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1 Fine-grained IFC enforcement (FG)

1.1 FG type system

Syntax, types, constraints:

Expressions e n= x| Ave | e e | (ee) | fst(e) | snd(e) | inl(e) | inr(e) |
case(e,z.e,z.€) |newe|le|e:=e|Ae|e]|ve|ce

Labels lipc == l|allul|ent

(Labeled) Types T = A

Unlabeled types A = b|TgT‘TXT|T—|—T‘ ref 7 | unit | Ya.(le, 7) | € L

Constraints c m= LT/l (c0)

Lemma 1.1 (FG: Reflexivity of subtyping). The following hold:
1. For oll X, 0, 7: ;0 7 <0 7
2. For all S, U,A: .U FA <: A

Proof. Proof by simultaneous induction on 7 and A.

Proof of statement (1)
Let 7 = A’ Then, we have:

—— TH(2) DIRR\ I A
YU EFA<A

S0 AL < Af

FGsub-label

Proof of statement (2)
We proceed by cases on A.

1. A=b:

——— FGsub-base
»;UkFb<:b

2. A =ref

FGsub-ref

oWk ref m<:ref 1

3. A=T7 X 1o:

—— IH(1) on 7y —— IH(l) on
YUk <im YUk <l
YUk X1 <:iT X Ty
4. A=711 + 1
—  IH(1) on 7y — IH(l) on 7
XUk <im YUk <imy

YU bEm4+rn<in+n



Type system: |X;U;'FH,ce:7

DIV I A Sy SR
FG-var - FG-lam

LWl e Thpex:T 50T by )\as.e:(Tlng)J‘

E;\P;Fl—pcelz(ﬁ%m)g WD bpeen:m S;W kT N\ 4 YUk pcUlC Y,
YUl Fpeer e2 11

FG-app

YUl Fpeer i LUl Fpe €211
0T Fpe (e1,e2) @ (11 X Tg)L

FG-prod

ST by e (11 X 12)° E;qwn\emft YU Fpe e
-1S
;W T e fste) -7y YT by inl(e) : (1 + 1)t

FG-inl

S U T Fpe e 0 (114 72)°
LUz i bpaseer i 7 Wy by ea: T DIV o N
YW T by case(e, z.e1,y.€2) 0 T

FG-case

E;\IJ;FI—pC/e:T/ YW F pe Copd U ET<iT
Uil kpee:t

FG-sub

Ui T kpeert Uk TN\ pc
YW T Fpe new e ¢ (ref )t

FG-ref

E;\IJ;I’I—pce:(refT)g Uk <i7 PIRVAEE N

;U Fpe le: 7 FG-deref

SUT bpeer: (ref )8 S W T hpeen:m B0 F7 N (pel)
XU e €1 1= €2 unit

FG-assign

Y, a;U: Ty e
— FG-unitI L FGFI
0T Fpe () 2 unit 0T by Ae: (Vo (le, 7))

ST Fpe e 0 (Vau(le,7))*
FV({/)C % SiUEpeUlT L0 /a] S0 F Tl o] \ !

FG-FE
ST bpee ][l /o]

W, e: 1
S50 T ke ve:(c L )t

FG-CI

E;\IJ;I’I—pCe:(céﬁT)Z ;U ke ;U pedl C 4L, Z;\III—T\EF
Wiy eonT

G-CE

Figure 1: Type system for FG



Ul U A< A

- FGsub-label ——— FGsub-base
Y0 F AL < A ;U kb<:b
Uk <7y Uk <
FGsub-ref ; ; FGsub-prod
oWk ref m<:ref 1 iU kT X1 <iT) X Ty

Uk <7y YW <7
SV b7 479 <7 + 75

FGsub-sum

Uk <im Uk <iTh S UL C Y,
FGsub-arrow

!

V4
E;‘I/Fﬁg7'2<:7'{47§

Yooy Uk <t S,a; 0 - C A
- — FGsub-unit i FGsub-forall
Y; Uk unit <: unit ;U F Vo (le, 1) <:Va.(le, T2)

YiUlbe — YW, o b <o YU T, )
FGsub-constraint

gl
Z;\Ill—01£$7'1<162:$7'2

Figure 2: FG subtyping

MswUWHAWEF FV() e &

7 FG-wit-label —— FG-wff-base
S UHEATWEF ;U b WF
YUk WF YUk WF FV(l) e X
- FG-wif-unit FG-wit-arrow
;U Funit WF E;\I’l_TlgTQWF
»Ubkm WF XUk WFE XUk WFE XUk WF
FG-wff-prod FG-wff-sum
XUk xm WFE XUk +m WE
FV(r)=10 Y,V 17 WF FV(l.) € LU {a}
FG-wit-ref FG-wit-forall
S, Uk (ref 1) WF U F (Va.(be,T)) WF

S0k WF  FV()eX FV({)eS
S F (e £ 1) WE

FG-wif-constraint

Figure 3: Well-formedness relation for FG



5. A:ﬁ%Tg:

—  THl)onn, ——— TH(2)onm
YUk <im YUk <im

YWkl C 4,

Z;\Ill—rlg7'2<:71g7'2

6. A = unit:

;U I unit <: unit

7. A=Va.7;:

IH(1) on 7;
YV ET <1

XU VYo <:Va.r;

8. A=c=;:

TH(1) on 7;
Y;UbkFe = ¢ Y;W.ckm <

YSiUbke=71<ic=> T

1.2 FG semantics

Judgement: (H,e) |; (H',v)
The semantics are described in Figure 4

1.3 Model for FG
W : ((Loc — Type) x (Loc — Type) x (Loc <> Loc))

Definition 1.2 (FG: 3 extends ;). 61 C 6 =
Va € 01.91(&) =T — (92(a) =T

Definition 1.3 (FG: Wy extends Wy). Wi T Wy =
1. Vi e {1,2}. Wl.ei C WQ.Hi

2. Vp e (Wi.B).p € (Wa.f)



(H,e1) 4; (H', \v.e;) (H' e3) Ui (H" v9) (H", e;[ve/x]) Vi (H", v3)

fg-a
(H,e1 e2) Viyjrni (H”, v3) Bapp

(H,er) i (H', 1)  (H',e2) 45 (H", w) (H,e) i (H', (v1, 1))
I fg-prod 7 fg-fst

(H,(e1,€2)) Yitjr1 (H", (v1,12)) (H,fst(e)) Vix1 (H', 01)

(Hve) ‘uz (Hla(vla'@)) fg—snd (Hae) ‘U”L (Hlvv) fg—inl

(H,snd(e)) Vit (H', v2) (H,inl(e)) Yi+1 (H',inl(v))
(H,e) I; (H',v) i (H,e) |; (H'inl v) (H' e1[v/z]) 4; (H", v1) S
(H,inr(e)) dix1 (H',inr(v)) & (H,case(e,z.€1,y.€2)) irjr1 (H", v1) &
(H,e) y; (H'jinrv)  (H',e2]v/a]) I; (H", vo)
i fg-case2
(H,case(e,z.e1,y.e2)) iyj+1 (H", 1)
(Ha 6) UZ (HlaA ei) (Hlvf’i) U]' (H//7 1}) fo-FE
(H’ 6[]) lli+j+1 (H ) U)
(H,e) Vi (H',v ;) (Hlv”ei) U (H",v) fo-CE
(H7 60) ‘U’iJerrl (H s U)
(Hae)ui (Hlvv) aédom(H)f f (Hve)uz (Hlaa) fo-d £
(H.new (¢)) bi1 (H'la > v],a) (H.1e) b1 (H' H(a)) *
(Ha 61) Ul (Hlv a) (Hlv 62) uj (H”a U) fg-assign ec {ZL’, Ay'_v A_7 l/_} fo-val
(H,e1:=e2) Yijr1 (H"[a > 0], () (H,e) Yo (H,e)

Figure 4: FG semantics



Definition 1.4 (FG:

[b]¢} =
[unit]{} =
[7‘1 XTQ—H;‘ =
[m+7lt =

-
i
\l/“N
o
p—
<
>

Binary value relation).
W.n,vi,v) | v = va A{vr, w2} € [b]}

n,(),0) 1 0 € [b]}

W, n,inl v,inl v") | (W, n,v,v") € (leé}u
W, n,inr v,inr o') | (W,n,v,0") € [Tﬂ\é}

{(
{(w
%E (’1)1,1}2) (vhvé)) | (W7n> vl?”i) € [Tl—l\é/\ (W7n7 ’UQaUé) € [7—216}
{(

{(W,n,\z.e1, \z.e2) |

VW' '3 W,j <n,uv,va.

(W', j,v,w) € [1]f = (W', j,e1[v/x], ea[va/x]) € [R]F)A

Vo, 3 W-elaja Ve-

(61,5, v) € [milv = (814, e1lve/a]) € [12]55)A

Vo, 3 W.0s, 7, v.

(61,5, v) € Im)v = (81,4, ealve/2]) € [72))}

Woz.(ﬁe,Tﬂ““} £ {(W,n,Aey, Aes) |
YW '3 W,n <n,t €L
(W0 e1,e2) € [T /]l )N
WO, 3 W61, € L.((61,j,e1) € [70"/a]) 5/
VO, 3 W.02,5,0" € L.(6,],e2) € |T["]cx ”g ol /a})}
[c iﬁ T]““} £ {(W,n,vey,vey) |
YW 3 W,n <n.
Llc = (W, e,e) € [T]AA
Vel | W917]£ ): c — (alaja 61) € LTJ%A
Vﬁl ; W@Q,jﬁ ): cC — (9l7j7 €2> € LTJ%}
[ref T—‘J‘;‘ £ {(W,TL, 01,0122‘
(al, ag) e W.BA W.Ql(al) = W.Qg(az) = T}
[AK"|A A {(Wana 'Ul,’UQ) ‘ (anv 1)1,’[)2) € ’VA‘lJ\;‘} v C A
v {(W,n,v,w) | Vie{l,2}.Vm.(W(n).0;,m,v) € |[Aly} (LA

Definition 1.5 (FG:

A 2

Definition 1.6 (F

[b]v
LunitJV

LTl X TQJV
|_7'1 —i—TQJV
|71 gTQJV

Q

(> 1> > > [

[Va.(le, T) |v
lc & 1)y
[ref 7|y

> 1> >

Binary expression relation).

{(W,n,e1,e2) |

VHy, Hy,j < n.(n, Hy, Hy) & WA

(Hy,er) U5 (H{,v)) A (Ho,e2) |} (Hy, vp) =

IW' 3 W.(n— j, HI, B & WA (W0 — j, 0, v}) € [7]{)

: Unary value relation).

{(0,m,v) | v e [b]}

{(8,m,v | v & [unit]}

{(0,m, (o1, ) | (0,m, v1) € [T1]v A (0,m, v2) € [T2]v}

{(8,m,inl v) | (0,m,v) € ||y} U{(d,m,inr v) | (0,m,v) € |T2]v}
{(0,m, z.€) | VO .0 C O ANVj <mNv.(0,7,v) € |n]y =

(0.5 elv/x)) € |72 5}

{(0,m, Ae) | V0.0 C 0 ¥m! <mNe € L.(0',me) € |7]¢'/a] [t/
{(0,m,ve) | VO .OC O Ym' <m.LEc = (0/,m,e) € |7]%}
{(0,m,a) | 6(a) =7}



Ay & [Aly

Definition 1.7 (FG: Unary expression relation).

7% £ {(0,n,e) | VH.(n,H) >0 AVj <n.(H,e) Vi (H' )W) =
OO ANn—75H)>0 AN, n—j,0)€|[T]vA
(Va.H(a) # H'(a) = 3.0(a) = AY A pc T )N
(Va € dom(0')\dom(6).0'(a) \ pc)}

Definition 1.8 (FG: Unary heap well formedness).
(n, H)>0 = dom(0) C dom(H) AVa € dom(0).(6,n —1,H(a)) € [0(a)]|v
Definition 1.9 (FG: Binary heap well formedness).
(n, Hi, H)) b W 2 dom(W.01) C dom(Hy) A dom(W .02) C dom(Ho)A
(W.B) C (dom(W.01) x dom(W.02))A
V(ar, ag) € (W.5).(W.01(a1) = W.02(ax)A\

(W,n—1,Hi(a), Hy(ag)) € [W.01(a1)]$HA
Vi € {1,2}.VmNa; € dom(W.0;).(W.0;,m, Hi(a;)) € | W.0;(a;)]v

Definition 1.10 (FG: Label substitution). ¢ : Lvar — Label

Definition 1.11 (FG: Value substitution to value pairs). v : Var — (Val, Val)
Definition 1.12 (FG: Value substitution to values). ¢ : Var — Val
(

Definition 1.13 (FG: Unary interpretation of I').

IT|y 2 {(0,n,8) | dom(T) C dom(5) AVx € dom(T).(,n,d(x)) € |T'(x)]|v}

Definition 1.14 (FG: Binary interpretation of I').

T3 £ {(W,n,9) | dom(T) C dom(y) AVa € dom(T).(W,n,m(y(x)), m2(y(2))) € [T(2)]{}}

1.4 Soundness proof for FG

Lemma 1.15 (FG: Binary value relation subsumes unary value relation). VW, vy, va, A, n.
The following holds:

1. VA.

(W,n,v,w) € [Al} = Vie{l1,2}. Vm. (W.0;,m,v) € [Alv
2. VT.

(W, n,v,wm) € [T]5 = Vie {1,2}. Ym. (W.0;,m,v) € |T]v

Proof. Proof by simultaneous induction on A and 7
Proof of statement (1)
We analyze the various cases of A in the last step:

1. Case b:
From Definition 1.6



2. Case 11 X To:
Given: (W,n, (v, vi2), (vj1,vj2)) € [11 X Tg]“é
To prove:
VYm. (W.01,m, (vi1,v2)) € |71 x 2]y (PO1)
and

Vm. (Wﬂg,m, (Ujl, Ujg)) S L’Tl X TQJV (POQ)

From Definition 1.4 we know that we are given

(W, n, v;1, Ujl) € [Tl-l'(/‘ VAN (W, n, v;2, UjQ) S ’VTQ—I'(/‘ (Pl)

IHla: Ymy. (W.01,m1,vi1) € [71]v and
TH1b: VYmy. (W.02,m1,v51) € |71y
IH2a: Vmy. (W.01,ma, vi2) € |T2]y and
TH2b: Vmg. (W .02, ma, vj2) € |72y

From (P01) we know that given some m we need to prove
(W.01,m, (vi1, vi2)) € [11 X T2]v
Similarly from (P02) we know that given some m we need to prove

(W.02,m, (vj1,vj2)) € |71 X T2V

We instantiate IHla and IH2a with the given m from (P01) to get
(W.01,m,vin) € |11 ]y and (W.01,m, vi2) € [T2]v

Then from Definition 1.6, we get

(W.01,m, (vi1, vi2)) € |11 X 2]y

Similarly we instantiate IH1b and IH2b with the given m from (P02) to get
(W.02,m,vj1) € |T1]v and (W.02,m,vj2) € [T2]v
Then from Definition 1.6, we get
(W.02,m, (vj1,v)2)) € |11 X T2]v
3. Case 11 + 79:

2 cases arise:

(a) V1 = inl(vﬂ) and Vg = in|(’l)j1)
Given: (W,n,inl(vi),inl(vj1)) € [11 + 72]{
To prove:
VYm. (W.01,m,inl(v;1)) € |71 + 72y (SO1)
and
Vm. (W.02,m,inl(vi2)) € |11+ 2]y (S02)

From Definition 1.4 we know that we are given
(W,n,v1,v1) € [m]gh (S0)
IH1: Vmy. (W.61,m1,v1) € |71y and

10



TH2: Ymso. (Wﬂg,mg,vjl) S £T1JV

From (S01) we know that given some m and we are required to prove:
(W.01,m,inl(vi1)) € |71 + 2]y

Also from (S02) we know that given some m and we are required to prove:
(W.02,m,inl(vi2)) € |11 + T2]v

We instantiate IH1 with m from (S01) to get
(W.01,m,vpn) € |11]v
Therefore from Definition 1.6, we get
(W.01,m,inl(vi1)) € |11 + 2]y
We instantiate IH2 with m from (S02) to get
(W.02,m,vj1) € |11]v
Therefore from Definition 1.6, we get
(W.02,m,inl(vj1)) € |11 + 2]V

(b) vi =inr(v2) and vy = inr(vj2)
Symmetric case as (a)

4. Case 1y g To:
Given: (W,n,Az.e1, \x.e2) € [11 L 4
This means from Definition 1.4 we know that

VW' 3 W, 5 <n,o, v (W, j,u,w) € [nll = (W, j,elv/], e2lva/2]) € [12]7)
A VO, D W.01,i,v..((0,4,v.) € |11y = (01,1,e1]v./x]) € LTQJ%)
A YO D W0,k ve. (01, k,02) € [T1)y = (01, k, e2[uc/2]) € |2)%) (LO)

To prove:

(a) Vm. (W.01,m,\z.e1) € |11 Ly T2y
This means from Definition 1.6 we need to prove:
VO W.0, C 0 AV <mNu.(0,j,v) € ]y = (¢,],e1]v/z]) € |12
This further means that we have some €', j and v s.t
w.0,C¢ ANj<mA (Hl,j, 1)) € L7'1JV
And we need to prove: (¢',j,e1[v/z]) € I_TQJ%
Instantiating 6;, 2 and v. in the second conjunct of LO with #’, j and v respectively
and since we know that W.0; C ¢" and (¢',4,v) € |71 |v
Therefore we get (6,7, e1[v/z]) € |24
(b) Vm. (W.02,m,\x.e2) € [T L To |y
Similar reasoning with ey
5. Case Va.(le, T):
Given: (W,n, Aeq, Aes) € [Va.(le, 7)1

This means from Definition 1.4 we know that

11



VW, 3 W,ny <n, l' € LWy, np,€e1,€2) € [T W/Oéﬂﬁ)
A VO D W.01,0,0" € L.((01,,e1) € | [E”/a” e[t"/ely
A VO D W 0,0, 8" € L.((601,1,e5) € [7[" /o |51/

To prove:

(FO)

(a) Ym. (W.01,m,Aey) € |Va.(be, T)]|v:
This means from Definition 1.6 we need to prove:
VO W .0y T 0 m! < mNL, € L.(0,m, e1) € [7]lu)a]| /]
This further means that we are given some ', m’ and ¢, s.t W.0; C 6, m' < m and
b, €L
And we need to prove: (6',m/ e;) € LT[EU/QU%M”/C@

Instantiating 6;, 7 and ¢” in the second conjunct of FO with 6’, m’ and £, respectively
and since we know that W.0; C ¢ and ¢, € L

Therefore we get (0',m',e1) € {T[ﬁu/a”%w“/a]
(b) Vm. (W.02,m, Aes) € |Va.(le, T) ]y

Symmetric reasoning for e

6. Case ¢ % T:
Given: (W,n,vey,ves) € [c L ks
This means from Definition 1.4 we know that

YW, D W0/ <nLEc = (Wyne1e)€ [T]H
A0 D W01, J.LEc = (B1,4.e1) € |7)%)
AVO, 3 W.ba,jLEEc = (6,],e) € |T]%) (C0)

To prove:

(a) Vm. (W.01,m,ve;) € |c L Ty
This means from Definition 1.6 we need to prove:
VO.W.0, CONm <m.LlEc = (0,m, e) e |7]%
This further means that we are given some ¢’ and m’ st W.0; C 6/, m’ < m and
LEc

And we need to prove: (¢,m’,e1) € |7

Instantiating 6;, j in the second conjunct of CO with 6, m’ respectively and since we
know that W.0; C 6 and L | ¢

Therefore we get (6, m’,e1) € |7]%
(b) ¥m. (W.0s,m,ves) € lc & 7]y

Symmetric reasoning for e

7. Case ref 7:

From Definition 1.4 and 1.6

Proof of statement (2)
Let 7 = A°
2 cases arise:

12



1. /C A:
From IH (statement(1))

2. 0L A:
Directly from Definition 1.4

Lemma 1.16 (FG: Monotonicity Unary). The following holds:
V0,0, v,m,m'.

1. VA. (O,m,v) e [Aly Am/'<m ANOC O = (¢/,m',v) € |A]y
2.V7. O,m,v) €|ty Am'<mANOCO = (0/,m v)e|T]v

Proof. Proof by simultaneous induction on A and 7
Proof of statement (1)
We analyze the various cases of A in the last step:

1. case b:

Directly from Definition 1.6

2. case 11 X Ty:
Given: (6, m, (v, 1)) € |11 X 72]v
To prove: (6/,m/, (vi,n)) € |11 X T2]v
This means from Definition 1.6 we know that

0,m,v1) € |11]v A (O, m, ) € |12]v

TH1 : (Hl,m’, 1}1) S \_TIJV
TH2 : (9',m', 1)2) S LTQJV

We get the desired from IH1, IH2 and Definition 1.6

3. case 11 + To:

2 cases arise:

(a) v =inl(vy):

Given: (8, m, (inl v1)) € |71+ 2]y

To prove: (6/,m/,inl v) € |11 + 72|y

This means from Definition 1.6 we know that

0,m,v1) € |11]v

H: (0',m n)e|nlv

Therefore from IH and Definition 1.6 we get the desired
(b) v =inr(v2)

Symmetric case

13



4. case 1| L To:
m: (07m7 ()\.7361)) S |_7'1 g TQJV

M: (Hlvmlv ()\l’@l)) € LTI & 7-2JV

This means from Definition 1.6 we know that

VO".0 T 0" AYj <mNv.(0",4,v) € |mily = (0”4, e1[v/a]) € |m2)% (1)
Similarly from Definition 1.6 we know that we are required to prove
VO .0 T 0" AVE < m/ No.(0 k,v) € |1y = (0", k,ei[v/z]) € [1a]%
This means that given some 6",k and v such that & T 0" ANk <m/ A (0", k,v1) € |11]v
And we are required to prove (0", k,e1[v1/z]) € [2)%

Instantiating Equation 75 with 6",k and v; and since we know that ¢’ C 0" and 6 C ¢’
therefore we have 0 C 0", Also, we know that k < m/ < m and (0", k,v1) € |11 ]|v

Therefore we get (6", k,eq1[v1/x]) € LTQJ%

5. case ref T:

From Definition 1.6 and Definition 1.2

6. case Va.(le,T):
Given: (0, m, (Aey)) € [Va.(le,T)|v
To prove: (6/,m/, (Aey)) € [Va.(le,T)]v

This means from Definition 1.6 we know that
V0”0 C 0" AYG < mNe € L0, e1) € [7]li)a] ) b/ (2)
Similarly from Definition 1.6 we know that we are required to prove
V0”6 C 0" Ak < m! Yt € L.0", k,e1) € |r[t;/a]) 5
This means that given some ",k and ¢; such that ' T 6" ANk <m/ ANl € L

And we are required to prove (6", k,e1) € LT[Ej/a]JEEij/a]

Instantiating Equation 2 with 6",k and ¢; and since we know that ¢’ T 6" and 6 C ¢’
therefore we have 6 C . Also, we know that k < m/ <m and {; € L

Therefore we get (0", k,eq) € LT[gj/aH%[fj/a]

l
7. case ¢ = T:

Given: (0, m, (ve1)) € |c L Ty

To prove: (6/,m/, (ve1)) € |c L Ty

This means from Definition 1.6 we know that
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VO 0T 0" AV <m.LEc = (0" j,e1)€ |T|% (3)
Similarly from Definition 1.6 we know that we are required to prove
V0.0 T O AVE<m/ .LEc = (0" ke)e |T)%
This means that given some 6",k and ¢; such that ' C 0" Nk <m/ Alj € L

And we are required to prove (0", k,e1) € | 7%

Instantiating Equation 3 with #”, k and since we know that ' C 0" and 6 C ' therefore
we have 0 C §”. Also, we know that k < m/ <m and L |= ¢

Therefore we get (0", k,e1) € [7]%

Proof of statement (2)

Let 7 = A

Since |Af]y = |A]y, therefore from IH (statement 1) O

Lemma 1.17 (FG: Monotonicity binary). The following holds:
YW, W' v, v, A n,n.

1. YA, (Won,v,v) €ATF An' <n A WE W = (W, n' v,w)c [Al}
2.7 (W,yn,u,m) € [Tl AR <n A WEW = (W, n' v,wn) € 1]

Proof. Proof by simultaneous induction on A and 7
Proof of statement (1)
We analyze the different cases of A in the last step:

1. Case b:
From Definition 1.4

2. Case 11 X T9:

Given: (W,n, ('l)z‘l, T)ig), ('Ujl, 'Ujg)) € ’—Tl X TQ-I'é

To prove: (W', ', (v, vi2), (071, vj2)) € [11 % 7]}
From Definition 1.4 we know that we are given
(W, n, v, ’Ujl) S [71]"4} A (W, n, v;2, 'Uj2) € [7—2]{/\
IHL : (W0, v, v51) € [11]5}
IH2 : (W' 1, vi2, vj2) € [m2]5}
From IH1, TH2 and Definition 1.4 we get the desired.
3. Case 11 + T9:

2 cases arise:
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(a) v1 =inl v;; and v = inl v;a:
Given: (W, n,(inl v;1,inl v;2)) € [11 +Tﬂ“‘§
To prove: (W', n/,(inl v;1,inl vi2)) € [ —1—721(}
From Definition 1.4 we know that we are given
(W,n, Vi1, 'Ui2) S [7’11“{}
IH : (W/,TL/, Vi1, ’UZ'Q) S f’]’{l(}
Therefore from Definition 1.4 we get
(W' n/ inl vj1,inl vi2) € [ +72]“‘§

(b) v =inr(vi2) and vy = inr(vee):

Symmetric case
4. Case 1y % To:
Given: (W,n, (Az.e1), (Az.e2)) € [11 Ly 4

To prove: (6/,n',(Ax.e1), (Az.e1)) € [ L ¢
This means from Definition 1.4 we know that the following holds

VW/ g W7j < n, Ula”Q'((Wla.ja Ul,’l)Q) € [Tl—‘é — (lejvel[vl/x]yeQ[UQ/x]) S |7T2—‘/E4)
(BM-A0)

V0, 3 W01, 5, ve-((01, 4, ve) € |11 lv = (81, ], er[ve/2]) € |72)%) (BM-A1)
VO, 3 W.0a, 4, v..((01,5,vc) € |mi]lv = (01,7, ealve/x]) € LTQJ%) (BM-A2)

Similarly from Definition 1.4 we know that we are required to prove

(a) YW" 3 W'k < n', v, vy.(W" kv, v}) € [T]r = (W k,e1[v]/x],e2]vh/x]) €

[m2]%):
This means that we are given some W” J W', k < n’ and v], v} s.t
(W" k], v5) € [1]{F

nd we a required to prove: e1]v] /x], ea[vs/x]) € [T
And quired b (W//7k7 1[ {/ ]7 2[ é/ ]) [2—“&‘
Instantiating BM-AO with W” k and v, v, we get
(W, k,er[v] /], e2lvp/2]) € [72]7;

(b) YO, 3 W01, k, oL.((8), k,v) € |11 ]y = (8], k,ex1[v)/z]) € |m2]%):
This means that we are given some §; 3 W'.0;, k and v, s.t
(67, k, ) € [mulv
And we a required to prove: (6], k, e1[v)/z]) € |72)%

Instantiating BM-A1 with 6/, k and v, we get
(01K er[v]/2]) € |75

(c) VO, 2 Wb, k, 0l.((6. k,0l) € [mi]v = (6], K, ealvl/a]) € [72)55):
This means that we are given some §; 3 W'.0;, k and v, s.t
(67, k,v2) € [milv
And we a required to prove: (6], k, es[v)/x]) € |72)%

Instantiating BM-A1 with 6/, k and v we get
(0, ks e2[vt/a]) € 2]
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5. Case ref T:
From Definition 1.4 and Definition 1.3

6. Case Va.(le,T):
Given: (W,n, (Ae1), (Ae2)) € [Va.(le, 7)1}
To prove: (6,7, (Ae1), (Aer)) € [Va.(le, T)]
This means from Definition 1.4 we know that the following holds
VW' 3 W,n' <n, 0 € LW n' e, e) € [T[l'/a]]3) (BM-F0)
V0, 3 W.01,5,0 € L.((0,],e1) € |7[0/a]) 57y (BM-F1)
VO, 3 W.0a,5,0' € L.((61,4,e2) € |7[€/a]) 7y (BM-F2)

Similarly from Definition 1.4 we know that we are required to prove

(a) YW" 23 W', n" <n' 0" € L.AW",n" e1,e3) € [T[l"/a]]):
This means that we are given some W” 3 W', n” <n’ and ¢" € L

And we a required to prove: ((W”,n",e1,es) € [T[¢"/a]]7)

Instantiating BM-FO with W”,n” and ¢”. And since W’ 3 W' and W O3 W
therefore W"” 3 W. Also since n” < n’ and n’ < n therefore n” < n. And finally
since ¢" € L therefore we get

(W",n" e1,e2) € [T[0"/]]F)
(b) V0! 3 W01,k 0" € L.((0), k,e1) € |7[¢"/a] |t/
This means that we are given some 0 3 W'.6,, k and ¢’ € L
And we a required to prove: ((0],k,e;1) € LT[E”/O{]J%W/Q})
Instantiating BM-F1 with 6], k and ¢”. And since ; 3 W’.6; and W' 3 W therefore
07 3 W.0;. And since ¢” € L therefore we get
(6] ks er) € [r1e"/a] 51/
(c) VO, 3 W.09,5,0" € L.((0),k,e2) € |r[¢" /o] |1/
This means that we are given some §; 3 W'.0, k and ¢ € L
And we a required to prove: ((0],k,e2) € LT[E“/O(]JZEEW/O‘])
Instantiating BM-F1 with 6], k and ¢”. And since §; 3 W’.6, and W' 3 W therefore
0, 3 W.0,. And since ¢" € L therefore we get
(6], k, e2) € [7[¢" a3/

7. Case ¢ % 1
Given: (W, n, (ve1), (ve2)) € [c L ¢
To prove: (6,7, (vey), (vey)) € [c L T]“‘j‘
This means from Definition 1.4 we know that the following holds
VW' I W,n'<nllEc = (W ,neye) € [rT]H (BM-CD0)
V0, 3 W.h1,5.L=c = (0,j,e1) €|7]%  (BM-Cl)
VO, 3 W.h,j.L=c = (0,j,e2) € |7]%  (BM-C2)

Similarly from Definition 1.4 we know that we are required to prove
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(2) VW'D W' n" <nLlc = (W' n" e,e) € [T]p:
This means that we are given some W” J W' n” <n’ and L ¢

And we a required to prove: (W”,n" e1,e2) € [T]5

Instantiating BM-CO with W”,n”. And since W” 3 W' and W' 3 W therefore
W"” 3 W. And since L [ ¢ therefore we get

(W" 0" e1,e) € [T]A
(b) VO, 3 W01, kLE=c = (0, k)€ |7]%:
This means that we are given some ¢; 3 W'.6;, k and L |= ¢
And we a required to prove: (6], k,e1) € [7]%
Instantiating BM-F1 with 6],k. And since #; 3 W'.0; and W' 3 W therefore
07 3 W.0;. And since L = ¢ therefore we get
1
(927 k, 61) € LTJZE‘3
(c) V8, 3 W'y, kL =c = (O, k,e2) € |7]%:
This means that we are given some 6] I W'.65, k and L |= ¢

And we a required to prove: (6;,k,e2) € LTJ%

Instantiating BM-F1 with 6,k. And since §; J W'.0y and W' J W therefore
¢, 3 W.6;. And since L = c therefore we get
(6], k,e2) € [7]%

Proof of statement (2)
Let 7 = A!
2 cases arise:

1. /C A
From IH (statement 1)

2. LI A:
From Lemma 1.16 and Definition 1.4

Lemma 1.18 (FG: Unary monotonicity for I'). V0,6, T, n,n’.
O,n,0)e Ty Anf<nAOCH = (§/,n,0) €[]y

Proof. Given: (0,n,0) € [T]y An'<nANOCE
To prove: (6,n,0) € [Ty

From Definition 1.13 it is given that
dom(I") C dom(6) AVx € dom(I").(0,n,d(x)) € |I'(x)]v

And again from Definition 1.13 we are required to prove that
dom(T) C dom(0) AVx € dom(T).(¢/,n,d(x)) € |[I'(x)]v

e dom(I") C dom(0):

Given
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e Vx € dom(T).(¢',n/,0(x)) € |T'(z)]v:
Since we know that Vo € dom(I").(0,n,d(x)) € [I'(x)]v (given)
Therefore from Lemma 1.16 we get

Ve € dom(D).(0',n,6(z)) € |(x)]|v

Lemma 1.19 (FG: Binary monotonicity for T'). VW, W' 6,T,n,n’.
(Won,y)e|lly Anf<nA WEC W = (W, n,y)e|l|y

Proof. Given: (W,n,y) € [T']y An'<nA WC W
To prove: (W',n',v) € [T']v

From Definition 1.14 it is given that
dom(T') C dom(y) AVz € dom(T).(W,n,m1(v(2)), ma2(y(x))) € [T(z)]{

And again from Definition 1.13 we are required to prove that

dom(T") C dom(v) AVz € dom(D).(W',n',mi(v(x)), m2(v(2))) € [T(2)]3}

e dom(T") C dom(~):
Given

o Va € dom(D).(W',n',m1(v(2)), ma(7(x))) € [T(2)]i*
Since we know that Vo € dom(I).(W,n, w1 (y(z)), m2(v(z))) € [T'(z)]{ (given)
Therefore from Lemma 1.17 we get

Var € dom(D).(W', !, 1 (1(2)), ma(v(x))) € [D(a)]i

Lemma 1.20 (FG: Unary monotonicity for H). V0, H,n,n’.
(n,H)pO An'<n = (n/,H)>60

Proof. Given: (n,H)>0 An' <n
To prove: (n’, H)1>60

From Definition 1.8 it is given that
dom(0) C dom(H) AVa € dom(6).(0,n —1,H(a)) € |0(a)]v

And again from Definition 1.13 we are required to prove that
dom(0) C dom(H) AVa € dom(0).(0,n' —1,H(a)) € |6 (a)]v
e dom(0) C dom(H):
Given
e Va € dom(0).(0,n' —1,H(a)) € |0 (a)]v:
Since we know that Va € dom(6).(0,n — 1, H(a)) € |6(a)]yv (given)
Therefore from Lemma 1.16 we get
Va € dom(0).(0,n' —1,H(a)) € |0'(a)]v
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Lemma 1.21 (FG: Binary monotonicity for heaps). VW, Hy, Hy,n,n'.
(n, Hl,Hg) >WARN<n = (n/,Hl,Hg) > W

Proof. Given: (n,Hy, Ho)> W An <n AN WLC W
To prove: (n', Hy, Hy)> W

From Definition 1.9 it is given that

dom(W.01) C dom(Hy) A dom(W.02) C dom(Ha)A

(W.B) C (dom(W.01) x dom(W .02))A

V(al, ag) € (WB)(WQl(al) = Wﬂg(az)/\

(W,n -1, Hl(al), HQ(O,Q)) € fWHl(alﬂé)/\

Vi € {1,2}.VmNa; € dom(W.0;).(W.0;,m, Hi(a;)) € | W.0;(a;)]|v

And again from Definition 1.9 we are required to prove:

o dom(W.01) C dom(Hy) A dom(W .62) C dom(Hs):

Given

o (W.3) C (dom(W.01) x dom(W .05)):

Given
° V(al, ag) € (W A).(Wﬂl(al) = W.Qg(ag) and (W,n’—l, Hl(al), Hg(ag)) € [Wﬁl(alﬂf})
V(al, ag) S (WB)

- (W.Hl(al) = W.@Q(ag)l Given
— (W,?”L/ — 1, Hl(a1>, Hg(ag)) c (Wﬁl(alﬂ‘“j‘)
Given and from Lemma 1.17
e Vie {1,2}.YmNa; € dom(W.0;).(W.0;,m, Hy(a;)) € | W.0;(a;)]v:

Given

Theorem 1.22 (FG: Fundamental theorem unary). VX, ¥, T', pc, 0, L, e, T,0,9,n.
LUl bpee:m A
LETYoA
@,n,0)e|loly =
(0,n,ed) e ||l

Proof. Proof by induction on F'G typing derivation

1. FG-var:

FG-var

SWile:irmhpex T

To prove: (0,n,z d) € |7 o

This means that from Definition 1.7 we need to prove
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VH.(n,H) >0 AVj <n.(H,e)|; (H,v) =
00O A(m—j, H)s0 A @ n—j,0) € 7]y A
(Va.H(a) # H'(a) = 3.0(a) = A" Apc T ) A
(Va € dom(0")\dom(6).0'(a) \ pc)

This means that given some heap H and j <ns.t (n,H)>0 A (H,z 6) |; (H',0")
It suffices to prove

WOCTONn—G,H)>0 N0 ,n—j,0) € |T]v A
(Va.H(a) # H'(a) = 3'.0(a) = A" Apc T ) A
(Va € dom(8')\dom(0).0'(a) “\ pc) (FU-VO0)

In order to prove FU-V0 we instantiate " with 6. From reduction relation we know that
H =H,v =4(z)and j =1

We need to prove the following:

(@) 0COAN(n—1,H)>OA(0,n—1,0") € |1 o]y:
e O C 0: From Definition 1.2
e (n—1,H)>0: From Lemma 1.20
e (0,n—1,v")€ |1 o]y:
Since we are given that (0,n,6) € |[I" o]y and v' = §(x)
Therefore (6,n,v") € |I'(x) o]y, where I'(z) = 7
And finally from Lemma 1.16 we get (6,n —1,v") € |7 o]y
(b) (Va.H(a)# H'(a) = 3'.0.0(a) = A" Apc C 1'):
Since H' = H, so we are done
(¢) (Va € dom(6')\dom(0).0(a) \ pc):
Since 0’ = 0, so we are done

. FG-lam:

S5UiT a1 by, €507
ST bpe Az ¢ (11 55 7o)t

To prove: (8, \x.e; 0) € [((1 L m)t) o b

This means that from Definition 1.7 we need to prove
VH.(n,H) >0 AVj <n.(H,(Ax.e;) §) I (H',v') =
WOTOAN—G H)>0 A, n—7,0) € (S m)talvA
(Va.H(a) # H'(a) = 3'.0(a) = A" Apc T ) A

(Va € dom(6")\dom(6).0'(a) \ pc)

This means that given some heap H and j <ns.t (n, H)>0 A (H, (Az.€;) 6) §; (H',v')

It suffices to prove

WOCTHOAN—GH)0 A0, n—75,0) € [(115 )L alyA
(Va.H(a) # H'(a) = 30.0(a) = A" Apc T ) A
(Va € dom(6')\dom(0).0'(a) \ pc) (FU-LO)

IHI:
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V0;, vz, n. (0;,m,e; SU{x — v,}) € |72 JJ% 7,8t (0i,n,v,) € |11 o)y

In order to prove FU-LO we instantiate 6/ with . From reduction relation we know that
H =H,j=0and v = \z.¢; 6

@) 0T OA (n, H) o0 A (0,n,0") € (1 55 72)L) o)
e O C 0: From Definition 1.2
e (n,H)>0: Given

o (0,0, (Az.e))6) € [((11 5 m)L) o)y

From Definition 1.6 it suffices to prove that
VO".0 C 0" AYj < nNVu.(0",4,0) € |1 o)y = (0", j.ei[v/a]) € |12 o)l ©
This means given some 6", j and v such that § C 6", j < nand (8”,j,v) € |11 0|v
It suffices to prove that (8", 7, e;[v/z] §) € |72 o) ©
Since (0,n,0) € |I' o]y and j < n therefore from Lemma 1.18 we have
(ijad) S LF O—JV
So we can apply IH1 instantiated with 6”7, v and j we get
(0" j,eilv/a] 8) € [m2 o) 7

(b) (Va.H(a) # H'(a) = 30.0.0(a) = AY A pc T 0):

Since H' = H so we are done
(¢) (Va € dom(6')\dom(0).0(a) \ pc):

Since #' = 6 so we are done

3. FG-app:

ST hpeer: (n S5 m)! SiWiThpeer:n  SiUknN\ 0l  SUkpeUlC L,
YU T Fpeer e 1m0

To prove: (0,n,(e1 e2) ) € |12 o)l

This means that from Definition 1.7 we need to prove

VH.(n, H)>0 AVn' <n.(H,(e1 e2) 0) by (H', V') =
WOCTHOANn—n'H)>O AN, n—n'v) € |2 0]yA

(Va.H(a) # H'(a) = 30'.0(a) = A" Apc o ) A

(Va € dom(6')\dom(0).0'(a) \ pc o)

This means that given some heap H s.t (n, H)>0 A (H, (e1 e2) ) v (H',v")
It suffices to prove

WOCTOANn—n'H)>O NGO ,n—n'v) € |r20]yA

(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o T ) A

(Va € dom(6')\dom(6).0'(a) \ pc o) (FU-PO)

IH1:
Vm,Hl.(m,Hl) >OAVI< m.(Hl, (61) (S) U4 (Hll, 1}{) -
3000 T O A (ny — i, H) > 0, A (0}, m1 — i,0]) € (11 55 )¢ o)v A
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(Va.Hy(a) # H{(a) = 3'.0(a) = A" Apc o T 0) A
(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating TH1 with n, H and since we know that (n, H)>0 A (H, (e1 e2) ) s (H',v")
therefore we have

3010 S0 A (n— i, H) o 0 A (0,0 — i, v]) € [(1 =5 ) o)y A

(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \ pc o) (FU-P1)

From evaluation rule we know that v; = Az.e;. Since from FU-P1 we know that
(0h,n — i Aveq) € [(1 5 ) oy

This means from Definition 1.6 we have
VO".0, C 0" AV < (n—i)Nu.(0",4,v) € [ o)y = (0", ],eilv/z]) € o)™ (4)

1H2:

Vng, VHs.(ng, Ho) > 9’1 AVEk < ngy.(Ha, (€2) 9) Uk (HQ/, Ué) -
30591 C 9/2 VAN (T‘LQ —k, HQI) > 9/2 A (95,712 —k, 'Ué) € L(Tl) O'JV A
(Va.Hy(a) # Hy(a) = 3.0, (a) =AY Apc o T ) A

(Va € dom(65)\dom(60}).05(a) \, pc o)

Instantiating IH2 with n— i, H{ and since we know that (n—1i, H])>60, A (H, (e1 e2) )
(H',v") therefore we have

206, £ 0 A (0 — i — b 1)) 0 84 A\ (6,11~ i — k,03) € () oy

(Ya.Ho(a) # Hiy(a) = 3.0 (a) =AY Apc a T ) A

(Va € dom(05)\dom(07).05(a) \ pc o) (FU-P2)

Instantiating 6”, j and v in Equation 4 with 65, n —i — k and v} from FU-P2 respectively,
we get

( /27n_i_ k:,ez[vé/x]) € LTQ O—JZEe 7

This means from Definition 1.7 we have

\VIH3(TL —i—k, H3) > 9/2 AV < (TL —i— k)(H37 el[’l)é/fl?]) hi (H?iv ’U?/)) =

3050, CONAN(n—i—k—1),H) >0, N0, (n—i—k—1),v}) € |2 0]y A

(Va.Hs(a) # Hi(a) = 3.0(a) = A" Nle 0 E L) A

(Va € dom(65)\dom(65).05(a) \ e 0)

Instantiating Hs with Hj from FU-P2 and since we know that ((n — i — k), Hy) > 6}, and
since the reduction happens therefore we have

5.0, CON(n—i—k—1),H) >0, N0, (n—i—k—1),v}) € |2 0]y A

(Va.Hs(a) # Hi(a) = 3.0(a) = A" Nle 0 E L) A

(Va € dom(65)\dom(64).05(a) \ e 0) (FU-P3)

In order to prove FU-PO we choose 6 as 65 from FU-P3. Also we know that H' = Hj,
v = v} and n' =i+ k4 1. Now we are required to show

23



(@) 0COSA(n—i—k—1),H) >0, AN (05, (n—i—k—1),v}) € |12 0]y

e I Qé:
Since 6 C ¢ from FU-P1, 6] C 0} from FU-P2 and 65 C 64 from FU-P3 therefore
from Definition 1.2 we get 6 C 05

o (n—i—Fk—1),H) >0,
From FU-P3 we get (n—i—k —1), Hj) > 04

o (05, (n—i—k—1),v) € |moly:
From FU-P3 we get (65, (n—i—k —1),v}) € |72 0]y

(b) (Va € dom(H).H(a) # Hj(a) = 3'.0(a) = A" Apc o C )

Since pc g C £, o therefore we get the desired from FU-P1, FU-P2 and FU-P3
(¢) (Va € dom(65)\dom(0).05(a) \, pc o)

Since pc o C £, o therefore we get the desired from FU-P1, FU-P2 and FU-P3

4. FG-prod:

YUl Fpeer i YU T Fpe €2 i 1o
YW T Fpe (e1,€2) 1 (11 % TQ)J_

To prove: (0, m, (e1,e2) 8) € | (11 x 72) o |Fy

This means that from Definition 1.7 we need to prove

VH.(n, H)>0 AV <n.(H,(e1,e2) 6) b (H',v') =
FO0CTOANMm—n',H)o0 N0 ,n—n"v") € [(11 x2)" |y A
(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o T ) A

(Va € dom(6")\dom(6).0'(a) \ pc o)

This means that given some heap H s.t H>0 A (H, (e1,e2) §) I (H', ")
It suffices to prove

FOCTHO AN —n',H)s0 A0, n—n'v") € |[(1 x 1)y A
(Va.H(a) # H'(a) = 3.0(a) =A" Apc o TO)A

(Va € dom(6')\dom(0).0'(a) \ pc o) (FU-PAO)

IH1:

VHl,nl.(nl, Hl) POAVI< ’I’L].(Hl, (61) 5) U4 (Hll, ’U{) —
39’19 C 9/1 A (m — ’L,Hll) l>9/1 A (0’1,n1 - 7, ’U{) € LTI UJV A
(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \ pc o)

We instantiate IH1 with H and n. And since we know that (n, H)>0 A (H, (e1,e2) 0) Jn
(H',v") therefore we have

0T N (n—i, H)> Oy A (0),n—1i,v) €T o|ly A
(Va.Hy(a) # H{(a) = 30'.0(a) =A" Apca T V) A
(Va € dom(6})\dom(0).01(a) \ pc o) (FU-PA1)

1H2:
VHQ,ng.(ng, HQ) [>¢9/1 AV < ng.(HQ, (62) 5) Ur (Hé, ’Ué) —
305.61 £ 05 A\ (n2 — j, Hy) > 05 A (0,12 — j, 03) € [(72) o]y A
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(Va.Ha(a) # Hy(a) = 3.0, (a) = A" Apc o CU)A
(Va € dom(65)\dom(07).05(a) \ pc o)

We instantiate TH2 with H{ and n — 4. And since we know that (n — i, H{) > 6] A
(H,(e1,e2) d) U (H',v") therefore we have

36,.0, C 0 A
(Va.Hy(a) #

(n_i_ijQ)DHQ (9577}—i—j,vﬁ)€L(T2) UJVA
Hi(a) = 38’9’( Y=AYApcoa TU)A

(Va € dom(05)\dom(07).05(a) \ pc o) (FU-PA2)

In order to prove FU-PAQ we choose 0" as 6, from FU-PA2. Also we know from the
evaluation rule, that let v’ = (v{,v}), H' = Hj and n’ =i+ j + 1. Now we are required to

show

(a) 6 C05A

(n—i—j—1H)o0,A(On—i—3j—1,0)€[(r x )|y

e I 95:
Since 6 C 6] from FU-PA1 and 6] C 6/, from FU-PA2 therefore from Definition 1.2
we get 0 C 0

o (n—i—j—1,H}) >0
From FU-PA2 we get (n — i — j, Hy) > 6, therefore from Lemma 1.20 we get
(n—i—j—1,H)) >0,

(] ( é,n—i—j, ’l)/) S L(Tl X TQ)J_ ij:
From Definition 1.6 it suffices to show

i (On—i—j—1,0]) € [(m) o)v

Since from FU-PA1 we know that (6},n—1,v;) € [(11) o|v and since 6] C 05
(from FU-PA2) therefore from Lemma 1.16 we get
(03,n —i—j—1,v)€[(n) o]y

. (Bh,n—i—j—1,9) € () o]v:

From FU-PA2 we know that (65,n —i — j,v)) € [(2) o]y therefore from
Lemma 1.16 we get (05, n —i—j —1,v}) € [(12) o]v

(b) (Ya € dom(H).H(a) # H'(a) = 3'.0(a) =AY Apc o C 1)
From FU-PA1 and FU-PA2

(¢) (Va € dom(6,)\dom(0).05(a) \ pc o)
From FU-PA1 and FU-PA2

5. FG-fst:

E;\I/;Fl—pcei:(nxm)é S50 F 1 N\ 4
W by fst(eg) 1 7

To prove: (0,n,fst(e;) 6) € |11 o)y 7

This means that from Definition 1.7 we need to prove
VH.(n, H) >0 AR < n.(H,fst(e;) ) b (H',v') =

30'.06C 6 A

(n

DHYS>O AN n—n'0") € [m o]y A

(Va.H(a) # H'(a) = 3.0(a) =A" Apc o TO)A
(Va € dom(0')\dom(6).0'(a) \ pc o)
This means that given some heap H s.t (n, H) >0 A (H,fst(e;) 6) {v (H',0')
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It suffices to prove

WOCHANn—nH)>O N ,n—n'v)e|m o]y A
(Va.H(a) # H'(a) = 3 .0(a) =AY Apc o TO) A
(Va € dom(6')\dom(6).0'(a) \ pc o) (FU-F0)

IH1:

VHl,nl.(nl, Hl) >DOAVI< nl.(Hl, (62) (5) Ui (Hll, ’U{) —

30,.0 C O A (ny —i, H) >0, A (0,n1 —i,0]) € [(11 x ™) o]y A
(Va.Hy(a) # H{(a) = 3.0(a) = A" Apc o C0) A

(Va € dom(67)\dom(0).01(a) \, pc o)

Instantiating TH1 with H and n. Since we know that H >0 A (H,fst(e;) 6) |} (H',v')
therefore we have

301.0C O A (n—i, H)> 07 A (0),n — 2 v]) € (11 x )t oy A

(Ya.Hy(a) # Hl(a) = 30'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \, pc o) (FU-F1)

From evaluation rule we know that v{ = (v{, v)

In order to prove FU-FO we choose 0 as ¢] from FU-P1. Also we know that H' = H] and
v" = v{. Now we are required to show

(@) 0C O AN(n—i—1,H)>0, AN O,n—i—1,0]) € |1 o]y:
e I 9’1:
From FU-F1
e (n—i—1,H)>0}:
From FU-F1 we know (n — i, H{) > 6] therefore from Lemma 1.20 we get (n —i —
1, H)) > 6}
o (01,n—i,v) € |m oly:
Since from FU-F1 we know that (0],n — i, (v{,v))) € |(11 X 72) o]v
Therefore from Definition 1.6 we know that (67,n —4,v]) € |11 o|v
From Lemma 1.16 we get (#],n —i—1,v/) € |11 o]y
(b) (Va € dom(H).H(a) # H/(a) = 30'.0(a) = A" Apc o C 1)
From FU-F1
(¢) (Va € dom(6;)\dom(0).01(a) \, pc o)
From FU-F1

6. FG-snd:
Symmetric case to FG-fst
7. FG-inl:

YU T Fpe e i
ST e inl(e;) : (11 4+ 72) 7+

pc o

To prove: (0,n,inl(e;) §) € | (11 + 7)o %

This means that from Definition 1.7 we need to prove
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VH,n.(n, H)>0 AVn' < n.(H,inl(e;) 0) Y (H',v') =

OO AN —n',H)o0 N0 ,n—n',v") € (11 +7) v A

(Va.H(a) # H'(a) = 3W.0(a) =A" Apc o T ) A

(Va € dom(0")\dom(6).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H)>0 A (H,inl(e;) 6) {,v (H',v)
It suffices to prove

FOCOAN(n—n',H)>0 ANO,n—n/,0") €| (11 +7)" v A
(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o T ) A
(Va € dom(6')\dom(6).0'(a) \ pc o) (FU-LEO)

IHI:

VHl,nl.(m,Hl) >OAVI< m.(Hl, (62) (5) ; (Hl/v 'U{) -
301.0 C 05 A (ny —i, H) > 0] A (07,71 — i, v]) € [T o]y A
(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating TH1 with H and n. Since we know that (n, H)>0 A (H,inl(e;) ) v (H',v")
therefore we have

301.0 T 01N (n—i, H) >0 A (07,0 — 2 v) € |11 o]y A

(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(6})\dom(0).01(a) \ pc o) (FU-LE1)

In order to prove FU-LEO we choose 6" as 6] from FU-LE1l. Also we know from the
evaluation rule, that let v' = inl(v{), H' = H{ and n’ = i+ 1. Now we are required to show

(@) OCOA(n—i—1,H)>O A (O),n—i—1,0) € [(1+72)]v:
e 0L 0]:
From FU-LE1
e (n—i—1,H")>06):
From FU-LE1 we know that (n — 4, H') > 6] therefore from Lemma 1.20 we get
(n—i—1,H")>0]
e Ml,n—i—1,0")€e[(rnn+m)olv:
Since v = inl(vf) and from FU-LE1 we know that (6],n —i,v]) € |11 o]v
Therefore from Definition 1.6 we get (0,n —1i,v") € [(11 +72) o]y
From Lemma 1.16 we get (0],n —i—1,v") € |[(11 +12) o]y
(b) (Va € dom(H).H(a) # H'(a) = 3'.0(a) = A" Apc o C )
From FU-LE1
(c) (Ya € dom(0})\dom(0).0}(a) \ pc o)
From FU-LE1

8. FG-inr:

Symmetric case to FG-inl

9. FG-case:
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S W T Fpe et (114 1)
YUl oo bpeper T YUy mobpapex: T XUk T N/
;0T by case(e, z.eq,y.€2) 0 T

To prove: (0,n, (case e, z.e1,y.€2) ) € |7 o]

This means that from Definition 1.7 we need to prove
VH,n.(n, H)>0 AVn' < n.(H, (case e, x.€1,y.€2) ) | (H'
OCTHOANn—n',H)>0 AN(O,n—n',v) € |[To|yvA
(Va.H(a) # H'(a) = 3W.0(a) =A" Apc o TO)A

(Va € dom(0')\dom(6).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H) >0 A (H, (case e, z.e1,y.€2) 6) Jn
(H',v")

It suffices to prove

'OCTONn—n',H)>0 N0 ,n—n',0) e |[To|lvA

(Va.H(a) # H'(a) = 3 .0(a) =AY Apc o TO) A

(Va € dom(6')\dom(0).0'(a) \ pc o) (FU-C0)

) =

IH1:

VHl,nl.(nl, Hl) >DOAVI < nl.(Hl, (BC) (5) s (Hll, 'Ué) —

39’19 C 9/1 A (n1 — ’L,Hll) l>9/1 A ( ’1,n1 — 1, ’U(/:) € L(Tl —{—7‘2)5 UJV AN
(Va.Hy(a) # H/(a) = 30'.0(a) =A" Apca CTU) A

(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating IH1 with H and n. Since we know that H>0 A (H, (case €., x.e1,y.e2) 0)
(H',v") therefore we have

30,0 T O A (n—i, H) >0, A (0),n —i,0.) € (11 +7)f o]y A
(Va.Hy(a) # H{(a) = 3'.0(a) =A" Apc o T V) A
(Va € dom(67)\dom(0).01(a) \, pc o) (FU-C1)

2 cases arise:

(a) vl =inl(ve):
IH2:
VHQ,TLQ.(TLQ,HQ) l>9/1 AV < nQ.(HQ, (61) ouU {1‘ — 'Uci}) Uj (HQ/, vé) -
305.01 T 045 A (ng — j, H)) > 05 A (85,2 — j,v5) € [(T) o]y A
(Va.Ha(a) # Hy(a) = 3.0 (a) = A" A(pcUl) 0 T ) A
(Va € dom(6,)\dom(0}).05(a) N\, (pcU¥) o)

Instantiating TH2 with H{ and n—i since we know that H{>0)A(H, (case e, x.e1,y.e2) ) |

(H',v") therefore we have

200, C 05 A (i — j, H3) b 05 A (B — i — 1) € () o)y A
(Ya.Ho(a) # Hiy(a) = 0.0 (a) =AY A(pcUl) o T A

(Va € dom(05)\dom(0}).05(a) N\, (pcU¥) o) (FU-C2)

In order to prove FU-CO we choose 0’ as 6/ from FU-C2. Also we know that H' = Hj,
v = vy and n’ =i+ j+ 1. Now we are required to show
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LOCOAN(n—i—j—1,H)>OONOyn—i—j—1,0) €T o]v:
e (9/2:
Since 0 C 0] from FU-C1 and 0] C 6 from FU-C2 therefore from Defini-
tion 1.2 we get 6 C ¢,
e (n—i—j—1,H) 05
From FU-C2 we know that (n —1i — j, Hj) > 6, therefore from Lemma 1.20 we
get (n—i—j—1,Hy) >0,
e (Ohn—i—j—1,v) € |ro]y:
From FU-C2 we know that (65, n—i—j, v}) € |7 o]y therefore from Lemma 1.16
we get (0, n—i—j—1,v) € |Toly
ii. (Ya € dom(H).H(a) # Hy(a) = 30'.0(a) =AY Apc o C 0):
Since from FU-C2 we know that
(Va.H[(a) # Hy(a) = 30'.0,(a) =AY A(pclil) o C 1)
therefore we also have
(Va.H](a) # Hy(a) = 3.0} (a) = A" A (pc) o0 £ 0)
and from FU-C1 we know that
(Va.H(a) # H{(a) = 30'.0(a) =AY A (pc) o C 1)
Combining the two we get
(Va € dom(H).H(a) # Hy(a) = 30'.0(a) = A" Apc o C 1)
iii. (Va € dom(05)\dom(0).05(a) \, pc o):
Since from FU-C2 we know that
(Va € dom(65)\dom(6}).05(a) \ (pcU ) o)
therefore we also have
(Va € dom(0)\dom(#}).04(a) . (p¢) )
and from FU-C1 we know that
(Va € dom(67)\dom(6).0](a) \ (pc U {) o)

Combining the two we get
(Va € dom(6,)\dom(0).05(a) \, pc o)

(b) v, =inr(vs):

Symmetric case as v, = inl(ve)
10. FG-ref:

YUl Fpeet T XU TN\ pe
YT Fpe new e; : (ref 1)+

To prove: (6,m,new (e;) §) € [(ref 7)* )b
This means that from Definition 1.7 we need to prove

VH,n.(n, H)>0 AVn' < n.(H,new (¢;) 0) {y (H', V') =
FO0CTOANMm—n',H)>0 A0 ,n—n'v") € [(ref )]y A

(Va.H(a) # H'(a) = 30 .0(a) =AY Apc o TO) A

(Va € dom(6')\dom(6).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H)>6 A (H,new (e;) 0) I,y (H',v')

It suffices to prove
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FO0CTOANMm—n',H)>0 N0 ,n—n'v") € [(ref )]y A
(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o T ) A
(Va € dom(6')\dom(6).0'(a) \ pc o) (FU-RO)

IH1:

VHl,nl.(nl, Hl) DOAVI< ’I’Ll.(Hl, (61) (S) | (Hll, ’U{) —
39’19 C 9/1 A (ng — 1, Hll) > 9/1 A (0’1,n1 — 1, ’U{) S LT JJV A\
(Va.Hy(a) # H{(a) = 30'.0(a) =A" Apca CTU) A
(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating IH1 with H and n. Since we know that (n, H)>0A(H, new (e;) §) {0 (H',v")
therefore we have

3070 T O A (n—i, H)> 0] A( ’l,n—/i,vi) elrolvA

(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \, pc o) (FU-R1)

From the evaluation rule we know that H' = H{[a — v{] where a &€ dom(H{), v' = a and
n’ =i+ 1. In order to prove FU-R0O we choose 0" as 0, = (0] U {a — 7 0}). Now we are
required to show

(a) 0COA(n—i—1,H)>0,A(0hyn—i—1,0") ¢ |(ref T)F o]y
e HC 0
From FU-R1 we know that 6 C 6] therefore from Definition 1.2 § C 65
e (n—i—1,H)>0):
From FU-R1 we know that (n — ¢, H{) > ¢7. Therefore from Lemma 1.20 we get
(n—1i—1,H{)>0].
We also know that (0], n—i,v{) € |7 o]y (from FU-R1) therefore from Lemma 1.16
we get (0,n—1i—1,v]) € |7 oy
Since H' = H{[a — v{] and 0, = (0} U{a — 7 o}) therefore from Definition 1.8
we get (n—i—1,H") >0,
o (0h,n—i—1,a)€ [(ref T)" o]y:
Since #4(a) = 7 o therefore from Definition 1.6 we get (5,n —i — 1,a) €
|(ref ) o]y
(b) (Ya € dom(H).H(a) # H'(a) = 3'.0(a) =AY Apc o T 1)
From FU-R1
(¢) (Va € dom(6,)\dom(0).05(a) \, pc o):
We get this from FU-R1 and 7 o \ pc o (given)

11. FG-deref:

Z;\Il;Fl—pcei:(refT)g U ET <7 0N/
ST by leg o 7

To prove: (0,n,(le;) 6) € |7/ oy
This means that from Definition 1.7 we need to prove

VH,n.(n,H)>0 AVn' <n.(H,(le;) ) s (H', V') =
WOCTHOANn—n'H)>O NGO ,n—n'v)e |7 o]y A
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(Va.H(a) # H'(a) = 30'.0(a) = A" Apc T ) A

(Va € dom(6")\dom(6).0'(a) \ pc)

This means that given some heap H and n s.t (n, H)>0 A (H,(le;) 6) |y (H',v)
It suffices to prove

WOCTHOANn—n'H)>O AN ,n—n'v)e |7 o]y A

(Va.H(a) # H'(a) = 30'.0(a) = A" Apc T ) A

(Va € dom(6')\dom(0).0'(a) \ pc) (FU-DO)

IH1:

VHl,nl.(m,Hl) >OAVI< m.(Hl, (62) (5) ;i (Hl/v 'U{) -

30,.0 T 0) A (ny — i, H) >0 A (0], m1 . v]) € [((ref 7)) o]y A
(Ya.Hy(a) # H{(a) = 3¢.0(a) = A" Apc C£') A

(Va € dom(6;)\dom(0).07(a) \ pc)

Instantiating TH1 with H and n. Since we know that (n, H) >0 A (H,!(e;) 0) {n (H',v")
therefore we have

3010 C O A (n—i, H)> 607 A (0),n — 2 v]) € [((ref 7)) o]y A

(VYa.Hy(a) # H{(a) = 3'.0(a) = A" Apc T ') A

(Va € dom(6;)\dom(0).07(a) \ pc) (FU-D1)

In order to prove FU-DO we choose ¢’ as ¢} from FU-D1. Also we know from the evaluation
rule, that H' = H{, v' = H{(a), v; = a and n’ =i+ 1. Now we are required to show

(@) 0COA(n—i—1,H)pO,ANO,n—i—1,0)€ |7 o|y:
e HC0O1:
From FU-D1
e (n—i—1,H)>0,:
From FU-D1 we know that (n — i, H') > 0] therefore from Lemma 1.20 we get
(n—i—1,H)>0]
o (1,n—i—1,v)¢e |7 o]y:
Since from FU-D1 we know that (n — i, H{) > 6] therefore from the Definition 1.8
we get (0],n —1i,H{(a)) € |7 o]y
From Lemma 1.16 we get (0},n —i— 1, H{(a)) € |7 ov
Since 7 o <: 7’ o therefore from Lemma 1.24 we get (67, n—i—1, H{(a)) € |7/ o|v
(b) (Ya € dom(H).H(a) # H'(a) = 3'.0(a) = A" Apc T 1)
From FU-D1
(¢) (Va € dom(67)\dom(0).01(a)  pc)
From FU-D1

12. FG-assign:

Z;\I’;Fl—pcelz(refT)z ;Ui T kpeea: T ;U1\ (peld)
;0T e €1 := ez : unit

To prove: (0,n, (e1 :=e2) §) € |unit o]f;

This means that from Definition 1.7 we need to prove
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VH,n.(n, H)>0 AVn' < n.(H,(e1 :=e2) 0) s (H', V') =
WOCTHANn—n'H)> 0 N0 ,n—n'v) € [unit]y A

(Va.H(a) # H'(a) = 3.0(a) =A" Apc T ) A

(Va € dom(0")\dom(6).0'(a) \ pc)

This means that given some heap H and n s.t (n, H)>0 A (H, (e1 :=ea) ) I (H',v")
It suffices to prove

OO Nn—n',H)>0 A, n—n',0) e |unit]y A

(Va.H(a) # H'(a) = 30'.0(a) = A" Apc T ) A

(Va € dom(6')\dom(6).0'(a) \, pc) (FU-A0)

IH1:

VHl,nl.(nhHl) >O AV < nl.(Hl, (61) 5) U4 (Hll, U{) -

30,.0 C 0y A (ny — i, H)) >0 A (0),n1 —i,v])) € [((ref 7)) o]y A
(Va.Hy(a) # H{(a) = 3 .0(a) = A" Apc C0') A

(Va € dom(6;)\dom(0).07(a) \, pc)

Instantiating IH1 with H and n. Since we know that (n, H) >0 A (H,(e1 :=e2) §) Jn
(H',v") therefore we have

301.0 C 0L A (n—i, H)> 07 A (0),n — 2 v]) € [((ref 7)) o]y A

(Ya.Hy(a) # Hl(a) = 3¢.0(a) = A" Apc T ') A

(Va € dom(0))\dom(0).07(a) \ pc) (FU-A1)

1H2:

VHQ,TLQ.(TLQ, HQ) I>(9/1 AV < nQ.(HQ, (62) (5) Uj (HQI, Ué) S
305.01 T (n2 — 4,05) A Hy> 05 A (05,2 — j,v5) € |[(T) o]y A
(Va.Hy(a) # Hy(a) = 300, (a) = A" Apc T ) A

(Va € dom(05)\dom(07).05(a) \ pc)

Instantiating TH2 with H{ and since we know that H{ > 6] A (H, (e1 :=e2) §) | (H',v")
therefore we have

305.01 E (n— 1 —j,05) A Hy o 05 A (0y,n — i — j, vp) € [(7) o]y A

(Va.Hy(a) # Hi(a) = 30'.0,(a) =AY Apc C ') A

(Va € dom(6)\dom(07).05(a) \ pc) (FU-A2)

In order to prove FU-AQ we choose 6’ as 6} from FU-A2. Also we know from the evaluation
rule, assign, that let v] = a1, H' = Hy[a; — v], v' = () and ' =i + j + 1. Now we are
required to show

(@) 0COLAN(n—i—j—1H)>ON(Oyn—i—j5—1,() € [unit]y:
e I Oé:
Since 0 C 0] from FU-A1 and 6] C 60} from FU-A2 therefore from Definition 1.2
we get 0 C 0
o (n—i—j—1,H)>0)
From Definition 1.8 it suffices to prove that
i. dom(0y) C dom(H'): From FU-A2
ii. Va € dom(605).(05,n—i—j—1,H'(a)) € |05(a)]v:
Va € dom(6)).

32



— a4 = ap:
From FU-A2 (since we know that (05,n —i— j,v}) € |(7) o]v)
Therefore from Lemma 1.16 we get (65,n —i—j — 1,0)) € [(7) o]v
— a# a:
From FU-A2 (since we know that (n—i—j, H3)>04 therefore from Lemma 1.20
we get (n—i—j—1,H))>0))

o (0h,n—i—j—1,() € [unit]y:
From Definition 1.6

(b) (Va € dom(H).H(a) # H'(a) = 30'.0(a) = A" Apc C 1)
Va € dom(H).

e 0= a:
Since we know that H(a;) # H'(a1) and 6(a1) = 7 = A% (given)
It is given that 7 o \ pc o therefore pc 0 C {; o

® aF a:
From FU-A2

(¢) (Va € dom(6,)\dom(0).05(a) \ pc)
From FU-A2

13. FG-FI:

Yoa; Uiy €07
50T Fpe Aey (Voz.(ﬁe,T))L

To prove: (0,n,(Ae;) 6) € | (Va.(le, 7))t o |B

This means that from Definition 1.7 we need to prove
VH,n.(n, H) >0 AV < n.(H,(Ae;) 0) Vb (H', V') =
FOCHOAN—n,H)>0 AN, n—n",v") € |(Va.(l, 7)) o]y A
(Va.H(a) # H'(a) = 3W.0(a) =A" Apc o V) A

(Va € dom(0')\dom(6).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H)>0 A (H, (Ae;) ) | (H',v)
It suffices to prove

FOCONn—n',H)>0 A0 ,n—n",0") € |(Va.(b,7))* o]y A
(Va.H(a) # H'(a) = 3.0(a) =A" Apc o T ) A

(Va € dom(6')\dom(6).0'(a) \ pc o) (FU-FI10)

THI:
Vg, 0;,0 € L. (8;,m1,¢; 6) € |7 o U {a s £} oU{amt"}

In order to prove FU-FIO we choose ¢’ as 6. Also we know from the evaluation rule, that
H' = H and n’ = 0. Now we are required to show

(a) 0COA(n, H)>0A (0,n,9") € |(Va.(be, 7)) |y o
e O LC 0: From Definition 1.2
e (n,H)>0: Given
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o (0,n,(Ae;)d) € | (Va.(be, 7))ty o
From Definition 1.6 it suffices to prove that
V0.0 C 0" AV < nNly € L = (0",],¢) € |r[la/a] o)t/
This means given some 6", j and ¢4 such that 6 C 6", j <n and ¢4 € L
It suffices to prove that (6”,j,€;) € |7[lq/q] UJ%[Z‘i/a] 7

Instantiating TH1 with j, 6” and ¢4 we get (0;, j,e; 0) € |7 oU{ax —~ Ed}Jif oU{orta)

(b) (Va.H(a) # H'(a) = 30'.0.0(a) = A" A pc T 0):
Since H' = H so we are done

(¢) (Va € dom(8')\dom(0).0(a) \ pc):
Since 0’ = 0 so we are done

14. FG-FE:

ST Fpe e s (Yo (be, 7)) £ €FV(E) B0 F pelUl T L0 a)
U kTl o] \ 4
S;UT bpe e [ 7] /0]

To prove: (0,n,(e;]]) 6) € [7[¢"/a] o]by

This means that from Definition 1.7 we need to prove

VH,n.(n, H)>0 AVn' < n.(H,(e[]) 6) I (H',v') =
'OCTONn—n',H)>0 N0 ,n—n',0) e |[7[l"/a] o]y A

(Va.H(a) # H'(a) = I .0(a) =AY Apc o TO) A

(Va € dom(0')\dom(0).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H)>0 A (H, (e;]]) 6) by (H', ")
It suffices to prove

WOCTOANn—n'H)>O N ,n—n'v)e|7[l"a o]y A

(Va.H(a) # H'(a) = 3'.0(a) = A" Apc o TO) A

(Va € dom(6')\dom(0).0'(a) \ pc o) (FU-FEO)

1H:

VHl,nl.(nl, Hl) DOAVI < nl.(Hl, (61) (5) Ui (Hll, ’U{) —

30,.0 C Oy A (ny —i, H) >0, A (0),n1 —i,0]) € [(Vo.(le, 7)) o]y A
(Va.Hy(a) # H/(a) = 30'.0(a) =A" Apca CTU) A

(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating IH with H and n. Since we know that (n, H) >0 A (H, (e;[]) 0) 4 (H', V')
therefore we have

300.0 C O, A (n—i, H) >0, A (0], —i,0]) € [(Va.(be, 7)) o]y A
(Va.Hy(a) # H/(a) = 30'.0(a) =A" Apca T U) A
(Va € dom(67)\dom(0).01(a) \ pc o) (FU-FE1)

From evaluation rule we know that v; = Ae;1. Since from FU-FE1 we know that
(01,n —i,Aej1) € |(Va.(be, 7)) oy

This means from Definition 1.6 we have
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15.

V8.0 O A <n— iVl e L = (0" j.en) € [T[ly/a] o7 (5)
Instantiating Equation 5 with 6}, n —i — 1 and ¢ we get
0,n—i—1,¢e:) € |T[l"/a] JJ%V”/Q} 7

This means from Definition 1.7 we have

\V/Hg(’rl —1—1, Hg) > 9/1 AVE<n—i-— 1.(H3, €i1) Uk (.[{é7 ’Ué) —

5.0, COAN(n—i—1—k H)> 04 A0, n—i—1—Fk,vy) e [7[l"/a] o]y A
(Va.Hs(a) # Hi(a) = 30.0)(a) = A" Nle 0 T O) A

(Va € dom(65)\dom(6}).05(a) \ e 0)

Instantiating Hz with H| from FU-FEI and since we know that (n — ¢ — 1, H{) > 6]
(Lemma 1.20)and since we know that e;[] v |1 reduces in n’ steps where n’ =i+ k+1 and
since n’ < n therefore we have k <n —i—1s.t (H{,e;1) {x (Hs, v}). Therefore we get
305.0, CO5AN(n—i—1—k,H)>05N(05,n—i—1—Fkv) e |[T[("/a] o]y A

(Va.Hs(a) # Hi(a) = 3.0)(a) = A" Nle 0 E0) A

(Va € dom(65)\dom(6}).05(a) \ e 0) (FU-FE2)

In order to prove FU-FEO we choose 0 as 64 from FU-FE2. Also we know that H' = Hj,
v = v; and n’ =i+ k+ 1. Now we are required to show

(@) 0COA(n—i—k—1,H)>O, N (Os,n—i—k—1,0) € [7[¢"/a] o]v:
e 0L 05
Since 0 C 0] from FU-FE1 and 0} C 6 from FU-FE2 therefore from Definition 1.2
we get 6 C 05
° (n—i—k—l,Hé)Deg:
From FU-FE2 we know that (n —i—k — 1, Hj) > 64
o (Ohn—i—k—1,0v5) € [7[¢"/a] o]v:
From FU-FE2 we know that (65,n —i—k—1,v3) € |[7[¢"/a] o|v
(b) (Va € dom(H).H(a) # Hj(a) = 3'.0(a) = A" Apc o 1)
Since pc o C .[¢" /a] o therefore we get the desired from FU-FE1 and FU-FE2
(c) (Ya € dom(05)\dom(0).05(a) \ pc o)
Since pc o C £ [¢" /a] o therefore we get the desired from FU-FE1 and FU-FE2

FG-CI:

DRGSR o T
0T e ve:(c L )+

To prove: (0,n,(ve;) 6) € |(c L )t o

This means that from Definition 1.7 we need to prove
VH,n.(n, H) >0 AV <n.(H,(ve;) d) I (H',0') =
WOTOA(—n', H)o O AO n—nv) € |(c 2 7)olyA
(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o TO)A

(Va € dom(6')\dom(0).0'(a) \ pc o)
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This means that given some heap H and n s.t (n, H)>0 A (H, (ve;) 6) | (H',v')

It suffices to prove

OO ANn—n',H)>0 N0 ,n—n',v) € |(c L )t oly A
(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o TO)A

(Va € dom(6")\dom(0).0'(a) \, pc o) (FU-CI0)

IHI:

V0;,ny. (0;,n1,e; 6) € |1 UJ% 7 such that L |=c o

In order to prove FU-FIO we choose ¢’ as . Also we know from the evaluation rule, that
H =H,v =ve; §d and n =0. Now we are required to show

() 0T OA(n, H)s0A (0,0, 0) € [(c & 7Ly o
e O L 0: From Definition 1.2
e (n,H)>0: Given

e (0,n,(ve;)d) € |(c L )ty o
From Definition 1.6 it suffices to prove that
VO".OC " AVj<nLlEco = (0",j,e;0) € |7 UJ% 7

This means given some 6" such that 0 C 6", j <n and L ¢
It suffices to prove that (8", j,¢; §) € |7 o % °

Instantiating TH1 with 6” and j we get (0", j,¢; 8) € |7 o]k 7
(b) (Va.H(a) # H'(a) = 30.0.0(a) = A Apc C 1'):
Since H' = H so we are done

(c) (Ya € dom(0")\dom(0).0(a) \ pc):

Since ' = 6 so we are done

16. FG-CE:

E;W;Fl—pcei:(céﬂe PRV XUk pcUlC L, S50 TN/
Ui T Fpeoe; 0071

To prove: (0,n,(e;®) d) € [T o)l

This means that from Definition 1.7 we need to prove

VH,n.(n,H)>0 AVn' < n.(H,(e;®) 0) §py (H, V') =
WOCTOANn—n'H)>O AN ,n—n'v)e|[To|lyA

(Va.H(a) # H'(a) = 30'.0(a) = A" Apc o CTO) A

(Va € dom(6')\dom(0).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H)>0 A (H, (e;®) ) v (H',v")
It suffices to prove

'OCTOANn—n',H)>0 N0 ,n—n',v) € |[To|yvA

(Va.H(a) # H'(a) = 3W.0(a) =A" Apc o T ) A

(Va € dom(6")\dom(0).0'(a) \ pc o) (FU-CEO0)

IH:
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VHl,nl.(nl,Hl) >OAVI < nl.(Hl, (62) 5) ;i (Hl/v 'U{) -

3010 € 07 A (n1 — i, HY) > 0 A (01,m1 — i, v]) € |(c L olyna
(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating IH with H and n. And since we know that (n, H)>0A(H, (e;[]) 0) {4 (H',v")
therefore we have

010 £ 01 A (n—i, H) > 0 A (0,n— i, v]) € [(c L oy A

(Ya.Hi(a) # H{(a) = 3W'.0(a)=A" Apc c T V') A

(Va € dom(67)\dom(0).01(a) \, pc o) (FU-CE1)

From evaluation rule we know that v{ = ve;;. Since from FU-CE1 we know that
0, n —iven) € [(c & 7)oy

This means from Definition 1.6 we have

V"0, CO AV <n—iLllEco = (0" j,en)€|T ol (6)

Instantiating Equation 6 with ¢ and n — i — 1 since we know that £ |= ¢ o therefore we
get

@,n—i—1leq)€|Talls”

This means from Definition 1.7 we have

VHs.(n—i—1, H3) > 9’1 AVEk <n—i—1.(Hs,ei1) Vi (Hé, ’Ué) =

305.07 C Gg/\('ln—i—l—k:,Hé)b@é/\(ﬁg,n—i—l—k, vy) € |7 o|vA(Va.Hs(a) # Hi(a) =
3.0 (a) = A" Nl 0 T ) A (Ya € dom(65)\dom(0)).05(a) \ Le o)

Instantiating Hz with H{ from FU-CE1l and since we know that (n — ¢ — 1, H{) > 6]
(Lemma 1.20) and since we know that e; ® ~ |1 reduces in n’ steps where n’ =i+ k+1
and since n’ < n therefore we have k <n—i—1s.t (H{,e;) Jx (H3, v5). Therefore we get
365.0, T Gé/\(,n—i—l—k, H)>OSN (05, n—i—1—k,v5) € |7 o]y A(Va.H3(a) # Hi(a) =
30.01(a) = A" Ao 0 T ) A (Ya € dom(65)\dom(0]).05(a) \ Le o) (FU-CE2)

In order to prove FU-CEQ we choose 6" as 64 from FU-CE2. Also we know that H' = Hj,
v = v; and n' =i+ k+ 1. Now we are required to show

(a) 0CO5A(n—i—k—1,Hy)>O05N(05,n—i—k—1,0v5) € [T[("/a] o]v:

e 0L 05
Since 6 C 0] from FU-CE1 and 0] C 05 from FU-CE2 therefore from Defini-
tion 1.2 we get 6 C 05

° (n—i—k—l,Hé)Deg:
From FU-CE3 we know that (n —i —k — 1, Hy) > 64
o (Ohn—i—k—1,0v5) € [7[¢"/a] o]v:
From FU-CE3 we know that (05,n —i—k —1,0%) € [7[¢"/a] o|v
(b) (Va € dom(H).H(a) # Hj(a) = 3'.0(a) = A" Apc o C )
Since pc o C £, o therefore we get the desired from FU-CE1 and FU-CE2
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(c) (Ya € dom(05)\dom(0).05(a) \ pc o)
Since pc o C £, o therefore we get the desired from FU-CE1 and FU-CE2

Lemma 1.23 (FG: Expression subtyping with closed labels and types). Vpc, pc’, 7.
LEpeCpd = [7]f C 7]

Proof. Given: L = pc C pc’
To prove: [(7)| € [(7)]%
This means we need to prove that

V(0 n.e) € [()]E - (0:n.e) € [(T)]F

This means given V(6,n,e) € L(T)J%Cl
It suffices to prove that (6,n,e) € |(7)]%

From Definition 1.7 for the chosen 6,n,e we are given:
VH.(n,H)>0 AVj <n.(H, e)ljj (H',v) =
WOCHOANn—75,H)S0 AN, n—7,0)€[T]vA
(Va.H(a) # H'(a) = 3'.0(a ) AU A pe T YA

(Va € dom(®')\dom(0).0'(a)  pc (A)

And we need prove that

VHy.(n, Hy) >0 AVE < n.(Hy,e) g (H{,v') =

00T O AN (n—k,H)>0y A (0,n—Fkv)e|T|]vA

(Va.Hy(a) # H{(a) = 30'.0(a) = A" A pc T ')A

(Va € dom(67)\dom(6).0(a) \ pc)

This means that we are given some H and k such that (n, H1)>0, k < nand (Hy,e) |y (H{,v")
It suffices to prove:

301.0 T O N (n—k, H) >0y A(01,n—k,0v) € [T]vA

(Va.Hy(a) # H{(a) = 30'.0(a) = A" A pc T ')A

(Va € dom(67)\dom(0).0](a) \ pc)

Instantiate H in (A) with H; and then we choose 0] as ¢’

e OO ANMn—Fk H)>O N0 n—Fk)e|[T]v:
Given

o (Va.Hi(a) # H/(a) = 30'.0(a) =A" Apc C1'):
Since pc C pc’ and we are given
(Va.Hy(a) # H{(a) = 3.0(a) =A" Apd C 1)
Therefore

(Va.Hy(a) # H{(a) = 3¢'.0(a) =AY Apc C 1)
e (Ya € dom(0")\dom(0).0'(a) \, pc):

We are given

(Va € dom(6')\dom(6).0'(a) \, pc’)
and since pc C pc’ Therefore

(Va € dom(6')\dom(0).0'(a) \ pc)
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Lemma 1.24 (FG: Subtyping unary). The following holds:
VY, U, 0.

