ! g12 “ g2 in E2

E2 fi bindP 11 “ g11p1 in E3

E3 fi bindP 12 “ g12p2 in E4

E4 fi let !xxp111, p
1
12yy “ P 11 in E5

E5 fi let !xxp121, p
1
22yy “ P 12 in E6

E6 fi retxxp111, p
1
21yy, xxp

1
12, p

1
22yy

Same reasoning as in the list subcase above

9. Sub:

Σ; Γ $qq1 e : τ  ea τ ă: τ 1

Σ; Γ $qq1 e : τ 1  ea

To prove: pT , e, ea pq δtδtf q P tτ
1u
V,H
E

IH: pT , e, ea pq δtδtf q P tτ u
V,H
E

We get the desired from IH and Lemma 94

10. Relax:

Σ; Γ $pp1 e : τ  ea q ě p q ´ p ě q1 ´ p1

Σ; Γ $qq1 e : τ  Et

where

Et “ λo.E0

E0 “ release´ “ o in E1

E1 “ bind a “ storepq in E2

E2 “ bind b “ ea a in E3

E3 “ release c “ b in store c

To prove: pT , e, Et pq δtδtf q P tτ u
V,H
E

This means from Definition 84 we are given some
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sv , H 1, sv , r, r1, t ăT s.t H,H $rr1 e ót
sv , H 1

And it suffices to prove that

Dtvt,
tvf , J.Et pq ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tτ uV ^ r ´ r1 ď J (F-R0)

IH: pT , e, ea pq δtδtf q P tτ u
V,H
E

This means from Definition 84 we have

@sv1, H
1
1, r1, r

1
1, t1 ăT .V,H $

r1
r11
e ót1

sv1, H
1 ùñ Dtvt,

tvf , J.ea pq ó
tvt ó

J tvf ^ pT

´t1,
sv , tvf q P tτ uV ^ r ´ r1 ď J

Instantiating it with the given sv , H 1, r, r1, t we get

Dtv 1t ,
tv 1f , J

1.ea pq ó
tv 1t ó

J 1 tv 1f ^ pT ´t,
sv , tv 1f q P tτ uV ^ r ´ r1 ď J 1 (F-R1)

In order to prove (F-R0) we choose tvt,
tvf , J as tv 1t ,

tv 1f , J
1 and we get the desired from

E-app, E-release, E-bind, E-store and (F-R1)

11. Super:

Σ; Γ, x : τ1 $
q
q1 e : τ  ea τ 11 ă: τ1

Σ; Γ, x : τ 11 $
q
q1 e : τ  ea

Super

Given: pT , V, δtq P tΓ, x : τ 11u
H
V

To prove: pT , e, ea pq δtδtf q P tτ u
V,H
E

This means from Definition 84 it suffices to prove that

@H 1, sv , p, p1, t ăT . V,H $
p
p1 es ót

sv , H 1 ùñ Dtvt,
tvf , J.ea pq ó

tvt ó
J tvf ^ pT

´t, sv , tvf q P tτ u
H 1

V ^ p´ p1 ď J

This means given some H 1, sv , p, p1, t ăT s.t V,H $
p
p1 es ót

sv , H 1 it suffices to prove that

Dtvt,
tvf , J.ea pq ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tτ u
H 1

V ^ p´ p1 ď J (F-Su0)

Since we are given that pT , V, δtq P tΓ, x : τ 11u
H
V therefore from Definition 85 we know that

pT , V pxq, δtpxqq P tτ
1
1u
H
V

Therefore from Lemma 93 we know that pT , V pxq, δtpxqq P tτ1u
H
V

IH: pT , e, ea pq δtδtf q P tτ u
V,H
E

This means from Definition 84 we have

@H 1i,
svi, pi, p

1
i, t1. V,H $

pi
p1i

e ót1
sv , H 1 ùñ Dtvt,

tvf , J.ea pq ó
tvt ó

J tvf ^ pT

´t1,
svi,

tvf q P tτ u
H 1

V ^ pi ´ p
1
i ď J

Instantiating it with the given H 1, sv , p, p1, t we get the desired

12. Let:

Σ; Γ1 $
q´Klet

1
p e1 : τ1  ea1 Σ; Γ2, x : τ1 $

p´Klet
2

q1`Klet
3
e2 : τ1  ea2

Σ; Γ1,Γ2 $
q
q1 let x “ e1 in e2 : τ  Et

Let
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where

Et “ λu.E0

E0 “ release´ “ u in E1

E1 “ bind´ “ ÒK
let
1 in E2

E2 “ bind a “ storepq in E3

E3 “ bind b “ ea1 a in E4

E4 “ releasex “ b in E5

E5 “ bind´ “ ÒK
let
2 in E6

E6 “ bind c “ storepq in E7

E7 “ bind d “ ea2 c in E8

E8 “ release f “ d in E9

E9 “ bind´ “ ÒK
let
3 in E10

E10 “ bind g “ store f in ret g

To prove: pT , let x “ e1 in e2, Et pq δtδtf q P tτ u
V,H
E

This means from Definition 84 we are given some

sv , H 1, sv , r, r1, t ăT s.t V,H $rr1 plet x “ e1 in e2qδsf ót
sv , H 1

it suffices to prove that

Dtvt,
tvf , J.et ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tτ u
H 1

V ^ r ´ r1 ď J (F-L0)

Since we are given that pT , V, δtq intΓ1,Γ2u
H
V therefore we know that

DV1, V2, δ
1
t , δ

2
t s.t V “ V1, V2, δt “ δ1

t , δ
2
t and

pT , V1, δ
1
t q P tΓ1u

H
V and pT , V2, δ

2
t q P tΓ2u

H
V

IH1

pT , e1, ea1 pq δ
1
t δtf q P tτ1u

V1,H
E

This means from Definition 84 we have

@H 11,
sv1, p1, p

1
1, t1. V,H $

p1
p11
e1 ót1

sv1, H
1 ùñ Dtvt1,

tvf1, J1.ea1 pq ó
tvt1 ó

J1 tvf1 ^ pT

´t1,
sv1,

tvf1q P tτ1u
H 11
V ^ p1 ´ p

1
1 ď J1 (F-L1)

Since we know that V,H $rr1 plet x “ e1 in e2qδsf ót
sv , H 1 therefore from (E:Let) we know

that DH 11,
sv1, r1, t1 s.t V,H $

r´Klet
1

r1 e1δsf ót1
sv1, H

1
1

Instantiating (F-L1) with H 11,
sv1, r ´K

let
1 , r1, t1 we get

Dtvt1,
tvf1, J1.ea1 pq ó

tvt1 ó
J1 tvf1 ^ pT ´t1,

sv1,
tvf1q P tτ1u

H 11
V ^ r ´K let

1 ´ r1 ď J1

(F-L1.1)

IH2

pT ´t1, e2, ea2 pq δ
2
t Y tx ÞÑ

tvf1uδtf q P tτ u
V2YtxÞÑsv1u,H 11
E

This means from Definition 84 we have
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@H 12,
sv2, p2, p

1
2, t2 ăT ´t1. V,H $

p2
p12
e2 ót2

sv2, H
1 ùñ Dtvt2,

tvf2, J2.ea2 pq ó
tvt2 ó

J2

tvf2 ^ pT ´t1 ´ t2,
sv2,

tvf2q P tτ u
H 12
V ^ p2 ´ p

1
2 ď J2 (F-L2)

Since we know that V,H $rr1 plet x “ e1 in e2qδsf ót
sv , H 1 therefore from (E:Let) we know

that DH 12,
sv2, t2 ă t´ t1 s.t V,H $

r1´Klet
2

r1`Klet
3

e2δsf ót2
sv , H 12

Instantiating (F-L2) with H 12,
sv , r1 ´K

let
2 , r1 `K let

3 , t2 we get

Dtvt2,
tvf2, J2.ea2 pq ó

tvt2 ó
J2 tvf2 ^ pT ´t1´t2,

sv , tvf2q P tτ u
H 12
V ^ r1´K

let
2 ´pr1`K let

3 q ď

J2 (F-L2.1)

In order to prove (F-L0) we choose tvt as tvt2, tvf as tvf2, J as J1`J2`K
let
1 `K let

2 `K let
3

, t as t1 ` t2 ` 1 and we get the desired from (F-L1.1) and (F-L2.1) and Lemma 87

13. Pair:

Σ;x1 : τ1, x2 : τ2 $
q`Kpair

q px1, x2q : pτ1, τ2q Et
pair

where

Et “ λu.E0

E0 “ release´ “ u in E1

E1 “ bind´ “ ÒK
pair

in E2

E2 “ bind a “ storepx1, x2q in ret a

Given: pT , V, δtq P tx1 : τ1, x2 : τ2u
H
V

To prove: pT , px1, x2q, Et pq δtδtf q P tpτ1, τ2qu
V,H
E

This means from Definition 84 it suffices to prove that

@H 1, sv , r, r1, t ăT . V,H $rr1 px1, x2q ót
sv , H 1 ùñ Dtvt,

tvf , J.Et pq ó
tvt ó

J tvf ^ pT
´t, sv , tvf q P tpτ1, τ2qu

H 1

V ^ r ´ r1 ď J

This means given some H 1, sv , r, r1, t ăT s.t V,H $rr1 px1, x2q ót
sv , H 1 it suffices to prove

that

Dtvt,
tvf , J.Et pq ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tpτ1, τ2qu
H 1

V ^ r ´ r1 ď J (F-P0)

This means we need to prove that Dtvt,
tvf , J

• Et pq ó
tvt ó

J tvf :

From E-app, E-release,E-bind,E-tick, E-store and E-return we know that tvt “ E0,
tvf “ pδtpx1q, δtpx2qq and J “ Kpair

• pT ´t, sv , tvf q P tpτ1, τ2qu
H 1

V :

Since we are given that V,H $rr1 px1, x2q ót
sv , H 1, therefore from (E:Pair) we know

that sv “ ` where ` R dompHq and H 1 “ Hr` ÞÑ pV px1q, V px2qqs

Since we are given that pT , V, δtq P tx1 : τ1, x2 : τ2u
H
V therefore from Definition 85,

Definition 84 and Lemma 87 we get the desired.
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• r ´ r1 ď J :

From (E:Pair) we know that Dp.r “ p ` Kpair and r1 “ p. Since we know that
J “ Kpair, therefore we are done.

14. MatP:

τ “ pτ1, τ2q Σ,Γ, x1 : τ1, x2 : τ2 $
q´KmatP

1

q1`KmatP
2

e : τ 1  et

Σ; Γ, x : τ $qq match x with px1, x2q Ñ e : τ 1  Et
matP

where

Et “ λu.E0

E0 “ release´ “ u in E1

E1 “ bind´ “ ÒK
matP
1 in E2

E2 “ letxxx1, x2yy “ x in E3

E3 “ bind a “ storepq in E4

E4 “ bind b “ et a in E5

E5 “ release c “ b in E6

E6 “ bind´ “ ÒK
matP
2 in E7

E7 “ bind d “ store c in ret d

Given: pT , V, δtq P tΓ, x : τ uHV

To prove: pT , pmatch x with px1, x2q Ñ eq, Et pq δtδtf q P tτ u
V,H
E

This means from Definition 84 it suffices to prove that

@H 1, sv , p, p1, t ăT . V,H $
p
p1 pmatch x with px1, x2q Ñ eq ót

sv , H 1 ùñ Dtvt,
tvf , J.Et pq ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tτ
1uH

1

V ^ p´ p1 ď J

This means given someH 1, sv , p, p1, t ăT s.t V,H $
p
p1 pmatch x with px1, x2q Ñ eq ót

sv , H 1

it suffices to prove that

Dtvt,
tvf , J.Et pq ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P tτ
1uH

1

V ^ p´ p1 ď J (F-MP0)

Since we are given that pT , V, δtq P tΓ, x : τ uHV therefore from Definition 85 and since
τ “ pτ1, τ2q therefore we know that pT , V pxq, δtpxqq P tpτ1, τ2qu

H
V

This means from Definition 84 that D` s.t Hp`q “ psv1,
sv2q ^ pT ,

sv1,
tv1q P tτ1uV ^ pT

, sv2,
tv2q P tτ2uV

IH: pT , e, et pq δt Y tx1 ÞÑ
tv1u Y tx2 ÞÑ

tv2uδtf q P tτ
1u
VYtx1 ÞÑsv1uYtx2 ÞÑsv2u,H
E

This means from Definition 84 we have

@H 1i,
svi, pi, p

1
i, t1 ăT ´1. V,H $

pi
p1i
e ót1

sv , H 1i ùñ Dtvt1,
tvf1, J1.e pq ó

tvt1 ó
J tvf1 ^ pT

´t1,
svi,

tvf1q P tτ
1u
H 1i
V ^ pi ´ p

1
i ď J1

Since we are given that V,H $
p
p1 pmatch x with px1, x2q Ñ eq ó sv , H 1 therefore from

(E:MatP) we know that
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V Y tx1 ÞÑ
sv1u Y tx2 ÞÑ

sv2u, H $
p´KmatP

1

p1`KmatP
2

e ót´1
sv , H 1

Instantiating it with the given H 1, sv , p´KmatP
1 , p1 `KmatP

2 , t´ 1 we get

Dtvt1,
tvf1, J1.e pq ó

tvt1 ó
J tvf1 ^ pT ´t,

sv , tvf1q P tτ
1uH

1

V ^ p´KmatP
1 ´pp1`KmatP

2 q ď J1

(F-MP1)

In order to prove (F-MP0) we choose tvt as tvt1, tvf as tvf1, J as J1 ` KmatP
1 ` KmatP

2

and t1 as t´ 1 and it suffices to prove that

• Et pq ó
tvt ó

J tvf :

We get the desired from E-app, E-bind, E-release, E-store, E-tick, E-return and (F-
MP1)

• pT ´t, sv , tvf q P tτ 1uH
1

V :

From (F-MP1)

• p´ p1 ď J :

We get this directly from (F-MP1)

15. Augment:

Σ; Γ $qq1 e : τ  ea

Σ; Γ, x : τ 1 $qq1 e : τ  ea
Augment

Given: pT , V Y tx ÞÑ svxu, δt Y tx ÞÑ
tvxuq P tΓ, x : τ 1uHV

To prove: pT , e, ea pq δt Y tx ÞÑ
tvxuδtf q P tτ u

VYtx ÞÑsvxu,H
E

This means from Definition 84 it suffices to prove that

@H 1, sv , p, p1, t ăT . V Y tx ÞÑ svxu, H $
p
p1 es ót

sv , H 1 ùñ Dtvt,
tvf , J.ea pqδt Y tx ÞÑ

tvxuδtf ó
tvt ó

J tvf ^ pT ´t,
sv , tvf q P tτ u

H 1

V ^ p´ p1 ď J

This means given some H 1, sv , p, p1, t ăT s.t V Y tx ÞÑ svxu, H $
p
p1 es ót

sv , H 1 it suffices
to prove that

Dtvt,
tvf , J.ea pqδt Y tx ÞÑ

tvxuδtf ó
tvt ó

J tvf ^ pT ´t,
sv , tvf q P tτ uH

1

V ^ p ´ p1 ď J
(F-Ag0)

Since we are given that pT , V Y tx ÞÑ svxu, δt Y tx ÞÑ
tvxuq P tΓ, x : τ 1uHV

therefore from Definition 85 we know that

pT , V, δtq P tΓu
H
V

IH: pT , e, ea pq δtδtf q P tτ u
V,H
E

This means from Definition 84 we have

@H 1i,
svi, pi, p

1
i, t1 ăT . V,H $

pi
p1i
e ót1

sv , H 1 ùñ Dtvt,
tvf , J.ea pqδtδtf ó

tvt ó
J tvf ^ pT

´t1,
svi,

tvf q P tτ u
H 1

V ^ pi ´ p
1
i ď J (F-Ag1)

Since we are given V Y tx ÞÑ svxu, H $
p
p1 es ót

sv , H 1 and since x R freepeq therefore we
also have
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V,H $
p
p1 es ót

sv , H 1

Instantiating (F-Ag1) with the given H 1, sv , p, p1, t we get

Dtvt,
tvf , J.ea pqδtδtf ó

tvt ó
J tvf ^ pT ´t,

svi,
tvf q P tτ u

H 1

V ^ pi ´ p
1
i ď J

Also since x R freepeq therefore we get

Dtvt,
tvf , J.ea pqδt Y tx ÞÑ

tvxuδtf ó
tvt ó

J tvf ^ pT ´t,
svi,

tvf q P tτ u
H 1

V ^ pi ´ p
1
i ď J

Lemma 93 (Value subtyping lemma). @τ, τ 1, H, sv , tv , T .
τ ă: τ 1 ^ pT , sv , tvq P tτ uHV ùñ pT , sv , tvq P tτ 1uHV

Proof. Proof by induction on the subtyping relation of Univariate RAML

1. Unit:

unit ă: unit

Given: pT , sv , tvq P tunituHV

To prove: pT , sv , tvq P tunituHV

Trivial

2. Base:

b ă: b

Given: pT , sv , tvq P tbuHV

To prove: pT , sv , tvq P tbuHV

Trivial

3. Pair:

τ1 ă: τ 11 τ2 ă: τ 12

pτ1, τ2q ă: pτ 11, τ
1
2q

Given: pT , sv , tvq P tpτ1, τ2qu
H
V

To prove: pT , sv , tvq P tpτ 11, τ
1
2qu

H
V

From Definition 84 we know that sv “ ` s.t

Hp`q “ psv1,
sv2q ^ pT ,

sv1,
tv1q P tτ1uV ^ pT ,

sv2,
tv2q P tτ2uV (S-P0)

IH1 pT , sv1,
tv1q P tτ

1
1u
H
V

IH2 pT , sv2,
tv2q P tτ

1
2u
H
V

Again from Definition 84 it suffices to prove that

Hp`q “ psv1,
sv2q ^ pT ,

sv1,
tv1q P tτ

1
1uV ^ pT ,

sv2,
tv2q P tτ

1
2uV

We get this directly from (S-P0), IH1 and IH2
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4. List:

τ1 ă: τ2 ~p ě ~q

L~pτ1 ă: L~qτ2

Given: pT , sv , tvq P tL~pτ1u
H
V

To prove: pT , sv , tvq P tL~qτ2u
H
V

From Definition 84 we know that sv “ ls and tv “ xxpq, ltyy s.t pT , ls, ltq P tL τ1uV

Similarly from Definition 84 it suffices to show that

pT , ls, ltq P tL τ2uV

We induct on pT , ls, ltq P tL τ1uV

• Base case:

In this case ls “ NULL and lt “ nil :

It suffices to prove that pT ,NULL,nilq P tL τ2uV

This holds trivially from Definition 84

• Inductive case

In this case we have ls “ ` and lt “
tvh :: ltt:

It suffices to prove that pT , `, tvh :: lttq P tL τ2uV

Again from Definition 84 it suffices to show that

Dsvh1, `s1.Hp`q “ p
svh1, `s1q ^ pT ,

svh1,
tvhq P tτ2uV ^ pT , `s1, lttq P tL τ2uV

Since we are given that pT , `, tvh :: lttq P tL τ1uV therefore from Definition 84 we have

Dsvh, `s.Hp`q “ p
svh, `sq ^ pT ,

svh,
tvhq P tτ1uV ^ pT , `s, lttq P tL τ1uV (S-L1)

We choose svh1 as svh and `s1 as `s

– Hp`q “ psvh, `sq:
Directly from (S-L1)

– pT , svh,
tvhq P tτ1uV :

From IH of outer induction

– pT , `s, lttq P tL τ2uV :
From IH of inner induction

Lemma 94 (Expression subtyping lemma). @τ, τ 1, V,H, es, et.
τ ă: τ 1 ^ pT , es, etq P tτ u

V,H
E ùñ pT , es, etq P tτ

1u
V,H
E

Proof. From Definition 84 we are given that
@H 1, sv , p, p1, t ăT . V,H $

p
p1 es ót

sv , H 1 ùñ Dtvt,
tvf , J.et ó

tvt ó
J tvf ^ pT ´t,

sv , tvf q P

tτ uH
1

V ^ p´ p1 ď J (SE0)

Also from Definition 84 it suffices to prove that
@H 1, sv , p, p1, t1 ăT . V,H $

p
p1 es ót1

sv , H 1 ùñ Dtvt,
tvf , J.et ó

tvt ó
J tvf ^ pT

´t1,
sv , tvf q P tτ

1uH
1

V ^ p´ p1 ď J

This means given some H 1, sv , p, p1, t1 ăT s.t V,H $
p
p1 es ót1

sv , H 1 it suffices to prove that
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Dtvt,
tvf , J.et ó

tvt ó
J tvf ^ pT ´t1,

sv , tvf q P tτ
1uH

1

V ^ p´ p1 ď J

We instantiate (SE0) with H 1, sv , p, p1, t1 and we get
Dtvt,

tvf , J.et ó
tvt ó

J tvf ^ pT ´t1,
sv , tvf q P tτ u

H 1

V ^ p´ p1 ď J (SE1)

We get the desired from (SE1) and Lemma 93

2.5.3 Re-deriving Univariate RAML’s soundness

Definition 95 (Translation of Univariate RAML stack). pV : ΓqH fi @x P dompΓq.pV pxqqH,Γpxq

Definition 96 (Translation of Univariate RAML values).

psvqH,τ fi

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

sv τ “ unit
!sv τ “ b

xxpq, psvqH,L τ 1yy τ “ L´τ 1

nil τ “ L τ 1 ^ sv “ NULL

pHp`q Ó1qH,τ 1 :: pHp`q Ó2qH,Lτ 1 τ “ L τ 1 ^ sv “ `

xxpHp`q Ó1qH,τ1 , pHp`q Ó2qH,τ2yy τ “ pτ1, τ2q ^
sv “ `

Lemma 97 (Irrelevance of T for translated value). @sv , τ,H.
H |ù sv P JτK in RAML ùñ @ T .pΦHp

sv : τq, T , psvqH,τ q P JLτMK in λ-Amor

Proof. By induction on τ

1. τ “ unit:

To prove: @ T .pΦHp
sv : τq, T , psvqH,τ q P JLunitMK

This means given some T it suffices to prove that

pΦHp
sv : unitq, T , psvqH,unitq P J1K

We know that ΦHp
sv : unitq “ 0 therefore it suffices to prove that

p0, T , svq P J1K

Since we know that sv P JunitK therefore we know that sv “ pq

Therefore we get the desired directly from Definition 66

2. τ “ b:

To prove: @ T .pΦHp
sv : τq, T , psvqH,τ q P JLbMK

This means given some T it suffices to prove that

pΦHp
sv : bq, T , psvqH,τ q P J!bK

We know that ΦHp
sv : bq “ 0 therefore it suffices to prove that

p0, T , !svq P J!bK

From Definition 66 it suffices to prove that

p0, T , svq P JbK

Since we know that sv P JbK

Therefore we get the desired directly from Definition 66
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3. τ “ L~qτ 1:

By induction on sv

• sv “ NULL “ rs:

To prove: @ T .pΦHp
sv : τq, T , psvqH,L~qτ 1q P JLL~qτ 1MK

This means given some T it suffices to prove that

pΦHprs : L~qτ 1q, T , xxpq,nilyyq P JDs.prφp~q, sqs1 b LsLτMqK

We know that ΦHprs : L~qτ 1q “ 0 therefore it suffices to prove that

p0, T , xxpq,nilyyq P JDs.prφp~q, sqs1 b LsLτMqK
From Definition 66 it suffices to prove that

Ds1.p0, T , xxpq,nilyyq P Jprφp~q, sqs1 b LsLτMqrs1{ssK

We choose s1 as 0 and it suffices to prove that

p0, T , xxpq,nilyyq P Jprφp~q, 0qs1 b Lr0sLτMqK

From Definition 66 it further suffices to prove that

Dp1, p2.p1 ` p2 ď 0 ^ pp1, T , pqq P Jprφp~q, 0qs1K ^ pp1, T ,nilq P JLr0sLτMqK
We choose p1 and p2 as 0 and we get the desired directly from Definition 66

• sv “ ` “ rsv1, . . . ,
svns:

To prove: @ T .pΦHpr
sv1 . . .

svns : L~qτ 1q, T , psvqH,τ q P JDs.prφp~q, sqs1 b LsLτ 1MqK

This means given some T it suffices to prove that

pΦHpr
sv1 . . .

svns : L~qτ 1q, T , psvqH,τ q P JDs.prφp~q, sqs1 b LsLτ 1MqK

We know that ΦHpr
sv1 . . .

svns : L~qτ 1q “ pΦpn, ~qq `
ř

1ďiďn ΦHp
svi : τ 1qq therefore it

suffices to prove that

ppΦpn, ~qq `
ř

1ďiďn ΦHp
svi : τ 1qq, T , psvqH,τ q P JDs.prφp~q, sqs1 b LsLτ 1MqK

From Definition 66 it suffices to prove that

Ds1.ppΦpn, ~qq `
ř

1ďiďn ΦHp
svi : τ 1qq, T , psvqH,τ q P Jprφp~q, sqs1 b LsLτ 1Mqrs1{ssK

We choose s1 as n and it suffices to prove that

ppΦpn, ~qq `
ř

1ďiďn ΦHp
svi : τ 1qq, T , psvqH,τ q P Jprφp~q, nqs1 b LnLτ 1MqK

From Definition 96 we know that psvqH,τ “ xxpq, pHp`q Ó1qH,τ 1 :: pHp`q Ó2qH,Lτ 1yy

From Definition 66 it further suffices to prove that

Dp1, p2.p1 ` p2 ď pΦpn, ~qq `
ř

1ďiďn ΦHp
svi : τ 1qq ^ pp1, T , pqq P Jrφp~q, nqs1K ^ pp2, T

, pHp`q Ó1qH,τ 1 :: pHp`q Ó2qH,Lτ 1q P JLnLτ 1MqK (L0)

IH

pΦHpr
sv2 . . .

svns : LŸ~qτ 1q, T , pHp`q Ó2qH,LŸ~qτ 1q P JDs.prφpŸ~q, sqs1 b LsLτ 1MqK

We know that ΦHpr
sv2 . . .

svns : LŸ~qτ 1q “ pΦpn ´ 1,Ÿ~qq `
ř

2ďiďn ΦHp
svi : τ 1qq this

means we have

ppΦpn´1,Ÿ~qq`
ř

2ďiďn ΦHp
svi : τ 1qq, T , pHp`q Ó2qH,LŸ~qτ 1q P JDs.prφpŸ~q, sqs1 b LsLτ 1MqK

From Definition 66 this means we have

Ds1.ppΦpn´1,Ÿ~qq`
ř

2ďiďn ΦHp
svi : τ 1qq, T , pHp`q Ó2qH,LŸ~qτ 1q P JprφpŸ~q, sqs1 b LsLτ 1Mqrs1{ssK

We know that s1 as n´ 1 and we have
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ppΦpn´1,Ÿ~qq`
ř

2ďiďn ΦHp
svi : τ 1qq, T , pHp`q Ó2qH,LŸ~qτ 1q P JprφpŸ~q, n´ 1qs1 b Ln´1Lτ 1MqK

From Definition 96 we know that pHp`q Ó2qH,LŸ~qτ 1 “ xxpq, ltyy

This means from Definition 66 we have

Dp11, p
1
2.p

1
1 ` p

1
2 ď pΦpn´ 1,Ÿ~qq `

ř

2ďiďn ΦHp
svi : τ 1qq ^ pp11, T , pqq P JrφpŸ~q, nqs1K ^

pp12, T , ltq P JLn´1Lτ 1MqK (L1)

Inorder to prove (L0) we choose p1 as p11 ` q1 and p2 as p12 ` ΦHp
sv1 : τ 1q

– p1 ` p2 ď pΦpn, ~qq `
ř

1ďiďn ΦHp
svi : τ 1qq:

It suffices to prove that
p11 ` q1 ` p

1
2 ` ΦHp

sv1 : τ 1q ď pΦpn, ~qq `
ř

1ďiďn ΦHp
svi : τ 1qq

Since from (L1) we know that p11 ď Φpn´ 1,Ÿ~qq therefore we also know that
p11 ` q1 ď Φpn, ~qq (L2)

Similarly since from (L1) we know that p12 ď
ř

2ďiďn ΦHp
svi : τ 1q

Therefore we also have
p12 ` ΦHp

sv1 : τ 1q ď
ř

1ďiďn ΦHp
svi : τ 1q (L3)

Combining (L2) and (L3) we get the desired

– pp1, T , pqq P Jrφp~q, nqs1K:
It suffices to prove that pp11 ` q1, T , pqq P Jrφp~q, nqs1K

Since from (L1) we are given that
pp11, T , pqq P JrφpŸ~q, nqs1K
Therefore we also have
pp11 ` q1, T , pqq P Jrφp~q, nqs1K

– pp2, T , pHp`q Ó1qH,τ 1 :: pHp`q Ó2qH,Lτ 1q P JLnLτ 1MK:
It suffices to prove that
pp12 ` ΦHp

sv1 : τ 1q, T , pHp`q Ó1qH,τ 1 :: pHp`q Ó2qH,Lτ 1q P JLnLτ 1MK

From Definition 66 it suffices to show that
Dp21, p

2
2.p

2
1 ` p22 ď ΦHp

sv1 : τ 1q ` p12 ^ pp21, T , pHp`q Ó1qH,τ 1q P Jτ 1K ^ pp22, T

, pHp`q Ó2qH,Lτ 1q P JLn´1τ 1K

We choose p21 as ΦHp
sv1 : τ 1q and p22 as p12 and it suffices to prove that

∗ pp21, T , pHp`q Ó1qH,τ 1q P Jτ 1K:
This means we need to prove that
pΦHp

sv1 : τ 1q, T , pHp`q Ó1qH,τ 1q P Jτ 1K

We get this from IH of outer induction

∗ pp22, T , pHp`q Ó2qH,Lτ 1q P JLn´1τ 1K:
This means we need to prove that
pp12, T , pHp`q Ó2qH,Lτ 1q P JLn´1τ 1K

Since we know that pHp`q Ó2qH,Lτ 1 “ lt therefore we get the desired from (L1)

4. τ “ pτ1, τ2q:

To prove: @ T .pΦHpp
sv1,

sv2q : pτ1, τ2qq, T , psv1, sv2qH,pτ1,τ2qq P JLpτ1, τ2qMK

This means given some T it suffices to prove that

pΦHpp
sv1,

sv2q : pτ1, τ2qq, T , psv1, sv2qH,pτ1,τ2qq P JLτ1M b Lτ2MK
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We know that ΦHpp
sv1,

sv2q : pτ1, τ2qq “ ΦHp
sv1 : τ1q `ΦHp

sv2 : τ2q therefore it suffices to
prove that

pΦHp
sv1 : τ1q ` ΦHp

sv2 : τ2q, T , ppHp`q Ó1qH,τ1 , pHp`q Ó2qH,τ2qq P JLτ1M b Lτ2MK

From Definition 66 it suffices to prove that

Dp1, p2.p1 ` p2 ď pΦHp
sv1 : τ1q ` ΦHp

sv2 : τ2qq ^ pp1, T , pHp`q Ó1qH,τ1q P JLτ1MK ^ pp2, T

, pHp`q Ó2qH,τ2q P JLτ2MK

Choosing p1 as ΦHp
sv1 : τ1q and p2 as ΦHp

sv2 : τ2q and it suffices to prove that

pΦHp
sv1 : τ1q, T , pHp`q Ó1qH,τ1q P JLτ1MK ^ pΦHp

sv2 : τ2q, T , pHp`q Ó2qH,τ2q P JLτ2MK

We get this directly from IH1 and IH2

Lemma 98 (Irrelevance of T for translated Γ). @sv , τ,H.
H |ù V : Γ in RAML ùñ @ T .pΦV,HpΓq, T , pV : ΓqHq P JLΓMK in λ-Amor

Proof. To prove: @ T .pΦV,HpΓq, T , pV : ΓqHq P JLΓMK

This means given soem T it suffices to prove that
pΦV,HpΓq, T , pV : ΓqHq P JLΓMK

From Definition 67 it suffices to prove that
Df : VarsÑ Pots. p@x P dompLΓMq. pfpxq, T , pV : ΓqHpxqq P JLΓMpxqKEq ^ p

ř

xPdompLΓMq fpxq ď
ΦV,HpΓqq

We choose fpxq as ΦHpV pxq : Γpxqq for every x P dompΓq and it suffices to prove that

• p@x P dompLΓMq. pΦHpV pxq : Γpxqq, T , pV : ΓqHpxqq P JLΓMpxqKEq:

This means given some x P dompLΓMq it suffices to prove that

pΦHpV pxq : Γpxqq, T , pV : ΓHqpxqq P JLΓpxqMKE
From Definition 95 it suffices to prove that

pΦHpV pxq : Γpxqq, T , pV pxqqH,Γpxqq P JLΓpxqMKE

From Lemma 97 we know that

pΦHpV pxq : Γpxqq, T , pV pxqqH,Γpxqq P JLΓpxqMK

And finally from Definition 66 we have

pΦHpV pxq : Γpxqq, T , pV pxqqH,Γpxqq P JLΓpxqMKE

• p
ř

xPdompLΓMq fpxq ď ΦV,HpΓqq:

Since we know that ΦV,HpΓq “
ř

xPdompΓqΦHpV pxq : Γpxqq therefore we are done

Lemma 99 (RAML’s stack and its translation are in the cross-lang relation). @H,V,Γ.
H |ù V : Γ ùñ @ T .pT , V, pV : ΓqHq P tΓu

H
V
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Proof. Given some T , it suffices to prove that pT , V, pV : ΓqHq P tΓu
H
V

From Definition 85 it suffices to prove that
@x : τ P dompΓq.pT , V pxq, pV : ΓqHpxqq P tτ u

H
V

This means given some x : τ P dompΓq and we need to prove that
pT , V pxq, pV : ΓqHpxqq P tτ u

H
V

Since we are given that H |ù V : Γ, it means we have @x P dompΓq.H |ù V pxq P JΓpxqK

Therefore we get the desired from Lemma 100

Lemma 100 (RAML’s value and its translation are in the cross-lang relation). @H, sv , τ .
H |ù sv P JτK ùñ @ T .pT , sv , psvqH,τ q P tτ u

H
V

Proof. By induction on τ

1. τ “ unit:

To prove: @ T .pT , sv , psvqH,τ q P tunitu
H
V

This means given some T , from Definition 96 it suffices to prove that

pT , sv , svq P tunituHV

We get this directly from Definition 84

2. τ “ b:

To prove: @ T .pT , sv , psvqH,τ q P tbu
H
V

This means given some T , from Definition 96 it suffices to prove that

pT , sv , !svq P tbuHV

We get this directly from Definition 84

3. τ “ L~qτ 1:

By induction on sv

• sv “ NULL:

To prove: @ T .pT ,NULL, psvqH,τ q P tbu
H
V

Given some T , from Definition 96 it suffices to prove that

pT ,NULL, xxpq,nilyyq P tL~qτ 1uHV
We get this directly from Definition 84

• sv “ ` “ rsv1 . . .
svns:

To prove: @ T .pT , `, psvqH,τ q P tbu
H
V

Given some T , from Definition 96 it suffices to prove that

pT , `, xxpq, pHp`q Ó1qH,τ 1 :: pHp`q Ó2qH,Lτ 1yyq P tL
~qτ 1uHV

From Definition 84 it further suffices to prove that

pT ,Hp`q Ó1, pHp`q Ó1qH,τ 1q P tτ
1uV ^ pT ,Hp`q Ó2, pHp`q Ó2qH,Lτ 1q P tL τ 1uV

We get pT ,Hp`q Ó1, pHp`q Ó1qH,τ 1q P tτ
1uV from IH of outer induction

and pT ,Hp`q Ó2, pHp`q Ó2qH,Lτ 1q P tL τ 1uV from IH of inner induction
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4. τ “ pτ1, τ2q:

To prove: @ T .pT , `, p`qH,pτ1,τ2qq P tpτ1, τ2qu
H
V

Given some T , from Definition 96 it suffices to prove that

pT , `, xxpHp`q Ó1qH,τ1 , pHp`q Ó2qH,τ2yyq P tpτ1, τ2qu
H
V

From Definition 84 it suffices to prove that

pT ,Hp`q Ó1, pHp`q Ó1qH,τ1q P tτ1uV ^ pT ,Hp`q Ó2, pHp`q Ó2qH,τ2q P tτ2uV

We get this directly from IH

Lemma 101. @sv , tv , τ,H, T .
pT , sv , tvq P tτ uHV ùñ tv “ psvqH,τ

Proof. Proof by induction on the t.uV relation

1. tunituHV :

Given: pT , sv , svq P tunituHV

To prove: sv “ psvqH,unit

Directly from Definition 96

2. tbuHV :

Given: pT , sv , !svq P tbuHV

To prove: !sv “ psvqH,τ

Directly from Definition 96

3. tpτ1, τ2qu
H
V :

Given: pT , `, xxtv1,
tv2yyq P tpτ1, τ2qu

H
V

This means from Definition 84 we have

Hp`q “ psv1,
sv2q ^ pT ,

sv1,
tv1q P tτ1uV ^ pT ,

sv2,
tv2q P tτ2uV (R0)

To prove: xxtv1,
tv2yy “ p`qH,pτ1,τ2q

From Definition 96 we know that

p`qH,pτ1,τ2q “ xxpHp`q Ó1qH,τ1 , pHp`q Ó2qH,τ2yy

From (R0) we know that Hp`q Ó1“
sv1 and Hp`q Ó2“

sv2 therefore we have

p`qH,pτ1,τ2q “ xxpHp`q Ó1qH,τ1 , pHp`q Ó2qH,τ2yy “ xx
sv1, sv2yy (R1)

Since from (R0) we know that pT , sv1,
tv1q P tτ1uV therefore we have

tv1 “
sv1 (IH1)

Similarly we also have

tv2 “
sv2 (IH2)

We get the desired from IH1, IH2 and (R1)
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4. tL~qτ 1uHV :

Given: pT , `s, xxpq, ltyyq P tL
~qτ 1uHV where pT , `s, ltq P tLτ

1uHV

To prove: xxpq, ltyy “ p`sqH,τ

From Definition 96 we know that

p`sqH,L´τ 1 “ xxpq, p`sqH,Lτ 1yy

Therefore it suffices to prove that lt “ p`sqH,Lτ 1

We induct on pT , `s, ltq P tLτ
1uHV

(a) `s “ NULL:

In this case we know that lt “ nil

From Definition 96 we get the desired

(b) `s “ ` ‰ NULL:

In this case we know that lt “
tvh :: l1t s.t

Hp`q “ psv 1, `1sq ^ pT ,
sv 1, tvhq P tτ

1uV ^ pT , `
1
s, l
1
tq P tL τ 1uV

We get the desired from Definition 96, IH of outer induction and IH of inner induction