1. VA A
(a) SUFA<ANALET o = [(Ao)|y C (A o]y
2. v, 7.
(0)) SUFT<TALETU G = |(70)]v C (7 o)y
(b) Vpe. U7 <P ALET o = |(r0)|% C (' o)

Proof. Proof by simultaneous induction on A <: A’ and 7 <: 7/
Proof of statement 1(a)
We analyse the different cases of A <: A’ in the last step:

1. FGsub-arrow:

Given:
Uk <im Uk <7 UL T,

FGsub-arrow

E;\I/l—Tlng <:T{g7'§
To prove: |((m fq ) 0)|v C (1] =% 7) o)|v

IH1: [(7]{ 0)]v € | (71 0)]v (Statement 2(a))

IH2: Vpe. (72 0)|% C (75 0)]% (Statement 2(b))

It suffices to prove: V(6,n, \x.e;) € [((11 L ) o) |v. (0,n,Az.e;) € [((1] L 75) o) lv

This means that given some 0, n and Az.e; s.t (6,n, Az.e;) € [((T1 L T2) 0)]|v

Therefore from Definition 1.6 we are given:

V01.0 C 01 AYi < nNv.(01,i,0) € |1 oy = (01,4, ei[v/x]) € |12 0] @

l

And it suffices to prove: (6,n,\x.¢;) € [((7] it 7)) 0)]v

Again from Definition 1.6, it suffices to prove:

V02.0 C 02 AV < n¥v.(09,5,0) € |7 oly => (02, ei[v/z]) € |7 o)’ °

This means that given some 62, j < n,v s.t 6 C 6 and (02, j,v) € |7 o|v

And we are required to prove: (6s,7j,e;[v/x]) € |74 UJ% 7

Since (62,7, v) € |71 o]y therefore from TH1 we know that (02, j,v) € |11 o|v

As a result from Equation 7 we know that
(927j7 el[v/x]) € |_7—2 O-JKEG 7
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From TH2, we know that
(62,5, eilv/a]) € |5 o5 ©

Since L = ¢, o C /. o therefore from Lemma 1.23 we know that

. U o
(02,7, es[v/x]) € |5 035
. FGsub-prod:
Given:

Z;\Il|—71<:7'{ E;\I’I—TQ<:T£

YUk X o <:T] X Th

FGsub-prod

To prove: |[((11 x 12) o)]yv C [((7{ x 75) o) ]v

H1: [(11 0)] | (71 o)]v (Statement 2(a))
IH2: (72 0)] | (75 o) |v (Statement 2(a))
It suffices to prove: V(6,n, (vi, v2)) € [((11 X 72) 0)]v. (0,n,(vi,12)) € | ((7] X 75) o) ]|v

v €
v €

This means that given some 6, n and (v, v2 (0, (v, 12)) € [((11 X 72) 0)]v

Therefore from Definition 1.6 we are given:

(H,n, 1)1) S LTl O'JV A (9,71, 112) S LTQ O'JV (8)

And it suffices to prove: (0, (vi, ) € [((1] X 73) 0)]v

Again from Definition 1.6, it suffices to prove:

(G,n, 'U1) S LT{ UJV A (0,?’1, ,UQ) € LTé UJV

Since from Equation 8 we know that (0,n,v) € |71 o]y therefore from IH1 we have
(9,')1, 1)1) S {T{ UJV

Similarly since (0, n, v2) € |72 0|y from Equation 8 therefore from IH2 we have (6, n, wn) €
73 olv

. FGsub-sum:

Given:
E;\ll|—7'1<:T{ E;\Il|—7'2<:7'é

; ; FGsub-sum
S5O bFEm <+

To prove: [((11 +72) o)lv € [((11 +73) o) v

IH1: [(11 0)]v C | (7] 0)]v (Statement 2(a))
IH2: (12 0)|v C [(75 0)]v (Statement 2(a)
It suffices to prove: V(6,n,vs) € [((11 +72) 0)]v. (0,vs) € |[((7] +73) 0)]v

This means that given: (6,n,vs) € [((11 + 72) 0)]v
o

) v

And it suffices to prove: (6,n,vs) € [((1{ + 75)
2 cases arise
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(a) vs =inl v;:

From Definition 1.6 we are given:

(0,n,v) € |m oy
And we are required to prove that:
O,n,v) € |1 olv
From Equation 9 and TH1 we know that
O,n,v) € |1 olv
(b) vs =inr v;:

From Definition 1.6 we are given:

(0,n,v;) € |12 0]y
And we are required to prove that:
(Q,n, Uz’) € LTé UJV
From Equation 10 and ITH2 we know that
(Q,n, Uz’) S LTé UJV

4. FGsub-forall:

Given:
Y,V k7 <imo S,a;0 -0 C 4

FGsub-forall
35U FVa.(le, 1) <: Va.(l, 1) subTo

To prove: [((Va.(le,71)) 0)]v C [(Va.(lL,72)) v

IH1: Vpe. [(11 0)]% C [(12 0)|% (Statement 2(b))
It suffices to prove: V(0,n, Ae;) €

This means that given: (6,n,Ae;) € [((Va.(be,71)) 0)]|v
Therefore from Definition 1.6 we are given:

V01O Oy AVi <Vl € L = (01,1,e) € |71 (00U [ £]) ] (70D
And it suffices to prove: (6,n,Ae;) € [((Va.(lL, 7)) o)]v

Again from Definition 1.6, it suffices to prove:

V2.0 C 0o AVj <Vl € L = (02,],¢5) € |72 (0 U [a = £]) ) (@Hle=tD

This means that given some 6,7 < n,¢ € L s.t § C 6

And we are required to prove: (62, j,€;) € |72 (0 U [a +— E’])J% (oUfa€])

Since we are given 6 C 0 A j < n Al € L therefore from Equation 11 we have
(62,4, €:) € |11 (00U [a s £]) [t (lotD

From TH1, we know that
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(927j, 67;> S |_7-2 (0‘ U [Oé — El])JfEe (ocU[a—£"])

Since L =0, (o U [a— ¢']) C le (0 U o+ £]) therefore from Lemma 1.23 we know that

(62,7, ¢€5) € |72 (0 U [a s £])) 5 @lo=tD

. FGsub-constraint:
Given:

XUk = ¢ YU kR <im Z;\Ill—ﬁ’egﬁe

FGsub-constraint

gl
E;\Ill—61£371<:62:$72

To prove: |((c1 5 1) o) ]y C (2 5 1)) oy

IH1: Vpe. (11 0)|% C (12 0)]% (Statement 2(b))
It suffices to prove: Y(0,n,ve;) € [((c1 L 1) 0)]v. (8,n,ve;) € | ((e2 i/"} ) o)y
This means that given: (0,n,ve;) € |((c1 L ) o)|v

Therefore from Definition 1.6 we are given:

VOLOC O AYi <nLl=cio = (01,i,e) € |1 (0)]% 7

!

And it suffices to prove: (0,n,ve;) € [((c2 = m2) 0)|v

Again from Definition 1.6, it suffices to prove:

0o

V05.0 C 0 ANVj < n.L ): Co 0 — (QQ,j, 61') € LTQ (U)JES

This means that given some 62,j st 0 C O3 ANj<nAL|Eca 0

And we are required to prove: (62,j,€;) € |72 (U)J% 7

Since we are given 0 C 0 A j < n A L | ¢y o therefore from Equation 12 we have
(927j7 ei) € LTI (J) ZE'E 7
From IH1, we know that
(927j7 ei) € I_T2 (U) ZES 7
Since L |= ¢, o C £, o therefore from Lemma 1.23 we know that
. £
(927376i) € LTQ (O-)JE'8 7
. FGsub-ref:

Given:

FGsub-ref
iU kref 7 <:ref 7

To prove: |((ref 7) o) |y C [((ref ) o) |y

It suffices to prove: V(0,n,a) € |((ref 7) o) |v. (6,n,a) € [((ref T) 0)|v
Trivial
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7. FGsub-base:

Given:
—— FGsub-base
Y;kFb<:b
To prove: [((b) o)]v C [((b) o)|v
Directly from Definition 1.6
8. FGsub-unit:
Given:
FGsub-unit

3 Uk unit <: unit

To prove: [((unit) o)]y C |((unit) o) v

Directly from Definition 1.6

Proof of statement 2(a)
Given:

SRl YU EA< A
S0 AL < A
To prove: [((AY) o)|y C [(A")) o]y

From Definition 1.6 it suffices to prove: |[((A) o)]v C [((A)) o]v
This we get directly from IH (Statement 1(a))

FGsub-label

Proof of statement 2(b)

Given: ;U 7 <:7"ANLEV o

To prove: |(1 o)|% C (7' o)

This means we need to prove that
V(0,n,e) € (1T o). (0,n,e) e (7o)

This means given (6,n,¢) € | (7 o) |

It suffices to prove that (0,n,¢e) € [(7/ o) |

From Definition 1.7 we know we are given:
VH.(n,H)>0 AVi<n.(H,e)|; (H ) =
WOCTHOANn—i, H)>O A0, n—i,0) €T o]y
(Va.H(a) # H'(a) = 3¢'.0(a) = AY A pc CO)A

(Va € dom(6')\dom(0).0'(a) \ pc) (A)

And we need prove that

VHl.(’I’L, Hl) >OAVY] < n.(Hl,e) u]’ (Hll, ’UI) —
301.0C 0 A (n—j, H)>0, A (07,1 — s ') e T olyA
(Ya.Hy(a) # Hl(a) = 3¢.0(a) = A" A pc T £)A

(Va € dom(67)\dom(6).0](a) \ pc)

This means that we are given some H; and j < n s.t (n, Hi) >0 A (Hi,e) | (H{,v')
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It suffices to prove:

301.0C 0 A (n—j, H)>0, A (0,1 — s o'y e | o]y
(Ya.Hy(a) # H{(a) = 3¢.0(a) = A" A pc C ')A

(Va € dom(6;)\dom(0).01(a) \ pc)

Instantiate H in (A) with H; and ¢ with j then we choose 6] as 6’
Also we have IH1 as |7 o]y C |7/ o]y (Statement 2(a))

e OO ANn—34,H)0 N ,n—j2)e|r olv:
We are given 3.0 C0' A (n— 4, H)>0' N (6/,n— j,v") € |7 o]y
From IH1 we know that |7 o]y C |7/ o]y
Therefore, 30'.0 T 0' A (n— 4, H)>0' A (6/,n—j,v") € |7 o|v

o (Va.Hy(a) # H{(a) = 3¢'.0(a) =AY Apc C 1'):

Given

o (Va € dom(0")\dom(0).0'(a) \ pc):

Given
O

Lemma 1.25 (FG: Binary interpretation of I' implies Unary interpretation of I'). VW, ~, T, n.
(W,n,v) € [Ty = Vie{1,2}. Ym. (W.0;,m,v ;) € [Ty

Proof. Given: (W,n,~) € [T}
To prove: Vi € {1,2}. Vm. (W.0;,m,v ;) € ||y

From Definition 1.14 we know that we are given:

dom(T') C dom(y) AVx € dom(T).(W,n,m1(y(2)), m2(y(2))) € [T(z)]{
And we are required to prove:

Vi € {1,2}. Vm.

dom(T) C dom(vy |;) AVx € dom(T).(W.0;,m,~v |; (x)) € [T'(x)]|v

Casei =1
Given some m we need to show:
e dom(T) C dom(y |):
dom(y) = dom(y 1)
Therefore, dom(I") C (dom(vy) = dom(~y };)) (Given)
o Vz € dom(T).(W.0;,m,~v | (x)) € |[I'(z)]v:
We are given: Vx € dom(D).(W,n,m (v(x)), m2(v(z))) € [T(2)]{
Therefore from Lemma 1.15 we know that
vm/ (W.0;,m',v | (z)) € |I'(z)|v
Instantiating m’ with m we get

(W.0;,m,v li (z)) € |[I'(z)]v
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Case 1 =2
Symmetric case as i = 1

Theorem 1.26 (FG: Fundamental theorem binary). V3, ¥, T', pc, W, A, L, e, T,0,7,n.
ST kpee:TALEY o A(W,n,y) € [T =
(W,n,e (fy \Ll)ve (7 \L2)) € [T O:Ié

Proof. Proof by induction on the typing derivation

1. FG-var:

FG-var

Uil rirhpex: T
To prove: (W,n,z (v ),z (v42) € [7 015
Say e; =z (v 1) and ea = x (77 |2)
From Definition of [7]% it suffices to prove that

VH, Hy.(n, Hy, H) & W AYG < n.(Hy,er) U (H, vl) A (Haye2) b (HS, v)) =
W'D W.(n — j, H, Hy) & WA (W0 — j,v],u) € [r]{

This means given some H;, H and j s.t (n, Hi, Ha) 2w A (Hi,e1) 45 (H{,v) A (Ha,e2) 4
(Hj, v3)

. A .
We are required to prove: 3W’ J W.(n — 4, H{, H)) > W/ A (W' n — j, 0], v}) € [7]{

Here

- H = Hy and Hy = H
e =] = (@) b
Cer =) =(x) I
-j=1

We choose W/ = W.

e W C W: From Definition 1.3

o (n—1,H,H)b W:
Since we know that (n, Hy, Ha) £ W therefore from Lemma 1.21 we get
(n—1,H, H) b W

o (W.n—19() l1,7(2) J2) € [7]%
We are given that (W, n,v) € [T']{} therefore from Lemma 1.19 we get
(W7n_ 1a7) € (F-I.\’L/1
which means from Definition 1.14 we have
(W,n—1,7(z) l1,7(2) l2) € [7]§
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2. FG-lam:

S5UiT a1 by, €50
ST bpe Az ¢ (11 55 7o)t

14
To prove: (W,n,A\z.e (v 1), \z.e (7 12)) € [(1 =5 ™) o] f
Say e; = Az.e (7 1) and ea = Az.e (v J2)
From Definition of [(7 5 )+ o4 it suffices to prove that
. A
VH, Hy, 5 < n.(n, Hy, Hg) > W A (Hl, 61) Uj (Hl/a ’U{) A\ (Hg, 62) (3 (HQI, Ué) >
IW' 3 W.(n— j, HY, HY) & W A (W'on—j.of,0g) € [(n % )t ol

This means that given Hy, Hy and j s.t (n, Hy, Ho) & W A (Hy,e1) 4; (HL,v)) A (Ha,e2) |
(Hy, v3)

It suffices to prove:

IW' 3 W.(n— g, H B & WA (W0 —j,ul,0)) € [(r %5 m)* 0]t (FB-LO)

IH1:

YW,n. (W,n,e (v U{z = u}),e (v U{z = w})) € [ olh
s.t

(W,n, (v, 1)) € [11 U—H}

We know from the evaluation rules that H{ = Hy, Hy = Hs, v{ = e1 = Az.e (v |1),
vy = ey = Az.e (v J2) and j = 0. In order to prove FB-L0O we choose W' = W and we
need to prove the following:

e W C W: From Definition 1.3
o (n, Hl,HQ)é W: Given

o (W.nze (v 1), Mae (7 12) € [(n 55 m)* o]}
From Definition 1.4 it suffices to prove that:
YW" 3 W,k <n, v, vo.
(W kv, ) € [11 013 = (W k,e (v h)[n/a] e (7 2)[v2/2]) € [12 0]5) A
Vo, 3 W.01,k,v..
(6, 0e) € 1 olv = (B, ke (v W)[ve/a]) € (72 0 %) A
Vo, 3 W.0s,, v
(01, k,w) € [ o)y = (01, ke (v do)[ve/a]) € |2 075 7)

This means that we need to prove the following:
- VYW _ W,k <n,v, 'UQ.((W//,k', U1, 1}2) S (7’1 O'—“"L} —
(W ke (v h)[u/a],e (v do)[va/a]) € [12 o15):

This means given W” 3 W,k < n, v, ve st (W”, k,v1, ) € [11 o5}
We nced to prove: (W7, k. (v 1i)n/z)e (3 12)[wm/a]) € [z o]
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We instantiate IH1 with W” and k
And since (W”, k,v1,v2) € [11 o] therefore we get
(W//7 k,e (’Y \[,1)[’01/3?], € (7 \LQ)[U?/'%']) € [77 U—‘é
— VO, 3 W.01,k,ve.((01,k,ve) € |11 o]y =
(61, ke (v ba)lu/a]) € [m2 o5 %)
This means that we are given 0;, k and v, s.t
0; 3 W.0; and (Gl,k, UC) S LTl UJV
And we are required to prove:
(O, ke (v 11)[ve/a]) € 2 05 ©

It is given to us that
Vor, v, (W,n,vy € [T

Therefore from Lemma 1.25 we know that
Vm. (W.Ql, m, ('Y \lrl) S LFJV

Therefore, we can apply Theorem 1.22 to obtain
VYm. (W.01,m,\x.e v l1) € [( LY )t oy

From Definition 1.6 it means that we have
Vm. VO'.W.01 C 0 AVj <mNv.(0,j,v) € | o]y =
(O, j,elv/zly L) € [m2 o) °
We instantiate m with some [ > k, 6/ with 6;, j with k and v with v, to get
W-el C 0[ Nk <IN (elvka UC) € I_Tl O—JV = (el,k,e[’l)c/x]’}/ \l/l) € \_7_2 O—JZE‘S 7
Since we thow that W.01 C O, Ak <IA (6;,k,v.) € |11 o]y therefore we get
(01, k, e[ve/a)y h) € |72 o)fs ©

= VO, 3 W.0a,,v.((01, k,v) € |11 o]y =

(61, ke (v L2)[ve/2]) € |72 0] °):
Symmetric case as above

3. FG-app:

E;\IJ;I‘I—pCel:(ﬁng)e Uil Fpeea YU N\ /4 YUk pcUlC X,
YU T Fpeer e

To prove: (W,n,(e1 e2) (v41),(e1 €2) (v 42)) € [(12) ‘ﬂé

This means from Definition 1.5 we need to prove:

A
VHy, Hy,n' < n.(n, Hy, Hy) > W A (Hi, (e1 e2)(y 1)) U (H{,v1) A (Hz, (e1 e2)(y 12)) |
(HZI’Ué) =
Iw’ 3 W.(n—n’,H{,HQ’)é W' A (W' n—n' v, v) € [(r) ot}
This further means that given Hy, Hy,n' < n s.t
A
(n, Hy, Hy) > WA (Hy, (61 e2) (v d1)) Yo (H, v1) A (Ha, (e1 e2) (7 12)) 4 (H, v3)

It suffices to prove
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Iw' 3 W.(n-— n’,Hl',I-IQ')é1 W' A (W' n—n' v, v) € [(r) ot (FB-A0)

IHL (W,n, (e1) (v ) (er) (vd2)) € [(r1 5 )t o]

This means from Definition 1.5 we get

. A
VHi1, Hia, i < n.(n, Hn, Hig)> WA(Hp,ex (v 1)) Ui (H, v))A(Hiz, e1 (7 42)) I (Hs, v)) =
W] 3 W.(n— i, H], H) S WA (Win—i 0l ) € [(r1 55 m)¢ o]t

Instantiating H;; with Hy and H;o with Hy in TH1 and since the (e; e2) reduces to value with
v 1 in n’ < n steps. Therefore 3 < n’ < n st (Hi,er (v 1)) $i (H{,v]). (Hiz,e1 (7 J2
)) 4 (Hy, v}) is known because (e; ez) reduces to value with v Jo. Hence we get

Iw] 3 W.(n—i,H{,HQ’)é WA (Wi,n— i, 0], 05) € [(r1 %5 m)’ o]t (13)

IH2: (W{,n —1i,(e2) (v h)s (e2) (v 2)) € [(1) 0%

This means from Definition 1.5 we get

. . . A
VHj1, Hjs,j < (n—1).(n—i, Hj1, Hj2) > Wi A (Hy, ez (v 1)) U5 (Hjy, vjp) A (Hay e (v 12)) &

. . A . .
(Hly,vjp) = IWy I Wi.(n—i—j, Hly, Hjs) > Wy A (W, — i — 4,0}, ) € [(T1) ol

Instantiating H;; with H{ and Hjp with Hj in TH2. Since the (e; e2) reduces to value
with v 1 in n’ < n steps. Also, e; reduces to value v |1 in ¢ < n/ steps. Therefore
Jj<n'—i<n—ist (Hyex (v41)) I (Hjy,vj). (Hiz,e2 (v12)  (Hfy, vjp) is known
because (e1 e2) reduces to value with v 2. Hence we get

. A .
EIW2, - Wll'(n_l_]vl—]j{lv 3/2) > W2//\ (Wé’n_z—]v vjl'lvvj,'Q) € [(Tl) U—|J\4/‘ (14)

We case analyze on (W{,n —i,v{,v5) € [(11 L 72)¢ o]} from Equation 13

e Case o C A:
From Definition 1.4 we know that this would mean that
(Wl n—i, v, 0) € [(11 25 ) o]4A
This means
(W{,n—i,v,v5) € [(11 0 te g 5 0){
Let v{ = Az.epy and v = Az.epo

Again from Definition 1.4 it means that

VWi, 3 Wi, g1 < (n—1i),v,v.

(Why, 1, v, 02) € [ 01{h = (W, 1, ent[vn/al, enzlva/a]) € [2 015) A
Vo 3 W{.Hl,ml, Ue-

A (O, mi,wm) € |n oy = (W] .01, epifv/z]) € |72 UJ% ) A

\v/ell - W{.GQ,ml’ Ve

A Oymi ) € 1ol = (W)y0s, enalvn/a]) € |72 o) 7)
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We instantiate W}, with W; obtained from Equation 14. Similarly we also instantiate
v1 and ve with Ujl-l and vj’-Q respectively from Equation 14, and j; with n —7 —j. And
we get

(W3,n —i— j.em[vj1 /2], enalvjp/2]) € [72 0]
From Definition 1.5 we get
A

VHy, Hy,ke < (n—i—j).(n—1i—j,H, Hy) > Wzl A\
(Hi,ep[vjy/2]) bk, (Hpp,vp1) A (Ho, enalvis/z]) 4 (Hpy, vp2) =

A
AW' 2 Wy.(n —i—j — ke, Hpy, Hig) > WA (W' — i — j — ke, vf1,072) € [12 013
Instantiating Hy with Hj; and Hy with Hj, obtained from Equation 14. And since
we know that e; es reduces with v |1 in n’ < n steps. And es reduces to value
vd1inj <n —1 < n—1isteps. Therefore ke = n' —i —j < n—1i—j st

(Hi,ep[vjy/]) Vi, (Hpy,vp1). (Ha,enzlvjo/x]) I (Hpg, vp2) is known because (e e2)
reduces to value with v |2. Hence we get

W' 3 Wy ((n—i—j —ke), Hiy, Hjo) & W AW, (n—i—j— k), vp1, v52) € [72 018
(15)
This concludes the proof in this case.

Case L o [ A:

From FB-AO we know that we need to prove
Iw’ 3 W.(n—n’,H{,HQ’)é W' A (W' n—n' v, v}) € [(r) ot}

In this case since we know that ¢ 0 Z A. Let 79 0 = A% and since 7, 0 \, £ o
therefore ¢; Z A

Therefore from Definition 1.4 it will suffice to prove

SW' D W.(n—n/, B, B)S W Amy. (W00, m1, 0]) € [(r2) 0)v) A (Vma. (W' 01, ma, ) €
L(72) o]v)

This means it suffices to prove

(Vmy, ma.3W' 2 W.(n—n/, B, B)E W AW 91, m1,0}) € (1) 0 ]v') A (W61, ma, v}) €
[(12) o]v)

This means given m; and mo it suffices to prove:

(El W/ - W'(n_n/7 Hlla Hé)éw//\( W/'917 my, IU{) € L(TQ) UJV)/\( W/'el’ ma, /Ué) € L(TQ) O-JV)

(16)

In this case from Definition 1.6 we know that
Ym. (W01, m,  a.ent) € (11 0 S 7 o)y (17)
Vm.(W{.02, m, A\x.eps) € [ (11 o tey To 0)]v (18)
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Applying Definition 1.6 on Equation 17 we get

Vm. V0.0 T 6’ AVj1 < mNv.(0/,41,0) € |11 o]y = (0,1, en[v/2]) € |72 0] 7
where 0 = W/.6;

We instantiate m with mq+2-4t1 where t; is the number of steps in which e reduces
Vo' W1/91 cCéo AV < (m1 + 14 tl).V’U.(Q’,jl, ’U) € \_7‘1 O’JV —

(0,41, emlv/z]) € |7 o) ®  (FB-ACI)

Since from Equation 14 we have

(WQ/a n—1i—j Ujl'la U]/'2) € [(7-1) O--I.é

Therefore from Lemma 1.15 we get

vm. (W2’.91,m, Ujl»l) S {7'1 O’JV

Instantiating m with m; + 1 4+ t; we get
(W2’.91,m1 + 1+t ’U],-l) c {Tl O'JV

Instantiating 6’ with W;.01, j1 with m; + ¢; and v with v]’~1 from Equation 14.
Therefore we get (W3.01,m1 + 1+ t1,ep[vj;/2]) € [72 ol

From Definition 1.7, we get

VH.(ml + 1+ tl,H) > Wé@l AVEk. < (m1 + 1+ t1>.(H,€h1[U]{1/m]) Ukc (Hll, 1){) -
301 W5.00 TOLA((m1+ 1+t —ke), H) > O] A (07, (m1+ 14+t —ke),v) € |12 0]y A
(Va.H(a) # H{(a) = 3 .W}.01(a) = A" A (L, 0) T V) A

(Va € dom(67)\dom(W3.01).01(a) \ (e 0))

Since from Equation 14 we have (n —i — j, H;, H};) > W;
Therefore from Lemma 1.27 we get Vm.(m, Hj;) > Wy.01

Instantiating m with mq + 1 + ¢; we get (mq + 1 + ¢, Hj’l) > W5.0

Now instantiating H with H;l from Equation 14 and k. with ¢; we get
39’1 W2/91 C 9’1 A ((m1 + 1), Hll) D9/1 AN ( 11, (ml + 1), U{) € LTQ UJV VAN
(Va.Hj,(a) # H{(a) = 3. W3.01(a) = AN (e o) T A

(Va € dom(67)\dom(W3.01).01(a) \ (e 7)) (R1)

Similarly we can apply Definition 1.6 on Equation 18 to get

Vm. V@é(m, W{gg) C 95 AV7jo < m.Vv.(&’z,jg, 1)) € {7’1 O’Jv -

(0, 2, enalv/al) € |72 o35 7

We instantiate m with mo+24to where to is the number of steps in which ejo reduces
Vo' W1/02 C 0 AV < (m2 + 24+ tQ).VU.(Q/,jl, 1}) S {Tl UJV == 0

(0, j1,enzlv/z]) € |72 0% 7 (FB-AC2)

Since from Equation 14 we have

(Wa,n —i— j,vjy,vj) € [(11) ol

Therefore from Lemma 1.15 we get

Vm. (W3.09,m,v}y) € [11 o]y

Instantiating m with mo + 1 + t2 we get
(W3.00,ma + 1+ t2,v)5) € 11 0]y
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Instantiating 6" with W3.02, j1 with mg + 1 4 t2 and v with ’U]/-Q from Equation 14 in
FB-AC2 we get

(W3.02,mz + 1+ ta, epalv]y/a]) € |72 035 7

From Definition 1.7, we get

VH.(mQ + 14 29, H) > W2/92 AVEk. < (m2 + 1+ tQ).(H, €h2[’UJ/-1/$]) Ukc (HQI, Ué) -
395. W2/.92 C 9/2 A ((mg + 14ty — kc), HQ/) l>9/2 A (95, (mz + 141t — kc)vé) S LTQ UJV A
(Va.H(a) # Hj(a) = 3 .W3.05(a) = A" A (L, o) T ) A

(Va € dom(6))/dom(Wy.02).05(a) N\ (e o))

Since from Equation 14 we have (n —i — j, Hj;, H};) > Wy

Therefore from Lemma 1.27 we get VYm.(m, H}y) > W3.0
Instantiating m with mg + 1 + t2 we get (mg + 1 + to, H]’2) > W3.02

Now Instantiating H with H;Q from Equation 14 and and k. with £s.
395 W2/92 C 9’2 N (TTLQ +1, HQI) Deé A (95, (me + 1), Ué) € {7‘2 O’JV A
(Va.Hly(a) # Hj(a) = 3. W3.05(a) = A" A (Le o) 2 ) A

(Va € dom(6,)\dom(W3.02).05(a) \, (e o)) (R2)

In order to prove FB-AO we choose W’ to be (61,65, W5.5). Now we need to show
two things:

(a) (n—n', H{,H) > W"
From Definition 1.9 it suffices to show that

— dom(W'.01) C dom(H{) N dom(W .03) C dom(H,):
From R1 we know that (m; +1, H) >0}, therefore from Definition 1.8 we get
dom(W'.601) C dom(H])
Similarly, from R2 we know that (me+1, Hj)>0), therefore from Definition 1.8
we get dom(W'.03) C dom(HJ)

— (W'.B) C (dom(W'.61) x dom(W'.0;)):

Since from Equation 14 we know tlArlat (n—i—j, Hjy, Hjy)> Wy therefore from

Definition 1.9 we know that (W3.5) C (dom(Wy.01) x dom(Wy.02))
From R1 and R2 we know that Wy.0; T 0] and W;.02 C 6, therefore

(W3.5) C (dom(6y) x dom(63))
— V(al, ag) € (W’ﬂ).W’ﬂl(al) = W/.eg(ag) VAN
(W' ,n—n'—1,H(a1), Hy(az)) € [W'.01(a1)]{:

4 cases arise for each (a1, a2) € Wy.53
L Hjj(ar) = H{(ar) A Hjy(az) = Hy(az):
* W’.Gl(al) = W/.92<a2):

We know from Equation 14 that (n — i — j, H!

/ /
]1’Hj2) > W,

Therefore from Definition 1.9 we have

V(al, az) € (Wéﬁ)WéGl(al) = W2’.92(a2)
Since W'.3 = WJ.3 by construction therefore

V(al, az) € (W’.B).Wé.&l(al) = W2’.¢92(a2)

From R1 and R2 we know that Wj.0; C 6} and W;.05 C 6, respectively.
Therefore from Definition 1.2

V(al, a2) S (W’B)G’l(al) = 9/2(0,2)
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x« (W' n—n'—1,H/(a), Hy(az)) € [W.01(a1)]3:

From Equation 14 we know that (n —i — j, HJ(I,
This means from Definition 1.9 that

V(ai1, ai2) € (Wéﬁ)Wé&l(al) = W2’.92(a2)/\(W2/,n—i—j—1,Hfl(al),HJ{Q(ag)) €
[W;3.01(a1)T5}

Instantiating with a; and az and since Wy C W and n —n' — 1 <
n—i—7j—1 (since n’ =i+ j+ t; where t; is the number of steps taken
by ep1, ¢ is the number of steps taken by e; v |1 to reduce and j is the
number of steps taken by es v |1 to reduce) therefore from Lemma 1.17
we get
(W' n—n' =1, Hj (@), Hy(az)) € [W'.01(a1)]5}

. Hj(a1) # Hi(a1) V Hjy(a2) # Hy(az):

* W’.Ql(al) = W’.@Q(ag)
Same reasoning as in the previous case
x« (W' n—n'—1,H/(a1), Hy(az)) € [W.01(a1)]3:
From R1 and R2 we know that
(Ya.H!,(a) # H{(a) = 3 .W}.01(a) = A" A (L o) T 1)
(Ya.H/y(a) # Hj(a) = 3. W3.05(a) = A" A (L o) E L)
This means we have
3. W3.01(a1) =AY A (L, o) E £ and
30 W.02(az) =AY A (b o) E X

Since pc o ULl o0 C 4, o (given) and ¢ o £ A. Therefore, ¢, 0 Z A. And
thus, ¢/ Z A

Also from R1 and R2, (m; + 1, H{)> 6] and (mg + 1, Hy) > 6. Therefore
from Definition 1.8 we have

(01, m1, H{(a1)) € |0}(a1)]v and

(05, ma, Hy(ar)) € [05(az)]v

Since m1 and me are arbitrary indices therefore from Definition 1.4 we
get
(W'n —n' =1, H{(a), Hy(az)) € [0} (a)]3}

iii. ijl(al) = H{(a1) V H;Q(ag) # Hy(ag):

* W’.Gl(al) = W/.92<a2)
Same reasoning as in the previous case

x (W .on—n'—1,H](a1), Hy(az)) € [W'.01(a1)]{:
From R2 we know that
(Ya.H/y(a) # Hy(a) = 3. Wy.02(a) = A" A (Lo o) T 1)
This means that ay was protected at ¢, o in the world before the modifi-
cation. Since pc ol o C ¢ o (given) and ¢ o £ A. Therefore, ¢, o [Z A.
And thus, ¢/ Z A

A
H;Q) > Wy

Since from Equation 14 we know that (n —i — j, Hjy, H},) S W3 that
means from Definition 1.9 that (W3,n —i —j — 1, Hf;(a1), Hl3(a2)) €
[W3.01(a1)]5}. Since (€. o) C ¢ therefore from Definition 1.4 we know

that H;(a1) must also be protected at some label £ A

Therefore
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Vm. (W2’.61,m, Hfl(al)) S Wé.@l((h) (F)
and

Vm. (Wé.gg,m, H](2(a2)) S Wé.@g(aq) (S)

Instantiating the (F) with m; and using Lemma 1.16 we get
(9/17m17 I_[g(l(al)) € ell(al)
Since from R2 we know that (mo+1, Hy)>04 therefore from Definition 1.8
we know that (05, ma, Hi(a2)) € 05(az)
Therefore from Definition 1.4 we get
(W' n—n'—1, H{(a), Hy(a2)) € [07(a)]3;
iv. ijl(al) # H{(a1) V H](Q(ag) = Hy(ag):
Symmetric case as above
— Vie{l,2}.Vm.Na; € dom(W'.0;).(W'.0;,m, H (a;)) € | W.0;(a;)]v:

=1

This means that given some m we need to prove

Va; € dom(W'.0;).(W'.0;,m, H(a;)) € | W.0;(a)]v

Like before we instantiate Equation 17 and Equation 18 with m + 2 +¢; and
m + 2 + t9 respectively. This will give us
301 W5.00 T 0] A ((m1+ 1), HY) > 0] A (6], (7/n1 +1),v) € 2oy A
(Va.H;(a) # H{(a) = 3. Wy.01(a) = ACA (b, o) T A
(Va € dom(6})\dom(W3.01).01(a) \, (Le o))
and
360, Wy.02 T 05 A (mo + 1, H)) > 04 A (05, (m; +1),v) € |2 o]y A
(Va.Hjy(a) # Hy(a) = . Wy.02(a) = AN (e o) T A
(Va € dom(65)\dom(W3.02).05(a) \ (Le 0))
Since we have (m+1, H{)>0] and (m+1, Hy) >0, therefore we get the desired
from Definition 1.8
i=2
Symmetric to i = 1
(b) (W',n—n'—1,v],v) € [ ¢k
Let 79 = A% Since 75 o \, £ ¢ and since £ o Z A therefore ¢; 0 Z A

From R1 and R2 we and Definition 1.4 we get the desired.

4. FG-prod:

YUl Fpeer i YU Fpe €2 i1
YW T bpe (e1,€2) : (11 % TQ)J_

To prove: (W,m, (e1,€e2) (v 41), (e1,€2) (v {2)) € [(1 x 72)* 014

Say e1 = (e1,e2) (v 1) and ez = (e1,€2) (v 2)

From Definition of [(1; x 72)* o7 it suffices to prove that

VH,, Hy.(n, Hi, H>) & W AR < n.(Hy,e1) Yo (HL,0)) A (Hayen) U (HY, o) —>
IW W T WA (n—nl, B HY) S WA (W — o], 0) € [(r1 x 7o) - o]
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This means that given some Hy, Hy and n’ < n s.t

A
(n, Hi, Hy) > W A (Hy, er) o (H{,v]) A (Ho,e2) I (Hy, v3)

We are required to prove:

<=
=
N

IW' W WA (n—n',H], H)) 2w A (W' n—n/ 0], v) € [(11 x 72)T o]

IH1 (W,n, (e1) (v 1), (e1) (v 12)) € [11 014

This means from Definition 1.5 we get

VHyi, Hyro.(n, Byt Hppz) B W AYE < n.(Hpuren (v 1) b (Hp115 vp11) A (Hpaz, e (v J2
N (Hpio, vpro) =

WD W0 — i, HYyy Hoo) b WA (Win— i, o, vs) € [71 o

Instantiating H,1; with H; and Hype with Hp in IH1 and since the (eq, e2) reduces to value

with v |1 in n’ < n steps therefore we know that 3i < n’ < n st (Hpi,e1 (v 1)) i

(Hp115vp11)- Similarly since we know that (e1,e2) reduces to value with v ]2 therefore we

know that (Hpi2,e1 (v d2)) U (Hppa, Uy15). Hence we get

A
IW] 3 W.(n—i, Hyyy, Hlyo) > WA (W,n— 14,0011, v)15) € [11 0]F (20)

IH2 (W,n — i, (e2) (v 1), (e2) (7 42)) € [12 07
This means from Definition 1.5 we get

. A . .
V Hyo1, Hpoa-(n—i, Hpo1, Hpoo)> WiAVG < n—i.(Hyo1, e2 (7 1)) U5 (Hpar, vior )A(Hp22, €2 (7 L2
N (Hpog, vpoo) =

. . A . .
AWy 3 Wi(n—i— j, Hypy, Hypo) > Wy A(Wyon — i — j, up91, Upg) € [T2 ol
Instantiating Hpo; with H;gn and Hpo with H;gm and in IH2. Since (e, e2) reduces to
value with v |1 in n’ < n steps and e; has reduced with i < n’ steps. Therefore we know
that 3j <n' —i <n—ist (Hpi,e2 (v41)) i (Hpap,vyy1)- Similarly since we know that

(e1, e2) reduces to value with v |5 therefore we know that (Hpo, e (v 12)) 4 (HI;QQ’ %22).
Hence we get

since the (e, es) reduces to value with both v |1 and + |a therefore we know that
(Hpo1,e2 (v 1)) ¥ (Hémv ”;21) A (Hpaz,e1 (v d2)) ¥ (H;i22v ”;/)22)~ Hence we get

A
AWy 3 Wi.(n—i—j, Hiyy, Hipy) B Wy A (Wa,m— i — j, v}y, 0g0) € [12 015 (21)

In order to prove Equation 19 we instantiate W' in Equation 19 with W; we are required
to show the following:

e WL Wy
Since W C W/ from Equation 20 and W{ C W from Equation 21
Therefore, W T Wy from Definition 1.3
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A
e (n—n',H{,H)> W"
Heren' =i+ j+1
From evaluation rule of products we know that H = Hjy; and Hy = Hjy,

. . A
From Equation 21 we know that (n —i — j, Hpyy, Hypo) > W,

A

Therefore from Lemma 1.21 we get (n —i —j — 1, Hyyy, Hjoo) > W,

o (W n—i—j—1,v,v)€[(n xm)t ot
From evaluation rule of products we know that v{ = (v1, vj91) and v3 = (v,19, Vjoo)

We are required to show

5. FG-fst:

(Wa,n—i—j— 1771;’31177),;12) €[n UWéA(Wéa”—i—j - 1>”;’321>U;322) €[m 01“&‘:
From Equation 20 and Equation 21 we know that

(Wévn_i_j’ U;/ﬂlvU;/;lQ) € [7_1 O-—IJ\‘}/\ (W2/>n_i_j7 UI;21,UI/)22) € [7—2 O'—|
Therefore from Lemma 1.17 we get

(Wayn—i—j =101, vp1) € [11 013 A (Wa,n— i — j — 1, upp1, upp0) € [12 015

A
\%4

E;\I/;FI_Z,CGZ'Z(T1XT2)£ DIV o S RN/
W T e fSt(GZ') 1T

To prove: (W,n, (fst(e;)) (v 1), (fst(es)) (v 12)) € [ 015

Say e} =

(fst(e:)) (v 11) and ez = (fst(e;)) (v l2)

From Definition 1.5 it suffices to prove that

A
VHy, HQ.(n, Hy, HQ) > W AVR < n.(Hy,eq) dns (Hll, ’U{) A (HQ,@Q) [} (HQ/, vé) —
IW'. W WA (n— o, Hl, H) S WA (W ,n—n, 0], 4) € [y o5

This means that given

VHy, Ho.(n, Hy, Hy) b W AR < n.(Hyyer) o (L, 0)) A (Hoyez) I (HJ, ob)

We are required to prove:

IH1

AW W E W' A(n— n',H{,HQ')é W AW n—n' v, 0) €[ o5 (22)

(W, (&) (v41). (ei) (v 12) € [(11 x 72)¢ o]4

This means from Definition 1.5 we get

A .
VH;1, Hip.(n, Hyy, Hio) > W AV < n.(Ha,ep (v 1)) i (Hfy, o) A (Hizyes (v 12) |
(Hjp, vjp) = p
IW] 3 W.(n—i, Hy, Hjy) > W{ A (W{,n — 14,01, 05) € [(11 % )" ‘ﬂ“\é
Instantiating H;; with Hy and H;e with He in IH1 and since the fst(e;) reduces to value
reduces to value with v |1 in n’ < n steps therefore we know that 3 < n’ < n s.t

(Hit,e; (v 1)) Vi (H}j,v}). Similarly since we know that fst(e;) reduces to value with v |2
therefore we know that (Hjo,e; (v l2)) | (H};, v)5). Hence we get
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WD W.(n—i, HYy, Hy) b WA (Win— i, v, ) € [(m x m)l old (23)

We case analyze on (W{,n —i,v/;,vly) € [(11 X 72)* o]{} from Equation 23

e Case f o C A:
From Definition 1.4 we know that this would mean that
(Wi,n —i,v)y,v)) € [(11 X 1) o7}
This means
(Wllv n—i, Ui/h ’1)1{2) € ((7—1 0 X T2 U)—l\é
Let v}y = (vi1, vi2) and v}y = (vj1, vj2)

Again from Definition 1.4 it means that
(Wl’,n — i, Vi1, 1}]'1) c [Tl (ﬂ"’é} N (Wl’,n — i, Vi2, Ujg) S fTQ U—‘é (Fl)

Inroder to prove Equation 22 we choose W' as W/ and from the evaluation rule of
fst we know that H{ = H/, and Hy = H/,. Also, from reduction rules we know that
n’ =i+ 1. And then we need to show:
- WEC WI’:
Directly from Equation 23
A
— (n—n/,H{, H)) > W{:
. A
Since from Equation 23 we know that (n — i, H{, Hy) > W/
A
Therefore from Lemma 1.21 we get (n —i — 1, H{, Hy) > W/
— (W{,n—n',v],v)) € [T o]
From the evaluation rule we know that v; = v;; and vj = vj
From F1 we know that (W{,n — i, v1,vj1) € [11 o]{
Therefore from Lemma 1.17 we get (W{,n —i —1,v;1,v1) € [11 0]
e Case (o[£ A:

In this case from Definition 1.6 we know that

A
14

(a) Ym. (W].01,m,v}y) € [(11 0 x 2 0)|y and
(b) Vm. (W{.02,m,v)y) € |(11 0 X 13 0)]v
where
vy = (vin, vi2) and vjy = (vj1, vj2)
Inroder to prove Equation 22 we choose W' as W/ and from the evaluation rule of
fst we know that H{ = H/, and Hy = H),. And then we need to show:
- WC W
Directly from Equation 23
— (n—n', H], H)) & W
A
From Equation 23 we know that (n — i, H{, Hy) > W/
Therefore from Lemma 1.21 we get

(n—i— 1,01, H) % W
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— (W,n—n',v],v)) € [T o3
From the evaluation rule we know that v{ = v;; and v) = vj1
Let 71 = A% Since 71 ¢ \, £ and since ¢ o Z A therefore ¢; 0 Z A

Therefore from Definition 1.4 it suffices to prove that
le. (W{.Ql, mi, 'Uil) S LTI UJV

and

Vmg. (WII.QQ, ma, ’Ujl) S |_7‘1 O‘JV

This means given m and it suffices to prove:

(W{~017m1a Uil) € LTl UJV (24)

Similarly given meo, it suffices to prove:

(W1.02,ma,v1) € |11 oy (25)
Instantiating (a) with my
(W{.01,m1,vi1) € |11 o]y A(W].01,m1,v2) € |12 oy (26)
Instantiating (b) with mso
(W1.02,ma,vj1) € |11 o]y A (W].02,ma,vj2) € |12 0]y (27)

From Equation 26 and Equation 27 we get
(W{.Ql,ml, ’Uﬂ) S LTI O'JV and (W{.OQ,mQ, Ujl) c I_T1 O‘JV

6. FG-snd:
Symmetric case as FG-fst
7. FG-inl:

XUl Fpe € i
S0 T by inl(e;) : (11 + 1)t

To prove: (W,n, (inl (¢)) (v 1), (inl (:)) (v d2)) € [(m1 + 1) " 014

Say e; = (inl (e;)) (v 41) and ea = (inl (&;)) (v 2)

From Definition of [(71 + 72)* o7 it suffices to prove that

VHy, Hy.(n, Hy, Hy) & W AR < n.(Hy,er) b (HL0)) A (Hoyez) I (HY, o) —
IW. WL WA (n—n’,Hl’,HQ’)T;l W' A (W' n—n' v, v5) € [(11 + 1)t olf

This means that given

VH,, Hy.(n, Hy, Hy) & W AR < n.(Hy,e1) Yo (HL,0)) A (Ha,en) U (HJ, b)

We are required to prove:

IW.WE W A(n—n, BB S W AW, n—n 0], d) € [(n+m)t o]d (28
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IHL (W, (&) (v 41), (&) (v 12)) € [11 017
This means from Definition 1.5 we get
A .
VH1, Hip.(n, Hiy, Hig) > W AV < n.(Ha,ep (v 1)) 4 (Hy, o) A (Hizyes (v 12) |
(Hjp, vjp) = N
IW] 3 W.(n—i, Hly, Hy) > W] A (W], —i, vy, v)) € [11 0]{
Instantiating H;; with Hy and H;e with Hy in TH1 and since the inl(e;) reduces to value with
v 41 in n' < n steps therefore we know that 3i < n’ < n st (Hi,e; (v 1)) i (Hf,v))-

Similarly since we know that inl(e;) reduces to value with v |5 therefore we know that
(Hiz,e; (v 12)) I (Hf, v)5). Hence we get

A
ElWl/ - W'(n_i7 iII’I{z’/2) > Wl//\ (Wllvn_i’vi/17vi/2) € (7—1 O:hé (29)

Instantiating W’ in Equation 28 with W{. Also from reduction relation we know that
n’ =i+ 1 we are required to show the following:

e WL W:
Directly from Equation 29
A
e (n—n',H{,H))> W:
. A
From Equation 29 we know that (n — i, H{, Hy) > W/
Therefore from Lemma 1.21 we get
A
(n - TLI, Hlla HZI) > Wll
o (Wl,n—n' v],v)) € [(11 +m2)* olth
From evaluation rule of inl we know that v = inl(v};) and v5 = inl(v,)
We are required to show
= (Win =/ vy, v)) € [y o
From Equation 29 we know that (W{,n — i, v/, v)y) € [11 0]
Therefore from Lemma 1.17 we get
(Wi,n—i—1,v/,v)) € [11 U—H‘/l

A
\%4

8. FG-inr:

Symmetric case to FG-inl.
9. FG-case:
YU bpe e (11 + TQ)E
LUl oo bpep i o T LUy imobpa et T XU/

50T by case(es, z.€i1,y.-€2) 1 T

To prove: (W, (case(e;, x.€i1,y-€i2)) (v 1), (case(e;, z.€;1,y.€2)) (v d2)) € [(T) O'—|“[f;l

Say e1 = (case(e;, 7.€;1,y-€;2)) (v 41) and ez = (case(e;, v.e;1,y.€:2)) (v 12)

This means from Definition 1.5 we need to prove:
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VH, Hy.(n, Hi, Hy) & W AR < n.(Hy,e1) Yo (HL,0)) A (Hayen) U (HY, vh) =
Iw’ 3 W.(n—n’,H{,HQ’)é W' A (W' n—n' v, v) € [(1) o]

This further means that given

VH,, Hy.(n, Hi, Hy) & W AR < n.(Hy,e1) Yo (HL,0)) A (Hayen) U (HJ, b)

It suffices to prove

IW' 3 W.(n—n, HH) S WA (W0 — a0l ) € [(r) o] (30)

IHL (W, (i) (v h), (e0) (7 d2)) € [(m1 + m2)" o1%

This means from Definition 1.5 we get

A X
VH;1, Hio.(n, Hip, Hig)b> WAV < n.(Hjp,e; (v 41)) 4i (H{, v))A(Hiz, i (v 12)) I (Hy, v5) =

IW] 3 W.(n— i, B, H) S WA (W —i, vy, vly) € [(11+ 1)t o

Instantiating H;; with H; and Hjy with Hy in IH1 and since the (case(e;,z.€;1,y.€:2))
reduces to value with both v |; and 7 |9 therefore we know that (H;,e; (v 41))
(H{,v]) A (Hi2,€; (v12)) I (Hj, v5). Hence we get

Jwy 3 W.(n—i,H{,HQ’)é Wi A (W,n—i, v, vl) € [(1 -l-TQ)E JW} (31)

IH2:
(W,n—1i,(en) (v 4 Uz = va}), (en) (v J2 U{z = vi2})) € [(7) 014

This means from Definition 1.5 we get
. A . .
VHj1, Hjp.(n — i, Hj1, Hjg) > W{ AVj < n—i.(Hi,en (v 4 U{z — vii})) U (H;l, ’U]/~1) A
(Hy, e (v d2 Uz = vi2})) I (Hjy, vjy) =
A
Wy 3 Wi(n —i—j, Hjy, Hip) & Wy A (Wa,m —i— j, v}y, vj5) € [(7) ol¢
Instantiating Hj; with H{ and Hjs with Hj in TH2. Also instantiating W with W]. Since

the (case(e;, z.€;1,y.€;2)) reduces to value in both runs therefore we know that (Hy, e;1 (77 41
)4 (Hj{p Ujl'l) A (Hzein (v 12)) 4 (H](27 Ugl'z)- Hence we get

. A .
ElW2/ = Wll'(n_l_]’]{j(lvflj{2) > WQ//\ (W2/7n_l_]7v.](17v.]{2) S [(7—) U—|J\4/‘ (32)

1H3:

(Wi, — i, (ei) (v b1 U{y = win}), (eia) (v d2 Ufy = wi2})) € [(7) o7
This means from Definition 1.5 we get
. A .
VHyy, Hyo.(n — i, Hgy, Hio) > Wll AVE <n—i.(Hpeq (v 41 U{y — ’Uﬂ})) Jr (Hél, Ullcl) A
(Ha, €iz (v b2 U{y = vig})) I (Hyy, vpn) =
WL D Wi(n—i— k, H L) o WA (Whn—i— kol uly) € [(r) o4

99



Instantiating Hyy with H{ and Hye with Hj in IH2. Also instantiating W with W{. Since
the (case(e;, z.€2,y.€;2)) reduces to value in both runs therefore we know that (H, e;2 (77 41
N4 (Hlélv Ullﬂ) A (Ha, e (7 42)) 4 (Hl;% Ullc2)- Hence we get

W3 W (n—i— b, HYy Hp) © WA (Win—i— kv, vf) € [(7) 01 (33)

We case analyze (W{,n —i,v],v}) € [(11 + 72)* o]{} from Equation 31

e Case o C A:
From Definition 1.4 2 further cases arise:

— v =inl(v;1) and v) = inl(v;2):
In this case from Definition 1.4 we know that (W,n — i, v, vi2) € [11 0]{

Inroder to prove Equation 30 we choose W' as W3 from Equation 32 and from
the first evaluation rule of case we know that Hj = Hj; and Hj = Hj,. Also we
know from the evaluation rule that n’ =i+ 7 + 1. And then we need to show:
« WEC Wy
Since W C W{ from Equation 31 and W C Wy from Equation 32
Therefore, W C W3 from Definition 1.3

* (n—n/, HJ'I,HJ(Q)é Wy

A
From Equation 32 we know that (n —i — j, Hy, Hjy) > Wy
Therefore from Lemma 1.21 we get

(n—i—j—1,Hy, Hj )D w3

x (Wa,m —n',v], ) € [T ol
From the evalaution rule we know that vj = vj; and v; = v},
From Equation 32 we know that (Wy,n —i — j, v}y, vjy) € [T ol
Therefore from Lemma 1.17 we get
<W2/7 —i—J - LU]I’ ]2)6 [T 0~|\f/‘

— v = inr(v;1) and v} = inr(v;2):
A

In this case from Definition 1.4 we know that (W, vi1, vi2) € [12 0|7

Inorder to prove Equation 30 we choose W' as W3 from Equation 33 and from
the second evaluation rule of case we know that H{ = H), and Hy = H/,. Also
we know from the evaluation rule that n’ =i+ k+1. And then we need to show:
x WEC Wy
Since W C W{ from Equation 31 and W C Wy from Equation 33
Therefore, W C W4 from Definition 1.3

A
* (n—n', H{, Hy) > Ws:
A
From Equation 33 we know that (n —i — k, H; |, H],) > W3
Therefore from Lemma 1.21 we get
A
(n—i—k—1,H,, H,) > W;
* (Wé?n - nlv ’U{a Ué) € [T 0—-‘{}:
From the evalaution rule we know that v; = v, and vy = v},
From Equation 33 we know that (W4, n —i — k, v, v,) € [T o¢}
Therefore from Lemma 1.17 we get
(Wi,n—i—Fk—1,v,,v,) € [T o]{}
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e Case Lo IL A:

The following cases arise:

(a)

(b)

Reduction of e; happens via Casel and Reduction of e happens via Casel :
Exactly the same reasoning as in the v{ = inl(v;;1) and v) = inl(v;2) subscase of
the ¢ o [Z A case before.

Reduction of e; happens via Case2 and Reduction of es happens via Case2 :
Exactly the same reasoning as in the v{ = inr(v;;1) and v} = inr(v;2) subscase of
the ¢ o [Z A case before.

Reduction of e; happens via Casel and Reduction of e happens via Case2 :
From Equation 30 we know that we need to prove

A
IW' I W.(n—n',H], H)) > W AW ,n—n' v, v}) € [(1) o]{

In this case since we know that ¢ ¢ Z A. Let 7 0 = A% and since 7 0 \, £ o
therefore ¢; Z A

This means inorder to prove 3W' J W.(n—n', H], Hé)é W/ ANW' n—n',v],v}) €

() o]

From Definition 1.4 it will suffice to prove

IW' 3 W.(n—n', B, B)S W ANm1. (W01, my, o)) € [(7) o ]v) A (Vma.(W'.01,ma, o) €
L(7) alv)

This means it suffices to prove

(Vmy, ma 3W' 3 W.(n—n', H, H)b W AW’ 91, m1,0]) € (1) o |v) A (W01, ma, o) €
L(7) alv)

This means given my and ms it suffices to prove:

@AW 3 W.(n—n', B}, B)6 W AW’ .01, m1,0]) € [(7) o Jv)A(W'.01,ma, 05) € [(7) o]v)
(34)

Since we know that (W,n,v) € [T} (given) therefore from Lemma 1.25 we
know that Vi € {1,2}. Ym. (W.0;,m,~v ]:) € |[T']v

Therefore by instantiating it at m1 + 1 + j we know that

(W-917m1+1+j7’7\l/1) € LFJV (35)

Next we apply Theorem 1.22 on e;1 v |1. Here j is the number of steps in which
ei1 v 41 reduces. We use v |1 U{x — v/} as the unary substitution to get
(W.01,m1+1+j,en v Uz o})el(r) o)l

This means from Definition 1.7 we get

VHCQ.(m1+1+j, Hcl)‘> W1.01 AV < (m1+1+j).(Hcg, (eil) v 11 U{l‘ — ’Ué}) Ukc
(He,v) =

W10 TN+ 14—, Hy) >0 A0, mi+1+5—1c,0)) € [(7) o]y A
(Va.Hea(a) # Hly(a) = 3. W1.01(a) = AY A (peUl) o £ ) A

(Va € dom(67)\dom(W1.01).01(a) N\, (pcU L) o)

Since from Equaiton 31 we know that (n—i, H, Hy)> W/ therefore from Lemma 1.27
we get Vm.(m, H{) > W/.0,
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Instantiating m with mq + 1+ j we get (m1 + 1+ 7, H{) > W{.0;

Instantiating Hee with H{ from Equation 31 and [, with j we get

39’1 Wi1.01 C 9/1 VAN (m1 + l,HCIQ) >0’1 A ( ’1,m1,+ 1, ’Ué) € L(T) JJV VAN
(Ya.He(a) # Hly(a) = 30 . W1.61(a) = A" A (pcUd) o T ) A

(Va € dom(67)\dom(0}).01(a) \, (pcU¥) o) (CC1)

Similarly we apply Theorem 1.22 on e;2 v Jo. Here jo is the number of steps in
which e;o v 2 reduces. We use v Lo U{y > vly} as the unary substitution to get
(Wi.02,ma + 1+ ja,ein v b1 U{y = v}) € (1) ol

This means from Definition 1.7 we get

VHeo.(mo+ 1+ jo, Hep)> Wi.03 AVl < mo+ 1+ jo.(Hea, (€i1) v 41 U{z — ’Ué}) (5
(Hig,1f) —

3045 W1.02 T 05N (ma+1+4jo— 1, H) >0y A (05, ma+14jo—1c,0)) € |[(T) o]y A
(Va.He(a) # Hly(a) = 3. W1.02(a) = AY A (peil) o £ ) A

(Va € dom(6,)\dom(0}).01(a) \, (pcU¥) o)

Since from Equaiton 31 we know that (n—i, Hy, Hy)> W/ therefore from Lemma 1.27
we get VYm.(m, Hy) > W.0;
Instantiating m with mg + 1+ j2 we get (ma + 1+ jo, Hy) > W{.02

Instantiating Heo with Hy (from Equation 31)and [, with ja to get
Eleé W1.05 C 0/2 VAN (m2 +1, H&) > 95 VAN (G/Z,MQ/—F 1, ’Ué) € L(’T) O'JV VAN
(Va.He(a) # Hly(a) = 30 . Wi.02(a) = A" A (pcUl) o C ) A
(Va € dom(6,)\dom(0}).01(a) N\, (pcU¥) o) (CC2)

We choose

Wh.01 =0} (from CC1)

W02 = 0} (from CC2)

W3 = Wl’ﬁ (from Equation 31)

In order to prove Equation 30 we choose W' as W,
i. (n—n',H{,Hy)> W'

From Definition 1.9 it suffices to show that

— dom(W'.01) C dom(H{) A dom(W.03) C dom(Hs,):
From (CC1) we know that (my + 1, H{) >0}, therefore from Definition 1.8
we get dom(W'.01) C dom(H{)
Similarly, from (CC2) we know that (mg + 1, Hy) > 6%, therefore from Def-
inition 1.8 we get dom(W'.02) C dom(H,)

— (W.3) C (dom(W'.0;) x dom(W'.60,)):
Since from Equation 31 we have (n — 4, H{, Hj) > W] therefore from Defi-
nition 1.9 we get (W/.3) C (dom(W/.61) x dom(W].0))
From (CC1) and (CC2) we know that W/.0; C 0] and W/.0; C ¢, therefore
(WL.5) C (dom(8) x dom(8}))

— V(al, ag) € (W’B) W’.Ql(al) = W/.QQ(CLQ) VAN
(W' ,n—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]:

4 cases arise for each a; and as
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A. Hjj(a1) = H{(a1) N Hjy(a2) = Hy(az):
W'.01(a1) = W'.0(ap):
We know from Equation 31 that (n — i, Hl’7 HQ/) > Wll

Therefore from Definition 1.9 we have

V(al, (12) € (Wl’ﬁ)Wl’Gl(al) = W{.GQ(GQ)
Since W'.3 = W{.3 by construction therefore

A

V(al, a2> S (W’B)W{Hl(al) = W{.Hg(ag)

From (CC1) and (CC2) we know that W].6, C 6] and W/.02 C 6,
respectively.
Therefore from Definition 1.2

V(ai, az) € (W'.3).01(a1) = 65 (a2)
(W' ,n—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]3:

A
From Equation 31 we know that (n — 4, H{, Hj) > W]
This means from Definition 1.9 that

V(air, ai2) € (W].08). Wi.01(a1) = W{.02(ax)N(W{,n—i—1, H{(a1), Hy(a2)) €
[W].01(a1)]3}
Instantiating with a; and ag and since W{ C W/ andn—n'—1 <n—i—1
(since n’ = i+t; +1 where ¢; is the number of steps taken by e;1, 7 is the
number of steps taken by e; v |1 to reduce) therefore from Lemma 1.17
we get
(W',n—n'—1,H{(a), Hy(a)) € (W’.Hl(alﬂ““}
B. Hl\(a1) # H{(a) V Hjy(az) # Hj(az):
W'.01(a1) = W'.02(az):
Same as before
(W',n—n'—1,H/(a1), Hy(a2)) € (W’.Hl(alﬂf}:
From (CC1) and (CC2) we know that
(Va.H|(a) # H,(a) = 3. W|.0:(a) = A" A ((pcU L) o) T 1)
(Va.Hy(a) # Hy(a) = 30.W/.02(a) = A" A ((pcU L) o) T 1)
This means we have
30 W/.01(a1) =AY A ((pc U €) o) C £ and
3. W .09(az) =AY A ((peil) o) T O
Since £ o IZ A. Therefore, (pcU¥) o £ A. And thus, ¢/ Z A
Also from (CC1) and (CC2), (m1 + 1, H;) >0} and (mg + 1, H)y) > 65,
Therefore from Definition 1.8 we have
(01, m1, Hy (1)) € [0 (a1)]v and
(05, ma, Hiy(ar)) € [05(a2)]v
Since m1 and mo are arbitrary indices therefore from Definition 1.4 we
get (here H{ = H/; and H, = H/,)
(Won — o — 1, Hi(ar), HY(an)) < [0 (ar)]
C. Hjy(a) = H{(a1) V Hjy(az) # Hj(az):
W’.Ol(al) = W’.@Q(ag):
Same as before

(W',n—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]{:
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From (CC2) we know that

(Va.Hj(a) # Hy(a) = 3. W|.02(a) =AY A ((pcU L) o) C 1)

This means that ap was protected at (pc L ¢) o in the world before the
modification. Since ¢ o [Z A. Therefore, (pc U¥f) o Z A. And thus,
'z A

Since from Equation 31 we know that (n — i, H{, Hy) S W] that means
from Definition 1.9 that (W{,n —i — 1, H{(a1), Hy(a2)) € [ W{.01(a1)]5-
Since ((pcU¥) o) C ¢’ therefore from Definition 1.4 we know that H{(a;)
must also be protected at some label Z A

Therefore

VYm. (Wl’ﬂl,m, Hl’(al)) S Wl’ﬂl(al) (F)
and

VYm. (W{.Hg,m, HQI((IQ)) S W{.@g(al) (S)

Instantiating the (F) with m; and using Lemma 1.16 we get
(61, m1, H(a1)) € 01 (a1)

Since from (CC2) we know that (mg + 1, H)y) > 6}, therefore from Defini-
tion 1.8 we know that (05, ma, Hl5(a2)) € 05(az)
Therefore from Definition 1.4 we get
(Wn—n' =1, Hy (@), Ha(a)) € [61(a1)]5}
D. Hji(a1) # H{(a1) V Hjy(a2) = Hy(az):
Symmetric case as above

— Vie{l1,2}.Ym.Na; € dom(W'.0;).(W'.0;,m, H (a;)) € | W.0;(a;)]v:

1=1
This means that given some m we need to prove
Va; € dom(W'.0;).(W'.0;,m, H/(a;)) € | W.0;(a;)]v

Like before we apply Theorem 1.22 on e;1 71 and e;o 2 but this time using
m+ 144 and m + 1+ 7 where 7 and j are the number of steps in which
e;1 vl and e;o y2 reduces respectively. This will give us

30, W1.00 C O, A (m+1,Hy) o0, A0, m+1,00) € [(T) o]y A
(Va.Hp(a) # Hy(a) = 3. W1.01(a) = A" A (pelil) o £ ) A
(Va € dom(0})\dom(0]).01(a) \ (pcU?) o)
and
305, W10 T 05 A (m+ 1, HYy) > 05 A (0, m +1,00) € [(T) o]v A
(Va.Hp(a) # Hly(a) = 3. Wy.02(a) = AY A (pelil) o £ ) A
(Va € dom(65)\dom(60}).01(a) \ (pcU?) o)
Since we have (m + 1, H/;) > 0] and (m + 1, H,) > ¢/, therefore we get the
desired from Definition 1.8
1=2
Symmetric to i = 1
ii. (W' n—n'—1,v],v) € [m otk
Let 5 = A% Since 7 o \, ¢ ¢ and since £ ¢ Z A therefore ¢; 0 Z A
From CC1 and CC2 we and Definition 1.4 we get the desired.

(d) Reduction of e; happens via Case2 and Reduction of e happens via Casel :
Symmetric case as before
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10. FG-ref:

YUl bpeet T XU E TN\ pe
YW T by new e : (ref 1)+

To prove: (W, (new (e;)) (v 41), (new (e:)) (7 J2)) € [(ref 7)* 017

Say e1 = (new (e;)) (v 1) and ez = (new (e;)) (v J2)

From Definition of [(ref 7)* o7 it suffices to prove that

VHy, Hy.(n, Hy, Ho) & W AYR < n.(Hy,ex) Yo (L vl) A (Haye0) I (HY, v)) =
IW'.WE WA (n—n’,H{,Hé}é W' A (W' n—n' v, v5) € [(ref )+ o]

This means that given

A
VHy, Hy.(n, H, Hy) > W AVR' < n.(Hy,e1) o (H{,v]) A (Ha,e2) { (Hy,v5)

We are required to prove:

AW'.W E W' A (n—n/, H], H)) 2w A (W',n—n' v}, v) € [(ref 7)F o] (36)

HL (W,n,(e;) (v h), (&) (v d2)) € [T ol7
This means from Definition 1.5 we get
A .
VHj1, Hig.(n, Hiy, Hig) > W AV < n.(Hpye; (v 1) 4 (Hjy,v)) A (Higsei (v 12) 4
(Hjp, vjp) = N
IW] 3 W.(n—i, HYy, Hy) > Wi A (W0 —i, v}y, v)) € [T ol
Instantiating H;; with Hy and H;, with Hy in IH1 and since the ref(e;) reduces to value
with v |1 in n’ < n steps therefore 3i < n' < n.s.t (Hyu,e; (v 1)) 4 (H}j,v}). Similarly

(]

since ref(e;) reduces with vy |2 therefore we know that (H2,e; (v l2)) I (H), vly). Hence
we get

E”/Vll g W-(n_iv i/17 i/2)é Wll/\ (Wllvn_iavz‘/bvi,Q) € (T J—hé/l (37)

From the evaluation rule of ref we know that H| = H/,U{a,1 — vi1} and Hy = H,U{an2 —
viz}

Inorder to prove Equation 36 we instantiate W' with W,, where W,, is

Wp.01 = W{.01 U{an — 7}

W02 = W{.02 U {an2 — 7}

W3 = W{.BU{(an1, an2)}

Also we know that n' =i+ 1

We are now required to prove
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o WL Wy,:
From Equation 37 we know that W C Wl’ and Wl’ C W, by construction.
Therefore from Definition 1.3, W C W,

e (n—n',H{, H)) S Wi
From Definition 1.9 it suffices to show that
— dom(W,.61) C dom(H{) A dom(W.02) C dom(H,):
From Equation 37 and by construction of W,
— (W) C (dom(Wy.01) x dom(W,.01)):
From Equation 37 and by construction of W,
— V(al, ag) € (Wn,@) Wnﬂl(al) = Wn.gg(ag)/\( W, n—n’, Hll(a1>, HQ/(ag)) € [anl(alﬂf}
x V(a1 a2) € (Wy.8). Wp.01(a1) = W,.02(az):
From Equation 37 and by construction of W,
x Y(a1, ag) € (Wy.B).(Wy,n —n' — 1, H{(a1), Hy(ag)) € [ Wy.01(a1)]5:
From Equation 37 since we know that (n — i, Hj}, H,) S W/ that means
V(a1 az) € (W{.0).(Wi,n — i — 1, H{(a), Hj(az)) € [W{.01(a1)]i}

Therefore from Lemma 1.17 we get (n —i —2=n—n'— 1, since n’ =i+ 1)

Y(a1, a2) € (W.B).(W{,n—i—2,H(a1), Hy(az)) € [W{.01(a1)]{}
Since W,.3 = Wl’B U {(an1, an2)} and from Equation 37 we know that
(Wi,n —i,vfy, 0) € [T o]¢}
Therefore combir}ing the two we get
Y(a1, a2) € (Wy.B).(Whyn —n' — 1, H{(a1), Hy(az)) € [Wy,.01(a1)]i
— Vi e {1,2}Va; € dom(W,.0;).Ym.(W,,m, Hi(a;)) € | W.0;(a)]|v:
From Equation 37 we have (n — ¢, H};, H);) S W/ that means from Definition 1.9
we have

Vi e {1,2}Va; € dom(W1.0;).Nm.(Wy, m, Hi(a;)) € | W.0;(a;)]v
Also from Equation 37 we know that (W{,n — i, v}y, vl) € [T o5}
Therefore from Lemma 1.15 and Lemma 1.16 we get
Vm.(W{.01,m,v},) € |T oy
and
Vm.(W].02,m,vly) € |1 olv
Combining the two we get
Vi € {1,2}Va; € dom(W,.0;).Nm.(W,, m, Hi(a;)) € | W.0;(a;) v
o (Wyp,n—n',v],v}) € [(ref 7)* o5k
Here v{ = ap1 and v} = apna
Since (an1, an2) € Wy, and also Wy,.01(an1) = Wy.01(an1) =7
Therefore from Definition 1.4 (W, v{, v}) € [(ref 7)* o5}

11. FG-deref:

Z;\Il;ljl—pceiz(refT)Z Uk <7 Wk N/
ST by leg o 7

To prove: (W, n, (I(e:)) (v 1), ({(en)) (v d2)) € [(7) 017
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Say e1 = (1)) (v 1) and ez = ((e:)) (7 {2)

This means from Definition 1.5 we need to prove:
A
VHy, Ho.(n, Hy, Hp) & W AR < n.(Hy, Ne) (v 1) o (HYvp) A (Hz, He) (v d2)) U
(H3,v5) =
IwW' 3 W.(n— n’,Hl',HQ’)é W' A (W' n—n' v, v)) € [(7) o]
This further means that given
A
VH, HQ.(n, Hyp, HQ) > WAV < n.(Hy,(ei) (v 41)) dnr (Hll, ’U{) A (Ho, '(61)(7 ) (HQ/, Ué)

It suffices to prove

SW' 3 W.(n—n, BB S WA (W0 —nl,0), ) € [(+) o{ (38)

IHL (W, n, (&) (v 1) (e5) (v 12)) € [(ref 7) o]
This means from Definition 1.5 we get

A .
VH;j1, Hip.(n, Hi1, Hig)> WAV < n.(Hji,e; (v 1)) $i (H{, v)A(Hiz, e (v 12)) I (Hy, v3) =

W] 3 W.(n— i, H], HY) B WA (Wl,n— i, ], v}) € [(ref 7)¢ o5}
Instantiating H;; with Hy and H; with Hy in TH1 and since the !(e;) reduces to value with

both v |1 in n’ < n steps therefore 3i < n' < n s.t (Hi,e; (v 1)) i (H{,v{). Similarly
since le; reduces to value with v |o therefore (Hja,e; (v 12)) | (Hy, v5). Hence we get

IW! D W.(n— i, H, HY) S WA (W n— i, 0!, ub) € [(ref 7)¢ o] (39)

We case analyze on (W{,n —i,v/;,v)s) € [(ref 7)¢ o]5} from Equation 39

e Case ! o C A:
From Definition 1.4 we know that this would mean that
(Wi,n =i, vy, v)y) € [(ref T) O'—|J\L/t
This means
(Wi — i v, oly) € [(ref (7 o))
Let v/} = a;1 and vy = a0

Again from Definition 1.4 it means that
(041, aiz) € Wllﬁ A W{Ql(aﬂ) = W1’92(a12) =T (Dl)

Inorder to prove Equation 38 we instantiate W’ with W{. Also we know that n’ = i+1
— Wll I W:
From Equation 39
— (n—n', H], H)E W
From Equation 39 we know that
Therefore from Lemma 1.21 we get
(n_i_ 17H1/aH2/)é Wll
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o (Wllﬂ n—n, viv Ué) € ’—(7—/) U—‘é:
From the evaluation rule of deref we know that v{ = H{(a;1) and v{ = Hj(a;2)

A
Since from Equation 39 we know that (n — 4, H{, Hy) > W], therefore from Defi-
nition 1.9 we know that

(W{,n—i—1,H{(an), Hj(ai)) € [W{].01(ai1)]{}

And from D1 we know that W{.01(a;i1) = W{.02(a2) =7
Therefore (W7, v, v) € [(1) o]

Since 7 o <: 7’ o Therefore from Lemma 1.28, we get
(Wi,n—i—1,0],v) € [(1) o]¢}
e Case Lo I A:

From the evaluation rule of deref we know that v/; = a; and v/, = ap

In this case from Definition 1.4 we know that

Vmy.(W].01,my,a1) € [(ref T) o]y (40)

and
Vmg. (W1 .03, ma, ag) € |(ref T) o]y (41)

Inroder to prove Equation 38 we choose W' as W/. And then we need to show:

- WEC W
Directly from Equation 39

— (n—n', H], H)) & W
A
From Equation 39 we know that (n — i, H{, Hy) > W/
Therefore from Lemma 1.21 we get
A

(n*i* 1’H1/aH2,) > Wll
— (W],n—n', ], v5) € [T o]{h:

Let 7/ = A% Since 7/ o \, ¢ and since ¢ o Z A therefore ¢; 0 Z A

Therefore from Definition 1.4 it suffices to prove that
Vmy. (W].01,mi,v) € |7/ oy

and

Vmg. (W{.GQ, mao, Ué) S LT’ O'JV

This means given m; and it suffices to prove:

(W1.01,mq,v)) € |7 o]v (42)

Similarly given meg, it suffices to prove:
(Wllﬂg,mz,ﬂé) S \_T/ UJV (43)

Since from Equation 39 we know that (n—i, H, Hy)> W/ therefore from Lemma 1.27
we get

thl.(mhl, Hll) > W{.Hl (44)
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thg.(mhg, HQI) > W{.Hg (45)
Instantiating myp; in Equation 44 with m; + 1 we get (mq, H{) > W{.6q

Therefore from Definition 1.8, we get
Va € dom(W{.61).(W].01,my, H{(a)) € | W{.01(a)|v

Instantiating a with a; we get (W{.01,m1, H{(a1)) € | W{.01(a)]v

Since W{.01(a;1) = 7 therefore we get

(Wllﬂl,ml, 1}{) S LT O’JV

and since 7 o <: 7’ ¢ therefore from Lemma 1.24 we get
(Wllﬂl,ml, 1){) S I_T/ UJV

Similarly we also get
(W{.QQ, ma, ’l)é) S LT/ UJV

Finally from Definition 1.4 we get
(Wi, 01, 03) € [(7') o1¢)

12. FG-assign:

W T bpe €41 0 (ref T)Z U T bpe e T ;U7\ (peld)
;U Fpe €41 7= €42 @ unit

To prove: (W, n, (e;1 = ei2) (v1), (ein = ei2) (v 12)) € [(unit) o5
Say e1 = (e;1 :=e;2) (v 1) and ez = (e;1 1= e;2) (v l2)

This means from Definition 1.5 we need to prove:
A
VHy, Hy.(n, Hy, Ho)> WAVR' < n.(Hy, (ei1 = ein)(y 41)) b (Hy, v])A(Ha, (€i1 = ei2) (7 2
) (Hy,v) =
IwW' 3 W.in—n',H{, Hy) 2w A (W' ,n —n',v],v5) € [(unit) o]
This further means that given
A
VHy, Hy.(n, Hy, Hy)> W AR < n.(Hy, (€1 = ei2) (v 1)) Yo (H, v1)A(Ha, (€51 := ei2) (7 2
) 4 (Hy, v3)

It suffices to prove

W' 3 W.(n—n, B, H)E WA (W0 — /0], 4) € [(unit) o]{ (46)

H1 (W, n, (eq) (vd1), (eir) (v d2)) € [(ref )¢ o4
This means from Definition 1.5 we get
A .
VHj1, Hip.(n, Hpp, Hig) W AV < n.(Hein (v 1)) 4 (Hfy,v) A (Hizyein (v 12) 4
(Hi, vy) =
W] 3 W.(n— i, HY, HY) & WA (Win — i, 0], 4) € [(ref 7)¢ o]

Instantiating H;; with H; and H;p with Hy in IH1 and since the (e;; := e;2) reduces to
value with both v |1 in n’ < n steps therefore 3i < n’ < n s.t (Hix,ein (v41)) 4 (Hfy, v))-
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Similarly since (e;1 := ej2) reduces to value with 7 |9 therefore we also have (H;o, e;1 (7 {2
) 4 (H, vly). Hence we get

)

3W1/ 2 W.(n—1i, ill7Hi/2) é Wll A (Wllan — 1, vz'/la "Uz'/z) € [(ref T)e UV\? (47)

IH2 (W, n — i, (ei2) (v h1), (ei2) (v 42)) € [(7) o14

This means from Definition 1.5 we get

. A . .
VHj1, Hj2.(n — i, Hj1, Hja) > Wi AVj <n —i.(Hj, e (v41)) U5 (Hfy, vjp) A (Hjz, e (7 12
N (Hjy, vjn) =

A

IWs I W{.(n—i— j, Hjy, Hjp) & Wy A (Wg,n— i — j, v}y, v)) € [(7) o]
Instantiating Hj; with H/, and Hjs with H/, in TH2 and since the (e;; := e;2) reduces
to value with v |1 in n’ < n steps and e; reduces v | with i < n’ steps therefore
Jj < (n'—=i) < (n—i)s.t (Hj1,ei2 (v 41)) 4 (H]y,vj;). Similarly we also have (Hjz2, e:2 (7 {2
)) 4 (Hjs, vj5). Hence we get

EIWQ/ 3 Wll(n_l_ja }Ij(la 3/2)é W2,/\ (Wé?n_Z_Ja vj{lavj,Q) € [(T) O-—|J\L/‘ (48)

We case analyze on (W{,n —i,v/;,vls) € [(ref 7)* o]{} from Equation 47

e Case l o C A:
From Definition 1.4 we know that this would mean that
(Wi,n =i, vy, vjy) € [(ref T) O'—|J\L/t
This means
(Wllv n—1, 1)2»/1, 1)1»/2) € [(ref (7 U)ﬂ\f}
Let v/} = a;1 and vy = a0

Again from Definition 1.4 it means that
(Cbﬂ, 6142) S W{,B A Wl’ﬂl(aﬂ) = Wll.ag(aig) =TO0 (Al)

In order to prove Equation 46 we instantiate W' with W;

— WQ/ JW:
Since W{ J W from Equation 47 and Wy J W] from Equation 48
Therefore from Definition 1.3 we get Wy J W

A

— (n—n/,H{, H)) > W3:
From the evaluation rule assign we know that
H{ = Hj;[a;1 — vjy] and Hy = Hj[aip = vjy]

Inorder to prove (n —n', H{, Hy) S W3 we need to show:
x dom(Wy.01) C dom(H{) A dom(Wy.02) C dom(Hs):
Directly from Equation 48
« W3.B C (dom(W4.01) x dom(W3.01)):
Directly from Equation 48

* V(al, ag) € (Wéﬁ)Wéal(al) = W2’.92(a2) VAN
(Wa,n —n' —1, H{(a1), Hy(az)) € [ Wa.01(a1)]5H:
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(a) Y(a1, ap) € (W5.3). W5.01(ar1) = W}.05(az):
V(ar, a) € (W3.5).
i. When a1 = a;1 and as = a;9:
From Al we know that W{.61(a1) = W{.02(az) =7
and since W| T W; therefore from Lemma 1.16 we get W;.01(a1) =
Wé.eg(ag) =T
ii. When a1 = a;1 and az # a;2: This case cannot arise
iii. When a1 # a;1 and as = a;2: This case cannot arise
iv. When a; # a;1 and a2 # a;0: From Equation 48 and Lemma 1.17

A~

(b) ¥(a1, a2) € (W3.0).(Wg,n —n', H(a), Hy(az)) € [ W3.61(ar)]i:
V(al, CLQ) € (Wéﬂ)
i. When a1 = a;1 and as = a;9:
Since H{(aj1) = vj; and Hj(ai2) = v}y
From Al we know that Wy.01(a1) = Wy.02(az) =7
And since from Equation 48 we know that (Wy,n —i — j,vj;,vy) €
[(7) 014
Therefore from Lemma 1.17 we get
(Wa,n —j —i—1,H{(a), Hy(az)) € [Wa.01(a)]3}
ii. When a1 = a;1 and as # a;o: This case cannot arise
iii. When a1 # a;1 and as = a;2: This case cannot arise
iv. When a; # a;1 and a2 # a;2: From Equation 48 and from Lemma 1.17
x Vi € {1,2}.VmNa; € dom(Wq.0;).(W3.0;,m, H!(a;)) € | Wa.0;(a;)]v:
When =1
Given some m
Va; € dom(W3.01).
- when a1 = a;1:
From Equation 48 we know that (W3, n —i — j,vj;, vj5) € [(7) o] thus
from Lemma 1.15 we know that
VYm. (Wé.@l, my, H{(al)) S LWQI.Gl(al)JV
Instantiating with m we get
(Wé.@l, m, Hl'(al)) S LWé.Hl(al)Jv
- Otherwise:
From Equation 48 and Lemma 1.27
When i =2
Similar reasoning as with ¢ =1
— (W{,n —n',val},v5) € [(unit) o]
From evaluation rule assign we know that v; = v} = ()
Directly from Definition 1.4
e Case L o IL A:

From Definition 1.4 we know that this would mean that

le.(Wl’.Hl,ml, aﬂ) S L(ref 7') JJV (49)

Vma. (W1 .03, ma, a;2) € |(ref 7) o]y (50)
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In order to prove Equation 46 we instantiate W' with W and then we need to show
that:
— WQ’ I W:
Since W] J W from Equation 47 and Wy J W] from Equation 48
Therefore from Definition 1.3 we get Wy J W
A
— (n—n/,H{,H})) > Wy:
From the evaluation rule assign we know that
Hi = H};[ai1 = vjy] and Hy = Hip[aiz = vjy)]

In order to prove (n —n/, H{, Hj) S W3 we need to show:
x dom(W3.01) C dom(H{) N dom(Wq.02) C dom(H3):
Directly from Equation 48
« W36 C (dom(W3.01) x dom(W3.01)):
Directly from Equation 48
* V(al, ag) S ( WQIB) W2’.91(a1) = W2’.92(a2) /\( WQI, n—n’— 1, Hl’(al), Hé(ag)) S
[ Wo.01(a1)]7:
(a) When (a1, ai2) € Wy.:
V(ai, az) € (Wy.5).
i. When a1 = a;1 and as = aj9:
Instantiating Equation 49 and Equation 50 with n — n’ — 1 we get
W{.@l(al) = W{.@Q(ag) =T
and since W] T Wj therefore from Definition 1.3 we get Wy.01(a1) =
W2/.92<a2) =T
From Equation 48 we know that (Wy, vj;, vj5) € [(7) ol
Therefore (Wy, Hi(a;1)', Hz(ai2)') € [(7) o5}
ii. When a1 = a;1 and as # a;2: This case cannot arise
iii. When a1 # a;1 and as = a;9: This case cannot arise
iv. When a; # a;; and as # a;2: From Equation 48

~

(b) When (a1, ai2) & Wy.p:
V(ar, a) € (W3.5).
i. When a1 = a;1 and as = a;9: This case cannot arise
ii. When a1 = a;1 and ag # a;9:
From Equation 48 we know that (n —i — j, Hj, Hj,) S W5 and since

(ai1, az) € Wy .3 therefore from Definition 1.9 we know that

(W3.01(ain) = Wy.09(a2) N(Wy,n—i—j—1, Hj;(ain), Hjp(az)) € [ W3.01(ain)15)
(51)

Instantiating Equation 49 and Equation 50 with n — ¢ — j — 1 we get

W/.01(a;1) = 7 o therefore from monotonicity we also have W3.01(a;1) =

T O.

As a result from Equation 51 we get Wi.02(a2) =7 o

Also since from Equation 51 (W3, n—i—j—1, H;(ai1), Hj3(az)) € [T ol

and 7 0 \({, { 0 [Z A therefore from Lemma 1.15 we know that
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Vm.(Wy.01,m, Hj;(a;1)) € |7 o]y (52)

Vm.(Wy.02,m, H;Q(ag)) €lroly (53)
Instantiating m with n — ¢ — 5 — 1 in Equation 52 and Equation 53 to
get
(W2’.91,n —1—7— 1,H](1(az-1)) S LT O’JV
and

<W2/.92,n —1—7— 1,H;2(a2)) S LT UJV

Since H{(a;i) = vj; and Hy(a) = Hjy(az)

Again from Equation 48 we know that (W3,n—i—j, v}}, vjs) € [(7) o]y
This means from Lemma 1.15 and instantiating it with n —i —j — 1 we
get

(Wé.@l,n—i—j—l,vjl»l) el(r) oy (54)
Therefore from Equation 53 and Equation 54 we have
(WQIﬂ n—t—j—1, Hll(ail)’ HQI(QQ)) S [7— U~|J\‘/l
iii. When a1 # a;1 and az = a;9:
Symmetric case as (ii)
iv. When al 75 a;1 and a 75 a;9:
From Equation 48 and Definition 1.9
x Vi € {1,2}.YmNa; € dom(Wq.0;).(W3.0;,m, H! (a;)) € | Wa.0;(a;)]v:
When =1
Given some m
Vay € dom(W3.0;).
- when a1 = a;1:
From Equation 48 we know that (Wj,vj;,vj5) € [(7) o]{ thus from
Lemma 1.15 we know that
(W3.01, Hi(a1)) € [W3.01(a1)]v
- Otherwise:
From Equation 48 and Lemma 1.27
When ¢ =2
Similar reasoning as with ¢ =1
— (W,n—n',v],v5) € [(unit) o]{:
From evaluation rule assign we know that v; = v} = ()
Directly from Definition 1.4

13. FG-FI:

Y, Uy e 07
0T Fpe Ae s (Vo (Le, 7))

To prove: (W,n, A e; (y11),A i (v12)) € [(Va.(le,7)* o]
Say eg = A e; (v11) and ea = A e (7 ]2)
From Definition of [(Va.(fe, 7))t o]4 it suffices to prove that
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VH, Hy.(n, Hi, Hy) & W AR < n.(Hy,e1) Yo (HL,0)) A (Hayen) U (HY, vh) =
AW WE WA (n—n’,H{,HQ’)é W' A (W' n—n' v, v)) € [(Va.(le, 7))t o5}

This means that given VHy, Hy.(n, Hy, Hy) S W AR < n.(Hy,er) b (H{,v]) A (Ha,e2) |
(H, v3)

We are required to prove:

IW.WE WA (n—n, BB S WA (W, n—n!,v),d) € [(Va.(be, 7)) o] (55)

IHL (W, n, (&) (v 1) (e5) (v d2)) € [T 07

This means from Definition 1.5 we get

A .
VH1, Hio.(n, Hiv, Hi2)> WAV < n.(Hii,e (v 1)) b (Hfy, v))AN(Hiz,e (v 12) I (Hf, v)y) =
A
AW] 3 W.n—i, H, Hy) > WA (W],n—i,v,v,) €T a]{/‘

We know from the evaluation rules that H{ = Hy, Hy, = Ha, v = e; = Ae; (v |1) and
vh = eg = Ae; (7 J2). We choose W' = W and we know that n’ = 0 we need to show the
following;:

e W C W: From Definition 1.3

e (n,Hi, H>) b W: Given

o (W,n,vj,v5) € [(Va.(le, 7))t o5}
Here v{ = Ae; (v }1) and v) = Ae; (7 ]2)
From Definition 1.4 it suffices to prove
VW 3 W € LY <.