Definition 102 (Top level RAML program translation). Given a top-level RAML program
P fi F, emain where F fi f1pxq “ ef1, . . . , fnpxq “ efn s.t
Σ, x : τf1 $

q1
q11
ef1 : τ 1f1

. . .
Σ, x : τfn $

qn
q1n
efn : τ 1fn

Σ,Γ $qq1 emain : τ

where Σ “ f1 : τf1
q1{q11
Ñ τ 1f1, . . . , fn : τfn

qn{q1n
Ñ τ 1fn

Translation of P denoted by P is defined as F , et where
F “ fixf1.λu.λx.et1, . . . , fixfn.λu.λx.etn s.t
Σ, x : τf1 $

q1
q11
ef1 : τ 1f1  et1

. . .
Σ, x : τfn $

qn
q1n
efn : τ 1fn  etn

and
Σ,Γ $qq1 emain : τ  et

Theorem 103 (RAML univariate soundness). @H,H 1, V,Γ,Σ, e, τ, sv , p, p1, q, q1, t.
P “ F, e and P be a RAML top-level program and its translation respectively (as defined in

Definition 102)
H |ù V : Γ ^ Σ,Γ $qq1 e : τ ^ V,H $

p
p1 e ót

sv , H 1

ùñ

p´ p1 ď pΦH,V pΓq ` qq ´ pq
1 ` ΦHp

sv : τqq

Proof. From Definition 102 we are given that
F fi f1pxq “ ef1 , . . . , fnpxq “ efn s.t
Σ, x : τf1 $

q1
q11
ef1 : τ 1f1  et1

. . .
Σ, x : τfn $

qn
q1n
efn : τ 1fn  etn
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Let @i P r1 . . . ns.δsf pfiq “ pfipxq “ efiq and @i P r1 . . . ns.δtf pfiq “ pfixfi.λu.λx.etiq

Claim: @ T .pT , δsf , δtf q P tΣuHV 1
Proof.
This means given some T , it suffices to prove that
pT , δsf , δtf q P tΣuHV 1

We induct on T
Base case: Trivial
Inductive case:
IH: @ T 2ăT .pT 2, δsf , δtf q P tΣuHV 1

From Definition 86 it suffices to prove that

@fi P dompΣq.pT , fipxq “ efi δsf , fixfi.λu.λx.eti δtf q P tτfi
qi{q

1
i

Ñ τ 1fiu
H
V 1

Given some fi P dompΣq it suffices to prove that

pT , fipxq “ efi δsf , fixfi.λu.λx.eti δtf q P tτfi
qi{q

1
i

Ñ τ 1fiu
H
V 1

From Definition 84 it suffices to prove that
@sv 1, tv 1, T 1ăT .pT 1, sv 1, tv 1q P tτfiu

H
V ùñ pT 1, efi δsf , eti δtf rpq{usr

tv 1{xsrfixfi.λu.λx.eti δtf{fisq P

tτ 1f1u
tx ÞÑsv 1u,H
E

This means given some sv 1, tv 1, T 1ăT s.t pT 1, sv 1, tv 1q P tτfiu
H
V it suffices to prove that

pT 1, efi δsf , eti δtf rpq{usr
tv 1{xsrfixfi.λu.λx.eti δtf{fisq P tτ

1
fi
u
tx ÞÑsv 1u,H
E

Since δtf “ δtf Y tfi ÞÑ fixfi.λu.λx.eti δtfu, therefore it suffices to prove that

pT 1, efi δsf , eti δtf rpq{usr
tv 1{xsq P tτ 1fiu

tx ÞÑsv 1u,H
E (C0)

Also since are given pT 1, sv 1, tv 1q P tτfiu
H
V therefore we have

pT 1, tx ÞÑ sv 1u, tx ÞÑ tv 1uq P tx : τfiu
H
V

Also from IH we have pT 1, δsf , δtf q P tΣu
V,H
V 1

We can apply Theorem 92 to get

pT 1, efiδsf , eti pq tx ÞÑ
tv 1uδtf q P tτ

1
fi
u
tx ÞÑsv 1u,H
E

And this prove (C0)

From Theorem 82 we know that Det s.t
Σ,Γ $qq1 e : τ  et and .; .; LΣM; LΓM $ et : rqs1(M 0 rq1s LτM

From Lemma 99 we know that @ T .pT , V, pV : ΓqHq P tΓu
H
V

Also from the Claim proved above we know that @ T .pT , δsf , δtf q P tΣuHV 1

Therefore from Theorem 92 we know that @ T .pT , eδsf , et pq pV : ΓqHδtf q P tτ u
V,H
E

This means from Definition 84 we have
@ T .@H 11,

sv1, p1, p
1
1, t

1 ăT . V,H $
p1
p11
eδsf ót1

sv1, H
1
1 ùñ Dtvt,

tvf , J.et pq pV : ΓqHδtf ó

tvt ó
J tvf ^ pT ´t

1, sv , tvf q P tτ u
H 11
V ^ p1 ´ p

1
1 ď J (RD-0.0)

We are given that V,H $
p
p1 e ót

sv , H 1

Therefore instantiating (RD-0.0) with t` 1, H 1, sv , p, p1, t we get
Dtvt,

tvf , J.et pq pV : ΓqHδtf ó´
tvt ó

J
´
tvf ^ p1,

sv , tvf q P tτ u
H 1

V ^ p´ p1 ď J (RD-0)

From reduction rules we know that Dt1, t2 s.t et pq pV : ΓqHδtf ót1
tvt ó

J
t2
tvf

230



Since from Lemma 98 we know that @ T .pΦV,HpΓq, T , pV : ΓqHq P JLΓMK
Therefore we also have pΦV,HpΓq, t1 ` t2 ` 1, pV : ΓqHq P JLΓMK

Therefore from Theorem 80 we get
Dpv.ppv, 1,

tvf q P JLτMK ^ J ď pq ` ΦV,HpΓqq ´ pq
1 ` pvq (RD-1)

Since we have p1, sv , tvf q P tτ u
H 1

V therefore from Lemma 101 we know that tvf “ psvqH 1,τ

From Lemma 97 we know that @ T .pΦHp
sv : τq, T , psvqH 1,τ q P JLτMK

Therefore we have pΦHp
sv : τq, 1, psvqH 1,τ q P JLτMK (RD-2)

From (RD-1), (RD-2) and Lemma 69 we know that pv ě ΦHp
sv : τq

Since from (RD-1) we know that J ď pq ` ΦV,HpΓqq ´ pq
1 ` pvq therefore we also have

J ď pq ` ΦV,HpΓqq ´ pq
1 ` ΦHp

sv : τqq (RD-3)

Finally from (RD-0) and (RD-3) we get the desired.

3 Examples

3.1 Strict functional queue

enqueue : @m,n. r3s1( τ ( Lnpr2s τq( Lmτ (M 0 pLn`1pr2s τq b Lmτq
enqueue fi Λ.λ p a l1 l2.release´ “ p in bindx “ store a in bind´ “ Ò1 in retxxpx :: l1q, l2yy

Typing derivation for enqueue enqueue
T0 “ @m,n. r3s1( τ ( Lnpr2s τq( Lmτ (M 0 pLn`1pr2s τq b Lmτq
T1 “ r3s1( τ ( Lnpr2s τq( Lmτ (M 0 pLn`1pr2s τq b Lmτq
T1.0 “ r3s1
T2 “ τ ( Lnpr2s τq( Lmτ (M 0 pLn`1pr2s τq b Lmτq
T3 “ Lnpr2s τq( Lmτ (M 0 pLn`1pr2s τq b Lmτq
T3.1 “ Lnpr2s τq
T3.2 “ Lmτ
T4 “M 0 pLn`1pr2s τq b Lmτq
T5 “M 1 pLn`1pr2s τq b Lmτq
T6 “M 3 pLn`1pr2s τq b Lmτq

enqueue “ Λ.λ p a l1 l2.release´ “ p in bindx “ store a in bind´ “ Ò1 in retxxpx :: l1q, l2yy
E1 “ λ p a l1 l2.release´ “ p in bindx “ store a in bind´ “ Ò1 in retxxpx :: l1q, l2yy
E2 “ release´ “ p in bindx “ store a in bind´ “ Ò1 in retxxpx :: l1q, l2yy
E3 “ bindx “ store a in bind´ “ Ò1 in retxxpx :: l1q, l2yy
E4 “ bind´ “ Ò1 in retxxpx :: l1q, l2yy
E5 “ retxxpx :: l1q, l2yy

D2:

.;m,n; .; .;x : r2s τ, l1 : Lnpr2s τq, l2 : Lmτ $ E5 : T4

D1:

.;m,n; .; .; . $ Ò1 : M 1 1
D2

.;m,n; .; .;x : r2s τ, l1 : Lnpr2s τq, l2 : Lmτ $ E4 : T5
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D0:

.;m,n; .; .; a : τ $ store a : M 2 pr2s τq
D1

.;m,n; .; .; a : τ, l1 : Lnpr2s τq, l2 : Lmτ $ E3 : T6

Main derivation:

.;m,n; .; .; p : T1.0 $ p : T1.0
D0

.;m,n; .; .; p : T1.0, a : τ, l1 : Lnpr2s τq, l2 : Lmτ $ E2 : T4

.;m,n; .; .; . $ E1 : T1

.; .; .; .; . $ enqueue : T0

Dq : @m,n.pm` n ą 0q ñ r1s1( Lmpr2s τq( Lnτ (
M 0 pDm1, n1.ppm1 ` n1 ` 1q “ pm` nqq&pLm

1

r2s τ b Ln
1

τqq

Dq fi Λ.Λ.Λ.λ p l1 l2.match l2 with |nil ÞÑ E1 |h2 :: l12 ÞÑ E2

E1 “ bind lr “M rsrs l1 nil in match lr with |nil ÞÑ ´ |hr :: l1r ÞÑ E1.1

E1.1 “ release´ “ p in bind´ “ Ò1 in ret Λ.xxnil , l1ryy
E2 “ release´ “ p in bind´ “ Ò1 in ret Λ.xxl1, l

1
2yy

Typing derivation for dequeue Dq
T0 “ @m,n.pm` n ą 0q ñ r1s1( Lmpr2s τq( Lnτ (

M 0 pDm1, n1.pm1 ` n1 ` 1q “ pm` nq&pLm
1

r2s τ b Ln
1

τqq
T1 “ pm` n ą 0q ñ r1s1( Lmpr2s τq( Lnτ (

M 0 pDm1, n1.pm1 ` n1 ` 1q “ pm` nq&pLm
1

r2s τ b Ln
1

τqq
T2 “ r1s1( Lmpr2s τq( Lnτ (M 0 pDm1, n1.pm1 ` n1 ` 1q “ pm` nq&pLm

1

r2s τ b Ln
1

τqq
T2.1 “ Lmpr2s τq
T3 “ Lnτ (M 0 pDm1, n1.pm1 ` n1 ` 1q “ pm` nq&pLm

1

r2s τ b Ln
1

τqq
T3.1 “ Lnτ
T4 “M 0 pDm1, n1.pm1 ` n1 ` 1q “ pm` nq&pLm

1

r2s τ b Ln
1

τqq
T4.1 “M 1 pDm1, n1.pm1 ` n1 ` 1q “ pm` nq&pLm

1

r2s τ b Ln
1

τqq
T5 “ pDm

1, n1.pm1 ` n1 ` 1q “ pm` nq&pLm
1

r2s τ b Ln
1

τqq
T5.1 “ pDm

1, n1.pm1 ` n1 ` 1q “ pm` nq&pLm
1

r2s τ b Ln
1

τqqrm{m1sri{n1s
T5.2 “ pL

mr2s τ b Lnτq
T6 “ pm

1 ` n1 ` 1q “ pm` nq&pLm
1

r2s τ b Ln
1

τqr0{m1sri{n1s
T7 “ pL

0r2s τ b Ln´1τq

E0 “ Λ.Λ.Λ.λ l1 l2.match l2 with |nil ÞÑ E1 |h2 :: l12 ÞÑ E2

E0.1 “ λ p l1 l2.match l2 with |nil ÞÑ E1 |h2 :: l12 ÞÑ E2

E0.2 “ match l2 with |nil ÞÑ E1 |h2 :: l12 ÞÑ E2

E1 “ bind lr “M rsrs l1 nil in match lr with |nil ÞÑ ´ |hr :: l1r ÞÑ E1.1

E1.1 “ release´ “ p in bindx “ Ò1 in Λ. retxxnil , l1ryy
E2 “ release´ “ p in bindx “ Ò1 in Λ. retxxl1, l

1
2yy

D1.3:

.;m,n; pn ą 0q, pm` nq ą 0; .;h2 : τ, l12 : Lm´1τ, l1 : T2.1 $ xxl1, l
1
2yy : T5.2
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D1.2:

.;m,n; pn ą 0q, pm` nq ą 0 |ù pm` i` 1q “ pm` nq
D1.3

.;m,n; pn ą 0q, pm` nq ą 0; .;h2 : τ, l12 : Lm´1τ, l1 : T2.1 $ Λ.xxl1, l
1
2yy : T5.1

.;m,n; pn ą 0q, pm` nq ą 0; .;h2 : τ, l12 : Lm´1τ, l1 : T2.1 $ Λ.xxl1, l
1
2yy : T5

.;m,n; pn ą 0q, pm` nq ą 0; .;h2 : τ, l12 : Lm´1τ, l1 : T2.1 $ ret Λ.xxl1, l
1
2yy : T4

D1.1:

.;m,n; pn ą 0q, pm` nq ą 0; .;h2 : τ, l12 : Ln´1τ $ Ò1 : M 1 1
D1.2

.;m,n; pn ą 0q, pm` nq ą 0; .;h2 : τ, l12 : Ln´1τ, l1 : T2.1 $ bind´ “ Ò1 in ret Λ.xxl1, l
1
2yy : T4.1

D1:

.;m,n; pn ą 0q, pm` nq ą 0; .; p : r1s1 $ p : r1s1
D1.1

.;m,n; pn ą 0q, pm` nq ą 0; .;h2 : τ, l12 : Ln´1τ, l1 : T2.1 $

release´ “ p in bind´ “ Ò1 in ret Λ.xxl1, l
1
2yy : T4

.;m,n; pn ą 0q, pm` nq ą 0; .;h2 : τ, l12 : Ln´1τ, l1 : T2.1 $ E2 : T4

D0.05:

.;m,n; pn “ 0q, pm ą 0q, pm` nq ą 0; .;hr : τ, l1r : Lm´1τ $ xxnil , l1ryy : T7

D0.04:

D0.05

.;m,n; pn “ 0q, pm ą 0q, pm` nq ą 0; .;hr : τ, l1r : Lm´1τ $ Λ.xxnil , l1ryy : T6

.;m,n; pn “ 0q, pm ą 0q, pm` nq ą 0; .;hr : τ, l1r : Lm´1τ $ Λ.xxnil , l1ryy : T5

.;m,n; pn “ 0q, pm ą 0q, pm` nq ą 0; .;hr : τ, l1r : Lm´1τ $ ret Λ.xxnil , l1ryy : T4

D0.03:

.;m,n; pn “ 0q, pm ą 0q, pm` nq ą 0; .;hr : τ, l1r : Lm´1τ $ Ò1 : M 1 1
D0.04

.;m,n; pn “ 0q, pm ą 0q, pm` nq ą 0; .;hr : τ, l1r : Lm´1τ $ bind´ “ Ò1 in ret Λ.xxnil , l1ryy : T4.1

D0.02:

.;m,n; pn “ 0q, pm ą 0q, pm` nq ą 0; .; p : r1s1 $ p : r1s1
D0.03

.;m,n; pn “ 0q, pm ą 0q, pm` nq ą 0; .;hr : τ, l1r : Lm´1τ, p : r1s1 $ E1.1 : T4

D0.01:

.;m,n; pn “ 0q, pm` nq ą 0; .; . $ fix x.x : T4

D0.0:

.;m,n; pn “ 0q, pm` nq ą 0; .; lr : Lmτ $ lr : Lmτ
D0.01 D0.02

.;m,n; pn “ 0q, pm` nq ą 0; .; lr : Lmτ, p : r1s1 $ match lr with |nil ÞÑ ´ |hr :: l1r ÞÑ E1.1 : T4
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D0:

.;m,n; pn “ 0q, pm` nq ą 0; .; l1 : T2.1 $M rsrs l1 nil : M 0 pLmτq
D0.0

.;m,n; pn “ 0q, pm` nq ą 0; .; l1 : T2.1, p : r1s1 $ E1 : T4

Main derivation:

.;m,n; pm` nq ą 0; .; l2 : T3.1 $ l2 : T3.1
D0 D1

.;m,n; pm` nq ą 0; .; l1 : T2.1, l2 : T3.1, p : r1s1 $ E0.2 : T0

.;m,n; pm` nq ą 0; .; . $ E0.1 : T0

.; .; .; .; . $ E0 : T0

Move : @m,n.Lmpr2s τq( Lnτ (M 0 pLm`nτq
Move fi fixMΛ.Λ.λ l1 l2.match l1 with |nil ÞÑ E1 |h1 :: l11 ÞÑ E2

E1 “ retpl2q
E2 “ releaseh11 “ h1 in bind´ “ Ò2 in M rsrs l11 ph1 :: l2q

Typing derivation for Move
T0 “ @m,n.L

mpr2s τq( Lnτ (M 0 pLm`nτq
T1 “ Lmpr2s τq( Lnτ (M 0 pLm`nτq
T1.1 “ Lmpr2s τq
T2 “ Lnτ (M 0 pLm`nτq
T2.1 “ Lnτ
T3 “M 0 pLm`nτq
T5 “M 2 pLm`nτq

E0 “ fix M.Λ.Λ.λ l1 l2.match l1 with |nil ÞÑ E1 |h1 :: l11 ÞÑ E2

E0.0 “ Λ.Λ.λ l1 l2.match l1 with |nil ÞÑ E1 |h1 :: l11 ÞÑ E2

E0.1 “ λ l1 l2.match l1 with |nil ÞÑ E1 |h1 :: l11 ÞÑ E2

E0.2 “ match l1 with |nil ÞÑ E1 |h1 :: l11 ÞÑ E2

E1 “ retpl2q
E2 “ release´ “ h in bind´ “ Ò2 in M rsrs l11 ph1 :: l2q
E2.1 “ bind´ “ Ò2 in M rsrs l11 ph1 :: l2q
E2.2 “M rsrs l11 ph1 :: l2q

D3:

.;m,n; pm ą 0q;M : T0; l11 : Lm´1r2s τ , l2 : T2.1, h
1
1 : τ $M rsrs l11 ph

1
1 :: l2q : T3

D2:

.;m,n; pm ą 0q;M : T0; . $ Ò2 : M 2 1
D3

.;m,n; pm ą 0q;M : T0; l11 : Lm´1r2s τ , l2 : T2.1, h
1
1 : τ $ E2.1 : T5

D1:

.;m,n; pm ą 0q;M : T0;h1 : r2s τ $ h1 : r2s τ
D2

.;m,n; pm ą 0q;M : T0;h1 : r2s τ, l11 : Lm´1r2s τ , l2 : T2.1 $ E2 : T3

234



D0:

.;m,n;m “ 0;M : T0; l2 : T2.1 $ E1 : T3

Main derivation:

.;m,n; .;M : T0; l1 : T1.1 $ l1 : T1.1
D0 D1

.;m,n; .;M : T0; l1 : T1.1, l2 : T2.1 $ E0.2 : T1

.;m,n; .;M : T0; . $ E0.2 : T1

.; .; .;M : T0; . $ E0.1 : T0.0

.; .; .; .; . $ E0 : T0

.; .; .; .; . $Move : T0

3.2 Church numerals

Nat “ λtn.@α : NÑ Type.@C : NÑ N.
!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(M 0 ppα 0 b rp

ř

iănC iq ` ns1q(M 0 pα nqq

e1 Ò
1 e2 fi bind´ “ Ò1 in e1 e2

Ψ; Θ; ∆; Ω1; Γ1 $ e1 : τ1 (Mpnq τ2 Ψ; Θ; ∆; Ω2; Γ2 $ e2 : τ1

Ψ; Θ; ∆; Ω1 ‘ Ω2; Γ1 ‘ Γ2 $ e1 Ò
1 e2 : Mpn` 1q τ2

Type derivation for 0

0 “ Λ.Λ.λf. retλx. letxxy1, y2yy “ x in ret y1 : Nat 0

T0 “

@α.@C.!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(M 0 ppα 0 b r0s1q(M 0 pα 0qq
T0.1 “ @C.!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(M 0 ppα 0 b r0s1q(M 0 pα 0qq
T0.2 “!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(M 0 ppα 0 b r0s1q(M 0 pα 0qq
T0.3 “!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq
T1 “M 0 ppα 0 b r0s1q(M 0 pα 0qq
T1.1 “ ppα 0 b r0s1q(M 0 pα 0qq
T2 “ pα 0 b r0s1q
T2.1 “ α 0
T2.2 “ r0s1
T3 “M 0 pα 0q
TI “ α : NÑ Type;C : NÑ Sort
D1:

TI; .; .; f : T0.3, y1 : T2.1, y2 : T2.2 $ ret y1 : M 0T2.1

D0:

TI; .; .; f : T0.3, x : T2 $ x : T2
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Main derivation:

D0 D1

TI; .; .; f : T0.3, x : T2 $ letxxy1, y2yy “ x in ret y1 : T3

TI; .; .; f : T0.3 $ λx. letxxy1, y2yy “ x in ret y1 : T1.1

TI; .; .; f : T0.3 $ retλx. letxxy1, y2yy “ x in ret y1 : T1

TI; .; .; . $ λf. retλx. letxxy1, y2yy “ x in ret y1 : T0.2

α : NÑ Type; .; .; ; .; . $ Λ.λf. retλx. letxxy1, y2yy “ x in ret y1 : T0.1

.; .; .; .; . $ Λ.Λ.pλf. retλx. letxxy1, y2yy “ x in ret y1q : T0

Type derivation for 1

1 “ Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E1 : Nat 1
where
E1 “ bind a “ storepq in fu rs Ò

1xxy1, ayy

T0 “ @α : NÑ Type.@C : NÑ Sort.
!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq( ppα 0 b rC 0` 1s1q(M 0 pα 1qq

T0.1 “ @C.!p@jn.ppα jn b rC jns1q ( M 0 pα pjn ` 1qqqq ( ppα 0 b rC 0` 1s1q (
M 0 pα 1qq

T0.2 “!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq( ppα 0 b rC 0` 1s1q(M 0 pα 1qq
T0.3 “!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq
T0.4 “ p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq
T0.5 “ pα 0 b rC 0s1q(M 0 pα p0 ` 1qq
T1 “M 0 ppα 0 b rC 0` 1s1q(M 0 pα 1qq
T1.1 “ ppα 0 b rC 0` 1s1q(M 0 pα 1qq
T2 “ pα 0 b rC 0` 1s1q
T2.1 “ α 0
T2.2 “ rC 0` 1s1
T3 “M 0 pα 1q
TI “ α : NÑ Type;C : NÑ Sort
D7:

TI; .; fu : T0.4; y1 : T2.1, a : rC 0s1 $ xxy1, ayy : pT2.1 b rC 0s1q

D6:

TI; .; fu : T0.4; . $ fu rs : T0.5

D5:
D6 D7

TI; .; fu : T0.4; y1 : T2.2, a : rC 0s1 $ fu rs Ò
1xxy1, ayy : M 1α 1

D4:

D4

TI; .; fu : T0.4; y1 : T2.1, y2 : T2.2 $ storepq : MpC 0q rC 0s1
D5

TI; .; fu : T0.4; y1 : T2.1, y2 : T2.2 $ bind a “ storepq in fu rs Ò
1xxy1, ayy : MpC 0` 1qα 1

D3:
D4

TI; .; fu : T0.4; y1 : T2.1 $ E1 : MpC 0` 1qα 1
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D2:

TI; .; fu : T0.4; y2 : T2.2 $ y2 : T2.2
D3

TI; .; fu : T0.4; y1 : T2.1, y2 : T2.2 $ release´ “ y2 in E1 : T3

D1:

TI; .; fu : T0.4;x : T2 $ x : T2
D2

TI; .; fu : T0.4;x : T2 $ letxxy1, y2yy “ x in release´ “ y2 in E1 : T3

D0:

TI; .; .; f : T0.3 $ f : T0.3

Main derivation:

D0 D1

TI; .; .; f : T0.3, x : T2 $ let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E1 : T3

TI; .; .; f : T0.3 $ λx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E1 : T1.1

TI; .; .; f : T0.3 $ retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E1 : T1

TI; .; .; . $ λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E1 : T0.2

.;α : NÑ Type; .; . $ Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E1 : T0.1

.; .; .; . $ Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E1 : T0

Type derivation for 2

2 “ Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in bind b “ E1 in E2 : Nat 2
where
E1 “ bind a “ storepq in fu rs Ò

1xxy1, ayy
E2 “ bind c “ storepq in fu rs Ò

1xxb, cyy

T0 “

@α : NÑ Type.@C.!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq( ppα 0 b rC 0` C 1` 2s1q(
M 0 pα 2qq

T0.1 “ @C.!p@jn.ppα jn b rC jns1q ( M 0 pα pjn ` 1qqqq ( ppα 0 b rC 0` C 1` 2s1q (
M 0 pα 2qq

T0.2 “!p@jn.ppα jn b rC jns1q ( M 0 pα pjn ` 1qqqq ( ppα 0 b rC 0` C 1` 2s1q (
M 0 pα 2qq

T0.3 “!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq
T0.4 “ p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq
T0.5 “ pα 0 b rC 0s1q(M 0 pα 1q
T0.6 “ pα 1 b rC 1s1q(M 0 pα 2q
T1 “M 0 ppα 0 b rC 0` C 1` 2s1q(M 0 pα 2qq
T1.1 “ ppα 0 b rC 0` C 1` 2s1q(M 0 pα 2qq
T2 “ pα 0 b rC 0` C 1` 2s1q
T2.1 “ α 0
T2.2 “ rC 0` C 1` 2s1
T3 “M 1 pα 2q
T3.1 “MpC 0` C 1` 2q pα 2q
TI “ α : NÑ Type;C : NÑ Sort
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D5.22

TI; .; fu : T0.4; b : α 1, c : rpC 1qs1 $ xxb, cyy : pα 1 b rpC 1qs1q

D5.21

TI; .; fu : T0.4; . $ fu rs : T0.6

D5.2
D5.21 D5.22

TI; .; fu : T0.4; b : α 1, c : rpC 1qs1 $ fu rs Ò
1 xxb, cyy : T3

D5.1

TI; .; fu : T0.4; . $ storepq : MpC 1q rpC 1qs1

D5:

D5.1 D5.2

TI; .; fu : T0.4; b : α 1 $ bind c “ storepq in fu rs xxb, cyy : MpC 1` 1q pα 2q

TI; .; fu : T0.4; b : α 1 $ E2 : MpC 1` 1q pα 2q

D4.12:

TI; .; fu : T0.4; y1 : T2.1, a : rpC 0qs1 $ xxy1, ayy : pT2.1 b rpC 0qs1q

D4.11:

TI; .; fu : T0.4; . $ fu rs : T0.5

D4.1:
D4.11 D4.12

TI; .; fu : T0.4; y1 : T2.1, a : rpC 0qs1 $ fu rs Ò
1 xxy1, ayy : M 1 pα 1q

D4:

TI; .; fu : T0.4; . $ storepq : MpC 0q rpC 0qs1
D4.1

TI; .; fu : T0.4; y1 : T2.1 $ bind a “ storepq in fu rs Ò
1xxy1, ayy : MpC 0` 1q pα 1q

TI; .; fu : T0.4; y1 : T2.1 $ E1 : MpC 0` 1q pα 1q

D3.2:
D4 D5

TI; .; fu : T0.4; y1 : T2.1 $ bind b “ E1 in E2 : T3.1

D3.1:

TI; .; fu : T0.4; y2 : T2.2 $ y2 : T2.2

D3:

D3.1 D3.2

TI; .; fu : T0.4; y1 : T2.1, y2 : T2.2 $ release´ “ y2 in bind b “ E1 in E2 : T3

D2:

TI; .; fu : T0.4;x : T2 $ x : T2
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D1:

D2 D3

TI; .; fu : T0.4;x : T2 $ letxxy1, y2yy “ x in release´ “ y2 in bind b “ E1 in E2 : T3

D0:

TI; .; .; f : T0.3 $ f : T0.3

D0.0:

D0 D1

TI; .; .; f : T0.3, x : T2 $

let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in bind b “ E1 in E2 : T3

TI; .; .; f : T0.3 $

λx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in bind b “ E1 in E2 : T1.1

TI; .; .; f : T0.3 $

retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in bind b “ E1 in E2 : T1

TI; .; .; . $
λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in bind b “ E1 in E2 : T0.2

Main derivation:

D0.0

.;α : NÑ Type; .; . $
ΛC.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in bind b “ E1 in E2 : T0.1

.; .; .; . $ Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in bind b “ E1 in E2 : T0

Type derivation for succ : @n. r2s1(M 0 pNat n(M 0 pNat pn` 1qqq

succ “ Λ.λp. retλN. ret Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0

where
E0 “ release´ “ p in bind a “ E1 in E2

E1 “ bind b “ storepq in bind b1 “ pN rs rs Ò1!fuq in b1 Ò
1xxy1, byy

E2 “ bind c “ storepq in ret fu rs Ò
1xxa, cyy

Tp “ r2s1
T0 “ @n.Tp(M 0 pNatrns(M 0 pNatrn` 1sqq
T0.0 “ Tp(M 0 pNatrns(M 0 pNatrn` 1sqq
T0.01 “M 0 pNatrns(M 0 pNatrn` 1sqq
T0.1 “ Natrns(M 0 pNatrn` 1sq
T0.2 “M 0 pNatrn` 1sq
T0.11 “ Natrns
T0.12 “

@α : NÑ Type.@C.!p@jn.ppα jn b rC jns1q(
M 0 pα pjn ` 1qqqq(M 0 ppα 0 b rC 0` . . .` C pn´ 1q ` ns1q(M 0 pα nqq

T0.13 “ @C.!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(
M 0 ppα 0 b rC 0` . . .` C pn´ 1q ` ns1q(M 0 pα nqq

T0.14 “!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(
M 0 ppα 0 b rC 0` . . .` C pn´ 1q ` ns1q(M 0 pα nqq

T0.15 “M 0 ppα 0 b rC 0` . . .` C pn´ 1q ` ns1q(M 0 pα nqq
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T0.151 “M 1 ppα 0 b rC 0` . . .` C pn´ 1q ` ns1q(M 0 pα nqq
T0.16 “ ppα 0 b rC 0` . . .` C pn´ 1q ` ns1q(M 0 pα nqq
T0.2 “ Natrn` 1s
T1 “

@α : NÑ Type.@C.!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(
M 0 ppα 0 b rpC 0` . . .` C pnq ` pn` 1qqs1q(M 0 pα pn` 1qqq

T1.1 “ @C.!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(
M 0 ppα 0 b rpC 0` . . .` C pnq ` pn` 1qqs1q(M 0 pα pn` 1qqq

T1.2 “!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(
M 0 ppα 0 b rpC 0` . . .` C pnq ` pn` 1qqs1q(M 0 pα pn` 1qqq

T1.3 “!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq
T1.31 “ p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq
T1.40 “M 0 ppα 0 b rpC 0` . . .` C pnq ` pn` 1qqs1q(M 0 pα pn` 1qqq
T1.4 “ ppα 0 b rpC 0` . . .` C pnq ` pn` 1qqs1q(M 0 pα pn` 1qqq
T1.41 “ pα 0 b rpC 0` . . .` C pnq ` pn` 1qqs1q
T1.411 “ α 0
T1.412 “ rpC 0` . . .` C pnq ` pn` 1qqs1
T1.42 “M 0 pα pn` 1qq
T1.43 “MpC 0` . . .` C pnq ` pn` 1qq pα pn` 1qq
T1.431 “MpC 0` . . .` C pnq ` pn` 1q ` 2q pα pn` 1qq
T1.44 “MpC 0` . . .` C pn´ 1q ` n` 2q pα nq
T1.45 “MpC n` 1q pα pn` 1qq
TI “ α;n,C

D3.1:

TI; .; fu : T1.31; a : α n, c : rpC nqs1 $ fu rs Ò
1xxa, cyy : M 1α pn` 1q

D3:

TI; .; fu : T1.31; . $ storepq : MpC nq rpC nqs1
D3.1

TI; .; fu : T1.31; a : α n $ bind c “ storepq in fu rs Ò
1xxa, cyy : T1.45

D2.3:

TI; .; fu : T1.31; y1 : T1.411, b : rn ˚ Cs1, b1 : T0.16 $ b1 : T0.16

TI; .; fu : T1.31; y1 : T1.411, b : rpC 0` . . .` C pn´ 1q ` pnqqs1, b1 : T0.16 $

xxy1, byy : pT1.411 b rpC 0` . . .` C pn´ 1q ` pnqqs1q

TI; .; fu : T1.31; y1 : T1.411, b : rpC 0` . . .` C pn´ 1q ` pnqqs1, b1 : T0.16 $

b1 Ò
1xxy1, byy : M 1α n

D2.2

TI; .; fu : T1.31;N : T0.11 $ N rs rs Ò1!fu : T0.151

D2.1:

D2.2 D2.3

TI; .; fu : T1.31;N : T0.11, y1 : T1.411, b : rpC 0` . . .` C pn´ 1q ` pnqqs1 $

bind b1 “ pN rs rs Ò1!fuq in b1 Ò
1xxy1, byy : M 2α n
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D2:

TI; .; fu : T1.31; . $ storepq : MpC 0` . . .` C pn´ 1q ` pnqq rpC 0` . . .` C pn´ 1q ` pnqqs1
D2.1

TI; .; fu : T1.31;N : T0.11, y1 : T1.411 $ bind b “ storepq in bind b1 “ pN rs rs Ò1!fuq in b1 Ò
1xxy1, byy : T1.44

D1.5:

D2

TI; .; fu : T1.31;N : T0.11, y1 : T1.411 $ E1 : T1.44

D3

TI; .; fu : T1.31; a : α n $ E2 : T1.45

TI; .; fu : T1.31; y1 : T1.411 $ bind a “ E1 in E2 : T1.431

D1.4:

TI; .; fu : T1.31; p : Tp $ p : Tp

D1.3

D1.4 D1.5

TI; .; fu : T1.31;N : T0.11, p : Tp, y1 : T1.411 $ release´ “ p in bind a “ E1 in E2 : T1.43

TI; .; fu : T1.31;N : T0.11, p : Tp, y1 : T1.411 $ E0 : T1.43

D1.2

TI; .; fu : T1.31; y2 : T1.412 $ y2 : T1.412
D1.3

TI; .; fu : T1.31;N : T0.11, p : Tp, y1 : T1.411, y2 : T1.412 $ release´ “ y2 in E0 : T1.42

D1.1

TI; .; fu : T1.31;x : T1.41 $ x : T1.41

D1:

D1.1 D1.2

TI; .; fu : T1.31;N : T0.11, p : Tp, x : T1.41 $ letxxy1, y2yy “ x in release´ “ y2 in E0 : T1.42

D0:

TI; .; .; f : T1.3 $ f : T1.3

D0.0:

D0 D1

TI; .; .;N : T0.11, p : Tp, f : T1.31, x : T1.41 $ let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0 : T1.42

TI; .; .;N : T0.11, p : Tp, f : T1.31 $ λx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0 : T1.4

TI; .; .;N : T0.11, p : Tp, f : T1.31 $ retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0 : T1.40

TI; .; .;N : T0.11, p : Tp $ λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0 : T1.2

.;n; .; .;N : T0.11, p : Tp $ Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0 : T1

.;n; .; .;N : T0.11, p : Tp $ ret Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0 : T0.2
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Main derivation:

D0.0

.;n; .; .; p : Tp $ λN. ret Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0 : T0.1

.;n; .; .; p : Tp $ retλN. ret Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0 : T0.01

.;n; .; .; . $ λp. retλN. ret Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0 : T0.0

.; .; .; .; . $ Λ.λp. retλN. ret Λ.Λ.λf. retλx. let ! fu “ f in letxxy1, y2yy “ x in release´ “ y2 in E0 : T0

Type derivation for add
add : @n1, n2. rpn1 ˚ 3` n1 ` 2qs1(M 0 pNat n1 (M 0pNat n2 (M 0 pNat pn1 ` n2qqqq

add “ Λ.Λ.λp. retλN1. retλN2.E0

where
E0 “ release´ “ p in bind a “ E1 in E2

E0.1 “ release´ “ y2 in bind b1 “ pbind b2 “ store pq in succ rs b2q in b1 Ò
1 y1

E1 “ N1 rs rs Ò
1!pΛ.λt. letxxy1, y2yy “ t in E0.1q

E2 “ bind b “ storepq in a Ò1xxN2, byy

Tp “ rpn1 ˚ 3` n1 ` 2qs1
T0 “ @n1, n2.Tp(M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pn1 ` n2qqqq

T0.1 “ @n2.Tp(M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pn1 ` n2qqqq

T0.2 “ Tp(M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pn1 ` n2qqqq

T0.20 “M 0 pNat n1 (M 0 pNat n2 (M 0 pNatrn1 ` n2sqqq

T0.21 “ pNat n1 (M 0 pNat n2 (M 0 pNatrn1 ` n2sqqq

T0.3 “M 0 pNat n2 (M 0 pNat pn1 ` n2qqq

T0.31 “ Nat n2 (M 0 pNat pn1 ` n2qq

T0.4 “M 1 pNat pn1 ` n2qq

T0.40 “M 0 pNat pn1 ` n2qq

T0.5 “Mpn1 ˚ 3` n1 ` 1q pNat pn1 ` n2qq

T0.6 “Mpn1 ˚ 3` n1 ` 2q pNat pn1 ` n2qq

T1 “

@α : NÑ Type.@C.!p@k.ppα k b rC ks1q(M 0 pα pk ` 1qqqq(
M 0 ppα 0 b rpC 0` . . .` C pn1 ´ 1q ` n1qs1q(M 0 pα pn1qqq

af “ λk.Nat pn2 ` kq
T1.1 “ @C.!p@k.ppaf k b rC ks1q(M 0 paf pk ` 1qqqq(

M 0 ppaf 0 b rpC 0` . . .` C pn1 ´ 1q ` n1qs1q(M 0 paf n1qq

T1.2 “ @C.!p@k.ppNat pn2 ` kq b rC ks1q(M 0 pNat pn2 ` pk ` 1qqqqq(
M 0 ppNat pn2 ` 0q b rpC 0` . . .` C pn1 ´ 1q ` n1qs1q(M 0 pNat pn2 ` n1qqq