(W', ey ba), el 1)) € [7[€/a]14)

A0, 3 W01,k 0" € L((01, k,e5[¢"a]) € [T]% %)

A0, 3 W .0, k, 0" € L.((0), k,e;[0"/a]) € |7]% )

This means given some W' 3 W, ¢ € £ and j < n we need to show that

— VW' 3 W € LV] <n.

(W', g, ei(y da)se(y d2) € [7[¢/allg):
This means that given some W/ 3 W,¢ € L,j < n we need to prove
(W', gyei(y h)sely d2)) € [7[¢'/al]Z)
From Definition 1.5 it suffices to show that
VHs1, Ho.(j, Hs1, Hs2) é W AYm < j.(Hsi,e (v 1)) $m (Hip, vig) A (Hsz,e (7 d2
N (H,vge) =
IW{ 3 WG —m, By, Hy) & WA (W],j —m, vy, uly) € [7[¢'/a] o]
This means for some Hg; and Hge and some m < j we are given (j, Hs1, Hs2) é
W Am < j.(Hse (v11) bm (Hgps vir) A (Hsz e (7 12)) 4 (Hy, vg)
And we need to show that
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IW{ D W.(j —m, H)y, Hy) & Wi A (WG —m,uly, o) € [70/a] o]

We instantiate IH1 with Hg, Hge, m and o U {a +— ¢’} to obtain

IW] 3 W.(n —m, By, HY) & WA (Wn—m,vly,v) € [7 ol U {a s £}
Since j < n therefore from Lemma 1.21 and Lemma 1.17 we get

SW{ 2 WG~ m, Hly H) B WA (WG = vl o) € [716/a] o)

— V0, 3 W01,k 0" € L6,k e;[0"/a)) € |T]% °):
From Lemma 1.25 we know that (W'.01,7v 1) € |[T']y. Therefore, we can apply
Theorem 1.22 with o U {a — ¢}

Vk. (W/ﬂljk’e ~y \Ll) c LT (O’U {a — El})JéEe (cU{a—0'})

From Lemma 1.16 we get

Vo, 3 wW'.0,. Vk. (Ql,k’,e y le) c LT (O’ U {a s E/})Jis (cU{a—0'})
— V0 3 W.0a, k0" € L0,k ei[l"/a]) € |T]% °):

Similar reasoning as in the previous case

14. FG-FE:

YT Fpe e 0 (Vau(be,7))* " e FV(Y) Uk pelUl T L]0 /a]
U7l o] N\ ¢
Wl bpee ] 7[" /o]

To prove: (W, n, (e[]) (v ), (el]) (v d2)) € [(r[¢"/a]) 1%

This means from Definition 1.5 we need to prove:

VH, Ho.(n, i, Ho) & W AR < n(Hy, (eD)(y b)) b (Hf0f) A (o, D)y 12) U
(H3,v5) =

AW D W (n— ', HY HE) B WA (W=, 0], 0h) € [(716"/a)) o

This further means that given

VHy, Ho.(n, Hy, Ho) & W AV < n.(Hy, (el)) (v 1)) Yo (Y, 0f) A (o, (e)) (7 42)) & (H3, 03)

It suffices to prove

SW' D W.(n—n, H,B) S WA (W0 —n/, o), o) € [(r[¢"/a]) 618 (56)

IH (W,n, (e) (v ). (e) (v2)) € [(Vau(le,7))" 017

This means from Definition 1.5 we get

A .
VHila }112'(”7 Hil: P[i2)|> WAV < n'(Hilv € (7 \Ll)) U’Z (Hillv U@'ll)/\(HlQa € (fy \LQ)) U’ (H'/27 U@'/2) —

(2

IW! D W.(n— i, H], H) S WA (W,n—i, 0, 0d) € [(Ya(le, 7)) o]

Instantiating H;; with Hy and H;o with Hy in IH and since the (e[]) reduces to value with
v 11 in n' < n steps therefore 3i < n’ < n s.t (Hi,e (v 1)) 4 (H/j,v}). Similarly (e]])
also reduces to value with v |2 therefore we also have (H;2,e (v 12)) | (H), v)y). Hence

(2
we get
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WL 3 W.(n— i, HYy, HY) & WA (Wi — i, vy, o) € [(Fou(le, 7)) 018 (57)

We case analyze on (W{,n —i,v],v}) € [(Va.(le,7))* o]{} from Equation 57

e Case f o C A:
In this case from Definition 1.4 we know that
(Wi n—i,vfy, o)) € [(Va.(Le, 7)) o3}
Here v/, = Ae;1 and v}y = Aejo
This further means that we have
VW" 3 WV e LY] <n—i. (W', ], 61'1,612) [0/ /a]l8)
AV 3 W1, 5,0 € L((01, ,en) € [710" /o] 5/ )
A0 T W0, ,0" € L.((01, ,e) € 710" /0] 52/ 7)) (E1)

Instantiating the first conjunct of (E1) with W{, ¢ and n —i — 1 we get
((Wl’,n — 7 — 1,81‘1,61‘2) S [7—[6’/04] (ﬂ‘é)
Therefore from Definition 1.5 we get
. A .
VHy, Hy.(n —i— 1, Hi, Ho) > Wi AVE < (n —i—1).(H1, (ea) (v 1)) de (H{,v1) A
(H, (ei2) (v {2)) 4 (H3, v3) =
Iw"” 3 Wl'.((n—i—l)—/f,H{,HQ’)ﬁl WA (W], (n—i—1)—k,v],v}) € [(T[¢"/a]) o]{}

Instantiating H; and Hp with H}; and H), and since e[| reduces to value with v | in
n’ < n steps and e with v |1 reduces in ¢ < n’ < n steps. Therefore 3k < (n’ —i—1)
steps in which e;; reduces. Also since e[| reduces to value with 7 |2 therefore e;o must
also reduce. As a result we get

Iw” 3 wl.(n—i—1)—k, H{,Hé)é WIN(W],(n—i—1)—k,v],v)) € [(T[¢"/a]) (ﬂ“é
Since n’ = ¢ + k + 1 therefore we are done

e Case {0 IL A:

From Equation 56 we know that we need to prove

SW' 3 W.(n— ', B, H)) & W A (W'n — ', ], 05) € [(r[¢"Ja]) o]

In this case since we know that £ o Z A. Let 7[¢" /a] o = A% and since 7[(" /o] o \ £ o
therefore ¢; Z A

This means in order to prove 3W' 3 W.(n —n', H{, H}) é W'N (W' n—n' v],v}) €

[(r[¢"/a]) o1}

From Definition 1.4 it will suffice to prove

AW’ 3 W.(n—n', Hj, Hé)éW’/\(le.(W'ﬂl,ml, v)) € [(T[¢"/a]) o]v) A (Yma.(W'.01,ma, v)) €
L(r[¢"/a]) o]v)

This means it suffices to prove

(Vmy,me. 3W' 3 W.(n—n/, H{, Hé)éW’/\(W’.Gl,ml, v)) € |(T[¢"/a]) o]v) A ((W'.01,me,v)) €
L(7[¢"/a]) o]v)
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This means given m; and ms it suffices to prove:

EW' 2 W.(n—n', H, H)s W AW’ 01, mn, 0) € (7] Ja]) o [v )N W01, ma, o) € [(7]¢" /a]) 0

(58)

In this case from Definition 1.6 we know that
Vm.(W{.01,m, Aep1) € |[Va.(be, T) v (59)
Vm.(W/.02,m, Aeps) € |Va.(be, T) oy (60)

Applying Definition 1.6 on Equation 59 we get

Vm. ¥0'.0 C 0 AVji <m.Nl € L0, j1,en1) € LT[@I/QH%[Z{/Q} where 6 = W/.6;

We instantiate m with mq+24t1 where t; is the number of steps in which e reduces
VO W0y C 0 Ay < (mq+2+8) V0 € L0, j1,em) € 7] /]| (FB-FE1)

Instantiating 6" with W{.01, j1 with m; +¢; + 1 and ¢ with ¢’
Therefore we get (W}.01,m1 +t1 + 1,en1) € [7[0"/a] o]k 7

From Definition 1.7, we get

VH.(ml +t + 1, H) > Wll.(gl AVEk:. < (m1 + 11+ 1).(H,6h1) Ukc (Hll, U{) —

39’1 W1/91 C (9'1/\((m1—|—t1—|—1—kc), Hll)l>(9/1/\( /1, (ml—l—tl—f—l—kc), U{) € LT[@”/O&] JJv/\
(Va.H(a) # H{(a) = 3. W|.01(a) = A A (L[0")a) o) T ) A

(Va € dom(67)\dom(W/.01).01(a) \, (Le[l" /] o))

Since from Equation 57 we have
A
(n—i, H}), Hjy) > WY
Therefore from Lemma 1.27 we get
Vm. (m, H};) > W{.0
Instantiating m with mq + 1 + ¢ we get
(m1 + 141, Hill) > W1/91

Instantiating H with H;l from Equation 57 and k. with t1, we get

307 W{.0. T O A ((m1+1),H)> 0] A (9’17/(m1 +1),v)) € |[T[¢"/a] o]y A
(Ya.H(a) # H{(a) = 3. W|.01(a) = A" A (L[l"/a] o) T ) A

(Va € dom(67)\dom(W/.01).01(a) N\, (Le[t" /] o)) (CF1)

Similarly applying Definition 1.6 to Equation 60 we get
Vm. V0.0 C 0' AVjy < mNE € L0, 41, enalv/z]) € |71 /o] |5/ where 6 = W{.60,

We instantiate m with mo+14to where to is the number of steps in which ejo reduces
VO W, 0y C 0 Ay < (ma+2+1) V0 € L0, 1, ens) € |70 /] )/ (FB-FE2)

Instantiating 6" with W{.02, j1 with mg + t2 + 1 and ¢ with ¢’
Therefore we get (W/.02,ma + ta + 1,ep2) € |T[¢" /] GJ%W//Q] 7
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From Definition 1.7, we get

VH.(mg+ta+1,H)> WI/.HQ AVEke < (mg +ta+1).(H,en2) Vi, (Hé, U{) —
304 W .02 T 05N ((ma+ta+1—kc), H))BOGN (0, (mo+ta+1—k.),v]) € [T[¢"/a] o|v A
(Va.H(a) # Hj(a) = 3. W|.05(a) = A" A (£[0"/a] o) T £') A

(Va € dom(6,)\dom(W/.02).05(a) \, (e[l /] o))

Since from Equation 57 we have
A
(n— i, Hjy, Hj) > W

Therefore from Lemma 1.27 we get
Vm. (m, HYy) > W{.0s

Instantiating m with mo + 1 + t9 we get
(TTLQ + 1+ 9, HiIZ) > Wllez

Instantiating H with HJ(2 from Equation 57 and k. with ¢35, we get

305 W{.02 T 05 A ((ma + 1), Hy) > 05 A (05, (ma+1),v1) € |7[l"/a] o|v A
(Va.H(a) # Hj(a) = . W|.0(a) = A A (L[0" o) o) T ) A

(Va € dom(65)\dom(W/.02).05(a) \, (Le[l"/a] o)) (CF2)

In order to prove Equation 56 we choose W' to be (0,6, W/.3). Now we need to
show two things:
(a) (n—n',H{, Hy))> W"
From Definition 1.9 it suffices to show that
— dom(W'.01) C dom(H{) N dom(W .63) C dom(H,):
From CF1 we know that (m; + 1, H) > 6], therefore from Definition 1.8 we
get dom(W'.61) C dom(H)
Similarly, from CF2 we know that (mq + 1, Hj) > 6}, therefore from Defini-
tion 1.8 we get dom(W'.02) C dom(H,)
— (W.3) C (dom(W'.0,) x dom(W"'.0,)):
Since (n — i, Hjy, Hj,) > W] therefore from Definition 1.9 we know that
(W{.B) C (dom(W{.01) x dom(W/.02))

From CF1 and CF2 we know that W/.0; C 6] and W{.0; C 6} therefore

(W{.5) € (dom(8;) x dom(0}))

— V(al, (12) € (W’.B).W’.Ql(al) = W/.QQ(GQ) VAN
(W' ,n—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]3:
4 cases arise for each a1 and as
i. Hjy(a1) = H{(a1) A Hjp(az) = Hy(az):
* W/.91<a1) = W/ﬂg(ag):
We know from Equation 57 that (n — i, H/,, H),) > W]

Therefore from Definition 1.9 we have

~

V(al, ag) S (W{,@)W{Hl(al) = W{.Hg(ag)
Since W'.3 = W{.3 by construction therefore

V(al, ag) S (W’.ﬁ).W{.Gl(al) = W{.@Q(ag)

From CF1 and CF2 we know that W{.6; C 6] and W{.0 T 6, respec-
tively.

Therefore from Definition 1.2

V(al, a2) S (W’B)G’l(al) = 9/2(0,2)
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x« (W' n—n'—1,H/(a), Hy(az)) € [W.01(a1)]3:

From Equation 57 we know that (n — i, H/}, H) S wi
This means from Definition 1.9 that

~

V(ai1, ai2) € (W1.0). Wi.01(a1) = W{.02(ax)N(W{,n—i—1, H)(a1), H(a2)) €
[W].01(a1)]5}

Instantiating with a; and ap and since W{ C W/ andn—n'—1 <n—i—1
(since ¢ < n') therefore from Lemma 1.17 we get
(W'n—n' =1, H (1), Hjy(a2)) € [W'.61(a1)]3}
. Hj(a1) # Hi(a1) V Hjy(a2) # Hy(az):

* W’.Gl(al) = W/.eg(ag):
Same as in the previous case

x (W .on—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]{:
From CF1 and CF2 we know that
(Va.H/,(a) # H{(a) = 30 .W{.61(a) = A" A (L[l"/a] o) T 1)
(Va.Hly(a) # Hj(a) = 3. W].02(a) = A" A (L[t"/a] o) T 1)
This means we have
3. W01 (a1) = AP A (L[0"/a] o) C ¢ and
30 W/ .0z(az) = A A (e[0")a] o) T 1!

Since pc oLl 0 C £ [0" /o] o (given) and £ o [Z A. Therefore, £.[¢" /o] o L
A. And thus, /' Z A

Also from CF1 and CF2, (m;+1, H{)>0] and (ma+1, Hy)>05. Therefore
from Definition 1.8 we have

(Hiamllel(al)) S Lell(al)JV and

(05, m2, Hy(a1)) € [05(a)]v

Since m1 and me are arbitrary indices therefore from Definition 1.4 we
get
(Wn—n'—1,H{(a1), Hy(a2)) € [61(a1)]5}
i, Hjj(a1) = H{(a1) V Hyp(az) # Hy(ap):

* W’.Hl(al) = W’.@Q(az):
Same as in the previous case

x« (W' n—n'—1,H/(a), Hy(az)) € [W'.01(a1)]{:
From CF2 we know that
(Va.Hl(a) # Hy(a) = . W{.02(a) = A A (L[ /o] o) T 2)
This means that az was protected at £.[¢”/a] o in the world before the
modification. Since pc o ULl o C £L.[¢"/a] o (given) and ¢ o Z A.
Therefore, £ [¢"/a] o Z A. And thus, ¢/ Z A

A
Since from Equation 57 we know that (n — ¢, H};, H},) > W/ that means

from Definition 1.9 that (W{,n—i—1, H}(a1), Hy(a2)) € [ W{.01(a1)]7
Since (¢c[¢"/a] o) T ¢’ therefore from Definition 1.4 we know that H/ (a1)
must also have a label [Z A

Therefore

VYm. (W{.Hl,m, I{ill(al)) S W{.@l(al) (F)
and

Vm. (WII.HQ,’ITL, HL-,Q(GQ)) € W{.OQ(al) (S)

79



Instantiating the (F) with m; and using Lemma 1.16 we get
(61, ma, Hjy (1)) € 01 (a1)
Since from CF2 we know that (mg + 1, Hj) > 04 therefore from Defini-
tion 1.8 we know that (05, ma, Hy(a2)) € 05(az)
Therefore from Definition 1.4 we get
(W/, n—n'— L, H1/<a1)7 H2/<a2)) S ’—0/1(@1)116
iv. Hjj(a1) # H{(a1) V Hjy(az) = Hy(az):
Symmetric case as above
— Vie{l,2}.VmNa; € dom(W'.0;).(W'.0;,m, H (a;)) € | W.0;(a)]v
=1
This means that given some m we need to prove

Va; € dom(W'.0;).(W'.0;,m, H!(a;)) € | W.0;(a;)]v

Like before we apply Theorem 1.22 on ep; and eps but this time m + 2 + ¢4
and m + 2 4 t9 where t; and to are the number of steps in which ep; and ejo
reduces respectively. This will give us

301 W{.01 T 0L A ((my + 1), H) > 0] A (07, (m1 +1),0]) € |[7[l"/a] o]y A
(Va.H(a) # H{(a) = 3. W|.01(a) = A" A (L]0"/a] o) T £) A

(V((li € dom(0))\dom(Wi.01).0](a) \( (L[l"/a] o))

3605, W .02 C 05 A ((ma+ 1), Hy) > 65 A (Hé,/(mg +1),v1) € [7["/a] o]y A
(Va.H(a) # Hy(a) = W' .W].02(a) =AY A (¢ [6”/04] a) TN

(Va € dom(05)\dom(W/.02).05(a) \, (Le[l"/a] o))

Since we have (m+1, H{)>6] and (m+ 1, Hy)>605 therefore we get the desired
from Definition 1.8

1=2
Symmetric to i = 1
(b) (W',n—n'—1,v],v) € [7[t"/a] o}
Let 7[¢"/a] = A% Since T[¢"/a] o \ £ ¢ and since ¢ o £ A therefore ¢; 0 £ A

From CF1 and CF2 we and Definition 1.4 we get the desired.

15. FG-CI:

X530 el bg e T
0T kpeve: (e L )+

To prove: (W,n,ve (yl]1),ve (yd2)) €(c L )t olh

Sayei =ve (yli)and ea=ve (yl]2)

From Definition of [(c L 7)* o4 it suffices to prove that

VH, Ho.(n, H, H) & W AR < n.(Hyye1) Yo (HY,0]) A (Haven) b (Hy,oh)
IW.WE WA (n—n’,Hl’,I—IQ’)T;l W'N (W' n—nl v, v)) € [(c L )t o]

This means that given VH,, Hy.(n/, Hy, Ho) & W AR < n.(Hy, 1) Yo (HL,9)) A (Ha, e2)
(Hy, v3)
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We are required to prove:

SW.WE W A(n—n, BB S W AW, n—n, o, o) ec % ntaldt  (61)

IH1 (W7n7 (6) (7 \L1)7<e) (7 iﬂ)) € [T (ﬂJEL“

This means from Definition 1.5 we get

A .
VH;j1, Hip.(n, Hyp, Hig)> WAL < n.(Hjp,e (v 1)) 4 (H)y, v)AN(Hig e (v 12)) U (H)y, vly) =
A
W] 3 W.(n—i, Hy, Hy) > Wi A (W{,n—i,v/),v)) € [T 0]“(/‘

We know from the evaluation rules that H{ = H;, Hy, = Ha, v; = e; = ve (v |1) and
vy = e = ve (v l2). We choose W' = W and we know that n’ = 0. We need to show the
following:

e W L W: From Definition 1.3

o (n,Hi, H>) & W: Given

o (W,n,vj,u) €[(c % 7)ol

Here vj = ve (v 11) and v) = ve (7 ]2)

From Definition 1.4 it suffices to prove

YW IJWVYj<nLlEco = (W, jeyli,eyls)€[ralpA
VO, D W.b,jLEc = (Bheyl)e|rals )N

VO, D W.ha,j.LEEc = (O,ey 1) €|T UJ% 7

We need to prove:
~VYW IWVj<nLllEco = (W jevlieyl)e[rols:
This means given some W’ J W, j < n and given that £ |= ¢ o we need to show
that
(W' je v bieyda) € [T 07
From Definition 1.5 it iufﬁces to show that
VHg, Heo.(j, Hs1, H2) > W AV < j.(Hs1 e (v 41)) Um (Hlq, vly) A (Hsaye (7 2
N (Hysvg) = N
ElWll 3 W(] —m, Hs/lﬂHs/2) > Wll A (Wl/ﬂj —m, 1};1,’1};2) € (T O'-Ié
This means for some Hgi, Hgo, m < j 8.t
A
(HSI') HSQ) > WA (Hsh € (’Y \l/l)) Um (Hsllv vél) A <H527 € (7 J,Q)) U (H5/27 1);2)

And we need to show that y
3VVll = W(J —m, Hsllv HS’Z) > Wll A (Wllaj -m, Uél? ’UéQ) = (T J—I\f/‘
We instantiate IH1 with Hy, Hso and m to obtain
A
AW 3 W.(n—m, Hy, Hy) & WA (W],n—m, vl vl) € [T o]{

Since j < n therefore from Lemma 1.21 and Lemma 1.17 we get
3W{ 3 WG —m. By, Hy) & WY A (WG —m, oy, vlp) € [7 ol
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- Ve, 3 W@l,j[, }: c — (Gl,j,e ’yJ,l) S I_T UJ% 7
This means given 6; J W.01,75,L E ¢
We need to prove: (0;,e v l1) € [T JJ% 7
From Lemma 1.25 we know that Vmy. (W'.01,m1,v |1) € |[T'|y. Therefore by
instantiating m; at j we can apply Theorem 1.22 to get

Orjeyh)elrols®
— Vel g W@Q,jﬁ }: c — (0l7j76 7\L1) € I_T O-JEEE 0:

Symmetric reasoning as in the previous case

16. FG-CE:

E;\Il;Fl—pce:(céiT)é ;U ke XUk peUlC A, DR\ N4
Y;Wilbpceor T

To prove: (W,n, (ee) (v 11),(eo) (v 12)) € [(1) o017

This means from Definition 1.5 we need to prove:
A
VHy, Hy.(n, Hy, Ho) > W A VR < n.(Hy, (eo)(v 11)) Yo (H{,0() A (Ha, (eo)(y 12)) |
(Hy, vy) =
IwW' 3 W.(n-— n’,H{,HQ’)é W' A (W' n—n' v, v) € [(1) o]{
This further means that given
A
VHl, HQ.(n, Hl, HQ) > W AVR < n.(Hl, (60)(7 il)) Un’ (Hll, ’U{) N (HQ, (60)(’)/ \LQ)) ll (HQ/, Ué)

It suffices to prove

IW' 3 W.(n—n, HH) S WA (W n— a0l ) € [(r) o] (62)

IH (W.n,(e) (v 1), (€) (v 42) € [(c & 7)¢ oA

This means from Definition 1.5 we get

A .
VH;1, Hio.(n, Hp, Hig)> WAV < n.(Hit, e (v 1)) 4i (H}y, v)AN(Hiz, e (v 12)) U (H, vly) =

1
IW( 3 W.(n— i, H, H) & W A (W,n—i,0],05) € [(c & 1) o]

Instantiating H;; with Hy and H;o with Hy in TH and since the (ee) reduces to value with
v 41 in n’ < n steps therefore 3i < n’ < n s.t (Hj,e (v 1)) ¥i (Hj,v/;). Similarly since
(ee) reduces to value with v |o therefore also have (Hjz,e (v l2)) | (H),, vly). Hence we
get,

AW{ D W.n— i, By HY) B WA (Win—id, o) € [(c % 7)ol (63)

We case analyze on (W{,n —i,v],v}) € [(c L 7)¢ o5} from Equation 63
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e Case /o C A:
In this case from Definition 1.4 we know that
(W, —i, v, v) € [(e = 7)ol
Here v}, = ve;; and v, = vejs
This further means that we have
YW I WYj<n—illEco = (W, jen,en)€ [T 0]p)
AYO, D W.01,5.L=c = ((01,4,en) € | o]k )
AYO, 3 W.0s,4.L = c = ((01,],e2) € |7 o] )} (CE1)
Instantiating the first conjunct of (CE1) with W/, ¢ and n —i — 1 we get
(W],n—i—1,eq,e2) € [T o]5)

Therefore from Definition 1.5 we get

. A .
\V/Hl,HQ.(n -1 — 1,H1,H2) > Wll AVE < (n -1 — 1).(H1, (eil)(v J/l)) ﬂk (H{,’U{) A
(o, (ei2) (7 J2)) U (H3,vp) =
IW" 3 W{((n— i~ 1) — k, H, H) & W] A (W], (n—i— 1) — k,v],05) € [(7) o]

Instantiating H; and Hp with H}; and H), and since e[| reduces to value with v | in
n’ < n steps and e with v |; reduces in i < n’ < n steps. Therefore Ik < (n’ —i—1)
steps in which e;; reduces. Also since e[] reduces to value with v |2 therefore e;o must
also reduce. As a result we get

AW 3 Wi.(n—i—1)—k, H{,Hé)é WIN(W], (n—i—1)—k,v],v5) € [(T[¢"/a]) (ﬂ“é
Since n' = i + k + 1 therefore we are done
e Case Lo I A:

From Equation 62 we know that we need to prove
A
W' I W.(n—n',H], H)) > W A(W',n—n' v, v}) € [(1) o]
In this case since we know that £ o Z A. Let 7 0 = A% and since 7 0 \, £ o therefore

LIZA

This means in order to prove 3W' 3 W.(n —n', H{, H}) S WA (W' n—njv,v) €
[(r) o3}

From Definition 1.4 it will suffice to prove

AW’ 3 W.(n—n', H], HQ’)éW’/\(le.(W'ﬂl,ml, v)) € [(T) ov) A (Yma.(W'.01,ma, v)) €
L(7) alv)

This means it suffices to prove

(Ymy,me.3W' 3 W.(n—n’,H{,HQ’)éW’/\(W’.Hl,ml,v{) e l(r)a]v)A((W'.01,ma,v)) €
L(7) alv)

This means given m; and mo it suffices to prove:

(FW' 2 W.(n—n', H{, H)E W AW .01, m1,00) € [(7) oy )AW"01,mo, ) € |(7) o))
(64)
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In this case from Definition 1.6 we know that

Ym.(W].01,m,ven) € [(c & 1) oly (65)
Vm.(W{.0a,m,ven) € [(c % 7)oy (66)

Applying Definition 1.6 to Equation 65 we get

Vm. V0.0 C O AVj1 <mLEco = (0',j1,en1) € |7 UJ% 7 where 0 = W/.0,

We instantiate m with mq+2+4t1 where t; is the number of steps in which ej; reduces
VO W0 C O AV < (i +2+4).LEco = (0, j1,en) € 7] /a] )/
(FB-CE1)

Instantiating ¢ with W{.0;1, j1 with m; + ¢; + 1 and since we know that £ = ¢ o.
Therefore we get

(W{.01,m1 +t1+1,ep) € |7 o) °

From Definition 1.7, we get

VH.(ml + 1t + 1,H) > W{@l AVk. < (m1 +t + 1).(H,€h1) *Ukc (Hll, U{) -

307 W00 COLA((my+t1+1— k), H{)p/@’l NG, (my+ti+1—ke),v) €T o]y A
(Ya.H(a) # H{(a) = 3. W|.01(a) =AY A (le o) T L) A

(Va € dom(67)\dom(W{.01).071(a) \y (e 0))

Since from Equation 63 we have

(n —1, Hi/17 Hz‘/2) é Wy

Therefore from Lemma 1.27 we get
Instantiating m with m; + 1 +¢; we get

Instantiating H with H/, from Equation 63 and k. with ¢, we get
307 W{.0. T O A ((m1+1),H)> 0] A (9’17/(m1 +1),v) €T o]y A
(Ya.H(a) # H{(a) = 3. W|.01(a) =AY AN (le o) T ) A

(Va € dom(67)\dom(W/.01).01(a) \ ({e 0)) (CCE1)

Similarly applying Definition 1.6 to Equation 66 we get
Vm. V8.0 C 0 ANVj1 <mNl € L, j1,en2) € |T GJ%W/Q} where 0 = W{.05

We instantiate m with mo+24to where to is the number of steps in which ejo reduces
Vo' W{QQ C 0" A le < <m2 + 2+ t2).v€l € ﬁ.(@l,jl, €h2) S {TJ%W/O[] (FB—CEQ)

Instantiating 6" with W{.03, j1 with mg + t2 + 1 and ¢ with ¢’
Therefore we get (W/.02,ma + ta + 1,ep2) € |7 UJ% 7

From Definition 1.7, we get
VH.(mg +to, H) > W{.@Q AVke < (ma +ta+1).(H, ep2) Vi, (Hll, v{) -
305 W02 CTOLA ((ma+ta+1—ke), H)>O,A (05, (ma+ta+1—ke),v)) € |7 o]y A
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(Va.H(a) # Hl(a) = 3. W|.03(a) = A" A (be 0) T ) A
(Va € dom(6,)\dom(W/.02).05(a) N\, (Le o))

Since from Equation 63 we have
. A
(n—1, Hjy, Hjy) > WY

Therefore from Lemma 1.27 we get
Vm. (m, HYy) > W{.02

Instantiating m with mo + 1 + £ we get
(m2 + 1+ t9, HiIQ) > W{@Q

Instantiating H with H/, from Equation 57 and k. with 3, we get
305 W].02 T 05 A ((me + 1), H{) > 05 A (05, (ma+1),v) € |7 o]y A
(Va.H(a) # H{(a) = 3. W/.05(a) = A" A (£, 0) T V) A

(Va € dom(65)\dom(W{.02).05(a) \ (e o)) (CCE2)

In order to prove Equation 62 we choose W' to be (0,05, W/.3). Now we need to
show two things:

(a) (n—n',H{,H))> W"
From Definition 1.9 it suffices to show that

— dom(W'.01) C dom(H{) A dom(W .03) C dom(H,):
From CCE1 we know that (m; + 1, H{) > 6], therefore from Definition 1.8 we
get dom(W'.61) C dom(H)
Similarly, from CCE2 we know that (mg + 1, Hj) > 6}, therefore from Defini-
tion 1.8 we get dom(W'.02) C dom(H,)

— (W.B) C (dom(W'.0y) x dom(W’.01)):
Since (n — i, Hjy, Hjs) > W] therefore from Definition 1.9 we know that
(W{.B) C (dom(W{.01) x dom(W/.02))

From CCE1l and CCE2 we know that W}.6; C 6} and W/.0s C 6 therefore

(W{.5) C (dom(8) x dom(63))

— VY(a, a2) € (W’.ﬁ).W’.Hl(al) = W/.eg(ag) A
(W',n—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]{

4 cases arise for each a1 and as
i. Hj)(a1) = H{(a1) A Hjy(az) = Hy(az):
* W’.Gl(al) = W/.92<a2)
We know from Equation 57 that (n — i, H/,, H),) > W]

Therefore from Definition 1.9 we have

~

V(al, CL2) S (W{ﬁ)W{Hl(al) = W{.Hg(ag)
Since W'.3 = W{.3 by construction therefore

V(al, ag) S (W’,@)W{Hﬂaﬁ = W{.Hg(a,g)

From CCEl and CCE2 we know that Wj.6; T 6] and W].6, C 6,
respectively.

Therefore from Definition 1.2

V((Il, (IQ) S (W’B)G’l(al) = 9/2((12)
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x« (W' n—n'—1,H/(a), Hy(az)) € [W.01(a1)]3:

From Equation 63 we know that (n — i, H/,, H) S wi
This means from Definition 1.9 that

~

V(ai1, ai2) € (W1.0). Wi.01(a1) = W{.02(ax)N(W{,n—i—1, H)(a1), H(a2)) €
[W].01(a1)]5}

Instantiating with a; and ap and since W{ C W/ andn—n'—1 <n—i—1
(since i < n') therefore from Lemma 1.17 we get
(W'.n—n" =1, H(a1), Hj5(a2)) € (W/-Hl(alﬂié/l
i Hj(a1) # Hi(a1) V Hjy(az) # Hy(ap):
x W'01(a1) = W' .02(az)
Same as in the previous case
x (W ,on—n'—1,H](a1), Hy(az)) € [W'.01(a1)]{:

From CCE1l and CCE2 we know that

(Ya.H/,(a) # H{(a) = 3. W{.61(a) = A" A (L o) T 1)
(Ya.Hly(a) # Hj(a) = . W{.02(a) = A" A (L o) T 1)
This means we have

3. W01 (a1) =AY A (L, o) C £ and

30 W/ 0z(az) =AY A (b o) E X

Since pc o Ul 0 C ¢, o (given) and ¢ o [Z A. Therefore, ¢, 0 £ A. And
thus, ¢/ Z A

Also from CCEl and CCE2, (my + 1, H{) > 6] and (mg + 1, Hy) > 65.
Therefore from Definition 1.8 we have

(01, m1, Hi(a1)) € [01(a1)]v and

(Qé,mg, HQI(al)) € Leé(QQ)JV

Since m1 and msy are arbitrary indices therefore from Definition 1.4 we
get
(W'n —n' =1, H{(a), Hy(az)) € [0} (a1)]3}
iii. H)(a)=Hi(a1) vV Hj(a2) # Hy(ap):
* W’.Hl(al) = W’.@Q(ag)
Same as in the previous case

x« (W' n—n'—1,H(a1), Hy(az)) € [W'.01(a1)]{:

From CCE2 we know that

(Va.Hl(a) # Hy(a) = 3 .W/.0(a) = A" A (L. o) T 1)

This means that ay was protected at £, o in the world before the modifi-
cation. Since pc ol o C ¢ o (given) and ¢ o £ A. Therefore, ¢, o [Z A.
And thus, ¢/ Z A

Since from Equation 63 we know that (n — ¢, H},, Hf,) S W/ that means
from Definition 1.9 that (W{,n—i—1, H}(a1), Hy(a2)) € [ W{.01(a1)]5-

Since (¢, o) T ¢ therefore from Definition 1.4 we know that H/ (a1)
must have a label [Z A

Therefore

VYm. (Wl’ﬂl,m, Hi’l(al)) S Wl’ﬂl(al) (F)
and

VYm. (W{.Hg,m, I{ilz(az)) S W{.@g(al) (S)
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Instantiating the (F) with m; and using Lemma 1.16 we get
(61, ma, Hjy (1)) € 01 (a1)
Since from CCE2 we know that (mg + 1, Hy) > 0% therefore from Defini-
tion 1.8 we know that (05, ma, Hy(az)) € 65(az)
Therefore from Definition 1.4 we get
(Wn—n'—1,H{(a1), Hy(a2)) € [61(a1)]5}
iv. Hj’l(al) #* Hl’(al) V Hj{g(ag) = Hz/(ag)i
Symmetric case as above
— Vie{l,2}.VmNa; € dom(W'.0;).(W'.0;,m, H (a;)) € | W.0;(a)]v
i=1
This means that given some m we need to prove

Va; € dom(W'.0;).(W'.0;,m, H/(a;)) € | W.0;(a;)]v

Like before we apply Theorem 1.22 on ep; and eps but this time m + 2 + ¢4
and m + 2 4 t9 where t; and to are the number of steps in which ep; and ejo
reduces respectively. This will give us

300 W0, T O A ((ma1+ 1), H)> 0] A (eg,l(ml +1),v1)
(Va.H(a) # H{(a) = 3. W].01(a) =AY A (L. o) T4
(Va € dom(0))\dom(W/.01).01(a) \y (le 0))

and

304, W .0 T 04 A (ma + 1), HY) > 605 A (eg,l(mQ +1),01)
(Va.H(a) # H{(a) = W' .W].03(a) =A" Al o) T ¥
(Va € dom(65)\dom(W/.02).05(a) N\, (Le o))

Since we have (m+1, H{)>6] and (m+1, Hy)>6), therefore we get the desired
from Definition 1.8
1 =2
Symmetric to ¢ = 1
(b) (W,v n— n, - 17 ,U{a Ué) € [T J—‘\é:
Let 7 = A% Since 7 ¢ \, ¢ ¢ and since ¢ o Z A therefore ¢; 0 Z A

From CCEl and CCE2 we and Definition 1.4 we get the desired.

U

ElrolyA
) A

elrolyA
) A

O]

Lemma 1.27 (FG: Binary heap well formedness implies unary heap well formedness). VH;, Ho, W.
(n, Hy, HQ) >W — Vie {1, 2}.Vm.(m, Hl) > W.6;

Proof. Directly from Definition 1.9 O

Lemma 1.28 (FG: Subtyping binary). The following holds:
VY, U, 0.

1. VA, A
(a) L9 FA<AANLET o = [(Ao)]{ C[(A o)]f
2. V1, 7.

(a) ;0 1< ALEV o = [(T0)]{ C (7 o)]{
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(b)) 97 <7 ANLEVY e = [(T aﬂég [(r/ aﬂé

Proof. Proof by simultaneous induction on A <: A’ and 7 <: 7/
Proof of statement 1(a)
We analyse the different cases of A in the last step:

1. FGsub-arrow:

Given:

Z;\III—T{<:7'1 E;\I’I_T2<ZT£ E;‘Ifl—ﬁ'egﬁe

FGsub-arrow

¢ 2
E;\I’|—7'1472<:T{47'§

IH1: [(7] 0)]

To prove: [((m L T2) 0)]
3 C
IH2: [(7o Gﬂé -

It suffices to prove:

V(W,n, Ax.e1, Az.e2) € [((11 L ) o) 15t (W, n, Az.e1, A\v.e2) € [((7] L ) o)5
This means that given: (W, n, \x.e1, Az.e2) € [((11 L ) )]

And it suffices to prove: (W,n, A\z.e1, Az.e2) € [((7] L ) o)

From Definition 1.4 we are given:

VW' 23 W,j <n,v, (W, ju,vn)€|n (ﬂé =

(W', j,ealor /2], exlwm/a]) € [12 o) A

V0, 3 W.01, 5, ve-((01, 4, ve) € |11 0]y = (01,4, e1[v1/z]) € |72 o]k T) A

VO, 3 W.0a, 4, v..((01,5,v) € |11 o]y = (01, ],e2[ve/x]) € |2 JJ% 7) (Sub-A1)

Again from Definition 1.4 we are required to prove:

YW" 3 W,k < n,vf,v5.(W" k,vj,v5) € [1] o]t = (W" k,ei[v]/x],ealv/x]) €
(75 o1%) A

VO, 3 W01,k v..((0),k,v) €| oly = (0], k,e1[v/z]) € |75 0] YA

VO, 3 W.02, k,v..((0],k,v) € |1 oy = (0], k,e2v)/z]) € |19 UJ% 7

This means given some W” J W, k < n and vj, vj we need to prove:

(a) VW 3 W,k < n, v}, vb.(W" k,v],v5) € [1] olft = (W", k,e1[v]/x],ealv}/x]) €
(73 01%) :
Given: W’ 3 W, k < n and v}, v5. We are also given (W", k,v], vy) € [7] o]{}

\%4
To prove: (W, k,e1[v]/x], ea[vy/x]) € [75 o]5

Instantiating the first conjunct of Sub-Al with W”, k, v{ and v} we get

(W kvl 03) € [my ol{h = (W', k,enlv] /], es[vp/a]) € [72 0]%) (67)

Since (W” k,v],v}) € [7] o]{* therefore from THI we know that (W”" k, v}, v}) €
(11 o]

Thus from Equation 67 we get (W”, k, e1[v]/x], e2[vh/2]) € [12 o]

(
A
4

Finally using TH2 we get (W", k, e1[v] /2], ea[vs/z]) € [1h o1 h
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(b) VO, 3 W.01,k,v..((0],k,v)) € | o]y = (0, k,e1[v)/x]) € |15 UJ% 7):
Given: 0] 3 W.01,k,v.. We are also given (6], k,v.) € |7{ o]v
o o

To prove: (0], k,ei[v./x]) € |15 o]z
Since we are given (0],k,v.) € |7{ o]y and since 7{ ¢ <: 71 o therefore from
Lemma 1.24 we get

0], k,v)) € |1 o)y (68)

Instantiating the second conjunct of Sub-Al with 6], k, v] and vj we get

(61, k, 00) € [ o)y = (B ealvl/a]) € |72 0] 7) (69)

le O

Therefore from Equation 68 and 69 we get (0], k, e1[v./z]) € |72 o]
Since 7 0 <: 75 o and ¢, o C /. o therefore from Lemma 1.24 and 1.23 we get
(0}, k,ex[vt/a]) € |75 o35

(c) V0, 3 W.ba, k, vl-((6]. k. ) € |7{ o)y = (B, k,ealvl/a]) € |7} o35 °):

Similar reasoning as in the previous case

2. FGsub-prod:

Given:
E;\Ill—71<:7'{ E;\Il|—7'2<:7'£

YU b7 X1 <iT X Th

FGsub-prod

IH1: [(11 0)]{ I
TH2: [(r2 0)]4 C [(74 0)]A

It suffices to prove: Y(W,n, (v1, ), (v],v5)) € [((11 x 72) o)1f. (W, n, (v, ), (v], v))) €

[((r{ x 3) o)1}

This means that given: (W, n, (v1, %), (v], v))) € [((11 x 2) 0)]{

Q

Therefore from Definition 1.4 we are given:

(W,n,vo1,0) € [11 oA (W, n, 0, 03) € [12 0] (70)
And it suffices to prove: (W, n, (vi, v), (v], v5)) € [((1] x 75) o)}

Again from Definition 1.4, it suffices to prove:

(W,n,v1,v]) € [1] ol A (W, n, 0, 0)) € [1 ol

Since from Equation 70 we know that (W, n, v, v]) € [11 o5} therefore from TH1 we have
(W, n,v1,07) € [1{ o]}

Similarly since (W,n,wu,v) € [2 a}é from Equation 70 therefore from IH2 we have
(W7n7 v2, ’Ué) € ’77_5 O:IJ\‘}
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3. FGsub-sum:

Given:
Z;‘ll|—71<:T{ Z;‘I"‘Tg<:7’é

iU b1+ 7o <: 7]+ Th

FGsub-sum

¢ (A +m) )¢

It suffices to prove: V(W ,n, vs1, vs2) € [((11 + 72) U)H}. (W, n,vs1,vs2) € [((1] +75) Uﬂ“\é

This means that given: (W,n, vs1, vs2) € [((11 + 72) 0)]{
o

And it suffices to prove: (W, n,vs1,vs2) € [((7] + 75) 0)]{

2 cases arise

(a) wvs1 = inl v and v = inl v;o:

From Definition 1.4 we are given:

(W, n,v1,v2) € [11 0]}

And we are required to prove that:
(W, n,vi1,v2) € [7] cﬂ{}
From Equation 71 and IH1 we know that
(W,n, Vi1, 'UZ‘Q) c ’—T{ (ﬂ'é
(b) vs = inr v;; and vso = inr vja:
From Definition 1.4 we are given:
(W,n, v, vi2) € [72 (ﬂ“f/‘
And we are required to prove that:
(W, n,vi1,vi2) € [15 0]¢}
From Equation 72 and TH2 we know that
(W,n, Vi1, ’01'2) € [Té O'-l'é

4. FGsub-forall:

Given:
YUk <imy ;0 0L C 4,

S0 Vo (b, 1) <: Vo (), )

To prove: [((Va.(le,71)) 0)]5 C [(Veu.(£L, 72)) o5}

H1: [(r1 0)]{ C [(12 0)1%

IH2: [(n o)1 C [(2 0)1%

It suffices to prove: Y(W,n, Aer, Aea) € [((Yau.(be, 1)) 0)]5
(W,n, Aei, Aes) € [((Vau(ll, 7)) o)]5

This means that given: (W,n, Ae1, Aea) € [((Va.(be, 1)) 0)]5
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Therefore from Definition 1.4 we are given:

VW' 3 W,n' <n, 0 € LW n' e, e) € [11[l'/a] a]7) A

V0, 3 W.01,5,0' € L.((61,4,e1) € |m[€'/a] |7y A

VO, 3 W.0,5,0' € L.((61,4,e2) € |m["/a] |57y (Sub-F1)
And it suffices to prove: (W, n,Aer, Aes) € [((Va.(l,m2)) o)]f

Again from Definition 1.4, it suffices to prove:

YW" 3 W, n" <n "€ L((W"n" e e) € [rl"/a] o]p) A
VO, 3 W01k, € € L.((6),k,e1) € [7a[e” /a6 /%) A

VO, 3 W .0,k 0" € L.((0), k, e2) € |m2[¢" /o] |1/

This means we are required to show:

(a) YW" 3 W, n" <n,l € LUW" 0/ e1,e2) € [[l'/a] o]7):
By instantiating the first conjunct of Sub-F1 with W”, n” and ¢’ we know that the
following holds

(W",n" e1,es) € [T1[" )] o5)
Therefore from IH1 instantiated at o U {a +— ¢}
(W".n" e1,e2) € [12[l" /0] 14)

(b) VO, 3 W.01,k, 0" € L.((0), k, 1) € [mall” /o] L")

By instantiating the second conjunct of Sub-F1 with 6] and ¢’ we know that the
following holds

(8], k,e1) € [m1[¢"/a] o) cl/o) o)

Since 71 0 <: 73 0 and ¢, o C ¢, o therefore from Lemma 1.24 and Lemma 1.23 we
know that

(01, K, e1) € [m[0"/a] o]l /o) )
(C) \V’GZ | W'927 k’g” c ﬁ((ei, kf, 62) c LTQ[EH/O(UZE/E[Z“/Q]):

Similar reasoning as in the previous case

5. FGsub-constraint:

Given:

YUk = ¢ YW, cob T <ty S UL C Y,

FGsub-constraint

el
E;\Ill—clng <262:$7'2

/

To prove: [((cq L 1) )13 C [((e2 = 7)) 0%

IH: [(r Uﬂfm‘ C [(r2 0)]
P

It suffices to prove: V(W ,n,vei,ves) € [((c1 L ) o)l¢ (W,n,ver,ves) € [((c2 =
) 0)1{

GHS

This means that given: (W, n,vey,ves) € [((c1 L ) o)]5

Therefore from Definition 1.4 we are given:
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VW I W,n'<nllEcao= (Wn el,eg)e[rlﬂé/\
Vo, 3 W.01,k.L ):Cl — (Gl,k e ) S L J
VO 3 Wby kL=, = (0,k e) €| Jf 7 (Sub-C1)

And it suffices to prove: (W,n,vey,ves) € [((c2 :$ ) o)]5

Again from Definition 1.4, it suffices to prove:

VW' I W,n" <nLilco = (W' n" e,e) € [malpA
VO 3 W.0,5.L o = (6],4,e1) € [m2 0% 7 A

VO, 3 W.bs,j.L =co = (0),],e2) € |2 UJ% 7

This means that we are required to show the following:

() VW'D W, n" <nLlEcyo = (W' n" e e) € [roli:

We are given W” J W,n"” < n also we know that £ ¢y 0 and co 0 = ¢ o

therefore we also know that £ = ¢; o

Hence by instantiating the first conjunct of Sub-C1 with W” and n” we know that

the following holds
(W”, n”, e1, 62) € ’—Tl U}é

Therefore from TH we get (W”,n”, e1,es) € [12 0|5
(b) V6 3 W01, kL= cy = (0], k,e1) € |72 0% °

We are given some 6, 3 W.0;,k, also we know that L |=c; 0 and co 0 = ¢1 0

therefore we also know that £ =c¢; o

Hence by instantiating the second conjunct of Sub-C1 with 6] we know that the

following holds
(0),k.e1) € |1 UJ% 7

Since 11 0 <: 73 0 and £, o C ¢, o therefore from Lemma 1.23 and Lemma 1.24 we

get
(0], k,e1) € [m2 o) °
(c) V) I Wz, j.L ey = (8),j,e2) € lm2 o) ”

Similar reasoning as in the previous case

6. FGsub-ref:

Given:
FGsub-ref

;U kref 7 <:ref 1
To prove: [((ref 7) o)1 C [((ref 7) o)]5}
Directly from Definition 1.4
. FGsub-base:

Given:

——— FGsub-base
;UkFb<:b

To prove: [((b) )13 C [((b) o)1}

Directly from Definition 1.4
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8. FGsub-unit:

Given:
FGsub-unit

> Wk unit <: unit
To prove: [((unit) )]{ C [((unit) o)]{
Directly from Definition 1.4

Proof of statement 2(a)
Given:

Ukl YU EA< A
Y0 - AL < A

To prove: [((A) a)1¢ C [((A"Y)) o4}
2 cases arise

FGsub-label

1. o C YV o
From Definition 1.4 it suffices to prove: [((A) o) C [((A)) o]{
This we get directly from IH (Statement (1))
2. Lo LV o:
We need to prove that
\V/( W7 n, v, UQ) € [A O--l./\‘/l( W: n, v, ’02) € |VA/ O:IJ\‘}
From Definition 1.4 it suffices to prove:
Vi € {1,2}.Vm.(W(n).9i,m, Ui) S LA Ujv. (W(n)@l,m, ’UZ') < LAJV S \_AI JJV

Since A o <: A’ o therefore from Lemma 1.24 we get the desired

Proof of statement 2(b)
Given: ;9 7 <:7"ANLET o
To prove: [(1 o)]s C [(7/ o)]4

This means we need to prove that
V(W n.e1,e2) € [(T )15 (W,n,e1,e2) € [(7/ 0)]

This means given V(W ,n,e1,e2) € [(T o)A
It suffices to prove that (W,n,e1,es) € [(7' 0)]7

From Definition 1.5 we know we are given:

VHy, Ha,j < n.(n, Hy, Hy) & WA (Hyyer) by (L)) A (Hoyea) b (HS, vh) =
AW’ 3 W.(n— j, H, H)) £ WA (W' n—j,v],v5) € [T o] (Sub-expl)

And we need prove that

WHy1, Hos, k < n.(n, Hyr, Hos) & W A (Ho,ex) U (Hiy, vhy) A (Haa, €) b (Hly, vh) =
AW 3 W.(n—k, Hyy, Hy,) 2w A (W' n —k, vy, vhy) € [T ot

This means that we are given some Hy1, Hoo and k < n such that (n, Hey, Hag) é W A
(Hor,er) bi (Hay, v3y) A (Haz,e2) U (Hay, v,)
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It suffices to prove:

EI W// g W(n - ka HQIl? H2/2) é W” A (W”7 n— k? Uéla ,UéQ) € [T O:“é (73)
Instantiating (Sub-expl) with Ha;, Hoe and k we get

IW' 3 W.(n — k, Hyy, Hyp) & WA (W'in— k0, ) € [7 01 (74)

We choose W in Equation 73 as W' from Equation 74 and we are done

Theorem 1.29 (FG: NI). Say bool = (unit + unit)
Yoy, vo, €, T, 1.
0:0;0, vy :bool” A G:;0:0F, v : bool”
0:0: 2z : bool" | e : boolt A

(®76[vl/x]) Unl (_7 7){) A (@76[7]2/37]) . (_7 Ué) =

v] = vh
Proof. Given some
0:0:0F, v :bool” A 0;0;0F vy : bool "
0:0: 2 : bool " | e : bool™ A
(0, efvr/z]) Uny (= 01) A (0, e[va/2]) I (=, v3)

We need to prove

/A |
U = Vg

From Theorem 1.26 we have

Vn. (B,n,vi, %) € [bool &

Therefore from Theorem 1.26 and from Definition 1.14 we have
vn. (B,n,e[v /2], e[v/z]) € [bool* 5

Therefore from Definition 1.5 v;e know that
Vn.(VHl, Hy 5 < n.(n, Hy, HQ) > WA (Hl,el) o (Hll, U{) A (Haz,e2) | (HQI, ’Ué) = IW' 3

W.(n — j, Hl, H) & W' A (W',n— j !, v}) € [(unit + unit)]¢)
Instantiating with n; + 1 and then with 0,0, n; we get
IW 3 WL, HYL H) S WA (W1, 0], 6) € [(unit + unit)-]4

Since we have (W', 1,v{, v4) € [(unit + unit)*];} therefore from Definition 1.4 we get v = v}
O
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2 Coarse-grained IFC enforcement (SLIO")

2.1 SLIO" type system
2.2 SLIO" semantics
Judgement: e |}; v and (H,e) ll{ (H',v)
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Syntax, types, constraints:

Expressions e == x| Ax.e|ee] (ee)]fst(e)|snd(e)|inl(e) | inr(e) | case(e,z.e,y.e) |
newe|le|le:=e|()]|Ae|e]|ve]|ee]|Lb(e) | unlabel(e) |
toLabeled(e) | ret(e) | bind(e, x.€)

Labels ¢ u= llaleur|ent

Types T u= b|l7r—o7|7x7|7+7|ref £ 7 |unit|Va.r|c= 7| Labeled ¢ T |
SLIO ¢; ¢, T

Constraints ¢ == (L /| (cc)

Type system: | 0T ke: 7]

(All rules of the simply typed lambda-calculus pertaining to the types b, 7 — 7,7 X 7,7 + 7, unit
are included.)

X,UiT'ke: T
Y, U;T'F Lb(e) : Labeled ¢ 7

SLIO*-label

3;U; ' e: Labeled ¢ 7

SLIO*-unlabel
Y, W;T' F unlabel(e) : SLIO ¢; (¢; U ¢) T

;W' e: SLIO 4 4, T
Y, U; T F toLabeled(e) : SLIO ¢; ¢; (Labeled ¢, 7)

SLIO*-toLabeled

Uik e: T

SLIO™-ret
;0T Fret(e) : SLIO 4; ¢; T

X;U:T'ke : SLIO K, £ 7 YU, z:7Fey:SLIO /L L, 7/

: : SLIO*-bind
;W T bind(ey, x.e9) : SLIO ¢; £, T
S U:Tke: 7 U<
SLIO*-sub
YU I'ke:r
Y:;U:T Fe: Labeled ¢ 7 SR
SLIO*-ref

;0T Fnew e : SLIO ¢ £ (ref £ 1)

YU I'ke:ref £ 1

— T — SLIO*-deref
;0T F le: SLIO ¢ ¢ (Labeled ¢ 1)

S:U:T ke :ref 0 7 Y;U:T F ey : Labeled ¢/ 7 Ul
;W' ep :=eg : SLIO £ £ unit

SLIO*-assign

Y,o;U;T'kFe:T . .U ke: Vaur FV({) e X .
SLIO*-FI SLIO*-FE

5. T'F Ae:Var L, UiT'kel]:7[4/a]

XU, ke:r 3U;'Fete=T XU lke
SLIO*-CI SLIO*-CE

Yil'kFrve:ic=>r Y,U:'kFee: T

Figure 5: Type system for SLIO*
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E;\I'I—T{<:7'1 E;\IJI_T2<I7'£
——— SLIO*sub-refl ; ;
Yo hkr<iT iUk —wm<in =7

Uk <7 Uk <

S0 b7 X 79 <:7) X T

SLIO*sub-prod

E;\Ill—71<:7'{ Z;\I/|—7'2<:7‘£

; ; SLIO*sub-sum
S5UEFETm 4+

Uk T <7 Wil

SLIO*sub-labeled
S U F Labeled £ 7 <: Labeled ¢ 7/ sbriabeie

Uk <i7 YUk UL, Tl
;U F SLIO ¢; ¢, 7 <: SLIO ¢ ¢, 7'

SLIO*sub-monad

YU ET <imy
XU EVar <:Va.r

SLIO*sub-forall

sUkeco = ¢ YUk <iTo
YUk =m<ico=>T7

SLIO*sub-constraint

Figure 6: SLIO* subtyping
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———— SLIO*-wff-base - SLIO*-wif-unit
;Wb WF ;U unit WF
Uk m WF YUk WE

SLIO*-wff-arrow
50k (= 1) WF

Uk WF XUk WF

SLIO*-wff-times
Z;\If = (7‘1 X 7'2) WF

Uk m WF YUk WE FV() =10 FV(r)=10
SLIO*-wff-sum SLIO*-wif-ref
.Uk (4 12) WF Y, Uk (ref £ 7) WEF
Y,a; VT WF X;W,eck7WF
SLIO*-wif-forall SLIO*-wif-constraint
U F (Va. 7) WE 5,0tk (c=1)WF

5,0k WF FV() e X
;U + (Labeled ¢ 7) WF

SLIO*-wff-labeled

S:UkrWF  FV(L)eX  FV(,)ex

SLIO*-wff-monad
;U (SLIO ¢; 4, ) WF

Figure 7: Well-formedness relation for SLIO*

e1 i A\z.e; ez | vo eilvo/x] Uy vs

e1 €2 ditjrkt1 v3

SLIO*-Sem-app

e1 ;v ex ;v e i (v, v
1¥i v 2 4; v SLIO*-Sem-prod M SLIO*-Sem-fst
(e1,e2) Vivjr1 (vr, 2) fst(e) Yit1 v1
el (v, v el; v
eV n) e Semesnd : bi : SLIO*-Sem-inl
snd(e) Jiy1 inl(e) {i11 inl(v)
el;v el;inl v er|lv/x] §; v
_ biv SLIO*-Sem-inr bi 1lo/21 85 9 o1 on emecaset
inr(e) Jiq1 inr(v) case(e, x.e1,y.€2) Vitjtr1 V1
el;inrv eslv/z| ; v el; v
bi 2[v/ HLJ 2 SLIO*-Sem-case?2 bi SLIO*-Sem-Lb
case(e, x.e1,y.€2) Vitjr1 2 Lb(e) Yi+1 Lb(v)
el; A e e ;v el; ve; e; Ui v
bide ids SLIO*-Sem-FE bives i b SLIO*-Sem-CE
ef] $ivjr1 v e iyjt1 v
eliv

SLIO*-Sem-ret

(H,ret(e)) I, (H,v)

et i (How) U (H ) ealvf/al bw  (H w) Y (H v))

. 5 — SLIO*-Sem-bind
(H,bind(eq, z.e2)) it irr981 (H", v3)

e |; Lb(v)

7 SLIO*-Sem-unlabel
(Ha unIabel(e)) Ui—l—l (H7 U)




2.3 Model for SLIO*
W : ((Loc — Type) x (Loc — Type) x (Loc <+ Loc))

Definition 2.1 (SLIO*: 6, extends 6;). ; C 0 =
Va € 91.91(@) =7 — 92((1) =T

Definition 2.2 (SLIO*: W, extends W;). Wi C Wy =
1. Vie {1,2}. Wi.0; C Wa.0;
2. Vp € (Wi.B).p € (Wa.f)

Definition 2.3 (SLIO*: Value Equivalence).

(W,?’L, U1, '02) € [71\6

A
ValBg(A, W 6y 0102 T) 24 v (.04, w) € Ll

(W.02,7,m) € [T]v
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Definition 2.4 (SLIO*: Binary value relation).

b]4A S {(W n,vi,ve) | v = v A{v, v} € [b]}
Funit] 4 & {(Won,0,0) ] 0 € [unit]}
[7'1 X 7'2-‘{/1 = {( (7}177]2) (”17’”5)) | (W, n, 'Ulﬂv{) € [71-‘{/‘/\ (W, n, 1)27%) = {TQ—I{}}
m1+ 2 {(Wnind i o) | (W, 000) € (]}
{(W,n,inr v,inr ') | (W,n,v,0") € [Tﬂ“\é}

{(W,n, \x.e1, A\z.e2) |

YW' '3 W,j <n,v,vs.

(W' 4, 0,0) € [1]g == (W', g er[nn/a], ealw/a]) € [r2]7)A
Vo, 3 W.01, v, j.

(01,4, ve) € [m]v = (61,4, ex[ve/2]) € [T2] £)A

V@l 1 W.QQ, Uc,j.

(61 dv0) € Imly = (B ealuefa]) € L))}

Va.r]3 {(W,n,Aey, Aeg) |

YW 3 W,j<nt €L.

(W', j,e1,e2) € [T[¢/a]]7)A

VO, 3 W.01,0" € L,j.(0, 7, e1) € [T[l"/a]] pA

VO, 2 W .02, 0" € L,j.(01, ), e2) € [T[t" /0] £}

{(W,n,vey,ves) |

YW '3 W,j<n.

LEc= (W, je1es) € [T]EN

Vo, 3 W.01,5.L ): c — (Hl,j, 61) S LTJE/\

VO, 3 W.h,j.L=c = (0,),e2) € |T]E}

{(W,n, a1, a) |

(a1, a2) € W.B A W.01(ay) = W.02(ap) = Labeled ¢ 7}
{(W,n,Lb(vy),Lb(v2)) | ValEq(A, W, €, n,v1,v2,7)}

{(W,TL, v, v2) ’

(Vk <n, W, 3 W,H, H.(k, Hy, Hy) > WoA

Vol v}, 4. (i, o) 4 (H{ v)) A (Hayv0) W (S, wb) N j < b =
W' 3 Wk = j, HY, Hy) > W' A ValBg(A, W',k = o, o], 05, 7) ) A
Vi € {1,2}.(Vk,ee 0 W0 H,j(ky H) > 0 A (H, o) U (H o) A j <k —
30" 30c.(k—j,H)>0' N0 k—j,v)) € [T]vA

(Va.H(a) # H'(a) = 30'.0.(a) = Labeled ¢/ 7/ N3 T V')A

(Va € dom(0')\dom(6e).0'(a) \y zl))}

<>
>

(1>

<=
(1>

[c = T]

[ref ¢ ﬂ‘“‘}

[Labeled ¢ 7]¢}
[SLIO ¢, £ 715}

1> 11>

Definition 2.5 (SLIO*: Binary expression relation).

(ﬂé £ {{(W,n,e1,e2) | Vi <ney ;v Aea } 5 = (W,n —i,u,v) € [ﬂ"‘}}
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Definition 2.6 (SLIO*: Unary value relation).

Z
<

unit |y

71 X TQJV

T+ T2y

T — TQJV
Va1 |y
c=1)|v

ref £ 7]y
Labeled ¢ 7|y
SLIO ¢, 45 7|y

1| D 1 | g | | [

o

0,m,v) | ve[b]}
6,m,v | v € [unit]}

(1)1,1)2)) ‘ (Q,m, Ul) S Llev N (H,m, ’1)2) € \_Tsz}

{(

{(

{(0,

{(8,m,inl v) | (0,m,v) € |m|v}U{(d,m,inrv) | (0,m,v) € [m2]v}
{(0,m,\z.e) | V0 3 60,v,57 <m.(0,],v) €

{(0,m,Ae) |[VO'.0C 0,5 <mNl' € L0, j],e) €
{(8,m, V@)|,C):c = V00T, j<m.(0,]e) €
{(
{(0,

0,m,a) | 0(a)

= Labeled ¢ 7}

0,m,Lb(v) | (6,m,v) € |7]v}

{(6,m,e) |

Yk <m,0. 30, H,j.(k, H)> 0. A (H,v) ] (H'
0 26,.(k—j,H) >0 A

(H/ak _ja

v') €

[rlv = (¢',J.¢lv/a]) €

LT[t/ a]] £}
7] e}

VN <k =
L7]vA

(Va.H(a) # H'(a) = 30 .0.(a) = Labeled ¢/ 7/ N 03 T V')A

(Va € dom(0')\dom(6.).0

(a) N f1)}

Definition 2.7 (SLIO*: Unary expression relation).

Eadb>

2 {(O,n,e) | Vi<nel;v = (0,n—

Definition 2.8 (SLIO*: Unary heap well formedness).

(n, H)>0 =

dom(0) C dom(H

Definition 2.9 (SLIO*: Binary heap well formedness).

(n, Hl,HQ) é %% £

Definition 2.10

Definition 2.11

(

(
Definition 2.12 (SLIO*:

(

Definition 2.13

Ty =

SLIO*:
SLIO*:

SLIO*:

(W.5)
V(al, ag) c
(W,n—

Unary interpretation of T').

Definition 2.14 (SLIO*: Binary interpretation of I).

Ty =

2.4 Soundness proof for SLIO*

) AVa € dom(8).(0,n —

dom(W.01) C dom(Hy) A dom(W .02) C do
- (dom(W.Hl) x dom (W .02))A

(WB)(W@l(al) =
1, Hl(al), Hg(ag)) S
Vi € {1,2}.Vm.Na; € dom(W.0;).(W.0;, m, H;(a;))

i,’l)) S LTJ\/}

1, H(a)) € [6(a)]v

m(HQ)/\

Wﬂg(a )/\
[W.601(a1)]3HA

Label substitution). o : Lvar — Label
Value substitution to value pairs). v : Var — (Val,Val)

Value substitution to values). ¢ : Var — Val

{(0,n,0) | dom(I") C dom () ANVx € dom(I').(0,n,0(z)) € |I'(z)]v}

|72 e}

{(W,n,7) | dom(T") C dom() AVz € dom(D).(W,n,m1(v(x)), ma(1(2))) € [T(2)]¢}

Lemma 2.15 (SLIO*: Binary value relation subsumes unary value relation). VW, vy, v3, A, n, 7.

(W,n, v, 1) € [7]

¢ = Vie{1,2}. Vm. (W.0;,m,v;) €

Proof. Proof by induction on 7
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1. Case b:
From Definition 2.6

2. Case 11 X To:
Given: (W,n, (vi1, viz), (vj1, vj2)) € [11 x 721}
To prove:
VYm. (W.01,m, (vi1,v2)) € |71 X 2]y (PO1)
and

vm. (W.HQ,?TL, (Ujl, Ujg)) S \_’7’1 X 7'2JV (POQ)

From Definition 2.4 we know that we are given
(W,n,vi1,051) € [M]3 A (W, n,vi2,052) € [12]80 (P1)

IHla: Ymq. (W.61,m1,vi1) € [71]v and
IH1b: Vmy. (W.02,m1,v1) € |71y
IH2a: Vmy. (W.01,ma, v2) € |72y and
TH2b: Vimg. (W.02,m2,vj2) € [Ty

From (P01) we know that given some m we need to prove
(W.01,m, (vi1, vi2)) € [11 X T2]v
Similarly from (P02) we know that given some m we need to prove

(W.Hg,m, (Ujl, sz)) S {7’1 X 7—2JV

We instantiate IH1a and TH2a with the given m from (P01) to get
(Wﬂl, m, 'Uil) S Llev and (W.&l, m, 'Ui2) S |_T2JV
Then from Definition 2.6, we get

(W.01,m, (vi1, vi2)) € |11 X T2]v

Similarly we instantiate IH1b and ITH2b with the given m from (P02) to get
(W.02,m,vj1) € |11]v and (W.02,m, vj2) € | 2]y

Then from Definition 2.6, we get

(W.02,m, (vj1,v52)) € |11 X T2]v

3. Case 11 + 7o:

2 cases arise:

(a) vi =inl(v;1) and v = inl(vj1)
Given: (W,n,inl(v;i),inl(vj1)) € [11 + 7]{
To prove:
VYm. (W.01,m,inl(vi1)) € |11+ 2]y (S01)
and
Vm. (W.02,m,inl(vi2)) € |11 + 2]y (S02)
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From Definition 2.4 we know that we are given
(W,n, v, vj1) € [711{/‘ (S0)

IH1: Vm,. (W.Hl,ml, ’Uﬂ) S {TIJV and

TH2: Vms. (W.@Q,mg, ’Ujl) S LTlJV

From (S01) we know that given some m and we are required to prove:
(W.01,m,inl(vi1)) € |71 + 2]y

Also from (S02) we know that given some m and we are required to prove:
(W.02,m,inl(vi2)) € |11 + 2]y

We instantiate IH1 with m from (S01) to get
(W.01,m,vn) € |11]v
Therefore from Definition 2.6, we get
(W.01,m,inl(vi1)) € |71 + T2]v
We instantiate IH2 with m from (S02) to get
(W.0a,m,vj1) € |11]v
Therefore from Definition 2.6, we get
(W .02, m,inl(v1)) € |11+ T2]v

(b) v1 = inr(v;2) and vy = inr(vj2)

Symmetric reasoning as in the (a) case above

4. Case 11 — To:
Given: (W,n,\z.e1,\z.2) € [11 — 1]
This means from Definition 2.4 we know that

VW'D W, 5 <n,o,w.(W,ju,w) € [nli = (W, j elv/s],eln/z]) € [1]h)
A YO D W.br,0,0..((0,0,0) € [ ]v = (01,4, e1[ve/]) € |72]E)
A VO, 3 W.Qg,k:,vc.((el,k, ’UQ) c LTlJV — (Hl,k,eg[vc/m]) S LTQJE) (LO)

To prove:

(a) Ym. (W.01,m,\x.e1) € |11 — 12]y:
This means from Definition 2.6 we need to prove:
VO W.01 CO AV <mNv(0,j,v) € |n]y = (¢,],e1|v/z]) € |=2]E
This further means that we have some €', j and v s.t
WO COAN<mA(,],v)€|n]v
And we need to prove: (6,7, e1[v/z]) € |2 p
Instantiating 6;, ¢ and v, in the second conjunct of LO with ', j and v respectively
and since we know that W.0; C ¢ and (¢',j,v) € |71 ]v
Therefore we get (0',7,e1[v/x]) € [72]E
(b) Vm. (W.Qg,m, )\.T.@Q) S L7'1 — TQJvi

Similar reasoning with ey
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5. Case Va.T:
Given: (W,n,Aeq, Aea) € [Va.7]{
This means from Definition 2.4 we know that

VW, 3 W,ny <n,t' € LWy, np,e1,e2) € [T[ﬁ’/aﬂé)
A YO, 3 W.01,i,0" € E.((Gl,i,el) € {T[ﬁ”/OéHE)
A YO T W.0,1,0" € L.((61,,e2) € [T[l"/]]E) (F0)

To prove:

(a) Vm. (W.01,m,Aey) € |Va.7|y:
This means from Definition 2.6 we need to prove:
Vo' W.0, C 0. Ym' <mNl, € L0, m e) e |T[ly/a]]E

This further means that we are given some ¢, m’ and £, s.t W.0; C 6, m’ < m and
b, e L

And we need to prove: (6/,m’,e1) € |7[ly/a]|E

Instantiating 6, 7 and ¢” in the second conjunct of FO with 6’, m’ and £, respectively
and since we know that W.0; C ¢ and ¢, € L
Therefore we get (6',m/,e1) € |7[lu/a]|E

(b) Ym. (W.02,m,Aes) € |Vo.7]y:

Symmetric reasoning for e

6. Case c = T7:
Given: (W,n,ver,ves) € [c= T]{
This means from Definition 2.4 we know that

\V/Wb; W,TL,<'I’L.£’:C — (Wb,n/7617€2) € |77--|./E'4
AV, D W.b1,j.L=c = (0,j,e1) € |T]r)
/\vel g WHZa]‘C ): c — (glaja 62) € LTJE) (CO)

To prove:

(a) Vm. (W.01,m,ve;) € |c = T]v:
This means from Definition 2.6 we need to prove:
Vo', W.0, C ' Nm' < m.L }: c — (9’,m’, 61) € LTJE
This further means that we are given some 6’ and m/ st W.0; C 6/, m’ < m and
LECc

And we need to prove: (6/,m’,e1) € |7]p

Instantiating ), 7 in the second conjunct of CO with 6, m’ respectively and since we
know that W.0; C 0" and L |= ¢

Therefore we get (0',m/,e1) € |[T]g
(b) Vm. (W.02,m,ves) € [c= T]y:

Symmetric reasoning for e

7. Case ref ¢ 7:
From Definition 2.4 and 2.6
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8. Case Labeled ¢ 7:
Given (W,n,Lbuy, Lbuy) € [Labeled £ 7]}

2 cases arise:

(a) £C A

From Definition 2.3 we know that

(W,n,v,m) € (ﬂ{}

Therefore from IH we get Ym.(W.01,m,v1) € |7|v and Vm.(W .02, m,vw) € |T]v
(b) ¢ £ A:

Directly from Definition 2.3

9. Case SLIO ¢4 £ T:

Given: (W,n, v, vy) € [SLIO ¢; £ ﬂ{}

This means from Definition 2.4 we know that

(Vk <n, W, 3 W, H, H.(k, H, H) > W, AV, v, j.

(Hy, o) Y1 (H{,v) A (Ho, 09) U (Hg,vh) Aj < kb =

IW' 3 W,.(k — j, H, H}) > W' A ValEq(A, W',k — j, b, vl vg,f)) A

Vi € {1,2}.(\715,96 O W0, H,j.(k, H) > 0 A (H, o) U (H o) Aj <k =
30’ 3 0..(k—j,H)> 0" N0 k—j,v) € |T]v A

(Va.H(a) # H'(a) = 30'.0.(a) = Labeled £ 7/ A€, T £) A

(Va € dom(0")\dom(6,).0'(a) s e1)> (CGO)

To prove: Vi € {1,2}. Vm. (W.0;,m,v;) € |SLIO ¢ 43 7|y

This means from Definition 2.6 we need to prove

Vi e {1,2}.Vm.(Vk < m 0. 2 W0, H,j.(k, H) > 0. A (H,0) U (H o) Aj <k —>
30" 2 0e.(k — j, H) o 0 A0 ] — j,0) € [7]v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T V') A

(Ya € dom(€')\dom(8e).0'(a) \, m)

Casel=1

And given some m and k < m,0, 3 W.0,,H,j st (k,H)>0. N (H,v) U; (H' o)A Nj<Ek
We need to prove that

30" 3 0c.(k—j,H )0 A0 k—j4,v) €|T]v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7/ A1 T 1) A

(Va € dom(6')\dom(6.).0'(a) \ 1)

Instantiating (CGO) with [ = 1 and the given k < m, 0. 3 W.0;, H,j we get the desired.
Casel =2

Symmetric reasoning as in the previous case above
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Lemma 2.16 (SLIO*: Monotonicity Unary). The following holds:
V0,0 v, m,m', T.
@,m,v)e|rlv Am'<mAOCH = (0,m,v)e|T]v

Proof. Proof by induction on 7

1. case b:

Directly from Definition 2.6

2. case 11 X Ty:
Given: (8, m, (v, 1)) € |11 X T2]v
To prove: (6/,m’, (v1, 1)) € |11 X T2y
This means from Definition 2.6 we know that

(97m7 ’01) € L7—1JV A (H,m, 'UZ) € LTZJV

IHL: (¢/,m/,n) € |11]v
H2 : (0',m,w) € |n]v

We get the desired from IH1, IH2 and Definition 2.6

3. case 11 + To:
2 cases arise:
(a) v=1inl(vy):
Given: (8,m, (inl v1)) € |71 + =]V
To prove: (6/,m/,inl v) € |11 + 72]v
This means from Definition 2.6 we know that
@,m,vn) € |n1|v
H: (0,m n)e|nlv
Therefore from IH and Definition 2.6 we get the desired
(b) v =inr(v2)
Symmetric case
4. case 11 — Ty:
Given: (6, m,(A\z.e1)) € |11 — T2|v
To prove: (6/,m/,(Ax.e1)) € |11 — T2v

This means from Definition 2.6 we know that

VO".0 C O AV <mNv.(0",4,v) € |m]y = (0", j,e1]v/z]) € |2 E (75)

Similarly from Definition 2.6 we know that we are required to prove
Vo' .¢' C 0" AVE < m’.vm.(e’”, k, 1)1) S {lev — (9”/, k, 61[1}1/:(}]) S I_TQJE

This means that given some 6",k and v such that @ T 0" Ak <m/ A (0" k,v) € |11 ]v

And we are required to prove (6", k,e1[v1/x]) € | 2] p
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Instantiating Equation 75 with 6",k and v; and since we know that ¢/ £ 0" and 6 C ¢’
therefore we have 6 C 0", Also, we know that k < m’ < m and (0", k,v1) € |11 ]v

Therefore we get (0" k,e1[v1/z]) € | 2] E

. case ref ¢ 7:

From Definition 2.6 and Definition 2.1

. case Ya.T1:

Given: (0, m,(Aey)) € [Va.7]y

To prove: (6/,m’, (Aey)) € |Va.7|v

This means from Definition 2.6 we know that

VO".0C 0" AV <mNl € L0 5,e1) € |T[li/d]|E (76)

Similarly from Definition 2.6 we know that we are required to prove
Vo0 C 0" ANVE <m/ Nl € L0,k e1) € [T]lj/a]l]lE

This means that given some 6,k and ¢; such that ' T 0" Nk <m/ Alj € L

And we are required to prove (8", k,e1) € |7[¢;/a]|E

Instantiating Equation 76 with 0",k and ¢; and since we know that ¢’ C 6" and 6 C ¢’
therefore we have 0 C . Also, we know that k < m/ <m and {; € L

Therefore we get (6", k,e1) € [T[(;/a]lE

. case c = T:

Given: (0, m, (ve1)) € [c = T]v
To prove: (6/,m/, (ve1)) € |c=T|v
This means from Definition 2.6 we know that
VO"0C 0" AV <mLEc = (0" j,e1) €|T]E (77)

Similarly from Definition 2.6 we know that we are required to prove
V"0 C O ANVE<m/ LEc = (0" k,e1) € |T]E

This means that given some ",k and ¢; such that ' C 6" ANk <m/ ANl € L

And we are required to prove (8" k,e1) € |7]E

Instantiating Equation 77 with 6", k and since we know that 6’ C " and 0 C ¢’ therefore
we have 0 C 6", Also, we know that k <m' <m and L | ¢

Therefore we get (6", k,e1) € |7]E
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8. case Labeled ¢ 7:
Given: (6, m,(Lbv)) € |Labeled ¢ 7]y
To prove: (6/,m/, (Lbv)) € |Labeled ¢ 7|y
This means from Definition 2.6 we know that (6, m,v) € [7]|v
IH: (0/,m/,v) € |T]v
Therefore from IH and Definition 2.6 we get the desired

9. case SLIO ¢1 ¢5 T:
Given: (0, m,e) € |[SLIO ¢, 4y 7|y
To prove: (6',m/,e) € [SLIO ¢ ¢y 7]y
This means from Definition 2.6 we know that
Yk <m,0. 30, H,j.(k, H) >0 A (H,v) V] (H' W)Nj <k =
30" 36..(k—4,H)>0' N0 k—j,0v")e|T]v A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ T Al1 T ') A
(Va € dom(0')\dom(6.).0'(a) \ 41) (LBO)
Similarly from Definition 2.6 we are required to prove
Vk1 <m’, 01 26, Hy, j1.(k1, H1) > 01 A (H, v1) Ui (H{,v)) N1 < k1 =
3¢’ 1 96.(k1 — J1, Hl) >0 A (9’1,k1 —J1, ’Ul) € LTJV A
(Va.Hy(a) # H{(a) = 3¢'.0.1(a) = Labeled ¢/ 7 A1 T 0') A
(Va € dom(67)\dom(6e1).01(a) N\ £1)

This means we are given
ki <m0 20, Hy, gy st (ky, H) > 0y A (Hy,o) W (HL o)) Ay < By

And we are required to prove:

36’ 3 96.(]431 —jl,Hl) > 6 A (9/1,1431 —jl,’U/) S LTJV A
(Va.Hy(a) # H{(a) = 3'.0.1(a) = Labeled ¢’ 7 A L1 T V') A
(Va € dom(6;)\dom(0e1).01(a) \ 41)

Instantiating (LBO0), k with ki, 6. with 0.1, H with H; and j with j;. We know that
ki <m' <m, 0 C0 C 0, (ki, Hi) v 01, (Hy, o) V] (H{, ) and iy + ji < k1. Therefore
we get

30’ 3 96.(k1 —jl,Hl) >0 A ( ll,k‘l —jl,’U/) € LTJV VAN

(Va.Hi(a) # H{(a) = 3 .0.1(a) = Labeled ¢/ 7 A1 T 0') A

(Va € dom(67)\dom(0e1).01(a) \ 41)

Lemma 2.17 (SLIO*: Monotonicity binary). The following holds:
YW, W' v, v, A n,n 7.
(W,n,v,m) €T An'<n A WEC W = (W, n v,w)c[r]}

Proof. Proof by induction on 7

1. Case b, unit:
From Definition 2.4
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2. Case 11 X To:
Given: (W,TL, ('Uﬂ, 'UiQ), ('Ujl, 'Ujg)) € {Tl X 7'2~|‘é

To prove: (W', n/, (vi1, vi2), (vj1,vj2)) € [11 X Tg]{}

From Definition 2.4 we know that we are given
(W,n,vi1,vj1) € [T1]3 A (W, n, vz, vj) € [12]5}
TH1 : (W0, v, 051) € [1]E
TH2 : (W1, vz, vj2) € [12]4h

From IH1, TH2 and Definition 2.4 we get the desired.