T1.21 “!p@k.ppNat pn2 ` kq b rC ks1q(M 0 pNat pn2 ` pk ` 1qqqqq(
M 0 ppNat pn2 ` 0q b rpC 0` . . .` C pn1 ´ 1q ` n1qs1q(M 0 pNat pn2 ` n1qqqrpλs ´ .3q{Cs

T1.22 “!p@k.ppNat pn2 ` kq b r3s1q(M 0 pNatrn2 ` pk ` 1qsqqq
T1.23 “ p@k.ppNat pn2 ` kq b r3s1q(M 0 pNatrn2 ` pk ` 1qsqqq
T1.24 “ ppNat pn2 ` kq b r3s1q(M 0 pNat pn2 ` pk ` 1qqqq
T1.241 “ pNat pn2 ` kq b r3s1q
T1.2411 “ pNat pn2 ` kq
T1.2412 “ r3s1
T1.242 “M 0 pNat pn2 ` pk ` 1qqq
T1.3 “M 0 ppNat pn2 ` 0q b rpn1 ˚ 3` n1qs1q(M 0 pNat pn2 ` n1qqq

T1.30 “M 1 ppNat pn2 ` 0q b rpn1 ˚ 3` n1qs1q(M 0 pNat pn2 ` n1qqq
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T1.31 “ ppNat pn2 ` 0q b rpn1 ˚ 3` n1qs1q(M 0 pNat pn2 ` n1qqq

T2 “ Nat n2

T3 “ pNat pn2 ` kq(M 0 pNat pn2 ` k ` 1qqq

D3:

.;n1, n2; .; .;N1 : T1 $ N1 : T1

D2.10:
D3

.;n1, n2; .; .; . $ pλtk.Natrn2 ` ksq : NÑ Type

.;n1, n2; .; .;N1 : T1 $ N1 rs : T1.1

.;n1, n2; .; .;N1 : T1 $ N1 rs : T1.2

D2:
D2.10

.;n1, n2; .; .; . $ pλs ´ .3q : NÑ N
.;n1, n2; .; .;N1 : T1 $ N1 rs rs : T1.21

D1.32:

.;n1, n2, k; .; .; b2 : r2s1 $ succ rs b2 : M 0T3

D1.31:

.;n1, n2, k; .; .; . $ storepq : M 2 r2s1
D1.32

.;n1, n2, k; .; .; . $ pbind b2 “ storepq in succ rs b2 q : M 2T3

D1.3:

D1.31
.;n1, n2, k; .; .; y1 : T1.2411, b1 : T3 $ b1 Ò

1 y1 : M 1 Natrn2 ` k ` 1s

.;n1, n2, k; .; .; y1 : T1.2411 $ bind b1 “ pbind b2 “ store pq in succ rs b2 q in b1 Ò
1 y1 : Mp3qNatrn2 ` k ` 1s

D1.2:

.;n1, n2, k; .; .; y2 : T1.2412 $ y2 : T1.2412
D1.3

.;n1, n2, k; .; .; y1 : T1.2411, y2 : T1.2412 $

release´ “ y2 in bind b1 “ pbind b2 “ store pq in succ rs b2q in b1 Ò
1 y1 : M 0 Natrn2 ` k ` 1s

D1.1:

.;n1, n2, k; .; .; t : T1.241 $ t : T1.241

D1.2

.;n1, n2, k; .; .; y1 : T1.2411, y2 : T1.2412 $ E0.1 : T1.242

.;n1, n2, k; .; .; t : T1.241 $ letxxy1, y2yy “ t in E0.1 : T1.242

.;n1, n2, k; .; .; . $ λt. letxxy1, y2yy “ t in E0.1q : T1.24

D1:

D2

D1.1

.;n1, n2; .; .; . $ pΛ.λt. letxxy1, y2yy “ t in E0.1q : T1.23

.;n1, n2; .; .; . $!pΛ.λt. letxxy1, y2yy “ t in E0.1q : T1.22

.;n1, n2; .; .;N1 : T1 $ N1 rs rs Ò
1!pΛ.λt. letxxy1, y2yy “ t in E0.1q : T1.30

D0.1
D1

.;n1, n2; .; .;N1 : T1, N2 : T2 $ E1 : T1.30
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D2.1:

.;n1, n2; .; .;N2 : T2, a : T1.31, b : rpn1 ˚ 3` n1qs1 $ a Ò1xxN2, byy : T0.4

D2.0:

.;n1, n2; .; .; . $ storepq : Mpn1 ˚ 3` n1q rpn1 ˚ 3` n1qs1
D2.1

.;n1, n2; .; .;N1 : T1, N2 : T2, a : T1.31 $ bind b “ storepq in a Ò1xxN2, byy : T0.5

D0.2:
D2.0

.;n1, n2; .; .;N1 : T1, N2 : T2, a : T1.31 $ E2 : T0.5

D0:
D0.1 D0.2

.;n1, n2; .; .;N1 : T1, N2 : T2 $ bind a “ E1 in E2 : T0.6

D0.0

.;n1, n2; .; .; p : Tp $ p : Tp
D0

.;n1, n2; .; .; p : Tp, N1 : T1, N2 : T2 $ release´ “ p in bind a “ E1 in E2 : T0.40

Main derivation:

D0.0

.;n1, n2; .; .; p : Tp, N1 : T1 $ λN2.E0 : T0.31

.;n1, n2; .; .; p : Tp, N1 : T1 $ retλN2.E0 : T0.3

.;n1, n2; .; .; p : Tp $ λN1. retλN2.E0 : T0.21

.;n1, n2; .; .; p : Tp $ retλN1. retλN2.E0 : T0.20

.;n1, n2; .; .; . $ λp. retλN1. retλN2.E0 : T0.2

.;n1; .; .; . $ Λ.λp. retλN1. retλN2.E0 : T0.1

.; .; .; .; . $ Λ.Λ.λp. retλN1. retλN2.E0 : T0

Type derivation for mult
mult : @n1, n2.
rpn1 ˚ pn2 ˚ 3` n2 ` 4q ` n1 ` 2qs1( M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pn1 ˚ n2qqqq

mult “ Λ.Λ.λp. retλN1. retpλN2.E0q

where
E0 “ release´ “ p in bind a “ E1 in E2

E0.1 “ release´ “ y2 in bind b1 “ pbind b2 “ store pq in add rs rs b2 Ò
1N2q in b1 Ò

1 y1

E1 “ N1 rs rs Ò
1 !pΛ.λt. letxxy1, y2yy “ t in E0.1q

E2 “ bind b “ storepq in a Ò1xx0, byy

Tp “ rpn1 ˚ pn2 ˚ 3` n2 ` 4q ` n1 ` 2qs1
T0 “ @n1, n2.Tp(M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pn1 ˚ n2qqqq

T0.1 “ @n2.Tp(M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pn1 ˚ n2qqqq

T0.2 “ Tp(M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pn1 ˚ n2qqqq

T0.21 “M 0 pNat n1 (M 0 pNat n2 (M 0 pNatrn1 ˚ n2sqqq
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T0.22 “ pNat n1 (M 0 pNat n2 (M 0 pNat pn1 ˚ n2qqqq

T0.3 “M 0 pNat n2 (M 0 pNat pn1 ˚ n2qqq

T0.31 “ pNat n2 (M 0 pNat pn1 ˚ n2qqq

T0.4 “M 1 pNat pn1 ˚ n2qq

T0.5 “Mpn1 ˚ pn2 ˚ 3` n2 ` 4q ` n1 ` 1q pNat pn1 ˚ n2qq

T0.6 “Mpn1 ˚ pn2 ˚ 3` n2 ` 4q ` n1 ` 2q pNat pn1 ˚ n2qq

T1 “

@α : NÑ Type.@C.!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(
M 0 ppα 0 b rpC 0` . . .` C pn1 ´ 1q ` n1qs1q(M 0 pα n1qq

af “ λk.Natrn2 ˚ ks
T1.1 “ @C.!p@jn.ppaf jn b rC jns1q(M 0 paf pjn ` 1qqqq(

M 0 ppaf 0 b rpC 0` . . .` C pn1 ´ 1q ` n1qs1q(M 0 paf n1qq

T1.2 “ @C.!p@jn.ppNatrn2 ˚ jns b rC jns1q(M 0 pNatrn2 ˚ pjn ` 1qsqqq(
M 0 ppNatrn2 ˚ 0s b rpC 0` . . .` C pn1 ´ 1q ` n1qs1q(M 0 pNat pn2 ˚ n1qqq

T1.21 “!p@jn.ppNatrn2 ˚ jns b rC jns1q(M 0 pNatrn2 ˚ pjn ` 1qsqqq(
M 0 ppNatrn2 ˚ 0s b rpC 0` . . .` C pn1 ´ 1q ` n1qs1q(M 0 pNat pn2 ˚ n1qqqrC{pλ.pn2˚3`n2`

4qqs
T1.22 “!p@jn.ppNatrn2 ˚ jns b rpn2 ˚ 3` n2 ` 4qs1q(M 0 pNatrn2 ˚ pjn ` 1qsqqq
T1.23 “ p@jn.ppNatrn2 ˚ jns b rpn2 ˚ 3` n2 ` 4qs1q(M 0 pNatrn2 ˚ pjn ` 1qsqqq
T1.24 “ ppNatrn2 ˚ ks b rpn2 ˚ 3` n2 ` 4qs1q(M 0 pNatrn2 ˚ pk ` 1qsqq
T1.241 “ pNatrn2 ˚ ks b rpn2 ˚ 3` n2 ` 4qs1q
T1.2411 “ pNatrn2 ˚ ks
T1.2412 “ rpn2 ˚ 3` n2 ` 4qs1
T1.242 “M 0 pNatrn2 ˚ pk ` 1qsq
T1.3 “M 0 ppNatrn2 ˚ 0s b rpn1 ˚ pn2 ˚ 3` n2 ` 4q ` n1qs1q(M 0 pNat pn2 ˚ n1qqq

T1.30 “M 1 ppNatrn2 ˚ 0s b rpn1 ˚ pn2 ˚ 3` n2 ` 4q ` n1qs1q(M 0 pNat pn2 ˚ n1qqq

T1.31 “ ppNatrn2 ˚ 0s b rpn1 ˚ pn2 ˚ 3` n2 ` 4q ` n1qs1q(M 0 pNat pn2 ˚ n1qqq

T2 “ Nat n2

T3 “ pNatrn2 ˚ ks(M 0 pNatrn2 ˚ pk ` 1qsqq

D3:

.;n1, n2; .; .;N1 : T1 $ N1 : T1

D2.10:
D3

.;n1, n2; .; .; . $ pλtk.Natrn2 ˚ ksq : NÑ Type

.;n1, n2; .; .;N1 : T1 $ N1 rs : T1.1

.;n1, n2; .; .;N1 : T1 $ N1 rs : T1.2

D2:
D2.10

.;n1, n2; .; .; . $ pλs ´ .pn2 ˚ 3` n2 ` 4qq :SÑS

.;n1, n2; .; .;N1 : T1 $ N1 rs rs : T1.21

T-iapp

D1.32

.;n1, n2, k; .; .; . $ add rs rs b2 Ò
1N2 : M 1T3

D1.31

.;n1, n2, k; .; .; . $ store pq : Mpn2 ˚ 3` n2 ` 2q rpn2 ˚ 3` n2 ` 2qs1
D1.32

.;n1, n2, k; .; .; y1 : T1.241, b1 : T3 $ pbind b2 “ storepq in add rs rs b2 Ò
1N2q : Mpn2 ˚ 3` n2 ` 3qT3
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D1.3

D1.31
.;n1, n2, k; .; .; y1 : T1.241, b1 : T3 $ b1 Ò

1 y1 : M 1 Natrn2 ˚ pk ` 1qs

.;n1, n2, k; .; .; y1 :$ bind b1 “ pbind b2 “ store pq in add rs rs b2 Ò
1N2q in b1 Ò

1 y1 :

Mpn2 ˚ 3` n2 ` 4qNatrn2 ˚ pk ` 1qs

D1.2:

.;n1, n2, k; .; .; y2 : T1.2412 $ y2 : T1.2412
D1.3

.;n1, n2, k; .; .; y1 : T1.2411, y2 : T1.2412 $

release´ “ y2 in bind b1 “ pbind b2 “ store pq in add rs rs b2 Ò
1N2q in b1 Ò

1 y1 : M 0 Natrn2 ˚ pk ` 1qs

D1.1

.;n1, n2, k; .; .; t : T1.241 $ t : T1.241

D1.2

.;n1, n2, k; .; .; y1 : T1.2411, y2 : T1.2412 $ E0.1 : T1.242

.;n1, n2, k; .; .; t : T1.241 $ letxxy1, y2yy “ t in E0.1q : T1.242

.;n1, n2, k; .; .; . $ λt. letxxy1, y2yy “ t in E0.1q : T1.24

D1:

D2

D1.1

.;n1, n2; .; .; . $ pΛ.λt. letxxy1, y2yy “ t in E0.1q : T1.23

.;n1, n2; .; .; . $!pΛ.λt. letxxy1, y2yy “ t in E0.1q : T1.22

.;n1, n2; .; .;N1 : T1 $ N1 rs rs Ò
1!pΛ.λt. letxxy1, y2yy “ t in E0.1q : T1.30

D0.1:
D1

.;n1, n2; .; .;N1 : T1, N2 : T2 $ E1 : T1.30

D2.1:

.;n1, n2; .; .;N2 : T2, a : T1.31, b : rpn1 ˚ pn2 ˚ 3` n2 ` 4q ` n1qs1 $ a Ò1xx0, byy : T0.4

D2.0:

.;n1, n2; .; .; . $ storepq : Mpn1 ˚ pn2 ˚ 3` n2 ` 4q ` n1q rpn1 ˚ pn2 ˚ 3` n2 ` 4q ` n1qs1
D2.1

.;n1, n2; .; .;N1 : T1, N2 : T2, a : T1.31 $ bind b “ storepq in a Ò1xx0, byy : T0.5

D0.2:
D2.0

.;n1, n2; .; .;N1 : T1, N2 : T2, a : T1.31 $ E2 : T0.5

D0:
D0.1 D0.2

.;n1, n2; .; .;N1 : T1, N2 : T2 $ bind a “ E1 in E2 : T0.6

D0.0

.;n1, n2; .; .; p : Tp $ p : Tp
D0

.;n1, n2; .; .; p : Tp, N1 : T1, N2 : T2 $ release´ “ p in bind a “ E1 in E2 : T0.4
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Main derivation:

D0.0

.;n1, n2; .; .; p : Tp, N1 : T1 $ λN2.E0 : T0.31

.;n1, n2; .; .; p : Tp, N1 : T1 $ retλN2.E0 : T0.3

.;n1, n2; .; .; p : Tp $ λN1. retλN2.E0 : T0.22

.;n1, n2; .; .; p : Tp $ retλN1. retλN2.E0 : T0.21

.;n1, n2; .; .; . $ λp. retλN1. retλN2.E0 : T0.2

.;n1; .; .; . $ Λ.λp. retλN1. retλN2.E0 : T0.1

.; .; .; .; . $ Λ.Λ.λp. retλN1. retλN2.E0 : T0

Type derivation for exp

exp : @n1, n2. r
ř

iPt0,n2´1upλk.pn1 ˚ pn
k
1 ˚ 3` nk1 ` 4q ` n1 ` 4q piqq ` n2 ` 2s1(

M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pnn2
1 qqqq

exp “ Λ.Λ.λp. retλN1. retλN2.E0

where
E0 “ release´ “ p in bind a “ E1 in E2

E0.1 “ release´ “ y2 in bind b1 “ pbind b2 “ store pq in mult rs rs b2 Ò
1N1q in b1 Ò

1 y1

E1 “ N2 rs rs Ò
1 !pΛ.λt. letxxy1, y2yy “ t in E0.1q

E2 “ bind b “ store 1 in a Ò1xx1, byy

P “
ř

iPt0,n2´1upλk.pn1 ˚ pn
k
1 ˚ 3` nk1 ` 4q ` n1 ` 4q iq ` n2 ` 2

Tp “ rP s1
Tb “ rP ´ 1s1
T0 “ @n1, n2.Tp(M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pnn2

1 qqqq

T0.1 “ @n2.Tp(M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pnn2
1 qqqq

T0.2 “ Tp(M 0 pNat n1 (M 0 pNat n2 (M 0 pNat pnn2
1 qqqq

T0.20 “M 0 pNat n1 (M 0 pNat n2 (M 0 pNatrnn2
1 sqqq

T0.21 “ Nat n1 (M 0 pNat n2 (M 0 pNat pnn2
1 qqq

T0.3 “M 0 pNat n2 (M 0 pNat pnn2
1 qqq

T0.31 “ pNat n2 (M 0 pNat pnn2
1 qqq

T0.4 “M 1 pNat pnn2
1 qq

T0.5 “MpP ´ 1q pNat pnn2
1 qq

T0.6 “M 0 pNat pnn2
1 qq

T1 “

@α : NÑ Type.@C.!p@jn.ppα jn b rC jns1q(M 0 pα pjn ` 1qqqq(
M 0 ppα 0 b rpC 0` . . .` C pn2 ´ 1q ` n2qs1q(M 0 pα n2qq

af “ λk.Natrnk2s
T1.1 “

@C.!p@jn.ppaf jn b rC jns1q(M 0 paf pjn ` 1qqqq(
M 0 ppaf 0 b rpC 0` . . .` C pn2 ´ 1q ` n2qs1q(M 0 paf n2qq

T1.2 “

@C.!p@jn.ppNatrnjn2 s b rC jns1q(M 0 pNatrn
pjn`1q
2 sqqq(

M 0 ppNatrn0
2s b rpC 0` . . .` C pn2 ´ 1q ` n2qs1q(M 0 pNat pnn2

1 qqq

T1.21 “

!p@jn.ppNatrnjn2 s b rpn1 ˚ pn
jn
1 ˚ 3` njn1 ` 4q ` n1 ` 4qs1q(M 0 pNatrn

pjn`1q
2 sqqq(

M 0 ppNatrn0
2s b rP s1q(M 0 pNat pnn2

1 qqq
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P “
pλk.pn1 ˚ pn

k
1 ˚ 3` nk1 ` 4q ` n1` 4qq 0` . . .` pλk.pn1 ˚ pn

k
1 ˚ 3` nk1 ` 4q ` n1` 4qq pn2´ 1q ` n2

T1.22 “!p@k.ppNatrnk2s b rpn1 ˚ pn
k
1 ˚ 3` nk1 ` 4q ` n1 ` 4qs1q(M 0 pNatrn

pk`1q
2 sqqq

T1.23 “ p@k.ppNatrnk2s b rpn1 ˚ pn
k
1 ˚ 3` nk1 ` 4q ` n1 ` 4qs1q(M 0 pNatrn

pk`1q
2 sqqq

T1.24 “ ppNatrnk2s b rpn1 ˚ pn
k
1 ˚ 3` nk1 ` 4q ` n1 ` 4qs1q(M 0 pNatrn

pk`1q
2 sqq

T1.241 “ pNatrnk2s b rpn1 ˚ pn
k
1 ˚ 3` nk1 ` 4q ` n1 ` 4qs1q

T1.2411 “ Natrnk2s
T1.2412 “ prpn1 ˚ pn

k
1 ˚ 3` nk1 ` 4q ` n1 ` 4qs1q

T1.242 “M 0 pNatrn
pk`1q
2 sq

T1.3 “M 0 ppNatrn0
2s b rP s1q(M 0 pNat pnn2

1 qqq

T1.30 “M 1 ppNatrn0
2s b rP s1q(M 0 pNat pnn2

1 qqq

T1.31 “ ppNatrn0
2s b rP s1q(M 0 pNat pnn2

1 qqq

T2 “ Nat n1

T3 “ pNatrnk1s(M 0 pNatrn
pk`1q
1 sqq

D3:

.;n1, n2; .; .;N2 : T1 $ N2 : T1

D2.1:
D3

.;n1, n2; .; .; . $ pλtk.Natrnk2sq : NÑ Type

.;n1, n2; .; .;N2 : T1 $ N2 rs : T1.1

.;n1, n2; .; .;N2 : T1 $ N2 rs : T1.2

D2:

D2.1
.;n1, n2; .; .; . $ pλsk.pn1 ˚ pn

k
1 ˚ 3` nk1 ` 4q ` n1 ` 2qq : NÑ N

.;n1, n2; .; .;N2 : T1 $ N2 rs rs : T1.21

D1.32

.;n1, n2, k; .; .; b2 : rppn1 ˚ pn
k
1 ˚ 3` nk1 ` 4q ` n1 ` 2qqs1 $ mult rs rs b2 Ò

1N1 : M 1T3

D1.31

.;n1, n2, k; .; .; . $ store pq : Mppn1 ˚ pn
k
1 ˚ 3` nk1 ` 4q ` n1 ` 2qq rppn1 ˚ pn

k
1 ˚ 3` nk1 ` 4q ` n1 ` 2qqs1

D1.32

.;n1, n2, k; .; .; y1 : T1.241, b1 : T3 $ pbind b2 “ store pq in mult rs rs b2 Ò
1N1q :

Mpn1 ˚ pn
k
1 ˚ 3` nk1 ` 4q ` n1 ` 3qT3

D1.3

D1.31
.;n1, n2, k; .; .; y1 : T1.241, b1 : T3 $ b1 Ò

1 y1 : M 1 Natrn
pk`1q
2 s

.;n1, n2, k; .; .; y1 :$ bind b1 “ pbind b2 “ store pq in mult rs rs b2 Ò
1N1q in b1 Ò

1 y1 :

Mpn1 ˚ pn
k
1 ˚ 3` nk1 ` 4q ` n1 ` 4qNatrn

pk`1q
2 s
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D1.2:

.;n1, n2, k; .; .; y2 : T1.2412 $ y2 : T1.2412
D1.3

.;n1, n2, k; .; .; y1 : T1.2411, y2 : T1.2412 $

release´ “ y2 in bind b1 “ pbind b2 “ store pq in mult b2 n1 pn
k
1q Ò

1N1q in b1 Ò
1 y1 : M 0 Natrn

pk`1q
2 s

D1.1

.;n1, n2, k; .; .; t : T1.241 $ t : T1.241

D1.2

.;n1, n2, k; .; .; y1 : T1.2411, y2 : T1.2412 $ E0.1 : T1.242

.;n1, n2, k; .; .; t : T1.241 $ letxxy1, y2yy “ t in E0.1q : T1.242

.;n1, n2, k; .; .; . $ λt. letxxy1, y2yy “ t in E0.1q : T1.24

D1:

D2

D1.1

.;n1, n2; .; .; . $ pΛ.λt. letxxy1, y2yy “ t in E0.1q : T1.23

.;n1, n2; .; .; . $!pΛ.λt. letxxy1, y2yy “ t in E0.1q : T1.22

.;n1, n2; .; .;N1 : T1 $ N1 rs rs Ò
1!pΛ.λt. letxxy1, y2yy “ t in E0.1q : T1.30

D0.1:
D1

.;n1, n2; .; .;N1 : T1, N2 : T2 $ E1 : T1.30

D2.1:

.;n1, n2; .; .;N2 : T2, a : T1.31, b : Tb $ a Ò1xx1, byy : T0.4

D2.0:

.;n1, n2; .; .; . $ storepq : MpP ´ 2qTb
D2.1

.;n1, n2; .; .;N1 : T1, N2 : T2, a : T1.31 $ bind b “ storepq in a Ò1xx1, byy : T0.5

D0.2:
D2.0

.;n1, n2; .; .;N1 : T1, N2 : T2, a : T1.31 $ E2 : T0.5

D0:
D0.1 D0.2

.;n1, n2; .; .;N1 : T1, N2 : T2 $ bind a “ E1 in E2 : T0.5

D0.0

.;n1, n2; .; .; p : Tp $ p : Tp
D0

.;n1, n2; .; .; p : Tp, N1 : T1, N2 : T2 $ release´ “ p in bind a “ E1 in E2 : T0.6

Main derivation:

D0.0

.;n1, n2; .; .; p : Tp, N1 : T1 $ λN2.E0 : T0.31

.;n1, n2; .; .; p : Tp, N1 : T1 $ retλN2.E0 : T0.3

.;n1, n2; .; .; p : Tp $ λN1. retλN2.E0 : T0.21

.;n1, n2; .; .; p : Tp $ retλN1. retλN2.E0 : T0.20

.;n1, n2; .; .; . $ λp. retλN1. retλN2.E0 : T0.2

.;n1; .; .; . $ Λ.λp. retλN1. retλN2.E0 : T0.1

.; .; .; .; . $ Λ.Λ.λp. retλN1. retλN2.E0 : T0

249



3.3 Fold

Ψ; Θ; ∆; .; . $ 0 : Natp0q
T-nat

Ψ; Θ; ∆; Ω; Γ $ n : Natpnq

Ψ; Θ; ∆; Ω; Γ $ n´ 1 : Natpn´ 1q
T-sub

foldr : @α, β, n, C : NÑ R`.
!p@i. rCis1( Natpiq( α( β(M 0βq(!Natpnq( β( Lnα( r

ř

iănC is1(M 0β

foldr fi fixf 1.Λ.Λ.Λ.Λ.λf c s ls p.
let !fu “ f in

let !cu “ c in
match ls with
|nil ÞÑ ret s
|h :: t ÞÑ release “ p in

bind p1 “ storepq in
bind p2 “ storepq in

bind tr “ f 1 rsrsrsrs !fu !pcu ´ 1q s t p2 in
pfu rs p

1 pcu ´ 1q h trq

Listing 1: fold function

E0 “ fixf 1.E1

E1 “ Λ.Λ.Λ.Λ.E2

E2 “ λf c s ls p.E3

E3 “ let !fu “ f inE4.0

E4.0 “ let !nu “ n inE4

E4 “ match ls with|nil ÞÑ ret s|h :: t ÞÑ E5

E5 “ release “ p in E6

E6 “ bind p1 “ storepq in E7

E7 “ bind p2 “ storepq in E8

E8 “ bind tr “ f 1 rsrsrsrs !fu !pcu ´ 1q s t p2 in E9

E9 “ pf rs p
1 pcu ´ 1q h trq

T0 “ @α, β, n, C : NÑ R`.T1

T1 “!T2 (!T2.1 ( β( T3 ( T4 ( T5

T2 “ @i. rC is1( Natpiq( α( β(M 0β
T2.0 “ rC pn´ 1qs1( Natpn´ 1q( α( β(M 0β
T2.01 “ Natpn´ 1q( α( β(M 0β
T2.02 “ α( β(M 0β
T2.03 “ β(M 0β
T2.1 “ Natpnq
T3 “ Lnα
T4 “ r

ř

iănC is1
T4.0 “Mp

ř

iănC iq rp
ř

iănC iqsβ
T4.1 “ rpCpn´ 1qqs1
T4.10 “MpCpn´ 1qq rpCpn´ 1qqs1
T4.2 “ r

ř

iăn´1C is1
T4.20 “Mp

ř

iăn´1C iq rp
ř

iăn´1C iqs1
T5 “M 0β
T6 “Mp

ř

iăn´1C iqβ
T6 “Mp

ř

iănC iqβ
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D6.5:

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; . $ fu : T2

D6.4:

D6.5
α, β, n, C;n;n ą 0 $ n´ 1 : N

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0;h : α, p1 : T4.1, tr : β $ fu rs : T2.0

D6.3:

D6.4
α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f

1 : T0; p1 : T4.1 $ p1 : T4.1

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0;h : α, p1 : T4.1, tr : β $ fu rs p

1 : T2.01

D6.2:

D6.3
α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f

1 : T0; . $ cu : T2.1

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; . $ pcu ´ 1q : Natpn´ 1q

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; p1 : T4.1 $ fu rs p

1 pcu ´ 1q : T2.02

D6.1:

D6.2
α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f

1 : T0; p1 : T4.1 $ h : α

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0;h : α, p1 : T4.1 $ fu rs p

1 pcu ´ 1q h : T2.03

D6:

D6.1
α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f

1 : T0; tr : β $ tr : β

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0;h : α, p1 : T4.1, tr : β $ pfu rs p

1 pcu ´ 1q h trq : T5

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0;h : α, p1 : T4.1, tr : β $ E9 : T5

D5.5:

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; . $ f 1 rsrs :

@n,C : NÑ R`.!T2 (!T2.1 ( β( Ln´1α( T4.2 ( T5

α, β, n, C;n;n ą 0 $ n´ 1 : N

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; . $ f 1 rsrsrs :

@C : NÑ R`.!T2 (!T2.1 ( β( Ln´1α( T4.2 ( T5

D5.4:

D5.5
α, β, n, C;n;n ą 0 $ C : NÑ R`

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; . $ f 1 rsrsrsrs :!T2 (!T2.1 ( β( Ln´1α( T4.2 ( T5

D5.3:

D5.4
α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f

1 : T0; . $!fu :!T2

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; . $ f 1 rsrsrsrs !fu :!T2.1 ( β( Ln´1α( T4.2 ( T5
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D5.21:

D5.3
α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f

1 : T0; . $!pcu ´ 1q :!T2.1

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; . $ f 1 rsrsrsrs !fu !pcu ´ 1q : β( Ln´1α( T4.2 ( T5

D5.2:

D5.21
α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f

1 : T0; s : β $ s : β

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β $ f 1 rsrsrsrs !fu !pcu ´ 1q s : Ln´1α( T4.2 ( T5

D5.1:

D5.2
α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f

1 : T0; t : Ln´1α $ t : Ln´1α

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β, t : Ln´1α $ f 1 rsrsrsrs !fu !pcu ´ 1q s t : T4.2 ( T5

D5:

D5.1
α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f

1 : T0; p2 : T4.2 $ p2 : T4.2

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β, t : Ln´1α, p2 : T4.2 $ f 1 rsrsrsrs !fu !pcu ´ 1q s t p2 : T5

D6

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β, h : α, t : Ln´1α, p1 : T4.1, p

2 : T4.2 $

bind tr “ f 1 rsrsrsrs !fu !pcu ´ 1q s t p2 in E9 : T5

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β, h : α, t : Ln´1α, p1 : T4.1, p

2 : T4.2 $ E8 : T5

D4.1:

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; . $ storepq : T4.20

E5

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β, h : α, t : Ln´1α, p1 : T4.1 $ bind p2 “ storepq in E8 : T6

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β, h : α, t : Ln´1α, p1 : T4.1 $ E7 : T6

D4:

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; . $ storepq : T4.10

D4.1

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β, h : α, t : Ln´1α $ bind p1 “ storepq in E7 : T7

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β, h : α, t : Ln´1α $ E6 : T7

D3:

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; p : T4 $ p : T4

D4

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β, h : α, t : Ln´1α, p : T4 $ release “ p in E6 : T5

α, β, n, C;n;n ą 0; cu : T2.1, fu : T2, f
1 : T0; s : β, h : α, t : Ln´1α, p : T4 $ E5 : T5

D2:

α, β, n, C;n;n “ 0; cu : T2.1, fu : T2, f
1 : T0; s : β, p : T4 $ ret s : T5

D1:

α, β, n, C;n; .; cu : T2.1, fu : T2, f
1 : T0; s : β, ls : T3, p : T4 $ ls : T3

D2 D3

α, β, n, C;n; .; cu : T2.1, fu : T2, f
1 : T0; s : β, ls : T3, p : T4 $ match ls with|nil ÞÑ ret s|h :: t ÞÑ E5 : T5

α, β, n, C;n; .; cu : T2.1, fu : T2, f
1 : T0; s : β, ls : T3, p : T4 $ E4 : T5

252



D0.0:

α, β, n, C;n; .; f 1 : T0; f :!T2, c :!T2.1, s : β, ls : T3, p : T4 $ c :!T2.1
D1

α, β, n, C;n; .; fu : T2, f
1 : T0; c :!T2.1, s : β, ls : T3, p : T4 $ let !cu “ c inE4 :

D0:

α, β, n, C;n; .; f 1 : T0; f :!T2, c :!T2.1, s : β, ls : T3, p : T4 $ f :!T2
D0.0

α, β, n, C;n; .; f 1 : T0; f :!T2, c :!T2.1, s : β, ls : T3, p : T4 $ let !fu “ f inE4.0 : T5

Main derivation:

D0

α, β, n, C;n; .; f 1 : T0; f :!T2, c :!T2.1, s : β, ls : T3, p : T4 $ E3 : T5

α, β, n, C; .; .; f 1 : T0; . $ E2 : T1

; .; .; f 1 : T0; . $ E1 : T0

.; .; .; .; . $ E0 : T0

3.4 Append

append : @s1, s2.L
s1r1s τ ( Ls2τ (M 0 pLs1`s2τq

append fi fixf.Λ.Λ.λl1l2.E0

E0 “ match l1 with |nil ÞÑ E0.1 |h :: t ÞÑ E0.2

E0.1 “ retnil :: l2
E0.2 “ releasehe “ h in bind te “ f rsrs t l2 in E0.3

E0.3 “ bind´ “ Ò1 in rethe :: te

Typing derivation
E0 “ match l1 with |nil ÞÑ E0.1 |h :: t ÞÑ E0.2

E0.1 “ retnil :: l2
E0.2 “ releasehe “ h in bind te “ f rsrs t l2 in E0.3

E0.3 “ bind´ “ Ò1 in rethe :: te

T0 “ @s1, s2.L
s1r1s τ ( Ls2τ (M 0 pLs1`s2τq

T1 “ Ls1r1s τ ( Ls2τ (M 0 pLs1`s2τq
T1.1 “ Ls1r1s τ
T1.2 “ Ls2τ
T1.3 “M 0 pLs1`s2τq
T2 “ Ls2τ (M s1 pL

s1`s2τq

D1.2:

.; s1, s2; s1 ą 0; f : T0;he : τ, te : Ls1´1`s2τ $ phe :: teq : Ls1`s2τ

.; s1, s2; s1 ą 0; f : T0;he : τ, te : Ls1´1`s2τ $ retphe :: teq : M 0 pLs1`s2τq

D1.1:

.; s1, s2; s1 ą 0; . $ Ò1 : M 1 1
D1.2

.; s1, s2; s1 ą 0; f : T0;he : τ, te : Ls1´1`s2τ $ bind´ “ Ò1 in rethe :: te : M 1 pLs1`s2τq
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D1.0:

.; s1, s2; s1 ą 0; f : T0; t : Ls1´1τ, l2 : Ls2τ $ f rsrs t l2 : Mp0q pLs1´1`s2τq
D1.1

.; s1, s2; s1 ą 0; f : T0;he : τ, t : Ls1´1τ, l2 : Ls2τ $ bind te “ f rsrs t l2 in retphe :: teq : M 1 pLs1`s2τq

D1:

.; s1, s2; s1 ą 0; f : T0;h : r1s τ $ h : r1s τ
D1.0

.; s1, s2; s1 ą 0; f : T0;h : r1s τ, t : Ls1´1τ, l2 : T1.2 $ E0.2 : M 0 pLps1`s2qτq

D0:

.; s1, s2; s1 “ 0; f : T0; l2 : T1.2 $ l2 : Ls2τ

.; s1, s2; s1 “ 0; f : T0; l2 : T1.2 $ ret l2 : M 0 pLs1`s2qτ

Main derivation:

.; s1, s2; .; f : T0; l1 : T1.1 $ l1 : T1.1
D0 D1

.; s1, s2; .; f : T0; l1 : T1.1, l2 : T1.2 $ E0 : M 0 pLs1`s2τq

.; s1, s2; .; f : T0; . $ λl1l2.E0 : T1

.; .; .; f : T0; . $ Λ.Λ.λl1l2.E0 : T0

.; .; .; .; . $ fixf.Λ.Λ.λl1l2.E0 : T0

3.5 Map

map : @n, c.!pτ1 (M c τ2q( Lnprcs τ1q(M 0 pLnτ2q

map fi
fixf.Λ.Λ.λgl.let ! gu “ g in E0

E0 “ match l with |nil ÞÑ E0.1 |h :: t ÞÑ E0.2

E0.1 “ retnil
E0.2 “ releasehe “ h in E0.3

E0.3 “ bindhn “ gu he in E0.4

E0.4 “ bind tn “ f rsrs !gu t in rethn :: tn

Typing derivation
E “ fixf.Λ.Λ.λgl.let ! gu “ g in E0

E0 “ match l with |nil ÞÑ E0.1 |h :: t ÞÑ E0.2

E0.1 “ retnil
E0.2 “ releasehe “ h in E0.3

E0.3 “ bindhn “ gu he in E0.4

E0.4 “ bind tn “ f rsrs !gu t in rethn :: tn
E1 “ Λ.Λ.λgl.let ! gu “ g in E0

E2 “ λgl.let ! gu “ g in E0

E3 “ let ! gu “ g in E0

T0 “ @n, c.!pτ1 (M c τ2q( Lnprcs τ1q(M 0 pLnτ2q

T1 “!pτ1 (M c τ2q( Lnprcs τ1q(M 0 pLnτ2q

T1.1 “ pτ1 (M c τ2q

T1.2 “ Lnprcs τ1q

T1.3 “M 0 pLnτ2q
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D1.2:

.;n, c;n ą 0; f : T0, gu : T1.1;hn : τ2, tn : Ln´1τ2 $ rethn :: tn : M 0Lnτ2

D1.1:

.;n, c;n ą 0; f : T0, gu : T1.1;hn : τ2 $ f rsrs !gu t : M 0Ln´1τ2

D1.2

.;n, c;n ą 0; f : T0, gu : T1.1;hn : τ2, t : Ln´1prcs τ1q $ E0.4 : M 0Lnτ2

D1.0:

.;n, c;n ą 0; f : T0, gu : T1.1;he : τ1 $ pgu heq : M c τ2
D1.1

.;n, c;n ą 0; f : T0, gu : T1.1;he : τ1, t : Ln´1prcs τ1q $ E0.3 : M cLnτ2

D1:

.;n, c;n ą 0; f : T0, gu : T1.1;h : rcs τ1 $ h : rcs τ1
D1.0

.;n, c;n ą 0; f : T0, gu : T1.1;h : rcs τ1, t : Ln´1prcs τ1q $ E0.2 : M 0Lnτ2

D0:

.;n, c;n “ 0; f : T0, gu : T1.1; . $ nil : L0τ2

.;n, c;n “ 0; f : T0, gu : T1.1; . $ retnil : M 0Lnτ2

.;n, c;n “ 0; f : T0, gu : T1.1; . $ E0.1 : M 0Lnτ2

Main derivation:

.;n, c; f : T0; g :!T1.1 $ g :!T1.1

.;n, c; .; f : T0, gu : T1.1; l : T1.2 $ l : T1.2
D0 D1

.;n, c; .; f : T0, gu : T1.1; l : T1.2 $ E0 : M 0Lnτ2

.;n, c; .; f : T0; g :!T1.1, l : T1.2 $ E3 : M 0Lnτ2

.;n, c; .; f : T0; . $ E2 : T1

.; .; .; f : T0; . $ E1 : T0

.; .; .; .; . $ E : T0
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3.6 Okasaki’s implicit queue

Typing rules for value constructors and case analysis

Ψ; Θ; ∆; Ω; Γ $ C0 : Queue τ
T-C0

Ψ; Θ; ∆; Ω; Γ $ e : τ

Ψ; Θ; ∆; Ω; Γ $ C1 e : Queue τ
T-C1

Ψ; Θ; ∆; Ω; Γ $ e : r1s1(M 0 pτ b Queue pτ b τqq

Ψ; Θ; ∆; Ω; Γ $ C2 e : Queue τ
T-C2

Ψ; Θ; ∆; Ω; Γ $ e : r0s1(M 0 ppτ b Queue pτ b τqq b τq

Ψ; Θ; ∆; Ω; Γ $ C3 e : Queue τ
T-C3

Ψ; Θ; ∆; Ω; Γ $ e : r2s1(M 0 ppτ b τq b Queue pτ b τqq

Ψ; Θ; ∆; Ω; Γ $ C4 e : Queue τ
T-C4

Ψ; Θ; ∆; Ω; Γ $ e : r1s1(M 0 pppτ b τq b Queue pτ b τqq b τq

Ψ; Θ; ∆; Ω; Γ $ C5 e : Queue τ
T-C5

Ψ; Θ; ∆; Ω; Γ1 $ e : pQueue τq Ψ; Θ; ∆; Ω; Γ2 $ e0 : τ 1

Ψ; Θ; ∆; Ω; Γ2, x : τ $ e1 : τ 1 Ψ; Θ; ∆; Ω; Γ2, x : r1s1(M 0 pτ b Queue pτ b τqq $ e2 : τ 1

Ψ; Θ; ∆; Ω; Γ2, x : r0s1(M 0 ppτ b Queue pτ b τqq b τq $ e3 : τ 1

Ψ; Θ; ∆; Ω; Γ2, x : r2s1(M 0 ppτ b τq b Queue pτ b τqq $ e4 : τ 1

Ψ; Θ; ∆; Ω; Γ2, x : r1s1(M 0 pppτ b τq b Queue pτ b τqq b τq $ e5 : τ 1

Ψ; Θ; ∆; Ω; Γ1 ‘ Γ2 $

case e of |C0 ÞÑ e0 |C1 x ÞÑ e1 |C2 x ÞÑ e2 |C3x ÞÑ e3 |C4x ÞÑ e4 |C5x ÞÑ e5 : τ 1

T-caseIQ

snoc : r2s1( @α.Queue α( α(M 0Queue α
fix snoc.λp.Λ.λ q a.
´ “ release p in ´ “ Ò1; ret

case q of
|C0 ÞÑ retC1 a

|C1 x ÞÑ retC4 pλp2. retxxxxx, ayy,C0 yyq

|C2 x ÞÑ
bind p1 “ storepq in

bindx1 “ x p1 in
letxxf,myy “ x1 in

retpC3 pλp2.xxxxf,myy, ayyq

|C3 x ÞÑ
bind p1 “ storepq in

bindx1 “ x p1 in letxxfm, ryy “ x1 in
letxxf,myy “ fm in bind po “ storepq in

retC2 pλp2.
´ “ release po in ´ “ release p2 in bind p3 “ storepq in
bindm1 “ snoc p3 m pr, aqq in retxxf,m1yy
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|C4 x ÞÑ
bind p1 “ storepq in

retC5 pλp2.
´ “ release p1 in ´ “ release p2 in
bind p3 “ storepq in letxxf,myy “ x p3 in
retxxxxf,myy, ayy

|C5 x ÞÑ
bind p1 “ storepq in

bindx1 “ x p1 in
letxxfm, ryy “ x1 in letxxf,myy “ fm in

retpC4 pλp2.
bindm1 “ snoc p2 m in retxxf,m1yyq

Listing 2: snoc function

E0.0 “ ´ “ release p inE0.1

E0.1 “ ´ “ Ò
1;E0.2

E0.2 “ case q of|C0 ÞÑ E0|C1 x ÞÑ E1|C2 x ÞÑ E2|C3 x ÞÑ E3|C4 x ÞÑ E4|C5 x ÞÑ E5

E0 “ retpC1 aq
E1 “ retC4 pλp2. retxxxxx, ayy,C0 yyq
E2 “ bind p1 “ storepq in E2.1

E2.1 “ bindx1 “ x p1 in E2.2

E2.2 “ letxxf,myy “ x1 in E2.3

E2.3 “ retpC3 pλp2.xxxxf,myy, ayyqq
E3 “ bind p1 “ storepq in E3.1

E3.1 “ bindx1 “ x p1 in E3.2

E3.2 “ letxxfm, ryy “ x1 in E3.3

E3.3 “ letxxf,myy “ fm in E3.31

E3.31 “ bind po “ storepq in E3.4

E3.4 “ retC2 pλp2.E3.41q

E3.41 “ ´ “ release po in ´ “ release p2 in bind p3 “ storepq in E3.42

E3.42 “ bindm1 “ snoc p3 m pr, aq in retxxf,m1yy
E4 “ bind p1 “ storepq in E4.1

E4.1 “ retC5 pλp2.E4.11q

E4.11 “ ´ “ release p1 in ´ “ release p2 in E4.12

E4.12 “ bind p3 “ storepq in letxxf,myy “ x p3 in E4.13

E4.13 “ retxxxxf,myy, ayy
E5 “ bind p1 “ storepq in E5.1

E5.1 “ bindx1 “ x p1 in E5.2

E5.2 “ letxxfm, ryy “ x1 in E5.3

E5.3 “ letxxf,myy “ fm in E5.4

E5.4 “ retpC4 pλp2. bindm1 “ snoc p2 m in retxxf,m1yyqq

T0.0 “ r2s1( @α.Queue α( α(M 0Queue α
T0 “M 0Queue α
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T1 “M 1Queue α
T2 “M 2Queue α
T3 “M 0 pα b Queue pα b αqq
T3.1 “ pα b Queue pα b αqq
T3.2 “ Queue pα b αq
T4 “M 0 pα b Queue pα b αq b αq
T4.1 “ pα b Queue pα b αq b αq
T4.2 “ α b Queue pα b αq
T4.3 “ Queue pα b αq
T5 “ r2s1(M 0 pα b αq b Queue pα b αq
T5.1 “M 0 pα b αq b Queue pα b αq
T5.2 “ pα b αq b Queue pα b αq
T5.3 “ pα b αq
T5.4 “ Queue pα b αq
T6 “ r1s1(M 0 ppα b αq b Queue pα b αq b αq
T6.1 “M 0 ppα b αq b Queue pα b αq b αq
T6.2 “ ppα b αq b Queue pα b αq b αq
T6.3 “ pα b αq b Queue pα b αq
T6.4 “ pα b αq
T6.5 “ Queue pα b αq
T7 “M 0 pα b Queue pα b αqq
T7.1 “M 1 pα b Queue pα b αqq
T7.2 “M 2 pα b Queue pα b αqq
T8 “M 0 pppα b αq b Queue pα b αqq b αq
T8.1 “ ppα b αq b Queue pα b αqq b α
T9 “M 0 ppα b αq b Queue pα b αqq
T9.1 “ ppα b αq b Queue pα b αqq

D5.5:

α; .; .;S : T0.0; a : α, f : T6.4,m : T6.5, p
2 : r2s1,m1 : Queue pα b αq $ xxf,m1yy : T9.1

α; .; .;S : T0.0; a : α, f : T6.4,m : T6.5, p
2 : r2s1,m1 : Queue pα b αq $ retxxf,m1yy : T9

D5.4:

α; .; .;S : T0.0; r : α, a : α,m : T6.5, p
2 : r2s1 $ S p2 rs m xxr, ayy : M 0 pQueue pα b αqq

D5.5

α; .; .;S : T0.0; r : α, a : α, f : T6.4,m : T6.5, p
2 : r2s1 $ bindm1 “ S p2 rs m xxr, ayy in retxxf,m1yy : T9

α; .; .;S : T0.0; r : α, a : α, f : T6.4,m : T6.5 $ pλp
2. bindm1 “ S p2 rs m xxr, ayy in retxxf,m1yyqq : r2s1( T9

α; .; .;S : T0.0; r : α, a : α, f : T6.4,m : T6.5 $

pC4 pλp2. bindm1 “ S p2 rs m xxr, ayy in retxxf,m1yyqq : Queue α

α; .; .;S : T0.0; r : α, a : α, f : T6.4,m : T6.5 $ retpC4 pλp2. bindm1 “ S p2 rs m xxr, ayy in retxxf,m1yyqq : T0

α; .; .;S : T0.0; r : α, a : α, f : T6.4,m : T6.5 $ E5.4 : T0

D5.3:

α; .; .;S : T0.0; fm : T6.3 $ fm : T6.3
D5.4

α; .; .;S : T0.0; a : α, fm : T6.3, r : α $ letxxf,myy “ fm in E5.4 : T0

α; .; .;S : T0.0; a : α, fm : T6.3, r : α $ E5.3 : T0
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D5.2:

α; .; .;S : T0.0;x1 : T6.2 $ x1 : T6.2
D5.3

α; .; .;S : T0.0; a : α, x1 : T6.2 $ letxxfm, ryy “ x1 in E5.3 : T0

α; .; .;S : T0.0; a : α, x1 : T6.2 $ E5.2 : T0

D5.1:

α; .; .;S : T0.0;x : T6, p
1 : r1s1 $ x p1 : T6.1

D5.2

α; .; .;S : T0.0; a : α, x : T6, p
1 : r1s1 $ bindx1 “ x p1 in E5.2 : T0

α; .; .;S : T0.0; a : α, x : T6, p
1 : r1s1 $ E5.1 : T0

D5:

α; .; .;S : T0.0; . $ storepq : M 1 pr1s1q
D5.1

α; .; .;S : T0.0; a : α, x : T6 $ E5 : T1

D4.5:

α; .; .;S : T0.0; a : α, x : T5, f : T5.3,m : T5.4 $ xxxxf,myy, ayy : T8.1

α; .; .;S : T0.0; a : α, x : T5, f : T5.3,m : T5.4 $ retxxxxf,myy, ayy : T8

α; .; .;S : T0.0; a : α, x : T5, f : T5.3,m : T5.4 $ E4.13 : T8

D4.4:

α; .; .;S : T0.0;x : T5, p
3 : r2s1 $ x p3 : T5.1

D4.5

α; .; .;S : T0.0; a : α, x : T5, p
3 : r2s1 $ letxxf,myy “ x p3 in E4.13 : T8

D4.3:

α; .; .;S : T0.0; a : α, x : T5 $ storepq : M 2 pr2s1q
D4.4

α; .; .;S : T0.0; a : α, x : T5 $ bind p3 “ storepq in letxxf,myy “ x p3 in E4.13 : T8.2

α; .; .;S : T0.0; a : α, x : T5 $ E4.12 : T8.2

D4.2:

α; .; .;S : T0.0; p2 : r1s1 $ p2 : r1s1
D4.3

α; .; .;S : T0.0; a : α, x : T5, p
2 :$ ´ “ release p2 in E4.12 : T8.1

D4.11:

α; .; .;S : T0.0; p1 : r1s1 $ p1 : r1s1
D4.2

α; .; .;S : T0.0; a : α, x : T5, p
1 : r1s1, p2 : r1s1 $ ´ “ release p1 in ´ “ release p2 in E4.12 : T8

D4.1:

D4.11

α; .; .;S : T0.0; a : α, x : r2s1(M 0 pα b αq b Queue pα b αq, p1 : r1s1, p2 : r1s1 $
E4.11 : T8

α; .; .;S : T0.0; a : α, x : r2s1(M 0 pα b αq b Queue pα b αq, p1 : r1s1 $
pλp2.E4.11q : r1s1( T8

α; .; .;S : T0.0; a : α, x : r2s1(M 0 pα b αq b Queue pα b αq, p1 : r1s1 $ C5 pλp2.E4.11q : Queue α

α; .; .;S : T0.0; a : α, x : r2s1(M 0 pα b αq b Queue pα b αq, p1 : r1s1 $ retC5 pλp2.E4.11q : T0

α; .; .;S : T0.0; a : α, x : r2s1(M 0 pα b αq b Queue pα b αq, p1 : r1s1 $ E4.1 : T0
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D4:

α; .; .;S : T0.0; . $ storepq : M 1 pr1s1q
D4.1

α; .; .;S : T0.0; a : α, x : r2s1(M 0 pα b αq b Queue pα b αq $ E4 : T1

D3.43:

α; .; .;S : T0.0; f : α,m1 : Queue pα b αq $ retxxf,m1yy : T7

D3.42:

α; .; .;S : T0.0;m : T4.3, r : α, a : α, p3 : r2s1 $ S p3 rs m pr, aq : M 0 pQueue pα b αqq
D3.43

α; .; .;S : T0.0; f : α,m : T4.3, r : α, a : α, p3 : r2s1 $
bindm1 “ S p3 rs m pr, aq in retxxf,m1yy : T7

α; .; .;S : T0.0; f : α,m : T4.3, r : α, a : α, p3 : r2s1 $ E3.42 : T7

D3.41:

α; .; .;S : T0.0; . $ storepq : M 2 pr2s1q
D3.42

α; .; .;S : T0.0; f : α,m : T4.3, r : α, a : α $ bind p3 “ storepq in E3.42 : T7.2

D3.401:

α; .; .;S : T0.0; p2 : r1s1 $ p2 : r1s1
D3.41

α; .; .;S : T0.0; f : α,m : T4.3, r : α, a : α, p2 : r1s1 $ ´ “ release p2 in bind p3 “ storepq in E3.42 : T7.1

D3.40:

α; .; .;S : T0.0; po : r1s1 $ po : r1s1
D3.401

α; .; .;S : T0.0; f : α,m : T4.3, r : α, a : α, po : r1s1, p2 : r1s1 $
´ “ release po in ´ “ release p2 in bind p3 “ storepq in E3.42 : T7

α; .; .;S : T0.0; f : α,m : T4.3, r : α, a : α, po : r1s1 $
λp2.´ “ release po in ´ “ release p2 in bind p3 “ storepq in E3.42 : r1s1( T7

α; .; .;S : T0.0; f : α,m : T4.3, r : α, a : α, po : r1s1 $ pλp2.E3.41q : r1s1( T7

D3.4:

D3.40

α; .; .;S : T0.0; a : α, f : α,m : T4.3, r : α, a : α, po : r1s1 $ C2 pλp2.E3.41q : Queue α

α; .; .;S : T0.0; a : α, f : α,m : T4.3, r : α, a : α, po : r1s1 $ retC2 pλp2.E3.41q : T1

α; .; .;S : T0.0; a : α, f : α,m : T4.3, r : α, a : α, po : r1s1 $ E3.4 : T1

D3.31:

α; .; .;S : T0.0; a : α, f : α,m : T4.3, r : α $ storepq : M 1 r1s1
D3.4

α; .; .;S : T0.0; a : α, f : α,m : T4.3, r : α $ bind po “ storepq in E3.4 : T1

α; .; .;S : T0.0; a : α, f : α,m : T4.3, r : α $ E3.31 : T1
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D3.3:

α; .; .;S : T0.0; fm : T4.2 $ fm : T4.2
D3.4

α; .; .;S : T0.0; a : α, fm : T4.2, r : α $ letxxf,myy “ fm in E3.31 : T1

α; .; .;S : T0.0; a : α, fm : T4.2, r : α $ E3.3 : T1

D3.2:

α; .; .;S : T0.0;x1 : T4.1 $ x1 : T4.1
D3.3

α; .; .;S : T0.0; . $ letxxfm, ryy “ x1 in E3.3 : T1

α; .; .;S : T0.0; a : α, x1 : T4.1 $ E3.2 : T1

D3.1:

α; .; .;S : T0.0;x : r0s1(M 0 pα b Queue pα b αq b αq, p1 : r0s1 $ x p1 : T4
D3.2

α; .; .;S : T0.0; a : α, x : r0s1(M 0 pα b Queue pα b αq b αq $ E3.1 : T1

D3:

α; .; .;S : T0.0;$ storepq : M 0 pr0s1q
D3.1

α; .; .;S : T0.0; a : α, x : r0s1(M 0 pα b Queue pα b αq b αq $ E3 : T1

D2.3:

α; .; .;S : T0.0; q : Queue α, a : α, f : α,m : T3.2 $ pC3 pλp
2.xxxxf,myy, ayyqq : Queue α

α; .; .;S : T0.0; q : Queue α, a : α, f : α,m : T3.2 $ retpC3 pλp2.xxxxf,myy, ayyqq : T0

α; .; .;S : T0.0; q : Queue α, a : α, f : α,m : T3.2 $ E2.3 : T0

D2.2:

α; .; .;S : T0.0;x1 : T3.1 $ x1 : T3.1
D2.3

α; .; .;S : T0.0; a : α, x1 : T3.1 $ letxxf,myy “ x1 in E2.3 : T0

α; .; .;S : T0.0; a : α, x1 : T3.1 $ E2.2 : T0

D2.1:

α; .; .;S : T0.0;x : pr1s1(M 0 pα b Queue pα b αqqq, p1 : r1s1 $ x p1 : T3
D2.2

α; .; .;S : T0.0; a : α, x : pr1s1(M 0 pα b Queue pα b αqqq, p1 : r1s1 $ E2.1 : T0

D2:

α; .; .;S : T0.0; . $ storepq : M 1 pr1s1q
D2.1

α; .; .;S : T0.0; a : α, x : pr1s1(M 0 pα b Queue pα b αqqq $ E2 : T1

D1:

α; .; .;S : T0.0; a : α, x : α $ C4 pλp2. retxxxxx, ayy,C0 yyq : Queue α

α; .; .;S : T0.0; a : α, x : α $ retC4 pλp2. retxxxxx, ayy,C0 yyq : T0

α; .; .;S : T0.0; a : α, x : α $ retC4 pλp2. retxxxxx, ayy,C0 yyq : T1

α; .; .;S : T0.0; a : α, x : α $ E1 : T1
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D0:

α; .; .;S : T0.0; a : α $ C1 a : Queue α

α; .; .;S : T0.0; a : α $ retpC1 aq : M 1Queue α

α; .; .;S : T0.0; a : α $ E0 : T1

D0.2:

α; .; .;S : T0.0; q : Queue α $ q : Queue α
D0 D1 D2 D3 D4 D5

α; .; .;S : T0.0; q : Queue α, a : α $ E0.2 : T1

D0.1:

α; .; .;S : T0.0; . $ Ò1 : M 1 1
D0.2

α; .; .;S : T0.0; q : Queue α, a : α $ E0.1 : T2

Main derivation:

α; .; .;S : T0.0; p : r2s1 $ p : r2s1
D0.1

α; .; .;S : T0.0; p : r2s1, q : Queue α, a : α $ E0.0 : T0

.; .; .; .; . $ fixf.λp.Λ.λq.λa.E0.0 : T0.0

head : r3s1( @α.Queue α(M 0α
head fi λp.Λ.λ q.

bindht “ headTail p rs q in ret fstphtq

Listing 3: head function

E0 “ bindht “ headTail p rs q in E1

E1 “ retpfstphtqq

T0 “ r3s1( @α.Queue α(M 0α

D0:

α; .; .; .; q : Queue α, ht : pα b Queue αq $ fstphtq : α

α; .; .; .; q : Queue α, ht : pα b Queue αq $ retpfstphtqq : M 0α

α; .; .; .; q : Queue α, ht : pα b Queue αq $ E1 : M 0α

Main derivation:

α; .; .; .; q : Queue α $ headTail p rs q : M 0 pα b Queue αq
D0

α; .; .; .; q : Queue α $ bindht “ headTail p rs q in E1 : M 0α

α; .; .; .; p : r3s1, q : Queue α $ E0 : M 0α

.; .; .; .; . $ λp.Λ.λq.E0 : T0
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tail : r3s1( @α.Queue α(M 0 pQueue αq
tail fi λp.Λ.λ q.

bindht “ headTail p rs q in ret sndphtq

Listing 4: tail function

E0 “ bindht “ headTail p rs q in E1

E1 “ retpsndphtqq

T0 “ r3s1( @α.Queue α(M 0 pQueue αq

D0:

α; .; .; .; q : Queue α, ht : pα b Queue αq $ sndphtq : Queue α

α; .; .; .; q : Queue α, ht : pα b Queue αq $ retpsndphtqq : M 0 pQueue αq

α; .; .; .; q : Queue α, ht : pα b Queue αq $ E1 : M 0 pQueue αq

Main derivation:

α; .; .; .; q : Queue α $ headTail p rs q : M 0 pα b Queue αq
D0

α; .; .; .; q : Queue α $ bindht “ headTail p rs q in E1 : M 0 pQueue αq

α; .; .; .; p : r3s1, q : Queue α $ E0 : M 0 pQueue αq

.; .; .; .; . $ λp.Λ.λq.E0 : T0

headTail : r3s1( @α.Queue α(M 0 pα b Queue αq
headTail fi fix HT.λp.Λ.λ q.
´ “ release p in ´ “ Ò1; ret

case q of
|C0 ÞÑ fixx.x

|C1 x ÞÑ retxxx,C0 yy

|C2 x ÞÑ
bind p1 “ storepq in bind po “ storepq in

bindx1 “ x p1 in letxxf,myy “ x1 in
retxxf, pC4 pλp2.´ “ release po in ´ “ release p2 in bind pr “ storepq in HT pr rs mqqyy

|C3 x ÞÑ
bind p1 “ storepq in bind po “ storepq in

bindx1 “ x p1 in letxxfm, ryy “ x1 in letxxf,myy “ fm in
retxxf, pC5 pλp2.´ “ release po in ´ “ release p2 in

bind p3 “ storepq in bindht “ HT p3 rs m in retxxht, ryyqqyy

|C4 x ÞÑ
bind p1 “ storepq in bindx1 “ x p1 in letxxf,myy “ x1 in letxxf1, f2yy “ f in
retxxf1,C2 pλp2. retxxf2,myyqyy
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|C5 x ÞÑ
bind p1 “ storepq in bindx1 “ x p1 in letxxfm, ryy “ x1 in letxxf,myy “ fm in letxxf1, f2yy “ f in

retxxf1, pC3 pλp2. retxxxxf2,myy, ryyqqyy

Listing 5: head and tail function

E0.0 “ fixHT.λp.Λ.λ q.E0.1

E0.1 “ ´ “ release p in´ “ Ò1;E0.2

E0.2 “ case q of|C0 ÞÑ E0|C1 x ÞÑ E1|C2 x ÞÑ E2|C3 x ÞÑ E3|C4 x ÞÑ E4|C5 x ÞÑ E5

E0 “ fixx.x
E1 “ retxxx,C0 yy
E2 “ bind p1 “ storepq in E2.0

E2.0 “ bind po “ storepq in E2.1

E2.1 “ bindx1 “ x p1 in E2.11

E2.11 “ letxxf,myy “ x1 in E2.2

E2.2 “ retxxf, pC4 pλp2.E2.3qqyy

E2.3 “ ´ “ release po in E2.4

E2.4 “ ´ “ release p2 in E2.5

E2.5 “ bind pr “ storepq in HT pr rs m
E3 “ bind p1 “ storepq in E3.0

E3.0 “ bind po “ storepq in E3.1

E3.1 “ bindx1 “ x p1 in E3.11

E3.11 “ letxxfm, ryy “ x1 in E3.12

E3.12 “ letxxf,myy “ fm in E3.2

E3.2 “ retxxf,E3.3yy

E3.3 “ C5 pλp2.E3.31q

E3.4 “ ´ “ release po in E3.41

E3.41 “ release p2 in E3.5

E3.5 “ bind p3 “ storepq in E3.6

E3.6 “ bindht “ HT p3 rs m in retxxht, ryy
E4 “ bind p1 “ storepq in E4.1

E4.1 “ bindx1 “ x p1 in E4.2

E4.2 “ letxxf,myy “ x1 in E4.3

E4.3 “ letxxf1, f2yy “ f in E4.4

E4.4 “ retxxf1,C2 pλp
2. retxxf2,myyqyy

E5 “ bind p1 “ storepq in E5.1

E5.1 “ bindx1 “ x p1 in E5.2

E5.2 “ letxxfm, ryy “ x1 in E5.3

E5.3 “ letxxf,myy “ fm in E5.4

E5.4 “ letxxf1, f2yy “ f in E5.5

E5.5 “ retxxf1, pC3 pλp
2. retxxxxf2,myy, ryyqqyy

T0.0 “ r3s1( @α.Queue α(M 0 pα b Queue αq
T0.2 “ r1s1(M 0 pα b Queue pα b αqq
T0.21 “M 0 pα b Queue pα b αqq
T0.22 “ pα b Queue pα b αqq
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T0.23 “ Queue pα b αq
T0.3 “ r0s1(M 0 ppα b Queue pα b αqq b αq
T0.31 “M 0 ppα b Queue pα b αqq b αq
T0.32 “ ppα b Queue pα b αqq b αq
T0.33 “ pα b Queue pα b αqq
T0.34 “ Queue pα b αq
T0.4 “ r2s1(M 0 ppα b αq b Queue pα b αqq
T0.41 “M 0 ppα b αq b Queue pα b αqq
T0.411 “M 1 ppα b αq b Queue pα b αqq
T0.413 “M 3 ppα b αq b Queue pα b αqq
T0.42 “ ppα b αq b Queue pα b αqq
T0.43 “ pα b αq
T0.44 “ Queue pα b αq
T0.5 “ r1s1(M 0 pppα b αq b Queue pα b αqq b αq
T0.51 “M 0 pppα b αq b Queue pα b αqq b αq
T0.511 “M 1 pppα b αq b Queue pα b αqq b αq
T0.512 “M 2 pppα b αq b Queue pα b αqq b αq
T0.513 “M 3 pppα b αq b Queue pα b αqq b αq
T0.52 “ pppα b αq b Queue pα b αqq b αq
T0.53 “ ppα b αq b Queue pα b αqq
T0.54 “ pα b αq
T0.55 “ Queue pα b αq
T0 “M 0 pα b Queue αq
T1 “M 1 pα b Queue αq
T2 “M 2 pα b Queue αq

D5.51:

α; .; .;HT : T0.0; f2 : α,m : T0.55, r : α, p2 : r0s1 $ retxxxxf2,myy, ryyT0.31

α; .; .;HT : T0.0; f2 : α,m : T0.55, r : α $ pλp2. retxxxxf2,myy, ryyq : T0.3

α; .; .;HT : T0.0; f2 : α,m : T0.55, r : α $ pC3 pλp2. retxxxxf2,myy, ryyqq : Queue α

D5.5:

α; .; .;HT : T0.0; f1 : α $ f1 : α
D5.51

α; .; .;HT : T0.0; f1 : α, f2 : α,m : T0.55, r : α $
xxf1, pC3 pλp

2. retxxxxf2,myy, ryyqqyy : α b Queue α

α; .; .;HT : T0.0; f1 : α, f2 : α,m : T0.55, r : α $ retxxf1, pC3 pλp
2. retxxxxf2,myy, ryyqqyy : T1

α; .; .;HT : T0.0; f1 : α, f2 : α,m : T0.55, r : α $ E5.5 : T1

D5.4:

α; .; .;HT : T0.0; f : T0.54 $ f : T0.54
D5.5

α; .; .;HT : T0.0; f : T0.54,m : T0.55, r : α $ letxxf1, f2yy “ f in E5.5 : T1

α; .; .;HT : T0.0; f : T0.54,m : T0.55, r : α $ E5.4 : T1
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D5.3:

α; .; .;HT : T0.0; fm : T0.53 $ fm : T0.53
D5.4

α; .; .;HT : T0.0; fm : T0.53, r : α $ letxxf,myy “ fm in E5.4 : T1

α; .; .;HT : T0.0; fm : T0.53, r : α $ E5.3 : T1

D5.2:

α; .; .;HT : T0.0;x1 : T0.52 $ x1 : T0.52
D5.3

α; .; .;HT : T0.0;x1 : T0.52 $ letxxfm, ryy “ x1 in E5.3 : T1

α; .; .;HT : T0.0;x1 : T0.52 $ E5.2 : T1

D5.1:

α; .; .;HT : T0.0;x : T0.5, p
1 : r1s1 $ x p1 : T0.51

D5.2

α; .; .;HT : T0.0;x : T0.5, p
1 : r1s1 $ bindx1 “ x p1 in E5.2 : T1

α; .; .;HT : T0.0;x : T0.5, p
1 : r1s1 $ E5.1 : T1

D5:

α; .; .;HT : T0.0; . $ storepq : M 1 pr1s1q
D5.1

α; .; .;HT : T0.0;x : T0.5 $ E5 : T2

D4.41:

α; .; .;HT : T0.0; f2 : α,m : T0.44, p
2 : r1s1 $ retxxf2,myy : T0.21

α; .; .;HT : T0.0; f2 : α,m : T0.44 $ pλp
2. retxxf2,myyq : T0.2

α; .; .;HT : T0.0; f2 : α,m : T0.44 $ C2 pλp2. retxxf2,myyq : Queue α

D4.4:

α; .; .;HT : T0.0; f1 : α $ f1 : α
D4.41

α; .; .;HT : T0.0; f1 : α, f2 : α,m : T0.44 $ xxf1,C2 pλp
2. retxxf2,myyqyy : α b Queue α

α; .; .;HT : T0.0; f1 : α, f2 : α,m : T0.44 $ retxxf1,C2 pλp
2. retxxf2,myyqyy : T0

α; .; .;HT : T0.0; f1 : α, f2 : α,m : T0.44 $ E4.4 : T0

D4.3:

α; .; .;HT : T0.0; f : T0.43 $ f : T0.43
D4.4

α; .; .;HT : T0.0; f : T0.43,m : T0.44 $ letxxf1, f2yy “ f in E4.4 : T0

α; .; .;HT : T0.0; f : T0.43,m : T0.44 $ E4.3 : T0

D4.2:

α; .; .;HT : T0.0;x1 : T0.42 $ x1 : T0.42
D4.3

α; .; .;HT : T0.0;x1 : T0.42 $ letxxf,myy “ x1 in E4.3 : T0

α; .; .;HT : T0.0;x1 : T0.42 $ E4.2 : T0

D4.1:

α; .; .;HT : T0.0;x : T0.4, p
1 : r2s1 $ x p1 : T0.41

D4.2

α; .; .;HT : T0.0;x : T0.4, p
1 : r2s1 $ bindx1 “ x p1 in E4.2 : T0

α; .; .;HT : T0.0;x : T0.4, p
1 : r2s1 $ E4.1 : T0
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D4:

α; .; .;HT : T0.0; . $ storepq : M 2 r2s1
D4.1

α; .; .;HT : T0.0;x : T0.4 $ E4 : T2

D3.61:

α; .; .;HT : T0.0; r : α, ht : T0.53 $ retxxht, ryy : T0.51

D3.6:

α; .; .;HT : T0.0;m : T0.34, r : α, p3 : r3s1 $ HT p3 rs m : M 0T0.53
D3.61

α; .; .;HT : T0.0;m : T0.34, r : α, p3 : r3s1 $ bindht “ HT p3 rs m in retxxht, ryy : T0.51

α; .; .;HT : T0.0;m : T0.34, r : α, p3 : r3s1 $ E3.6 : T0.51

D3.5:

α; .; .;HT : T0.0; . $ storepq : r3s r3s1
D3.6

α; .; .;HT : T0.0;m : T0.34, r : α $ bind p3 “ storepq in E3.6 : T0.511

α; .; .;HT : T0.0;m : T0.34, r : α $ E3.5 : T0.513

D3.41:

α; .; .;HT : T0.0; p2 : r1s1 $ p2 : r1s1
D3.5

α; .; .;HT : T0.0;m : T0.34, r : α, p2 : r1s1 $ ´ “ release p2 in E3.5 : T0.512

D3.4:

α; .; .;HT : T0.0; po : r2s1 $ po : r2s1
D3.41

α; .; .;HT : T0.0;m : T0.34, r : α, po : r2s1, p2 : r1s1 $ ´ “ release po in E3.41 : T0.51

α; .; .;HT : T0.0;m : T0.34, r : α, p2 : r1s1 $ E3.4 : T0.51

D3.3:
D3.4

α; .; .;HT : T0.0;m : T0.34, r : α $ pλp2.E3.4q : T0.5

α; .; .;HT : T0.0;m : T0.34, r : α $ C5 pλp2.E3.4q : Queue α

α; .; .;HT : T0.0;m : T0.34, r : α $ E3.3 : Queue α

D3.2:

α; .; .;HT : T0.0; f : α $ f : α
D3.3

α; .; .;HT : T0.0; f : α,m : T0.34, r : α $ xxf,E3.3yy : pα b Queue αq

α; .; .;HT : T0.0; f : α,m : T0.34, r : α $ retxxf,E3.3yy : T2

α; .; .;HT : T0.0; f : α,m : T0.34, r : α $ E3.2 : T2

D3.12:

α; .; .;HT : T0.0; fm : T0.33 $ fm : T0.33
D3.2

α; .; .;HT : T0.0; fm : T0.33, r : α $ letxxf,myy “ fm in E3.2 : T2

α; .; .;HT : T0.0; fm : T0.33, r : α $ E3.12 : T2
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D3.11:

α; .; .;HT : T0.0;x1 : T0.32 $ x1 : T0.32
D3.12

α; .; .;HT : T0.0;x1 : T0.32 $ letxxfm, ryy “ x1 in E3.12 : T2

α; .; .;HT : T0.0;x1 : T0.32 $ E3.11 : T2

D3.1:

α; .; .;HT : T0.0;x : T0.3, p
1 : r0s1 $ x p1 : T0.31

D3.11

α; .; .;HT : T0.0;x : T0.3, p
1 : r0s1 $ bindx1 “ x p1 in E3.11 : T2

α; .; .;HT : T0.0;x : T0.3, p
1 : r0s1, po : r2s1 $ E3.1 : T2

D3.0:

α; .; .;HT : T0.0;x : T0.3 $ storepq : M 2 r2s1
D3.1

α; .; .;HT : T0.0;x : T0.3, p
1 : r0s1 $ bind po “ storepq in E3.1 : T2

α; .; .;HT : T0.0;x : T0.3, p
1 : r0s1 $ E3.0 : T2

D3:

α; .; .;HT : T0.0; . $ storepq : M 0 1
D3.0

α; .; .;HT : T0.0;x : T0.3 $ E3 : T2

D2.51:

α; .; .;HT : T0.0;m : T0.23, pr : r3s1 $ HT pr rs m : T0.41

D2.5:

α; .; .;HT : T0.0;m : T0.23 $ storepq : M 3 r3s1
D2.51

α; .; .;HT : T0.0;m : T0.23 $ bind pr “ storepq in HT pr rs m : T0.413

α; .; .;HT : T0.0;m : T0.23 $ E2.5 : T0.413

D2.4:

α; .; .;HT : T0.0; p2 : r2s1 $ p2 : r2s1
D2.5

α; .; .;HT : T0.0;m : T0.23, p
2 : r2s1 $ release p2 in E2.5 : T0.411

α; .; .;HT : T0.0;m : T0.23, p
2 : r2s1 $ E2.4 : T0.411

D2.3:

α; .; .;HT : T0.0; po : r1s1 $ po : r1s1
D2.4

α; .; .;HT : T0.0;m : T0.23, po : r1s1, p2 : r2s1 $ ´ “ release po in E2.4 : T0.41

D2.21:
D2.3

α; .; .;HT : T0.0;m : T0.23, po : r1s1, p2 : r2s1 $ E2.3 : T0.41

α; .; .;HT : T0.0;m : T0.23, po : r1s1 $ λp2.E2.3 : T0.4

α; .; .;HT : T0.0;m : T0.23, po : r1s1 $ C4 pλp2.E2.3q : Queue α

D2.2:

α; .; .;HT : T0.0; f : α $ f : α
D2.21

α; .; .;HT : T0.0; f : α,m : T0.23, po : r1s1 $ xxf, pC4 pλp2.E2.3qqyy : pα b Queue αq

α; .; .;HT : T0.0; f : α,m : T0.23, po : r1s1 $ retxxf, pC4 pλp2.E2.3qqyy : T0

α; .; .;HT : T0.0; f : α,m : T0.23, po : r1s1 $ E2.2 : T0
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D2.11:

α; .; .;HT : T0.0;x1 : T0.22 $ x1 : T0.22
D2.2

α; .; .;HT : T0.0;x1 : T0.22, po : r1s1 $ letxxf,myy “ x1 in E2.2 : T0

α; .; .;HT : T0.0;x1 : T0.22, po : r1s1 $ E2.11 : T0

D2.1:

α; .; .;HT : T0.0;x : T0.2, p
1 : r1s1 $ x p1 : T0.21

D2.11

α; .; .;HT : T0.0;x : T0.2, po : r1s1, p1 : r1s1 $ bindx1 “ x p1 in E2.11 : T0

α; .; .;HT : T0.0;x : T0.2, po : r1s1, p1 : r1s1 $ E2.1 : T0

D2.0:

α; .; .;HT : T0.0; . $ storepq : M 1 r1s1
D2.1

α; .; .;HT : T0.0;x : T0.2, p
1 : r1s1 $ bind po “ storepq in E2.1 : T1

α; .; .;HT : T0.0;x : T0.2, p
1 : r1s1 $ E2.0 : T1

D2:

α; .; .;HT : T0.0; . $ storepq : M 1 r1s1
D2.0

α; .; .;HT : T0.0;x : T0.2 $ E2 : T2

D1:

α; .; .;HT : T0.0;x : α $ ret xxx,C0 yy : T2

α; .; .;HT : T0.0;x : α $ E1 : T2

D0:

α; .; .;HT : T0.0; . $ fixx.x : T2

α; .; .;HT : T0.0; . $ E0 : T2

D0.2:

α; .; .;HT : T0.0; q : Queue α $ q : Queue α
D0 D1 D2 D3 D4 D5

α; .; .;HT : T0.0; q : Queue α $ E0.2 : T2

D0.1:

α; .; .;HT : T0.0; . $ Ò1 : M 1 1
D0.2

α; .; .;HT : T0.0; q : Queue α $ ´ “ Ò1;E0.2 : T3

Main derivation:

α; .; .;HT : T0.0; p : r3s1, q : Queue α $ p : r3s1
D0.1

α; .; .;HT : T0.0; p : r3s1, q : Queue α $ E0.1 : T0

.; .; .; .; . $ E0.0 : T0.0
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