3. Case 11 + 79:
2 cases arise:
(a) v = inl v;; and vy = inl v;o:
Given: (W, n,(inl v;1,inl v2)) € [11 +Tﬂ“‘j‘
To prove: (W', n/, (inl vi1,inl v;2)) € [11 + 72]{
From Definition 2.4 we know that we are given
(W,n, v, v2) € [7’1]{}
IH: (W', n' v, v0) € (Tﬂ““}
Therefore from Definition 2.4 we get
(W' n/inl v, inl v2) € [11 + 725}
(b) v =inr(vi2) and vy = inr(ve2):
Symmetric case
4. Case 1 — To:
Given: (W,n, (A\z.e1), (A\z.€2)) € [11 = 2|5
To prove: (0/,n', (A\z.e1), (Az.€1)) € [11 = 2|5
This means from Definition 2.4 we know that the following holds

YW 3 W,j <nou,u((Wjv,w) € [0l = (W, jeln/z]elwn/z]) € [r]h)
(BM-A0)

VO, 3 W.b1,5,v..((01, 7, vc) € |1]v = (01,7, e1][ve/x]) € |72]|E) (BM-A1)
VO, 3 W.0a, 4, v..((01,5,vc) € |mi|lv = (6,7, e]v./x]) € |m2]E) (BM-A2)

Similarly from Definition 2.4 we know that we are required to prove

(a) VW’;‘Q W'k </ o, vy (W ko), vh) € Trlf = (W k,ex[v]/z], e2]v}/7]) €
[m21%):
This means that we are given some W” 3 W', k < n’ and v, vj s.t
(W" kv, vp) € [m]i
And we a required to prove: (W”,k,e1[v]/x], ea[vy/x]) € [12]5
Instantiating BM-AQ with W”,k and v, v) we get
(W”7 k, 61[7}{/«73]7 eQ[Ué/x]) € (Tﬂﬁ
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(b) V&; | W’.&l,k, 1}2.((02,/{, Ué) c LTIJV — (Qf,k,el[vé/x]) S LTQJE>:
This means that we are given some ¢, J W'.0;, k and v, s.t
(0}, k. v;) € [m]v
And we a required to prove: (0}, k,ei[v./z]) € [72]E

Instantiating BM-A1 with 6],k and v) we get
(0, k, er[vi/x]) € | 2]

(c) YO, 3 W .0, k,v.((0),k,v)) € [m]y = (0], k,ex[v)/x]) € |[72]E):
This means that we are given some §; 3 W'.0;, k and v s.t
(01, vl) € [m]v
And we a required to prove: (0], k,ez[v./z]) € |72]E
Instantiating BM-A1 with 6}, k and v, we get
(01, k, e2lve/x]) € | 2]

5. Case ref ¢ 1:
From Definition 2.4 and Definition 2.2

6. Case Va.T:
Given: (W,n, (Ae1), (Ae2)) € [Va.7]5}
To prove: (6,7, (Aey), (Aer)) € [Va.7]{
This means from Definition 2.4 we know that the following holds
VW'D W,n' <n, 0 € LW n' e, e) € [T[l')a]]3) (BM-F0)
VO, 3 W.01,5,0 € L.((01,7,e1) € |T[¢'/a]]E) (BM-F1)
VO, 3 W.0s, 5,0 € L.(0;,7,e2) € |T[l'/a]|E) (BM-F2)

Similarly from Definition 2.4 we know that we are required to prove

(a) YW" 3 W' n" <n' 0" € L.AW",n" e1,e3) € [T[l"/a]]):
This means that we are given some W” 3 W/, n” <n/ and ¢ € L
And we a required to prove: ((W”,n" e1,es) € [T[¢"/a]]7)
Instantiating BM-FO with W”,n” and ¢’. And since W” 3 W' and W/ 3 W

therefore W” 3 W. Also since n” < n’ and n’ < n therefore n” < n. And finally
since ¢ € L therefore we get

(W",n",ex,e) € [7[0"/a]]3)

(b) VO, 3 W'.01,k, 0" € L.(8],k,e1) € [T[l" /o] |E):
This means that we are given some 6] 3 W'.0,, k and £ € L
And we a required to prove: ((0],k,e1) € [7[¢"/a]|E)

Instantiating BM-F1 with 6], k and ¢”. And since ; 3 W’.6; and W' 3 W therefore
67 3 W.6,. And since ¢" € L therefore we get

(67, k, e1) € [7[0"/a]]E)
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(C) V&l | W.Hg,j,g// S £((92, k,eg) c {T[ﬁ/l/a”]g):
This means that we are given some §; 3 W'.0, k and £ € L
And we a required to prove: ((0],k,ez2) € [7[¢"/a]]E)

Instantiating BM-F1 with 6], k and ¢”. And since 6; 3 W’.6, and W' 3 W therefore
05, 3 W.05. And since " € L therefore we get

(67, k, e2) € |7[t"/al] )

7. Case c = T:
Given: (W,n, (ve1), (ve2)) € [c= T]{
To prove: (6,7, (ve1), (ver)) € [c = T]{}
This means from Definition 2.4 we know that the following holds
YW I W,n'<nllEc = (W nee)€[rT]h (BM-CD0)
VO, D W.0,j.LEc = (6i,],e1) € |T]E (BM-C1)
VO, O W.s,j.L =Ec = (0i,],e2) € |T]E (BM-C2)

Similarly from Definition 2.4 we know that we are required to prove

(a) VW' D W' n" <nLlc = (W' n" e,e) € [T]p:
This means that we are given some W” J W', n” <n/ and L = ¢

And we a required to prove: (W”,n” e1,es) € [7]5

Instantiating BM-CO with W”,n”. And since W” 3 W' and W' 3 W therefore
W” 3 W. And since L = ¢ therefore we get

(W" 0" e1,e) € [T]H
(b) VO 3 W' .01, kLI c = (0 ke1) € |7]p:
This means that we are given some #) 3 W’'.6;, k and L |= ¢
And we a required to prove: (0),k,e1) € |T|E
Instantiating BM-F1 with 6;,k. And since §; 3 W'.0; and W' 3 W therefore
07 3 W.0,. And since L = ¢ therefore we get
(0, k,e1) € [T]E
(c) VO, I W02, k.L =c = (0;,k,e2) € |T]|E:
This means that we are given some ¢, 3 W'.0,, k and L |= ¢
And we a required to prove: (0], k,e2) € [T]E
Instantiating BM-F1 with 6;,k. And since 0 3 W'.0, and W' 3 W therefore
¢, 3 W.6;. And since L = c therefore we get
(01 k. e2) € 7]

8. Case Labeled ¢ 7:
Given: (W,n, (Lbvy),(Lbwy)) € [Labeled ¢ 7]{}
To prove: (W', n/, (Lbv;), (Lbue)) € [Labeled £ 75}

From Definition 2.4 2 cases arise:
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(a) LC A:
In this case we know that (W, n, v, v2) € [7]{
Therefore from IH we know that (W', n/ v, ») € [ﬂ{}
Hence from Definition 2.4 we get (W', n/, (Lbv;), (Lbwy)) € [Labeled £ 7]}

(b) ¢ £ A:
In this case we know that Vm. (W.01,m,v1) € |7]y and (W.02,m, n) € |T|v
Since W.6; C W'.0; (from Definition 2.2). Therefore from Lemma 2.16 we know that
vm' <m. (W'.01,m' v) e |7]v
Similarly since W.0 C W’.05 (from Definition 2.2). Therefore from Lemma 2.16 we
know that

Vm' <m. (W'.0,m' w) e |T]y

Finally from Definition 2.4 we get (W’,n’, (Lbvy), (Lbus)) € [Labeled £ 715}

9. Case SLIO ¢1 ¢35 T:
Given: (W,n, v, vy) € [SLIO 1 £ ﬂ{}
To prove: (W', n',vi, u) € [SLIO ¢; €y 7]
From Definition 2.4 we are given that
(\m <n, W, 2 W, H, H.(k, H, Hy) > W, A
Vol v}, 4. (Hy, o) U (H o)) A (Hay o) U (Hy, wh) A j < b =
IW' 2 We.(k — 4, H, H)) > W' A ValEg(A, W', k — j, £, 0], fug,f)) A
Vi€ (1,2} (Vh, 0 3 W00, H, j.(k, H) 5 0 A (H,w) U (' o) A j < b —
30" 2 0c.(k— §, H) >0 A0k — j, ) € [7)y A
(Va.H(a) # H'(a) = 30'.0.(a) = Labeled £ 7/ A ¢ T £) A
(Va € dom(€')\dom(6e).0'(a) \, zl)) (BM-MO)

Similarly from Definition 2.4 it suffices to prove that

(a) (sz <n, W. 2 W, Hy, Ho.(k, Hi, Ho) > W, A
Vol v}, 4. (Hy, o) V) (H{ o)) A (Hay o) W (Hy wh) A j < b =
AW 2 Wk = j, H{, Hg) > W' A ValBa(A, W',k = j, b2, o], v3,7) ):
This means that given some k <n, We 3 W, Hy, Hy, v{, v}, j s.t
(k, Hy, Hy) > Wo A (Hy, ) 4 (H{, 0f) A (Hayw) U (Hy, vh) Aj < k
It suffices to prove that
AW’ 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j, la, v, v}, T)
Instantiating the first conjunct of (BM-MO0) with the given k, W, 3 W, Hy, Ha, vy, v}, j
and since we know that n’ <n and W C W’ we get the desired
(b) VL& {1,2}.(Vk, 0 3 W00, H,j.(k, H) b 6 A () U (' o) A j < s =
30’ 3 0..(k—j,H)> 0 N0 k—j,v) € |T]v A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T 0') A
(VYa € dom(€')\dom(6e).0'(a) \, el)):

Similar reasoning as in the previous case but using Lemma 2.16
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Lemma 2.18 (SLIO*: Unary monotonicity for T'). V8,6,§,T,n,n’.
O,n,0)e Ty An <nAOCH = (0/,n,0) €[]y

Proof. Given: (6,n,0) € ||y An'<nAOCE
To prove: (6/,n',0) € |[T'|y

From Definition 2.13 it is given that
dom(I') C dom(6) AVx € dom(I").(0,n,d(x)) € |I'(x)]v

And again from Definition 2.13 we are required to prove that
dom(T) C dom(8) AVz € dom(T).(¢/,n,d(x)) € |['(x)]v
e dom(T') C dom(9):
Given
o Vz € dom(T).(0/,n',0(x)) € |T'(z)]v:
Since we know that Va € dom(I").(0,n,d(x)) € [I'(x)]y (given)
Therefore from Lemma 2.16 we get

Vo € dom(T).(0',n',6(x)) € |[T'(x)]v

Lemma 2.19 (SLIO*: Binary monotonicity for T'). VW, W’ §, T, n,n’.
(Wn,y)e|lly An'<nAWEW = (W ,n~v) ell|y

Proof. Given: (W,n,y) € [I'Jy An'<nA WC W
To prove: (W', n/;~) € [T']y

From Definition 2.14 it is given that
dom(T') C dom(y) AVx € dom(T).(W,n, 71 (y(2)), m2(y(2))) € [T(z)]{

And again from Definition 2.13 we are required to prove that

dom(T') C dom(y) AVz € dom(T).(W’',n/, m(v()), m2(y(z))) € [T(2)]{

e dom(I') C dom(vy):
Given

o Vo € dom(D).(W',n',m1(v(2)), ma(7(x))) € [T(2)]i*
Since we know that Vo € dom(T).(W,n, mi(y(z)), m2(v(z))) € [T'(z)]{ (given)
Therefore from Lemma 2.17 we get

Yz € dom(T).(W',n',m1(v(z)), m2(v(x))) € [T(2)]3

Lemma 2.20 (SLIO*: Unary monotonicity for H). V8, H,n,n’.
(n,H)pO An'<n = (n/,H)>60
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Proof. Given: (n,H)>0 An' <n
To prove: (n’,H)>6

From Definition 2.8 it is given that
dom(0) C dom(H) AVa € dom(0).(0,n —1,H(a)) € |0(a)]v

And again from Definition 2.13 we are required to prove that
dom(0) C dom(H) AVa € dom(0).(0,n' —1,H(a)) € [ (a)]v
e dom(0) C dom(H):
Given
e Va € dom(0).(,n' —1,H(a)) € |6 (a)]v:
Since we know that Va € dom(6).(0,n — 1, H(a)) € |0#(a)]y (given)
Therefore from Lemma 2.16 we get
Va € dom(6).(0,n" —1,H(a)) € |0'(a)]v

Lemma 2.21 (SLIO*: Binary monotonicity for heaps). VW, Hy, Hy,n,n’.
(n,Hl,Hg) >W AR <n = (’I’L/,Hl,HQ) > W

Proof. Given: (n, Hy,H))> W An'<n A WE W
To prove: (n', Hy, Hy)> W

From Definition 2.9 it is given that

dom (W .01) C dom(Hy) A dom(W.02) C dom(Ha)A

(W.B) € (dom(W.601) x dom (W .02))A

V(al, az) S (WB)(WQl((Zl) = Wﬂg(ag)/\

(W,n—1,H(a1), Ha(a2)) € [W.01(a1)$H)A

Vi e {1,2}.VmNa; € dom(W.0;).(W.0;,m, Hi(a;)) € | W.0;(a;)]|v

And again from Definition 2.9 we are required to prove:
o dom(W.01) C dom(Hy) A dom(W .62) C dom(Hs):
Given
o (W.3) C (dom(W.01) x dom(W .05)):
Given
° V(al, a2) S (WB)(WQl(al) = W.QQ(CLQ) and (W,n/—l,H1(a1),H2(a2)) S [Wﬂl(alﬂé):
V(al, ag) S (WB)
- (W.Hl(al) = W.@Q(ag)l Given
— (W,n' — 1, Hi(a1), Ha(az)) € [W.01(a1)]7):
Given and from Lemma 2.17
e Vie {1,2}.YmNa; € dom(W.0;).(W.0;,m, Hy(a;)) € | W.0;(a;)]v:

Given
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Theorem 2.22 (SLIO*: Fundamental theorem unary). VX, ¥, T, 0, L. e, 7,0,0,n.
XoUiT'ke:7 A
LETYoA
0,n,0)e|loly =
(0,n,ed)e|TolE

Proof. Proof by induction on SLIO* typing derivation

1. SLIO*-var:

SLIO*-var

YUtk ax: 7

Also given is L= ¥ o A and (0,n,6) € [T oy

To prove: (8,n,z06) € [T ol

This means that from Definition 2.7 we need to prove
Vi<nzdliv = (,n—1,v)€|T]v

This means that given some i <n s.tx J J; v

(from SLIO*-Sem-val we know that v = = ¢ and i = 0)

It suffices to prove (0,n,x 0) € [T oy (FU-V0)

Since (0,n,06) € |IV o]y where I = T'U {x : 7}. Therefore from Definition 2.13 we know
that (0,n,0(z)) € [I'(x) o|v

So we are done.

2. SLIO*-lam:

SOl z:mbe:m
0T R Axe (1) — 1)

Also given is L=V o A and (0,n,0) € |[I' o]y

To prove: (6,n,Az.e; §) € |[(11 — ™) 0]k

This means that from Definition 2.7 we need to prove

Vi <ndx.e' d ;v = (O,n—1i,v)€e|(n—mn) oy
This means that given some i < n s.t Axz.e/ § {|; v

(from SLIO*-Sem-val we know that v = A\z.e¢’ § and i = 0)
It suffices to prove

O,n, z.€ 6) € | (11 = ) oy (FU-LO)

From Definition 2.6 it further suffices to prove
V9" 30,05 <n.(0",4,v") € [m o)y = (0",5,(e 0)[v/z]) € |2 0k
This means given some 6", v',j st 0" 360, j <n and (0”,5,v") € | o]y (FU-L1)

We are required to prove
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(60", 4, (" O)[v'/z]) € |72 o]

Since (0,n,0) € |I" 0|y therefore from Lemma 2.18 we know that (6, 7,0) € |I" 0|y where
j <mn (from FU-L1)

IH:

veha Vg - (ehvjv e ou {ZL‘ = UZ}) € I_TQ UJE> s.t (eivjv UI) € LTl UJV

Instantiating TH with 6” and v’ from (FU-L1) we get (8", 4, (¢/ 0)[v'/z]) € |72 0B
. SLIO*-app:

50T Fep: (1 — 1) S:U:T'key:my
XUk ep eo: 1o

Also given is L =V o A and (0,n,0) € | o]y
To prove: (0,n,(e1 e2) ) € |2 olp

This means that from Definition 2.7 we need to prove
Vi<n.epex) d v = (,n—1,v) € |0y

This means that given some i < n s.t (e1 e2) § {; v

It suffices to prove

O,n—1i,v) € |m oy (FU-PO)

IH1:
Vj < n.ei 5“] U] — (G,n—j, 1)1) < {(Tl — 7'2) UJV

Since we know that (e1 e2) 0 |; v therefore 35 < i < n s.t e; 6 {; vi. This means we have

(9,')1 -7, 'Ul) € L(Tl — 7'2) UJV

From SLIO*-Sem-app we know that v; = Az.e’.Therefore we have
(9,71 -7, )\$.€/) S L(Tl — 7'2) O'JV (FU—Pl)

This means from Definition 2.6 we have

V0" JONT < (n—3),v.(0", I,v) e |n oy = (0",1,€[v/x]) € | 0olE (78)

TH2:
Vk<(n—j)eadlx o = (0,n—j—kw)ec|mnaoly

Since we know that (e1 ez) 0 {; v therefore 3k < i — j (since i < n therefore i — j < n —j)
s.t eg 0 | v2. This means we have

(9,71 —7—k, ’UQ) S LTl O'JV (FU—PQ)

Instantiating Equation 78 with 6, (n — j — k), v2 and since we know that (0,n—j—k, v) €
|71 o]y therefore we get

O,n—j—k,en/z]) €|naolp
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This means from Definition 2.7 we have

VJ<n—j—k.6/[Ug/l’] U vf —> (Q,n—j—k—J,vJ)G LTQ O'JE

Since we know that (e; e2) ¢ |J; v therefore we know that 3J <i<nsti=j+k+J
(since j + k + J < n therefore J <n —j — k) and €'[va/x] {5 vy

Therefore we have (0,n —j —k — J,vy) € |72 0 E

Since we know that i = j + k + J and v = vy therefore we get (6,n —i,vy) € |12 o|E (s0
FU-PO is proved)

4. SLIO*-prod:

XUl ke :m XU eg o
N0 T E (erse2) 1 (11 X 72)

Also given is L= ¥ o A and (0,n,6) € [T oy

To prove: (0,n,(e1,e2) §) € [(11 X 12) 0k

This means that from Definition 2.7 we need to prove
Vi <n.(er,e2) d iv = (6,n—1i,v) € |(nn xXT) oy
This means that given some i < n s.t (e1,e2) § {; v

It suffices to prove
O,n—1i,v) € (11 X T2) oy (FU-PAO)

IHI:
Vi < n.ej (5U] v = (G,Tb—j, Ul) € {7_1 JJV

Since we know that (e, e2) d |J; v therefore 3j < ¢ < n s.t eq § ||; vi. This means we have
(9,71 — j, 1)1) S LTl O'JV (FU—PAl)

IH2:

Vk < (n—j).eg (5Uk Uy — (H,n—j —k,UQ) S LTQ O'JV

Since we know that (e; ez) d |}; v therefore 3k < i — j (since i < n therefore i —j < n —j)
s.t eg 0 | vo. This means we have

(Q,TL —j — k, ’UQ) S LTQ UJV (FU—PAQ)

In order to prove (FU-PAO) from SLIO*-Sem-prod we know that ¢ = j + k + 1 and
v = (v1, 12) therefore from Definition 2.6 it suffices to prove

(On—j—k—1wu)e|nolyand (@,n—j—k—1w)e[naly
We get this from (FU-PA1) and Lemma 2.16 and from (FU-PA2) and Lemma 2.16
5. SLIO*-fst:

Ui T Re (g X 7o)
YU T - fst(e!) 1y
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Also given is L=V o A and (6,n,0) € [T v
To prove: (0,n,fst(e’) ) € |[m1 olE

This means that from Definition 2.7 we need to prove
Vi <nfst(e) d v = (O,n—i,v) € |m o]y

This means that given some i < n s.t fst(e’) 6 ; v

It suffices to prove

O,n—1i,v) € |m o]y (FU-F0)

IHI:

Vj<n.e oy (vi,m) = (0,n—7j,(v,m)) e [(nxmn)oly

Since we know that fst(e’) 0 {; v therefore 35 < i < mn s.t € § |; (v, v2). This means we
have

(9,71 —j, (1)1,1}2)) c L(Tl X 7’2) UJV

From Definition 2.6 we know the following holds
(Q,TL -7, 1)1) € LTI JJV and (Q,TL -7, 1)2) < LTQ JJV (FU—FI)

From SLIO*-Sem-fst we know that v = v; and i = j + 1. Therefore from (FU-FO0), we are
required to prove

(Q,TL -J—1 Ul) € L’rl UJV
We get this from (FU-F1) and Lemma 2.16
. SLIO*-snd:

Symmetric reasoning as in the SLIO*-fst case above

. SLIO*-inl:

Uil ke im
Y0 T Hinl(e) @ (11 + )

Also given is L=V o A and (0,n,0) € | o]y

To prove: (6,n,inl(e’) §) € |[(11 +72) ok

This means that from Definition 2.7 we need to prove
Vi <n.inl(¢)) 6 J; v = (O,n—i,v) € (11 +72) o]V
This means that given some i < n s.t inl(e’) 6 {; v

It suffices to prove
O,n—i,v) € [(1+ 7)oy (FU-LEO)

IHI:

Vi<ne oljuv = (O,n—j,un)e|noly

Since we know that inl(e/) § {}; v therefore 3j < i < n s.t € ¢ §; v;. This means we have
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(9,')1 -7, 1)1) S LTI O’JV (FU—LEl)

From SLIO*-Sem-inl we know that v = v; and ¢ = j 4+ 1. Therefore from (FU-LE0Q) w we
are required to prove

@,n—j7—1v)€|(nn+mn) oy

From Definition 2.6 it suffices to prove

(97n _.j - 17 1)1) € L’rl UJV

We get this from (FU-LE1) and Lemma 2.16
. SLIO*-inr:

Symmetric reasoning as in the SLIO*-inl case above

. SLIO*-case:

50T Fee: (114 72) YUz :mbe XUl y:mbke: T
;W T+ case(e, x.e1,y.€2) : T

Also given is L= ¥ o A and (0,n,6) € [T oy

To prove: (6,n, (case e, x.e1,y.e2) ) € |T 0|k

This means that from Definition 2.7 we need to prove
Vi < n.(case e, z.e1,y.€2) 6 i v = (0,n—1i,v) € [T o]y
This means that given some i < n s.t (case e., z.e1,y.e2) 6 {; v

It suffices to prove
O,n—1i,v)€|T o]y (FU-C0)

IHI:
Vi<necoljv. = (O,n—j,u)e|(n+mn)olv

Since we know that (case e, x.e1,y.e2) 6 {; v therefore 3j < i < n s.t ec 6 {; v.. This
means we have

(0,n—j,v) € [(11+72) o]y (FU-C1)
2 cases arise:
(a) v =inl(v):

IH2:
VE<(n—j)erdU{z—ultdrn = O,n—j—kv)e|roly

Since we know that (case e.,z.e1,y.e2) § |; v therefore Ik < i — j (since i < n
therefore i —j <n —j) st e; §U{z — u} | vi. This means we have

O,n—j5—k,v)e|Toly (FU-C2)

From SLIO*-Sem-casel we know that i = j + k + 1 and v = v;. Therefore from
(FU-CO) it suffices to prove

(O.n—j—k—1u)€[roly
We get this from (FU-C2) and Lemma 2.16
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(b) v =inr(vy):

Symmetric reasoning as in the previous case

10. SLIO*-FTI:

S0 e 7
;T F A€ : Va.r

Also given is L=V o A and (0,n,6) € [T o]y

To prove: (6,n,Ae’ §) € |(Va.(le,T)) 0B

This means that from Definition 2.7 we need to prove
Vi<nAe 6, v = (0,n—1i,v) € |[(Va.T) o]y

This means that given some i < n s.t Ax.e/ § {; v

(from SLIO*-Sem-val we know that v = Ae’ § and i = 0)

It suffices to prove
(0,n,Ae’ §) € |(Va.1) o]y (FU-FI0)

From Definition 2.6 it further suffices to prove

VOO, 5 <nVl € L(0,]5,¢0)¢e |T[¢'/a]lk

This means given some ¢',j,¢' € Lst ¢ 36, j <n (FU-FI1)
We are required to prove

(,j.( &) € [7[¢/a] o]p  (FU-FI2)

Since (0,n,0) € |I" oy therefore from Lemma 2.18 we know that (6,7,0) € [I" 0|y where
j <mn (from FU-L1)

IH: (0,5, 0) e [roU{a—l}E
(FU-FI2) is obtained directly from IH
11. SLIO*-CI:

YU, eTkHe 7
S Tkve:ic=1

Also given is L=V o A and (0,n,0) € | oy

To prove: (0,n,ve’ §) € |(c=7) 0|k

This means that from Definition 2.7 we need to prove
Vi<nwve dl;v = (O,n—iv)€|(c=>7) 0]y

This means that given some i < n s.t ve’ § ; v

(from SLIO*-Sem-val we know that v = ve’ § and i = 0)
It suffices to prove

O,n,ve’ 8) € |[(c=T) oy (FU-CI0)

From Definition 2.6 it further suffices to prove
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12.

LEc = VPOCH,j<n.(0,jed)e|r]e

This means given £ |= ¢ and some ¢',j s.t ' 36, j <n (FU-CI1)
We are required to prove

0',45,(e0)) e |rolp (FU-CI2)

Since (0,n,0) € |I" oy therefore from Lemma 2.18 we know that (6,7,0) € [I" 0|y where
j <n (from FU-L1). Also we know that £ |= ¢ o therefore £ = (X U{c}) o

IH: (elaja e 5) € LT UJE
(FU-CI2) is obtained directly from IH
SLIO*-FE:

0T Fe :Var FV({) e X
S0 T e [ 7[e/a]

Also given is L =¥ o A and (0,n,6) € [ 0|y

To prove: (0,n,€'[| 0) € |7[¢/a] o]k

This means that from Definition 2.7 we need to prove
Vi<nel]oliv = (O,n—i,v) € |7[l/a] o]y
This means that given some i < n s.t €[] § ; v

It suffices to prove

0,n—1i,v) € |[7[l/a] o]y (FU-FEO)

IH: (0,n,¢ d) € |Va.7|E

From Definition 2.7 we know that
Vhy < n.€ 6 p, Aepy = (0,n — hy,Aepy) € |(VauT) oy

Since €[] § reduces therefore we know that 3h; < i < n such that €' § |5, Ae;
Therefore we know that (6,n — hy, Aepy) € [(Va.7) oy

From Definition 2.6 we know that
Yo" g 9,:13 < (77, — hl),fh S E.(Q”,x,ehl) S L(T[ﬂh/a]) UJE

Instantiating #” with 6, x with n — h; — 1 and ¢}, with £. So, we get
(@,n—hy —1,ep) € [(T[¢/a]) ok

From Definition 2.7 we know that the following holds

Vhe <n—hy —lep 6 dp, v = (O,n—hy —1—ha,v) € |[(7[l/a]) o]y

Since €/[] § reduces in 7 steps therefore from SLIO*-Sem-FE we know that (i = hy +ho+1)
and since we know that ¢ < n therefore we have hy < n — hy — 1 such that ep; 0 {p, v.
Therefore we get

(@,n—hy —1—ho,v) € |[(T[/a]) o]V
Since i = hy + ho + 1 therefore we get
(0,n—i,v) € [(T[¢/a]) o]v
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13.

14.

SLIO*-CE:

S U:TkHe :e=71 X Ukc
YU T e o7

Also given is L=V o A and (0,n,0) € | o]y

To prove: (6,n,e' e §) € [T ol

This means that from Definition 2.7 we need to prove
Vi<nee dliv = (0,n—1i,v)€|T0o]y

This means that given some i <ns.t e e § ;v

It suffices to prove

O,n—1i,v)€|Toly (FU-CEO0)

IH: (0,n,¢' ) €|lc=T0lE

From Definition 2.7 we know that

Vhy <n.e 0 4p, veny = (0,n—hy,vep) € [c =T o]y
Since ¢’ @ § reduces therefore we know that 3h; < i < n such that €’ § {5, vep,
Therefore we know that (6,n — hy,vep) € [c= T oy

From Definition 2.6 we know that

LEco = V0" J0,x<(n—h).(0",z,ep1) € |7 0|E

Since we know that £ = ¢ o and then we instantiate 8” with 6, x with n — h; — 1. So, we
get

(9,71 — hl — 1,6h1) S LT O'JE

From Definition 2.7 we know that the following holds
Vho <n—hy —l.ep 5~Uh2 v — («9,n—h1—1—h2,v) S LT JJV

Since €’ @ § reduces in i steps therefore from SLIO*-Sem-CE we know that (i = hi+ha+1)
and since we know that ¢ < n therefore we have ho < n — hy — 1 such that ey 0 {n, v.
Therefore we get

(O,n—hy —1—ho,v) €T 0]y
Since we know that i = hy + ho + 1 therefore we get
(9,71—7:, U) € LT O-JV

SLIO*-ref:

Y:U:T k¢ : Labeled ¢/ 7 Uil
30T+ new (e) : SLIQ £ ¢ (ref ¢ 7)

Also given is L=V o A and (0,n,0) € | o]y
To prove: (6,n,new (') §) € |SLIO £ ¢ (ref ¢/ 7) 0|

This means that from Definition 2.7 we need to prove
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Vi <n.new (¢) § |}, v = (O,n —i,v) € |SLIO L L (ref £/ 7) o]y
This means that given some i < n s.t new (¢/) § |; v

(from SLIO*-Sem-val we know that v = new (¢’) ¢ and i = 0)

It suffices to prove

(0,n,new (e') 0) € |SLIO ¢ ¢ (ref ¢/ 7) o]y

From Definition 2.6 it suffices to prove

Yk <n,0. 30, H,j.(k, H)> 0. A (H new (¢') 0) U (H o)A j <k =
30 36..(k—j, H)>0 A0, k—j,v') € |(ref £ 7)]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(0")\dom(6e).0'(a) \ {)

This means given some k < n,0, 360, H,js.t (k, H)>0.A(H,new (') 0) Uf (H',v")Aj < k.
Also from SLIO*-Sem-ref we know that v = a

It suffices to prove

30" 3 0,.(k — 3, H) >0 A0,k — j,a) € [(ref € 7)]v A

(Va.H(a) # H'(a) —> 3¢.0,(a) = Labeled & 7/ A€ T £/) A

(Va € dom(6')\dom(6.).0'(a) \ ) (FU-RO)

IH:

(0c,k,€e' &) € | (Labeled ' 7) 0| g
From Definition 2.7 this means we have
Vi< ke dyyv, = (Oe,n—1,vp) € |(Labeled ¢ 7) o]y

Since we know that (H,new (e’)) llf (H', a) therefore from SLIO*-Sem-ref we know that
d<j<kste sl

Therefore we have
(Oc,n — 1, vp) € | (Labeled ¢' 7) o |y (FU-R2)

In order to prove (FU-RO) we choose ¢’ as 6,, = 6. U {a > Labeled ¢’ 7}

Now we need to prove:

(a) (k—j,H)>0,:
From Definition 2.8 it suffices to prove that
dom(6,,) C dom(H') AVa € dom(0y,).(0p, (k —j) —1,H'(a)) € |0n(a)]v
e dom(0,) C dom(H'):
We know that dom(H') = dom(H) U {a}
We know that dom(6,,) = dom(0.) U {a}
And (k, H) > 6, therefore from Definition 2.8 we know that dom(6.) C dom(H)
So we are done
e Va € dom(0,).(0pn, (k—j)—1,H'(a)) € |0p(a)]v:
Since from (FU-R2) we know that (6p,n — 1, v,) € |(Labeled ¢ 7) o]y
Since 0, C 0, and k —j — 1 < n —1 (since k < n and | < j) therefore from
Lemma 2.16 we know that (0,,,k —j — 1,v,) € |(Labeled ¢ 7) o]y
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(b) (O, k—j—1,a) € [(ref £ T)]y:
From Definition 2.6 it suffices to prove that 6, (a) = Labeled ¢’ 7
We get this by construction of 6,

(¢) (Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T ¢'):
Holds vacuously

(d) (Va € dom(0,,)\dom(0.).0,(a) \ £):
From SLIO*-ref we know that ¢ C ¢

15. SLIO*-deref:

S:U:THe tref 01
;0T e’ : SLIO ¢ ¢ (Labeled ¢ 7)
Also given is L= ¥ o A and (0,n,6) € [T oy
To prove: (0,n,(le’) §) € |SLIO ¢ ¢’ (Labeled £ 7) 0| g
This means that from Definition 2.7 we need to prove
Vi<nle)old; v = (0,n—1i,v) € |SLIO ¢ ¢ (Labeled ¢ 7) o]y
(From SLIO*-Sem-val we know that v =l¢’ § and i = 0)

This means that given some i < n s.t le/ § ;le’ &

It suffices to prove

(0,n,le’ &) € |[SLIO ¢ ¢’ (Labeled ¢ 7) oy

From Definition 2.6 it suffices to prove

Yk <n,0c 30, H,j.(k H)> 0. A(H, (e 8)) U] (H' v')Nj <k =
30" 30..(k—j,H)>0 N0,k —j,v") € |(Labeled £ )]y A
(Va.H(a) # H'(a) = 3¢".0.(a) = Labeled ¢" 7' ANV T ") A

(Va € dom(0")\dom(6.).0'(a) \ )

This means given some k <n,0. 36, H,j st (k,H)>60. A\ (H, (€ §)) U; (H',v'YNj <k
It suffices to prove

30’ 30..(k — 4, H) 0 A (6, k — j,0') € |(Labeled £ 7) |y A

(Va.H(a) # H'(a) = 3".0.(a) = Labeled ¢ 7/ AU T {") A

(Va € dom(0')\dom(6.).0'(a) \ ) (FU-DO)

IH:

(Oc k. 0) e |(ref £ T) 0|

From Definition 2.7 this means we have

Vi<ke dlyyv, = (O, k—1uvp) € [(ref £ 7)oy

Since we know that (H,!(e")) l}; (H', a) therefore from SLIO*-Sem-deref we know that
A<j<kstedl, v, vn=oa

Therefore we have

(O k—1,a) € |(ref £ 7) 0]y (FU-D1)

In order to prove (FU-DO0) we choose 0 as 0,

Now we need to prove:
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(a) (k—j,H)>0:
From Definition 2.8 it suffices to prove that
dom(6.) C dom(H') ANVa € dom(0e).(0c, (k — j) — 1, H'(a)) € |bc(a)]v
e dom(6.) C dom(H'):
And (k, H) > 6, therefore from Definition 2.8 we know that dom(6.) C dom(H)
And since H' = H (from SLIO*-Sem-deref) so we are done
e Va € dom(0.).(6c, (k—j)—1,H'(a)) € |be(a)]v:
Since we know that (k, H) > 6, therefore from Definition 2.8 we know that
Va € dom(6.).(0e,k — 1, H(a)) € |6c(a)|v
Since H' = H and from Lemma 2.16 we get
Va € dom(8.).(6e, (k — 7) — 1, H'(a)) € [0e(a) v
(b) (B, k — j,v") € [(Labeled £ 7) |y:
From SLIO*-Sem-deref we know that H = H' and v' = H(a)
From (FU-D1) and Definition 2.6 we know that 0.(a) = Labeled ¢ 7
Since we know that (k, H) > 6, therefore from Definition 2.8 we know that
Va € dom(60.).(0c,k — 1, H(a)) € [0c(a)]|v
Since from SLIO*-Sem-deref we know that 7 > 1. Therefore from Lemma 2.16 we get
(0, k —j,H(a)) € [(Labeled ¢ 7) |y
(¢) (Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢’ T AL T {'):
Holds vacuously
(d) (Va € dom(f.)\dom(0.).0c(a) \ ¥):

Holds vacuously

16. SLIO*-assign:

YU T kep:ref 7 ¥;W;T I eg : Labeled ¢/ 7 S U/l
;W' eg := ey : SLIO £ £ unit

Also given is L=V o A and (0,n,0) € | o]y

To prove: (0,n,(e1 := e2) 8) € [(SLIO ¢ £ unit) o5

This means that from Definition 1.7 we need to prove
Vi<n.(er:=e2) dliv = (0,n—1i,v) € [(SLIO £ £ unit) o]y
This means that given some i < n s.t (e; :=e2) § {; v.

It suffices to prove

(0,n—1,()) € [(SLIO £ £ unit) o v

From Definition 2.6 it suffices to prove

Yk <n,00 30, H,j.(k H) >0 A(H, (1 :=e3) 0) Y] (H v )N j <k =
30 3 6..(k—j, H)>0 A0, k—j, o)) € |(ref £ )]y A

(Va.H(a) # H'(a) => 30 .0.(a) = Labeled ¢ 7/ AL T £) A

(Va € dom(6')\dom(6.).0'(a) \ )

This means given some k < n,0. 360, H,js.t (k, H)>0.N\(H, (e1 := e3) J) l}; (H',v"\A\j <
k. Also from SLIO*-Sem-assign we know that v" = ()

It suffices to prove
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30" 360..(k—4,H)>0 N0,k —7,() € [unit]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL T V') A
(Va € dom(8')\dom(6.).0'(a) \, £) (FU-A0)

IHI:
Vi<ke v = (0,k—1,a)€e |(ref ' T)0c]y

Since we know that (e; := e3) ¢ ll; v therefore 3l < j < k s.t e1 0 {J; a. This means we
have

0,k —1,a) € |(ref ' 7) o]y (FU-A1)

1H2:
Vm < (k—1).e2 0 dm 12 = (0,k —1 —m, ) € |Labeled ¢/ 7 o |y

Since we know that (e; := e2) ¢ ll;-c v therefore Im < j—I (since j < k therefore j—I < k—1)
s.t eg 0 | vo. This means we have

(0,k —1—m, o) € |(Labeled ¢ 7) oy (FU-A2)

In order to prove (FU-AO0) we choose 6’ as 6,

Now we need to prove:

(a) (k—j,H') > be:
From Definition 2.8 it suffices to prove that
dom(0.) C dom(H') AVa € dom(60.).(0e, (k —j) —1,H'(a)) € |be(a)]v

e dom(0.) C dom(H'):

We know that dom(H') = dom(H)

And (k, H) > 6, therefore from Definition 2.8 we know that dom(6.) C dom(H)

So we are done

e Va € dom(0e).(0e, (k —j) —1,H'(a)) € |be(a)]v:
Va € dom(6.).
i. H(a) = H'(a):

Since (k, H) > 0, therefore from Definition 2.8 we know that
(Oc, k — 1, H(a)) € |0c(a)]v
Therefore from Lemma 2.16 we get
(Oc, k —1 =4, H(a)) € |0c(a) v

ii. H(a)# H'(a):
From SLIO*-Sem-assign we know that H'(a) = vy
From (FU-A1) we know that 6.(a) = Labeled ¢ 7
Also we know that j =1+ m + 1
Since from (FU-A2) we know that
0,k —1—m,vs) € |(Labeled ¢' 7) oy
Therefore we get
0,k —j+1,1) € [(Labeled ¢' 7) oy
Therefore from Lemma 2.16 we get
0,k —j—1,v) € |(Labeled ¢' 7) o]y

(b) (Be,k—j —1,() € |unit]y:
From Definition 2.6
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(¢) (Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ T AL C {):
From SLIO*-assign we know that ¢ C ¢/
(d) (Va € dom(fe)\dom(0.).0c(a) \ ¥):

Holds vacuously

17. SLIO*-label:

Y0 kHe 7
;T F Lb(€) : Labeled £ 7

Also given is L=V o A and (0,n,0) € | o]y
To prove: (6,n,Lb(e’) §) € |Labeled £ 7 o |
This means that from Definition 2.7 we need to prove

Vi <n.Llb(e)d ;v = (0,n—i,v) € |Labeled ¢ 7 oy

This means we are given some ¢ < n s.t Lb(e’) ¢ |}; v and we are required to prove
(0,n —i,v) € |Labeled £ T o |y

Let v = Lb(v;). This means from Definition 2.6 we are required to prove
(0,n—i,v) € |rolv
IH: (0,n,¢' d) € |7 0]p
This means from Definition 2.7 we have
Vi<ne oljvu = (O,n—j,u)€|roly
Since we know that Lb(e") § {}; v therefore 3j < i <mns.te d{; v
Therefore we have (6,n — j,v;) € |7 o]v
From SLIO*-Sem-label we know that ¢ = j + 1 therefore from Lemma 2.16 we have
(9,n — 1, Ui> S LT UJV
18. SLIO*-unlabel:

¥;W;T € : Labeled £ 7
¥; ;T unlabel(e’) : SLIO ¢; (¢; L /) T

Also given is L=V o A and (0,n,6) € [T o]y
To prove: (6,n,unlabel(¢’) ¢) € [(SLIO ¢; (¢; L) T) ol|p

This means that from Definition 2.7 we need to prove

Vi < n.unlabel(e’) 6 J; v = (0,n —i,v) € [(SLIO ¢; (¢; UL) 7) o]y
This means that given some i < n s.t unlabel(e’) § |; v

(from SLIO*-Sem-val we know that v = unlabel(¢’) § and i = 0)

It suffices to prove
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(0,n, unlabel(e’) 6) € [(SLIO ¢; (4; L L) T) o]y

From Definition 2.6 it suffices to prove

Vk <n,0. 360,H,j.(k H)>0. A (H,unlabel(e') 8) J] (H', v)Nj <k =
30" 36..(k—4,H)>0 N0 k—j,0)e|TolvA

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(6')\dom(6e).0'(a) \, £)

This means given some k < n,0. 10, H,js.t (k, H)>0.A\(H,unlabel(e’) §) U; (H',v")\j <
k. Also from SLIO*-Sem-unlabel we know that H' = H

It suffices to prove

30’ 30..(k—j,H) >0 A0,k v')e T oy A
(Va.H(a) # H'(a) = 3.0 (a) Labeled ¢/ 7/ AL C 0') A
(Va € dom(0")\dom(6e).0'(a) \ ¥) (FU-U0)

IH:
(Oc,k, e &) € |(Labeled £ 7) 0| g

This means that from Definition 2.7 we need to prove

Vhy < k.e § bp, vy = (B¢, k — hy,vp,) € [(Labeled £ 7) oy

Since we know that (H, unlabel(¢’)) llf (H,v") therefore from SLIO*-Sem-unlabel we know
that

Jhy < j<kste dlp Lbo

This means we have

(0c, k — hy1,Lbv") € | (Labeled £ 7) o]y

This means from Definition 2.6 we have

(Oe,k—h1,v') € |7 oly  (FU-UL)

In order to prove (FU-U0) we choose 6" as 6.. And we a required to prove:

(a) (k—j,H)>0:
Since have (k, H) > 0. therefore from Lemma 2.20 we get (k — j, H) > 6,
(b) (0, k—j4,v") € |7 o]y:
Since from (FU-U1) we know that (e, k — hy,0v") € |7 oy
And since j = hy + 1, therefore from Lemma 2.16 we get (0., k — j,v') € |7 o]v
(¢) (Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ 7/ AL T {'):
Holds vacuously
(d) (Va € dom(6')\dom(0.).0'(a) \ £):

Holds vacuously

19. SLIO*-ret:

YU:TkHe 7
¥ 0T Fret(e’) : SLIO ¢; 4; 7
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Also given is L=V o A and (6,n,0) € [T v

To prove: (0,n,ret(e¢’) 0) € |[SLIO ¥¢; ¢; T 0|

This means that from Definition 2.7 we need to prove

Vi <n.ret(e!) d ;v = (6,n—i,v) € |SLIOY; 4; 7 oy

This means we are given some i < n s.t ret(e’) § {; v and we are required to prove
(0,n —i,v) € |[SLIO ¢; ¢; T 0|y
(from SLIO*-Sem-val we know that v = ret(e’) § and i = 0)

It suffices to prove

(G,n, ret(e’) (5) S I_SL]I@ 0 b T UJV

From Definition 2.6 it suffices to prove

Yk <n,00 30, H,j.(k H) >0 A (H ret(e) 6) I (H v)Aj <k =
30" 3 0c.(k—4,H) 0 N0/, k—j4,0) € |T o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL C ') A

(Va € dom(6')\dom(6.).0'(a) \, ¢)

This means given some k < n,0. 36, H,js.t (k, H)>0. A (H,ret(e') §) ll; (H',v")Nj < k.
Also from SLIO*-Sem-ret we know that H' = H

It suffices to prove

30 36..(k— 4, H) v 0 N0 k—j,0) €|t oy A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL C V') A
(Va € dom(6')\dom(6.).0'(a) \, ¢) (FU-RO)

IH:
(Oc,k,e' ) € |T0olp

This means that from Definition 2.7 we need to prove
Vhi < k.e’ & Uhl vy, — (Qe,k — hl,’l}h) S LT UJV

Since we know that (H, unlabel(e’)) ilj-c (H,v") therefore from SLIO*-Sem-ret we know that
Jh <j<ksteolp v

This means we have

(Oe, k —h1,v') € [T o]y (FU-R1)

In order to prove (FU-U0) we choose 6’ as .. And we a required to prove:

(a) (k—j,H)>0:

Since have (k, H) > 0, therefore from Lemma 2.20 we get (k — j, H) > 6,
(b) (0',k —j,v") € |T o]y:

Since from (FU-R1) we know that (6., k — hy, ) € |7 o]y

And since j = hy + 1, therefore from Lemma 2.16 we get (6., k — j,v') € |7 oy
(¢) (Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ 7/ AL T {'):

Holds vacuously
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(d) (Va € dom(0")\dom(6.).0'(a) \ {):

Holds vacuously

20. SLIO*-bind:

X;U:I'ke : SLIO 4 £ 7 YU, z:7Fey:SLIO L L, T/
;U T+ bind(e1, z.e2) : SLIO ¢; ¢, 7'

Also given is L=V o A and (0,n,0) € | o]y

To prove: (6,n,bind(er, z.e2) §) € [SLIO ¢; £, 7' 0|k

This means that from Definition 2.7 we need to prove

Vi < n.bind(e1,xz.e2) 6 |}, v = (0,n —i,v) € |[SLIO ¢; ¢, 7/ o]y

This means we are given some i < n s.t bind(ey, z.e2) § |J; v and we are required to prove
(0,n —i,v) € [SLIO ¢, ¢, 7" oy

(from SLIO*-Sem-val we know that v = bind(ey, z.e2) § and ¢ = 0)

Therefore we need to prove

(0,n,v) € |SLIO ¢; £, 7' o]y

From Definition 2.6 it suffices to prove

Vk <n,0.2360,H,j.(k,H)>0. A (H,bind(e1,z.€2) 9) U; (H v YNj<k =
3¢ 36..(k— 4, H)> 0 N0 k—j4,0") e |T o]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(6")\dom(6.).0'(a) \, ¢)

This means we are given some k < n,0. 36,H,j st (k,H)>0. A (H,bind(er,z.€2) J) l}j-c
(H',v")Nj < k.
It suffices to prove

30" 3 0,.(k— j, H) o 0 A (0 k— j,0) € |7 o]y A
(Va.H(a) # H'(a) — 3¢'.0.(a) = Labeled £ 7/ A £ T ¢) A
(Va € dom(6')\dom(6.).0'(a) \, ¢) (FU-B0)

IHI:
(O, k,e1 0) € |[SLIO Y £ 7) ol|p
This means that from Definition 2.7 we need to prove

Vhi < k.eq 5U‘hl U] — (Qe,k‘—hl,’l)l) € \_(S]LH@ ¢; 57') O'JV

Since we know that (H, bind(eq, x.e2)) l}; (Hi, v1) therefore from SLIO*-Sem-bind we know
that

Jhi <j<kste 6U’h1 U1

This means we have

(Oc,k — h1,v) € [(SLIO ¢; £ 7) oy

From Definition 2.6 we know that
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Vit < (k= h1),0, 3 0c, H, J.(kp1, H) > 0L A (H,01) V) (H  of ) AT < kpy =
30" 360, (kpy — J, H') > 0" A (0" ey — J,0) € |7 0]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7/ AL T £') A

(Va € dom(0")\dom(6,).0"(a) \ £)

Instantiating kp1 with k—hq, 0, with 6.. Since we know that (H, bind(eq, z.e2)) ll; (Hyi,v1)

therefore 3J < j —hy <k —hy st (H,v) llf; (H',v;,). And since we already knwo that
(k, H) > 0, therefore from Lemma 2.20 we get (kK — hy, H) > 6,

This means we have

30" 3 6..(kpy — J, H)> 0" N (0" kpy — J,0") € |7 olv A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL C V') A
(Va € dom(0")\dom(6.).0"(a) \, £) (FU-B1)

TH2:

(0" k—hy—Jea dU{x— v'}) € [(SLIO Y £ 7") olp

This means that from Definition 2.7 we need to prove
Vhe < k—hi1—J.es (5U{$ — UI} U’hz v = (9”, k—hy—J—ho, ?]”) S \_(S]L]I@ 04, 7'/) O’JV

Since we know that (H, bind(e1, x.€2)) ll; (H,vy) therefore from SLIO*-Sem-bind we know
that

Jhe<j—hi—J<k—h —JsteadU{x— v} {p, v
This means we have

(0", k —hy — J — ha,v") € |(SLIO ¢ £y 7') o]y

From Definition 2.6 we know that

Vhng < (k—hy—J —ha), 0, 30", H,J' (kng, H)>0L A (H,v") 1), (H", v},) AT < by =
30" 2 60,.(kna — T, H") > 0" A (0" kna — J',0') € |7 o)y A
(Va.H(a) # H"(a) = 3¢'.0.(a) = Labeled ¢/ 7/ AL T V') A

(Va € dom(0")\dom(0.).0" (a) )

Since we know that (H,bind(e1,z.€2)) ll; (Hy, v) therefore Jupg,i s.t (v i vp2). From
SLIO*-Sem-val we know that vy = v” and ¢ = 0. Instantiating kjo with k — hy — J — ho,
0, with 0", H with H' (from FU-B1) and 3J' < j —hy —J —hy < k—hy —J — hg s.t
(H', vp2) M; (H",v;,). And since we already know that (k — hy, H') > 0" therefore from
Lemma 2.20 we get (k —hy — J — ho, H') > 6"

This means we have

30" 236, (kpo — J,H") > 0" N (0" kpo — T, 0") € [T o]y A
(Va.H(a) # H"(a) = 30'.0.(a) = Labeled ¢/ 7/ AL C V') A
(Va € dom(8")\dom(6.).0" (a) \ ¥) (FU-B2)

We get (FU-BO) by choosing 6 as 6" (from FU-B2)
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21. SLIO*-toLabeled:

S;U:T e :SLIO ¢ 4, T
¥; ;T tolLabeled(e) : SLIO ¢; ¢; (Labeled ¢, T)

Also given is L= ¥ o A and (0,n,6) € [T oy
To prove: (6,n,tolLabeled(e’) 0) € |(SLIO ¢; ¢; Labeled ¢, 7) 0| g

This means that from Definition 2.7 we need to prove

Vi < n.toLabeled(¢’) § ||, v = (0,n —1i,v) € | (SLIO ¢; ¢; Labeled ¢, 7) o |y
This means that given some i < n s.t toLabeled(e’) 0 {}; v

(from SLIO*-Sem-val we know that v = tolLabeled(e’) § and i = 0)

It suffices to prove

(0, n,toLabeled(e’) &) € [(SLIO ¢; ¢; Labeled ¢, ) o |y

From Definition 2.6 it suffices to prove

Yk <n,0. 30, H,j.(k, H)>0c A (H, tolabeled(e') 8) U (H',v')Nj <k =
30" 3 0..(k—4,H)0' N (0, k—j,v") € |(Labeled ¢, 7) o |y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(0')\dom(0e).0'(a) \, ¥)

And given some k <n,0, 360, H,js.t (k, H)>0, A (H,toLabeled(e’) ¢) llf (H',v")Nj < k.
Also from SLIO*-Sem-tolabeled we know that H' = H

It suffices to prove

30" 36..(k—45,H)>0 N0,k —j,v") € |(Labeled ¢, 7) o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(0')\dom(6.).0'(a) \(¢)  (FU-TLO)

IH:

(Oc,k,e' §) € |(SLIO ¢; 4, T) 0| E

This means that from Definition 2.7 we need to prove

Vhi < ke 6 Un, 1 = (0, — by, 01) € |(SLIO & £, 7) o]y

Since H,tolabeled(e’) ll; H' v’ therefore from SLIO*-Sem-tolabeled we know that 3h; <
j<kste dlp n

Therefore we get (0,k — h1,v1) € [(SLIO¢; ¢, ) o]y

From Definition 2.6 we know that

Vit < (k — 1), 0% 3 0c, Hy, J.(kny, Hy) > 0L A (Hpy01) U (H o)) AT < by =
30" 3 Hle-(khl —J, Hl) > 6" A (9”, kpi — J,v1) € LT UJV A

(Va.Hp(a) # H'(a) = 30'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(0")\dom(6.).0"(a) \, £)

Instantiating kpy with k—hq, H, with H, 6, with 6.. Since we know that (H,toLabeled(¢)) iLf

(H',v1) therefore 3J < j —hy < k—hy s.t (H,v) l}f; (H',v};). And since we already
knwo that (k, H) > 6. therefore from Lemma 2.20 we get (k — hy, H) >0,
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This means we have

30" 200k — hy — J,H) 50" A 0",k —hl — J,01) € |7 o)y A
(Va.H(a) # H'(a) — 3¢.6.(a) = Labeled & 7/ A ¢ C £/) A
(Va € dom(6")\dom(0.).0"(a) \y¢)  (FU-TL1)

In order to prove (FU-TLO) we choose 6" as #”. Now we need to prove the following

(a) (k—j4,H)>0":
Since (k —hy — J,H')> 6" and j = hy + J + 1 therefore from Lemma 2.20 we get
(k—j,H ) 0"
(b) (0", k—j—1,v") € |(Labeled £, T 0)]y:
From SLIO*-Sem-tolabeled we know that v" = tolLabeled(v;)
From Definition 2.4 it suffices to prove that (68", k —j —1,v) € |7 o]y

We get this from (FU-TL1) and Lemma 2.16

(¢) (Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ 7' AL T 0'):
Directly from (FU-TL1)

(d) (Va € dom(6y)\dom(0.).0,(a) \ ¢):
Directly from (FU-TL1)

Lemma 2.23 (SLIO*: Subtyping unary). The following holds:
VY, W, o, 7, 7.

1. 5597 <:TANLEV e = [(to)]v C (7 o)y
2.5V Fr<:7TANLEVY e = [(to)|gC|( o)lE

Proof. Proof of Statement (1)
Proof by induction on 7 <: 7/

1. SLIO*sub-arrow:

Given:
Z;\III—T{<:7'1 2;‘1"‘7‘2<:Té

E;\Il|—71—>7'2<17{—>7'£

To prove: |((11 = ) o)|v C |[((11 = ) o)]v

IH1: [(]{ 0)]v € | (71 0)]v (Statement (1))
(72 o) C (75 0)] g (Sub-A0, From Statement (2))
It suffices to prove: V(6,n,\x.e;) € [((11 — 72) 0)|v. (0,n, z.€;) € [((1{ = 75) o) ]v

This means that given some 6,n and Az.e; s.t (6,n, A\z.e;) € |[((11 = 72) 0)]v

Therefore from Definition 2.6 we are given:
Jd0,.0 C 01 AVi < n.Vv.(@l,i, 'l)) € LTI O’JV - (91,1',62[1)/:6]) € LTQ O’JE (79)
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And it suffices to prove: (6,n,\z.e;) € |((t{ = 1) o)]v

Again from Definition 2.6, it suffices to prove:

3605.0 C 65 /\Vj < n.Vv.(QQ,j, ’U) € LT{ O'JV - (Qg,j, 62[1)/117]) € LTé O'JE

This means that given some 63,57 < n,v s.t 0 C 6y and (62, j,v) € |7] v

And we are required to prove: (02,7, e;[v/z]) € |1 o|E

Since (62,7, v) € |71 o]y therefore from TH1 we know that (62, j,v) € |11 o|v
As a result from Equation 79 we know that

(02,7, €ilv/x]) € |72 0]

From (Sub-A0), we know that

(02,4, eilv/x]) € 75 0]k

. SLIO*sub-prod:

Given:
E;\Il|—7'1<:7'{ E;\IJI—TQ<:T£

YWk X 7o <: T X Th

To prove: |[((11 x 2) o)]yv C [((7{ x 75) o) ]v

IH1: [(11 0)]v C [(7] 0)]v (Statement (1))
IH2: [(12 0)|v C | (75 0)]v (Statement (1))
It suffices to prove: V(6,n, (vi, v2)) € [((11 X 72) 0)]v. (0,n,(vi,12)) € | ((7] X 75) o) ]|v

This means that given some 6,n and (v, vy (6, (v1, 1)) € [((11 X 72) 0)]v
Therefore from Definition 2.6 we are given:

(9,%,1)1)6 LTl O'Jv/\(e,n,vg) € LTQ O'JV (80)
And it suffices to prove: (0, (vi, v2)) € [((1] X 73) 0)]v

Again from Definition 2.6, it suffices to prove:

(Q,n, 'Ul) S LT{ UJV A (0,7’1, UZ) € LTé UJV

Since from Equation 80 we know that (0,n,v1) € |71 o|v therefore from IH1 we have
O,n,v) € |1 o]y

Similarly since (6, n, 12) € |72 0]y from Equation 80 therefore from IH2 we have (6, n, u») €
[ olv
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3. SLIO*sub-sum:

Given:
Uk <7 SV <7y

XUk 41 <27’{+Té

To prove: |((11 +72) o)]v C [((71 +73) o)]v

IH1: [(11 0)]v C | (7] o)]v (Statement (1))
IH2: [(12 0)|v C | (75 o)]v (Statement (1))
It suffices to prove: V(0,n,vs) € |[((11 +72) 0)]v. (0,vs) € [((7] +75) o) ]v

This means that given: (6,n,vs) € [((11 + 72) 0)]v
And it suffices to prove: (6,n,vs) € |((1] +75) o)|v

2 cases arise

(a) vs =inl v;:

From Definition 2.6 we are given:

(9,71, Ui) S |_7'1 UJV (81)

And we are required to prove that:
O,n,v) € |1 olv
From Equation 81 and IH1 we know that
(Q,n, UZ') S LT{ JJV

(b) wvs =inr v;:

From Definition 2.6 we are given:

(0777’) Ui) € I_TQ O—JV (82)

And we are required to prove that:
O,n,v) € |15 0]v

From Equation 82 and TH2 we know that
(Q,TL, UZ') S LTé JJV

4. SLIO*sub-forall:

Given:
YUk <imy

XU FVYarm <:Vam

To prove: |[((Va.m1) o))y C [(Va.m2) o]y
It suffices to prove: V(0,n,Ae;) € [((Va.m1) o) |v. (0,n,Ae;) € |(Va.T2) o) |v

This means that given: (6,n,Ae;) € [((Va.m1) o)]v

Therefore from Definition 2.6 we are given:

135



d6,.0 C 61 AVI < nWW el = (Hl,i,ei) € LTl (O'U [Oé — f’])JE

And it suffices to prove: (6,n,Ae;) € [((Va.m2) o)y

Again from Definition 2.6, it suffices to prove:

302,.0 C 05 AVj < nvl' e L — (Hz,j, ei) € LTQ (0’ @] [a — f’])JE

This means that given some 6,7 < n,¢ € L s.t 0 C 0y
And we are required to prove: (a,7,¢;) € |12 (cU[a—])|E

Since we are given § C 0 A j < n Al € L therefore from Equation 83 we have

(63,,e1) € |71 (0 U[a > €]

(1 (U [a— )|E C [(r2 (0 U €]))]p (Sub-FO, Statement (2))
From (Sub-F0), we know that

(62,.e) € |72 (0 U [a = £))|

. SLIO*sub-constraint:

Given:
XUk = ¢ YUk <iTo

YUk =>m<icg=Ty

To prove: |((c1 = 11) 0)|v C [((c2 = ™)) olv

It suffices to prove: Y(0,n,ve;) € [((c1 = m1) 0)|v. (0,n,ve;) € [((ca = ) 0)]v

This means that given: (0,n,ve;) € [((c1 = 1) 0)]v

Therefore from Definition 2.6 we are given:
3010 C O AVi<nLlE=c o = (01,i,6;) € |11 (0)|E
And it suffices to prove: (0,n,ve;) € [((c2 = ™) 0)|v

Again from Definition 2.6, it suffices to prove:
3605.0 C 05 AV] < n.L ): Co 0 — (eg,j, ei) € LTQ (G)JE

This means that given some 03,7 st 0 C O Aj<nALEc o

And we are required to prove: (02, j,¢;) € |72 (0)|E

Since we are given 0 C 0o ANj < nAL|Ecyoand L |=cy 0 = ¢ o therefore from

Equation 84 we have

(02,7,€i) € [ (o)l

(11 )] C (12 0)] g (Sub-CO, Statement (2))
From (Sub-C0), we know that

(02,4, €i) € |2 (0) |
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6. SLIO*sub-label:

Uk T <7 WiV
;W I Labeled ¢ 7 <: Labeled ¢/ 7/

To prove: [((Labeled ¢ 7) )|y C |((Labeled £'7") o) ]y

IH: (7 o)|v C |[(7" 0)]v (Statement (1))

It suffices to prove:

V(6,n,Lb(v;)) € [((Labeled £ 7) o)]y. (8,n,Lb(v;)) € [((Labeled ¢ /) o) |v

This means that given some 6,n and Lb(e;) s.t (0,n,Lb(v;)) € | ((Labeled ¢ 7) o) |y
Therefore from Definition 2.6 we are given:

@,n,v) € |(ro)]y (SL)

And we are required to prove that

(0,n,Lb(v;)) € [((Labeled ¢/ 7') o) ]y

From Definition 2.6 it suffices to prove

(0,n,v) € [(' o)]v

We get this directly from (SL) and TH

7. SLIO*sub-CG:

SUkEr <7 DRV Ukl O
;U F SLIO ¢; £, T <: SLIO ¢ ¢, 7/

To prove: |[((SLIO ¢; ¢, 7) o))y C |((SLIO 2, £, ') o) ]y
IH: (7 0)|v C |(7" 0)]v (Statement (1))

It suffices to prove:
V(0,n,e) € [((SLIO ¢; £, ) 0)]y. (0,n,e) € [((SLIO £, £, ') o) |v

This means that given some 6, n and e s.t (6,n,e) € |((SLIO ¢; ¢, T) o) ]|v
Therefore from Definition 2.6 we are given:

Yk <n,0c 30, H,j.(k H) >0 A(H,e) V] (H' )N j <k =
30 360..(k— 5, H)>0 A0,k —j,0") €7 o)y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢ 7" N 4; o T 0') A
(Va € dom(0')\dom(0e).0'(a) \ t; o)  (SCO)

And we are required to prove
(0,n,e) € [((SLIO ¢ ¢, ') o)]v

So again from Definition 2.6 we need to prove

Vk <n,0c 30, H,j.(k, H) >0 A (H,e) W (H' ')A j <k =
30 D0k — 5, H)> 0 N0k —j,0") €7 o]y A
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(Va.H(a) # H'(a) = 30'.0.(a) = Labeled ¢’ 7" N, 0 T 1) A
(Va € dom(6")\dom(0.).0'(a) \, C; o)

This means we are given some k < n,0, J0,H,j < ks.t (k,H)>0.N(H,e) ll; (H',v")
(SC1)

And we need to prove

30" 30..(k—5,H)0' AN (0 k—j4,0)€e |7 o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N0, 0 T V') A

(Va € dom(0")\dom(0.).0'(a) \ C; o)

We instantiate (SCO) with k, 0., H, j from (SC1) and we get
30" 3 0.(k—5,H) 0 N0, k—4,0) € |T o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ' 7" N 4; 0 T 0') A
(Va € dom(6')\dom(6.).0'(a) \( ¥; o)

Since 7 o <: 7’ o therefore from IH we get
30" 30..(k—5,H)>0 N0 k—j,0) e | o]y

And since ¢; C ¢; therefore we also have

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N0, 0 T V') A
(Va € dom(0")\dom(0.).0'(a) \, C; o)

8. SLIO*sub-base:
Trivial

Proof of Statement(2)
It suffice to prove that
V(0,n,e) € |(to)|g. (B,n,e)e |[(7o)lE

This means that we are given (6,n,¢e) € |(7 0)|g
From Definition 2.7 it means we have

Vi<neliv = (0,n—1i,v)€|To|ly (Sub-E0)
And we need to prove

(0,n.e) € (7" o)

From Definition 2.7 we need to prove
Vi<neliv = (0,n—1iv)e|r o]y

This further means that given some i < n s.t e |}; v, it suffices to prove that
(9,n — 1, ’U) € LT/ UJV

Instantiating (Sub-E0) with the given ¢ we get (,n —i,v) € |7 o]y

Finally from Statement(1) we get (6,n —i,v) € |7/ oy
O

Lemma 2.24 (SLIO*: Binary interpretation of I implies Unary interpretation of I'). VW, ~,T', n.
(W,n,y) € [T = Vie{1,2}. Ym. (W.0;,m,v ;) €Ty
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Proof. Given: (W,n,~) € [T}
To prove: Vi € {1,2}. Vm. (W.0;,m,v ;) € |[I']y

From Definition 2.14 we know that we are given:

dom(T') C dom(y) AVx € dom(T).(W,n, 71 (y(2)), m2(y(2))) € [T(z)]
And we are required to prove:

Vi € {1,2}. Vm.

dom(T) C dom(vy ;) AVx € dom(T).(W.0;,m,~v |; (z)) € [T'(x)]|v

Casei =1
Given some m we need to show:
e dom(T) C dom(vy |):
dom(y) = dom(y 1)
Therefore, dom(I") C (dom(vy) = dom(~y };)) (Given)
o Vz € dom(T).(W.0;,m,v | (x)) € |[T'(z)]v:
We are given: Vx € dom(D).(W,n,m (v(x)), m2(y(z))) € [T(2)]{
Therefore from Lemma 2.15 we know that
vm/ (W.0;,m',v | (x)) € |I'(z)|v
Instantiating m’ with m we get
(W00, i () € [T(@) v

Case 1 = 2
Symmetric reasoning as in the ¢ = 1 case above

Theorem 2.25 (SLIO*: Fundamental theorem binary). VX, W, T', pc, W, A, L,e,T,0,7,n.
SiUThe:r ALEY oA (W,n,y) e[l =
(W,n.e (v h)e (7 d2)) € [7 1%

Proof. Proof by induction on the typing derivation

1. SLIO*-var:

SLIO*-var
XU e:thx: 7

To prove: (W,n,z (v h1),z (v 2)) € [ o]z
Say e;1 =z (v 1) and ea = x (77 |2)

From Definition 2.5 it suffices to prove that

Vi<n.ep divf ANea b v = (W,n—1i,v],v}) € [ﬂ{}

This means given some i < n s.t ey {; v{ Aea | v}

We are required to prove: (W,n —i,v],v)) € [7]¢}
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From SLIO*-Sem-val we know that = (y 1) | = (v 1) and = (v ]2) {4 = (7 {2)
This means v; =z (v 1) and v = x (v |2)

Since (W,n,v) € [7]{}. Therefore from Definition 2.14 we know that
(W,m,of, u3) €[]

From Lemma 2.17 we get

(W,?’L - ia U{v Ué) € [TW‘J;‘

. SLIO*-lam:

XU e:mbe:m
50T F Azt (11— T2)

To prove: (W,n,Az.e (v 1), \z.e (v12)) € [(1 — ) oA
Say e = Az.e (v 1) and es = Ax.e (7 |2)
From Definition of [(11 — 72) o]f it suffices to prove that

Vi<mn.er Ui v Nea |} vy = (W,n—i,v],v}) € [7]5}

This means given some i < n s.t ey {; v{ Aea | v}
From SLIO*-Sem-val we know that v] = (Az.e;)y |1 and v} = (Az.e;)y |2

We are required to prove:

(W,n —i,(Ax.e;)y b1, (Az.€;)y o) € [7’]{}

From Definition 2.4 it suffices to prove

vw’'3 W,j5 <n,uv, vo.

(W 4, v, v) € [11 0]t = (W, j,e1[vr/a] v b1, exlwe/x] v 1) € [12 o ]5) A
Vo, 3 W.01, v, j.

((elaja ’UC) S LTl OJV - (elvjv 61[’00/!17] 7\1/1) € LT2 UJE) A
Vo, 2 W.02, v, j.

((01,4,v0) € |1y = (01,7, e2]vc/x] v 12) € |72 0E) (FB-L0)

IH:

VW, n. (W,n,e; (v 11 U{z = un}) e (vl U{z = w}) € [nolh
s.t

(W,n, (yU{z = (v,1)})) € [T§

In order to prove (FB-L0) we need to prove the following:

(a) VW' 3 W,j < n,u, va.
(W, j.v,m) € 11 olft = (W, j.eivi/z] v |1, ealva/a] v o) € [12 07):
This means given some W' 3 W,j < n, vy, ve s.t. (W', j,v1, 1) € [1 a]“é
We need to prove (W', 4, ex[un/a] 7 L1, exlon/z] 7 12) € [12 o1

We get this by instantiating IH with W’ and j
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(b) V6, 2 W.01, v, j.
(O, 3,vc) € [ o]y = (01,4, e1[ve/7] v |1) € |72 0 B):
This means given some 6; J W.01,v.,7 s.t (0;,7,v) € |11 o]v
We need to prove: (6,7, e1[ve/x] v11) € |2 0|k

It is given to us that

(W,n,7) € [TT¢

Therefore from Lemma 2.24 we know that
Ym. (W.01,m,y 1) € [T']v

Intantiating m with j we get
(W‘elaja’y \lfl) € LFJV

From Lemma 2.19 we know that

(0, 5,7 41) € [T]v

Since we know that (0;,,v.) € |11 o]y
Therefore we also have

(01, 5,711 W{z = v}) € [TU{z = o}y

Therefore, we can apply Theorem 2.22 to obtain
(01, g, e[ve/z] v d1) € |2 o]V

(C) V@l | W.927 ’Uc,j.
(O, 5, ve) € |11 o]y == (61,4, e2[ve/7] v 12) € |72 0] B):
Similar reasoning as in the previous case

3. SLIO*-app:

50T Fey: (1 — 7) Y;U:'Fey:m
XUl kepeg:m

To prove: (W, n, (e1 e2) (v 1), (e1 e2) (v 12)) € [(72) Cﬂé

This means from Definition 2.5 we need to prove:

Vi <n.(ere2) v i vpr Aea § vpe = (W, n —i,v51,vp2) € [T2 a}“é

This further means that given some i < n s.t (e1 e2) v s vy Aea | vpo

It sufficies to prove:

(W,n —i,vp1,vp2) € [T 0'—"(}

IH1: (W,n,(e1) (v 1), (e1) (v 12) € [(11 = 72) 014

This means from Definition 2.5 we know that

Vi < mer vl o Aer v dal ve = (W,n —j, v, v2) € [(11 = ™) o]{

Since we know that (eq e2) v l1d}; vp1. Therefore 3j < i < n s.t er v [1{; vp1. Similarly
since (e1 e2) v Jodl vr2 therefore eq v [oll vpo

This means we have (W,n — j, vp1, vh2) € [(11 = 72) o]
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From SLIO*-Sem-app we know that valp, = Ax.ep; and valps = Ax.epn
From Definition 2.4 this further means

VW' 2 W,J < (n—j),uv,v.

((W’,J, ’111,’02) S [Tl J—|“{§ — (W/,J, €h1[1}1/x],€h2[1}2/x]) S [TQ O—|“EL~‘) A
Vo, 3 W.01, v, j.

((glaja UC) € |_Tl UJV — (ehj? 61[1)0/1']) € \_7-2 GJE) A

v0l - W'927 UCJj'

((elaja ’UC) € LTl UJV — (elvjv EQ[UC/ZE]) € LTQ UJE) (FB_Al)

IH2: (W,n—j,(e2) (v 41), (e2) (v 12)) € [11 015
This means from Definition 2.5 we know that

Vk <n—jes vlillj o Aea v doll vy = (W,n—j —k,vp1r, op2) € [11 0§

Since we know that (e; e2) v J1lli vf1. Therefore Ik < i —j < n—j st e v bilg vpr.
Similarly since (eq e2) v |2l v2 therefore e v lol} vpo

This means we have (W,n — j — k, vp1/, vp2) € [11 0]{} (FB-A2)

Instantiating the first conjunct of (FB-A1) as follows W’ with W, J with n — j — k, v
and vy with vy, and v, respectively, we obtain

(W,n—j —k,eni v /], enavpy/2]) € [12 014

From Definition 2.5

vl < nA—j — k.(ep vy /2]) v 4 vpr A enavig/x] I vpe = (W,n—j —k —1,vp1,0p2) €
(12 o5,

Since we know that (e1 e2) v l1di vp1. Therefore 3l < i—j—k <n—j—ks.tep[v,/z]
vg1. Similarly since (e e2) v L2l vf2 therefore epa[vy, /] | vfa

Therefore we have (W,n —j —k — 1, vs1, vp2) € [72 0]

Since i = j + k + [ threfore we are done

. SLIO*-prod:

XU I'ker:m XUk ey:m
50T F (e, e2) : (11 X T2)

To prove: (W,n, (e1,e2) (v 1), (e1,€2) (v12)) € [(11 x 72) 014

This means from Definition 2.5 we need to prove:

Vi <n.(er,e2) v b1l (vp1, vp2) A (ers e2) v 2l (vfy, v5y) =

(Won — i, (vr1,v51), (V15 0pg)) € [(T1 X 72) o]y

This means that given some i <n s.t (e1,e2) v dilli (vr1,vr2) A (e, e2) v Lol (v, vpy)
We are required to prove

(Won =i, (vr1,vp1), (V55 0py)) € [(T1 X T2) ol (FB-PO)

HL: (W,n,er (v h)er (v42) € [11 015
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This means from Definition 2.5 we know that

Vi <m.ery il v Aer v lal vpy = (W,n —j, (vp1,0})) € [11 o]

Since we know that (e1,e2) v L1l (vf1,vp2). Therefore 35 < i < n st e v L1l vp.
Similarly since (e1 e2) v 2l vpo therefore e; v |2l v]’cl

This means we have

(W,n—j, (vpr, vjy)) € [0 o1 (FB-P1)

IH2: (W,n—j,e2 (1), €2 (v12)) € [T2 08

This means from Definition 2.5 we know that

Vk <n—jexylibivia Aex v lal viy = (W,n—j—k, (vp2, vjy)) € [12 03

Since we know that (eq,e2) v L1l (vf1, vr2). Therefore Ik <i—j <n—js.texylid; vy
Similarly since (eq e2) v |2l va therefore es v |2} ”}2

This means we have

(W.n =3 =k, (vp2,v})) € [12 0T} (FB-P2)

In order to prove (FB-P0) from Definition 2.4 it suffices to prove that
(W.n—1i,(vp1,vp)) € [11 0{ and (W,n — i, (vg2, 0})) € [12 013

Since i = j + k + 1 therefore from (FB-P1) and (FB-P2) and from Lemma 2.17 we get

(W,n—i, (vp1,vp1), (v}, 0},)) € [(11 X 1) o3

. SLIO*-fst:

ST Re : (r x )
¥, 0T Ffst(el) 1

To prove: (W, n,fst(e’) (v 1), fst(e)) (v 12)) € [(11) oh

This means from Definition 2.5 we need to prove:

Vi < nfst(e’) v dalli vy Afst(e’) v doll vf =

(W.n—i,vp1,05) € [11 ol

This means that given some i <n s.t fst(e’) v L1l vy Afst(e’) v Lol vjy
We are required to prove

(W,n —i,vp1,vp1) € [11 0] (FB-F0)

IH:

(W,n,e (y1),€ (v12) € [(n x 1) o7

This means from Definition 2.5 we have:

Vi <n.e vl (vpr,vp2) Ae oy Lol (v, vp,) =
(W) n— j7 (Ufl) Uf2)7 (IUJ/‘]J U}2)) € [(Tl X TQ) U—‘é
Since we know that fst(e’) v [1{; vf1. Therefore 3j < i <ns.te' v l1l; (vf1,—). Similarly

since fst(e’) v Jol} U}1 therefore €' v |2l (”}1: -)
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This means we have
A

(W,n — j,(vp1, vp2), (Viys 0po)) € [(T1 X T2) O
From Definition 2.4 we know that

(W,TL - ja Vf1, v}l) € [Tl O'—|'é

Since from SLIO*-Sem-fst i = j 4+ 1 therefore from Lemma 2.17 we get
(W.n—i,vp1,0}) € [11 ol

. SLIO*-snd:

Symmetric reasoning as in the SLIO*-fst case above

. SLIO*-inl:

U ke:n
Y0 T Hinl(e) @ (11 + m2)

To prove: (W, n,inl(¢') (v 1), inl(¢) (v 12)) € [(11 + 72) 017

This means from Definition 2.5 we need to prove:

Vi < n.inl(e') v d1ds inl(vpr) Ainl(e’) v L2d inl(vpy) =

(W,n —id,inl(vs1),inl(vf))) € [(11 + 72) ol

This means that given some i < n s.t inl(e’) v L1{; inl(v1) Afst(e’) v L2 inl(v},)
We are required to prove

(W,n —i,inl(vs1),inl(vp1)) € [(11 + 72) ol (FB-ILO)

1H:

(W,on.e (vh),e (v12)) € (1 x 1) 017

This means from Definition 2.5 we have:

Vi <ne vlidiviAe ylal vy =

(W,TL - Uf1, v}l) € |77—1 U]é

Since we know that inl(€e’) v J1{; inl(vf1). Therefore 3j < i < ns.t e v [1l; vp. Similarly
since fst(e’) v 2 inl(v},) therefore e’ v |2l v},

This means we have
(W’n_j7 Uflvv}l) € |77—1 U]“é (FB—ILl)

In order to prove (FB-ILO) from Definition 2.4 it suffices to prove
(W,n —i,vp1,05) € [11 ol

From SLIO*-Sem-inl since i = j + 1 therefore from (FB-IL1) and Lemma 2.17 we get
(FB-ILO)

. SLIO*-inr:

Symmetric reasoning as in the SLIO*-inl case above
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9. SLIO*-case:

S, Ui Fee: (11 + 72) S:U:Te:mber:t 50T y:mabeq: T
Y, U;T F case(ec, z.€1,y.€2) : T

To prove: (W, n,case(e.,z.e1,y.e2) (v 11),inl(€)) (v 12)) € [(11 + ) o7

This means from Definition 2.5 we need to prove:

Vi < n.case(ec, z.e1,y.e2) v Lilli vy A case(ec, .e1,y.e2) v L2l vpo =
(W7n - ia Vf1, 'UfQ) € [T O-—‘é

This means that given some ¢ < n s.t case(ec, x.eq1,y.e2) v L1di vpiAcase(ec, z.e1,y.e2) v Lol
V2

We are required to prove

(W,n —i,vs1,vp9) € [T 0] (FB-CO0)

TH1:

(W,n,ec (v 1), ec (v12) € [(ri+72) ola

This means from Definition 2.5 we have:

Vi <n.ecydili vm Aeeyloll v, =

(W,n —j,vp1,v4,) € [(11 +72) (ﬂ“é

Since we know that case(ec,z.e1,y.e2) v J1d; vp1. Therefore 35 < i <n s.t e. v Lidj vnr.
Similarly since case(ec, z.e1,y.e2) v 2l vj, therefore e. v J2ll v;;

This means we have

(W,n —j, vn1, vhy) € [(11+72) o5} (FB-C1)

2 cases arise

(a) vp1 =inl(v1) and vy, = inl(v]):
1H2:

(W,n,ec (vh),ec (v12) € [(11+72) o]z

This means from Definition 2.5 we have:

Vk<n—jervli Wz v}l Aer vl = v} v, =
(W,n—3j—k,vpa,v,) € [T o5}

Since we know that case(e.,z.e1,y.e2) v l1{i vp1. Therefore 3k <i—j <n—jst
e1 v 41 U{z — wu} |; vpe. Similarly since case(e., z.€1,y.€2) v lo U{z — v{} I vy,
therefore e; v |2l v/,

This means we have

(W,n —j—k,vha,v),) € [T o5}

From SLIO*-Sem-casel we know that i = j + k + 1 therefore from Lemma 2.17 we
get (FB-C0)
(b) wp1 = inr(vy) and vy, = inr(vy):

Symmetric case
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10. SLIO*-FI:

S0 He 7
YT F A€ :Vaur

To prove: (W,n,Ae’ (v11),Ae’ (v 12)) € [(Va.T) o5
From Definition 2.5 it suffices to prove that
Vi < n.(Ae')y Lidli v A (Ae)y Lall v = (W, n — 14,051, vp2) € [(Va.T) U]‘“‘}

This means given some i < n s.t (Ae')y L1l vir A (Ae)y Lall vpo
From SLIO*-Sem-val we know that vg = (Ae’)y |1 and v = (A€')y |2

We are required to prove:
(W,n —i,(Ae)y L1, (Ae')y 12) € [(Va.) olf

Let e; = (Ae')y 1 and es = (Ae')y |2

From Definition 2.4 it suffices to prove

VW' D W,j<(n—i),l € LW j e e) € [T]l'/a] o17) A
Vo, 3 W.0,,0" E,j.(@l,j, 61) € LT[E”/O(] O'JE A

VO, 3 W.02,0" € L,5.(0,7,e2) € |T[l" /o] ok (FB-FI0)

IH: YW, n. (W,n,e' (v )¢ (v12) € [T oU{am £}]7
In order to prove (FB-FI0) we need to prove the following

(a) VW' I W,j < (n—1),0 € LW, jere) € [T[l'/a] o]f):
This means given W/ J W, j < (n—1i),¢ € L and we are required to prove
(W',j,e1,e2) €[]0 /0] o7
Instantiating TH with W’ and j we get the desired
(b) YO, 23 W.01,0" € L,j.(01,],e1) € |T[{"/a] o] p:
This means given 6; 3 W.01,¢” € L, j and we are required to prove
(01,4, €1) € [7[t" /0] o]E
Since from Lemma 2.24
(W,n,v) € [T]{ = Vie{1,2}. ¥m. (W.0;,m,v];) € [T]y
Therefore we get
(W-017j77 \Ll) S LFJV
And from Lemma 2.17 we also get
(01,3,v 1) € [Ty
Therefore we can apply Theorem 2.22 to get
(glvja 61) € LT[ell/a] UJE
(C) Vo, 3 W.HQ,EH S ﬁ,j.(@l,j, 62) S {T[ﬁ”/aHE:

Symmetric reasoning as before
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11.

12.

SLIO*-FE:

YU Tke :Var FVW)eX
YU T Re [ 7[e/a]

To prove: (W,n,e'[] (y41),¢'] (v12)) € [(Va.T) 015
From Definition 2.5 it suffices to prove that

Vi < (v dadi v A D)y b2l vpr = (W, n—i,vp1,0p2) € [(710/0]) 017

This means given some i < n s.t (€'[])y Lidhi vir A (€]])y Jod vpo
We are required to prove:

(W,n —i,vp,vp2) € [(T[l/]) olft  (FB-FE0)

H: (W,n,e (y11),€ (v12) € [(Va.T) o7
From Definition 2.5 it suffices to prove that

Vi < n.(e)y Jadhi v A (€)y Joll vhe = (W, n — i, vp1, vh2) € [(VauT) 01““}

Since we know that (¢[]) v J1li vf1. Therefore 3j < i < n s.t € v [1{; vp. Similarly
since (€'[]) v J2| vf2 therefore €' v |2l vpo

This means we have (W, n — 4, vp1, vha) € [(Va.7) o5}
From SLIO*-Sem-FE we know that v,; = Aep and v = Aepo

From Definition 2.4 this further means

VW' D W, k< (n—j),0 € LW ken,en) € [T[l'/a] o]5) A

Vo, 3 W.Gl,fﬂ eL, k‘.(@l, k‘,ehl) S {T[f”/oé] O'JE VAN

VGl J W.HQ,EH S /:,, k.(@l, k, €h2) c \_T[ﬁ”/a] UJE (FB—FEl)

Instantiating the first conjunct of (FB-FE1) with W, n — j — 1 and ¢ we get

(W,TL _.7 - ]-7 €hl, eh?) € [T[K/Oé] O:I./E4

This means from Definition 2.5 we know that

Vi<n—j—1(en) b vpr Aena b vppg = (W,n—j—1—1vp,vp) € [(7[(/]) o]

Since we know that (e'[]) v J1li vy1 therefore from SLIO*-Sem-FE we know that (i =
Jj+1+41) and since we know that i < n therefore we have | <n —j —1s.t ep1 v J1ll; vf1.
Similarly since (€'[]) v {2{} vpo therefore eps v Lol vf2

Therefore we get
(W,n—j—1=1vp1,0p) € [(r[(/a]) o]5 (FB-FE2)

Since we know that ¢ = j 4+ + 1 therefore from (FB-FE2) we get (FB-FEO)
SLIO*-CI:

YU, eTkHe 7
SiTkve:ic=1

To prove: (W,n,ve' (yl1),ve (v1a)) € [(c= 1) ol
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From Definition 2.5 it suffices to prove that

Vi < n.(ve')y Lilki vy A (ve)y Lall vy = (W, n — 4,01, vp2) € [(e = T) o
This means given some i < n s.t (ve')y Ll vir A (ve')y ladl vpo

From SLIO*-Sem-val we know that vg; = (ve')y |1 and vpy = (ve')y |2

We are required to prove:

(W,n—1i,(ve)y b1, (ve)y l2) € [(e = T1) U]““}

Let e; = (ve')y |1 and eg = (ve)y |2

From Definition 2.4 it suffices to prove

YW I W,j<nLlEc= (W, jee) € [T a|pA
VO, W.bh,j.L =Ec = (0),5,e1) € [T ol AN

VO, D W.hs,j.LEEc = (0i,],e2) € |T0]E (FB-CI0)

m: VW,TL (Wv n, e (7 \Ll)’ e (7 \L?)) S [T O-—|JE'4
In order to prove (FB-CI0) we need to prove the following

() VW' I W,j<nLlEco = (W, jee)€ [T olp:
This means given W' J W,j < n,L | ¢ o and we are required to prove
(W/aja €1, 62) € |VT U—|é
Instantiating TH with W’ and j we get the desired
(b) VO, I W.01,j.LI=Eco = (0,),e1) € [T o]
This means given §; J W.0;,j.L |= ¢ o0 and we are required to prove
(glv.ja 61) S LT UJE
Since from Lemma 2.24 (W,n,v) € [Ty} = Vi € {1,2}. Vm. (W.0;,m,v L) €
[Clv
Therefore we get
(W.Gl,j,’y \Ll) € LFJV
And from Lemma 2.17 we also get
(01, 5,7 41) € [T]v
Therefore we can apply Theorem 2.22 to get
(elvjv 61) S LT O-JE
(c) VO, 3 W.02,j.L =c = (0,7,e2) € |T 0]E:

Symmetric reasoning as before

13. SLIO*-CE:

Y, U:TkFe ie=71 X Ukc
YU kHe o7

To prove: (W,n,e’ e (yl1),¢' e (v12)) € [1) olz
From Definition 2.5 it suffices to prove that

Vi <n.(eo)y L1l v A (o) Lall vpe => (W, n—i,vp1,vp0) € [T o]f
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14.

This means given some i < n s.t (e/®)y L1{; vy A (e/@)y L2l vp2
We are required to prove:

(W,n —i,v51,vp2) € [T 0] (FB-CED0)

m: (Wana 6/ (’Y \Ll)? 6/ (7 \LQ)) € ’—(C = T) O:Ié
From Definition 2.5 it suffices to prove that

Vi < n.e'y il vp A€y Lol vhe = (W,n — 4, vp1,082) € [(c=T) (ﬂ““,‘

Since we know that (e¢’e) v |il}; vp1. Therefore 3j < i < n s.t € v [1l; vy Similarly
since (€'®) v ladl vy therefore € v Lall vpo

This means we have (W,n — 5, vp1, vpa) € [(c = 7) o]
From SLIO*-Sem-CE we know that vy = vep; and vpo = vepo
From Definition 2.4 this further means

YW I W,k<n—jLlEco = (W keie)€[To]pA
VO, D W.o,kLEco = (0,k,e1) €T o)A
VO, 3 W.0s,k.L ): co — (Hl,k,eg) S LT O'JE (FB—CEl)

Instantiating the first conjunct of (FB-CE1) with W, n — j — 1 and since we know that
L = ¢ o therefore we get

(W,n—j—1en,en) €7 UWé

This means from Definition 2.5 we know that
Vi<n—j—1(en) bvpr Aena b vpg = (Won—3j—1—1,vp1,vp) € [T o]{}
Since we know that (e’e) v |il}; vf; therefore from SLIO*-Sem-CE we know that (i =

j+1+1) and since we know that i < n therefore we have [ <n —j —1s.t ep v b1l vf1-
Similarly since (¢’e) v 2| vfa therefore epa v lodl vpo

Therefore we get

(W,n—j—1-1vm,vp) €[rolft (FB-CE2)

Since we know that ¢ = j 4+ + 1 therefore from (FB-CE2) we get (FB-CE0)
SLIO*-label:

U k-ée 7
YT+ Lb(€) : Labeled £ 7

To prove: (W,n,Lb(e’) (v 11),Lb(e') (v {2)) € [Labeled ¢ 7 o4

This means from Definition 2.5 we need to prove:

Vi < n.Lb(e') v J1di Lb(v1) ALb(e') v l2ll Lb(v})) =
(W,n —i,Lb(vs1),Lb(v},)) € [Labeled £ 7 o}

This means that given some i <n s.t Lb(e') v J1{; Lb(vs1) ALb(e’) v L2l Lb(v}))
We are required to prove
(W,n —i,vp1,v}) € [Labeled £ 7 ol (FB-LBO0)
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15.

IH:

(W7n7 e (7 \L1)76, (’7 \LQ)) € IVT U-lé

This means from Definition 2.5 we have:
\V/] < n.e i \l/l‘U’Z Vf1 Ne v \LQU ’U}l = (W,TL - ja Vf1, v}l) € [T O--lé

Since we know that Lb(e’) v J1{; Lb(vs1). Therefore 3j < i <mns.t e’ v [1l; vp. Similarly
since Lb(e') v {2l Lb(v}l) therefore €’ v |2 fu}l

This means we have

(W,n—j,vp1,vp) € [T ol (FB-LB1)

In order to prove (FB-LBO0) from Definition 2.4 it suffices to prove that

(W,TL - 7:7 Vf1, v}l) € [T O'-"é

From SLIO*-Sem-label we know that ¢ = j+1. Therefore we get the desired from (FB-LB1)
and Lemma 2.17

SLIO*-unlabel:

Y U:T k¢ : Labeled ¢ 7
¥; ;T + unlabel(e’) : SLIO ¢; (¢; L 4) T

To prove: (W, n,unlabel(e’) (v 1), unlabel(e/) (v 12)) € [(SLIO ¢; (¢; U ) 7) o]

This means from Definition 2.5 we need to prove:

Vi < n.unlabel(e’) v }1{; ve1 A unlabel(e’) v Lol v =

(W,n—i,vp1,vp) € [(SLIO ¢ (6; U 0) 7) o]¢

This means that given some i < n s.t unlabel(e’) v |1{; vp1 A unlabel(e’) v 24 v},

From SLIO*-Sem-val we know that vy = unlabel(e’) v |1 and v}, = unlabel(e’) v l2. Also
1 =20

We are required to prove

(W,n,unlabel(e’) v 1, unlabel(e’) v |2) € [(SLIO ¢; (¢; L ¢) 7) o5}

This means from Definition 2.4 we need to prove

Let e; = unlabel(¢’) v |1 and ey = unlabel(e’) v |2

(Vk <n, W, 3 WNH, H.(k, Hy, Hy) > Wo AVol, vl

(Hlael) ll;c (Hl/v U{) A (H2762) U’f (H2,7 ’Ué) /\j <k =

IW' 2 Wk — j, B, HY) > W' A ValEg(A, W'k — j, (6 U0) o, ], v, 7 a)) A
Vi e {1,2}.(\%,96 0 W0 H,ju(k H) > 0o A (H,e) U (' of) =

30" 3 0e.(k—j,H)p 0 N0 k—j4,9) € |T']v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ TAL; o T V') A

(Va € dom(8")\dom(8e).0'(a) \. £; a)>

We need to show
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()

Vk < n, We 3 W.H, Ho.(k, Hy, Hy) > W AV, ),
(Hy,ex) V] (H{, v) A (Hy,e0) W (Hy, wh) Aj <k =
AW’ 3 We(k — j, H{, H)) > W' A ValEq(A, W' k — j,(l; U{) o, v, 05,7 0):

Also given is some k < n, W, 3 W, Hy, Hy, v], v}, j s.t (k, Hy, Hy)> W, and (Hy,eq) ll;-c
(H{,v}) A (Ha,e) W (Hs,v5) A j <k

And we are required to prove
AW’ 3 We.(k—j, H{, H))> W' A ValEq(A, W', k—j, (¢; U0) o,v],v),T 0) (FB-U0)

TH: (We,k,e' (v11),¢ (712) € [(Labeled £ 7) oA

This means from Definition 2.5 we are given

VI < k.e’ v {1l Lb(vni) A€’ v dal Lb(vy,) =
(We,k — I,Lb(vp1),Lb(v},)) € [(Labeled ¢ 7) o5}

Since we know that
(Hy,unlabel(e’) v |1) l}j-c (H{,v}) A (Hy,unlabel(e') v |2) I (Hj, v5) Aj < k therefore
I <j<kstevylidrLb(un) A€ v L2l Lb(vpy)

Therefore we have
(We, k — I,Lb(vp1),Lb(v),)) € [(Labeled £ 7) o5}

This means from Definition 2.4 we have
ValEq(A, We, k — 1,4 0, vp1, 07,7 0) (FB-U1)

In order to prove (FB-UOQ) we choose W' as W, and from SLIO*-Sem-unlabel we know
that H{ = H; and Hy = Hy. And we already know that (k, Hy, Hz) > W,. Therefore
from Lemma 2.21 we get (k — j, Hy, Ho) > W,

From SLIO*-Sem-unlabel we know that v{, v in (FB-U0) is vy, v;, respectively. And
since from (FB-Ul) we know that ValEq(A, We,k — 1,0 o, vp1,v;,,7 o). Therefore
from Lemma 2.26 we get

ValEq(A, We, k — j, (6; U L) 0, vp1, 051, T O)

Vi e {1,2}.(\%,98 0 W0y, H, j.(k, H) b 0c A (H,e) U (H' o) N j <k =
30 2 0e.(k— j, H) o 0 A0 K — 5,9) € |7 o)y A

(Va.H(a) # H'(a) = 3¢".0.(a) = Labeled ¢/ 7 A f; 0 C ) A

(Ya € dom(0")\dom(8.).6'(a) N\ li 0)):

Casel=1
Given some k,0. 3 W.0p, H,j st (k, H) >0 A (H,e) W (H',v)) Aj < k

We need to prove

3¢’ 3 6..(k—j,H )& N0 k—j,v) €T o]vA

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ T ANl; o T V') A
(Va € dom(0')\dom(6.).0'(a) \ i o)

Since (W, n,7) € [T']{} therefore from Lemma 2.24 we know that
Vm. (Wﬂl,m,'y ~L1) S \_FJV and (W.Hz,m,’)/ J,Q) S I_FJV

Instantiating m with k& we get (W.01,k,v 1) € |[T']v
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Now we can apply Theorem 2.22 to get
(W.Hl, k, (unlabel 6/)’)/ J,l) S \_(S]L]I@ 0; b, U/l 7’) UJE

This means from Definition 2.7 we get
Ve < k.(unlabel €)y |1ile v = (W.01,k —c,v) € [(SLIO ¢; 4; UL T) oy

This further means that given some ¢ < k s.t (unlabel €’)y |1l v. From SLIO*-Sem-
val we know that ¢ = 0 and v = (unlabel €')y |4

And we have (W.61, k, (unlabel ¢')y |1) € |(SLIO ¢; 4, UL T) o]y

From Definition 2.6 we have

VK < k,0, 3 W.01, Hy, J.(K, H)>0, A (Hy, (unlabel ¢')y 11) V4 (H, v)ANT < K =
0 20K —JH) 0 A0, K —J,0') € 7]y A

(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ N1 T V') A

(Va € dom(6")\dom(6.).0'(a) \ £1)

Instantiating K with k, 6/ with 6., H; with H and J with j we get the desired

Case [ =2
Symmetric reasoning as in the [ = 1 case above

16. SLIO*-tolabeled:

0T e :SLIO Y, 4, T
¥; W T + tolLabeled(e’) : SLIO ¢; ¢; (Labeled £, 7)

To prove: (W, n,toLabeled(e’) (v |1), toLabeled(e’) (v J2)) € [SLIO ¢; ¢; (Labeled £, 7) o]

This means from Definition 2.5 we need to prove:

Vi < n.toLabeled(e’) v L1{; vs1 A toLabeled(e’) v 2l vy =

(W,n —i,vp1,0}) € [SLIO ¢; ¢; (Labeled £, 7) o]}

This means that given some i < n s.t toLabeled(e’) v |1ll; vs1 A toLabeled(e’) v |2l v}l
From SLIO*-Sem-val we know that vy = toLabeled(e’) v |1, vf2 = toLabeled(e’) v |2 and
1=0

We are required to prove

(W, n,toLabeled(e’) 7 J1,toLabeled(e') v |2) € [SLIO ¢; ¢; (Labeled £, 7) o]{}

Let v; = toLabeled(¢’) v |1 and vy = toLabeled(e’) v |2

This means from Definition 2.4 we are required to prove

(Vk <n, W, 3 WNH, H.(k, Hy, Hy) > Wo AVol, vl

(Hy,o) U (H{ v)) A (Hyyw) (Y w) Nj <k =

IW' 2 We.(k — j, H, HY) > W' A ValBq(A, W',k — . 6, v}, ub, (Labeled €, 7) a)> A
Vi e {1,2}.(\#;,96 0 WOy, H, j.(k, H) b 0 A (H,u) U (H' o)) N j <k —>

30 300 (k— j,H') o6 A (0, k — j.of) € |(Labeled £, 7) o]y A
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(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ AN ; T 0') A
(Va € dom(8")\dom(8e).0'(a) \u ez-))

We need to prove:

(a) Vk < n, W 3 WNH, Hy.(k, Hy, ) > Wo A V!, v, .
(Hy, o) W (HY,vf) A (Ho,w) W (HS, 0) Aj < kb =
AW 3 We.(k — j, H, H)) > W' A ValEq(A, W',k — j, 05, v, v}, (Labeled £, 7) o):

This means that we are given some k <n, W, 3 W, Hy, Hy, v{, v}, j < k s.t
(k, Hy, Hy) > W, and (Hy, v) I (H{,v{) A (Ho, v) 45 (H, vj)

And we need to prove
AW’ 3 We.(k—j, H, Hy)> W' AValEq(A, W', k—j, £y, v], v}, (Labeled ¢, T) o) (FB-
TLO)

IH:

(We, ke (v d1),€¢' (y12)) € [SLIO ¢ £, 7 o5

This means from Definition 2.5 we need to prove:
VI < ke vy ANe vl v, = (We,n—J,vp1,v7,) € [SLIO ¢; £, T zﬂ(}

Since we know that (Hj,tolLabeled(e¢')y |1) |; (H{,v{) and (Ha,tolLabeled(e')y |1
) 4 (Hy, v5). Therefore from SLIO*-Sem-val we know that 3J < j < k < n s.t
¢ v 11y vp1 and similarly we also know that €’ v 2| v},

This means we have
(We, k — J,vp1, vh,) € [SLIO ¢; ¢, T o5}

From Definition 2.4 we know that

(Vkl < (k—J), W' 3 W, NH/, H} .(ki, H!', H}') > W AV, v}, m.

(Y o) Wh (Y, o) A (HYopy) 4 (G, ) A< by =

AW 2 W (ky —m, HI, HY) > W' A ValEg(A, W',k — m, €y, ol oll 7 a)) A

Vi € {1,2}.(\%,96 00, H,j.(k, H) b 0 A (H, o) U (H o) A j <k =
30" 30 (k—j, H) o 0 A0k — j. o)) € |7 o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A ; T V') A

(Va € dom(€')\dom(6,).0'(a) \, zi)) (FB-TL1)

We instantiate W/ with W., H{" with H;, H) with Hy and k; with &k in (FB-TL1).
Since we know that (Hi,tolLabeled(e¢')y ]1) Uf (H{,v!) A (Hy,toLabeled(e')y J2) |
(Hj, v}), therefore Im < j < k <n s.t (Hy, vp1) U (H{,v}) A (Hz, v}y) W (HJ, 0b)
This means we have

AW' 3 We.(k —m, H{, Hy) > W' N ValEg(A, W k. —m, Ly, v, vy, T 0)

(FB-TL2)

In order to prove (FB-TLO0) we choose W’ as W’ from (FB-TL2). Since from SLIO*-
Sem-tolabeled we know that v{ = Lby, (v{’), vj = Lby, (v)) and j = m + 1, therefore
from Lemma 2.21 we get (k — j, H{, Hj) > W'.

Since we have by assumption that ¢; C ¢, therefore the following cases arise
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i EL,E A
In this case from Definition 2.3 it suffices to prove that
(W' k —j,v],v5) € [(Labeled £, 7) o5}
Since v = Lby, (v{) and vj = Lby,(v5). Therefore from Definition 2.4 it suffices
to prove that
ValEg(A, W'k — j, o, v, 05, T o)
We get this from (FB-TL2) and Lemma 2.26

i (6 C0) L A
In this case from Definition 2.3 it suffices to prove that
Vm.(W',m,v]) € |(Labeled ¢, 7) o]y and Vm.(W',m,v}) € | (Labeled ¢, 7) o v
Since ¢, Z A therefore we get this from (FB-TL2), Definition 2.3 and Defini-
tion 2.6

ii. (4 CACYL,):
In this case from Definition 2.3 it suffices to prove that
(W' k — j,v],v5) € [(Labeled £, 7) o]}
Since v = Lby, (v{) and vj = Lby, (v5). Therefore from Definition 2.4 it suffices
to prove that
Vm.(W' m,v]) € |7 o]y and Vm.(W',m, o)) € |7 o|v
We obtain this directly from (FB-TL2) and Definition 2.3

(b) Vi e {1,2}.(\714;,96 00, H,j.(k H) >0 A (Hyu) U (H o) Aj < b —
30" 30.(k—j, H') o 0' A (6, — j,v}) € | (Labeled £, 7) o]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' A ; T V') A
(Va € dom(0")\dom(6,).0'(a) ei)):

Casel=1
Given some k,0, 3 W.0;, H,j st (k,H)>0. A (H,v) l}{ (H o)A Nj <k

We need to prove

30" 2 0c.(k—j, H')>0' A (0, — j,v}) € |Labeled £, ) o]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ T AL; o T V') A
(Va € dom(8')\dom(0.).0'(a) \, t; o)

Since (W, n,7) € [T']{} therefore from Lemma 2.24 we know that
Vm. (W.01,m,y 1) € [I'|y and (W.02,m,v |2) € |[T']v

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 2.22 to get
(W.01,k, (toLabeled €')y |1) € [(SLIO ¢; ¢; Labeled ¢, 7) 0|k

This means from Definition 2.7 we get
Ve < k.(toLabeled €')y [1dle v = (W.01,k — ¢,v) € |(SLIO ¢; ¢; Labeled ¢, 7) o]y

Instantiating ¢ with 0 and from SLIO*-Sem-val we know v = (toLabeled €’)y |1
And we have (W .01, k, (toLabeled ¢')y |1) € |(SLIO ¢; ¢; Labeled ¢, 7) o]y

From Definition 2.6 we have
VK < k,6, 3 W.01, Hy, J.(K, H) > 0, A (Hy, (toLabeled ¢')y 1) I (H',o') A J <
K —
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30’ 20.(K — J,H) >0 A @, K — J,0') € |Labeled £, 7) o]y A
(Va.Hy(a) # H'(a) = 30'.0/(a) = Labeled ¢/ 7' N4; 0 T V') A
(Va € dom(8')\dom(0.).0'(a) \, ¥; o)

Instantiating K with k, 6/ with 6., H; with H and J with j we get the desired

Case l =2
Symmetric reasoning as in the [ = 1 case above

17. SLIO*-ret:

YU kHe 7
¥ 0T Fret(e’) : SLIO ¢; 4; 7

To prove: (W, n,ret(e’) (v 1), ret(e’) (v l2)) € [SLIO ¢; ¢; T o]

This means from Definition 2.5 we need to prove:

Vi < n.ret(e’) v lili v Aret(e) v Lol v =

(W,n —i,vp1,v5) € [SLIO ¢ &; 7 ol

This means that given some i < n s.t ret(e’) v l1l; v Aret(e’) v 2l vj,

From SLIO*-Sem-val we know that vg; = ret(e)y 1, vpe = ret(e’)y l2 and i =0
We are required to prove

(W, n,ret(e’)y L1, ret(e’)y l2) € [SLIO ¢; ¢; T o5}

Let v = ret(e’)y }1 and vy = ret(e')y |2

From Definition 2.4 it suffices to prove

(Vk <n, W, 3 W.NH, H.(k, Hy, Hy) > Wo A Vol vl

(Hy, o) W (H{, v)) A (Hy, vp) W (Hy, wh) Aj < kb =

IW' 3 We.(k — j, H, HY) > W' A ValBEg(A, W',k — j, 6;, v], vg,T)) A
Vi e {1,2}.(\11),@. (e Vi v) =

Vk,0c 30, H,j.(k, H) o0 A (H,v) V] (H' v)) Aj <k =
30’ 2 0ok — j, H) >0 A0, k—j,0)) € [T]v A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7/ A1 T 0') A
(Ya € dom(€')\dom(8e).0'(a) \, zl))

It suffices to prove:
(a) Vk <n, W, 3 W.NHy, Hy.(k, Hy, Hy) > W, AVoy, ).

(Hla Ul) Uf (Hllv 'U{) N (HQv UQ) uf (HQI’ Ué) NJ < k=
AW’ 3 We.(k — j, H{, H)) > W' AN ValEq(A, W' k — j,;, vy, v, T):

We are given is some k < n, W, 3 W, Hy, Hy,v],v},j < k s.t (k, Hi, H2) > W, and
(Hy, o) W (HY, o)) A (Ho, v09) U (Hy, v3)
From SLIO*-Sem-ret we know that H{ = H; and Hj = Hy

And we are required to prove:
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AW' 2 We.(k — j, Hy, Hy) > W' A ValEq(A, W',k — j, 05, v}, v5,7)  (FB-RO)

IH: (We,n, € (v1),¢ (v12) € [r ol

This means from Definition 2.5 we need to prove:
VI <ke vl ne vl v, = (We,k—J vp1,v) € [T o}é

Since we know that (Hi,ret(e’)y 1) llj (Hy,v]) A (Ho,ret(e)y 12) I (Ha, vh), there-
fore 3J < j <k s.t € v 1l vp and similarly € v 2l v7,.
Therefore we have (We, k — J, vu1,v),,) € [T o5} (FB-R1)

In order to prove (FB-R0O) we choose W' as W, and from SLIO*-Sem-ret we know
that v{ = vp; and v) = v;. We need to prove the following:
1. (k‘ — j, Hl, HQ) > We:
Since we have (k, Hy, Hy) > W, therefore from Lemma 2.21 we get
(k - j7 Hl; HQ) > We
ii. ValEq(A, We, k — j,€;, v, v}, T):
2 cases arise:
A ¢ C A
In this case from Definition 2.3 it suffices to prove
(We; k— j7 ’U{, Ué) € [T O:Ié
Since j = J + 1 therefore we get this from (FB-R1) and Lemma 2.17
B. {; Z A:
In this case from Definition 2.3 it suffices to prove that
Vm.(We,m,vy) € |7 o]y and Vm.(We, m, v}) € |7 o]y
We get this From (FB-R1) and Lemma 2.15

Vi € {1,2}.(\%,98 0 W0y, H, j.(k, H) b 0c A (H,u) U (H' o) N j <k =
30' 30k~ 5, H') s 0 A0k — j,v)) € |7 0]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled /' 7' A l; c T U') A

(Va € dom(0')\dom(0e).0'(a) \ i 0):

Casel=1

Given some k, 0, 3 W.0;, H,j st (k,H)>0. A (H,v) l}f (H' o) Nj<k

We need to prove

30 2 0c(k— 3, H)s 0 A0k — j.v)) € |7 0]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ 7 Al; 0 T ') A
(Va € dom(0')\dom(0.).0'(a) \  ¢; o)

Since (W, n,7) € [T']{} therefore from Lemma 2.24 we know that
Vm. (W.01,m,y 1) € [I'|]y and (W.02,m,v |2) € |T']v

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 2.22 to get
(W.01,k, (ret €')y 1) € [(SLIO ¢, 4; 7) 0B

This means from Definition 2.7 we get
Ve < k.(ret €)y Lile v = (W.01,k —c,v) € [(SLIO ¢, ¢; T) o|v
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Instantiating ¢ with 0 and from SLIO*-Sem-val we know that v = (ret €’)y |4
And we have (W .61, k, (ret €)y 1) € [(SLIO ¢; ¢; T) o |v

From Definition 2.6 we have

VK < k0. 3 W0y, Hy, J.(K, H) 50, A (Hy,v) V) (H V)N T < K =
30 30.(K—JH)b0 N0, K—Jv)e|r) o]y A

(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' N 4; 0 T U') A

(Va € dom(0")\dom(6.).0'(a) \ i o)

Instantiating K with k, 6, with 6., Hy with H and J with j we get the desired

Case [ =2

Symmetric reasoning as in the [ = 1 case above

18. SLIO*-bind:

XUk :SLIO 4; € 7 YUl x:7hke:SLIOL L, T
¥; ;T bind(e;, .¢ep) : SLIO ¢; £, 7'

To prove: (W, n,bind(e;, z.€p) (7 41), bind(er, z.€p) (v 12)) € [SLIO ¢; €, 7/ o5

This means from Definition 2.5 we need to prove:

Vi < n.bind(e;, z.ep) v L1li vp1 A bind(eg, z.€p) v Lol fu}l =

(W,n—1i,vp1,v}) € [SLIO ¢ £, 7/ ol

This means that given some i < n s.t bind(e;, z.e) v J1lli vs1 A bind(eg, x.€p) v L2l U}l
From SLIO*-Sem-val we know that vr; = bind(e;, z.€5)y L1, vr2 = bind(e;, z.€5)y 12 and
1=20

We are required to prove

(W, n,bind(e;, .e5)7 |1, bind(e, z.€5)y }2) € [SLIO ¢; £, T o)

Let vy = bind(ey, z.€p)y J1 and vy = bind(ey, z.ep)y |2

This means from Definition 2.4 we need to prove

(\m <n, W, 2 WNH, H.(k, H, H) > W, AVol, v,

(Hla Ul) U; (H1/7 'U{) A (HQv UQ) uf (HQI’ Ué) /\j <k =

IW' 2 We.(k — 4, H, HY) > W' A ValBg(A, W', k — j, 0o, o], v, 7 a)) A
Vi e {1,2}.(\%,98 00, H,j.(k H) >0 A (H,o) U (H o) Aj <k =
30’ 3 0..(k— 5, H) >0 A0k —j,0]) € |7 o)v A

(Va.H(a) # H'(a) = 30'.0.(a) = Labeled £ 7/ o A £; T £') A

(Ya € dom(€')\dom(8e).0'(a) \, zi))

This means we need to prove:

(a) VE < n, Wo 3 W.YHy, Hy.(k, Hy, Ho) > W A0, 0, j.
(Hla Ul) Uf (Hllv 'U{) A (HQv UQ) uf (HQI’ Ué) Nj<k =
AW’ 3 We(k — j, H{, H)) > W' A ValEq(A, W' k — j, o, v, 05, T 0):
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This means we are given some k < n, W, J W, Hy, Hy s.t (k, Hy, Hy) > W,
Also given some vy, vy, j < k s.t (Hy,v1) l}; (H{,v}) A (Hy,vo) U/ (Hj, vh)

And we are required to prove:
AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W',k — j, b, v{,v5, 7" o)  (FB-BO)

IH1:

(We, kyep (vd1),er (v12)) € [SLIO ¢; £ T cﬂé

This means from Definition 2.5 we need to prove:

Vi<keylilyoneylal v, =

(We, k — f,vn1,v5,) € [SLIO ¢; £ 7 o5}

Since we know that (Hy, v) ll; (H{,v}) A (Ho, vo) | (Hj, v}) therefore If < j < k s.t
er v Ly op Aep oy L2l o

This means we have

(We, k — f,op1,vh,) € [SLIO ¢; € 7 0§

This means from Definition 2.4 we have

(\ﬂ( < (k- f), W' 2 W.NHI HY (K, H' HY) > W AV, ol J.

(H{' o) 4 (H o) A (Y vgy) W (S, ) VT < K =

AW 2 WK — J, 1], Hy) > W' A ValBg(A, W' K = J,€ a,0f, 08,7 7)) A

Vi e {1,2}.(\%,98 00, H,j.(k H) >0 A (H,o) U (H o) Aj <k =

30" 30k~ 5, H') s 0 A0k — j,v)) € |7 0]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7" o AN l; 0 T V) A

(Ya € dom(0")\dom(8.).6'(a) \ li a))

Instantiating K with (k — f), W/ with W, H{ with Hy and H) with H in the first

conjunct of the above equation. Since we know that (k, Hy, Hy) > W, therefore from
Lemma 2.21 we also have (k — f, Hy, Hy) > W,

Since we know that (Hj, v;) ll;-c (H{,v]) A\ (Ho, vo) |/ (H}, v}) therefore 3J < j — f <
k— f s.t (Hb Uhl) U‘f} (Hllv U{/) A (H2> vf/n) U’f (H2/7 ’Ué/)

This means we have
AW” 3 W, (k—f—J,H{, H)> W' A ValEq(A, W' k—f—J L o,v] v, 7o) (FB-
B1)

From Definition 2.3 two cases arise:

i. o C A:
In this case we know that (W”, k — f — J, o], v§) € [T o]}
IH2:

(W" k—f—Je (741 U{z = v/'}),ep (72 U{z > v})) € [SLIO £ 4, 7/ o]

This means from Definition 2.5 we need to prove:

Vs <k—f—Jde (vl U{z— v}) s vna Aep (7 Lo Uz — v)/}) § v, =
(W" k—f—J—s,vh2,0,) € [SLIO £ ¢, 7' o5}
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Since we know that (Hy,bind(e;, z.€p) v 11) ll;-c (H{,v{) A (Hs,bind (e, x.€p) v 2
) U (Hj, vb) therefore 3s < j — f —J <k — f—J st ep (741 Uiz = of'}) Us
vhz A ey (7 b2 U{z = v3}) I gy

This means we have
(W" k—f—J—s,vh2,0,) € [SLIO £ ¢, 7' o5}

This means from Definition 2.4 we know that
(VKS <(k—f—-J—s), Ws I W'VH, Hy.(K,, Hy, Hy) > W5 AVv.y, )y, Js.

(Hi, vn2) Ui (Hly, 01) A (Hay o) W (Hly, vlp) A Js < Ky =
AW, 3 Wy (Ks — Js, H.y, Hly) > WA ValEg(A, W, Ks — Jg, 4i, vy, v, 7' a)) A

Vi € {1,2}.(\1/@,96 00, H,j.(k, H) b 0 A (H, o) U (H o) A j <k =
30" 30 (k— 5, H)Y >0 A0k — j,v)) € |7 o)y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled /' 7" o A l1 T V') A

(Va € dom(€')\dom(6,).0'(a) \, zl))

Instantiating K with (k— f —J —s), W, with W”, H; with H{ and Hj with Hs.
Since we know that (k — f — J, H{, Hy) > W therefore from Lemma 2.21 we also
have (k — f — J — s, H{, H}) > W"

Since we know that (Hj,bind(e;, x.ep) v 1) llf (H{,v]) A (Hz,bind(e;, z.ep) v L2
) U (Hj, ) therefore 3J, < j — f —J —s < k— f —J —s st (H, v Ui
(Hslla v;l) N (Hzlv Ué/) llf (Hs/2a 0;2)

This means we have
Iaw! 3 Wy (k- f — J—s—Js,Hgl,Hg2)> W! N ValEqA, Wk —f—J—s—
JS,EO71)§1,U£2,T/ U) (FB—BQ)

In order to prove (FB-B0) we choose W' as W/. From SLIO*-Sem-bind we know
that H{ = H!;, Hy = H.,, v{ = v}y, vj = vy and j = f+J+ s+ Js+ 1. And we
need to prove:
A. (k—j,H, Hy)> W/
Since from (FB-B2) we know that (k— f —J —s—Jg, H.y, H,)> W/ therefore
from Lemma 2.21 we get
(k =, Hyy, Hyg) > Wi
B. ValEq(A, W k — j, by, vl1, 0o, 7" 0):
Since from (FB-B2) we know that ValEq(A, W/, k—f—J—s—Jg, Ly, vy, Vg, 7" 0)
therefore from Lemma 2.26 we get
ValEq(A, W, k — j,lo, v, vlo, 7" 0)

ii. £ oL A:

From (FB-B0) we know that we need to prove

AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W' k — j, by, v, vy, 7" o)

Since ¢; 0 C ¢ 0 C 4, o (by assumption) and ¢ o [Z A therefore we have ¢, o £ A

This means that from Definition 2.3 it suffices to prove

AW’ 3 We.(k—j, H, Hy)> W/ AYmy1 (W .01, my1, v]) € [T o]y AVMuya. (W' .02, mys, v}) €
L7 alv

This means given some m,1, my2 and we need to prove
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Iw’ 3 We.(k — 7, Hll, HQ/) > WA (W/.Hl, My, U{) € LT/ UJV A (W/.GQ,mUQ, Ué) S
|7’ o]y (FB-BO01)

In this case we know that
Vm. (W".61,m,v]) € |7 o]y and Vm. (W".03,m,v)) € |7 o]y  (FB-B3)

Since bind(e;, z.ep)y J1d; v] therefore 3J; < j—f—J <k —f—Jst (e)y 4
U{z — o'} Vg vf. Similarly, 3J; < j—f—-J—-J1 < k—f—J—J1 st
(Hlla U{) U’k};{ -

Instantiating m with my; + 1+ J; + J] in the first conjunct of (FB-B3)
(W"01,muy1 + 1+ J1+ Jj,0)) € |7 oy

Since (W, n,7) € [T']{} therefore from Lemma 2.24 we know that
Vm. (W.01,m,y h) € [I']v

Instantiating m with my,;+1+J1+J7 we get (W.01, my1+1+J1+J7,v 1) € [T]v

From Lemma 2.18 we know that
(W".01,my1 +1+ 1+ J,v ) €Ty (FB-B4)

Now we can apply Theorem 2.22 to get
(W01, my1 + 1+ J1 4+ Ji, (ep)y 41 U{z — v{'}) € [(SLIO £ 4, ") o g

This means from Definition 2.7 we get
Ve <myg1+1+J1+ J{.<6b>’)f 41 U{:L’ — U{/} Ucl Vo1 — (W”.@l, My1 +1+J1+
Ji —c1,001) € [(SLIO £ 4, ') o]y (FB-Bb)

Instantiating ¢; with J; in (FB-B5)
Therefore we have (W".01,my1 + 14 Ji,v01) € [(SLIO £ ¢, 7') o]y

From Definition 2.6 we have

VK < (my1+1+J7),0, 3 W".01, Hy, Jo.(K, Hy)>0LA(Hy, vor) VY (HY, w]) AT <
K =

39’1 | QQ(K — JQ,H{/) l>(9/1 A (9/1,K — JQ,'U{) € I_T/ UJV A

(Va.Hy(a) # H{'(a) = 3¢'.0.(a) = Labeled ' 7" N 4; 0 T 0') A

(Va € dom(67)/dom(0.).601(a) \ ¥; o)

Instantiating K with m,1 + 1 + Jj, 0, with W”.0;, Hy with H{ (from FB-BI)
and Jo with J| we get

39’1 - W”.Hl.(mul + 1, Hl//) l>(9/1 AN (Qll,mul +1, ’U{) € LT/ O'JV A

(Va.Hy(a) # H{'(a) = 3 .W".01(a) = Labeled ¢ 7" N l; 0 T U') A

(Va € dom(6y)/dom(6.).01(a) \ ¥; o) (FB-B6)

Since we know that bind(e;, z.€p)y J2d} v5. Say this reduction happens in ¢ steps.
Therefore 361 < t < k < n s.t (e)y b2 U{x — v} |4, v and simialrly Ity <
t—t1 < k—t st (H,uz)y b2l (HY,v)

Again since bind(ej, z.ep)y L2l v} therefore 3Jy < t —t; —to < k —t; — t2 s.t
(eb)'y o U{.%' — 'Ué/} liJz ’Uﬁ. Similarly HJé <t—t;—to—Jo< k—1t1 —ty— Jg st
(H2/a Ué) ‘Ufé -

Instantiating the second conjunct of (FB-B3) with myo + 1+ Jo + J; we get
(W02, my2 + 1+ Jo+ Jy,0f) € |7 oy
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Again since (W,n,v) € [T']5} therefore from Lemma 2.24 we know that
Vm. (W.Qg, m,y ig) S {FJV

Instantiating m with my2+1+Jo+J5 we get (W .02, my2+1+Ja+J5, v L2) € ||y

From Lemma 2.18 we know that
(W03, mu2+ 1+ Jo+ J5,v l2) € [Ty (FB-BT7)

Now we can apply Theorem 2.22 to get
(W 02, mu2 + 1+ Jo+ Jj, (ep)y b2 U{z — vff}) € [(SLIO L 4, ') o] g

This means from Definition 2.7 we get
Veg < (mya + 1+ Ja+ Jb).(ep)y b2 Uz = v} Jey vo2 = (W02, mya + 1+
Jo — Cco, 1)02) € KSLH@ / 60 7'/) O’JV (FB—BS)

Instantiating co with Jo in (FB-B8) we get
(W”.@Q,mug +1+ Jé, ’Uog) € L(S]L]I@ 14 60 7'/) O'JV

From Definition 2.6 we have

VK < (mua+1+J3),0L 3 W02, Hy, J3.(K, Ho)>0L A (Ha, v2) I, (HY, vh)AJ5 <
K =

305 30, (K — Js, HY )b 045 A (05, K — J3,v) € |7 o]y A

(Va.Hs(a) # HY(a) = 3.0/ (a) = Labeled ¢/ 7" NL o T V') A

(Va € dom(6%)/dom(6.).05(a) N\ ¥ o)

Instantiating K with myo + 1 + Jb, 0, with W”.02, Hy with Hj (from FB-BI)
and J3 with Jj, we get

395 ; W//.HQ.(mug + 1, HQN) > (9/2 A (Q/Q,mug +1, ’Ué) € LT/ O'JV A
(Va.Hs(a) # HY(a) = I .W".0s(a) = Labeled ¢ 7" Nl o T U') A
(Va € dom(65)/dom(6.).05(a) \ ¢ o) (FB-B9)

In order to prove (FB-B01) we chose W' as W,, where W,, is defined as follows:
W01 = 0} (From (FB-B6))
W,,.02 = 05 (From (FB-B9))
Wy.3 = W".3 (From (FB-B1))
It suffices to prove
o (k—j, H/',H)> Wy
From Definition 2.9 we need to prove the following
— dom(W,,.01) C dom(H]") A dom(W,.02) C dom(H,):

From (FB-B6) we know that (my1+1, H{")>6] therefore from Definition 2.8
we know that dom(W,,.01) C dom(H{)

Similarly from (FB-B9) we know that (my2 + 1, Hy') > 65 therefore from
Definition 2.8 we know that dom(W,,.02) C dom(HY)

— (Wh.B) C (dom(Wy.01) x dom(W,.02)):

Since from (FB-B1) we know that (k — f — J, H{, Hy) > W" therefore from
Definition 2.9 we know that (W”.5) C (dom(W".01) x dom(W".03))

Since from (FB-B6) and (FB-B9) we know that W”.0; T W,.0; and
W".0, C W,.00

Therefore we get

~

(Wh.B) C (dom(W,,.01) x dom(W,,.02))
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~

— V(al, CLQ) S (Wnﬁ)(Wnﬁl(al) = Wnﬂg(ag)/\(Wn,k—j—l,Hll/(al),HQH(ag)) €
[ W61 (a1)]7):

4 cases arise for each (ay, ay) € W,. B
A. Hl’(a,l) = Hlll(al) A\ HQI(GQ) = HQH(CZQ)Z

To prove:

Wnﬂl(al) == Wn.eg(ag)t
We know from that (k — f — J, H{, Hy)) > W"

Therefore from Definition 2.9 we have

V(ai, ah) € (W".5).W".01(a}) = W".02(a))
Since W,,.3 = W".3 by construction therefore

V(ai, ah) € (Wy.B3).W".01(a1) = W".02(a})

From (FB-B6) and (FB-B9) we know that W”.0; C 0] and W".0, C 6,
respectively.

Therefore from Definition 2.1

A~

V(ar, ay) € (Wn.f).01(a1) = 05(az)

To prove:
(Wb = = 1, H{ (@), Hy (a2)) € [Wp.01(ar)]5:
From (FB-B1) we know that (k — f — J, H, H}) & W"

This means from Definition 2.9 we know that

V(aﬂ, aui2> c (W”.B). W"ﬂl(aﬂ) = W”.QQ(G,Z'Q) AN

(W k—f—J—1,H{(an), Hy(ai2)) € [W".01(ain)]5}

Instantiating with a; and ay and since W” C W, and k —j — 1 <
k—f—J—1(since j = f+ J+ J1 + 1 therefore from Lemma 2.17 we
get

(Wi k= j =1, H{(a1), H(a2)) € [ Wy.01(a1) ]}

B. H{(a1) # Hy'(a1) N Hy(az) # Hy (az):

To prove:

Wn.91(al) = Wn.QQ(ag)
Same reasoning as in the previous case

To prove:

(Wa,k = =1, H'(a1), Hy (a2)) € [Win.01(ar)]5}

From (FB-B6) and (FB-B9) we know that

(Va.H{(a) # H{(a) = W' .W".01(a) = Labeled ¢’ 7" A (¢ o) T ¥')
(Va.Hj(a) # H)(a) = 3 .W".02(a) = Labeled ¢’ 7" N (£ o) T V')
This means we have

30'.W".01(a1) = Labeled ¢/ 7" A (£ o) C ¢ and

0. W".05(az) = Labeled ¢/ 7" A (€ o) C ¥/

Since £ o IZ A. Therefore, ¢ [Z A.

Also from (FB-B6) and (FB-B9), (m,1+1, H)>0] and (my2+1, Hy )>05.
Therefore from Definition 2.8 we have
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(01, mur, H'(a1)) € |01 (a1)]v and
(05, muz, Hy' (a1)) € |05(az)]v
Since m,1 and mys are arbitrary indices therefore from Definition 2.4 we

get
(W k =5 =1, H{'(a1), Hy(a2)) € [0} (ar)]{}

C. H{(a) = H{'(a1) N Hj(az) # Hy(az):

To prove:

Wnﬂl(al) = WnﬂQ(ag)

Same reasoning as in the previous case

To prove:

(W, k—j—1,H'(a), H) (a2)) € [Wnﬂl(alﬂ“é

From (FB-B9) we know that

(Va.Hy(a) # HY(a) = W .W".05(a) = Labeled ¢ 7" A (¢ o) T 1)
This means we have

0. W".05(az) = Labeled ¢/ 7"/ A (¢ o) C ¥

Since ¢ o [Z A. Therefore, ¢ [Z A.

Since from (FB-B1) we know that (k — f — J, H{, Hj) £ W that means
from Definition 2.9 that (W”, k—f—J—1, H{(a1), Hy(az)) € [W".01(a1)]{.
Since W”.01(a1) = W".02(ag) = Labeled ¢ 7" and since ¢' [Z A therefore
from Definition 2.4 and Definition 2.3 we know that

Therefore

Vm. (W”.Hl,m, Hl’(al)) S W”.@l(al) (F)

Instantiating the (F) with m,; and using Lemma 2.16 we get
(61, mu1, Hi(a1)) € 61(a1)

Since from (FB-B9) we know that (my2 + 1, H)) > 6/, therefore from
Definition 2.8 we know that (05, mq2, Hy (a2)) € 05(az)

Therefore from Definition 2.4 we get

(W' k —j =1, H (a1), B} (a2)) € [0}(a)]i}

D. H{(a) # H{'(a1) A Hy(az) = Hy (az):
Symmetric reasoning as in the previous case
— Vi e {1,2}.YmNa; € dom(W,,.0;).(Wy,.0;,m, H'(a;)) € | Wy,.0;(a;) | v:

Casei=1
Given some m we need to prove
Va; € dom(Wy.0;).(Wy.0;,m, H(a;)) € | Wy,.0i(a;) |v

This further means that given some a; € dom(W,,.0;) we need to show
(Wnﬂl, m, Hl”(al)) S LWn.Hl(al)Jv

Since W,.0; = 64, it suffices to prove
(01, m, H{'(a1)) € [0 (a1)]v

Like before we apply Theorem 2.22 on e, v |1 U{z + v{'} but this time at
m+1+J1+ J] to get
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307 3 W"b1.(m+ 1, H )b 0] A (01, mur + 1,0)) € [T/ o]y A

(Va.Hy(a) # H{'(a) = 3. W".01(a) = Labeled ¢' 7" N l; 0 T 0') A

(Va € dom(6))/dom(6.).01(a) \ ¥t; o)

Since we have (m + 1, H{') > 6] therefore from Definition 2.8 we get the
desired.

Case i = 2

Similar reasoning as in the ¢ = 1 case

o (W'b1,mu1,v)) € |7 o]y AW .02, myuz,v5) € |7 oy:
We get this from (FB-B6), (FB-B9) and Lemma 2.16 we get the desired

19. SLIO*-ref:

Y:U:T k¢ : Labeled ¢/ 7 SRl
;0T F new () : SLIO £ £ (ref ¢/ 7)

To prove: (W,n,new (¢') (v 11),new (¢') (v l2)) € [(SLIO ¢ ¢ (ref ¢/ 7)) o5

This means from Definition 2.5 we need to prove:

Vi < n.new (¢') v L1l vp1 Anew (€') vy |2l vy =

(W,n—i, v, v}) € [(SLIO € £ (vef €' 7)) o]¢}

This means that given some i < n s.t new (€') v l1lli vp1 A new (€') v Jall vpy

From SLIO*-Sem-val we know that vg = new (/) 1, vpo = new (¢/)y lo and i =0

We are required to prove

(W,n,new (e')y L1, new (e')y J2) € [(SLIO £ ¢ (ref ¢’ 7)) o5}

Let v; = new (€')y |1 and vy = new (e’)y ]2

From Definition 2.4 we are required to prove

<Vk: < n, W, 2 W.NH, Hy.(k, Hy, Hy) > Wy AV, 0}

(Hy, o) W (H{, vf) A (Hy, vp) W (Hy, wh) Aj < b =

IW' 2 Wk — j, HL, HY) > W' A ValEq(A, W',k — j, 0,0}, v}, (ref ¢ 7) a)) A
Vi e {1,2}.(\%,96 00, H,j.(k H) >0 A (Hyu) U (H o) Aj < b —
30 3 0.(k—j,H)>0 N0k —j,v)) € |(ref £/ T)|y o A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" AL T V') A

(Va € dom(8")\dom(6.).0'(a) . g))

This means we need to prove the following:

(a) Vk <n, W, 3 W.VHl,HQ.(k‘,Hl,HQ) > W, /\V’U{,’Uﬁ.
(Hy, o) U1 (H{,v)) A (Ho, 00) U (Hg,vh) Aj < b =
AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W' k — j, ¢, v{, v}, (ref ¢/ T) 0):

This means we are given some k < n, W, J W, Hy, Hy s.t (k, Hy, Hy) > W,
Also we are given some vy, v}, j < k s.t (Hy, vy) l}; (H{,v]) A (Ho,vo) {/ (Hy, v5)

And we are required to prove:
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AW’ 23 We.(k—j, H{, Hy))> W' A ValEq(A, W', k—j,0,v1, v}, (ref £/ 7) o) (FB-RO)

IH:

(We, k€ (v 11),€ (v 12)) € [Labeled ¢ 7 o7

This means from Definition 2.5 we need to prove:

Vi <ke vlidlpone vyl o, =
(We,k — f,up1,v},) € [Labeled ¢/ 7 o5}

Since we know that (Hy, v1) l}; (H{,v]) A (Ho,vo) |/ (H}, v3) therefore If < j < k s.t
eyl v Ae v L2l vy

This means we have

(We, k — f,op1,vh,) € [Labeled ¢/ 7 o]} (FB-R1)

In order to prove (FB-R0) we choose W' as W,, where
Wy.01 = W01 U{a; — (Labeled ¢’ 7) o}

Wy.0o = We.05 U {ag — (Labeled ¢' 7) o}

Wn.B = WG.B U{a, a2}

Now we need to prove:

i (k—j, Hl, H) > Wy

From Definition 2.9 it suffices to prove:

dom(W,,.01) C dom(H{) A dom(W,.02) C dom(Hj) A

(Wn.B) C (dom(Wy.01) x dom(W,.02)) A

V(al, CLQ) € (Wn,B)(Wn01(a1) = Wn.eg(ag) A\

(W, (k= 3) = 1, H{(av), Hy(a2)) € [ Wo.1(ar)]{0) A

Vi € {1,2}.VmNa; € dom(W,,.0;).(Wy.0;,m, Hi(a;)) € | Wp.0;(a)]v

This means we need to prove

o dom(W,.01) C dom(H{)Ndom(Wy.02) C dom(H))N(W,,.5) C (dom(W,.01)x
dom(W,.02)):

We know that dom(W,,.01) = dom(W,.601)U{a1} and dom(W,,.02) = dom( We.02)U

{a2}

Also dom(H{) = dom(H;) U {a1} and dom(H;) = dom(Hz) U {az}
Therefore from (k, Hy, Hy) > W, and from construction of W, we get the
desired.

o Y(a],a}) € (Wn.B)(Wn.01(a}) = Wp.02(a}) A
(Wask —j — 1, H{(a), Hy(a3)) € [Wi.01(ai)]3}):

V(a1 ay) € (Wy.0).

A. When af = a; and ay = ay:
From construction
(Wn.él(al) = Wn.eg(ag) = (Labeled E/ T) o
Since from (FB-R1) we know that (We,k — f, vp1, vi,) € [Labeled ¢/ 7 o5}
And since from SLIO*-Sem-ref we know that H{(a1) = vp1, Hy(a2) = vy,
and j = f + 1 threfore from Lemma 2.17 we get
(Wm k—j—1, Hll(al)a HQI(GQ)) € [Wnel(al)—‘é

B. When a] = a; and a} # ap: This case cannot arise
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C. When a] # a; and a} = ap: This case cannot arise
D. When af # a1 and a} # ag:
Since (k, Hy, Hy) > W, therefore the desired is obtained directly from Defi-
nition 2.9
o Vic {1,2}.YmNa, € dom(W,.0;).(Wy.0;,m, Hi(a})) € | Wy.0;(a))]v

When i =1

Given some m

Vaj € dom(W,,.01).

— when af = a;:
From construction
(Wnﬂl(al) = Wn.QQ(GQ) = (Labeled gl 7’) o
And from (FB-R1) we know that (W, k — f, vp1, vi,) € [Labeled ¢/ 7 o5}
Therefore from Lemma 2.15 get the desired

— Otherwise:
Since (k, Hy, Ha) > W, therefore the desired is obtained directly from Defi-
nition 2.9

When i =2

Similar reasoning as with ¢ =1

. ValEq(A, Wy, k — 4,0, v, 05, (ref ' T) 0):
From SLIO*-Sem-ref we know that v{ = a; and v} = ag
2 cases arise:

A /C A
In this case from Definition 2.3 it suffices to prove that
(Wh,k —j,a1,a2) € (ref £/ 7) o

From Deﬁnitiop 2.4 it suffices to prove
(al, CLQ) e Wn.B A Wnﬂl(al) = Wn.eg(ag) = (Labeled A T) o
This holds from construciton of W,

B. ¢ A:
In this case from Definition 2.3 it suffices to prove that
Vm. (Wy.01,m, a1) € (ref ¢/ 7) o and (W,,.02,m, a2) € (ref £ 7) o

From Definition 2.6 this means for any given m we need to prove that
W,,.01(a1) € (Labeled ¢ 7) o and W,,.05(ag) € (Labeled ¢ 1) o
This holds from construction of W,
(b) Vi € {1,2}.(\7%,9@ 00, H,j.(k, H) o 0 A (H,u) U (H o) A j <k =

30" 3 0..(k—j,H)> 0" N0 k—j,vf) € |[(ref £ 7) o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T 0') A

(Va € dom(6')\dom(0.).0'(a) \, £1):

Casel=1

Given some k,0. 3 W.0y, H,j st (k, H) >0 A (H, u) I (H', o) Aj <k

We need to prove

30" 3 0..(k—4,H)0' A (0, J.v) € [(ref £ 1) o]y A
(Va.H(a) # H'(a) — 300, ( ) Labeled ¢ 7 A ¢; 0 C £) A
(Va € dom(6')\dom(6.).0'(a) \ ¥; o)
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Since (W,n,v) € [T']{ therefore from Lemma 2.24 we know that
Vm. (W.01,m,y 11) € [I']y and (W.02,m,v |2) € [T']y

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 2.22 to get
(W.01,k, (ref (')y 1) € [(SLIO £ ¢ (ref ' 7)) o|E

This means from Definition 2.7 we get
Ve < kref (e')y Lille v = (W.01,k —c,v) € |(SLIO £ ¢ (ref ¢/ 7)) o]y

This further means that given some ¢ < k s.t ref (¢/)y 1l v. From SLIO*-Sem-val
we know that ¢ = 0 and v = ref (¢/)y |4

And we have (W.01,k,ref (¢')y 1) € [(SLIO ¢ ¢ (ref ¢/ 7)) o|v

From Definition 2.6 we have

VK < k,0, 3 W.01, Hy, J.(K, H) > 0. A (Hy,ref (¢/)y 1) V) (H ,W)ANJT < K =
30 260K — JH) >0 A0, K — J.0') € |(ref £/ 7) o]y A

(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" Nl; 0 T V') A

(Va € dom(6')\dom(6.).0'(a) \ ¥; o)

Instantiating K with k, 6, with 0., Hy with H and J with j we get the desired

Case [ =2
Symmetric reasoning as in the [ = 1 case above

20. SLIO*-deref:

S0 e cref b7
YU T ke’ SLIO ¢ ¢ (Labeled ¢ 7)

To prove: (W,n,!e’ (v 11),'€’ (7 2)) € [SLIO ¢ ¢ (Labeled £ 7) o4

This means from Definition 2.5 we need to prove:

Vi < nle' v Lidli vir Ale v lall v]’cl —

(W,n—i,vp1,0}) € [SLIO ¢ £ (Labeled £ ) o]}

This means that given some i < n s.t le' v [1{; vy Ale v 2l v}l

From SLIO*-Sem-val we know that vy = le'y |1, vpo =le'y o and i =0
We are required to prove

(W,n,le'y 1,!e'y l2) € [SLIO ¢ ¢ (Labeled £ 7) o]}

Let v; = le/y |1 and vy = le/y |o

From Definition 2.4 it suffices to prove

(w; <n, W, 2 W.NH, H.(k, H, H) > W, AVol, v,

(Hy, o) W (HY, o)) A (Ha, v0) W (Hy, 0) Nj < b =

IW' 2 Wk — j, H, HY) > W' A ValEg(A, W' k — j,¢' o, v, (Labeled £ 1) o—)) A

167



Vi € {1,2}.(\1/@,96 00, H,j.(k, H) b 0 A (H,u) U (H o) A j <k —
30" 2 0..(k — j, H') o 0 A0,k — 5,9]) € | (Labeled £ 7) o]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled & 7/ A €' o C £7) A

(Va € dom(8")\dom(6e).0'(a) \, ¢’ 0))

This means we need to prove:

(a) Vk < n, Wo 3 W.VH, Ho.(k, Hy, Hy) > W A0l vl
(Hi, v1) U; (H1/7 U{) A (Hz, 1) llf (H2/7 Ué) Nj<k =
AW’ 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j,¢' o,v],v}, (Labeled ¢ 7) o):

This means we are given is some k < n, W, 3 W, Hy, Hy s.t (k, H, Hy) > W,
Also given some v;, v5,j < k s.t (Hy, v1) ll;c (H{,v]) A (Ho, vo) |/ (Hj, v5)

And we are required to prove:
AW' 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j, ¢’ o,v],v}, (Labeled ¢ T) o)
(FB-DO0)

IH:

(We, kye' (v d),¢ (y2)) € [(ref £7) o7

This means from Definition 2.5 we need to prove:

Vi<ke vyl ne ylel v, =
(We,k — f,on1,v5,) € [(ref £ 7) ol

Since we know that (Hy, v1) l}; (H{,v]) A (Ho,vo) |/ (H}, v3) therefore If < j < k s.t
er v 4l o Aep vy ol vy

This means we have

(We, k — f,op1,vh,) € [(ref £7) o5} (FB-D1)

In order to prove (FB-DO0) we choose W' as W,. Also from SLIO*-Sem-deref we know
that H{ = H; and Hy = Hy. Also we know that v,; = a1 and v;; = as.
o (k -7, Hp, HQ) > We:
Since we know that (k, Hy, Ha) > W, therefore from Lemma 2.21 we get
(k — g, Hy, Hy) > W,
o ValEq(A, We,k — j, U' o,v{, v}, (Labeled ¢ T) 0):
From SLIO*-Sem-ref we know that v] = Hi(a1) and vj = Hs(as)
2 cases arise:
— 0 o C A:
In this case from Definition 2.3 it suffices to prove that
(We, k — j, v, v5) € (Labeled ¢ 7)o

Since from (FB-D1) we know that (W, k — f, a1, a2) € [ref £ 7 o5}
Therefore from Definition 2.4 we know that (a1, a2) € We.f A We.01(a1) =
We.02(a2) = Labeled ¢ 7 o

And since we know that (k, Hy, Ha) > W, therefore from Definition we know
that (W, k, Hi(a1), H2(ag)) € [Labeled ¢ 7 o]}
From Lemma 2.17 we get (W, k — j, Hi(a1), H2(a2)) € [(Labeled ¢ 7) o5}
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—V'IZ A:
In this case from Definition 2.3 it suffices to prove that
Vm. (We.61,m, Hi(a1)) € (Labeled ¢ 7)o and (W,.02,m, Hy(ag)) € (Labeled ¢ 7)o
(FB-B2)
Since from (FB-D1) we know that (W, k — f, a1, az) € [ref £ 7 a}“é
Therefore from Definition 2.4 we know that (a1, az) € We.8 A We.01(a1) =
We.02(az) = Labeled £ 7 o

And since we know that (k, Hy, Ha) > W, therefore from Definition we know
that (We, k, Hi(a1), H2(ag)) € [Labeled ¢ 7 o]f}

Finally from Lemma 2.15 we get (FB-B2)

(b) Vi € {1,2}.(\%,9@ 00, H,j.(k, H) b 0 A (H,u) U (H o) A j <k =
30’ 23 0..(k—j,H)>0 N0,k — j,v)) € |(Labeled ¢ 7) o]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢" 7' ANV T V") A
(Va € dom(6')\dom(6,.).0'(a) \ ¥ o):

Casel=1
Given some k,0, J W.0;,H,j st (k,H)>0. N (H,v) ll;-v (H',v))Nj <k

We need to prove

30’ 3 0..(k—j,H)v 0 A0,k —j,v/) € |(Labeled £ 7) o]y A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢" 7" ANV o T ") A
(Va € dom(0')\dom(6.).0'(a) \ ¥ 0)

Since (W,n,v) € [T']{ therefore from Lemma 2.24 we know that
Ym. (W.01,m,y ]1) € [I']y and (W.02,m,v |2) € [T']v

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 2.22 to get
(W.01,k,(le'y |1) € | (SLIO ¢ ¢ (Labeled ¢ 7)) olp

This means from Definition 2.7 we get
Ve < kle'y lille v = (W.b1,k —c,v) € |(SLIO ¢ ¢’ (Labeled ¢ 7)) o]y

Instantianting ¢ with 0 and from SLIO*-Sem-val we know that v = le’y |;
And we have (W.01,k, e’y |1) € | (SLIO ¢ ¢ (Labeled ¢ 7)) o]y

From Definition 2.6 we have

VK < k,0, 3 W.01,H,J.(K, H)>0, A (Hy,v) {Lf; (H V)N <K =
30 30..(K—J,H)>0' N0, K — Jv') e |(Labeled ¢7) o]y A
(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7" N0 c T 4") A

(Va € dom(0")\dom(6.,).0'(a) \ ¥ o)

Instantiating K with k, . with 6., H; with H and J with j we get the desired

Case [ =2

Symmetric reasoning as in the [ = 1 case above
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21. SLIO*-assign:

S;W D be:ref 0 7 Y;W;T e, : Labeled ¢ 7 Yol
;W' e := e, : SLIO ¢ £ unit

To prove: (W, n, (e :=e,) (v 1), (e1 :=e,) (7 2)) € [SLIO £ £ unit o]

This means from Definition 2.5 we need to prove:

Vi <n.(er:=er) vl v A (e =er) v 2l vpy =

(W,n —i,vp1,v5) € [SLIO £ £ unit ol

This means that given some i < n s.t (e, :=e;) v L1l vi1 A (e ;=€) v L2l U]/cl

From SLIO*-Sem-val we know that vg = (e :=e,)y l1, vpo = (€1 :=€;)y l2 and i =0
We are required to prove

(W,n, (e == er)y 1, (e := er)y l2) € [SLIO ¢ ¢ unit o]}

Let ey = (e;: —er) v 41 and eg = (e;: —e;) v 12

From Definition 2.4 it suffices to prove

(\ﬂ{; <n, W, 3 WNH, H.(k, Hy, H>) > W, AVol, vl

(Hi,v1) ‘U; (H1/7 U{) A (Hz, 1) llf (H2,7 Ué) Nj<k =

IW' 3 We.(k — j, H, HY) > W' A ValBg(A, W',k — j,0, ], vg,unit)) A
Vi e {1,2}.(\1/@,96 00, H,j.(k, H) b 0 A (H,u) U (H o) A j <k —
3¢’ 3 0..(k—j,H )0 N0,k — j,v)) € [unit]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(€')\dom(6,).0'(a) \, e))

This means we need to prove:

(a) Vk < n, Wo 3 W.VH, Ho.(k, Hy, Hy) > W Aol vl
(H17 Ul) U; (H1/7 U{) N (H27 UQ) llf (H2/7 Ué) N <k =
AW' 3 We.(k — 4, H{, Hy) > W' A ValEq(A, W' k — j, £, v{, v}, unit):

This means we are given some k < n, W, J W, Hy, Hy s.t (k, Hy, Hy) > W,
And finally given some vf, v}, j < k s.t (Hy, v1) U; (H{,v}) A (Ho, vo) ./ (Hj, v5)

And we are required to prove:
AW' 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j, £, v{, v}, unit)
(FB-A0)

IH1:

(We, kyer (v41),e1 (7 12)) € [ref £/ 7 oA

This means from Definition 2.5 we need to prove:

Vi<ke vyl neylal v, =
(We, k — f,op1,v},) € [ref £/ 7 o]
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Since we know that (Hj, v1) ll;-c (H{,v]) A (Ha,vo) |/ (H}, v}) therefore 3f < j < k s.t
er v Ly op Aep oy L2l v

This means we have
(We,k — f,op1,vh,) € [ref £/ 7 0]¢  (FB-AL)

TH2:

(We, k — foer (v41),er (7 12)) € [Labeled ¢' T o]
This means from Definition 2.5 we need to prove:

Vs <k—fevlillsumane vl v, =
(We,k — f — 5, upa, vly) € [Labeled ¢/ 7 o]}

Since we know that (Hi, v;) ll;.c (H{,v]) A (Hy,ve) {| (Hj, vh) therefore Is < j — f <
E—fste vlils vmaAer vl vy

This means we have
(We, k — f — s, vpa, v),,) € [Labeled ¢ 7 o5} (FB-A2)

In order to prove (FB-A0) we choose W' as W.. Also from SLIO*-Sem-assign we
know that H] = Hi[vy1 — vp2] and Hy = H[v;, — vj,], and j = f+s+1
We need to prove the following:
i (k- j, Hl, H) > W,:
Say vp1 = a1 and v, = ap
From Definition 2.9 it suffices to prove:
dom(We.01) € dom(H{) A dom(We.02) C dom(Hz) N
(We.8) C (dom(We.Hl) x dom(We.02)) A
V(al, az) S (We.ﬂ).(We.Ql(al) = We.eg(az) A\

This means we need to prove
o dom(W,.01) C dom(H])Ndom(W,.02) C dom(H}NW,.5) C (dom(W,.01)x
dom(We.02)):
Since dom(H;) = dom(H{) and dom(Hsz) = dom(H3), and also we know that
(k, Hy, Hy)> W,. Therefore we obtain the desired direclty from Definition 2.9
e V(ai, a}) € (We.5).(We.01(a)) = We.02(a)) A
(We,k —j = 1, H{(a}), Hy(a3)) € [ We.01(a7)15}):

V(ay, ab) € (We.3).

A. When af = a; and ay = ay:
From (FB-A1) and from Definition 2.4 we get
(We.01(a1) = We.02(az2) = (Labeled ¢ 7) o
Since from (FB-A2) we know that (W, k—f—s, vha, v},,) € [Labeled ¢ 7 o5}
And since from SLIO*-Sem-assign we know that Hj(a1) = vpa, Hy(az) =
vy and j = f + s+ 1 threfore from Lemma 2.17 we get
(Wek —j — 1, Hi(a), Hj(a2)) € [ We.01(a1)]¢}

B. When a] = a; and a) # ap: This case cannot arise

C. When a] # a; and a) = ap: This case cannot arise
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D. When af # a1 and @) # ag:
Since (k, Hy, Hy) > W, therefore the desired is obtained directly from Defi-
nition 2.9
o Vi e {1,2}.YmNa, € dom(We.0;).(We.0;,m, Hi(a))) € | We.6;(al)]v:
When ¢ =1
Given some m
Va; € dom(We.0).
— when o] = az:
From (FB-A1) and from Definition 2.4 we get
(We.01(a1) = We.02(az) = (Labeled ¢/ 7) o
Since from (FB-A2) we know that (W, k—f—s, vpa, v},) € [Labeled ¢ 7 o5}
Therefore from Lemma 2.15 get the desired
— Otherwise:
Since (k, Hy, Hz) > W, therefore the desired is obtained directly from Defi-
nition 2.9
When ¢ =2
Similar reasoning as with 7 = 1
ii. ValEq(A, We,k —3,¢,(), (), unit):
Holds directly from Definition 2.3 and Definition 2.4

(b) Vi € {1,2}.(\#;,96 00, H,j.(k H) >0 A (Hyu) U (H o) Aj < b —
30" 30c.(k— 4, H)>0 A0,k —j,v/) € unit]y A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' NL o T V') A
(Va € dom(8')\dom(0.).0'(a) \ £ o):
Casel=1
Given some k,0, 3 W.0;, H,j st (k,H)>0. A (H,v) l}f (H o)A Nj<k

We need to prove

30" 3 0..(k—j,H )0 A0k —j,v)) € [(unit) o]y A
(Va.H(a) # H'(a) = 30'.0.(a) = Labeled " 7" N0 o T 0") A
(Va € dom(6")\dom(0.).0'(a) \ £ o)

Since (W, n,7) € [T']{} therefore from Lemma 2.24 we know that
VYm. (W.01,m,y 1) € |[I']y and (W.02,m,v |2) € [T']y

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 2.22 to get
(W.01,k,((e; :=er)y 1) € [(SLIO ¢ £ (unit)) o|g

This means from Definition 2.7 we get
Ve < k.(ep:=e)ydidle v = (W.01,k —c,v) € |(SLIO £ ¢ (unit)) oy

Instantiating ¢ with 0 and from SLIO*-Sem-val we know that v = (¢; := e, )y 11
And we have (W.01,k, (e; :==e;)y d1) € [(SLIO £ ¢ (unit)) oy

From Definition 2.6 we have
VK < k,0, 3 W.01, Hy, J.(K, H)) >0, A (Hi,0) I (H )N T < K =
0 J0.(K—J, H)>0 A0, K — J,v') € |(Labeled € 7) oy A
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(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7" N0 c T ") A
(Va € dom(0')\dom(6.,).0'(a) \ ¥ 0)

Instantiating K with k, 6, with 6., Hy with H and J with j we get the desired

Case [ =2

Symmetric reasoning as in the [ = 1 case above

O
Lemma 2.26 (SLIO*: Equivalence of values). VA, W, W £, ¢' vy, vo,7,1,7.
ValEq(A, W, 0, i, 01,00, 7) N <iANLCOANWE W =
ValEq(A, W' 0, 4, v, v2,7)
Proof. Given that ValEq(A, W, ¢,i,v1, va, 7). From Definition 2.3 two cases arise
1. /C A:
In this case we know that (W,i, v, 1) € [T]{
2 cases arise
(a) ¢ C A:
Since (W,i,v1,v2) € [T]{ therefore from Lemma 2.17 we know that (W', j, v1, %) €
(713
And thus from Definition 2.3 we know that ValEq(A, W' ¢, j, v1, v2,T)
(b) ¢ IZ A:

Since (W,i,v1, v2) € [7]{ therefore from Lemma 2.15 we know that Vi € {1,2}. Vm.
(W.0;,m,v;) € |[T]v

And from Lemma 2.16 we know that Vi € {1,2}. Vm. (W'.0;,m,v;) € |7]v

Hence from Definition 2.3 we know that ValEq(A, W', ¢ j, v1, ve,T)

2. LI A:
Givenis CV Z A
In this case we know that Vi € {1,2}. Vm. (W.0;,m,v;) € |T]v
And from Lemma 2.16 we know that Vi € {1,2}. Vm. (W'.0;,m,v;) € |7|v
Hence from Definition 2.3 we know that ValEq(A, W', V', j, v1, va, T)

Lemma 2.27 (SLIO*: Subtyping binary). The following holds:
VY, W, o, T, 7.

1.5V Fr <7 ANLEY o = [(T Uﬂ“ég [(r/ 0’)1{4/‘
2.5 VFr<:7TANLEV o = [(TUﬂﬁ [ é

Proof. Proof of statement (1)
Proof by induction on the 7 <: 7/
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1. SLIO*sub-arrow:

Given:
U7 <im YW <7

2;\I/|—7'1—>7'2<:T{—>7'£

To prove: [((r1 = 72) 0)1{} C [((r{ = 73) 0)1¢}

IHL: [(r] o)) € [(11 0)]5} (Statement 1)
[(to 0)]5 C [(14 0)]% (Sub-AO From Statement 2)

It suffices to prove:

Y(W,n, Az.e1, \x.e2) € [((11 = 72) o). (W,n, \z.e1, Av.e2)

This means that given: (W, n, Az.ei, Ax.ea) € [((11 — ™) 0)]

And it suffices to prove: (W,n,\z.e1, A\z.e2) € [((1] = 74) o)

From Definition 2.4 we are given:

VW' 3 W, j <n,v,0.(W,ju,w)enof =

(W', j,er[vi/x], ealva/x]) € [12 o115 A

\v/el .| W-elvja ’Uc-((el?j? ’Uc) € LTl UJV Ed (elajv 61[’[11/1‘]) € LT2 UJE) N

Vo, J W.Hg,j, Uc.((el,j, ’UC) € LTI O’JV - (gl,j, 62[1}(3/3?]) S I_TQ O'JE> (Sub—Al)

Again from Definition 2.4 we are required to prove:

VW 3 Wk < nof, v (W k,of,v5) € [ ol = (W, k,exv]/a], es[v/a]) €
[75 cﬂé) A

VO, 3 W01, k,vl.((0), k,vl) € |7] o]y = (0),k,e1[v./7]) € |
VO 3 W02, k, v.((0), k,vl) € |7} o]y = (0], k,ealv)/x]) € |

This means need to prove:

(a) YW" 2 W,k < n, v, vy.(W" kv, v) € [1] o]} = (W", k,ex[v]/z], ea[v}/x]) €
75 01%) -
Given: W” 3 W, k <n and v],v5. We are also given (W", k,v{,v) € [7] o]{}
To prove: (W”, k,eq[v]/x], ea[vy/x]) € [ |5

Instantiating the first conjunct of Sub-A1 with W”| k, v{ and v} we get

(W kvl 03) € [my olf = (W', k,elv] /], ealvp/a]) € [72 01%) (85)

Since
(11 0]

E4 " kv, v5) € [T a]““} therefore from TH1 we know that (W” k,v],v}) €
A4

Thus from Equation 85 we get (W”, k, e1[v] /], e2[vh/2]) € [12 o]

Finally using (Sub-A0) we get (W”, k, eq[v] /], ea[vh/x]) € [ o]
(b) VO, 3 W.01,k,v..((6],k,v) € |7 o]y = (0], k,e1[v)/z]) € |75 0]E):

Given: ¢, 3 W.01,k, v.. We are also given (6, k,v)) € |7{ o]v

To prove: (0], k,e1[v./x]) € |15 0]k
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Since we are given (0],k,v.) € |7{ o]y and since 7{ ¢ <: 71 o therefore from
Lemma 2.23 we get
0], k,v)) € | o]y (86)

Instantiating the second conjunct of Sub-Al with 6], k, v] and vj we get

(6, k,v.) € [ o]y = (0], erlvi/a]) € |72 o)) (87)
Therefore from Equation 86 and 87 we get (0], k,e1[v./x]) € |72 0]k
Since 1o 0 <: 75 o therefore from Lemma 2.23 we get
(6], k,ex[ve/]) € [ 0]
(c) VO, 3 W.0s,k,v..((0],k,v}) € |1] o]y = (0], k,e2[v)/x]) € |15 0]E):
Similar reasoning as in the previous case
2. SLIO*sub-prod:

Given:
Uk <7 Uk <iTh

U kT X T <:T] X T

IH1: [(11 0)] 17 (Statement (1))

IH2: [(12 0)] 17} (Statement (1))

It suffices to prove: Y(W,n, (v1, w), (v], v5)) € [((11 x 72) )13 (W, n, (v1, %), (v], v))) €
[((r{ x 75) )¢}

This means that given: (W, n, (v, v2), (v],v4)) € [((11 x 72) 0)]{*

Therefore from Definition 2.4 we are given:

(W,n,v1,0]) € [11 o A (W,n, w, v) € [12 0F (88)

And it suffices to prove: (W,n, (vi, v2), (v],v)) € [((7] x 73) o)]5}

Again from Definition 2.4, it suffices to prove:
(W,n,v1,v]) € [1] a1 A (W, n, 02, v)) € [7h o]
Since from Equation 88 we know that (W,n,v1,v]) € [11 o]{ therefore from IH1 we have
(W, n, v, v) € [{ 0T}
Similarly since (W,n,w,v}) € [12 Jh‘} from Equation 88 therefore from IH2 we have
(W,n,w,v) € [ ol

3. SLIO*sub-sum:

Given:
Z;\I/|—71<:T{ E;‘IJI_T2<ZT£

;W bET 41 <2T{+T£

To prove: [((r1 +72) 0)1{ C [((r] +73) 0)1¢
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IHL: [(r1 o)) C [(7] 0)]5} (Statement (1))
IH2: [(r2 0)){ C [(75 0)]5} (Statement (1))
It suffices to prove: V(W ,n, vs1,vs52) € [((11+72) o). (W, n, vs1,vs52) € [((7] +74) o) |5

(
This means that given: (W,n, vs1, vs2) € [((11 + 72) 0)]5}
And it suffices to prove: (W, n,vs1,vs2) € [((7] +75) 0)]{

2 cases arise

(a) vs1 = inl vj1 and v = inl v;a:
From Definition 2.4 we are given:

(W,n, 'Uz‘l,'UZ‘Q) S [Tl 0'—‘“{;‘ (89)

And we are required to prove that:
(W, n,vi1,v2) € [7] O'—|"‘jl
From Equation 89 and IH1 we know that
(W,n, Vi1, Ui2) c [7‘{ U~|""}

(b) vs =inr v;; and vso = inr vja:
From Definition 2.4 we are given:

(W, n,vi1,vi2) € [T2 (ﬂ“\;\ (90)

And we are required to prove that:
(W, n, vi1,vi2) € [75 01““}

From Equation 90 and TH2 we know that
(W, n, vi1,v2) € [75 (ﬂ{}

4. SLIO*sub-forall:

Given:
YU <imy

XU EVar <:Va.r

To prove: [((Va.ri) 0)]¢ C [(Va.m) o]

Vo. [(11 o)]4 C [(2 0)]% (Sub-F2, From Statement (2))
It suffices to prove: Y(W,n, Aer, Aez) € [((Va.m1) o)¢h
(W,n,Aei, Aes) € [((VauTz) o)1

This means that given: (W,n, Ae1, Aes) € [((Ve.(r1)) o)1
Therefore from Definition 2.4 we are given:

VW' 3 W,n' <n,l € LW n' er,e2) € [11[l'/a] a]5) A
VO, 3 W.01,5,0 € L.((61, 7, e1) € [11[l'/a]]g) A
VO, 2 W.0,5, 0" € L.((61,7,e2) € [11[¢"/a]]p)  (Sub-F1)

And it suffices to prove: (W, n,Ae, Aes) € [((VauTs) 0)]¢}

Again from Definition 2.4, it suffices to prove:
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YW" 3 W, n" <n "€ L((W"n" e e) € [rll"/a] o]p) A
VO, 3 W.01,k, 0" € L8],k e1) € [=[l"/a]|E) A
V@Z - W.Hg,k,ell € ﬁ.((@;,k‘,eg) S {TQ[K”/OJHE)

This means we are required to show:

(a) YW" 2 W, n" <nl' € LUW" 0/ e1,e2) € [[l'/a] o]3):
By instantiating the first conjunct of Sub-F1 with W”, n” and ¢’ we know that the
following holds

(W",n",e1,e2) € [11[¢"/a] o7)
Therefore from Sub-F2 instantiated at o U {a — ¢}
(W",n" e1,e9) € [12[l"]a] o5)

(b) VO, 3 W.01,k, 0" € L.(0),k,e1) € |m2["/a]]E):

By instantiating the second conjunct of Sub-F1 with 6 and ¢ we know that the
following holds

(6, k,e1) € [a[t"/a] 0] )
Since 11 o U{a — 0"} <: 19 0 U {a — "} therefore from Lemma 2.23 we know that
((ei,k,el) S LTQ[E///Oé] O’JE)

(C) V@Z _ W.927k7€” S E.((@;,k,eg) S LTQ[E”/O(UE)Z

Similar reasoning as in the previous case

5. SLIO*sub-constraint:

Given:
E;\I/|—02:>cl E;\Ill—T1<:7'2

YUk =m<icg=T

To prove: [((c1 = 7 Uﬂ{‘/‘ C [((e2 = 1)) ‘ﬂé

)
[(t1 0)]A C [(12 0)]% (Sub-CO0, From Statement (2))
It suffices to prove: V(W,n,vej,ves) € [((c1 = 71) o)) (W,n,ver,ves) € [((ca =
™) o)1y
This means that given: (W,n,ver,ves) € [((c1 = 11) 0)]5}
Therefore from Definition 2.4 we are given:

YW D W,n'<nllco = (W, e,e)€[rnalan
Vo, 3 W.b,kLE = (0,k,e1) €110l A

V@l - W.Hg,k.ﬁ ): c1 — (el,k,eg) S LTI O'JE (Sub—Cl)
And it suffices to prove: (W, n,ve,ves) € [((c2 = m2) 0)]{

Again from Definition 2.4, it suffices to prove:

YW" I W,n" <nlLlEco = (W' n"epe) € [120]hA
VG; JW.01,5.L ): Cy —> (92,], 61) S LTQ UJE A
V@Z | W.@Q,j.ﬁ ): Co — (Qz,j, 62) S LTQ O'JE

This means that we are required to show the following:
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() VW'D W, n" <nLlEcyo = (W' n" ee) € [rola:
We are given W” 3 W,n"” < n also we know that L = cy 0 and co 0 = ¢ 0
therefore we also know that £ =c¢; o

Hence by instantiating the first conjunct of Sub-C1 with W” and n” we know that
the following holds

(W" n" e1,es) € [T ﬂé

Therefore from (Sub-C0) we get (W”,n" e1,e2) € [12 o]

(b) V@Z - W.Hl,k.ﬁ ): Cy — (Gf,k,el) S LTQ UJE:
We are given some 9; J W.01,k, also we know that L |Eco 0 and ¢ 0 = ¢ 0
therefore we also know that £ =c¢; o

Hence by instantiating the second conjunct of Sub-C1 with 6 we know that the
following holds

(9271{7761) € LTl UJE
Since 1 0 <: T2 o therefore from Lemma 2.23 we get
(0, k,e1) € 2 0]E

(C) VG{ g W92>]£ ): Cy — (927]7 62) € LTQ OJE:

Similar reasoning as in the previous case

6. SLIO*sub-label:

Uk <7 S:wkeC
¥; W |- Labeled ¢ 7 <: Labeled ¢’ 7/

To prove: [((Labeled ¢ 7

~—

o)1 C [((Labeled ¢'7') o)1}

IH: [(7 0)1¢ € [(7' 0)]

=

It suffices to prove: V(W ,n,Lb(v1),Lb(v2)) € [((Labeled £ 7) 0)1{}. (W,n,Lb(vi),Lb(w)) €
[((Labeled ¢'7") )]}

This means we are given (W, n,Lb(v;),Lb(v2)) € [((Labeled £ 7) )]}
From Definition 2.4 it means we have ValEq(A, W, ¢ o,n,vi, v2,T 0)
and it suffices to prove (W,n,Lb(vi),Lb(w)) € [((Labeled £'7") o)]5}
Again from Definition 2.4 it means w need to prove that

ValEq(A, W, 0" o,n,Lb(v),Lbs(wa), 7" o)

(Sub-L0)

Since we have (Sub-L0) and ¢ o C ¢’ o therefore from Lemma 2.26 we have
ValEq(A, W, ' g,n,Lb(v),Lbs(w), T o)

2 cases arise:

(a) ¢/ o C A:
In this case from Definition 2.3 we know that (W, n, v, v) € [7 o]{}
From IH we also know that (W,n, v, v2) € [7/ o]{}
And from Definition 2.4 we get ValEq(A, W, ¢ o,n,Lb(v),Lby(vs), 7" o)
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(b) ¢ o IL A:
In this case from Definition 2.3 we know that Vj. (W.01,7,v1) € |7 o]y and (W .02, 7, v12) €
|7 olv
Since 7 0 <: 7' o therefore from Lemma 2.23 we get (W.01,7,v1) € |7 oy and
(W.Hg,j, UQ) S LT/ O’JV

And from Definition 2.4 we get ValEq(A, W, ¢ o,n,Lb(v1),Lby(v2), 7" o)

7. SLIO*sub-CG:

Uk T <7 U C Y UL, Tl
;U F SLIO ¢; ¢, 7 <: SLIO ¢ ¢, 7'

To prove: [((SLIO ¢; £, 7) o)]7+ C [((SLIO ¢, ¢, ') o)]5
IH: [(m 0)1¢ € [(7 0)]¢
It suffices to prove: V(W ,n,e1,e3) € [((SLIO ¢; £, 7) o). (W, n,e1,e2) € [((SLIO £ ¢, ') )11}

This means we are given (W, n,e1,e2) € [((SLIO ¢; €, 7) o)]{}

From Definition 2.4 it means we have

<Vk <n, W, 2 W, H, H.(k, H, Hy) > W, AVl b, .

(Hi,e1) ll;c (Hllv 'U{) A (Hz, e2) Uf (H2,7 ’Ué) Nj<k =

AW 2 Wk — j, H, HY) > W' A ValEg(A, W' k — j, €, o, 0], v, 7 o—)) A
Vi e {1,2}.(\11@,96 0 W0y, H, j.(k, H) > 0c A (H,e) U (H' o) A j <k =
30 30,k — 5, H) >0 A0k —j,0]) € |7 )v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' A l; c T U') A

(Ya € dom(0")\dom(8.).6'(a) \ li 0)) (Sub-CC0)

And we need to prove

(W,n,e1,e) € [((SLIO 4 £, ') 0)]¢}

Again from Definition 2.4 it means we need to prove

(Vk <n, W, 2 W, Hy, Hy.(k, Hy, Hy) > Wo AVl v, J.

(Hy,ex) U (H{,v() A (Ho,e2) 4 (Hg, v§) N j <k =

IW' 2 Wk — j, H, HY) > W' A ValEq(A, W',k — 0. 0,0, v}, 7' a)) A
Vi € {1,2}.(\%,96 0 W0 H,ju(ky H) > 0o A (Hou) U (H ) Nj <k =
30 0. (k—j, H)Y o 0' A0k — j, ) € |7 o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N0, 0 T V') A

(Va € dom(6)\dom(6e).0'(a) \, 0} a))

It means we need to prove:

(a) Vk <n, Wo 3 W.H, Ho.(k, Hy, Hy) > W AVl ), J.
(Hi,e1) ll; (Hllv 'U{) A (Hz, e2) ‘Uf (H217 ’Ué) Nj<k =
AW’ 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j, 4, o,v], vy, 7" 0):
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This means we are given k <n, W, I W, Hy, Ha, vj, v}, j < k s.t
(ka H17 HQ) > W87 (Hla 61) ‘ujf (Hllﬂ U{) A <H27 62) ‘uf (HQI? Ué)

And we need to prove

AW’ 3 We.(k — j, H{, Hy) > W' A\ ValEg(A, W'k — j, 0. o,v],v5, 7" 0)

Instantiating the first conjuct of (Sub-CGO) to get
AW’ 3 We.(k — 4, H{, Hy) > W N ValEg(A, W'k — j, 4, o,v], v, T 0) (Sub-CG1)

Since from (Sub-CG1) ValEq(A, W' k — j, 4, o, v], v}, T 0)
Therefore from Lemma 2.26 we get ValEq(A, W' k — j, t, o, v, v}, T o)

(b) Vi e {172}.(\&;,96 00, H,j.(k H)> 0. A (Hye0) U (B o) Aj < b =
30" 3 0..(k—j,H)> 0" N0 k—j,v) € |7 olv A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N 4; 0 T 0') A
(Va € dom(6')\dom(0.).0'(a) \, t; o):
Casel=1
Here we are given k,0, J60,H,j <ks.t (k,H)>0. N (H,e) U; (H',v))

And we need to prove

i 30" 30c.(k—4,H) 0 N0, k—j4,9)) € |7 o]y:
Instantiating the second conjunct of (Sub-CGO0) with the given k, 0., H, j to get
30" 30..(k—j,H) & N0 k—j,v)€|T o]y
Since 7 ¢ <: 7’ ¢ therefore from Lemma 2.23 we get (¢, k — j,v)) € [T/ o]v

ii. (Va.H(a)# H'(a) = 3'.0.(a) = Labeled ¢' 7" N0 0 T 1'):
Instantiating the second conjunct of (Sub-CGO0) with the given v,i,k, 6., H,j to
get
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢' 7" N4; 0 T )
Since ¢, o C ¢; o therefore we also get
(Va.H(a) # H'(a) = 3 .0.(a) = Labeled ¢/ 7" Nl o T V')

iii. (Va € dom(0')\dom(6.).0'(a) \ ¥, 0):
Instantiating the second conjunct of (Sub-CGO0) with the given v,i,k, 6, H,j to
get
(Va € dom(6')\dom(6.).0/(a) \ ¥; o)
Since ¢; o C {; o therefore we also get

(Va € dom(6")\dom(0.).0'(a) \, C; o)

Case =2
Symmetric reasoning as in the previous [ = 1 case

8. SLIO*sub-base:
Trivial

Proof of Statement (2)
It suffice to prove that
V( Wa n, ey, 62) € [(T Uﬂé (Wa n, ey, 62)

€ [(r' o)l
This means given (W, n,eq,e2) € [(T 0)]5
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From Definition 2.5 it means we have

Vi<n.e §ivAeyl v = (W,n—i,u,wn) € [T JH} (Sub-E0)

And it suffices to prove (W, n,e1,e2) € [(7' 0)]5

Again from Definition 2.5 it means we need to prove

Vi<ne inAedbvo = (W,n—i,v,mn)e|r 01““}

This means that given i < ns.t e; {; v1 Aez |} v2 we need to prove (W, n—i, v, v) € [7/ (ﬂ(}
Instantiating (Sub-E0) with the given i we get (W,n —i, v, %) € [T o]{}

From Statement (1) we get (W,n —1i, vy, w) € [7/ o] O

Theorem 2.28 (SLIO*: NI). Say bool = (unit + unit)
Yo, v2,€,T,n.
0 vy : Labeled T bool A @ - vy : Labeled T bool A
x : Labeled T bool e : SLIO L L bool A
(0, e[vr/a]) UL, (=, v]) A (0, elwa/a]) b1, (=, 05) =

/A |
V) = Vg

Proof. Given some
0 vy : Labeled T bool A @ I vy : Labeled T bool A
x : Labeled T bool F e : SLIO L L bool A

(0, elvr/2]) 4, (=, v]) A (0, eva/a]) 4L (=, v3)
And we need to prove
v] = v}

From Theorem 2.25 we know that

Vn.(0,n, v, v2) € [Labeled T bool]%

Similarly from Theorem 2.25 and Definition 2.14 we also get
Vn.(0,n, e[vi /], e[va/x]) € [SLIO L L bool]%

From Definition 2.5 we get
Vn.Vi < n.efvr/z] Ui vi1 A elve/x] I 102 = (0,n — i, 011, 12) € [SLIO L L bool]{:

Instantiating it with n’ + 1 and then with 0, from CG-val we have v11 = e[v1/x] and vy =
elva/x]

Therefore we have

(0,7 + 1,e[v/x], e[va/z]) € [SLIO L L bool]:

From Definition 2.6 we have
(Vk < (0’ +1), W, 20, Hy, Ho.(k, Hy, Hy) > W, A

Vol v g.(Hy,elvr/x)) U (HY, o) A (Ho,e[va/a]) W (HY, o)) A j <k =
IW' 2 Wk — j, B, H)) > W' A ValBg(L, W',k — j, L, v, vé,b)) A

Vi e {1,2}.(%,96 O W0 H,j.(k H) > 0 A (H,0) U (B o) A j <k =
30" 3 0e.(k —j, H) o 0 A (0, — j,v)) € |b]y A

(Va.H(a) # H'(a) = 3¢ .0.(a) = Labeled ¢/ 7/ A L T 0') A

(Va € dom(0")\dom(6.).0'(a) \, L))
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Instantiating the first conjunct with n’ + 1,0, 0, (.
Since we know that

(@ clur/al) ¥, (= of) A < A @.loa/a]) U, (— uh)

Therefore we instantiate v{ with v, v§ with v}, j with n’ to get
AW' 3 0.(n—n',H{, Hy))> W' A ValEq(L, W',k — j, L, v], v}, bool)

From Definition 2.3 and Definition 2.6 we get v] = v
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3 Translations between FG and SLIO*

3.1 Translation from SLIO" to FG
3.1.1 Type directed translation from SLIO* to FG

SLIO* types are translated into FG types by the following definition of [-]

)=t [ref € 7] = (ref ([r] + unit)®)*
[ = 7] = (In] = [RD)* e T = e A
[oxml= (< oD [SUI0 4 6o 7] = (onit % ([r] + urit)e)
[r1 + 7] = ([n] + [])* [e= 7] = (c= [r])*
[Labeled ¢ 7] = ([7] + unit)* [Voa.r] = (Yo (T, [r])*

The translation judgment for expressions is of the form ’ ;U T Fpe ec i 1o~ er ‘ Its rules

are shown below.

var

YU le:thx:7~2x

S:U:lz:7he: T ~ep

1
Y;U:TFAze: 7 — 7 ~ Azep o

S;UiTke :7 =7 ~ep Yo T Feg: 7~ e

app
Z;\I/;FFel 62:T,M->6F1 €2

XU I'kFer i1~ ep XU Feg: o~ epg

prod
;U T F (er,e2) : (11 X T2) ~ (ep1,€r2)

;Ui e:m X~ ep
5,0 T - fst(e) : 7y ~ fst(ep)

fst

XoU;T'Fe:m X1~ ep
Y, U;T' Fsnd(e) : 71 ~~ snd(ep)

snd

X:U:I'ke:m ~ep
;U Finl(e) : 71 4+ 12~ inl(er)
X;Ui'kFe:m ~ep
;U T Finr(e) : 11 + 2 ~> inr(er)

inl

inr

Y3UiT'Fe:m+ 1~ ep 23Ul :mbe 7~ ep Ui y:mbex: 7~ e

case
;W T F case(e, x.e1,y.e2) : T ~> case(ep, T.ep1,Y.€p2)

YX;U:I'ke: 7~ ep
;U T F Lby(e) : (Labeled £ 7) ~ inl(ep)

label

X;U;I'e: Labeled £ 7~ ep
¥, U T F unlabel(e) : SLIO ¢; (6; U L4) T~ A_ep
XU e:SLIO Y; 6, 7~ ep
Y; U;T' F toLabeled(e) : SLIO ¢; ¢; (Labeled ¢, 7) ~> A_.inl(er ())
Y:U:T'kFe:7~ep
Y, U T Fret(e) : SLIO ¢; £; T ~ A_inl(er)

unlabel

toLabeled

ret
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X,W:T'keq : SLIO 4; £ 7~ epq YUl z:7Fey:SLIO L b, 71~ epo
¥;U; T F bind(ey, z.e2) : SLIO ¢; £, 7' ~ \_.case(er1(), z.ep2(), y.inr())
Y;U:T Fe: Labeled ¢ 7~ ep Ul
;0T Fnew e : SLIO ¢ £ (ref £/ 7) ~ A_inl(new (ep))
XU I'ke:ref £ 7~ ep
;0T Hle : SLIO ¢ ¢ (Labeled £ 7) ~ A_inl(ep)
S;U:T ey :ref 0/ 7~ epy Y;U:T Feg: Labeled ¢/ 7~ epo SOl
;0T Feg :=eg : SLIO £ £ unit ~ A_inl(ep1 := ep9)
S;U:TkFe: 7 ~ep SO <iT
YoUiI'Fe:m~ep
Y,a;U;T'Fe:T~ep
;U 'E Ae - Va.r ~ Aep
Y, U;I'Fe:Var ~ep FV() e &
ST kel :7[l/a] ~ ep]
oW 'kFe:7~ep
Y,U:T'kFve:ic=>17~verp
Y;UiT'Fetc=> 7~ e Z;\IH—CCE
;U 'Feeo: 7~ epe

bind

ref

deref

assign

sub

FI

CI

3.1.2 Type preservation for SLIO* to FG translation

Assumption 3.1. Ve, 7, %, W, T, 0;, £,.
XUk e:SLIO Y b, 1 = 4; £ 4,

Theorem 3.2 (SLIO* ~» FG: Type preservation). VX, U, T' ec, T.
XU T F eo i 7 is a valid typing derivation in SLIO* —>
Elep.

XiUiT'keo:7~ep A
Y, U U] b1 oep : [7] is a valid typing derivation in FG

Proof. Proof by induction on the translation judgment. We show selected cases below.

1. label:
IH
S, U] Froer: [7] )
- — FG-inl
;U [I] 1 inl(er) = ([7] + unit)
- —7 FG-sub
;0 [T] 1 inl(ep) : ([7] + unit)
2. unlabel:
P1:
SWHLC UYL Lemma 1.1

;0 F ([7] + unit) <: ([7] + unit)

—7 — 700 FGsub-label
;U ([7] + unit)” <: (7] + unit)™
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Main derivation:

- — 1H, Weakening YU EHELET P1
X0 [T], - : unit b1 ep = ([7] + unit)

S [T, - ¢ unit by, ep - ([7] + unit)%2*
YW [T], - : unit 1 Aep : (unit 5 ([r] + unit)=6)+

FG-sub

FG-lam

3. toLabeled:
P2:

. TH, Weakening UL ET
30 [, - ¢ unit 1 ep : (unit = ([7] + unit))*

n FG-sub
S W; [T], - : unit b4, ep : (unit = ([7] + unit)®)*

P1:

P2
SUHLULT G S W E ([r] 4 unit)fe N\, L

;W [T, - : unit 4, () @ unit
YW [T, - : unit by, ep() : ([7] + unit)®

FG-app

Main derivation:

Pl S UFLCY .
: - —7 —7 FG-inl, FG-sub
;0 [T, - : unit b4, inl(ep()) = (([7] + unit)®™ 4+ unit)™

FG-lam
S0 [T] Fr Aoinl(er()) : (unit 5 (([7] + unit)’ + unit)%)*:

4. ret:

TH, Weakeni SUHGET
;U5 [T, - : unit b1 oep : [7] cakemne ’

;U5 [0, - : unit b4, ep 2 [7]

FG-sub XU ELCY

- - —7 FG-sub, FG-it
;0 [T, - : unit 4, inl(er) = ([7] + unit)™
S 0; [I] Fr Ainl(er) : (unit 5 ([r] + unit)%)*

5. bind:

P1.1:

. IH1, Weakening XU HLGET
¥, W3 [T], - : unit 1 epy : (unit = ([7] 4 unit)®)*
FG-sub

;W [T, - - unit k4, epr ¢ (unit 4 ([r] + unit)®)*+

P1:

P1.1 - — FG-var
;0 [T], - : unit By, () @ unit

Sk LT/
S0 ([r] 4+ unit)® N\, L
S W [T], - : unit by, epr() : ([7] 4 unit)®

FG-app
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P2.1:

7 [H2, Weakening
S [O], - ¢ unit,z 2 [7] BT epo : (unit = ([7'] 4 unit)?)*
S;UHLC T

7 FG-sub
;03 [T], - : unit, < [7] F/ era : (unit = ([7'] + unit)f)*

P2:

P21 FG-

0[], -z unityz : 7] o () < unit o
S0 LT/,
YUk (ulL)Ccoe - —
;0 (7] + unit)™ N\, L a
-a

YW [T], - : unit, 2 [7] Fee er2() : ([7] + unit)® PP

P3:

- ; — FG-var U E1LCY,
;05[] -« unit,y = unit F4 () @ unit

> W; [T, - : unit,y : unit ¢ inr() < ([7'] + unit)’e

FG-sub, FG-inr

Main derivation:

Given

;W' Feo: SLIO L ¢, T
SUF(C L,
0 F (7] 4 unit)fe N\ ¢
3 W; [T], - : unit 4, case(eri (), z.epa(), y.inr() : ([7] 4 unit)*e

Assumption 3.1

P1 P2 P3

FG-case

7 FG-lam, weak
S0 [0 F+ Acase(eri(), z.epa(), y.inr() : (unit = ([7'] + unit)®)+
6. ref:
P1:
. — 1H, Weakening S,2UWHILCET
S0 [T, - unit B1 ep : ([7] + unit)
- — FG-sub
;0[] - unit kg ep 2 ([7] + unit)
SR/
YU + unit)? N\, ¢
(I7] )"\ FCref

S W3 [T, - : unit by new ep : (ref([7] + unit)?)*

Main derivation:
Pl S0+ 1CV/
S W [, - : unit b4 inl(new ep) : ((ref([r] + unit)” ) + unit)’
S50 [T Fr A_inl(new ep) : (unit 5 ((ref([7] + unit)®)* + unit)))*

FG-inl, FG-sub
FG-lam

7. deref:
P2:

- —1 1H, Weakening ORI CT
;W5 [T], - : unit b1 ep : (ref ([7] + unit)®)

- — T FG-sub
YW [T], - : unit bgoep o (ref ([7] + unit)®)
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P1:

P2 — — Lemma 1.1 —
;0 F ([r] + unit)” <: ([7] + unit) X0k ([r] +unit)” N\ L FCdref
-dere
¥ W [T], - : unit Fplep o ([r] + unit)
Main derivation:
, ;U HAC Y
P1 YU ELC/ =y, —
;U ([r] + unit)® <: ([7] + unit) .
- - — 7 FG-inl, FG-sub
;05 [T, - : unit g oinl(lep) @ (([7] + unit)® + unit)
7 - FG-lam
S W [T] Fr Aoinl(lep) : (unit = (([7] + unit)® + unit)?)+
8. assign:
P3:
: — 1H2, Weakening XU HACT
;U5 [T, -« unit B epo : ([7] + unit)
- — FG-sub
XU [T, - : unit by epo = ([7] + unit)
P2:
. — 1H1, Weakening Z;2UWHACE T
YW ], - : unit B epy : (ref([7] + unit)®) FCosul
- -su
3 W; [T, - : unit b epy : (ref([7] + unit)® )+
P1:
< T = Given
SUHLC Y
P2 7
;U ([r] 4 unit)” N\ (LU L)
. - FG-assign
;05[] - : unit g epq == epo : unit
Main derivation:
P1 DI e
- - - —7 FG-inl, FG-sub
X U5 [T, -« unit 4 inl(ep1 == ep2) : (unit + unit)
7 FG-lam
S [ F1 Ainl(epr = era) : (unit = (unit 4 unit))*
9. sub:
SURT <7
— IH X, UETCET ; Lemma 3.3
S5, [T Frer: [7] S50 [r]) < 7]
FG-sub

S50 [T Froep: [7]

10. FI:

TH
S, W [ Froep - 7]

S [T] Fr Aep : (Vo (T, [7]))* FG-H
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11. FE:

S50 [I] b1 ep o (Voo (T, [7]))* H
FV) €Y S0FTULCT S0 F[r[¢/a]] \ L
W [ 7 ep [ : [7]16/0]
5[] 7 ep []: [7[6/a]]

FG-FE

Lemma 3.6

12. CI:

IH
;U e [T Froep: 7]
S50 [T Frver: (e iy [[7']])L

FG-CI

13. CE:

= H ;U ke S UFETULCET SR N\ L
S0 [C) Froep: (e = [7])*h

FG-CE
;U [C) Frep o 7]

O

Lemma 3.3 (SLIO* ~» FG: Subtyping). For any SLIO* types 7 and 7', X, and ¥, if ¥; ¥ +
T <: 7', then ;U F [7] <: [7].

Proof. Proof by induction on SLIO*’s subtyping relation

1. SLIO*sub-base:

Lemma 1.1

XU F 7] <: [7]

2. SLIO*sub-arrow:

1

H H2 S, 0FTCT
Uk [r] <[] Uk ] <[] -

S0 E (In] & [nD)* < (4] 5 [#])*
SO [ 5S m)] < [ 5S )]

FGsub-arrow

Definition of [-]

3. SLIO*sub-prod:

2

Surnl <A Serml<]
S0 E ([r] x [r]) < ([r1] x [7])*
U E (1 x )] <: [(71 x 13)]

FGsub-arrow

Definition of [-]
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4. SLIO*sub-sum:

IH1 TH2
YU F ] <[] U F ] <[]

S50 E ([r] + [rD) ™ <: ([7] + [mD)*
S0 E (114 )] <: [(1) 4+ 73)]

FGsub-arrow

Definition of [-]

5. SLIO*sub-labeled:

~— TH1 - — FGsub-unit
5,0k [n] < [7] ¥; U F unit <: unit

YU F ([ry] + unit) <: ([r1] + unit)
Given
Labeled ¢; 71 <: Labeled ¢ 71
(T
S0k ([r] + unit)* <: ([r]] + unit)&
¥; U [Labeled ¢1 7] <: [Labeled ¢} 1]

FGsub-sum

By inversion

FGsub-arrow

Definition of [-]

6. SLIO*sub-monad:

P3:
— IH - — FGsub-unit
50 ] <[] ;¥ F unit <: unit
. 7 - FGsub-sum
;W F ([m1] 4 unit) <: ([r1] + unit)
P2:
—— Given
;W FSLIO ¢; ¢,  <: SLIO ¢; £, 11
P3 ; By inversion
DRV e A
— ; — FGsub-label
;0 F (1] 4 unit)® <: ([r;] + unit)®
P1:
—— Given
;U SLIO ¢; ¢, 7 <: SLIO ¢; ¢, 7
P2
;W unit <: unit DOV S A

; 7 FGsub-arrow
30 F (unit =5 ([r] + unit)®) <: (unit = ([7]] + unit)?)
Main derivation:

= R —
SO L1C L

7 FGsub-label
;W b (unit & (Ir1] + unit)®)t < (unit = ([{] + unit)%)*
S W b [SLIO ¢ €, 1] <: [SLIO £, £/ 71]

Definition of [-]

7. SLIO*sub-forall:
P1:

TH, Weakeni
Y, a0 - [7] <: [7'] cakening Y, UETLCET

Y0 (Vo (T, [7])) <: (Vo (T, [7]))

FGsub-forall

189



Main derivation:

P1
S,a;UF 1 C L

20 (Yo (T, [7]))F <: (Voo (T, [7]))
YU F [Va.r] <: [Va.r']

n FGsub-label

8. SLIO*sub-constraint:
P1:

Given
S Ukce=r<id =T

TH
0[] <: [7] SUFETCT Uk = ¢
S0 F (e = [r]) <: (¢ = [7])

By inversion

FGsub-constre

Main derivation:
P1

S, U1 C L
S0k (e = [7])* < (¢ = [F])*
SiUkfe=1] < [d = 1]

FGsub-label

Lemma 3.4 (SLIO* ~» FG: Preservation of well-formedness). V3, ¥, 7.
55Uk WF = SV F[r] WF

Proof. Proof by induction on the 7 W F relation.

1. SLIO*-wff-base:
——— FG-wff-base
;b WF

T FG-wil-label
;U kbt WF

2. SLIO*-wff-unit:

FG-wif-unit

;U unit WFE

3. SLIO*-wff-arrow:

H2

IH1 I
;U E ] WF ;U E ] WF
S0 ([r1] > [r]) WF
%0 F ([n] = [n])t WF

FG-wif-arrow

FG-wif-label

4. SLIO*-wff-prod:

H2

IH1 I
S, Uk [n] WF S, Uk [re] WF
S0 [(Jr1 x [r2]) WF
S0 [(n x [R])T WF

FG-wif-prod
FG-wit-label
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5. SLIO*-wiff-sum:

TH1 TH2
LUk [n] WF LUk ] WF

S5, U F [n] + [re] WF
S0k [(Jr + [R])*t WF

FG-wif-prod
FG-wff-label

6. SLIO*-wif-ref:

Given

X;Ukref b T WF

FV(r)=10
FV([r]) =0

X;Uhkref b T WF
FV(unit) =0 FV() =0

YW F FEV(([7] + unit)?) = 0

S0 b ref ([7] + unit) WEF
;0 b (ref ([r] 4 unit)))t WF

By inversion

Lemma 3.5

Given

By inversion

FG-wif-ref
FG-wit-label

7. SLIO*-wif-forall:

Y,V F 7] WF E
S0 F Vo (T, [7]) WF
20 (Yo (T, [7])t WF

FG-wit-forall

SLIO*-wff-label

8. SLIO*-wff-constraint:

H

I
S5, U,ck[r] WF
S0k (¢ = [7]) WE
S0 F (= [7])t WF

FG-wif-constraint

SLIO*-wff-label

9. SLIO*-wif-labeled:

FG-wif-unit

TH
S, Uk [r] WF Y0 b unit WF
;W ([r] + unit) WE
S50k ([r] + unit)! WE

FG-wif-sum
SLIO*-wft-label

10. SLIO*-wff-monad:

P1:
FG-wif-unit

IH
S0 7] WF S U F unit WE
;W F ([r] + unit) WE

FG-wif-sum
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Main derivation:

P1
- FG-wif-unit —7 FG-wif-label
;U unit WF ;U F ([r] + unit)™ WF

S0k (unit 2 ([r] + unit)®) WE
S0k (unit 5 ([r] + unit)fe)t WF

FG-wif-sum

SLIO*-wit-label

O]

Lemma 3.5 (SLIO* ~» FG: Free variable lemma). V7. FV([r]) C FV(7)
Proof. Proof by induciton on the SLIO* types, 7

1. 7=b:
FV([b])
= FV(b')  Definition of [-]
= 0
= FV(b)

2. T = unit:

FV([b])
= FV(unit')  Definition of []
0

= FV(unit)

3. T=T1] = T

FV([[Tl — 7'2]])
FV([r] N [+ Definition of [-]
EV([n]) UFV([r])
FV(r) UFV(12) IH on 7 and 7
FV(T1 — TQ)

N

4. T =T X To:
FV([[Tl XTQ]])

= FV([n] x [=])* Definition of []
= FV([n]) UFV([r])

C FV(m)UFV(m) IH on 71 and m
= FV(Tl X 7’2)

5. T =11 + T2:
FV([[Tl —|—’7’2]])

= FV([n] +[=]* Definition of [-]
= FV([n]) UFV([r])

C FV(r)UFV(r) IH on 7 and 7
= FV(r +m)

6. T =ref {; Ty

FV([ref ¢; 7i])

= FV(ref ([7:] + unit)%)+  Definition of [-]
FV([n]) U FV ()

FV(r;) UFV(4;) IH

FV(ref ¢; 7;)

in 1
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7. 7'fVom'Z

FV([Va.7;])
FV(Va.(T, [[Tz]])) Definition of [-]
FV([n]) —{a})

FV(r;) — {a}) IH

FV(Ya.7;)

N

8. 7=c=1;
FV([c= n])

= FV(c N [=])*+ Definition of [-]
= FV([c]) UFV([r])

C FV([c]) UFV(m) 1H

= FV(ie=1)

9. 7 = Labeled ¢; 7;:
FV([Labeled ¢; 7;])

= FV([r;] + unit)® Definition of [-]
= FV([n]) UFV(¢)
C FV(r) UFV(4) IH

FV(Labeled ¢; 7;)

10. 7 = SLIO & ZO Ti-
FV([[SIL]I@ li Ly i])
FV(unlt 4 ([:] + unit)®)+  Definition of [-]
FV([n]) UFV(£:) UFV (L)
FV(r) UFV(4;) UFV(4,)
FV(SLIO ¢; £, 7;)

IH

i

Lemma 3.6 (SLIO* ~» FG: Substitution lemma). V7. s.t - 7 WF' the following holds:
[r1lt/a] = [rt/ed]

Proof. Proof by induciton on the SLIO* types, 7

1. 7=b

(IbD[¢/o!
(bL) [0/l Definition of [-]
(bt

)
[b]
[(b[e/a])]
2. T = unit:
([unit])[€/e
(unith)[¢/a]  Definition of [-]
(unitt)
[unit]

[(unit[¢/a])]
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. T =T — T2:

([r1 — ][/
= ([r] N [m=])*[¢/a] Definition of [-]
([ru]1¢/a] > [r2le/a])*
([rle/a]] & [mle/a])t  IHon 1 and
[(1]¢/a] = r2[t/a))]
[(r1 — m2)[¢/a]]

. T =T1 X T2

(I x 2])[€/ 0]

(1] x [=]D*[¢/a] Definition of [-]
([rllé/a] % [r2][¢/a))*

(In[e/a]] x [r[¢/a]])*  TH on 71 and 7
[([t/ ] x m2[t/a])]

[(r1 % 72)[£/ ]

. T =T+ T2:

([ +7])[¢/q]

([r1] + [r=])*[¢/a] Definition of [-]
([nllE/a] + [r2](¢/a))*

([r1[t/a]] + [2[¢/a]])* THon 7 and 7
[([t/ ] + m2[t/a])]

[(r1 +72)[¢/]]

. T =ref {; 7;:

([ref £; m])[¢/ ]

(ref ([;] + unit)%)L[¢/a]  Definition of []
(ref ([r;] + unit)%)+ Lemma 3.4
[(ref £; )] since -7 WF
[(ref £ 7)[€/a]]

. T =VYa.7;:

(IVa.mi])[e/al

(Ya.(T,[m]))*[¢/a]  Definition of []
(Yo (T [rllitfe]))"

(Va.(T, [n[t/a)]))t  IH

(Var;[€/ )

(Ve.3)[4/

. T =C=T;:
([e = )[¢/a]

= (c i\ [=D+1¢/al Definition of [-]

= (c[t/a] & [n][e/a])*
(cle/a] = [mle/a]])t  1H
(c[t/a] = m[t/a))

(c=m)[l/a]

. 7 = Labeled ¢; 7;:
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([Labeled ¢; 7;])[¢/ ]
= ([=]+ unit)ei [¢/al Definition of [
= ([n][t/e] + unit)tlt/ed
= ([nlt/o]] + unit)l/e] H

= [(Labeled ¢;[¢/a] 7;[¢/a])]
= [(Labeled ¢; 7;)[¢/a]]
10. 7 = SLIO 4; £, 73:
([[SLI[@ 4 o mi])[e/

unit 5 ([7:] + unit))L[e/a] Definition of [-]

unit " ([rle/a] + unit)ole/ely L

(
(
= (unit Zu> ([[TZ[E/Q]]]+umt)€o[£/a])L TH
(
(

SLIO 4;[¢/a] £o[t]a) 7€/ )
SLIO ¢; £, 7;)[£/ ]

3.1.3 Model for SLIO* to FG translation
W : ((Loc — Type) x (Loc — Type) x (Loc <> Loc))

Definition 3.7 (SLIO* ~» FG: *f extends *67). %61 C %0y =
Va € 891.891((1) =7 = 392(0,) =T

Definition 3.8 (SLIO* ~ FG: f; extends f1). 51 C B2 £
V(a1, a2) € Br.(a1, az) € B

Definition 3.9 (SLIO* ~» FG: Unary value relation).

bJy 2 {0, m,%v, ") | *v € [b] Atv € [b] Av = v}
unit | ¥ = 50, m,%v, ') | Sv € [unit] Atv € [unit
\%
|71 X T2l = {0, m, (Cv1,*w), (o1, "v2)) | )
) (¢ 9 m,Svy,toy) € {ﬁj‘ﬁ/ A (50, m, vy, ") € LT2J€}
|71 +72J€ 2 {(*0,m,inl *v,inl tv) | (°0,m,v,'v) € LT1J€} U
) {(56, m,inr Sv,inr tv) | (50, m,%v,tv) € Lmhﬁ/} A
|7 — 7—2J€ 2 (%0, m, \x.es, \x.e;) | V0 3 Sﬁ,sv,tp,j <m,BC B.(5¢,j,5v,tv) € Lﬁj‘ﬁ//
A = (0. j.eslv/al eif'v/a]) € 2]}
[Va.r]y 2 (%0, m, e, Aey) | V°0' 30,5 <m,l € L,FT B.(50, j,es,e;) € |7 [e'/aug}
Lc:>TJ€A £ {(*0,m,ves,vey) | LIEc = V0 O 593<m5§5'~(9,3,€s,6t)€LTJ }
ref £7)) & {(*0,m,%a,"a) | *0(*a) = Labeled £ 7 A (*a,%a) € (3}
|Labeled £ 7]5 2 {(0,m,%v, ) |

I/ b Sv = Lbp(5v") Atw =inl Lo’ A (50, m, 0/, 1)) € LTJ@}
{(%0,m,%v, ) | V30, 3 %0, Hy, Hy,i,5v', k <m,3 C j'.

(ky oy H) B (*00) A (Hy*0) U (L o0 i < b =
3H!, ' (Hy,'o() b (H],"') A3 3%6., 6" C B".(k — i, H, H, )% son
Fo" " =inl " A (30 k — 4,50, 00") € LTJ?/”}

lI>

|SLIO ¢, £y 75,
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Definition 3.10 (SLIO* ~» FG: Unary expression relation).
LTJ% £ {(897n7 687615) ’ .
VH,, Hy.(n, Hy, Hy) £ 50 AV < n,5v.eg s 50 —>
SH, Yo.(Hy,er) b (HL ') A (50,0 — i, %0, ) € |7)0 A (n — i, Hy, H]) 50}
Definition 3.11 (SLIO* ~» FG: Unary heap well formedness).
(n, Hy, H)B50 2 dom(*0) C dom(Hs)A

B C (dom(*0) x dom(Hy;))A )
(a1, az) € B.(°0,n — 1, Hy(ar), Hy(az)) € [*0(a) ]},

Definition 3.12 (SLIO* ~» FG: Label substitution). ¢ : Lvar — Label
Definition 3.13 (SLIO* ~» FG: Value substitution to values). 6% : Var — Val, 6' : Var — Val

Definition 3.14 (SLIO* ~» FG: Unary interpretation of T").

D8 2 {(°0,n,8°,6%) | dom(T) C dom(5*) A dom(T') C dom(s*)A

Vo € dom(I).(*0,n,6%(x),8"(x)) € [D(x) |5}

3.1.4 Soundness proof for SLIO* to FG translation

Lemma 3.15 (SLIO* ~~ FG: Monotonicity). V¢, %0, n,*v,'v,n’, 3, 3.
(*0,n,%v, %) € [7]5 AT ABT B A <n = (30,0/,%v,%0) € |75

Proof. Proof by induction on 7
1. Case b:
(%0,n,%v,%v) € Lbjev ASOC S0 ABC B An! <n
To prove:
(50, v, ') € [b]!)
Since (%6,n,%v,') € LbJ€ therefore from Definition 3.9 we know that *v € [b] A v € [b]

Therefore from Definition 3.9 *v € [b] A ‘v € [b] we get the desired

2. Case unit:
(%0,n,%v, ') € LunitJ‘B/ ANOC 9 ABC B An! <n
To prove:

(50", n',5v, ) € Lunitjg
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Since (°0,n,%v,'v) € Lunitje therefore from Definition 3.9 we know that v € [unit] Afv €
[unit]

Therefore from Definition 3.9 v € [unit] A ‘v € [unit] we get the desired

. Case 11 X To:
(*0,m,%v, ') € |1y x T2J€ NSO C 0 ABC B A’ <n
To prove:
(30, n' Sv,t) € |1y x T2J€/
From Definition 3.9 we know that $v = (vy,%12) and ‘v = (*vy, tug).
We also know that (°6,n,%v,%v) € L7'1J€ and (°0,n, 5w, ) € LTQJ(J;
IHL: (0,0, vy, 'or) € |7y
IH2: (0,0, vy, ') € |7a ]y
Therefore from Definition 3.9, IH1 and IH2 we get
(50,0’ Sv, ') € |1y x ngg
. Case 11 + mo:
Given:
(*0,n,%v,') € |1 + ng€ ASOT 0 NBC B A/ <n
To prove:
(0’0, %v,') € | +7‘2J‘B/l
From Definition 3.9 two cases arise
(a) Sv =inl(*v’) and ‘v = inl(*v'):
IH: (sel’n/’s,ulvt,ul) c L7'1J€
Therefore from Definition 3.9 and IH we get
(0',n',%v,') € | +72J€l
(b) v =inr(*v') and ‘v = inr(*v’):

Symmetric reasosning as in the previous case

. Case 11 — 79:

Given:

(*0,n,%v,'v) € |11 — ngf/ AOT S0 NBC B Al <n

To prove:
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Q!

(0", n',%v,'v) € |1 — TQJ‘B/
From Definition 3.9 we know that

Voo | Sg’svlvt’ul?j < naB L B,'(89,/7j7svlatvl) € L71J€/ = (Seﬂaja 65[8v1/$]76t[t7}1/x]) €
kI (A0)

Similarly from Definition 3.9 we are required to prove

\v/Se/lAg 89/’8,02’751)2"7' < nlaﬁA/ C B”'(selbj,SUQath) S LTlJ“é' - (8933]’, GS[SUQ/ZE],et[t’UQ/QTD S
2] 5

This means we are given some *6] 3 50’ Svy,tv9, j < n', B C A" st (501, 7,512, t10) € L'rﬂ@

and we are required to prove
(501, jy es[Pw/al, el /) € [},

Instantiating (A0) with 56/, 5wy, tvy, j, 3" since 3¢} 350’ 350, j <n' <nand fC 3 C 3"
therefore we get

(0}, 4 es[va /), ecltva/a]) € [72) )
. Case Va.T1:

Given:

(*0,m,%v, ') € Wan'f, AOC S0 ANBC B An! <n

To prove:

(0,0, 50, M) € Wa.ﬂé/

From Definition 3.9 we know that v = Ae/, and v = Ae}. And
¥S0" 3°0,5 <n, 0 € L, BT B.(50",j, ¢ el) € |7[¢/a))? (FO)
Similarly from Definition 3.9 we are required to prove

WO 350, j <, € L, B C BL.COY, G el ) € 7l /al)s

This means we are given some %07 3¢, j < n', 0" € L, C B

and we are required to prove
. B//
(°01, 7€ €er) € [T[0'/a]]p

Instantiating (F0) with * ’{,j,BAi’ since *0f J 0’ 1 °0, j < n’ < n and pCcpc /3’{’
therefore we get

. é//
(°07, J, €5, e) € [T[0'/al]y
. Casec=> T

Given:

(*0,n,%v,') € |c = Tj€ NSO S0 ABC B AR/ <n
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To prove:

(30, 0/, Sv, ') € |c = ij//

From Definition 3.9 we know that v = v (€/) and ‘v = v (e}). And
LlEc = V0" 3%0,j <n B CHL.COj e} elr]s  (Co)
Similarly from Definition 3.9 we are required to prove

1

LlEc = VO[30, j<n,B CH.CHJ e e) € 7]

This means we are given some L |= ¢, %07 J %0’ j < n/, B C BA{’

and we are required to prove
sl 5 o / Bi/
( lvjaesvet)e LTJE

Since £ = ¢ and instantiating (C0) with S@i’,j,Bi’ since *07 30" 3 %0, j < n’ < n and
B C 3 C B therefore we get

(6, j el € L)

. Case ref £ 7:

(*0,n,%0, ') € [ref £ 7|0 NSO T30 ABC B An' <n
To prove:

(50,0’ $v, ') € |ref ¢ TJ‘B/,

From Definition 3.9 we know that v =° a and v =! a. We also know that
0(*a) = Labeled £ 7 A (*a,'a) €

From Definition 3.9, Definition 3.7 and Definition 3.8 we get
(30,0’ Sv, ') € |ref ¢ TJ'?//
. Case Labeled ¢ T:

Given:

(*6,n,%v,"v) € |Labeled £ 7|7 A9 C 56" ABT 3 A0/ <n
To prove:

B/
(0,0 ,*v,"'v) € |Labeled ¢ 7]y,

From Definition 3.9 it means

I P Sv = Lby(Sv') Atw =inl T’ A (50, n, 50", ') € LTJ€
1H: (selvnlvsvlvtvl) c LTJ€

Similarly from Definition 3.9 we need to prove that
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EIS,U// t " S,U — Lb((s //) /\ v = |n| t /l/\ (Sel’n/’svl/’t,u//) c LTJ€

We choose *v”" as v’ and ‘v as v/ and since from TH we know that (¢, n’, v/, %v’) € LTJ@

Therefore from Definition 3.9 we get
(%6, n’,v,'v) € |Labeled ¢ 7|7
10. Case SLIO ¢4 ¢ T:
(*6,n,%v,tv) € |SLIO £y fo 7|0 NSO T30 ABC B An/ <
To prove:
(50,0, 50, ') € |SLIO &1 £y 7)7

This means from Definition 3.9 we know that
vse :lse HS)Hh.aS ,t v k<n /Blzﬁl
(k, Hs, H) 2 (*6,) A (H,, *v) W (HL VYN < k=
o' (Hy,'v()) 4 (H/,'0') A 350" 2 50,, 51 C Bo.(k — i, H!, H ) > 59" A
Sty = inl " A (50,10, k — i, 50 t") € (7] A
(Va.Hs(a) # Hl(a) = 3¢'.%6.(a) = Labeled ¢/ 7/ N t1 T ') A
(Va € dom(°0")/dom(°6.).50'(a) \ £1) (CGO)
Similarly from Definition 3.9 we need to prove
\v/sele 3 5‘9/’ Hs/7 Ht/,’i/,svﬁ,tv”, 2 < n/78/ C Bi
B/
(' HL HY) 'S (00) A (HL o) U (B0 A CHEL S0 0) & (L ) AT < K =
Elt’l)”.(Ht,,tU()) u (Ht/l7t,U/I) A 359" 3 59/ Bi C Bé ( 4! H// H//) 259//
Elt’()”.t I |n| t’U”/\ (80/ k‘/ . SUI t l/) L J
(Va.Hs(a) # Hl(a) = 36’.596( ) = Labeled E/ T AN TN
(Va € dom(°0")/dom(°0.).50'(a) \ £1)
This means we are given some *0, 3 3¢/, H! H/ i/, 5v" k' < n/,§ C B, s.t (¥, H., H)) >
(0)) A (H., 5v) VI (H! sv") N < K
And we need to prove
HtU”.(Ht/,tU()) ll (Ht”7t //) A 359" O 30/”31 C BQ ( H// H//) 230//
Jto" ty! = inl tv”/\( 0" k' —i, st V") € LTJﬁQ

(Va.H,(a) # H!(a) — 30 89 ( ) = Labeled £ 7/ A £ C £) A
(Va € dom(°0")/dom(%6,).50' (a) \, £1)

Instantiating (CGO) with 50, 3 5¢’, H., H/, i’ ,sv" ,*v" k' <n/, ' C B{ we get the desired
[
Lemma 3.16 (SLIO* ~ FG: Unary monotonicity for I). v$0,%0',6,T, n,n',j, fi’.
(*6,n,0%,6") € [T|P A/ <n A0 ABCH = (*6',n/,6% 6 e |T|F
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Proof. Given: (%0,n,6%,6%) € LFJ€ An' <nASOC9 ABC S

To prove: (5¢',n/,0%,0%) € LI‘J‘B//

From Definition 3.14 it is given that A
dom(T) C dom(5%) A dom(T') C dom(8*) AVz € dom(T).(50,n,6%(x), 64 (z)) € LF(m)J‘B/

And again from Definition 3.14 we are required to prove that A
dom(T') C dom(6%) A dom(T') C dom(8*) AVz € dom(T).(5¢",n/, 5% (x), 6% (z)) € LF(CL‘)J@I
e dom(T") C dom(6°) A dom(T') C dom(d*):

Given
o Vz € dom().(50', 0/, 6% (x), 6 (z)) € |T(x) |5

Since we know that Va € dom(T).(*0, n, 6*(z),6'(z)) € |[(z)|% (given)

Therefore from Lemma 3.15 we get

Vz € dom(T).(5¢", 0/, 8% (x), 6 (z)) € LF(@J@V

Lemma 3.17 (SLIO* ~» FG: Unary monotonicity for H). V*6, H;, H,on,n', B3, 5.

(n, Hy, Hy) 2o A <n — (n', Hy, Hy) L sp
Proof. Given: (n, Hs, Hy) S5 A n/ <n
To prove: (n', Hs, Hy) Bl> 50

From Definition 3.11 it is given that X
dom(°0) C dom(Hg) A B C (dom(®°0) x dom(H;)) A¥(a1, a2) € B.(°0,n — 1, Hs(a1), Hy(ag)) €

1°0(a)]y

And again from Deﬁnit}on 3.11 we are required to prove that )
dom(%0) C dom(Hg) A3 C (dom(%0) x dom(H;)) AV(a1, a2) € B.(°0,n" — 1, Hs(a1), H(az)) €

RO

e dom(®0) C dom(Hg):
Given

o 3C (dom(®0) x dom(Hy)):
Given

o V(a1 a) € 5.(°0,n' — 1, Hy(a1), Hi(az)) € |*6(a) |}
Since we know that V(ay, ap) € B.(50,n — 1, Hy(a1), Hy(ap)) € LSQ(a)Jé (given)
Therefore from Lemma 3.15 we get

(a1, a3) € B.(50,10' — 1, Hy(ar), Hy(a)) € [*0(a)]?
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Theorem 3.18 (SLIO* ~ FG: Fundamental theorem). VI, 7, e, 6%, 6%, 0, %0, n.
YUl kes:Tm e A A
LEY oA (%0,n,668) €|l aJ@
= R
(%0,n,es 6%, ¢4 6') € |T O'J%

Proof. Proof by induction on the ~~ relation

1. CF-var:

CF-var

XU le:thx:7~2x

Also given is: LE W o A (°0,n,0%,6") € [TU{z— 7} JJ‘B/

To prove: (%0,n,z 0%,z §') € | ajg

From Definition 3.10 it suffices to prove that

VH,, Hy.(n, Hs, Hy) lésé? AV <n,Sv.ax 0 ;v = )
SH],v.(Hy,x %) b (HY, ') A (0,0 — i,%0,%0) € |7 o) A (n — i, Hy, H]) B0

This means given some Hg, H; s.t (n, Hy, Hy) @50. Also given some i < n,*v s.t © §° {; *v

From SLIO*-Sem-val we know that ¢ = 0, v = x §°.

And we are required to prove

SHY, 'v.(Hyx 8%) U (HY,"0) A (*0,n,%0,%0) € |7 o)P A (n, Hy, B)B 59 (F-V0)

From fg-val we know that ‘v = z §' and H/ = H;. So we are left with proving
(*0,n,x 6%, 2 &) € |7 O'J‘ﬁ/ A (n, Hs, Ht)gsﬁ

Since we are given (%0,n,§%,6') € [T U {x — 7 o} O‘J‘B/, therefore from Definition 3.14 we
get

(*0,n,x 6%, 2 &) € |7 O'J‘B/. And we have (n, Hy, Hy) 250 in the context. So we are done.

2. CF-lam:

X:Ulr:mbes:m~e

lam
XU Axees : 1 — o~ Ax.ep

Also given is: LW o A (%0,n,0%,8") € [T O'J’B‘;
To prove: (50,n, (\x.es) 6%, (A\x.ey) &%) € |7 O'J%
From Definition 3.10 it suffices to prove

VH,, Hy.(n, Hy, Hy) 550 AVi < n, *0.(Az.e) 6% Ui fv —>
JH], 'v.(Hy, (Ax.e) 6Y) 4 (H.,'0)(50,n —i,%v, ') € [(11 — T2) O‘J‘B/ A (n—1i, Hy, H)) @‘30
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This means that given some Hs, H; s.t (n, Hs, Hy) @ %9 and given some i < n,%v s.t
(Ax.es) 0% ; *v

From SLIO*-Sem-val and fg-val we know that $v = (Az.e5) 6%, ‘v = (\z.e;) &, H/ = H,
and ¢ =10

It suffices to prove that
3 B
(*6,n, (Az.es) 6%, (Az.e;) 6%) € [(11 — ) 0¥ A (n, Hy, Hy) >0
We know (n, Hy, Hy) l§50 from the context. So, we are only left to prove
(50, n, (\z.e5) 6%, (A\x.er) &%) € [(11 — T2) O'J‘ﬁ/
From Definition 3.9 it suffices to prove
\v/sel ; SQ’S,U’t,Ujj < nuB E B/'(80/7j781{5tv) S LTl O-J,\é;l
— (0. j,esl*v/a) el v/a]) € |2 o],

This means that we are given ¢’ J6,%v,tv,j < n,BC ' s.t (50',7,%v,%0) € |7 O'J‘B/,
And we need to prove

(0 j.eslv/a] 8% eiltv/a) 6 € [ma oy (F-LO)

Since (%60,n,6%,6%) € |T° aJé therefore from Lemma 3.16 we also have

(0',5,0%,6") € T o]y

IH:

(50’ j,es ° U{xz = S} e U{z =t }) € |1 ajg s.t

(59/,]”8,01715,01) S LTl O-Jxﬁ/l

We get (F-LO0) directly from ITH

. CF-app:

ST esy i (11— T2) ~ e Wi ego 11~ e

. . . app
Y;Ui T esr es2 1 T2~ €1 €2

Also given is: LE ¥ o A (50,n,0%,8") € [T O‘J€
To prove: (50,n, (es1 es2) 8%, (e er2) 0') € |72 UJ%
This means from Definition 3.10 it suffices to prove

VH,, Hy.(n, Hs, Hy) IQSH AV < n,®v.(es1 es2) 0° i Sv =
IH], 'v.(Hy, (en er) 8) U (HY, ') A (50,n — 7,50, %) € | 0|2 A (n— i, Hy, H}) 50

This further means that given some Hs, Hy s.t (n, Hs, Hy) @SH and given some i < n,*v s.t
(es1 es2) 6° {4 *v
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And we need to prove

JH], 'v.(Hy, (er1 er2) 6°) U (H.,'v) A (50,n —i,%v,%0) € |1 O'J‘B/ A (n — i, Hy, H}) é 50
(F-A0)

IH1:

(50,n, €01 0% €01 0) € (11 = ) o5

This means from Definition 3.10 we have

VHs1, Hy.(n, Hs, Hﬂ)ésﬁ AV <n,%v.eq 6° ;S =

Y, or.(Hyen 6) U (Y fon) A GOm0, toy) € (1 — 1) 0 )5 A (n— g, Hor, HYy) o6

Instantiating with Hg, H; and since we know that (es) es2) 6° {; *v therefore 3j < i < n
s.t €51 o8 Uj S’Ul.

And we have
3I{t/17tvl'(1{1fa6151 5t) ll (Htllatvl)/\(s‘gvn_j7SUlatvl) € \_(7—1 — 7_2) UJI@/\(”_‘L Hsth/l)@SH
(F-A1)

IH2:

(50,n — j,eso 0%, €12 0F) € |1 aj%

This means from Definition 3.10 it suffices to prove

V' Hso, Hys.(n, Hso, Hy2) é SO AVE <n—j,%m.esxn ‘v = )
SHY, b (Hig, ) 4 (Hly, 'va) A (50,1 — G — b, vy, t1) € |11 08 A (n— j — ki, Hao, Hly) 550}

Instantiating with Hs, H}; and since we know that (es1 es2) 6° |J; *v therefore Ik < i—j <
n—js.tes 0° Yg Swo.

And we have
JHy, Y. (Hyay er0) I (Hfy, too) A (50,n — 5 — k,Sva,'n) € |7 O‘J‘B/ A(n—j—k,Hy, H)) @30
(F-A2)

Since from (F-A1) we know that (*0,n — j,%v1,'v1) € [(11 = T2) O’J‘B/ where

Sp; = Az.el and tv) = \w.e}

From Definition 3.9 we have

VE0L 3560, 5v,'v,l <n fj,ﬁAg J B.(Seé, v, ) € |ny O'J"B/S
= (%04,1,¢,[*v/a],e}['v/a]) € |72 |}

Instantiating with *6, Sve, tve,n — j — k, 8 we get
(0,0 — j — k. e, [*w/a], €}['wa/x]) € |72 0|

From Definition 3.10 we have
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VHgy, Ht4.(n —j— k, Hgy, Ht4) 559 AVE <n— j— k, 51)4.6;[502/.%] *U'k’ Sy A:>
3H,, Loy (Hya, €)[ va/x]) I (Hly bog) A (30,n — j — k — K Sog,toy) € |72 0] A

(n—j—k— K, Hy, Hl,) b0

Instantiating with Hy, H/,, from (F-A2) we know that (n—j—k, Hy, H&)@SG. Instantiating
Suy wiht *v and since we know that (es1 es2) 0% {}; *v therefore I’ <i—j—k<n—j—k
s.t el [fve/x] §° Yy Sv. therefore we have

EII{1€,4’th4'(}It47 e:&[tv2/x]) \I% (Ht/4atv4) A (Sevn —-J- k — k,’svvtv4) € \‘7—2 O-J\B/ A (TL —-J- k —
K, Hy, H,) %0 (F-A3)

Since from SLIO*-Sem-app we know that i = j + k + &k’ and H/ = H/,, 'v = ‘v, therefore
we get (F-A0) from (F-A3) and Lemma 3.15 and Lemma 3.17

. CF-prod:

XU T Feg i~ e YU T Fegn:mo ~ e

prod
oW T F (es1,es2) : (11 X 2) ~ (€41, €42)

Also given is: L E ¥ o A (°0,n,06%,8") € [T O'J‘E/
To prove: (50,1, (es1,es2) 0%, (€1, er2) 0) € [(11 X T2) O'J%

From Definition 3.10 it suffices to prove

~

VH,, Hy, B.(n, Hy, Hy) 550 AV < n,%0.(e51, e52) 0% s S0 —>
JH],'v.(Hy, (er1, e2) 0°) I (HY,'v) A (50,n —i,%v,%v) € [ (11 X T2) O‘J‘B/ A (n —1i, H, Ht’)gsé
This means that we are given some Hg, Ht,B s.t (n, Hs, Hy) @ %9 and given some i < n s.t

(es1,es2) 0° i *v

And we need to prove

JH] tv.(Hy, (eq1, e2) 6) I (H., P0) A (PO ,n—i,%0,tv) € (11 X 2) UJ‘B,/\(n—i, H,, Ht')ﬁ sg!
(F-P0)

IH1:

(%0, m,es1 0%, €41 6Y) € |1 ajg

From Definition 3.10 we have

VHs1, Hyy.(n, Hs1, Hyp) l[>3 SOAV] < n.es 0°|; vy =

JH,,,'v.(Ha,en 6°) 4 (Hfy, tor) A (B0, n— 4, 5vr,toy) € [(T1 X T2) ajé/\(n—j, Hsl,Ht’l)é‘SG

Instantiating with H, H; and since we know that (es1,es2) 0% |} (Pv1,v2) therefore 35 <
1< ns.teg 0° U]’ 1.

Therefore we have
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JH],,'or.(Hy, e 0Y) U (Hf L, Tor) A (50,n — 4, 5v, M) € |1y O'J€- A (n — j, Hs, Hf;) IE 50
(F-P1)

TH2:

(%0,m — j,esa 6%, e 0') € |72 aJ%

From Definition 3.10 we have

V' Hso, Hys.(n, Hso, Hy2) é SONAVE <n—jes 6° g S0 — )
B

E'Ht/Q,tUQ.(HtQ,etQ (5t) [} (Ht/2,t1)2)/\(39,n—j—k,sz,tvg) € LTQ UJ‘B//\(TZ—j—k, Hyo, Ht/2)1>89

Instantiating with Hs,Ht’l,Bi and since we know that (es1,es2) 0° §; (Sv1,°v2) therefore
dk<i—j<n—jstesd I .

Therefore we have

E'Ht/Q,tUQ.(HtQ,etQ 5t) (3 (Ht/Q,tvg)/\(sé?,n—j—k,svg,tvg) € LTQ aJé/\(n—j—k,Hs, Ht/2)1§89
(F-P2)

From SLIO*-Sem-prod we know that i = j + k + 1, H/ = H/, and v = (*v1,%vy) therefore

from Definition 3.9 and Lemma 3.15 we get (°0,n —4,%v,%v) € [(11 x T2) 0J€
And since we have (n — j — k, Hy, H,) 589 therefore from Lemma 3.17 we also get
(n — i, Hy, HYy) 550

. CF-fst:

XU e 71 X T~ ey
0T fst(es) : 71~ fst(er)

fst

Also given is: L E ¥ o A (50,n,06%,8") € [T O'J‘E/
To prove: (%0,n,fst(es) 0%, fst(er) 0') € |11 UJ% (F-F0)
This means from Definition 3.10 we need to prove

VHs, Hy.(n, Hs, Hy) 559 AVi < n,*v.fst(es) 6° J; Sv =
SH], bv.(Hy, fst(er) 6°) b (HL,Po) A (30,0 — i, %0, '0) € |7y o) A (n — i, Hy, HY) £ 50

This means that we are given some Hg, Ht,B s.t (n, Hs, Hy) g %9 and given some i < n,%v
s.t fst(es) 0° ; v

And we need to prove

JH], . (Hy, fst(er) 6%) | (H,'o)A((0,n—1i,%v,%v) € |y ajé/\(n—i, HS,Ht/)é% (F-F0)

TH:
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(%0, m,es 6%, e, 0F) € [ (11 X T2) O'J’g

From Definition 3.10 we have

VHs1, Hyp.(n, Hg, Hﬂ)ésH AV <n,dvi.es 6° | (Pu,—) =

3H, o (Hyy, (e, ea2) 60 & (Hfy, (o, =) A (0, n =g, (o, =), (fon, =) € (71X 72) ol A
(n— j, Hy, H}) 6

Instantiating with Hs, H; and v} with v since we know that fst(es) d° |}; ®v therefore
Jj<i<nstes 6°d; (Pv,—).

Therefore we have

JH,,'v.(Hp, (?tl,etg) 6 U (HYy, (v, =) ACO,n— g, (Pv,—), (o1, —)) € [(T1 X T2) Jjé A
(n—j, Ho HY) B0 (F-F1)

From SLIO*-Sem-fst we know that i = j + 1, H/ = H}; and v = 'v;. Since we know

(*0,n— j,(Cv,—), (*v1,—)) € [ (11 X T2) aje therefore from Definition 3.9 and Lemma 3.15
we get

(50,n —i,%v,'v) € |7 O'J"B/

And since from (F-F1) we have (n — j, Hy, H,) 530 therefore from Lemma 3.17 we get
(n—1, Hy, H],) 559

. CF-snd:

Symmetric reasoning as in the CF-fst case

. CF-inl:

XUk es:m ~ e
;U T Finl(es) @ (11 + 72) ~> inl(e)

prod

Also given is: L= o A (°0,n,6%,6%) € [T O'J‘B/
To prove: (50,n,inl(es) 6%, inl(e;) 6%) € [ (11 + T2) ajg
From Definition 3.10 it suffices to prove

VH,, Hy.(n, Hy, Hy) B %0 A Vi < n,*v.inl(ey) 6° s inl(*0) —> A
JH,,'v.(Hy,inl(e;) 6%) U (H/,inl(*v)) A (°0,n — i,inl(*v),inl(*v)) € (11 + T2) JJ"B/ A (n —

i,Hs,Ht')IESQ

This means that we are given some Hg, Ht,B s.t (n, Hs, Hy) @ %9 and given some i < n,%v
s.t inl(es) 0% I inl(®v)

And we need to prove
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EIHt’,tv.(I{t,inl(et) Y U (H,inl(*v)) A (50,n — i, inl(3v),inl(*0)) € [(11 + 72) O'J‘B/ A (n —
i Hy, H) B9  (P-ILO)

IH:

(50,n,e5 0%, ¢, 0) € |11 crjg

From Definition 3.10 we have

VHs1, Hyp.(n, Hs, Htl)ésﬂ/\Vj <n,’v.es 6° ;v = JH],, bor.(Hy, e 6°) U (Hf P A
(0.n — j, 50, t0) € |71 08 A (n— g, Hyy, HY) B0

Instantiating with Hs, H; and since we know that inl(es) 6° {; v therefore 3j < i < n s.t
es 0° | *v.

Therefore we have

JH],,'or.(Hey, e 6) 4 (HfPo) A (B0,n— 4,50, M0y) € |1y O'J(j/ A (n—j, Hs, Ht’l)ése (F-
IL1)

From SLIO*-Sem-inl we know that ¢« = j + 1 and H/ = H/,, ‘v = 'v;. Since we know

(%0,n — j,%v,'v) € |1 UJ‘B/ therefore from Definition 3.9 and Lemma 3.15 we get

(#0,n — 4,inl(*v), inl(*v1)) € | (11 + 72) o]0,

And since from (F-IL1) we have (n — j, Hy, H/) 559 therefore from Lemma 3.17 we get
(n—1, Hs, H])) 559

. CF-inr:

Symmetric reasoning as in the CF-inl case

. CF-case:

XU Feg:m+ 70~ ey
YUl r:mbeg 7~ en XUl y:mbesn: T~ e

case
;W T F case(es, z.€51,y.€52) : T~ case(ey, x.€1,Y.€2)

Also given is: LE W o A (°0,n,6%,6%) € [T UJ‘@
To prove: (%0,n,case(es,x.€s1,y.€52) 0%, case(es, x.e41,y.e2) 0') € | T UJ%

This means from Definition 3.10 we need to prove

VH,, Hy.(n, Hs, Hy) gsﬁ AVi < n,’v.case(es, x.€s1,y.€52) 0° | v =
JH!,'v.(Hy, case(er, x.€11,y.€12) 6°) I (H., '0)A((0,n—i,%v,'v) € |1 aﬁ//\(n—i, H, Ht’)ésﬂ

B
)

This means that we are given some Hs, Hy s.t (n, Hs, H;) > ®0 and given some i < n s.t

case(es, T.€51,y.€52) 0° |; *v
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And we need to prove

JH],'v.(Hy, case(et, x.e41,y-e2) 0Y) I (H.,'v)A(50,n—i,5v, ') € |T JJ‘B//\(n—i, Hs,Ht’)ESH
(F-C0)

IH1:

(50, m,es 6%, e 0Y) € [(11 + T2) UJ%

From Definition 3.10 we have

VHs1, Hy.(n, Hs, Hﬂ)ésﬁ AYG <n,%v.es 6° | S =

SH,, for(H, e 61) 4 (H, fon) A (0, — %01, ) € [(r1+12) 0|9 A (n— g, Hyy, HY) B0

Instantiating with Hs, H; and since we know that case(es, x.€51,y.€52) 0° {; v therefore
Jdj<i<nstesd® ;v

Therefore we have

4 3 . 3
3H], o (Hy, e 6Y) U (HY Po) A (B0, — §, 501, Poy) € (114 72) UJ€ A (n—j, Hs1, H)))>%0
(F-C1)

Two cases arise:

(a) Svy =inl(*v]) and *v; = inl(*v]):
IH2:
(50,n —j,e1 8 U{z — Sui},en ' U{z — 'u}) € |7 O‘J%
From Definition 3.10 we have
VHso, Hia.(n, Hsa, Hy2) g SOANVE <n—j,°m.es °U{x— v} g v =
JH/, tvo.(Hyz, e 0P U{m st }) | (Hf, too) A(P0,n— § — k, 5w, twg) € |7 UJ€ A(n—
7 —k, Hgo, Ht,Q) @ 50

Instantiating with Hy, H/; and since we know that case(es, z.€51,y.€52) 0° {; *v there-
fore Ik <i—j<n—jstes °U{z— v} *v.

Therefore we have R
JH/y, tvo.(Hyz, e 68U {z = tor}) I (Hfy, toe) A (50,m — 5 —k,%v,tw) € |7 O'J‘ﬂ/ A(n—

-k Hy HYy) b0

From SLIO*-Sem-casel we know that i = j + k+ 1 and H/ = H,, 'v = "vy. Since we

know (50,n — j — k,%v,'w) € |7 O‘J‘ﬂ/ therefore from Definition 3.9 and Lemma 3.15
we get

(*0,n —i,%v, ') € |71 UJ€

we have (n — j — k, Hy, H);) 2 %9 therefore from Lemma 3.17
50

And since from (F-C2

~—

Vo

we get (n — i, Hs, H),)
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(b) *v; = inr(*v]) and tv; = inr(*o]):

Symmetric reasoning as in the previous case

10. CF-FIL:

Yooy Ui et 7~ ey
YW T Aeg : Va.T ~ Aey

FI

Also given is: L E W o A (50,n,06%,8") € [T UJ‘B/

To prove: (%0,n, Aes 0%, Aey 6¢) € | (Va.T) UJ%

This means from Definition 3.10 we know that

VHs, Hy.(n, Hg, Hy) 589 AVi < n,Sv.Aeg |; v = )
SH!, bo.(Hy, Aer) 3 (B, ') A (50,1 — i, %0, ') € [(Yar) 0|8 A (n— i, Hy, HY) 550

. . B . .
This means that given some Hy, H; s.t (n, Hs, Hy) > ®60 and given some ¢ < n s.t

(Aes) 0% 1) Sv

From SLIO*-Sem-val and fg-val we know that v = (Aes) 6%, 'v = (Aey) 6, i = 0 and
H = H,

It suffices to prove that
(°0,m, (Aey) 8, (Aer) &) € [(Vaur) o2 A (n, Hy, Hy) B 50

We know (n, Hy, Hy) @‘30 from the context. So, we are only left to prove
(50,n, (Aey) 8%, (Aey) 6) € | (Va7) o]0

From Definition 3.9 it suffices to prove

W0 30,5 <l € L,BT B.(0,jes 6, e, 8Y) € |70 /0] |5

This means that we are given ¢’ 3%0,j <n,¢' € L,3C '
And we need to prove

SG/?jves 587615 5t S Tl o Bl F-FI0
E

Since (%6,n,6%,6") € |T O’J‘B/ therefore from Lemma 3.16 we also have
. Jei

(50',4,0°,6") € [T o]}

IH:

(0, j,es 5% e 8Y) € |7 o Ufa s £}]5

We get (F-FI0) directly from TH
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11. CF-FE:

;U T e : Vaur ~ e FV() e &
S;UiThes [ 7[l/a] ~ e]

Also given is: LE ¥ o A (50,n,0%,8") € [T O‘J‘B/

To prove: (*0,n, ¢, [| 6%, ¢ | 8%) € |7[¢/a] 0|2

From Definition 3.10 we need to prove

VHs, Hy.(n, Hs, Hy) 559 AV <n,Sves | ;i v =

3], b (Hyy e [) U (HY ) A (0,m — 0,50, ) € |7[6/a] o)P A (n— i, Hy, ) & 56

This further means that given some Hs, Hy s.t (n, Hs, Hy) 589 and given some ¢ < n,*v s.t
es [] 0° i Sv

And we need to prove

JH] 'v.(Hy,ee [)) U (H.,'0)A (SO, n—i, 50, 0) € |T[¢/a] UJ@/\(?’L*?J,HS,H{)@SH (F-FEO)

IH:

(%0,n,es 6%, e 8') € | (Vo 7) O'J%

This means from Definition 3.10 we have

VHg1, Hyp.(n, Hg, Hﬂ)é% AV < n,%v.es 6° | S =

JH,,, bo.(Hy, e 6%) ) (Hfy L, Por) A (0, — 4,501, b)) € | (Vo) UJ?/ A (n —j, Hs1, HYy) ésﬁ

Instantiating with Hs, H; and since we know that (es []) 6° {}; v therefore 3j < i < n, v
s.tes 6° I *vr.

And we have

JH!,, b (Hy er 8Y) 4 (HY,to) A (30,n — j, %1, b)) € | (Vo) UJ‘B/ A (n — j, Hs, H])) é 50
(F-FE1)

From SLIO*-Sem-FE we know that *v; = Ae/, and "v; = A€
Therefore we have
(*0,n — j, Al Aep) € [ (VeuT) oy,

This means from Definition 3.9 we have
Vo' 350,k <n—j, 0 € L,BC 3.0 k, ¢l e)) € |7]0')a] o |

Instantiating 56’ with %0, k with n — j — 1, ¢ with ¢ o and 2 with 3 and we get
(0.n—j—1.e,.¢) € |7l/o] o}

P )

From Definition 3.10 we get
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12.

\V/HSQ, Htg.(n *j — 1,H52,Ht2) % 59,1 /\Vk <n *j — 1,8’02.€ig Uk S'UQ —
JHy, 'vo.(Hyas €)) I (Hfp, 'v2) A (50,n — j — 1 — k, 5w, ') € |7[¢/q] O‘J‘B/ ANn—j5—1-

8
k, Hy, H,) >0

Instantiating with Hy, H/;. Since from (F-FE1) we know that (n — j, H, Ht’1)§89 therefore
from Lemma 3.17 we get (n — j — 1, Hy, H;) @SG

Since we know that e [] 0° {}; *v and from SLIO*-Sem-FE we know that i = j +k+ 1 (for
some k) and i < n therefore we have k <n —j — 1 s.t €, 6% | Svo.

Therefore we have
IH/y, tvo.(Hya, €}) I (Hly o) A ((0,n — j — 1 — k, 5w, twy) € |7[¢/q] UJ€ ANn—j5—1-
k,Hy, H,) £  (F-FE2)

Since H! = Hyor, v = 1y and ‘v = 'y therefore we get (F-FE0) directly from (F-FE2)

CF-CI:

XU,k eg: 1~ e
YSoUi'Fves:c=17~ e

CI

Also given is: L= WU o A (°0,n,6%,6%) € [T O'J‘B/

To prove: (50,n,v es 6%,ve; 6') € |(c = 7) aJ%

This means from Definition 3.10 we know that
VH,, Hy.(n, Hy, H) 5% AVi < nvey I; v —>
SH],'o.(Hy,ver) U (H,'0) A (0,0 — 0,50, %) € [(c = 7)8 o |8 (n — i, Hy, H]) &8

This means that given some Hj, Hy, B s.t (n, Hg, Hy) @59 and given some i < n 8.t
(ves) 0% I v

From SLIO*-Sem-val and fg-val we know that $v = (ves) &%, tv = (ve;) 6%, i = 0 and
Ht/ — Ht

It suffices to prove that

(%0, n, (ves) 6%, (ver) 8') € [(c = 7) O'J‘B/ A (n, Hs, Hy) 559

We know (n, Hy, Hy) 550 from the context. So, we are only left to prove
(50, (ves) 8, (vey) 8Y) € |(c = 7) o]0
From Definition 3.9 it suffices to prove

LlEco = V0 3%, <n,BCR.(0,j.es 6% e, 0) € |7 0)h
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13.

This means that we are given £ |= ¢ o and ¢’ 30,5 <n,3C

And we need to prove

(80/7j7 €s 587615 6t) € \_7’ UJ% (F—CIO)

Since (%0, n,6%,0%) € |T O'J‘B/ therefore from Lemma 3.16 we also have

(03,08 € [T o)

And since we know that £ |= ¢ o therefore
IH: (*¢/, j,e, 6% ¢, ) € |7 0|

We get (F-CI0) directly from IH

CF-CE:

XiUiTFes:c= 7~ e XU ke
CE

XU T eso: 7~ er0

Also given is: LE ¥ o A (50,n,0%,8") € [T UJ‘é/

To prove: (50,n,e;® 6% e; @ 0Y) € |7 UJ%

From Definition 3.10 we need to prove

VHs, Hy.(n, Hs, Hy) 559 AVi < n,%v.es o ;v —

JH],'v.(Hy, er o) I (H. 'v) A (50,n —i,%0,t0) € |1 O'J‘B/ A (n —i, Hy, H)) ésﬁ

This further means that given some Hg, Ht,B s.t (n, Hs, Hy) g %¢ and given some ¢ < n S.t

es o 0° |; %v

And we need to prove

SH],v.(Hy, e ¢) 4 (H],'0) A (0,0 —i,%0,%0) € |7 0|8 A (n— i, Hy, B]) &0

IH:

(0, me5 8%, 01 € |(c = 7) o5
This means from Definition 3.10 we have

VHSl,Hﬂ.(n, Hsl,Hﬂ)@sH /\Vj < n,%v.eg 08 Uj S =

(F-CE0)

3H], Por.(Hy, e 0%) 4 (Hfy L, Por) A (0,0 — 4,501, Po) € (e = 7) O’J\ﬁ/ A (n—j, Ha, Hf) 55

Instantiating with Hg, H; and since we know that (es ) 6° |J; *v therefore 35 < i < n s.t

es 0° 4 1.

And we have

JH/,, b (Hy e 6°) U (Hfy,tor) A (50,m — 4,50, M0) € [(e = 7) UJ€ A (n — j, Hg, H])) 530

(F-CE1)
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14.

From SLIO*-Sem-CE we know that *v; = ve), and ‘v = ve,
Therefore we have

(*0,n — j,vel,ve}) € [(c= 1) o]y

This means from Definition 3.9 we have

V0 350,k <n—j,l € L,BC Ba.(50 k. €l €}) € |7 O‘J%

’» 8
Instantiating 56’ with *6, k with n — j — 1, ¢ with ¢ o and 2 with 8 and we get
(O,n—j—1,e,¢e)e|ral

» Cs

From Definition 3.10 we get

VHSQ, th.(n —j — 1,H52,Ht2) %2 89/1 AVE <n —j — l.e’s Uk 81)2 —

IH/y, oo (Hig, €)) I (Hly, ') A (50,m — j — 1 — k,5wg, 'w) € |7 o]0 A (n — i, Hyg, H}y)

£sg

Instantiating with Hs, H};. Since from (F-CE1) we know that (n — j, H, Ht’l)gsg therefore

from Lemma 3.17 we get (n — j — 1, Hy, H/;) 2 g

Since we know that e; o ¢° |; *v and from SLIO*-Sem-CE we know that ¢ = j + k
(for some k) and i < n therefore we have k <n — j — 1 s.t e, 6% {5 “vo.

Therefore we have

3H/y, o (Hya, €)) U (Hfy,'uo) A (50,n — j — 1 — k, 5wy, tws) € |7 0|t A (n — i, Hy, Hy)
(F-CE2)

+1

gsg

Since H/ = Hyor, v = Svy and 'v = ‘o therefore we get (F-CEO) directly from (F-CE2)
¢

CF-ret:

YiUiTFeg: 7~ e
DAV I ret(es) :SLIO ¢; 6; T ~~ )\,.inl(et)

ret

Also given is: L E U o A (°0,n,6%,8") € [T O'J‘B/

To prove: (%0,n,ret(es) 6%, A_.inl(e;) 6°) € [SLIO ¢; ¢; T aJ%

It means from Definition 3.10 that we need to prove

VH,, H.(n, Hs, Hy) 536 AYi < n,*v.ret(es) |; v =

JH], tv.(Hy, Ainl(er)) I (H], ') A (*0,n—i, %0, %) € [SLIO £, 4 7 o) A(n—i, H,, H})

This means that given some Hy, Ht,ﬁ s.t (n, Hs, Hy) gsﬁ and given some i < n s.t
ret(es) 0% ; v

And we need to prove

JH], v .(Hy, A_inl(er)) U (H ') A (50, n—i,5v,'v) € |SLIO ¢; ¢; T ajé/\(n—i, Hg, H))
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From SLIO*-ret and FG-lam we know that i = 0, *v = ret(e;) 6%, ‘v = A_.inl(e) &' and
Ht/ — Ht.

So we need to prove

(50, m, ret(e,) 8%, A_inl(e,) 8) € [SLIO 6 6 7 0|5 A (n, Hy, Hy) &0

Since we already know (n, Hs, H;) ésﬁ from the context so we are left with proving
(%0, n, ret(e;) 6%, A_inl(er) 0') € |SLIO 6; 6 7 o |0

From Definition 3.9 it means we need to prove

V40, 3 %0, Hy, Hy,i,*v',k <n, 3 C 5"

(k, Ha, Hy) % (%0.) A (Hy,ret(es) %) U (HL 5o Ai < & = 3H!, ' .(H,, (Ainl(e,) ())6') I
(H!, "'y N 30" 3%0,,3' C B".(k — i, H., H}) o

A
o by = inl W A (50 k — i, 50 ) € [T ool
This means we are given some *0, 3 %0, Hy, Hy,i,°v', k <n, 8 C 3’ s.t

(k, H, Ht)61> (°0c) A (Hs, ret(es) 6°) lLZf (H.,*v")Ni < k. Also from SLIO*-Sem-ret we know
that H, = H

And we need to prove
H,, ' (Hy, (Ainl(e,) 0)8%) 4 (H, ') AF6" 350, B T B".(k — i, Hy, HY) > 6 A

30" = inl W A (O k— i, 00, ") € [T o)), (F-RO)

IH:

(50, k,es 6%, ¢4 6Y) € | T Ujg

It means from Definition 3.10 that we need to prove

VHs1, Hy1.(k, Hg1, Hy1) B; 0o NVf < k.es 6° |y v =

S}y, fo.(Hsey 6) 4 (H)'0) A (0e,k — f.90, %) € |7 o)) A (K — f. Ha, H)) 20,

Instantiating Hsp with Hy and Hy; with Hy. And since we know that (Hg,ret(es) %) llzf
(H;,®v") therefore 3f < i <k < ns.t es 0° |5 *v,. Therefore we have

JH!,,'v.(Hp, e 8Y) I (Hf, '0)A(50e, k—f, %0, M) € |7 O’J‘B///\(k‘—f, H, Ht’l)ﬁsee (F-R1)

In order to prove (F-R0) we choose H/ as H}j, tv' as inl(*v), *0' as *6,, 3" as 3'. Since
from SLIO*-Sem-ret we know that i« = f 4 1 therefore from (F-R1) and Lemma 3.17 we

know that (k — i, Hy, HYy) & %0,

Next we choose 0" as 'v (from F-R1) and from Lemma 3.15 we get (50, k — i,v,'v) €

Ka O'J‘B// (we know from SLIO*-Sem-ret that *v’ = v)
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15. CF-bind:

YW egr : SLIO 4; £ 7~ e YUl z:7F eg:SLIO L L, 7'~ e
;U T F bind(est, z.e52) : SLIO 4; £, 7'~ X_.case(es (), z.e2(), y.inr())

bind

Also given is: LE ¥ o A (50,n,06%,8") € [T O‘J‘B/
To prove: (%60, n,bind(es1,x.€52) 0%, A_.case(es (), x.e2(), y.inr()) §*) € [(SLIO ¢; £, ') O’J%
It means from Definition 3.10 that we need to prove

VHs, Hy.(n, Hs, Hy) @59 AVi < n,*v.bind(es, z.€52) 6° |; v =
JH], 'v.(Hy, M_.case(es (), x.em(), y.inr()) 6Y) |} (H/,tv) A

(0,n —i,%v, ') € [(SLIO £ £, 7') |5 A (n — i, Hy, H!) 5 50

This means that given some Hy, H; s.t (n, Hs, Ht) > %0 and given some i < n,%v 8.t
bind(es1, z.€52) 0° {; v

And we need to prove

JH], v.(Hy, A_.case(es (), x.e(), y.inr()) 6Y) | (H/,tv) A

(0,n —i,%v, ') € [(SLIO & £, 7') 0|5 A (n — i, Hy, H!) 5 50

From SLIO*-Sem-val and fg-val we know that i = 0, *v = bind(es1, x.€52) 0,
ty = A_.case(et1(), z.e2(), y.inr()) 6, H = H,

And we need to prove
(%60, m, bind(es1, .€52) 0%, A_.case(es (), x.€2(), y.inr()) §') € [ (SLIO ¢; £, ') aJé/\(n, H,, Ht)g
0

Since we already know (n, Hy, H;) 559 from the context so we are left with proving
(%60, m, bind(es1, x.€52) 0%, A_.case(es (), x.e2(), y.inr()) §*) € [(SLIO ¢; ¢, ") O’J‘B/

From Definition 3.9 it means we need to prove
vsge g seaHslach ‘731)/ by k < n, ﬁ C /8/

Q!

(k, Hyr, Hiy) & (*00) A (Hat, bind(es1, 2.652) 6%) U (HL,50') Ad < b =
IH,, ' (Hyy, (A_.case(es (), .ei2(), y.inr())) () 68) & (HJy,t0") A

359’ 3 59678/ C B//.( i Hllthll)ﬁ sg' A" ty! — inl tv///\( Ql,k—i,s‘l}/,tvﬂ) e UJ’?/“
This means we are given some 0, 3 0, Hy, Hy1, 4,50, 0", k <n,3 C 3 s.t
(k, Hyr, Hiy) & %60 A (Hyy, bind(es, z.e50) 6°) U (H!,,50') Ai < k.

And we need to prove
3H/,, "' (Hyy, (A_case(en (), z.ei2(), yinr()))() 0%) I (H/, ') A 30" 2 56,5 C B".(k —
i, H,, Hf) > d > 50" AT ' =inl " A (50 k — 4, 50" W) € |7 UJ‘B/H (F-BO)
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IH1:

(%0, k, e51 0%, €01 8%) € [(SLIO & £ 7) 02

It means from Definition 3.10 that we need to prove

VHso, Hya.(k, Hso, Hy2) g O ANVj < n, vpr.es1 6° 5 Svp = )

3H/y, Yopy.(Hiz, €01 0%) I (Hy,ton1) A (50, — 5, %op1, topn) € |(SLIO & € 7) o] A (k —
j. Hyp, H) 550

Instantiating Hso with Hy; and Hyo with Hy;. And since we know that (Hsi, bind(es1, x.e52) 6°) sz
(H/,*v") therefore 35 <i < k <ns.t es; 6° 4 “vp1.

Therefore we have
HHtIQ,t’l}hl (Htg,etl 5t) [} (Htlz,tvhl) AN (8(9,]{3 — j,svhl,tvhl) € KSLH@ b; ¢ T) UJ@ A\ (k) —
Js He1, Hly) > 50 (F-B1.1)
From Definition 3.9 we know have
v896 - 507 Hs37 Ht37 b7 Svélvtvépm < k — 37/3 C /3/°
B/
(m, Hyg, Hi3) > (°6.) A (Hsz, *vnt) U (Hlg,®uf ) Ab < m =
3H/y, v (His, tvhl()) U (Hly,tvp) A 307 350, 3" C B".(m — b, H.y, Hf) >
Eltv,’l’l tvhl inl t vy A (P07, m — b,sv,’Ll,tv,’L/l) €| JJ?/”

5” 50//

Instantiating °0. with °0, Hs3 with Hgy, His with Hf,, m with k — j and B' with B
Since we know that (Hgi, bind(es,x.es2) 6%) sz (H.,*v") therefore 3b < i —j < k — j s.t
(Hs1, *vn1) 0% Yo (Hiz, “vpy)-

Therefore we have

3H, ohy (Hig, fonn () U (Hly, 'ofy) A 30" 320, 6" © 5".(k — j — b, Hly, Hy) © 2 sgn
Fo” tof, = inl fo)y A (0" k—j —b,5u) M) €T aJ@N (F-B1)
TH2:

(0" k—j — b ess 0° U{z s 50}, }em 6 U {z o 1ol }) € |(SLIO £ 6, 7') o]

It means from Definition 3.10 that we need to prove

VHgy, Ht4.(k, Hyy, Ht4) % S0 ANVe < (k —J— b),s’l}hg.esg o° llj SUpy —
3H],, Yong-(Ha, 0 6Y) 4 (HYy, Pong) A (P6” ki — 5 — b—c, “una, Long) € [(SLIO £ £, ) o |5 A

Q1

k—i—b—c Hy H)) b 50"
( J t4

Instantiating Hgs with H/; and Hyq with H/s. And since we know that (Hyy, bind(es1, z.€52) 6°) sz
(H!,5v") therefore e <i—j—b<k—j—bs.tes 6 | vpo.

Therefore we have
3H,, ono-(Hya, €2 61 Ul ( L tone) A (B0" k= §—b—c,%ung, Lopg) € [(SLIO £ £, 7) o |5 A
(k—j—b—c,Hy, H ) L sgr (F-B2.1)
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16.

From Definition 3.9 we know have

v896 - 89”7 HSA57 Ht57 d7 SU}IZQJtU},Lza m < k _j —b— ¢, B// C Bi,
B
(m, Hys, Hys) > (*0c) A (Hys, *vpa) W) (Hls, Svjp) ANd < m =

SHG o (His, 120) U (B, (1) 0 350" 200, 3 € Bfom — d. Bl Hip) & 507
3ol Lohy = inl Lofly A (P07 — d, S0y, tufl) € |7 o ]y?
Instantiating 6, with *0”, Hys with H.s, Hys with H/s, m with k — j — b — ¢ and Bi’ with

B". Since we know that (Hy, bind(es1, z.e52) 0%) ll{ (H!,%v") therefore 3d <i—j—b—c <
k—j—b—cst (Hls, "vp2) 6° g (Hls, *vjs)-

Therefore we have

3HL, gy (Hes, "ona () U (Hlg,'opg) A320" 3 %6, B T 3. (k—j—b—c—d, Hls, Hl5) 5 *0" A
I tup, = inl tofy A (50" k — j —b—c—d, v, vy) € [T 0‘J€2 (F-B2)

In order to prove (F-B0) we choose H/; as H/; and '’ as 'v},. Next we choose *¢’ as 6"

and 3" as (4 (both chosen from (F-B2)). Also from SLIO*-Sem-bind we know that in
(F-B0) H!, will be H's.

a1 a1

Since (k—j —b—c—d, H5, Hs) 5 *8" therefore Lemma 3.15 we get (k —i, H.s, Hf) © 0"
Also since from (F-B2) we have 30" 'v), = inl fo), A (50" k—j—b—c—d, v, v, €
LAl

Sicne i = j + b+ ¢+ d + 1 therefore from Lemma 3.15 we get

Fv" Loy = inl fuly A (50" K — i, 5v),, )ly) € [T ajeg

CF-label:

YUl Feg: 7~ ey

label
W, T F Lby(es) : (Labeled £ 7) ~ inl(eg)

Also given is: L E ¥ o A (°0,n,06%,6") € [T UJ‘B/
To prove: (0,7, Lby(es) 6%, inl(e;) &) € | (Labeled £ 7) 0|2
From Definition 3.10 it suffices to prove

VH,, Hy.(n, Hy, Hy) £ %0 A Vi < n, *v.Lbg(es) 6° I Lbp(*v) —> A
SH], bv.(Hy,inl(eg) 6) 4 (HY,inl(*v)) A (0,1 — i, Lbe(*v), inl(*0)) € |(Labeled £ 7) o5 A

(n—i, Hy, H') £ 0

This means that we are given some H, Ht,B s.t (n, Hs, Hy) @ %0 and given some i < n s.t
Lby(es) 0° Ui Lby((v).

And we need to prove

218



17.

JH,,'v.(Hy,inl(e;) 6%) U (H/,inl(*v)) A (°0,n — i, Lbs(Sv),inl(*v)) € |(Labeled ¢ 7) UJ€ A
(n—i, H, H)5%  (F-LBO0)

IH:

(50,n,es 0%,¢; OF) € |T UJ%

From Definition 3.10 we have

VHs1, Hyp.(n, Hs, Htl)ésﬁ AYG < n,dv.es 6° | %o =

JH!,, 'v.(Hp,er 8Y) I (H, to) A (50,n — 4, 50,%) € |7 UJ‘B/ A (n—j, Hs1, HY)) é 50

Instantiating with Hy, H; and since we know that Lby(es) 0% {}; Lbs(*v) therefore 3j < i <n
st es 0° |5 %v.

Therefore we have

JH],, tor.(He, e 8Y) 4 (Hf to) A (P0,n— 4, 5w, to) € [(7) O'J‘B/ A (n—j, Hs, HY) 559 (F-
LBI)

Since from (F-LB0) we are required to prove (50, n—i, Lby(5v),inl(*v)) € | (Labeled ¢ 7) UJ‘B/.
Since from SLIO*-Sem-label we know that i = j + 1, *v = Sv; and v = *v;. Therefore we
get this from Definition 3.9, (F-LB1) and Lemma 3.15.

From Lemma 3.15 we get (n — i, Hy, H/;) 2sp
CF-toLabeled:

XU T eg : SLIO 4; £, T~ ey

- toLabeled
¥, U; T I toLabeled(es) : SLIO ¢; ¢; (Labeled £, 7) ~ A_.inl(e; ())

Also given is: LE U o A (50,n,6%,6") € [T O'J‘B/
To prove: (%0, n,toLabeled(es) 8%, (A_.inl e;()) §%) € | (SLIO ¢; ¢; (Labeled ¢, 7)) UJ%
It means from Definition 3.10 that we need to prove

VHs, Hy.(n, Hs, Hy) 539 A Vi < n,*v.toLabeled(es) 0% |}; v = )
JH!,'v.(Hy, (A_inlei()) 6°) I (H.,"v)A(*0,n—1i,%v,'v) € | (SLIO ¢; ¢; (Labeled ¢, 7)) 0J€/\

(n — 1, Hy, H]) b0
This means that given some H, H; s.t (n, Hs, Hy) gsﬂ and given some i < n s.t
toLabeled(es) 6° {; *v

And we need to prove
JH],'v.(Hy, (A_inle:() 6°) | (H/,'0)A(50,n—i,%v,'v) € | (SLIO ¢; ¢; (Labeled ¢, 7)) O'J‘B//\
(n— i, Hy, H]) b *0
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From SLIO*-Sem-val and fg-val we know that i = 0, *v = tolLabeled(e;) §°,
ty = (A_inl e()) 6%, H! = H,

And we need to prove

(%0, n, toLabeled(es) 6%, (A_.inl e;()) &%) € |(SLIO ¢; ¢; (Labeled ¢, 7)) UJ‘B/ A (n, Hs, Hy) 2sp

Since we already know (n, Hy, H;) > g > *f from the context so we are left with proving

(%6, n, toLabeled(es) 6%, (A_.inl e;()) 6') € |(SLIO ¢; ¢; (Labeled ¢, 7)) je

From Definition 3.9 it means we need to prove

\v/89 :|S(9 HslaHtl,',S /t v’ k<nBIZB’

(k, Hy, Hiy) & (*60) A (Ha1, toLabeled(e,) 8°) U (H!y, ') Ni < k =

JH],, W' (Hy, (Ainl e:())() 64) | (Hfy, ') AF0" 3 146,58 C 5. (k—1,H.,, H])) ;/ 56" A
Sty = inl " A (30, k — i, %0, %0") € | (Labeled £, 7) 02

This means we are given some *6, 2 %0, Hy1, Hyp,4,%0", 0" k < n,BC A s.

(k, Hsl,Hﬂ)D 50, A (Hy1, toLabeled(e,) 6%) Il (H!,,5v') Ai < k.

And we need to prove

,8//

JH],, ' (Hp, (A-inl e:()() 6%) | (Hf}, ") AF5¢" 2 9,3 C A" (k — i, H, H;) > °0" A

J t = inl W A (S0 k — 0,50 '") € | (Labeled 4, 7) 0|0 (F-TLO)

IH:

(%0, k, e5 0%, ¢, 8t) € [(SLIO £ £, 7) 07,

It means from Definition 3.10 that we need to prove

VHSQ, Htg.(k, HSQ, Htg) g 6 A Vj <n, svhl.es 0% Uj svhl —

IHy, 'opr.(Hy,er 6°) U (Hfy,topa) A (50, k — 7,%vp1,"vpe) € |(SLIO 4; £, T) O'J€ A (k —
J. Hyp, HY) B 50

Instantiating Hgo with Hg; and Hy with Hyy. And since we know that (Hgy, toLabeled(es) 0%) sz
(H.,*v") therefore 3j < i <k < mns.t es §°J; “vp1.

Therefore we have
EHtIQ,t’Uhl (Htg,et (5t) [} (Ht’z,tvhl) AN (Sﬁ,k — j,s’l}hl,t’uhl) € L(SLH@ l; ¢, 7') UJ€ A (]{ —
Js He1, Hl5) > 50 (F-TL1.1)
From Definition 3.9 we know have
\v/see - 80, Hs3a Hti’n ba S’U},le tv},ﬂa m < k — ]aB C B/'
B/
(m, Hyz, Hiz) > (°0e) A (Hs3z, *vp1) Ul{ (Hiz,%vp ) Nb<m —
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18.

ﬂ//

IH/;, t} . (Htg,tvhl O0) U (Hy,tu) A 30" 3 20,68 T B".(m — b, Hy, Hjy) > 50" A

ol tof, = inl Tofy A (50”7, m — b, 5y, P € | UJ@N
Instantiating *0, with *0, H,3 with Hyy, His with Hl,, m with k — j and 3’ with §.

Since we know that (Hji,tolLabeled(es) §°) l}lf (H.,®v") therefore 3b < i —j < k — j s.t
(Hs,*on1) 6° 4o (Hg, "vhy)-

Therefore we have

3Hy, 'y (His, topy () U (Hl, Pl ) A 350" 356, ' € B".(k — § — b, Hly, H;) Lsgr a
F" toy =il to)y A (507 k — j — b, vy, topy) € | ajf/“ (F-TL1)

In order to prove (F-TL0) we choose 3¢’ as 50" and 3’ as 3 (both chosen from (F-TL2))

Also from SLIO*-Sem-toLabeled and fg-inl, fg-app we know that H; = H!; and H/ = H/,,

So — S,/ to 0 —_t,/
and *v' = %v,, "0’ ="tup,

Therefore we get the desired from (F-TL1) and Lemma 3.15
CF-unlabel:

X;W: ' eg : Labeled £ 7 ~ e
Y, U T F unlabel(es) : SLIO ¢; (6; LU E) T~ A_ey

unlabel

Also given is: L=V o A (°0,n,6%,6") € [T UJ‘B/

To prove: (50,n,unlabel(es) 6%, A _.e; 6 € [SLIO ¢; (¢; L) T UJ%
It means from Definition 3.10 that we need to prove

VHs, Hy.(n, Hs, Hy) 559 AVi < n,*v.unlabel(eg) 6° ||; v —

SHY, 'v.(Hy, Mey 8) U (HY,"0)A(°0, n—i, v, ') € [SLIO & (6:06) 7 o) A(n—i, Hy, H)S

50
This means that given some Hy, H; s.t (n, Hs, H) > 59 and given some i < n, v s.t
unlabel(eg) 6° |; *v

And we need to prove

JH], 'v.(H, Aey 68) | (H/,'0)A(%0,n—i,%v,'v) € |SLIO ¢; (¢; I_IE)TJJV/\( —1i, HS,Ht) 56

From SLIO*-Sem-val and fg-val we know that i = 0, v = unlabel(es) 6%, tv = A_.e; &,
H = H,

And we need to prove

(*0,m, %0, v) € [SLIO & (61 0) 7 0|5 A (n, Hy, Hy) £ 56

Since we already know (n, Hs, H;) ésﬁ from the context so we are left with proving
(%0, n, unlabel(e,) 6%, A_e, 8') € [SLIO &; (6 U6) T 0|7

From Definition 3.9 it means we need to prove
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V0. 3 %0, Hq, Hy,i,°v', k <n, B C 3.

(k, Hyr, Hiy) & (*600) A (Hs1, unlabel(es) 6%) U (HI, 50y Ai < b =
BN

3HY ' (Hy (Aed)() 8) b (HA, ') A3 35600, 8/ C B (k — i, HYy, HYy) > 50 A
Fto" by =inl " A (30" k — i, 50" 0") € |7 ajf/”

This means we are given some %0, 360, Hy, H,i,5v', "' k <n,B C s

(ks Hors Hin) & 0, A (Hoy, unlabel(es) 6%) U7 (L, 50) A < k.

And we need to prove

A} (i (o)) 8) 3 (Hp ') A0 30, 3 C 3.k — i HYy, HY) ' 50/ A

Fo by = inl L A (50, k — i, ', t") € |7 o]0 (F-U0)

IH:

(0o, k, €5 0%, ¢, 8') € | (Labeled £ 7) 0|

It means from Definition 3.10 that we need to prove

VHs, Hyo.(k, Hyo, Hp) Lo, AV <k, upeq 0° |y Sup —> A
3H/y, vy (Hygyer 61) I (Hly,ton) A (00, k — f,%up, ') € |(Labeled ¢ 7) |9 A (k —
f, Hea ) 526,

Instantiating Hgo with Hg; and Hys with Hyy. And since we know that (Hji, unlabel(es) 0%) llf
(H;,®v") therefore 3f <i <k <ns.tes 0° |s vy
Therefore we have

EIHt'Q,tvh.(Htg,et (5t) [} (Ht’Z,tvh) A (Sﬁe,k — f,svh,tvh) € L(Labeled VA 7') O'J/é/ A (k —
foHa HY) L0, (F-UL)

In order to prove (F-UO) we choose H}; as Hfy, 'v' as tvy, 50’ as 6. and B as B
From SLIO*-Sem-unlabel and fg-app we also know that H/; = Hy and H}, = H},

We need to prove

(a) (k—1,Hs, H, )l> 50,

Since from (F-U1) we know that (k — f, Hy1, Hly) & 6,

Therefore from Lemma 3.17 we also get (k — 4, Hs1, H/5) i 0

(b) It " =inl Lo A (50c, k — 0,50, 00") € |1 UJ‘B//:
Since from (F-U1) we have

(0o k — f, 505, ) € | (Labeled £ 7) o]

This means from Definition 3.9 we know that A
T, o Sop = Lbe(Sv;) Aty = inl by A (30, k — f — 1,5, ty) € |7 UJ‘ﬂ// (F-U2)

222



Since we know that ‘v’ = v, and since from (F-U2) we have ‘v, = inl ‘v;. Therefore

from we choose tv” as ‘v; to get the first conjunct

From SLIO*-Sem-unlabel we know that *v = *v; and since we know that (*0.,k — f —
1%, ) € |7 UJ?//
Therefore from Lemma 3.15 we also get (50e, k — i, 5v;,'v;) € | T UJ‘B//

19. CF-ref:

Y;U:T F e, : Labeled ¢/ 7~ ¢; Ukl
;0T F new e : SLIO £ £ (ref £/ 1) ~ A_inl(new (e;))

ref

Also given is: LE U o A (50,n,6%,6") € [T O'J‘B/
To prove: (%0,n,new e 6%, A_inl(new (e;)) &' € [SLIO £ ¢ (ref ¢/ T) oJ%
It means from Definition 3.10 that we need to prove

VHs, Hy.(n, Hy, Hy) IQSQ AVi < n,%v.new eg 6° |}; Sv — )
3H!, 'v.(Hy;, A_inl(new (e;)) 0%) U (H/,'v) A (*6,n —i,%v,"v) € |SLIO £ ¢ (vef £ 7) o |5 A

(n — i, Hy, H}) b0

. . 3 . .
This means that given some Hy, Hy s.t (n, Hs, Hy) > ®60 and given some i < n,°v s.t

new eg 0° |; Sv

From SLIO*-Sem-val and fg-val we know that i = 0, v = new e, 6%, ‘v = A_.inl(new (e;)) &,
H = H,

And we need to prove

(50, n, new e 6%, A_inl(new (e;)) &%) € [SLIO £ ¢ (ref ¢' T) UJ‘B/ A (n, H, Hy) ésﬁ

Since we already know (n, Hy, H;) @59 from the context so we are left with proving
(%0, n,new ¢, 6%, A_inl(new (¢;)) 8%) € [SLIO € ¢ (ref £/ 7) o],

From Definition 3.9 it means we need to prove

vsge - 867 H817 Ht17 i? SUI? k < n, B C B/'

(k, Hs1, Htl)[é (50.) A (Hg1, new e 6%) l}lf (H,*v)Ni<k =

3H}, "' (Hy, (A-inl(new ¢,))() ') 4 (Hfy,"v')A3*0" 2 %0., 8 C B".(k—i, H}y, H}))
"ty =inl W A (30" k — i, 50", ') € | (ref £ T) 0J€N

ﬂ» SN

This means we are given some 0, 3 0, Hy, Hy1, 4,50, ', k <n, 3 C 3 s.t
(k, Hyp, Hyy) & %00 A (Hoy,new (e5) 8°) U (HIy,50') Ni < k.

And we need to prove
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3H/,, ' (Hyy, (_inl(new e;))() &%) |} (H/, 'Y A0 3°0,,3' C B".(k—i, H!,, Hgl)‘é AN

F b = inl W A GOk — 0,50 ) € | (ref £ 1) o (F-NO)

From SLIO*-Sem-ref we know that v’ = a, and from fg-ref, fg-inl we know that v’ = inl a;.

IH:

(*6c, k, €5 6%, ¢, 6) € |(Labeled ¢ 7) o |?

It means from Definition 3.10 that we need to prove

VHs, Htg.(k, Hy, Htg) ,g 9. ANV f < k,5vp.es 0° Uf Sop, =

JH), top. (Heg,er 08) I (Hfy,top) A (50e,k — f,5vp,top) € |(Labeled ¢ 1) UJ‘ﬁfl A (k —
B/

fa Hs2a HtIQ) > 806

Instantiating Hgo with Hs; and Hje with Hy;. And since we know that (Hsp, new (es) 0%) l}{

(H.,*v") therefore 3f <i <k <ns.tesd® s v,

Therefore we have

JH,y, 'op.(Hiz,er %) | (Hpy,'vp) A (0, k — f,5up,'vp) € |(Labeled ¢ 7) O‘J‘B// A (kB —

foHa HY) S50, (F-N1)

In order to prove (F-NO) we choose H};, as H/y U {a — ‘up}, ‘v as a, %0’ as *6,, where
50y, = *0. U {as — (Labeled ' 7) o}

And we choose " as 3, where 8, = ' U {(as, ar)}
From SLIO*-Sem-ref and fg-ref we also know that H/; = Hg; U {as — *vp}

We need to prove

(a) (k— i, Hly, Hy) & 0,
From Definition 3.11 it suffices to prove that
e dom(®0,) C dom(H},):
Since dom(*6.) C dom(Hs1) (given that we have (k, Hs1, Hyy) z 0.)

And since we know that
50, = *0. U {as; — (Labeled ¢’ 7) o} and H], = Hs1 U {as — *vp}
Therefore we get dom(°6,,) C dom(H};)
e B, C (dom(°6,) x dom(H},)):
Since & C (dom(*0,) x dom(Hy)) (given that we have (k, Ha1, Hy) & *6,)

And since we know that R .
50, = *0.U{as — (Labeled ¢’ 7) o}, H/, = HyU{a; — 'vp} and B, = 'U{(as, &;)}

Therefore we get 3, C (dom(°6,,) x dom(H},))

o V(ai,a2) € @n‘(SQn,k —i—1,Hg(m), Hfi(a2)) € Lsan(a)J\B/":
V(a1, a2) € Bn
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- (alv a2) - (a87 a’t) R
Since from (F-N1) we know that (°0.,k — f,%vp, v,) € |(Labeled ¢ 7) O'J‘ﬁ//
From Lemma 3.15 we get (50, k —i — 1,%v,,vy) € | (Labeled ¢/ 7) UJ?,"

- (ala a2) 7& (asv a’t):

Since we have (k, Hs1, Hy1) [ﬁ> 50, therefore
from Definition 3.11 we get A

(%0c, k — 1, Hy1 (1), H(a2)) € [*0c(a1)|¥
From Lemma 3.15 we get A

(0n, k — i — 1, Hyt (@), Hi (a2)) € [*0n(an) |7
(b) F0" 0" =inl W A (*0n, k — 0,50, '0") € | (vef £ 7) o]
We choose v as vy, from (F-N1), fg-inl and fg-ref we know that ‘v’ = inl ty,
In order to prove (%0, k —i,5v',t0") € [(ref ¢ T) o ‘B/", from Definition 3.9 it suffices

to prove that
0, (as) = (Labeled ¢ 7) o A (as, at) € Bn

We get this by construction of *6,, and Bn
20. CF-deref:

YW keg:ref £7~ e

deref
S W;T e, : SLIO ¢ ¢ (Labeled € 1) — A_inl(eg)

Also given is: L E ¥ o A (°0,n,0%,8") € [T O'J‘B/
To prove: (%60,n,les 6%, A_.inl(e;) 6° € [SLIO ¢ ¢’ (Labeled ¢ T) O'J%
It means from Definition 3.10 that we need to prove

VH,, Hy.(n, Hs, Hy) 530 AVi < n,Svles 6° ; Sv = A
JH], 'v.(Hy, M_inl(er) 6°) U (H/,'v) A (50,n — i,%v,%v) € |SLIO ¢ ¢ (Labeled ¢ 7) UJ‘@ A

(n — i, Hy, H]) 550

This means that given some Hy, H; s.t (n, Hy, Hy) gsﬁ and given some i < n s.t

les 6% 1; Sv

And we need to prove

JH/'v.(Hy, A_.inl(er) 6°) I (H/,'v) A (°0,n —i,%v,'v) € [SLIO ¢ ¢ (Labeled ¢ 7) UJ‘B/ A
(n — 1, Hy, H)) 550

From SLIO*-Sem-val and fg-val we know that i = 0, Sv =les 6%, ‘v = A_.inl(e;) &', H/ = H,

And we need to prove
(°8,n, v, ") € [SLIO ¢ ¢ (Labeled £ 7) 0|3 A (n, Hy, H) £ 0

Since we already know (n, Hy, Hy) @59 from the context so we are left with proving
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(%0, ey 6%, A_inl(e;) ') € [SLIO ¢ ¢' (Labeled ¢ 7) o|?.

From Definition 3.9 it means we need to prove

\v/see J 805 Hsla Htl, i) SU/? tlU/a k < naB C B/'

(ky Hay, Hy) B (500) A (Hap, leg 6%) U (H! S0') ni < kb =

S, (Hi, (Aodnl(en))() 6%) U (H, “0') AT56 256, ' © 3"k — iy HLy, HYy) S 56 A
— S ;S /8//

I ' =inl W A (50", k — 0,50, "0") € | (Labeled ¢’ T) o]},

This means we are given some 0, 3 0, Hy1, H,i,%v", 0/, k < n, B C ' s.t

(k, Hoy, Hy) & %00 A (Hay, Ves) 6%) U (HI),*0') Ai < k.

And we need to prove
3H),, ' (Hy, (Azinl(er)) () 6%) 4 (Hfy, ') A 36" 3 %6, 8 C B (k — i, HYy, Hfy) Lo A
oty = inl " A (0 k — i, %0, '0") € [(Labeled £ 7) ]2 (F-DO)

IH:

(*0c, by es 0° €0 07) € |(ref £ 7) o}
It means from Definition 3.10 that we need to prove

¥Ha, Hyo.(k, Hya, Ho) & 0. NS < K, Sop.es 6° U S0y =

ElHtIQ’ tvh'(Ht% €t 5t) U’ (Ht/Qa tvh)/\(seea kifa Svha tvh) € L(I’Ef 1 T) O-JI\B/'I/\(kifv HSQv Ht/2)€806
Instantiating Hgo with Hg; and Hyy with Hy. And since we know that (Hsp,les 6°) sz
(H.,*v") therefore 3f <i <k <ns.tesd® |y v,

Therefore we have

IH/y, top.(Hiz, e 8°) U (HYy, top) A(50c, k— £, 5vp, top) € | (ref £ 7) O'J‘B///\(k—f, Hyq, Ht’Q)ﬁDS@e
(F-D1)

In order to prove (F-D0) we choose H/, as H/y, "v] as H/5(a) (where ‘v, = a; from fg-deref),
50" as *6. and we choose 3" as /3.

From SLIO*-Sem-deref we also know that H/; = Hy

We need to prove

(a) (k —i, Hyr, HYy) % %6,

Since from (F-D1) we have (k — f, Hq1, H)) BD *0. and since f < ¢ threfore from
Lemma 3.17 we get (k — i, Hg1, H};) z 0,

(b) 30”10 = inl Lo A (00, k — i, %0, '0") € | (Labeled € 7) o] :
Since from SLIO*-Sem-deref and fg-deref we know that *v, = as and ‘v, = a;.
Therefore from (F-D1) and from Definition 3.9 we know that
%0c(as) = (Labeled £ 7) o A (as, ar) € '
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Since from (F-D1) we know that (k — f, Hs1, H);) z %0, which means from Defini-
tion 3.11 we know that

(#0,k — f — 1, Hy (a5), Hly(a))) € |(Labeled £ 7) 0|0 (F-D2)

This means from Definition 3.9 we know that )
I, b Ha (as) = Lbe(3v;) A Hy(a) = inl Loy A (50c, k — f — 1,%0;, ') € |7 0J€f

t t

We choose ‘v as ‘v; and we know that ‘v’ = H/,(a;) = inl ‘v;. This proves the first

conjunct.

Since from (F-D2) we have (*0,k — f — 1, Hs1(as), H5(a;)) € |(Labeled ¢ T) O'J‘B//

therefore from Lemma 3.15 we get
(*6,k —i — 1, Hy (as), Hy(a;)) € | (Labeled £ 7) o |
This proves the second conjunct.

21. CF-assign:

YUl Feg:ref £ 7~ e Y;U:T F ey : Labeled £/ 7~ €49 SRl
YN, UT F egp i= eg 0 SLIO £ £ unit ~~ A_.inl(es := eg2)

assign

Also given is: LW o A (50,n,0%,8") € [T O’Jﬁ‘;
To prove: (30,n, (es1 := es2) 0%, A_inl(es = e) 6 € [SLIO £ £ unit JJ%

It means from Definition 3.10 that we need to prove

VHs, Hy.(n, Hg, Hy) ESH AVi < n,*v.(es1 :=eg2) 6° |; v = )

3H], bo.(Hy, Ainl(eq = eg) 6Y) U (H{, ') A (%0, — i, v, v) € |SLIO £ £ unit o] A (n —
i, Hy, H)) 25y

. . 3 . .
This means that given some Hy, Hy s.t (n, Hs, Hy) > ®60 and given some i < n,°v s.t
(esl = 682) 0° Uz Sv

And we need to prove

JH] Y. (Hy, A_inl(eg == eg2) 0Y) | (H/,'v) A (50,n — i, %v,tv) € [SLIO ¢ £ unit UJ‘B/ A (n—
i\ H, H)E 50

From SLIO*-Sem-val and fg-val we know that i = 0, v = (eg1 := es2) 6%, 'v = A_inl(es ==
€t2) 6t, Ht/ = Ht

And we need to prove

(50,1, (€51 = e52) 0%, A_inl(en = er) o) € |SLIO £ € unit o|% A (n, Hy, Hy) £ 0

Since we already know (n, Hy, H;) @‘99 from the context so we are left with proving

(50, m, (es1 := es2) 0%, A_inl(eyy = e) &%) € |SLIQ £ £ unit 0‘J€
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From Definition 3.9 it means we need to prove
v896 g 867 H817 Ht17 i? SUI? k < n, B E B/'

Q!

B .
(k, Hop, Hip) > (50) A (Hgy, (es1 := eg2) 6°) U (H!, 5o Y N i< kb —

3H), "0 (Hi, (-inl(eq = e2)() 6')) U (Hfy, ') A 36" 296, 3 © B7.(k — i, HYy, HYy) >
$9/ A Ft" " =inl B A (50 k — i, 50" t") € Lunitj€

B//

This means we are given some 0, 3 °0, Ho1, Hy,i,%v', k <n,B C ' s.t

(k, Hsl,Htl) 4 9 A (Hy1, (651 := es2) %) U (HIy,50") Ai < k.

And we need to prove

JH,, ' (Hy, (A-inl(en = er2)() 69) & (Hfy, 'o') A 350 3°0,, 5 C 3.

(k— i, HYy L)' 560 A 3007 0 = inl to A (50 & — 50!, o) € [unit) (F-S0)

IH1:
(0o ki, e51 0%, e1 0°) € | (ref £/ 7) o)

It means from Definition 3.10 that we need to prove

VHio, Hio.(k, Hya, Hio) & %00 ANVF < i Sunr.eqt 6% Uy S —>
HHtIQ,t’l}hl (Htg,etl (5t> (3 (Htlg,t'l}hl) A\ (896,]{ — f,svhl,tvhl) S L(ref A 7’) JJ@ A (k —

B/
f7 Hs27 HtIQ) 9

Instantiating Hso with Hy; and Hyo with Hyp. And since we know that (Hs1, €51 := eg2 0%) l}{
(H.,*v") therefore 3f <i <k <ns.tesd® r vp.

Therefore we have
ElHtIQ,tUhl (th,etl 5t) lL (Htlz,tvhl) A (See,k‘ - f,svhl,tvhl) S L(ref v T) UJ/@/ AN (l{? -
[ Hq1, Hy) £ s, (F-S1)

IH2:
(0u,k — fres2 0% e ') € | (Labeled £/ 7) 0|2

It means from Definition 3.10 that we need to prove

VHays, Hig.(k, Hg, Hyg) o 500 AVL< k= f,%upp.esn 6° Ut “opy —> A

3H/,, tupg.(Hys, etg ) I (Hfy, bong) A (*0e, k — f — 1, “vpg, tupg) € | (Labeled € 7) 0|5 A (k —
f—1, H, H) s,

Instantiating Hgg with Hy; and Hys with H/,. And since we know that (Hyy, es1 1= €52 6%) l}{
(H!,%v") therefore 3l < i — f <k — f s.t esa % {1 Svpo.

Therefore we have
ElHt:)), Vh2. (Htg, etg ot ) (3 ( 3 Uhg) A (895, k—f—1, Svhg,tvhg) S L(Labeled v 7') O'Jg N (k} -
f—1,Hs, H ) 59 (F-S2)
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In order to prove (F-SO0) we choose H}; as Hlsla; — tups], 0 as (), *0 as *6, and " as '
From SLIO*-Sem-assign and fg-assign we also know that Svpe = as, ‘vpe = ar, H!, =
Hgilas v Svp3] and HY; = Hfs[ap — Yops)

We need to prove

(a) (k— i, Hly, 1) B 6
From Definition 3.11 it suffices to prove that
e dom(®0.) C dom(H},):
Since dom(°6.) C dom(Hs1) (given that we have (k, Hs1, Hy1) z 0c)
And since dom(Hg1) = dom(H/;) therefore we also get
dom(°6.) C dom(H.)
o 3 C (dom(*6,) x dom(H},)):

Since B’ C (dom(®*0.) x dom(Hy)) (given that we have (k, Hs1, Hy1) g 6c)

And since dom(Hy) C dom(H],) therefore we also have 3 C (dom(0,) x
dom(Hy,))
o V(ay, a2) € B.(0e, k —i — 1, H!\ (ar), HYy (a2)) € [*6c(a1) ]}
Y(a1, a2) € By,
— (a1, a2) = (as, a): )
Since from (F-S2) we know that (0, k— f—1, *vpg, 'vp2) € | (Labeled ¢ 7) o]

From Lemma 3.15 we get (50¢, k — i — 1, %vp2, ‘ope) € | (Labeled ¢/ T) aje/

- (ah a2) 7& (as> a’t): .
Since we have (k, Hs1, Hy1) [Ii 50, therefore
from Definition 3.11 we get A
(*Ocsk = 1, Hoa (1), Ha(az)) € [*6c(ar) ]y
From Lemma 3.15 we get )
(O k=i — 1, Hoa (@), Ha(a2)) € [*6c(a)]

(b) "t =inl to” A (30., k — i, 50", ') € LunitJ@":
o

We choose tv” as () from (F-S1), fg-inl and fg-assign we know that ‘v’ = inl ()

To prove: (°60,,k —1,(),()) € Lunitjé”,
We get this directly from Definition 3.9

Lemma 3.19 (SLIO* ~» FG: Subtyping). The following holds:
v, W, 0,7, 7.

1.5 <:T"ANLEV e = [(T0)]} C|(7 0)]

C [(v" )]

I <@

o <o

2.5V Fr<TANLEY o = [(T 0)]

Proof. Proof of Statement (1)
Proof by induction on 7 <: 7/
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1. SLIO*sub-arrow:

Given:
Uk <im LUk <iTh

E;\Il|—71%7'2<17{%7'é

To prove: (1 — ) )]5 C [((r] = 1) o))

It suffices to prove: V(°0,n, \z.€;) € [((11 — T2) U)J‘B/. (*0,n, Az.€;) € [ (11 = 15) U)J‘B/

This means that given some *6,n and Az.e; s.t (°0,n, Az.e;) € |((11 — T2) U)J€
Therefore from Definition 3.9 we are given:

V0" 350,50, , j <An,BEB’. )

(89/7]'78,0715,0) € LTIJ@/ - (80/>j’ eS[S’U/CL'], et[tv/x]) € LTQJg (S_AO)

And it suffices to prove: (°0,n,A\z.e;) € |((1] — 73) U)J’é

Again from Definition 3.9 it suffices to prove:

vsgll 28978v17tvlak<An7BEBi' R
(8037 k;) Svla t/Ul) € LT{J€1 — (80/17 k? 68[8’1}1/.’13]7 et[tvl/x]) € LTéJI%l

This means that given some *¢) T *6,5vy,'v1, k < n, B C ] s.t (50, k, vy, vy) € LT{J@I

And we are required to prove: (°0,k,es[Svi/x], ex['vy/x]) € |75] gi

IH: (] o)) C |(n 0))%F (Statement (1))

[(r2 )% C (7§ o)) (Sub-A0, From Statement (2))

Instantiating (S-A0) with 56/, 5vy, tuy, k,Bi

Since (%67, k,%vy,tvy) € |7 UJ‘B, therefore from IH1 we know that (36, k, Svy,‘v;) € |1y O'J‘B/
As a result we get

(01, ks es[*vr /), edl'v /a]) € [ o

From (Sub-A0), we know that

(01, ke[ vr /), edl' v /a]) € 75 o

2. SLIO*sub-prod:

Given:
LUk <7y SV <)

U b7 X1 <iTy X Th

To prove: |((r x 1) 0)|% C (] x 73) )}
H1: (11 0)|2 C |(] 0))% (Statement (1))
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IH2: [(r 0)|2 C (7 0))% (Statement (1))

It suffices to prove:

v(507n7 (svhst)a (tvl?t’@)) € L((Tl XTQ) U)J\B/ (39’ n, (svl?sv2)7 (tvhth)) S L((T{ XTé) J)J

This means that given (50, n, (Sv1, 5w), (fv1,t)) € [ ((11 X T2) U)J‘Bf

Therefore from Definition 3.9 we are given:

(#0,n, %01, ) € |11 0] A (0,0, %0, ') € [ o)l (S-PO)

And it suffices to prove: (%0, (v, 5vs), (fvr,'v2)) € [((7] x 75) O')J‘B/

Again from Definition 3.9, it suffices to prove:

(Sevnasvlvtvl) € LTl UJ/?/ A (Sevnas’l}Q?tUZ) € LTZ O-J/(j/

B
o

Since from (S-P0) we know that (°0,n,%v;,'v) € |7 UJ‘B/ therefore from IH1 we have

(Sevnasvlvtvl) € LT{ UJ/?/

Similarly since from (S-P0) we have (°0,n,%v, ) € |72 O'J"B/ therefore from TH2 we get

(*6,n, “vy, 'wp) € |74 0|5

. SLIO*sub-sum:

Given:
E;\PI—71<:T{ E;\III—T2<ZT£

XUk 41 <27’{+T£

To prove: |((11 + 72) U)J\B/ C (1 +73) U)J\B/

HL: |(n 0)]5 C (7] o))

‘5/ (Statement (1))
H2: |(12 0) |5 C (75 o)]

B
v
‘5/ (Statement (1))

It suffices to prove: V(%0,n,%v,tv) € [((11 + 72) O')Jé/. (*0,n,%v,'v) € | ((

This means that given: (30,n,%v,'v) € |((11 + 72) O')Je

And it suffices to prove: (°0,n,%v,'v) € |((1{ + 735) U)Jﬁ‘;

2 cases arise

(a) *v =inl *v; and tv = inl ty;:
From Definition 3.9 we are given:
(*0,n,%v;,"'v;) € |11 o} (S-S0)
And we are required to prove that:
(Seana Sviatvi) € LT{ UJ€
From (S-S0) and IH1 we get

(0,n, %, tv) € |7} o]0
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(b) v =inr *v; and ‘v = inr tu;:

Symmetric reasoning

4. SLIO*sub-forall:

Given:
YUk <y

XU FVar <:Va.r

To prove: |((Va.11) O‘)J‘B/ C [(Va.m2) ajé
It suffices to prove: V(°6,n, Aes, Aep) € | ((Va.71) O‘)Jé. (°0,n, Aes, Aey) € | ((VauT2) O')J‘B;

This means that given: (°0,n, Aegs, Aey) € |((Va.1q) O‘)J‘B/

Therefore from Definition 3.9 we are given:

VO D505 <n,l' € LAC B.CO jesier) € | nllfa] 0P (SF0)

And it suffices to prove: (°6,n, Aes, Aey) € | ((Va.2) J)J‘B/

Again from Definition 3.9, it suffices to prove:

Vo0 350,k < n, b, € L,BT 3.0 ks er) € |m2]l) /0] o) D

This means that given *6; 3 %0,k < n, 0, € L, C 3

And we are required to prove: (°0],k,es,e;) € |12[0}/a] o] gi

Instantiating (S-F0) with *6q, k, ¢}, Bi we get

(50, k, e, e) € |t} /0] o]

(11 (o U] — E’]))J% Cl(re (cU[ar f’]))j% (Sub-F0, Statement (2))
From (Sub-F0), we know that
(0. ke er) € [malth/a] ol

5. SLIO*sub-constraint:

Given:
XUl = YUk <imy

E;\I/l—01:>7'1 <:iCo = T2
To prove: |((c; = 11) 0)J€ C (2 = 1)) O'J"B/

It suffices to prove: V(°0,n,ves,ve;) € [((c1 = T1) O')J‘B/. (°0,n,ves,ver) € [((c2 =
™) o)y
This means that given: (°0,n,ves,ve;) € [((c1 = 1) a)jé

Therefore from Definition 3.9 we are given:
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LEco = V0 3%.j<nBCR.C0 jene)c|nal?  (S-C0)

And it suffices to prove: (°0,n,ves,ver) € |((ca = T2) O')J‘B/

Again from Definition 3.9, it suffices to prove:

LEco = V0, 3%, k< n,BC Bi.(sﬁ’l,k,es,et) € |m O‘J%

This means that given £ = ¢, %0, 30,k <n, 5 C f3,

And we are required to prove:

(0 K, ea er) € |72 0]

since we know that = a and since L |= ¢g o therefore £ = ¢; 0. Next we instantiate
(S-C0) with *0}, k, 8] to get

(8017k7657€t) € I_Tl UJ%

a1

(11 o)) C [ (r2 o) |23, (Sub-CO, Statement (2))
Therefore from (Sub-C0), we get

(0, k, e, e0) € |72 )0

. SLIO*sub-label:

LUk <7 DA A4
¥; W |- Labeled ¢ 7 <: Labeled ¢/ 7/

To prove: |((Labeled £ 7) 0)]7. C | ((Labeled ¢'7') &) |2

IH: [(7 U)J‘B/ C (7 o)Jé (Statement (1))
It suffices to prove:

V(50,n,%v, ') € |((Labeled £ 7) o) |5 (*0,n,%v,"v) € |((Labeled &' 7') o)|7.

This means that given some (°0,n,%v,%v) € |((Labeled ¢ 7) O')J‘B/

Therefore from Definition 3.9 we are given:

I/ b Sy = Lbp(50') Ao = inl L' A (50, m, 50" W) € |7 UJ‘B/ (S-L0)

And we are required to prove that
t 3
(°6,n,°v,"v) € [((Labeled ¢ 7") o)},
From Definition 3.9 it suffices to prove
I/ B Sy = Lbp(30') Ao = inl Yo' A (50, m, 50 t) € |7 UJ€

We get this directly from (S-L0) and IH
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7. SLIO*sub-CG:

YUk <i7 E;\I/Fﬂlgﬁl Z;\I/FKQEEIQ
;W = SLIO ¢y ¢y 7 <: SLIO ¢} ¢4 7'

To prove: |((SLIO 4 £ 7) 0) |2 C |((SLIO ¢, ¢, 1) 0)]?.
It suffices to prove:

V(*0,n,%v, ') € [((SLIO £, £y 7) ) |5 (%0,n,%0,tv) € [((SLIO £, ¢, 7') o) |2

This means that given (50, n,%v,'v) € |((SLIO ¢, ¢ T) a)j'?/
Therefore from Definition 3.9 we are given:

Vo0, 2%, Hy, Hy,i, "0’ k < m BCA.

(hy Hy, Hy) B (400) A (Hy, *0) B (HL50) i< b =
3H,, ' .(Hy,to() (Hg,tv') A0 250,38 CB".(k—i, H H)'>
oty = inl o A (50 k — 0,50, ") € |7 o]0 (S-MO)

B’ 59/

And we are required to prove
(*0,m,%v, ') € | ((SLIO ¢ ¢, ) O')J‘B/

So again from Definition 3.9 we need to prove

V01 250, H1, Hy i1, 0], k1 <n, B C 5.

(k1, H sthl)ﬁ1 > (*0er) A (Hor, o) W (H]y, o) Nin < b —

3Hf o] (B, "00) U (Hy,'of) A 30 3 %0, B C 3. (ky — v, HYy ) 07 A

Fhof" to] = inl tof A (50", ky — i1, %0], b)) € |7/ O'J‘B/i/

This means we are given some 0.1 3 %0, Hg1, Hyy, 01,50, k1 < n,ﬁ C /3’{ s.t (k1, Hg1, Htl)ﬁl
(*0c1) A (Har, *o1) U, (HLy,50)) Aiy < s

And we need to prove

a1

HHtll’tU{-(Htlvtvl()) (3 (Ht/pt ) =N - 5961751 E »3 (kl — i1, Hsflv Htll) 6'>1 0" N

to 0t t,, 0 / It
Fo' tof =inl Po! A (50 k1 — i1, S, o)) € |7 UJV

We instantiate (S-MO) with *6.1, Hs1, Hp1, i1, *vq, k1, BA{ we get

B/

JH], ' (Hy, () U (H, 20" A 350 25061, 3/ C B".(k — i, H, H)) > 50’ A

Elt’l)”.t [ inl t,Ul/ A (sel’k _ i,s’l),,tvﬂ) c LT O_J‘B///
IH: (7 U)J\B/H C (7 U)Jéﬁ" (Statement (1))

Since we have (°¢',k —i,%v","v") € |1 O'J@N therefore from IH we get (¢, k —1i,%v',t0") €

A
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8. SLIO*sub-base:

Trivial

Proof of Statement(2)
It suffice to prove that

V(*0,n,es,e¢) € | (T J)J%. (°0,n,es,ep) € | (T O')Jg

This means that we are given (°6,n,es, ) € | (7 U)J%
From Definition 3.10 it means we have

VH,, Hy.(n, Hy, Hy) B 50 AV < n,5v.eq s S0 —>
SH!,'v.(Hyyer) b (], P0) A (0,0 — %0, %) € |7 0|0 A (n—i, Hy, H)E*0 (Sub-E0)

And we need to prove
(*0,n,e5,e0) € L7 )]
From Definition 3.10 we need to prove

VH,1, He(n, Hyr, Hi ) B2 AYG < n,50pes U S0y =

. 3 ) B
JH],, bor.(He,er) U (HY Pon) A (30,m — 3,5, toy) € |77 JJ"B/ A (n— j, He1, H))) >50
This further means that given Hgy, Hy s.t (n, Hs1, Hyy) 530. Also given some j < n,%v; s.t

€s U’j Suy
And it suffices to prove that

JH/,, bo.(Hp,er) 4 (Hfy S o) A (S0,m — G, 5oy, b)) € |7 aje A (n—j, He, H}) g 50
Instantiating (Sub-E0) with the given Hgy, Hy and j < n,*v;. We get

JH],'v.(Hp,er) U (H, ') A (50,n — j,Svy, ') € |7 O'J‘B/ A (n —j, Hg, H)) 550

Since we have (°0,n — j,*v;,'v) € |7 O'J€ therefore from Statement(1l) we get (*6,n —

jasvl?tv> S I_T/ O—JI?/
L]

Theorem 3.20 (SLIO* ~» FG: Deriving CG NI via compilation). Ves, vi, ve, *v], v}, n1,ne, H.y, H.,.
let bool = (unit 4 unit).

0,0,z : Labeled T bool I e, : SLIO L L bool A

0,0,0+ Svy : Labeled T bool A 0,0, F vy : Labeled T bool A

(0, es[*vr/a]) Wy (Hy,50)) A

(®7 €s [SUQ/‘T]) ‘U?J;Q (Hs,27 své)

Proof. From the CG to FG translation we know that Je; s.t

0,0,z : Labeled T bool - e5 : SLIO L L bool ~ ¢;
Similarly we also know that Fvy,, vy s.t
0,0,0 F v : Labeled T bool ~ ‘vy and 0,0,0 - Svy : Labeled T bool ~ fuy (NT1-0)

From type preservation theorem we know that
0,0, 2 : ((unit + unit)™ + unit)T F1 e : (unit = ((unit + unit)> + unit)L)+
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0,0,0 Fr tvy : ((unit 4 unit)® + unit) "

0,0,0 Fr tvg : ((unit 4+ unit)~ +unit) T (NI-1)

Since we have 0,0, - %v; : Labeled T bool ~+ tu;

And since *v; and vy are closed terms (from given and NI-1)

Therefore from Theorem 3.18 we have (we choose n s.t n > n; and n > ng)
(0,n, %0, ;) € |Labeled T bool |2 (NI-2)

And therefore from Definition 3.14 and (NI-2) we have

(0,n, (z = ), (z = tv1)) € |x — Labeled T bool ¥,

From (NI-0) we know that 0, (), x : Labeled T bool | e : SLIO L L bool ~~ ¢;
Therefore we can apply Theorem 3.18 to get

(0,m, es[*vi /z], e[t /x]) € [SLIO L L bool|% (NI-3.1)

Applying Definition 3.10 on (NI-3.1) we get

V' Hso, Hyo.(n, Hso, Hy2) é DAV < n.eglfv/z] ;i v =
JH/,, 'v.(H2, er['v1/z]) b (Hfy, 'v) A (0,0 — i, %v,'v) € |SLIO L L booIJ A (n — i, Hso, Hfy)
Instantiating with (), (). From SLIO*-Sem-val we know that ¢ = 0 and *v = es[*v1 /x].

2y

Therefore we have X
JHy, 'v.(Hya, e[t o1 /2]) I (Hfy, 'v) A (0,0, 50,'v) € [SLIO L L boo|j€ A (n, Hso, H/y) @(Z)

From translation and from (NI-1) we know that ‘v = e;[tv; /2] = A_.ep; and therefore from
fg-val we have H/, = 0)

Therefore we have
(0,n, es[*v1 /x], A\—ep) € |SLIO L L bool|?,

Expanding (0,n, es[*v1/z], A_.ep1) € [SLIO L L boolj?/ using Definition 3.9 we get
v#0. 3 0, Hsg,Htg, i,%0" k <n,0C j.
(k, Hag, Hyg) & (°0.) A (Heg, es[*vr /a]) U (HL,*of) A < kb = A
S, (Hia, (o) 0) 4 (A 'of) A 3900 290, 8 € 3.k — i, ) 1Y) &

inl Lol A (50" k — i, 5] Tf") € LbooIJV

59/ 31‘,1)/// tU{/ —

Instantiating with 0, 0,0, ny, v, n, ) we get

FHL, (0, (Aesn) () I (B o) A 300 20,0 C 57.(n — na, HYy, Hy)
inl Lo A (50", n — nq, Sv], b)) € LbooIJV (NI-3.2)

B//
> 59/ E|t /// tUl —

311
Since we have J'v{".tv" = inl tv" A (°0',n — ny,%v],"]") € | (unit + unit)J’@ , therefore from
Definition 3.9 we know that 2 cases arise

° s

v} = inl*vf; and "o}’ = inl*v};:

And from Definition 3.9 we know that
(0, n — 1, "y, ) € Lunic]]

which means *v/; = v/} = ()

/ t /// t
e *y] =inrv/; and =inrfv);:

Same reasoning as in the previous case
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Thus no matter which case occurs we have $v] = ‘v;” (NI-3.3)

Similarly we can apply Theorem 3.18 with the other substitution to get
(0,m, es[v2/x], e[t /x]) € |SLIO L L bool|% (NI-4.1)

Applying Definition 3.10 on (NI-4.1) we get

VHso, Hyia.(n, Hyo, Hy2) @ O AV < n,Svs. es[svg/x] i Svs =— AEIHt’Q,tvs.(Htg,et[tvg/x]) [}
(Hy, t0s) A (8,1 — i, %0, '0,) € |SLIO L L bool |2 A (n — i, Hyp, Hly) 5 0

Instantiating with (), ). From SLIO*-Sem-val we know that ¢ = 0 and Svs = e;[*v2/x].

Therefore we have )
JHy, 'vs.(Hi2, e[ vo/z]) U (Hy, tvs) A (0,m, % vs,tvg) € [SLIO L L b00|j€ A (n, Hya, Hs) é(?)

Also from (NI-1) and from translation we know that ‘v = es[twy /2] = A_.epo and therefore
from fg-val we know that Hf, =0

Therefore we have
(0,n, es[*v/x], A\ep) € |SLIO L L bool ¥,

Expanding (0, n, es[*v2/x], Ax.€p2) € [SLIO L L booIJ?/ using Definition 3.9 we get
vsee - @7H837Ht3a .as " k <n, @ C B,
(k, Hg, Hig) & (30.) A (Hyg, es[*w/a]) W (Hly,*ufl) Ni < b =
3, ", (Hiz, (A-er)() I (Hy, 'v5) N30 3 °0., 8" T B".(k — i, Hjp, Hig) >
inl ‘o) A (50" k — 4, 50] toll’) € Lboolj‘ﬁ/
Instantiating with 0, 0, 0, no, 5v5,n, 0 we get
3Hf, " (0, (Aes) () U (Hfz,"v§) A 30" 20,0 C 5".(n — na, Hlp, HY) >
inl Lo/ A (50",n — nq, 5v], ') € Lbooljf/u (NI-4.2)

,8//
sp/ tl//t//_
0" A Tl Tyl =

B” 89/ A Elt /// tv2 _

U
Since we have 3Ftvy".tv) = inl Yo/ A (50',n — nq, 5v,t0l’) € Lboo|J€ , therefore from Defini-

tion 3.9 2 cases arise

e Sv) = inl*vy and ‘v’ = inltv)y:

And from Definition 3.9 we know that
ar

(°0',n —ny,” i/2>t ;2) € LunitJ‘B/

which means *v}, = v/, = ()

S t, 1 __ t
e “vuy = inrv)y and “vy’ = inrfvly:

Same reasonlng as in the prev10us case

Thus no matter which case occurs we have $v5 = ‘v’ (NI-4.3)
From SLIO* to FG translation we know that 3v;;.fv; = inl tv;1 and similarly Fve.tuy =
inl t'UiQ

From (NI-1) since §,0,0 F1 v, : (bool* 4 unit)T therefore from SLIO*-inl we know that
@, (D, (Z) |_‘|' tUil : b00|J‘
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And from SLIO*sub-sum we know that 0,0, 0 b v;1 : bool "
Therefore we also have 0, 0,0+ tv; : bool " (NI-5.1)

Similarly we also have 0,0, 0 -, ‘v;o : bool " (NI-5.2)
Next, let ep = (Az : (boolt 4 unit) " .case(es(), y.y, z.bup)) (case(u, —.inl true, —.inl false)) :

bool*
where true = inl () and false = inr ()

We claim 0,0, u : bool" | er : bool*

To show this we give its typing derivation

P2.3:
- T FG-inl
0,0,u: bool',— | false: bool _
- - T — FG-inl
0,0,u:bool',—, inl false: (bool~ + unit)
T . T — FGSub-base
0,0,u:bool’ ,—t, inl false : (bool™ + unit)
P2.2:
= T FG-inl
0,0,u: bool', — | true : bool _
- - T — FG-inl
0,0,u : bool', —t inl true : (bool™ + unit)
T ; T — FGSub-base
0,0,u: bool', —F, inl true : (bool™ + unit)
P2.1:
0,0, u:bool” F| u: bool"
P2:
P21 P22 P23 —
0,0 = (bool™ + unit) " N\, L
0,0, : bool" + (case(u, —.inl true, —.inl false)) : (bool* + unit) "
P1.2:

NI-1
0,0, : bool T,z : (bool™ + unit)T | e : (unit = (bool* + unit)©)*
FG-unit

0,0, u : bool ",z : (bool™ + unit) "+, () : unit

0.0 ELUulCL 0,0 = (boolt + unit): \, L
0,0,u: bool ",z : (bool* + unit) " -, e;() : (bool* + unit)*

FG-app

P1.1:
P1.2 FG-var
0,0, u : bool ",z : (bool* + unit) ",y : bool* I y : bool*

FG-var
0,0,u : bool |,z : (bool™ + unit) T, 2 : unit - false : bool™ 0,0 = boolt N\, L

0,0,u: bool ",z : (bool™ + unit) " | case(es(), y.y, z.'0) : bool*

FG-case

P1:
P1.1

0,0,u: bool ",z : (bool™ 4 unit) "+ case(es(), 5.y, 2. 1) : bool*

0,0, u: bool” k1 (Az: (boolt + unit) T.case(es(), 3.y, 2.tw)) = ((bool* + unit) " =5 boolt)+
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Main derivation:

P1 P2

0,0 LULC L 0,0k bool:~, L

0,0,u: bool” F| (Az : (bool* + unit) " .case(e;(), y.y, z.'v)) (case(u, —.inl true, —.inl false)) : bool*

FG-app

Assuming ep; () reduces in ng; steps in (NI-3.2) and epo() reduces in ngo steps in (NI-4.2).
We instantiate Theorem 1.29 with er, ‘v;1, ‘vi2, ney +2,ni2 +2, HY|, H/5 and L and therefore
from (NI-3.3) and (NI-4.3) we get fv{” = "0}’ and thus $v{ = *v}
O

239



3.2 Translation from FG to FG™

3.2.1 FG™ typesystem

Lemma 3.21 (FG™: Reflexivity of subtyping). The following hold:
1. Forall X, V,7: 50 -7 <0 T
2. For all 2,0 A: ;U A< A

Proof. Proof by simultaneous induction on 7 and A.

Proof of statement (1)
Let 7 = A’ Then, we have:

—  [H(2) S,WHLCY
YU EFA<A

7 7 FGsub-label
YU EAT <A

Proof of statement (2)
We proceed by cases on A.

1. A=b:

——— F'Gsub-base
»;UkFb<:b

2. A =ref

FGsub-ref
YU kref 7 <:ref 1

3. A=T1 X 79:

- MH1l)onnm, ———TH(1)on
YUk <im YUk <l
YU ERT X1 <:T X Ty
4. A=1 + 1o
—  IH(1) on 7y —— IH(1) on 7
XUk <im XUk <im
YU bEm4+rn<in+n
l
5 A=1 = 1o
- MHl)omny, ——— THZonrm «—————
YUk <iT YUk <imy PRV ey
Z;\Il|—7'1€47'2<271£47'2
6. A = unit:

;U I unit <: unit

240



Type system: |X; U, e: T‘

YUk <i T 0T Ny pe DIIRVEN I A Sy S ) B
7 FG™ -var 7 FG™-lam
LWL Thpe T ;U bpe Azee : (11 =5 )P

Z;\II;FFpCel:(TlgTQ)Z YW T bpe ey U E N\ 4 ;U bk peUl T4,
E;\I/;F l_pc €1 €2 I T2

FG™-app

LUl bpeer i LUl by €2 112
0T pe (e1,e2) 1 (11 x 12)P¢

FG™ -prod

E;‘ll;ljl—pce:(ﬁ><7'2)Z E;\Ifl—Tl\ﬂFG_ft 0T bpeern
50T by fst(e) 1 7y -S T bpe inl(e) « (11 + )P

" FG™-inl

YU Thpee: (m4m)t S0 Te:mbpuper:m S0 y:mbpapes:T

FG™ -case
YW T by case(e, z.e1,y.€2) 1 T

DIV N YUk pe Copc U<
Uil kpeert

FG™-sub

Uil bpeert XUk TN\ pe

FG™-ref
YW T pe new e (ref 7)P¢ '

E;\IJ;I‘I—IDCe:(refT)(Z Uk <7 DIRRVAEE N
;0T by le: 7/

FG™-deref

YW T hpeer: (ref )8 ST hpeea:r S0 ET N (peUf)
;0T Fpe e1 = eg @ unit?

FG™ -assign

Y,a;U: Ty e
— PG -unit] e
0T pe () ¢ unit? 20T by Ae s (Vo (e, 7))

ST Fpe e s (Y (be, 7))°
FV({)Cx YUk pe Ul C L[l /al Uk Tl o] \( /¢

, FG™-FE
50T pee -7l /a]

YW, e: 1
0T Hperve:(c % T)Pe

FG™-CI

E;\IJ;FI—pCe:(c%T)E YU kc XUk pcUlC A, E;\IlI—T\,EF
;Ui T Fpeee: T

G™-CE

Figure 8: Type system for FG™
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Ul YU EA <A

S FG™ sub-label ——— FG sub-base
0 - Af < A YU kb<:b
B YUk < YUy < 3
FG™ sub-ref 7 7 FG™sub-prod
Y;Ukref 7 <:iref T YU ET X1 <tT) X Ty

Z;‘I/|—7'1<:T{ E;\Ifl—7'2<17'é

7 7 FG ™ sub-sum
S5V bFEm A<+

E;\III—T{<:7'1 2;\I/|—7'2<1Té Z;\III—EIEEEG

¢ ’
E;\I/F7147'2<:T{ Té

FG™ sub-arrow

a Y, U1 <iTy B
- — FG ™ sub-unit FG™ sub-forall
;U F unit <: unit ;U Van <:Va.m

YUk = YU, ok <im )
FG™ sub-constraint

YUk =>m<ico=>m

Figure 9: FG™ subtyping

7. A=VYa.7;:

TH(1) on 7;
VT <1

XU VYo <: Va.T;

8. A=c=

TH(1) on 7;
Y:Ubke = ¢ YoWU,eckTm<imy

YUbkce=r1<ie=T

3.2.2 Type translation

We define a translation of types, indexed by a label ¢ (which represents a pc joined with all
outer labels) below. This is written [7],.
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Definition 3.22 (FG ~» FG™: Type translation).

[ble = b

[ LY n]e = Vaa,VB.a,(lCaClABLCa)

[ xmle = [nlex [

[ +7]e = [rle+[m]e

[ref 7], = ref [7]L

[unit], = unit

[V7.(be, T)]e = VYe.a,(LEaCl) = (Vy.a,[1]a)®)®
[c & 7] = VYouo,(cACalt)S[r],)*)*
[A“Te = ([Alae)™

Translation judgement:
SW D bpe et 7~ SoW T by eng o [7],0 | Where
pc’ Cpcand Vi € 1...n.4; C pc’

F'=x1:7m,....20 : T
IVM=uz: [[Tl]]gl,...,xn : [[Tnﬂgn

3.2.3 Type preservation: FG to FG™

Yo
—~
)
o
=)
=

1
o
N
=]

Theorem 3.23 (FG ~» FG™: Type preservation). Suppose (1) T =x1 :71,...,2y : T and (2)
YU T bpe e - 7 in FG. Suppose (1, ..., 0, and pc’ are arbitrary labels with free variables in X
such that (3) ;¥ F pc’ T pe and (4) For each i € [1,n], 2; U = ¢; C pc'.

Let T be the FG™~ context x1 : [T1]e, ... @n : [Tale,. Then, 3,91 by e 2 [17]per in FG™.

Proof. Proof by induction on the ~~ relation

1. var:
;U T ez 7~ 30T Fper @ [[T]]pcl
[1,, < [7],e
ST by a [[T]]pc/
2. lam:

SUTeinbe eim~ 50T 0], Fe en: [y

gn—i—l E a; E ge

ST by Azee: (1155 )t oo S0 T by eag o T

Ty = (Va.a, (VB.o, (p Ca Tl ABE o) = ([l 5 [rela)>)®))re

Ti1= (VB.a,((pd Ca Tl ABC o) ([n]s = [r2]a)®)®)®
Tio=((pd CaClABCa)= ([rnls > [rla)™)®

Tis = ([nls = []a)®
ca=(pd Calle ANBE )
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P1:

Given

Wiz :imbg e:m
Y,o,8:V,ci; Tz i1 by, €012

Weakening

IH
27a75;\11701;1_‘,ax : [[Tl]]ﬁ l_CV €m : [[7—2]]@
Main derivation:
P1
Soo B Vel Fohtem i Thg o
sa, BV, eq; L.y o T s
% 51\1/ g (Am ;)5 T e
o, 35 W, v(Azr.e A
« m 1.2 FG—-FI

Y, 00T by Alv(Az.en)) : Tia

FG™-FI
ST e AA(v(Azeen))) : Th
. app:
0T bpeer (1 L Tg)e o BT by e 2 T
iU e €9 11~ X \II;F’ Fper €ma [[Tl]]pc’
app

ST bpe eg €21 0~ B30 T Fper en [[TQ]]pc/

T, = Va.a, (VB.a, (pd WO T a Tl ABE a) =% (Ims % [[T2ﬂa)a)a)a)pc'l_l€

Ty, = (Vﬁ (pc’ Uo),(((pdut) C(pdul) CeleNp T (pdU 6)) ([[7']]
[[7.2]] ’LIZ)) pc Llé))(pc’l_lé))(pc’l_lf)

(pc Lie)

(pc’LI0) (pc’ L)

Tia = (o U0 € (/U0 C LA (0 0) € (L 0) "2 (e
) )70

= ((pc' UL) C (p LWL) Tl A (pc’ UE) E (pc' LIE))

(CLIZ

T13 = ([ml(perey [[T2ﬂ(pc'ue))(pclu£)
(pe ,
Ti.a = ([11](pery 4 [[7_2]](pc’u€)>(pc 1)
PT:
pc’ LT pc’ LY
P6:
, TH2
ST bpe ema [[Tl]]pc/
P5:
; Definition of [-]
W kETis N\ pc L
P4
; Definition of [-]
W kETio N\(pc UL
P3:

; Definition of [-]
XU ET N\ pc UL
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P2:

pc’ Upcd UL C pc’ LY

P1:
TH1 P2 P3

T Fper €mt1 211

- FG™-FE P2 P4
E; \IJ,F l_pc’ eml[] ZT1.1

; FG™-FE
E; \If; T ch/ €m1l H H : TLQ
Main derivation:
P1 e P2 P5
E; v - C1 _
ST Py (en09) o
;s r (ema[]J®) + Th.
pc/ ml L3 FG™-sub P6 P7
5w T l_pc’ (6m1[] H.) :Tha _
; FG™ -app
U I Fper (em|[]e) em, : [[7'2]]pc/u£
; Lemma 3.26
U Fper (emi(l[]®) em, : [72],0
4. prod:
DU T bpe €1 11~ X v T Fper €mi : [[Tl]]pcl
;U bpe €20 T2 v X v T’ Fpe! €ma [[7'2]]1,0/
7 prod

0T Fpe (e1,e2) 1 (11 X o)t~ B0 T Fper (€m1, €m2) ([l X [72lle)”

: 1H1 , TH2
YU T e et [[Tl]]pC, XU T e ema IITQHPC,

ST b per (emt, ema) ¢ ([T1]0 X [72] )P

FG™-prod

5. fst:

ST Fpe e (1 x 1)~ ST b e (Inlope X [elae)™ S50 Fm N\ o
S
S W T e fst(e) 1 7~ B30TV by fst(en) [[Tl]]pc/

IH
E; \II;F/ I_;76’ €m : ([[Tlﬂél_lpc’ X [[TQHELIpc’)Zupc
;0T by fst(en) : [mloper
S W T by fst(en) : 7],

FG™-fst

Lemma 3.26

6. snd:

W T bpe et (10 X 12)8 ~ 50T e ey ([l oper % [[Tgﬂgupc,)mpcl LUk N\ 4
ST Fpe snd(e) : 72~ B 8TV b0 snd(egy,) [[Tg]]pc/

snd

_1H
E’ \IJ7F/ l_pcl €m : ([[Tl]]Z{_Ipc’ X [[TQ]]EUpc’)ZupC

;0T by snd(epy,) [l osper
30T per snd(e) = [72],0

FG™-snd

Lemma 3.26
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7. inl:

ST bpe €01~ 3 v I’ Fper €m : [[Tlﬂpc,
ST by inl(e) : (114 72) ~ S0 T by inl(en) = ([l + [r2l )

inl

S0 T Fper €m ¢ H
) Xy pc’ Em - [[Tl]]pc’

50T e inl(enn) ([Tl + [72],0)

- FG™-inl
8. inr:

SUT bpe e o~ B0 T e et o]
S50 T by inr(e) (11 4+ 72) "~ 50T by ey ([ri]pe + [[TQHchpC/

inr

ST Fper e IH
y Xy pc! €m : [[7—2]][)0’

ST Fper inr(enm) = ([71] o + [72] )P

FG™-inr

9. case:

S WD bpe e (114 72)" ~ ST bper et ([T o + [[T1]]IJCIM)Z"‘J"'Z
iUl w7 bpeueer i 7~ S0 2 [[Tl]]fn+1 Fpere emi 1 [ 7] e
SW Dy 7o bperea: 7 BTy [y, Fperie ema (7] e

case
Wi e case(e, z.e1,y.e2) : T~ X; U, I’ Fper case(em, T.em1, T.m2) : [[T]]pcf

P2:

IH3 @ pc’' L £
50Ty (72l e Fpeve em2 = [Tl e

P1:

IH2 @ pc’ L/
DIRVZS KR [[Tl]]pc/ug Fpere ema [[T]]pc'ue

Main derivation:

/ Tl Pl P2
2; \Ila r FpC' €m : ([[Tl]]pc’uﬁ + [[Tl]]pc’uf)p

;W T by case(en, 2.em1, T.6m2) - [7] e

FG™ -case

; Lemma 3.26
N W T bper case(em, T.em1, T.em2) &[]0

10. sub:

YU bper e 7~ U T Fper €m [[T/]]pc, YUk pe Copd” U<
ST bpee: 7 50 By ey [7],e

sub

pc’ C pe C pc” T
; ; IH 7 Lemma 3.24
27 l117 F l_pC’ €m : [[T ]] pc/ [[T ]]pc’ < [[TIIPC/

ST bper e [7]
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11. ref:

;Wi T bpe e 7~ 50T by em [T e iUk TN\ pe ot
ST by new e 2 (ref 7)o 20T Fpw new ey, = (ref [7])P¢

P1:

—— Given Y0 pd E pe

XU 7N\ pe
W E TN pe

S0 7], N\ pc’

Lemma 3.29

Main derivation:

IH

ST by e IIT]]pCI
DIRVEN Fper em  [7] |
ST by new ey, @ (ref [[T]]J_)pcl

Lemma 3.26 P1

FG™ -new

12. deref:
0T bpe e (ref )0 s 0T b ey (ref[[T]]L)eupc/
Uk T <7 IIRVAEE AN
' 7 7 ' 7 deref
YWD by le s 7~ B W T by leg, [[T ]]pc,
/ — IH1
iU e et (ref[7] ) Upe
T L 3.24 Definition of
emma 3. efinition o
S0 ] < (7] e S0 7] e N €U p!
ST Fpe et 7]
n —— [[ ]lpc He Lemma 3.26
DORAVES Rl OV (R [[T ﬂpc/
13. assign:
50T Fpe e ¢ (ref 7)8 ~ B30T Fpor e - (ref [7] )P
SWT bpe €2t 7~ B0 T bper ez = [7]0 0T N (peUl)
; assign
S0 T by e i=ea: unit™ ~ ;0 I’ Fpe! €m1 = em2 : unit?
P1:
< Given
T c
DIV R 7] tH2 i‘ !
;U rema s 7)., T c
pe’ m? i pe b Lemma 3.26
W T pe ema : 7]
Main derivation:
T {1 pc
T H1 M Lemma 3.29
ST by e o (ref [r] )P [7], £ Upc -
FG™-assign

_ 7
BT b per €m1 i= €2t unit?”
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14.

15.

16.

unitl:

- unitl

YT Fpe () unith ~ 3505 oy () 2 unit?®

; — FG™-unitl
W e () ¢ unitPe

FI:

Y, ;U Ty, e 7~ B, a; ;T Fe em:ﬂT]]z,e 0LCl,
ST bpe e (Vau(be, 7))F ~ 50T o A((V(A e))) : Th

/

Ty = (Voo ((pc' € a T le) = (Vy.a, [7],)%)%)P*
Tii = ((pd CaCl)= (Vy.a,[r],))"

Tio = (Vy.o, [7],)"

c1 = (pd CaC L)

Tis =[],

P1:

- IH with £, as «
Evaa’y; \Ijvcl;r I_a €m : T1.3

! FG™-FI
Z,OZ,’}/;\P,Cl;F l_aA Em :T1.2
Main derivation:
P1
S, 05T Fo v(A e) i T G-l
;o W V(A en) : T
i m) - 71 FG™-FI

DORVEN Fper A((V(A €r))) - Th

CI:
S0, T kg e:7 50,6 bpr e [7] 5/62660
£ 1
50T by e (e L ) s 50T b A e) - Ty
Ty = (Yo, ((pd' € a C L) = [7],))P
Ty1=((pd CTaC L) = [r],)"
T2 =[7],
c1 = (pd EaC /)
S T IH with £, as «
y A5 %, C1;5 €m L1,
21 \par’n; " T raal
,on U Ven 11,
o me L FG™-FI

0T by A(v e) : Ty
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17. FE:

S0 T Fpe €0 (V. (ley 7))~ 05T bper € 2 T
FV({)eS  SiUbpeUlT L)y S0 7[00 /y] N\ ¢
ST bpe et 7[00 /]~ S0 T by en[] @[] 2 [710/A]]

FE
pc’

Ty = (Yoo, (((p U0) T a T Le) = (Vy.a, [r],,)%)*)Pe

Tia = (((pd U 6) C (pe U0) T €e) S (99.(p! U 0), [r] o)) P10 P10
Tia = (Vy.(pc" U L), [7] (pc/uz))(pclug)

c1 = ((pc'Ul) E (pd LL) E L)

T]..3 = [[T]](pcll_lf) [6,/7]

Tis1 = [T[€ /9] periaey

T]..4 = [[T[gl/ry]]]pc’

P5:
Definition of [-]
Tio \1 (pc’ L f)
P4:
Definition of [-]
Ti1 N\ (pc’ L)
P3:
Gi
(pd LUL) C (pcUl) C 4, e
P2:
DIFRVES R T; tH P
;U s em
pe m FG™-FE
SiW T pe eml] c Tha
P1:
P2 P3
, FG™-CE
W pe emf]e: Tho
PO:
P1 ; Definition of [-] P2
YW T3 N\ (pc' UY) _
7 FG™-FE
W by e[ @] i Ths
’ Lemma 3.28
E; \I/7F l_pc’ em[] [ H : T1.31
Main derivation:
Po IRV [E’/ 4
; Tl /o
Lemma 3.26

PRV Fper eml] @[] : Th.a
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18. CE:

ST hpee: (¢ % ) S0 T by e i T
XU kec XU kpcUlC L, DIl N4
SWT Fpe e 7 B30Ty eppflo 7],

Ty = (Yoo, (e A (pe/ UE) € a L) 2 [7],))"
Ti1= ((cA(pc UL)C (pc UL) C L) (pc:’I;E) HTﬂ(pc’uf))(pC/Lw)

Tio = [[7']] (pe’LIE)

T1.3 = [[T]]pc/
c1=(cA(pdUL)C (pd UL) C L)
P3:
Given
YUk (pcUl) Tl
S0k (pd UL C L,
P2:
; Definition of [-]
YWk Tio N\ (pc' U )
P1:
; Definition of [-]
YWk Tig N\ (pc' U )
PO:
, IH P1 —— Given, Weakening P3
DIRRVE R £ X Ukec
, FG~-FE P2
ST bpe em] c Tha XUk S
DIRVEN Fper em[]® : Th2
Main derivation:
PO.1 Given
; T Lemma 3.26
U T e e []o i Ths
O

Lemma 3.24 (FG ~» FG™: Subtyping). VX, U, 0. ¢'. ;W + ¢ C ¢ and the following holds:

1. V1,7
U Fr <t = 1], <[],

2. VA A
S UFA<A = 50 F[A], < [Aly
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Proof. Proof by simultaneous induction on 7 <: 7 and A <: A
Proof of statement (1)

Let 7 = A? and 7/ = AgQ

P2:
m leen
L 2 By inversion P1
XUk A <Ay
TH(2) on A; <: Ay
27 v+ (HA1H€UZ1) < (I]:AQ:[IZ/LMQ)
P1:
m leen
L 2 By inversion ———— Given
XU HA A YU HLC Y

XU kHLlU EE/IJEQ

Main derivation:
P1 P2

IR ([[Al]]zuel)éugl < ([[A2qu£2)£ He2
mwk [af] < [A7]
l

gl
Proof of statement (2)
We proceed by cases on A <: A

1. FGsub-base:

——— FG sub-base
X;UkFb<:b

YWk [b], <: [b],

Definition of [.]
2. FGsub-ref:

FG ™ sub-ref

YUk ref [, <:ref [1]
;U F [ref 7], <: [ref 7],

Definition of [.]

3. FGsub-prod:

P1:
; - Given
MU ET X7 <iT) X Ty ) '
; By inversion
2O kT <im IH(1) .
onr7y <! T
Uk [n], < [T{]]e, !
P2:
; - Given
MU T X <iT) X7y ) )
; By inversion
MU kT <imy

IH(1) on 7o <: 75
0 F ], <: [[Té]]e, (Donr <7y

Main derivation:
P1 P2

Wk ], x [m], <: [[T{]]Z X [[Téﬂé/
YU [ x 1], <: [[7'{ X Té]][,

FG™ sub-prod

Definition of [.]
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4. FGsub-sum:

P1:
; - Given
S5UbFm+mn<in+n ) )
; By inversion
2O kM <im IH() .
onr7y <! T
k], < [Tﬂ][, !
P2:
; - Given
SO EFEm+n<it+n

; By inversion
YW Em<imy

50k ], < [[Té]]g,

TH(1) on 75 <: 74

Main derivation:

P1 P2
2; U= [Tl]]z + [[TQHZ < [[T{]]g —+ [[Té]] Y
LWk [+ 7], <: [[T{ + Té]]f,

FG™ sub-prod

Definition of [.]

5. FGsub-arrow:
T =Va.o, (VB.a, (LEaCle ABE o) S (EAE % [r2a)®)®)e
Tio=Y8.a,(LEaC Ll ABT )= ([n]s = [r2]a)®)”
Tii=(LEaCleABC a)= ([n]s = [r2]a)
Tiz2 = ([nlp = [mla)®
a={(lCal/l ABLCa)
Ty =Yoo, (.o, (' Ea CLABE ) = ([ri]s = [75]0)))"
Tyo =B, (L Ea 2L ABT a) S ([r]]s = [r3]a)*)”
Toa=('CallABCa)S ([Hls > [5]a)”
Tr2 = ([r{]s = [3]a)®
co=WCaC/l ABCa)

P3:
; 7 Given
YUk ST <7 ST ) _
; By inversion
U Em<imy )
; IH(1) with £ =V = «
0 F ], < [[TQ]](X
P2:
; 7 Given
ViU S <1 ST . )
; By inversion
YUk T<im TH(1) with £ = ¢ = 3
wi ={ =
PRVAS [[T{]]ﬁ < [[7'1]]5
P1:

P2 P3
2, o, ﬂ; v+ T1.3 <: T2.3

FG™ sub-arrow
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PO:

Given, Weakening Given, Weakening

Yo, HLC Y Y,a,B; 0L C L,

Ya0,80F/Ca = (Ca Y,a,8;0 FalCl, = aC/l
Yo,V ey = ¢
P1

Weakening, FG™ sub-label
Yoo, BV ETo <:Tao

2, o U Ti1 <:Th,q

FG ™ sub-constraint

PO0.1:
PO

Y,ayWETio<:Thy

FG™ sub-forall

Main derivation:

PO0.1
XU ET < Ty

FG™ sub-label

v Definition of [.]
DR\ [[71 g TQ]]Z <: [{T{ = Téﬂ
el

. FGsub-unit:

FG™ sub-unit

;W unit <: unit
;U F [unit], <: [unit],

Definition of [.]

. FGsub-forall:

Ty =Va.a, (L Ea T le) S (Vr.a, []a)*)”
Tho={(CZall/l) = (Vy.a, [T]a)”

Tia = (V.o [t]a)®

aa={(lCall)

Ti2=[7]a

T =Va.a, (' CaC )2 (Vy.a,[T]a)*)®
Too={'Cal )= (Vy.o,[r]a)”

To1 = (Vy.o, [T']a)”

co=UCall)

Tro = [7']a

PO:

Given, Weakening Given, Weakening

STl S,a; U - C A,
Y00/ Ca = (Ca Z,a;@%agﬁé:agﬁe
Y,V kg = ¢

253



P1:

IH
Yoo, U Ty < Th, PO
7 L2 22 FG™ sub-forall
E,Oz;\Iff—Tl.l <:T2‘1 Z;\Ifl_CQ — (1 _
FG ™ sub-constraint
Z, a; v TLQ <: TQ.(] _
FG™ sub-forall
2; UHET <:Ty
Main derivation:
PO0.1

Definition of [.]
Wk [Vy.m], < [Vy.12],

. FGsub-constraint:

Ty =Va.o, (((c AT a T L) S [r],)4)
Tii=((cAEaCl)S[r],)*

Ty =[r],

cg=(NlCal /)

Ty =Va.o, (ATl )2 [7],)9"
Ty = (AN Cal)=[r],)"

Tao =[],
co=(NUCall)
P2:
Given
YiUWhkcei=7<ica=>T . i
By inversion
YU kT <imy
TH(1) on 74 <: 72
E, U+ [[Tl]]g <: [[7'2]]@/
P1:
; ; Given, Weakening
Y,V bFe=T1<ic =T . )
; By inversion
Yok = ¢
PO:
; Given, Weakening ; Given, Weakening
Yo WHIC YL Y,a; 0 -0, C /e

P1

YVl Ca = (Ca E,a;\I/FaE€;:>aE€€
Y,a; U ey = ¢

Main derivation:

P IH
0 Y,V F 7], <: [T’]]a

Yooy ETi <:Thy
2; U1 <:Th
YU F o = 7]y <i[ec = m]y

FG ™ sub-constraint

Definition of [.],
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Lemma 3.25 (FG ~» FG™: Subtyping with label). If ;W F £ C ¢, then ;U + [7], <: [7]e
m FG™.
Proof. From Lemma 3.24 with 7 = 7/ and from Lemma 3.21

O

Lemma 3.26 (FG ~» FG™: Subtyping for 7 \ ¢). If $; ¥ F 7 N\ ¢, then ;¥ - [t]ae <: [7]e

n FG™.

Proof. Since ;U b 7\, ¢, there exists ¢’ such that 7 = A*” and ;U I ¢ C ¢’. Now we have:
U E [ < [r]e

= XUk [[AEH]]gug/ < [[AEH]]@/ (r= AEN)

= 20 F ([Alaerue) ™M < ([Alpue)™  (Definition of [-])

= 50k [A e < [A]p (Definition of [-])
The last statement holds by Lemma 3.25, since ;W + £ ¢" C ¢ follows from our earlier
assertion that X; W ¢ C ¢”. O]

Lemma 3.27 (FG ~» FG™: Lemma for protection relation). VX, ¥, «a, 7, ¢, 0.
Y0 7N\ 0 = ;U E Tl /a] \ [l'/a], where FV({') € ¥

Proof. Say T = Al

By inversion on X, a; W 7\ /¢
Y, W LT Y,

S UL )a] E 4]l al
S0 A ] \ L o)

Substitution over constraints

Definition of Y\

Lemma 3.28 (FG ~» FG™: Substitution lemma). Forall ¢,¢' the following hold:
1.7 [r]ell /o] = [7[€ /)] eier o))
2. VA. [AL[l'/a] = Al /] e )

Proof. Proof by simultaneous induction on 7 and A

Proof of statement (1)
Let 7 = A%
("1, ¢/
= ([[A]]Zil_,é)giug [0 /al] Definition of [-]
= ([l fle ) o
= (IAI/ g0 jagueger o) /A 2] TH(2) on A
= [eatesapitere]

= [A [gf/a]]]z[g,/a]
Proof of statement (2)
We consider cases of A

e /o)

1. A=b:
[b], [¢ /o]
= b[l'/a] (Definition of [-])
= b a ¢ FV(b)
= [b], (Definition of [-])
— [ble/all,
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2. A =ref 75

[ref 7],[¢'/a]

ref [m:]  [¢'/a] (Definition of [-])

ref ([n:]  [¢'/a])

ref [m[¢'/a]] | IH(1) on 7;

[ref 7 [¢' /o],

3. A=1 X T

[ x m],[¢'/a]

(I, x [=] )/ o] (Definition of [-])

[0,/ a] x [r2],[¢'/c]
[0t/ ]y sy % [0/l gprsq)  TH(1) on 71 and 7

[(m[€'/a] x 21 /)]y s (Definition of [-])
[(m1 x m2)[€ /]y
4. A=71 + 19
[+ 72],[¢'/a]
(I, + (=] )1/ o] (Definition of [-])

[11],[¢'/ 0] + [72], ¢/ o]

[mull'/ g jog + [0/l /o) TH(1) on 71 and 7
[(m[€'/a] + 72l /D]y ja) (Definition of [-])
[(m1 + )€ /ey s

5 A= T1 g T2:
[[n L TQLW/@]

= VBB (VBB (LC B Tl ABT A1) 2 ([nls B [m]s)P)P)5 [ /ol
(Definition of [-])

= VB1.B1, (Y881, ((L¢/a] T B E L0 /a] A B E B1) 2 ([nlsle'/a] 2 [rals, [€//a]) 1))

By
= VBB (VBB (L)) T B1 T Ll /o) ABE B1) B ([n[¢/alls 2 [malt /s )P )P )P
(IH1 on 71 and 72)

_ [[ [[¢/a) Y f’/aﬂ
= | S/,

6. A=V
[vB.7i] €'/l

= VB.A, (LT BT L) 2 (V.8 [nls)?)?[ /a]
(Definition of [-])

= VBB, ((U[l'/a] E B E L[t'/a]) % (v7.8, [l /a])?)?
=

= fgﬂ, (€[ /a] T BT L[t'/a]) & (V7.8 [n:lt' /a]l5))’
lonm;

= VB.Lelt'/a], 7l [edl e o

7. A=c=1;:

1
1

€[ /el
L[e"
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[e = 7l [¢'/e]

= VBB,((cALTBC L) 2 [7])%)P1¢ /a]
(Definition of [-])
— VBB, (el /a] AL /] E BT L[ /a]) 2 [r]4[¢/a))P)?
— VBB, (el /o] A L)) E BT L[l fa]) 2 [r[¢'/a]])%)?
IH1 on 7;

_ H(cw/a] teltyel Ti[e'/a])ﬂ
= | & mesal

e /o)

e /o)

Lemma 3.29 (FG ~» FG™: Preservation of protection relation). V7, ¢, ¢'.

Proof. Let T = A%

Given

-
LCY;
(C (0 UL

([[A]]efuei)glu& Nt
£;
], ¢
[[T]]e/ N\l

Given

By inversion

Definition of [-]
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3.3 Translation from FG to SLIO*
3.3.1 Type directed (direct) translation from FG to SLIO*
Definition 3.30 (FG ~» SLIO*: Type translation).

(b)e = b
(unit), = unit
(nSn)y = Ya,B1.(fUBUYC ant) = (r)s — SLIO v ¥ (r2)a
(1 X T2)e = (m)e x (m2)e
(]Tl + TQD( = (]7'1[)4 + (]TQ[)@
(]ref Agl[)f = ref g/ (]ADZ’
(Vo(be,T))e = Yo,o!,7.(0 LUy C o/ M) = SLIO 5 7 (r)o
(]C%TD@ = Va,v.(eNlUyEand,) = SLIO vy v (7)a
(A%) — Labeled (£11 ') (A)ae
ForI'=mxy:71,...,2, : Ty and £ = {1,...,£,, define (C)7 =21 : (mdeys - 20 (Tale, -

We use a coersion function defined as follows:

coerce_taint : SLIO v o, 7" — SLIO v~ 7/ when 7/ = Labeled o, 7 and X, ¥ = o, C o,
coerce taint = \z.toLabeled(bind(z, y.unlabel(y)))

FC-var

Uil :irhpex:T~retx

25U a1 by, €0~ e

7 FC-lam
YT Fpe Azee s (11 =% )t~ ret(Lb(AAA(v(Az.e01))))

50T bpeer : (1 L 7'2)Z ~ e
E;UiT Fpeea 1 11~ e YU Upe CE L, MU ET N/
YW T Fpe €1 €2 1 7o ~» coerce_taint(bind(ec1, a.bind(ec, b.bind(unlabel a, c.(c[][|[J®) b))))

FC-app

YW T Fpeer i1~ e ;U T Fpe €2 1 T2~ e O 4
-pro
S0 T by (1, €2) : (11 X 72) T ~ bind (e, a.bind(ec2, bret(Lb(a, b))
S0 T bpe e (11 X Tz)é ~ € YWk N\ 4 POt

;W T b fst(e) : 71 ~» coerce_taint(bind(e., a.bind(unlabel (a), b.ret(fst(b)))))

SiU T hpee: (mxm) e S0 Em N\
;W T bpe snd(e) : 7o ~» coerce_taint(bind(e., a.bind(unlabel (a), b.ret(snd(b)))))

FC-snd

YW bpe e~ e

- T - - FC-inl
;W bpe inl(e) : (71 + 72)~ ~> bind(ec, a.ret(Lbinl(a)))

YU bpe e~ e

- T - - FC-inr
;U T by inr(e) @ (71 + m2)~ ~> bind(e., a.ret(Lbinr(a)))
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ST ke e (1 +72) e
YUl e o Fpaseer i T~ e DIFRVES N A T V) S S o) DIV ol N4
YW T by case(e, z.e1,y.€2) 1 T~
coerce_taint(bind(e., a.bind(unlabel a,b.case(b, x.e.1,y.€:2))))

FC-case

LUl Fpe e 7~ e U TN\ pc

n - - FC-ref
;W T pe new (e) : (ref 7)= ~» bind(ec, a.bind(new (a), b.ret(Lbd)))

Z;\Il;Fl—pce:(refT)[wec SOk T <7 PIRVAEE N
;0T Fpele s 7~ coerce_taint(bind(e., a.bind(unlabel a,b.!b)))

FC-deref

S0 T by e : (ref 7)8 ~ e ;WD Fpe eg 0 T~ ecn 7N\ (pcU L)
YW T Fpe €1 := et unit ~»
bind(toLabeled(bind(e,1, a.bind(e.2, b.bind(unlabel a, c.c :=b)))), d.ret())

FC-assign

MW by, €07~ e

FC-FI
0T by Ae: (Vay.(€e, 7)) ~ ret(Lb(AAA(v(e.))))

ST by e 0 (Vg (be, 7))° ~ e
FV({/)CX YU b pe Ul C L[l al 0kl o] \ 4
YW T bpe €]] : T~ coerce_taint(bind(e., a.bind(unlabel a.b.b]|[][]e)))

FC-FE

YW, ey e 7~ e

FC-CI
SWT Fpe ve: (¢ 2 7))E ~ ret(Lb(AA(v(e))))

ST bpee:(c 8 ) me SiWke SURpellTl  SUR7N\ L

: : FC-CE
Y;W; T Fpe e 0 7 ~» coerce_taint(bind(e., a.bind(unlabel a.b.b[][]e)))

3.3.2 Type preservation for FG to SLIO* translation

Lemma 3.31 (Coercion lemma - typing). VX, U, T, o, o, 7.
Y UVEFala =
¥; ;T + coerce_taint : SLIO v a, Labeled o, 7 — SLLIO ~ ~ Labeled o, 7

Proof. T,y = Labeled o, 7
Tes = SLIO o o, 7
Teo =SLIO vy ol 7
T.1 = SLIO ~y « Labeled o, 7
Teo = SLIO 7 « Labeled o, 7
Te =T — T
Pc2:

SLIO*-var - Given
SyW T x i Teg,y i Tea by i Tea E’\I’):acga

;U T2 Teo,y : Teg F unlabel(y) : Tes

c

SLIO*-unlabel
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Pecl:

SLIO*-var
XUl :Tolx: Ty
Pc0:
Pcl Pc2
- SLIO*-bind
Y, 0T,z : Teo F bind(z, y.unlabel(y)) : Teo
- SLIO*-tolabeled
;U T x : Tep - toLabeled(bind(z, y.unlabel(y))) : T¢
Pc:

PcO
Y, U;T'F Az.toLabeled(bind(z, y.unlabel(y))) : T,
;U ' coerce_taint : T,

SLIO*-lam

From Definition of coerce_taint

O

Theorem 3.32 (FG ~~» SLIO*: Type preservation). Suppose 3;W;I" bp. e : 7 in FG. Then,
there exists € such that X;¥; T bpe e : 7~ € and for any o, 5,~" with B’ U~ C peMa/, there
is a derivation of 3;W; (D)5 - €' : SLIO v o' (7)o in SLIO".

Proof. Proof by induction on the ~~ relation

1. FC-var:
FC-var
Uil :imhpex:T~retx
Given Given
Chgr(x) = (7) sz T > 1. =B UAL C ol Mpe
53 W (Chgr 2 : (g, S0 B, C oy,

Lemma 3.33, SLIO*-sub
50 (Mg b2z (7)o

;03 (D)5 F ret @ SLIO 4, ) (7)ay

2. FC-lam:

25U a1 by, €0~ e

S0 T bpe Axe : (11 L 72)" ~ ret(Lb(AAA(v(Az.€c1))))

FC-lam

Tp = SLIO v; v ((m1 Y TQ)LDOCQ_ = SLIO v v; Labeled o ((71 4 TQ)Da;_

Ty, = SLIO 'y} ’yé- Labeled a;- Vat,ﬁt,%.(a; UB Uy € ayMle) = (1) g, = SLIO v v (72 e
Ty = Labeled o’ You, B, vi-(o; U B Uy © oy M Le) = (1) g, — SLIO v v (2o,

Tia = Vo, B,y () U Bt Uy E ar Mee) = (71)g, — SLIO v v (72)a,

Tio = (a} U B Uy E oy Mee) = (1) g, — SLIO v ¢ (72,

Tv3 = (m1)g, — SLIO v vt (72)a,

Ty.4 = SLIO v v (72)ay
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P3:

; = ; Given, Weakening
X, o, By W, (o U B Uy g MLe) = B3 Uy E o Mope

3, ap, B, W, (0 U B Uy T oy MAe) F 37 C o

P2:
; ; P3
,an, By W, (g U B Uy Eaq M) o U B Uy Cap M
Y, ag, By W, (@ U B Uy Coy ML) BB U B Uy oy M
P1:
P2 -
3, au, B,y W, (0 U B Uy & aw MLe)s (g, 2 2 (1) g, b eer  Tha
: : SLIO*-lam
Sy ag, By Vs (o U By Uy E oy MLe); (Dhgr = Azeer - T
J
PO:

Given

. ar / /
E,\Ill—ﬁé.l_lfngaj
LW E; Eay

Main derivation:

P1
Z? i, /Bt7 Yts \I]> (]]-—‘Dﬁi/ |_ V()\l'.ecl) : T1.2
J

%5 ¥ (D)7 B AMA(v(Azer)) : Tia
35 9 (D)7 b Lb(AMA(v(Az-ec1))) < Tho
5 0; (D) 57 - ret(Lb(AAA(v(Aaecr)))) = T

SLIO*-CI

3 applications SLIO*-FI PO

SLIO*-label
SLIO*-ret

. FC-app:

ST e e (7155 1)~ e
YW T Fpe et 1~ €2 ;U HlUpe E L, U7 N/

FC-
Y;W; T pe €1 €2 : 79 ~> coerce_taint(bind(e., a.bind(ec2, b.bind(unlabel a, c.(c[][|[]e) b)))) P
g= U B
BB’

T = SLIO + +/ (1 g Tg)ébgluy = SLIO + ' Labeled (B/ Uy U 0) ((m1 g TQ)Dﬁq_,,ylug

Ty = SLIO + ~' Labeled ((8'U~") U0) Yo, B,v.((F U~ )UHUBUY T afle) = (mi)g —
SLIO v v (m2)a

T1.1 = Labeled ((8'U+")U0) Yo, B,7.((B U YU UBUy C andle) = (n)sg — SLIO v v (m2)a
Ti2 =SLIO v (y'L(B'Ly)Ul) Vo, B,7.((B' U )L UBUY Ealle) = (r1)s = SLIO v v (r2)a
Ti3 = Vo, B,7.(B Uy )UOUBUyEant) = (r)s — SLIO v v (2

Tia=VB8,7.((B LUy )uHUBUy T ((B'UY)UL) ML) = (r1)s — SLIO v v (72) (sruryr)0)
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Tis =V7.((B Uy U UB U )Uy T (B Uy) UML) = (1) sy = SLIO v v (r2) (a0
Tig=(((BUY)uOUB UY)U@B UYL T (B UY)U)NL) = Tig

Ti7 = (1) (ruyy — SLIO (8'UA U6 (B8'UA" L) (2D ((suye)

Ti.s = SLIO (8" u~"U£) (8L~ U L) (2 (sruyrye)

T1.9 = SLIO (v') (8" U~" U ) (m2)((sryye

Ti10 = SLIO (v') (8" U~ L L) (A" Diairue
T1.11 = SLIO () (8" U~ U {) Labeled (¢; L 3" LI L1 €) (A)(e,u0m00)
T1.12 = SLH@ (7’) ( /) Labeled (El LJ B/ |_|"}/ |_|£) (] D(Eiuﬁ’l_w’uz)
Ty.13 = SLIO (v') (7') Labeled (£; U 8" U') (AD e,y
T, = SLIO (v) () (72D (s
T3 = SLIO (v') () (m)(srumy)
P8:
SLIO*-var
PIRVE GFDF’ a:Tia,b: (T oy, e Tis b () sruy
P7:
Given
YW/l UpeCE 4L,
XUk pecC 4,
YU ka' Mpe E 4,
S0 EA Uy T MpeCl,
P6:
Given
XU H/lUpe T4,
P7
Y, UHLC L,
WU RuB uUyY)C L,
P5:
SLIO™*-var
W (O)gr,a: Tia, b (1) gy, c: Tis e Thg SLIO*.FE
XU (D)zr,a : T4, (1) g, c: Ths b cll - T _
T3 11,0 (1) 8y 13 cl]:Tia SLIO*.FE

50 (g a: T, b (mi gy, c: Tis b el : Tus
30, (]FDF7 a:Ty1,b: (]Tll)(/g/u,y/), c:Tist ] : Tie
P6
%0 (D)gra: T, b (mi) gy e : Tas b cf]][Jo: Thr

SLIO*-FE

SLIO*-CE

P4
P5 P8

SLIO*-app
E; \If; (]PDF,(Z : T1_1, b: (]TlD(ﬁ/l_l'y’)v C: T1.3 F (C[][mo) b: T1_8

P3:
SLIO*-var

50 (Mg a: T, b (M) gy Fa:Tia
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P2:

P3
PRV (]PDF’ a:Ti1,b: (T1) gy - unlabel a : T o

SLIO*-unlabel P4

SLIO*-bind
5 W; (D) gra: Tr1,b ¢ (11) () - bind(unlabel a,c.(c[][][le) b) : Tig .
P1:
[H2, Weakening P2
2; \I/; (]FI)F’ a . T1.1 F €c2 - Tg
. . SLIO*-bind
2 W; (M) g7, a : Tha b bind(ecz, b.bind(unlabel a, c.(c[][[|e) b)) : T1.9
Main derivation:
IH1 with (8" U~"), B/, ' P1
Z;\I’;QFDWI—ed:Tl with (57U, ',
. . . SLIO*-bind
2; W; (T)5 F bind(ect, a.bind(ecz, b.bind(unlabel a, c.(c[|[][le) b))) : T1.9
%; s ([) 5 = bind(ec1, a.bind(ec2, b.bind(unlabel a, c.(c[|[][]e) b))) : T1.10
%; s ([) 57 = bind(ec1, a.bind(ec2, b.bind(unlabel a, c.(c[|[|[]e) b))) : T1.11
Lemma 3.31
X; W ([) 57 - coerce_taint(bind(ec, a.bind(ecz, b.bind(unlabel a, c.(c[|[][Je) b)))) : T1.12
%; W; (I)z7 - coerce_taint(bind(ec, a.bind(ecz, b.bind(unlabel a, c.(c[|[][Je) b)))) : T1.13
%; W; (M) 5 b coerce_taint(bind(ec, a.bind(ecz, b.bind(unlabel a, c.(c[[[][]e) b)))) : T>
4. FC-prod:
YU T Fpe €1 i 11~ e ;U T Fpe €2 1 72~ e
T - - FC-prod
;0T by (e1,€2) 1 (11 X T2)— ~» bind(ec1, a.bind(eco, b.ret(Lb(a, b))))
T1 = SLIO ’yl ’)/ (](7‘1 X TQ)J_DQ/
= SLIO ~" ~' Labeled o/ ((11 X 72)) o
T3 = SLIO +/ +/ Labeled o (m1)or X (T2)o
T3.1 = Labeled o quDo/ X (]TQDO/
Ty = SLIO v v (11w
= SLH@ ’y' ’)/ (]TQDO/
P4:
SLIO*-var
DIAVE QFDE,,a (m)ars b (M) Foa: (T1)or
P3:
SLIO*-var
S0 () gna: (maars b2 (Ti)or 02 (2o
P2:
3 P SLIO* d
-pro
S U5 (D) 7 a: (b (b F (@,6) 2 (ridor x (re)r
SLIO*-label
YU (D) 7,0 (11)ars b (2)or F Lb(a,b) : T4
SLIO™-ret

W (g a: (midar, b (r2)or = ret(Lb(a, b)) : T
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P1:

TH2 P2

PIRVE (]F[)g,,a (1) Foec2 s Ts

- SLIO*-bind
PIAVE (]FDE”Q : (T1)o F bind(ecz, b.ret(Lb(a,b))) : T
Main derivation:
IH1 P1
E; \I/; (]FDB‘, |— €l - T4
SLIO*-bind

PIRVE (]FDE’ F bind(ec1, a.bind(eco, b.ret(Lb(a,b)))) : T3

Definition 3.30
5 W (T) 5 F bind(ccr, a.bind(eca, boret(Lb(a,b))) : T ermon

. FC-fst:

E;\I/;I‘l—pce:(nxrg)zwec S50 N\ 4

FC-fst
YW T b fst(e) : 71 ~» coerce_taint(bind(e., a.bind(unlabel (a),b.ret(fst(b))))) )

Ty = SLIO Y +' (1) o

Ty = SLIO +' ~' ((11 X 7))o

Tp1 = SLIO v +' Labeled £ LI o ((71 X 72))ariie
Ty = SLIO ~ ~' Labeled £ U o (7i)are X (T2)ariue
Ty3 = Labeled £ U o/ (T1)are X (T2)ariie

To.4 = (T1)are X (T2)ariie

To5 = SLIO (7) (v U Ul) (m1)arne X (T2)ariie
T3 =SLIO (v U’ Ul) (v U/ UL) (T1)are

T31 =SLIO (7) (v U Uf) (T1])arne
T32 = SLIO (7) (o U2) (T1)ariie
3 = SLIO (v') (/' U ) (A“)arie
T4 = SLIO (') (o/ U £) Labeled £ ¢; LI o' (A)ariieuie,
T35 = SLIO (v') (7') Labeled £ U ¢; U o (A)oiieie,
T3¢ = SLIO ('y') (’yl) Labeled ¢; L o (]ADOc’UZi
T3.7 = SLIO (7) (7) (A%)ar
P2:
SLIO*-var
Z,\I/,(]FDB-’ ng,b T24Fb T24
SLIO*-fst
50 (U) gia: Tag, b Tog b f5t(D) : (Ti)arie
SLIO*-ret
DIAVE (]FD,B” a:Tr3,b:To4F ret(fst(b)) 113
P1:
SLIO*-unlabel P2
E; \IJ; (]FDEMQ . T2_3 F unlabel (a) . T2.5
: SLIO*-bind
PRVE (]FDE” a : To.3 + bind(unlabel (a), b.ret(fst(b))) : T5.1
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PO:

IH P1
E; \I/; (]FDB', = €e t TQ.Q
. ; SLIO*-bind
PIRVE (]F[)g, F bind(e., a.bind(unlabel (a),b.ret(fst(b)))) : T5.1
S 0 = 7 Given
XUk CEa
(]I‘[) F bind(e., a.bind(unlabel (a), b.ret(fst(d)))) : T5.2
(]F[) F bind(ec, a.bind(unlabel (a), b.ret(fst(d)))) : T5.3
Definition 3.30
(]Fl) F bind(ec, a.bind(unlabel (a), b.ret(fst(b)))) : T5.4
Lemma 3.31
PIN \If; GFDB,  coerce_taint(bind(e,, a.bind(unlabel (a), b.ret(fst(b))))) : T5.5

Main derivation:

e By inversion
20 AL N, ¢
PO By inversion
S0 HLC Y,
U (]F[)g, F coerce_taint(bind(ec, a.bind(unlabel (a), b.ret(fst(b))))) : Ts.¢
U; (]I‘[)g, F coerce_taint(bind(e,, a.bind(unlabel (a), b.ret(fst(b))))) : T5.7

PRE (]FDE’ I coerce_taint(bind(e., a.bind(unlabel (a), b.ret(fst(b))))) : Th

Definition 3.30

6. FC-snd:

E;‘P;Fl—pce:(ﬁXTg)Zwec oWk N\ 4
X, W T by snd(e) : 72 ~» coerce_taint(bind(e., a.bind(unlabel (a), b.ret(snd(b)))))

FC-snd

T; = SLIO v 7/ (12w

Ty =SLIO ¥ ' (1 x 72)Der

Ty, = SLIO v/ «/ Labeled £ L o/ ((71 X 72))arLie
Ty9 = SLIO v +/ Labeled ¢ LU o/ (71 arie X (T2)ariie
Ty3 = Labeled £ Ll &' (1) arie X (m2)arie

To4 = (T1)are X (T2)arie

To5 = SLIO (7)) (' U/ UL) (T1)arie X (m2)ariie
T3 =SLIO (Y U/ Ul) (' U UL) (T2)arne

Ts1 = SLIO () (' U UL) () arie

T35 = SLIO (v) (¢/ U€) (m2)ariie

T3.3 = SLIO (7') (/' U€) (A%)are

T34 = SLIO (') (o/ U £) Labeled £ U ¢; L&' (A)ariieue;
T35 = SLIO (v') (7) Labeled £ L1 ¢; U o (A)oriieiie,
T3 = SLIO (v') (v') Labeled £; i &’ (A)arie,

T37 =SLIO (v) (7') (A%)ar
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P2:

SLIO*-var
E'\IJ’(]FDE TQg,b T24|—b T24
SLIO*-snd
(] [) a ng,b T24|—snd(b):q D’Uf

SLIO*-ret
U (]FI)BHG' To3,b: T4 F ret(snd(b)) T3
P1:
SLIO*-unlabel P2
PIRVE (]FDE”G : To.3 F unlabel (a) : Ty 5
: SLIO*-bind
;U () 4, a : Tao.g F bind(unlabel (a),b.ret(snd(b))) : T51
PO:

TH P1
2; \I/; (]FI)/J;', + €c t TQ.Q

SLIO*-bind
55 W (T) 5+ bind(ec, a.bind(unlabel (a), b.ret(snd (b)) : Ti.1 "

——— Given

U EACof
(]I‘[) F bind(e,, a.bind(unlabel (a), b.ret(snd(b)))) : T5.2
(]I‘[) F bind(e,, a.bind(unlabel (a), b.ret(snd(b)))) : T5.3

Definition 3.30
(]F[) F bind(ec, a.bind(unlabel (a),b.ret(snd(b)))) : T54
Lemma 3.31
PN \Il, (]F[)/5, F coerce_taint(bind(e,, a.bind(unlabel (a), b.ret(snd(b))))) : T35

Main derivation:
<7 By inversion
SR A AN
PO By inversion
S Uk OC 4
U; QFDE, F coerce_taint(bind(e., a.bind(unlabel (a), b.ret(snd(b))))) : T5¢
U (]F[)g,  coerce_taint(bind(e, a.bind(unlabel (a),b.ret(snd(b))))) : 157

DIRRE (]FDg/ I coerce_taint(bind(e,, a.bind(unlabel (a), b.ret(snd(b))))) : Th

Definition 3.30

7. FC-inl:

iU bpe e~ e

- T - - FC-inl
;W T bpe inl(e) : (71 + 72)~ ~> bind(ec, a.ret(Lbinl(a)))

= SLIO ' ' (11 + 72) ) w
T1 1 = SLIO +' ~' Labeled o ((11 + 72)) o
Ty2 = SLIO +/ +/ Labeled o (71])or + (72) o
T3 = Labeled o' (71))o + (72)

Ty = SLIO ' 7/ (71) o
P1:

a/

SLIO*-var

S (D) g a (midor b at (mi)ar
50 (D) gra: (mi)ar Einl(a) : (T1)ar + (2o
(T DB,,a : (T1)or F Lbinl(a) : Th 3
v (]FDB” : (T1)o = ret(Lbinl(a)) : Tyo

SLIO*-inl

SLIO*-label

SLIO*-ret
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Main derivation:

P1

IH
Z;\Il;(]Fl)g, Feq:Th
% W; (L) 5 F bind(ec, a.ret(Lbinl(a))) : Ti.2
¥ (]F[)g, F bind(e., a.ret(Lbinl(a))) : T}

SLIO*-bind

Definition 3.30

. FC-inr:

YWD bpe et~ e

- T - - FC-inr
;T Fpeinr(e) : (11 + 72)~ ~» bind(e., a.ret(Lbinr(a)))

Ty = SLIO 4 4/ (11 + 72) o
T11 = SLIO + 4/ Labeled o ((71 + 72)) o
T2 = SLIO ' +' Labeled o (r1)or + (o)
T3 = Labeled &' (11)o + (T2) o

Ty = SLIO v +' (72 o

P1:

SLIO*-var

S0 () gna: (mor b oa: (m)or
DA\ (]FDE a: (m)o Finr(a) : (7)o + (T2)o
20 (]I‘[)ﬁ,,a : (11)o = Lbinr(a) : Th 3
;0 (0) 5,0 : (T1)or F oret(Lbinr(a)) : T o

SLIO*-inr

SLIO*-label

SLIO™*-ret

-
/8/7

Main derivation:

IH P1
E;\I/;(]Fl)g, Fe.: Ty

DI (]I‘[)E, F bind (e, a.ret(Lbinr(a))) : Th.2
2, (]FDE’ F bind (e, a.ret(Lbinr(a))) : Th

SLIO*-bind

Definition 3.30

. FC-case:

5w T l_pc €: (7—1 ‘1‘7—2)8 ~ €c
LU w7 bper €1 1T~ e iU, w:m bper €2 1 T~ e YU ET N/
YW T b case(e, z.e1,y.€2) : T~
coerce_taint(bind(e., a.bind(unlabel a,b.case(b, z.e.1,y.€:2))))

FC-case

U 6

Bi€p’
Ty = SLIO + o' ()«
Ty = SLIO v~ (11 + 72)€D(B’Uv’)
Ty.1 = SLIO ' o Labeled (8" U~/) U 0) (r1 + ma)(grun e
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Ty = SLIO +' +' Labeled (8" U~") L&) ((71)(sruynyue + (72D (810y1)00)
Ty.3 = Labeled ((8"U~") U &) ((71) (sryryne + (2D (570y7)00)

Tr.4 =SLIO Y (v U (8"U~) L&) ({71 sryryne + (2D (sr0y1)00)

Tys = ((]TlD(ﬁ’l_l'y’)l_JZ + (]TZD(B’I_W’)LIZ)

T3 = SLIO (8" U~ ue) (8" Uy U e) ()i

Ty = SLIO () (8'U+' U ) () srimin
Ty = SLIO (+) (8 Uy’ U ) (A%) 31yt
T5.1 = SLIO ("}’/) (ﬁ/ L "}’I UJ K) Labeled Ez (] (6/ (] ’}// (| g) (]AD&I_I(,B’U’)/IJE)
T5_2 = SLIO (’)’/) (’7/) Labeled Ez (] (5/ (] ")// L 6) (]AD&U(,B’U’Y’UK)
Ts.3 = SLIO (v') (7') Labeled ¢; LI 3" U~ (A)e,u70y
T5.4 = SLIO (v) (7') (A%)grisy
T5.5 = SLIO (v') (') (mDsruy
P2:
SLIO*-var
DIV (]F[)B,,a To3,b:To5-b: 155
TH2, Weakening
2; \I/; (]Fl)ﬁ-’,, a: T2.3, b: T2_5, X : (]TID(,B’u’y’)uf F €cl - T3

TH3, Weakening
LU (D) g a: Tos, b Tos, y : (T2 (ruyyue o eca = T3
SLIO*-case

PIRVE (]FDE”Q :T3,b: T 5 b case(b, x.ec1,y.e02) : T3
P1:
SLIO*-unlabel P2
PIRVE (]F[)g,,a :To 3 Funlabel a : T4
: SLIO*-bind
PIRVS (]FDE” a : Ty 3 - bind(unlabel a,b.case(b, z.€.1,y.ec2)) : Ty
PO:
IH1 P1
Z; \I/; (]FDB', }— €c - TQ'Q
- : SLIO*-bind
PIRVE (]F[)g, t bind(ec, a.bind(unlabel a,b.case(b, z.e.1,y.ec2))) : Ty

P0.1:

PO
PRVE (]F[) = b bind(e., a.bind(unlabel a,b.case(b, z.e.1,y.€:2))) : T5

PIRVE (]I‘I)ﬁ F bind(ec, a.bind(unlabel a,b.case(b, x.ec1,y.€c2))) : T5.1
DK (]F[)g F coerce_taint(bind(e,, a.bind(unlabel a,b.case(b, xz.ec1,y.€c2)))) : T5.2

Definition 3.30

Lemma 3.31
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Main derivation:

<7 Given

MUk AN/

P0.1 By inversion
DRV ey A

¥ U; GFDE’  coerce_taint(bind(e., a.bind(unlabel a,b.case(b, z.e.1,y.e2)))) : Ts.3

Definition 3.30

DIAVE QF[)g, F coerce_taint(bind(e,, a.bind(unlabel a, b.case(b, x.ec1,y.€:2))))T5.4

DIVE (]FDE’ F coerce_taint(bind(e,, a.bind(unlabel a,b.case(b, z.e.1,y.€2)))) : Ts5

> Given

S0 (B UY)Ea

DIRVE (]FDE’ F coerce_taint(bind(e,, a.bind(unlabel a,b.case(b, x.e.1,y.€:2)))) : T1

10. FC-ref:
;Wi T Fpee: 7~ e XU E TN\ pe
T - - FC-ref
;W T Fpe new (e) @ (ref 7)= ~~ bind(ec, a.bind(new (a), b.ret(Lbbd)))
g= U B
Biep’
Ty = SLIO ~' ~' ((ref 7))o
T11 = SLIO « +/ ((ref A%)L)
T15 = SLIO +/ 4/ Labeled o ((ref A%))
T3 = SLIO ~' ~' Labeled o ref ¢; (A)y,
T2 = SLIO ’Y/ ’}/ (]TD(BIU’Y’)
Ty1 = SLIO v~ (A% g1y
159 = SLIO ’)/, ’y/ Labeled ¢; LI (,8/ L ’y/) (]AD&LI(B’LI’\/’)
Ty 3 = Labeled ¢; U (ﬁ/ LJ ")//) GAD&LI(ﬁ’LI'y/)
Ty 4 = SLIO ’)// ’y/ ref £; U (B/ U "}//) (]ADgiu(ﬁ/ufy/)
T2.5 = ref ‘61 L (ﬁ, L ’7/) (]AD&',U(B/U’\/’)
Ty 51 = Labeled o/ ref ¢; LI (ﬁ/ (] ’)/) (]ADZiI_I(ﬁ/I_I’y’)
T56 = SLLIO ")// ’y’ Labeled o ref ¢; U (ﬂ/ (| ’)//) (]Al)éiu(ﬁ’l_l’y/)
Ty7 = SLIO ~' ~' Labeled o ref ¢; (A)y,
P3:
7 Given
YU AT N pe
By inversion S 7 Given
XUk pe C ¥ XU/ Uy E pe
U R (B Uy
P2:
SLIO*-var
LU (D) gha:Tosb:Tosbb:Tos
SLIO*-label
PIRVE (]F[)g,, a:T53,b: T Lbb: Ths
SLIO*-ret P3
> v (]FDB-'/, a:Tr3,b:To5F ret(Lbb) 1 Thg

> (]FDE” a:Tr3,b:Tos5F ret(Lbb) AR
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11.

P1:

SLIO*-new P2
E \I’ QFDE . ng F new (a) : T2.4
SLIO*-bind
U: () z,a: Tos = bind(new (a), b.ret(Lbb)) : T1 3

Main derivation:

IH P1

E; \I/; (]Fl)ﬁ-; |— €e t TQ.Q
PIRVE (]FDE’ F bind(ec, a.bind(new (a), b.ret(Lbbd))) : T
PIRVE (]F[)g, F bind(e,, a.bind(new (a), b.ret(Lbd))) : T}

SLIO*-bind
3
Definition 3.30

FC-deref:

E;\I';Fl—pce:(refT)éwec Uk <7 PIRRVAEE AN
;W0 Fpele s 7~ coerce_taint(bind(e., a.bind(unlabel a,b.1b)))
U s
Biep’
T, = SLIO v + (7)o
Ti1 = SLIO ~ ' (A%) o
Tyo = SLIO '~ Labeled fé Lo/ (]All)é;ua’

Ty = SLIO ~' +' ((ref 7)) gy

FC-deref

)
Ty.1 = SLIO «' +/ Labeled (£ (8" U~")) ((ref 7))ousuqy
Tyo = SLIO + 4/ Labeled (£ (5 Li")) ((ref A IMewesry
Ty3 = SLIO +/ +/ Labeled (¢ (8" U~")) (ref £; (A)e,)
T4 = Labeled (U (8" U~A)) (ref £; (A),)

Ty5 =SLIO~ ' U~ UL (ref ¢; (A)g,)
Th = (ref 4; (A)y,)

To7 = SLIO (B’ Ly L) (B U~ U L) (Labeled ¢; (A)y,)
Tys = SLIO (v') (8 LU~ U L) (Labeled ¢; (A)e,)

Ty = SLIO (') (5" LU~" U ¢) (Labeled ¢ (]A/[)[;)

Ty.10 = SLIO (') (7/) (Labeled £/ Lin/ Li£ L £} (A))
Ty11 = SLIO (') (v/) (Labeled o L1 €] (A'):)

P2:
SLIO*-var
s (C Dgﬂ :T54,0:To6Fb:Tog
SLIO*-deref
LW () ga: Tou,b: Tog Hlb: Tog
P1:
SLIO*-unlabel P2
Z; \I’; (]F[)B,,a T24 F unlabel a : T25
SLIO*-bind
PORRVER(IN [)g,,a : T4 - bind(unlabel a,b.10) : Ty g
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PO:
P1

PRV (]FDE’ Feq.:Ths
;W (T) 5 - bind(ec, a.bind(unlabel a, b.1b)) : Thg

SLIO*-bind

Main derivation:
PO
DIRVE (]F[)g, F bind(e., a.bind(unlabel a,b.10)) : T 9
%; W3 (1) gy - coerce_taint(bind(e., a.bind(unlabel a,b.b))) : Tz.10

Lemma 3.33

Lemma 3.31

< Given
MU AN/
By inversion ; ; ; Given
S,UHLC Y U FEF Uy Ea

¥ U; (]FDE’ F coerce_taint(bind(e., a.bind(unlabel a,b.1))) : T1.1

SLIO*-sub

12. FC-assign:

W T by gt (ref T)Z ~ €l DIV R O R R 7N\ (pc U L)
XU T e €1 1= eg 1 unit ~
bind(toLabeled(bind(e.1, a.bind(ec2, b.bind(unlabel a, c.c := b)))), d.ret())

FC-assign

g= U B
Biep’
Ty, = SLIO v 4/ (unit)
Ty, = SLIO «/ +' unit
Ty = SLIO «' +' ((ref 7)) (g1
Ty1 = SLIO o' +' Labeled £ U (8" U~') ((ref 7))aysruy)
Ty = SLIO + /' Labeled ¢ LI (5" L+") ((ref Aei)D@_,(B/w/)
T3 = SLIO «' ~' Labeled ¢ U (8" L") ref £; (A)y,
T4 = Labeled ¢ LI (5 L) ref ¢; (A)g,
Tp5 =SLIO v LU (B'UY) ref £ (A)e,
Th = ref £; (A)y,
To7 =SLIO (U (B U~") LU (B U4 unit
Tog =SLIO « ¢ (8 LUA) unit
Tr9 = SLIO +' +/ Labeled ¢ LI (8" U+') unit
T3 = SLIO v ' () gruyr)
T5.1 = SLIO 7' ' (A%) (grusy)
T35 = SLIO + /' Labeled ¢; U (5" U+/) (A g,y
T3.3 = Labeled £; U (8" U+') (A),u(s)
T34 = Labeled ¢; (A))y,
P4.

SLIO*-var
2; \I/; (]FDEHG’ : T2_4,b : T3.3,C : T2'6 |— C: TQ‘G
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P5:

SLIO*-var
2; \I’; (]F[)g,, a . T2.4, b : T3_3, C: T2_6 |— b : T3.3
7 Given
S0 F 7= AL, (pe U 0) o |
By inversion ; ; Given
;U (peUl) Ty YU E B UYCEpe

S0 E AUy
E;\I/; (]FD-‘ a T2_4,b . T3A3,C . TQ.G |_ b : T3.4

6/’
P3:
P4 P5
SLIO*-assign
PRV (]FDE”CL :T54,b:T33,c:Toghc:=b:Ty7
P2:
SLIO*-unlabel P3
PRV (]FDE”Q :Th4,b:T53+ unlabel a : Ty 5
: SLIO*-bind
PRVE (]FD@,a : T5.4,b: T35 F bind(unlabel a,c.c:=b) : Ty g
P1:
1H2 P2
LU (D) gna:Toa b e : Tso
: : SLIO*-bind
PAE (]PDE” a : Ty 4 - bind(ec2, b.bind(unlabel a,c.c :==b))) : Th g
PO:
IH1 P1
PRV (]FDE’ Fea:Ths
: _ : SLIO*-bind
PAE (]PDE/ - bind(ec1, a.bind(ec2, b.bind(unlabel a,c.c :=b))) : Tr g

PO.1:

PO

. . - SLIO*-toLabeled
PIRVE (]F[)g, F toLabeled(bind(e.1, a.bind(eco, b.bind(unlabel a, c.c :=b)))) : Tag

Main derivation:

P0.1
PIRVE (]FDE’ t bind(toLabeled(bind(e.1, a.bind(eq2, b.bind(unlabel a, c.c :=b)))),d.ret()) : T1.1

SLIO*-bind

13. FC-FI:

Ui by, e 7~ e

FC-FI
YT Fpe Aet (Vay.(Le, 7))L ~ ret(Lb(AAA(v(ee))))

Ty = SLIO o' v (Y. (be, 7))

Ti1 = SLIO ' o/ Labeled o/ (Vev.(fe, 7))o

Ti5 = SLIO +/ ' Labeled o’ V.V, vi.(a/ U~y © oy ML) = SLIO 5; ;i () e,
Ty = SLIO 5; i (7)o,
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Th1 = (o/ Uy & ;M Ee) = SLLIO ~; v (]Tl)oc,-
Tho =V, a;,vi.-(¢/ Ui C a; ML) = SLIO 7; 45 (T)a,
Ty 3 = Labeled o/ Vo, o, y;.(o/ Ui E o ML) = SLIO ; i (7)o,

Main derivation:

7 TH, Weakening
Z,a,O@,'W; \Ijv (a U Vi E Q; M ge); (]FDE/ F €c : T

3, a, 04,75V (]F[)g, Fu(ee) : Taq
PIRAVE (]I’[)g, FAAA(v(e.)) : Too
PIRAVE QF[) 5 F Lb(AAA(v(ee))) : Tos
533 (T F ret(Lb(AMA(v(e) s Tia

SLIO*-CI

SLIO*-FI

SLIO*-label

. FC-FE:

0T by e 0 (Vg (Le, 7))° ~ e
FV({)Cx U E pelUl T L[l /a] 0Tl a] N\
;W T bpe ef] - 7 ~» coerce_taint(bind(e., a.bind(unlabel a.b.b]][][]e)))
U A
Biep’

T1 = SLIO ' o' (r[¢" /a])ar
TQ = SLIO ’YI ’)// (](Va(fe, T)>€D(,B’I_I'y/)
Ty = SLIO +' ' Labeled £ U (8" U +') (VYeu.(Le, 7))oy army

Too = SLIO ~' ' Labeled ¢ U (8" U~) VaVa;,v. (LU (B Uy) U~y C o Mbe) =
SLIO ~; v; (]7—[)041‘

Ty3 = Labeled £ LI (8" U+') VaVay, v. (€L (8" UY)) Ui E i ML) = SLIO % i (7)a,
To.4 = SLIO v (Y LeU(B'UY)) YaVay, 7. (CL(B'UY)) Uy C a;Mbe) = SLIO ~; ;i (T)a
Th5 = VaVa;,v. (LU (B UY)) Uy E a; ML) = SLIO v; v () oy

Tr = Vou, . (€U (B'UY)) Ui E a; MLl /a]) = SLIO ; v (7)o, [¢" /]

To7 =V.((CU(B'UY)) Uy T (8'Uy UL ML /a]) = SLIO v; i () (5000 [¢7 /]
Thog = ((CU (B UY))U (B UY UL T (B Uy LML /a]) = SLIO (8'Uy' Ue) (8"
Y UE) ()il /]

Trs1 = (LU (B UY)) C (B Uy UENE[/a]) = SLIO (8'U~y ue) (B'uy' U
0) (7D gruyue €7/

Tr9 = SLIO (8" u~'U L) (8" Uy UL) ()i l”/ ]

FC-FE

i

Ty10 = SLIO (v') (8"U~" UL (7D (sruyugll”/ o

To.u1 = SLIO (') (8 U~ U &) (7€ /ald (@

Ty.12 = SLIO () (8 Uy U &) (A“[" /o) gy

Tp13 = SLIO (y/) (8" U~" L £) Labeled £;[¢" /a] U (8" U~ LL) (A[L" /al)e,fer sajuisine
Tp.14 = SLIO (v/) (8" U~ L £) Labeled £;[¢" /a] LU B" L~ (A[L" /ol g, 107 ja1uisrin

To.15 = SLIO (v) (7') Labeled £[¢" /o] Ui 8" Ui~ (A€ /) oior jalsgsran)
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Ts.16 = SLIO (v) () (]A[el//a]&wﬁ/a]D(ﬁ/uv’)

P3:
Gi Gi
SUECC L)) SO (B UY)Cpe Tl al)
S0k ((fU(B'Uy) ELelt"/a])
S;WE (U (B'UY) E(B U LML /a])
P2:
SLIO*-var
Z; \I’; (]FDB', a T2.3, b: T2,5 Fb: T2,5
SLIO*-FE

E; \I/; (]FD[),-*,CL : T2_3, b: T2.5 H b[] . TQ.G
LW (D) g0 : Tag, b: Tos B O[|]] : T
PIRVE (]F[)g7 a:To3,b:Tos b b][][] : To.s1

SLIO*-FE

SLIO*-FE P3

SLIO*-CE
E; \I/; (]FDB‘, a T2‘3, b: T2.5 = b[][] HO . TQ‘Q
P1:
SLIO*-unlabel P2
DIV (]I‘Dg,a :Th3 F unlabel a : Th 4
_ SLIO*-bind
3 W; (1) 7,0 : Ta.s b bind(unlabel a.b.b[][][Je) : T2.10
PO:
IH P1
Z; \If; (]FDB' [ €Ce L TQ.Q
: . SLIO*-bind
3; W (I) 7 - bind(e, a.bind(unlabel a.b.b[][][|e)) : T2.10
PO.1:
m Given
S W A /o) N .
i By inversion
YW E LT 407 al
P0.2:
Po L 3.36
% W; (T) 7 F bind(ec, a.bind(unlabel a.b.b[[e) : Tory
;s (]F[)g t bind(ec, a.bind(unlabel a.b.b[][][]®)) : T2.12
- - Definition 3.30
%W (I) 7 F bind(e, a.bind(unlabel a.b.b[][][Je)) : T2.13
PO0.1
2 (]FDE F bind(ec, a.bind(unlabel a.b.b][][]®)) : T5.14
Lemma 3.31

DIVE (]FDE F coerce_taint(bind(e,, a.bind(unlabel a.b.b[|[|[]e))) : T2.15

Main derivation:

P0.2

Definition 3.30
DAVE (]FDE F coerce_taint(bind(e,, a.bind(unlabel a.b.b[|[|[]e))) : T}

15. FC-CI:
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16.

U, bp, e 7~ e
ST by ve: (¢ 25 7)) ~ ret(Lb(AA(v(e.))))

FC-CI

T, = SLIO v +/ ((c L ) e

Ty, = SLIO 4 +/ Labeled o/ ((¢ % 7))us

Ty = SLIO ' +' Labeled o/ Vo, v;.(c Ao/ Uv; T a; T4e) = SLIO 7; i (7)a,
T3 = Labeled o/ Vo, vi.(c Ao/ U~ C ;ML) = SLIO v; i (7)o,

T4 =Va;,vi.(c N’ Uxy E o ML) = SLIO v; i (T)ay

Ti5=(cNa' U Ca; ML) = SLIO ~; v (7)o,

Ty = SLIO v; v (7)o

Main derivation:

— 7 ) ) - - TH, Weakening
Yoo, vV (e N Uy o Mle); (T) Foee: Th

50T Fw(e) : Tis
S, 0T AA(v(ee)) : Tha
;U TF Lb(AA(v(ee))) : Ths
;0T F ret(Lb(AA(v(ee)))) = Tho

SLIO*-CI
SLIO*-FI

SLIO*-label

FC-CE:

Z;W;Fl—pce:(céﬂ)ewec ;U ke XUk pcUlC A, S50 TN/
YW T' ) e® : 7 ~» coerce_taint(bind(e., a.bind(unlabel a.b.b[|[]e)))

FC-CE

§= U B
Biep’
Ty = SLIO v + (T)o

T, = SLIO v v/ ((c L ) a0y
Ty.1 = SLIO /' 4/ Labeled €U (8'U7) ((¢ 5 m))asiny)

Too = SLIO «/ +' Labeled ¢ U (8 U%) Vag,vi.(cA (B Uy UHUy C a;Nbe) =
SLIO v; i () evay

Ty3 = Labeled £ U (8" U~') Yoy, vi.(c A (B U~ UE) Ui E oy M) = SLIO ;% (T)asas
Tp.4 = SLIO ' (v'LeU(B'LY')) Ve, vi-(e A (B U UL Uy © o Mee) = SLIO v %, () eva,
To5 = Vou,vi-(c A (B U~ UL U~ E o M Le) = SLIO v i (7] eua,

Tog =Vyi-(e A (B Uy UL U E (BUA) MLe) = SLIO i vi (e

Tor = (cA (B UY UL B UY)CE (B Uy UML) = SLIO (8 U~ Ue) (B Ury" UL (Thessim

Tori = (cN(B'UA UL C (B UY) ML) = SLIO (8" Uy Ul) (8 U~ UL) (Thaysuy
T5 ¢ = SLIO (ﬁ/ L ’}/, LJ E) (,8, L] ’}/, L f) (]TDzu(,B’uy’)
Tr.9 = SLIO (v') (8"U~" U O) (Teuaruy)
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Ty.10 = SLIO (7) (8" U~ L) (A%) s
To11 = SLIO (') (8" U~ U £) Labeled £; LU (B UY") (A)guesin
Ty.12 = SLIO (') (7) Labeled ¢; L1 U (8" U~Y") (A)g,uausy
T513 = SLIO (’y/) (’}/,) Labeled ¢; U (B, Ly ) (]Al)eiu(ﬂlu,y/)
Ty.14 = SLIO () (7') (A sy
P2:
SLIO*-var
E;\I/;(]FDE,,CL T3, b:TosFb:Ths
SLIO*-FE
PRV (]Fl)ﬂ,,a T3,b:To5 0[] :Tos
SLIO*-FE
SW () gy a: Tos, b Tos O[]« Tom
SLIO*-CE
Z; \I/; (]FDB',,G . T2.3, b: T2.5 F b[] HO . T2‘8
P1:
SLIO*-unlabel P2
PIRVE (]FDE”G : Th 3 Funlabel a : T4
SLIO*-bind
50 (T) g1, @« Tog b bind(unlabel a.b. b[][Je) : To.9
PO:
IH P1
E;\I/; (]FDE' |_ [ TQ.Q
: : SLIO*-bind
DIHVE (]FDE’ F bind(e., a.bind(unlabel a.b.b[|[]e)) : To.9
Main derivation:
PO
: : SLIO*-bind
PAE (]PD@ I bind(ec, a.bind(unlabel a.b.b]][]e)) : T5.10
DAE (]FI)E’ t bind(ec, a.bind(unlabel a.b.b[][]e)) : To.11
Lemma 3.31

¥ (]F[)/;,  coerce_taint(bind(e,, a.bind(unlabel a.b.b[][]®))) : T2.12
DIRVE GFDE’  coerce_taint(bind(e,, a.bind(unlabel a.b.b[][]e))) : T5.13
DIAVE GFDE’ F coerce_taint(bind(e,, a.bind(unlabel a.b.b[|[]e))) : T2.14
DRVE (]FDE’ F coerce_taint(bind(e,, a.bind(unlabel a.b.b[|[]e))) : T}

O]

Lemma 3.33 (FG ~» SLIO*: Subtyping preservation). VX, ¥ ¢, ¢'. ¥;@ F ¢ T ¢ and the
following holds:

1. V7,7
U Fr <t = [r], <[],

2. VA, A
YL UFA<A = 5 UF[A], < [Aly
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Proof. Proof by simultaneous induction on 7 <: 7 and A <: A
Proof of statement (1)

Let 7 = A? and 7/ = AgQ

P2:
m leen
L 2 By inversion P1
XUk A <Ay
TH(2) on A; <: Ay
27 v+ (HA1H€UZ1) < (I]:AQ:[IZ/LMQ)
P1:
7A£1 Ry Given
L 2 By inversion —————— Given
XU EA S UWHAC Y

PAVE AN Qﬁ’l_leg

Main derivation:

P1 P2
;W = Labeled £ L 41 ([A1]y,) <: Labeled &' Uy ([A2]y,)

s [l < [A%]

SLIO*sub-labeled

e/

Proof of statement (2)
We proceed by cases on A <: A

1. FGsub-base:

— SLIO*-refl
Y Ukb<:b

Definition 3.30
Z,\Ij F [[b]]g < [[b]]g/

2. FGsub-ref:

SLIO*-refl

Xk ref 4 [A],, <:ref ¢ [A],

Definition 3.30
S0 F [[ref Aeiﬂe < [[ref Aﬂ]él

3. FGsub-prod:

P1:
y - Given
MU ETI X7 <iT) X Ty ) )
7 By inversion
BVU kT <im H(1) )
onry <! T
vk ], < [[7‘{]][, !
P2:
; ;- Given
ViU ET X1 <:T] XTy

; By inversion
YW kEm<imy

50k ], < [[Té]]e,

TH(1) on 75 <: 74
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Main derivation:

P1 P2
0 F ], x [r], < [[T{]]Z X [[Té]]z,
Wk [ x ], <: HT{ X Té]]g,

SLIO*sub-prod

Definition 3.30

. FGsub-sum:
P1:
y - Given
S5UFEm A<+ ) .
7 By inversion
BVUEm<im H(1) .
on T <:T
50 F[n], < [[7'{]][, !
P2:
; ; Given
ViU ETm+n<iT+7 ) )
; By inversion
MU E T <imy

IH(1) on 7 <: 75
0 F [m], < [[Té]]g, (onr <7y

Main derivation:

P1 P2
25 U= [[7—1]]8 + [[TQ]]K < HT{]]g + [[Té]] Vi
S0k [n 4+ 7], < [[T{ + Té]]é,

SLIO*sub-prod

Definition 3.30

. FGsub-arrow:

Ty =Va,B,v.(fUBUYyC all,) = (ri)s — SLIO v v (m2)a
Tio=V3v.((UBUyCall) = (n)s — SLIO v v (r2)a
T =Vy.(0UBUyCanle) = (n)s — SLIO v v (m2)a
Tio={(UBUyC all,) = (r)g = SLIO v v (m2)a

Ti.3 = (1) — SLIO v 7 (m2)a

co={UBUyEaml)

Ty =Va,B,7.( UBUY Eally) = (r{)s — SLIO v v (73)a
Tpo =VB,7.('UBUY Eant) = (ri)s — SLIO v v (r3)a
Toa =Vy.(UBUy Eant) = (r)s = SLIO v v (r3)a
Tho = (C'UBUYyEanl) = (r)s = SLIO v v (r3)a

T3 = (r1)s — SLIO v 7 (73)a

co={UBU~ryC ant)

P3:

Given

e/
E;‘I’I—H%TQQT{@TQ

Yoo, 8,7V T <
¥, a,B,7; ¥ F SLIO v v (o) <: SLIO v v (75)a

By inversion, Weakening

IH(1) with ¢ = ¢’ = o, SLIO™sub-monad
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P2:

Given

!

E;\I/I—Tlﬁﬁ <7 ST
Z,a,ﬁ,y;\PI—T{ <:T
E,OC,B,’Y;\I/ H [[7_{]]5 <t [[7_1]]5

By inversion, Weakening

TH(1) with £ = ¢ = 8

P1:
P2
SLIO*sub-arrow
E; U - T1,3 <t T2.3
PO.1:
5 Given, Weakening
Yoo, B,7; W HLEL
0,8, ({UBUyCa) = (LUBUyLC Q)
; Given, Weakening
Y,a,B8,v; 0L, C L
Yoo, 8,0 (L UBUNYEL) = (LUBLUYLEL)
Zva)ﬁafy;\ll - Cy = (]
PO:
P1
PO.1 SLIO*sub-arrow

0,8,V T3 <:To3
E,Oé,ﬁ,’)/; v = T1A2 <t T2‘2
XU ET < Ty

SLIO*sub-constraint
SLIO*sub-forall

Main derivation:

PO

" Definition 3.30
DUV o [[Tl g TQL <: [[T{ -5 Té:ﬂ
El

. FGsub-unit:

SLIO*sub-unit

3 Wk unit <: unit
;U F [unit], <: [unit],

Definition 3.30

. FGsub-forall:

Ty =Vao,d,7.((Uy E o/ ML) = SLIO v v (1) o
Tio=Vd,v.(lUyC o ML) = SLIO v v (1)
Ti1=Vy.(lU~yC o' M) = SLIO v v (1) o
Ti2=(UyCa ML) = SLIOy v (i)

113 =SLIO v v (m1) o

c1=({UyCa ML)

Ty =Va,d,y.(0 Uy C o/ ML) = SLIO v v (r2) o

279



Too=Va/,v. (0 Uy E ' ML) = SLIO v v (m2)u
To1 = Vy.(¢ U~y C o/ M) = SLIO 4 7 (ra)ar
Too={'UyC o' ML) = SLIO v v (o)

T5.3 = SLIO 7 v (m2) o

co={WUyCa/ ML)

P3:
; Given, Weakening
Yoa,a, ;U E T <t ) , )
; TH(1) with =0 =«
S,a, U E (1) o <t Tow
S, a,a ;W F SLIO v v (11)or <: SLIO v v (72) o
P2:
; y Given
Z,O[,Oé "y,\ll l_ (ge E fe)
Yo, ;U (0 Uy C L) = (LUyE L)
P1:
@ leen
Yo, ;0 F (P UyCd) = (fUyCd)
PO:

P1 P2
Yo, ;U ey = ¢

Main derivation:

PO P3
; SLIO*sub-constraint
E,a,a,’y;\IfI—Tl.g <:T59 .
SLIO™sub-forall
XU ET < T

Definition 3.30

X0 F Vo], <: [Var]y

. FGsub-constraint:

Ty =Va,v.(ce AU~y E afnbe) = SLIO v v (71)a
Tio=Yy.(ca AU~y C ande) = SLIO v v (1) a
Ti1=(aANlUyCaml) = SLIO vy v (T1)a
T1.2 = SLIO v v (1)

Cr=(aNlUyCand)

Ty =Va,v.(ca N U~y E afndl) = SLIO v v (2)q
Too =Vy.(co N U~y E alnll) = SLIO v v (12)q
To1 = (caNlUyC and) = SLIO v v (m2)a
T5.0 = SLIO 7 v (72)q

Co=(ca Nl UyCant)
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P1:

Given, Weakening
Yoo,V ET <im

IH(1) with ¢ = = «
Y., U (1) e <t T2

Y, a,; U SLIO v v (1) o <: SLIO v v (72)q

PO:

Given

XUk = ¢
S0, 0N UyCant) = aA{lUyCant)
Yoa, 1,V ECy = ()

Weakening, ¢ C ¢/, 0, C {,

Main derivation:

PO P1
SLIO*sub-constraint
Yoo, WETy <:Tay
SLIO*sub-forall
XU ET < Ty

Definition 3.30

DI [{cl é? Tlﬂg < [[02 iﬁ Tgﬂ
el

O]

Lemma 3.34 (FG ~» SLIO*: Preservation of well-formedness). Forall ¥, U and ¢ s.t FV({) € &
the following hold:

1.V7. 597 WF = %V F (1) WF
2. VA. S U FAWE = U+ (A), WF

Proof. Proof by simulataneous induction on the W F relation of FG
Proof of statement (1)

Let 7 = A?

By inversion

FV()ex
FV({/ Ul ex
S0 b (A)pye WF
;W - Labeled ¢ L€ (A)pyy WE

Proof of statement (2)
We proceed by case analyzing the last rule of given W F' judgment.

TH(2) on A
SLIO*-wff-labeled

1. FG-wil-base:

— SLIO*-wff-base
S:UFbWF

2. FG-wil-unit:

- SLIO*-wff-unit
;U - unit WF
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3. FG-wil-arrow:
P1:

TH(1) on o
S0, 8,0, ((UBUyEantl) b (r)a WF

Y,0,B8,7 ¥, ((UBUYyC anl,) - SLIO v v (r2)a WF

SLIO*-wff-monad

PO:

TH(1) on 7y P1
¥,a,8,%0,((UBUyCEantl) bk (n)s WF

SLIO*-wff-arrow
Zaaa67’7;\117 (El—lﬂ U’y E « ﬂge) l_ (qul)ﬂ - SLH@ ’7 Fy (]TQDQ) WF

Main derivation:

PO
Y,0,8,:; V(LU pUyCEand,) = (r)g = SLIO v v (m)a) WF
SV (Yo, B,7.(UB Uy Eante) = (ri)g — SLIO v v (1)) WEF

SLIO*-wff-constraint

4. FG-wff-prod:

H(1) on 7y H(1) on 7

I
S, Uk (re)e WF
YUk (1) X (mo)e WF

I
;U E (m)e WE

SLIO*-wiff-prod

5. FG-wff-sum:
TH(1) on 7 TH(1) on 7
;U E (m)e WE ;U F () WE
SLIO*-wif-prod
U (]Tll)g + (]Tgl)g WF
6. FG-wif-ref:
Let 7 = A?
m By inversion m By inversion

Lemma 3.35

FV((A)e) = 0

; SLIO*-wff-ref
;U kref 0 (A)y WF

7. FG-wit-forall:

IH(1
S,a,d U, ((Uy o/ MAe) F () WF (1) on

Y,a,d U, (LUyC o/ ML) FSLIO v v () WF
Yo, ;U LUy E o' Mb) = SLIO v v (t)or WF
U E (Va,o ,v.(fUy Ed T14) = SLIO v v (7)) WF

SLIO*-wff-monad

SLIO*-wff-constraint
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8. FG-wil-constraint:

X, a,7;

U, (eANlUyE alle) F (T)a

IH(1) on 7
WF

Y,0,7; 9, (c ANLUyEalbe) ESLIO v v (1) WF

SLIO*-wff-monad

S,a,; U (eANlUy Eande) = SLIO v v (7)a

S0 (Va,y.(e AUy Cande) = SLIO v v (1)o) WF

Lemma 3.35 (FG ~» SLIO*: Free variable lemma). VX, 0. FV({) € X, the following hold

1. V. FV((r)e) € FV(r) U FV(¢)
2. VA. FV((A),) C FV(A) U FV(¢)

Proof. Proof by simultaneous induction on 7 and A

Proof for (1)

Let 7 = Ali

FV(GAZ'D)
FV(Labeled ¢; U £ (A)g,Le)
E ) UFV(0) UFV((A)e,e)
FV(Af

(
) UFV() UFV(A)
HUFV()

N

Proof for (2)

Definition 3.30

IH(2) on A

1. A=
FV((b)e)
= FV(b) Definition 3.30
C FV(b)UFV(¥)
2. A =unit:
FV((unit),)
= FV(unit) Definition 3.30
C  FV(unit) UFV(¢)
3. A=mn g To:
FV((r1 %5 2)0)
= FV(Vo,B,7v.((LUBU~yC afle) =
= FV{)UFV((ri)g) UFV(l) UFV((m2)a)
C FV(r)UFV(L) UFV () UFV(Y)
= FV(n 5 n)UFV()

071 X T2)¢)

V((ri)e x (72)e)

V((r1)e) UEV((m2)e) UFV (L)
V(1) UFV(m) UFV(Y)

V(m x 7’2) U FV(E)

N

/‘\/\/‘\/\/—\

Definition 3.30

IH(1) on 71 and 7
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Definition 3.30

IH(1) on 7 and 7
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5. A—T1+T2'

N

6. A=

FV((ri + 72)¢)
EV((ri)e + (m2)e) Definition 3.30
FV((ri)e) UFV((r2)e) UFV(£)
FV(r) UFV(r2) UFV(()
FV(r1 4+ 1) UFV({)

IH(1) on 7 and 72

ref 7;:

Let 7, = Atﬁ

N

7. A

n

Lemma

FAWE.

FV(Qref T,Dg)
FV(ref £; (Ai)) Definition 3.30
FV(&;) UFV((AD)
FV(;)UFV(A;) UFV(¢)  1IH(2) on A;
FV(ref A%)UFV(0)

FV(ref 7’1) UFV(¢)

=Va.(le, Ti):

(Vo (Eesz)D)

Vo, o, v.(0Uy E o' T14.) = SLIO v v (7:)or)  Definition 3.30
) UFV (L) UFV((r))

)UFV (L) UFV(T;) IH(1) on 7

O UFV(Va.(le, 4))

F
F

F

V(
V(
FV(
V(
FV(

(c /\ Uy Cand,) = SLIO v~ (1)a)  Definition 3.30
) UFV(c) UFV((r))) UFV(¥)
YJUFV(c) UFV(1;) UFV(Y) IH(1) on 7;

O

3.36 (FG ~» SLIO*: Substitution lemma). V7,A ¢ s.t a & FV({), - 7 WF and
The following holds

L ((rhel€'/ad) = (r1€' /e
2. ((A)o)[0'/a] = (A[€'/adde)

Proof. Proof by simultaneous induction on 7 and A
Proof for (1)

Let

T :Agi
((A%))[e /o]

Labeled (¢; L 2) (A)g,0)[¢' /] Definition 3.30
Labeled (¢[¢/a] L1 €) (A)g;jesajuel€’/ o)

(A[¢'/a] /o))
(A%[¢'fa])De

(
(
éLabded(i[f’/a] 0) A /gy TH(2)
(

Proof for (2)
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>

I

o
o

De)[¢'/al
€'/

o =
~—

Definition 3.30

[T
==ozo ¢
o O

N=

\N

L.

S~—

A S—

~

. A =unit:
((unit))[¢'/a]
(ur}it)[ﬁ’/a]
unit

((unit))e
((unit[e’/a]))e

.A:Tlg’TQZ

((m1 55 Do) [0/l
Vo!, 8,7 (U BU~Y o/ M) =

Definition 3.30

( (m1)p — SLIO 7y v (7)) [¢' /]

Vo, B,y.(U B Uy C o/ L[l /o)) = (m1)s[l' /o] — SLIO 7y v (m2) o [¢'/])
(Ve B, 7. (EI_I U~ C & MLl a]) = (mi[l'/a])g — SLIO v v (m2[¢'/a])or)
(

(

(n[€'/a] “E e e

Definition 3.30

TH(1)

Definition 3.30

TH(1)

e)[f /al
A /a]

ref A1),
ref A) [/ /o),
ref 7,)[¢'/a])e

Definition 3.30
Lemma 3.34

Since - ref ;, WF

| A A |
PN N e
—~—~ —~ =

A=V (b, T):
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(V. (Ce, 7:)D)[¢' /]
= (Vo d/,7v.((U~yCE o/ M) = SLIO v v (ri) o) [€ /]
= (VOé'CO/,V(f'—"V‘:Oé MLl /a]) = SLIO v 7y (ri)or [¢'/a])
= (V" d/,7v.(0Uy C o/ MLfl'/a]) = SLIO v v (1[0 /a])er)  TH(1)
= ((Va".(C[l'/a], [l /a])))e
= ((Va".(be,7:))[l'/alDe
8. A=c & T;
((c % 7))[¢'/a]
= (Vo,y.(ecANlU~yC A I‘IE):>S]L]I@77(]TZ-DQ/)[E’/0¢]
— (Y1 (cl€fa] A LU T o M6 [¢/a]) = SLIO 7 (ri)or[€'/)
= (Yo, y.(c[l!/Ja] AUy E o' L[l [a]) = SLIO v v (r[l'/a])or)
= ((clt'/a) “E e o))
= ((c 5 m)[/a))

3.3.3 Model for FG to SLIO* translation

Definition 3.37 (FG ~» SLIO*: *fy extends *6;). *0; C %0y =
Va € %6150, (a

=7 = %Oh(a)=7

Y(a1, az) € B1.(a1, az) € fa

)

Definition 3.38 (FG ~» SLIO*: f3, extends £1). 51 C s £
(
(

Definition 3.39 (FG ~» SLIO*: Unary value relation).

Definition 3.30

Definition 3.30

TH(1)

b 2 ((%9,m,%v,'0) | *v e [b] Atv € [b] A%v =t}
Lunitj?/ £ {(*0,m,%v,'v) | *v € [unit] Atv € [unit]}
|7 x ng€ 2 {(0,m, (*v1, 112)7(%11%2)) | X
(se,m, v, to) € (1)) A (GO m, S, be) € |2}
|71 + 72 2 {(*0,m,inl Sv,inl tv) | (*6,m,%v, ') € |71 |0} U
{(*0,m,inr Sv,inr tv) | (50, m, v, v) € L7'2j€}
Sl 2 {50, m, Areq, ANv(Az.er))) |
¥0' 350,50, b, j <m, BT B.(0, 5,50, ) € |n ) =
(0,4 es[ v/l et /a]) € |23}
|Va.(be, T) |5, 2 {(%0,m, Aes, AA(v(er))) | )
VR0 350,5 <m0 € L, BT (0, jes,er) € |T[0)a] |5}
le % 718 2 {50, m,ve., A(v(er))) |
LEc= V¢ 3%, j< m, 3 C B/.(SH’,j,es,et) c LTJ%/}
|ref 77 2 {0, m, a5, @) | *0(as) =T A (°a,a) € B}
|A” |5 2 {(50,m, v, Lb(*v)) | (*0,m,%v,"v) € |A]5}
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Definition 3.40 (FG ~» SLIO*: Unary expression relation).
U—J% 2 {(Sevnvesﬂet) ‘ .
VHy, Hy.(n, Hoy Hy) 50 AV < n,%v.(Hy, e2) b (H!,*v) =
3H to.(Hy ) U (HY, ') A 390" 30,8 2 B.(n— i, H!, H) % 50/
ACO'n—i,%v,') € [}
Definition 3.41 (FG ~» SLIO*: Unary heap well formedness).
(n, Hs, Hy) Lsp 2 dom(°6) C dom(Hs)A

B C (dom(®0) x dom(H;))A )
(a1, a2) € B.(°0,n — 1, Hy(ar), Hy(az)) € [*0(ar)]y,

Definition 3.42 (FG ~» SLIO*: Label substitution). ¢ : Lvar — Label
Definition 3.43 (FG ~~» SLIO*: Value substitution to values). 6% : Var — Val, 6' : Var — Val

Definition 3.44 (FG ~~ SLIO*: Unary interpretation of I').

D)2 2 {(*0,n,6°,6') | dom(T) C dom(6*) A dom(T) C dom(5")A

Vo € dom(T).(*0,n,6%(x),0"(x)) € [D(x) |5}

3.3.4 Soundness proof for FG to SLIO* translation
Lemma 3.45 (FG ~» SLIO*: Monotonicity). V0,0, n,*v,'v,n’, B, 3.
1. VA. (°0,n,%v,%) € LAJ@ NOCT S0 NBE S Al <n = (50',0/,%0,"0) € LAJ?,/
2. V1. (°0,n,%v,%v) € LTJ?, NOCTY NBE S Al <n = (3¢, n/,%0,"0) € LTJ/‘B;
Proof. Proof by simultaneous induction on A and 7

Proof of statement (1)
We case analyze A in the last step

1. Case b:
(*0,m,%v, ') € LbJ€ ANSOC S0 ABC B An! <n
To prove:
(56,0, v, ') € [b]!)

Since (%0, n,%v,') € Lbj€ therefore from Definition 3.39 we know that $v € [b] Atv € [b]

and *v =t

Therefore from Definition 3.39 we get the desired

287



2. Case unit:
(%0, m,%v, ') € LunitJ‘B/ ANOT0 ABC B A/ <n
To prove:
(0,0, %0, M) € Lunitj‘é/,
Since (%60, n,*v,'v) € Lunitjﬁ‘; therefore from Definition 3.39 we know that *v € [unit] Alv €
[unit]

Therefore from Definition 3.39 we get the desired

3. Case 11 X T9:

(*0,n,%v, ') € |1y x TQJ‘é/ NSO E 0 ABC B A’ <n
To prove:

(50", n,%v, ) € |1 x ng’él

From Definition 3.39 we know that *v = (Svy,%1;) and ‘v = (‘oy, twg).
We also know that (°6,n,%v,tv) € Lﬁjé and (%6,n, 5w, ) € I_TQJ‘B/
IH1: (5¢',n, 5w, ) € |_T1J€ (From Statement (2))

IH2: (5¢",n/,5w9,00) € I_TQJ‘B/, (From Statement (2))

Therefore from Definition 3.39, IH1 and IH2 we get

(80/7 n/7sv7tv) 6 \_7—1 X 7-2J‘B/l

4. Case 11 + To:

(*0,n,%v,') € |1 + ng‘ﬁ/ ASOC 50 ABC B An/ <n

To prove:

Q!

(0',n',%v,') € |1 + TQJ(D;
From Definition 3.39 two cases arise

(a) $v =inl(*v') and ‘v = inl(*v'):
IH: (50", n/,%v',1') € I_T1J€/ (From Statement (2))
Therefore from Definition 3.39 and IH we get

(¢, n',5v,') € |1 +72J‘5//
(b) *v =inr(*v') and ‘v = inr(*v'):

Symmetric reasosning as in the previous case
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5. Case 11 % To:
(*0,n,%v,'v) € |7 R ngé ANOT 0 NBC B Al <n
To prove:
(50, n' Sv, ') € |1 L TQJ?/I
From Definition 3.39 we know that

$p is of the form Az.es (for some eg) and tv is of the form AAA(v(\x.e;)) (for some e;) s.t
(0, G el v/a),erltvfal) € [mlp (AD)
Similarly from Definition 3.39 we are required to prove
V0" 350 Swn, tug, k <!, B T B”A.(SH”,k,Svg,tvg) € LﬁJé" =
(0", k,eslwa/al eil'va/a]) € 7o)y
This means we are given some
97 356 Swy,tug, k <n/, 3 T B st (50" k,5vy,'0) € Lle’\é;/
and we are required to prove
(0", ks eru/al, elt /o)) € o)
Instantiating (AO) with *6”, $vs, tug, k, 3" since
59 1%¢' 2%0, k <n' <nand BT 3 C B therefore we get
(0" ks /a], eil'va/]) € L]
6. Case Va.T:
(%0,n,%v,%v) € LVa.(Ee,T)J’é ASOC 50 ABC B A/ <n
To prove:
(0", 0,50, ') € |V (le, 7)) ¥
From Definition 3.39 we know that $v = Ae), and ‘v = AAA(v(e;)) s.t
W0 30,5 <nl € LAT B0 jewer) € [710)a])5  (FO)
Similarly from Definition 3.39 we are required to prove
W0 350k <n' 0" € L,B T B".(0" k,esrer) € | 7[" /o]
This means we are given 50/ 3¢,k <n/. ¢’ € L,3' C "
and we are required to prove

(0" K, ey e0) € |7[0" 0] |2

Instantiating (FO) with *67, k, 3" since *0” 2 °¢' 3 %0, k < n' <nand § C 3/ C 3"
therefore we get

(0" k, ey e0) € [7[0" 0] |
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7. Case ¢ % 7
(%0, n,%v,%) € |c L TJ€ ASOC 50 ANBC B An/ <n
To prove:
(50, n',Sv, ') € |c L TJ?;
From Definition 3.39 we know that v = v (¢) and v = AA(v(et)). And
Llc = V0 3%,j<n,BC 3.0 jee) € rls  (CO)
Similarly from Definition 3.39 we are required to prove
Llc = V0" 30, k<n', B CH.CO kese) € 7]

This means we are given £ = ¢,%0” 250/ k <n', 3 T "
and we are required to prove

(59,7 k7 €s, Ct) € \‘TJ gl

Since £ | ¢ and instantiating (C0) with s@’{,k,/B’” since 0" 3 %0’ J %0, k < n’ < n and
B E ' E B” therefore we get

(80/7 ka €s, €t) € \_TJ%
8. Case ref 7:
(%0, m,%v, ) € |ref TJ@ ANOT 0 ABC B Al <n
To prove:
(50,0’ Sv, ') € |ref TJ@I
From Definition 3.39 we know that v = a, and v = ;. We also know that
0(as) =7 A (as, ar) € B
From Definition 3.39, Definition 3.37 and Definition 3.38 we get
(30’ 0/, Sv, ') € |ref TJ‘B//

Proof of Statement (2)
Let 7 = A"

Given: )
(%0,n,%v,'v) € LAe”J‘B/ ANOT0 ABC B Al <n

From Definition 3.39 we know that X
Fty;.to = Lb(*v;) and (°6,n, v, 'v;) € [A]D

To prove:
(0, n',%v,tv) € LAZHJ‘B//
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This means from Definition 3.39 we need to prove
(30, n' Sv,ty) € LAJ’@,

IH: (*¢',n/,%v,"y) € LAJ"B// (From Statement (1))

Therefore we get the desired directly from IH.

O
Lemma 3.46 (FG ~» SLIO*: Unary monotonicity for I'). ¥*0,°¢",4,T", n,n, 3, Bi’.
(*0,n,0%,6") € [T|0 A/ <n A0 ABC S — (*6',n/,6° 6 e TV
Proof. Given: (%0,n,6%,6%) € LI‘J€ An' <nASOC9 ABC S
To prove: (5¢',n/,0%,0%) € LI‘J?/I
From Definition 3.44 it is given that A
dom(T) C dom(56%) A dom(T) C dom(8') AVz; € dom(T).(50,n, 6%(x;), 0% (z;)) € LF(wz)j‘B/
And again from Definition 3.44 we are required to prove that A
dom(T) C dom(6%) A dom(T') C dom(8*) AVz; € dom(T).(50",n/, 6% (x;), 6% (2;)) € LF(wZ)Jg
e dom(T) C dom(6%) A dom(T') C dom(6*):
Given
o Va; € dom(T).(50, 0/, 6% (x;), 6t (2:)) € |D(ai) |0
Since we know that Va; € dom(T).(*0, n, 8 (x;), 6! (x:)) € [D(:) |5 (given)
Therefore from Lemma 3.45 we get
Wi € dom(T).(50, ', 6%(), 6t (1)) € |T(w:) |0
O

A~

Lemma 3.47 (FG ~ SLIO*: Unary monotonicity for H). V*0, Hy, H;,n,n’, 3.
(n, Hy, H)B 0 Al <n —s (n/, Hy, H) b0

Proof. Given: (n, Hy, Hy) Ss9An <n
To prove: (n', Hy, Hy) /3[; 50

From Definition 3.41 it is given that R
dom(%0) C dom(Hg) A B C (dom(®0) x dom(H;)) AV (a1, a2) € 5.(°0,n — 1, Hs(ay), Hi(a2)) €

1°0(a)]y

And again from Deﬁnition 3.41 we are required to prove that X
dom(%0) C dom(Hg) A3 C (dom(%0) x dom(H;)) AV(a1, a2) € B.(°0,n" — 1, Hs(a1), H(az)) €

1°0(a) ]}

e dom(®0) C dom(Hg):

Given
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o 3C (dom(*0) x dom(H,)):
Given

o (a1, a2) € 5.(°0, 1" — 1, Hy(ar), Hi(ap)) € |*0(a) |}
Since we know that V(a1, ag) € 8.(56,n — 1, Hy(a1), Hy(az)) € LSH(G)J’B‘; (given)
Therefore from Lemma 3.45 we get

(a1, a0) € B.(0, 0" — 1, Hy(a), Hi(az)) € [*0(a)]?

Lemma 3.48 (Coercion lemma). VH e, v.
(H.e) 4/ (H',Lbv) =
(H,coerce_taint ¢) |}/ (H’,Lbv)

Proof. Given: (H,e) |}/ (H' Lbv)
To prove: (H,coerce_taint ¢) |}/ (H' Lbv)

From Definition of coerce_taintand SLIO*-Sem-app it suffices to prove that
(H ,toLabeled(bind(e, y.unlabel(y)))) 4. (H’,Lbv)

From SLIO*-Sem-tolabeled it suffices to prove that
(H, bind(e, y.unlabel(y))) 4L (H', v)

From SLIO*-Sem-bind it suffices to prove that

L (H,e) 4L (H], v):
We are given that (H,e) |}/ (H',v) therefore we have H] = H’' and v] = Lbuv

2. (H{,unlabel(y)[v /y)) 4. (H',v):
It sufffices to prove that
(H',unlabel(Lbv)) 4X (H', v):
We get this directly from SLIO*-Sem-unlabel

O]

Theorem 3.49 (FG ~» SLIO*: Fundamental theorem). VX, W, T, 7, e, e, pc, £, 8%, 8%, 0,50, n, B
YW bpees : 7~ e A
LEY oA (%0,n,668) €|l aJ@
e N
(%0,n,es 6%, ¢4 6') € |T O'J%

Proof. Proof by induction on the ~- relation

1. FC-var:

FC-var
Uil :irhpex:T~retx

Also given is: LE U o A (50,n,0%,8") € [(TU{z > T}) O‘J‘B/
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To prove: (30,n,x §° ret(x) &%) € |1 O'J%

From Definition 3.40 it suffices to prove that

VH,, Hy.(n, Hs, Hy) 530 AVi < n,v.(Hs,x 6%) §; (H.,%v) =

3H], . (Hy,ret(x) ') 4 (H{,'v) A3’ 20,3 3 B.(n — i, H], H}) L sgr A

(*6',n —i,%v,0) € |7)%

This means given some Hs, Hy s.t (n, Hs, Ht)g‘*’&. Also given some i < n,*v s.t (Hg, x 6°) {;
(H;,*v)

From fg-val we know that i = 0, v = x §°. Also from SLIO*-Sem-ret we know that
ty =2 6" and H} = H,

And we are required to prove
3¢/ 250, ' C B.(n, HL H) & 56" A (0 n, 0, 0) € |7)2 (F-V0)

We choose *¢' as *0 and ' as 3

(a) (n, Hs, Hy) 550: Given
s s B.

(b) ( 0,n, v’tv) S LTJV. A
Since we are given (°0,n,6°,0") € [(TU{z — 7}) aJ@, therefore from Definition 3.44
we get (89771’8,0’751}) S L'T O'J€

. FC-lam:

Uiz i1 by, e T2 v €

n FC-lam
ST Fpe Azeeg : (11 =5 72) T~ ret(Lb(AAA(v(\z.er))))

Also given is: L E ¥ o A (°0,n,06°%,6") € [T O'J‘B/
To prove: (%0,n, (Az.es) 6%, ret(Lb(AAA(v(Az.er)))) 6°) € | (11 LY o)t O'J%
From Definition 3.40 it suffices to prove

VH,, Hy.(n, Hy, Hy) B %0 AVi < n,%0.(Hy, (\acs) 6%) U (H,%0) —>
JH/, tv.(Hy, ret(Lb(AAA(v(\z.€)))) 6°) U (H!,'v) A

30/ 350, 4" 3 f.(n— i, H, H) & 50 A (0,0 — i, %0, %) € [(n 5 )L o]
This means that given some H, H; s.t (n, Hs, Hy) 559 and given some ¢ < n,*v s.t
(Hs, (Ax.es) 6%) U; (H., *v)

From fg-val we know that v = (Az.es) 0%, H = Hy and i = 0. Also from SLIO*-Sem-ret,
SLIO*-Sem-label and SLIO*-Sem-FI we know that H/ = H; and ‘v = (Lb(AAA(v(\z.€;)))) 6°

It suffices to prove that
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30" 390, ' 3 f.(n, He, Hy) & 56" A (50,0, %0, '0) € |(11 5 )" o)

We choose %6’ as 0 and /3’ as f3

(a) (n, Hs, Hy) 550: Given

(b) (°0,m, Az.es 8%, (Lb(AMA(v(Az.€))))) &) € (11 55 72)* o)1
From Definition 3.39 it suffices to prove that
(40,n, Az.eq 0%, (AAA(v(Az-e,))) 0 € (1 25 7) o]7
Again from Definition 3.39 it suffices to prove that
VS0 350,504, tvg, 7 < n, B C B/.(Sel,j,qu,tvd) €|n aj‘é// =
(0',j esl"vafa] 3, erl va/a] 8') € |72 o)
This further means that given ¢’ J %0, %vg,tvg,j < n,B T 3 s b (50", 7,%vg,tvg) €
n oy
And we a re required to prove
(50", 4, es[va/a] 6%, estvafa] 0°) € |72 0] (F-LO)

Since we are given (°¢’,j,%vg,'vy) € |7 UJ@ , therefore from Definition 3.44 and
Lemma 3.46 we have

(50', 7,05 U{z > Svg}, 0t U{z — tog}) € [(TU{z — 71}) O'J"é;l
Therefore from IH we get

(*0', 4, es 65 U{z > Sug},e; 6 U{w s tug}) € |2 o)
We get (F-LO0) directly from IH

3. FC-app:

ST by o1 2 (1155 7)" = en
iU T Fpe €52 1T~ €2 XUkl UpeE L, DI N4
YU T by €51 g2 : T2 ~» coerce_taint(bind(es, a.bind(es, b.bind(unlabel a, c.(c[][|[]e) b))))

FC-app

Also given is: LE W o A (50,n,06%,8") € [T O‘J‘é/

To prove:

(°0,mn, (es1 €s2) 6°, coerce_taint(bind(ey, a.bind(es2, b.bind(unlabel a,c.(c[][|[Je) b)))) 5t e
r o)k

This means from Definition 3.40 it suffices to prove

VH,, Hy.(n, Hy, Hy) B %0 AV < n,*0.(Hy, (o1 eso) 6%) Ui (H.,%0) —>
JH],'v.(Hy, coerce talnt(bmd(etl,a bind(es2, b. blnd(unlabel a,c.(c[][][]8) b)) 6°) I (H/,tv)A

350/ 390, 3 3 B.(n— i, H', H) o 50/ A (56", — i, v, ') € |7 A
This further means that given some Hs, Hy s.t (n, Hy, Hy) > 59 and given some i < n, v s.t
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(Hs, (a1 es2) 0%) Ui (H,*v)

And we need to prove

JH/,'v.(Hy, coerce_taint(bind(es1, a.bind(es, b.bind(unlabel a, c.(c[][|[J®) b)))) 6*) I/ (H/,tv)A
359" 3%0,3' 3 B.(n— i, H!, H}) BDI SN (50, n — i, %0, M) € [ UJBI (F-A0)

IH1:

(*0,m, €51 8%, €11 8Y) € [(11 55 ) )5
This means from Definition 3.40 we have

B .
VHSl, Hﬂ.(n, Hsla Htl) >SG A VJ <n, svl.(Hsl, 651) U’j (Hs’l,svl) >
N A B
3H) oy (Hyy, eqn) W (H Po) A0 2960, 81 3 B.(n — §, HYy, H) > 50 A
(04, n — 5, %0, 'w) € [(m 55 )’ o))}
We instantiate with Hy, H;. And since we know that (Hs, (€51 es2) 6°) {}; (H.,*v) therefore
dj<i<nst (Hsl,esl) U]’ (Hsll,s’l)l).

This means we have

. . B
EIHt'l,tvl.(Hﬂ,eﬂ) llf (Htllltvl) A 380/1 ; 50,51 Q 5(% - j, Hsll,Htll) Dl 59/1 A (50’,71 -
g, to) € [(m S ) o)t (F-AL.0)
Since we know that (507,n — j,%vi,'v1) € [(11 L )¢ o] ‘ﬂ/i therefore from Definition 3.39
we know that 3tv;.tv; = Lb(*v;) s.t
(0, n—j, v, tu) € [(n 5 m) o)t (F-AL1)
From Definition 3.39 we know that *v; = Az.e, and ‘v; = AAA(v(Az.€})) s.t
VO 2005, M 1< (n = ), B C B A
(07, 1,50 1) € | o)yt = (0], 1, L[5 [a],ej[v fa]) € |2 0|} (F-Al)
1H2:
(80/17 n— .jv €52 587 €t2 5t) S LTI UJ%‘i
This means from Definition 3.40 we have

B/

VHg, Hy.(n — j, Hy, Hp) © °0 AVE <1 — j,*uy.(Hy, €50 6°) {5 (Hly,*v) =>

. . B
3H,,, vy (Hig, e42) I (lfft’z,tvg SYYATO, 304, B 3 Bl.(n—j—k, Hly, Hly) B 505 A (504, n—
j = ko, ) € [y o]

We instantiate with H!;, H/;,. And since we know that (Hs, (es1 es2) 0°) Ui (H., ®v)
therefore Ik <i—j <n—js.t (Hy,es 0%) b (Hly, *v2).

S
This means we have
R R Je
EII{{Q) tUQ-(Ht27 et2) U’f (HtIQa tv2) A Elseé g 80/17 Bé 2 Bi(n _j - ka Hs,2a Ht,2) l>2 595 A (s /27 n—
Jj—k,Sw,tw) € |n UJ?/é (F-A2)
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We instantiate (F-A1) with 0] as 6, Sv" as 5wy, 0" as 'vg, [ as n — j — k and /3’1’ as ﬁé
Therefore we get

(50, — j — k, € [*va/a], €}t w/a]) € |72 o)

From Definition 3.40 we have

ﬂA/
VH,, Hy.(n — j — k, Hy, Hy) 5 0, A¥a <n — j — k,Sv.(Hs, e [*va/a]) Ui (Hgz, *v3) =
My, v (Hy, e oo /a]) U (Hiz, "vs) A3°05 3505, 53 D 5.

B 3%
(n—j—k—a,H;, Hf) > S04 A (505, n — j — k —a,%vs,'v3) € [T UJ@3

Instantiating with H/,, H/5. since we know that (Hs, (es1 es2) 6°) i (H.,%v) therefore
Ja<i—j—k<n—j—kst (H, e 5v/x] 0%) Vo (Hls, "v3)

521 €s
Therefore we have
Iy, v (Hy, e[ oo /2]) W (Hjs, "vs) A 305 2204, 35 3 5.
(n—j—k—a, By HYy) B0 A (0 m—j— k—a v tu) € (o) (F-A3)
Let 0 = Agi, since 7o 0 \ ¥ o therefore ¢ o C ¢; and

(505,n—j—k—a,*v3,"v3) € |72 UJ%’
Therefore from Definition 3.39 we know that

(04,n —j—k —a, v, Lbluy) € 2 o]ip  (F-A3.1)

In order to prove (F-A0) we choose H/ as H/; and ‘v as Lb(*vs;). We need to prove:

(a) (Hy,coerce taint(bind(es,a.bind (e, b.bind(unlabel a,c.(c[][J[Je) b)))) 8*) ¥ (Hf5, Lbtvs;):

From Lemma 3.48 it suffices to prove that
(Hy, (bind(eq1, a.bind(e, b.bind(unlabel a, c.(c[][|[Je) b)))) 0%) |/ (H/5,Lbtvs;)
From SLIO*-Sem-bind it further suffices to show that
o (Ht7et1 6t) U’f (Ht/17tvl):
We get this directly from (F-A1.0)
e (H/,,bind(es2, b.bind(unlabel a,c.(c[][][]®) b))[fv1/a] 6%) |/ (H;, Lbtus;):
From SLIO*-Sem-bind it suffices to prove that
— (H}y e 8') W (Hpy, " va):
We get this directly from (F-A2)
— (H}, bind(unlabel a, c.(c[][][]®) b)['v1/a][tva/b] 6%) IF (Hs, Lbtus;):
From SLIO*-Sem-bind again it suffices to prove
x (Hly, (unlabel a)[tvi/a] 8%) I (Hlsy, ')
Since from (F-A1.1) we know that 3*v;.'v; = Lb(*v;)
Therefore from SLIO*-Sem-unlabel and (F-Al) we know that H/y; = H/,
and ‘v = tv; = AAA(v(\1.€}))
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x ((c[I o ) va/b][ vea/c] 6') 4 Pvpon:
It suffices to prove that

(AAA (@ (Az-e)) ][] @ ‘o) 0°) 4 ez

From SLIO*-Sem-FE it suffices to prove that

(AA(Az.e))[ e v2) 6°) & ‘oo

Again from SLIO*-Sem-FE appleid two times it suffices to prove that
(v(Az.ep) o fv2) 0°) § Puen

From SLIO*-Sem-CE it suffices to prove that

((Av.€}) Tv2) 6') U Pupan

From SLIO*-Sem-app we know that
bopar = ej[tun /2] &
 (Hly,'vo1) U7 (Hs, Lb'vs;):
We get this from (F-A3) and (F-A3.1)
(b) 3%¢' 30,3 2 B.(n — i, H, H)) o 50" A (0, n — i, v, %0) € |7 o)

We choose °0" as *0; and B as Bg From fg-app we know that i = j +k +a + 1,
Sv = vz and H] = H!5. Also from the termination proof (previous point) we know
that H/ = H/5 and v = Lb (*u3)

We get (n — 4, H!, H) 250’ from (F-A3) and Lemma 3.47
Since ‘v = Lb(*v3) therefore from Definition 3.39 it suffices to prove that
COn—j—k—a—1°wtw) € n o]

We get this directly from (F-A3) and Lemma 3.45

4. FC-prod:

iU T Fpe €51 111~ e iU T Fpe €52 1 T2~ e
YT Fpe (es1,es2) ¢ (11 X 7))L~ bind(eg1, a.bind(es, b.ret(Lb(a, b))))

prod

Also given is: L=V o A (%0,n,6%,6') € [T UJ‘E}
To prove: (*0,n, (es1,es2) 6%, (bind(es1, a.bind(es, b.ret(Lb(a, b))))) 6t) € |(11 x )+ aj’g

This means from Definition 3.40 we need to prove

\V/Hsy Ht'(nv Hsa Ht) gse A VY, < n, SIUla SUQ'(H57 (6517 652)) ‘UZ (Hs,7 (Svl’ SUQ)) :>A A
JH/,'v.(Hy, (bind(es1, a.bind(eso, b.ret(Lb(a, b))))) 6¢) I (H/,tv) A 30" 26,3 3 5.

(n —1, H;, Hf) (S (0, — i, (Pvr, w), (tor, 'p)) € (11 X 72)* o]

This means that given some Hs, Hy s.t (n, Hg, Hy) g 59, Also given some i < n, vy, vy 8.t
(H87 (esla 682)) ‘UZ (H5/7 (svla SUQ))

And we need to prove
JH/,'v.(H;, (bind(eq, a.bind(eg, b.ret(Lb(a, b))))) &%) I (H/,'v) A 350’ 250,53 3 3.
(n—i, H!, H) B 50 A (0 — i, (v, %), ') € (m x ) - o) (F-PO)
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TH1:
(807n7 €s1 687€t1 5t) S LTl O'J%

This means from Definition 3.40 we need to prove

3 .
\V/HM’Htl'(n’ HSl’Htl) >°f /\V_] < nasvl'(Hslg €s1 é ) ‘UJ ( sl» Ul) =
3H,, oy (Hy, er1) W (HL o) A0 T %0, 8, 3 6.

/ a1

( H517H/) 39/ ( H/an _jvsvlvtvl) € LTl UJYB/l

Instantiating with Hy, Hy and since we know that (Hy, (es1, es2)) i (H., (Sv1,%w2)) therefore
dj<i<nst (Hsl,esl 58) llj (Hsll,svl)

Therefore we have
3H,, oy (H, en) W (H] o) A0, 350, 3, 3 5.

/

(n— j, Hly, Hly) B0 A (0,,m — j,"u,'o)) € | o) (B-P1)

TH2:

(507,n — j,es2 6%, €12 6) € |72 UJ%

This means from Definition 3.40 we need to prove
B )

VHgo, Hyz.(n, Heo, Hio) > %07 AVE < —J,"v1(Hsz, €52 0°) (Hly,*n) =
JHf, o1.(Hya, €42) UfA(Ht/%tvl) N30 3°61, 5y 3 Y.

8 o
(n—j —k, Hly, Hly) B 50) A (0}, n — j — k,Sva, ') € |72 0]}
Instantiating with H!;, H/; and since we know that (Hs, (€s1,€s2)) 4i (H., (*v1,°1v2)) there-
fore 3k <i—j <mn—js.t (Hs, es2 6%) i (Hly, *v2)
Therefore we have
HH;Q,WHQ, era) U (Hpp,'o1) A 305 01, 65 3 5.

B ar
(n—j—k Hy Hy) S0, A (00 —j—k 'y € |noll?  (F-P2)

In order to prove (F-P0) we choose H; as H/, and ‘v as Lb(*vy, ‘ug)

(a) (Hy, (bind(es1,a.bind(em, b.ret(Lb(a,b))))) 6°) I/ (Hy, Lb(tvr, us)):
From SLIO*-Sem-bind it suffices to prove that
o (Hpen 6") W (Hpyy, vin):
From (F-P1) we know that H),; = H}, and "uy ="y
e (H/,,bind(es2,b.ret(Lb(a,b)))[*vi/a] 6*) I (Hly, Lb(fvr, wm)):
From SLIO*-Sem-bind it suffices to prove that
— (Hy e ) W (Hpyy, Pom):
From (F-P2) we know that H/,, = H/, and ‘v = "o
— (Hpy, ret(Lb(a,b))["v1/a]["v2 /0] 6°) U/ (H, Lb(*v1, tv2)):
From SLIO*-Sem-ret, (F-P1) and (F-P2)

298



(b) 3°¢’ 3 SG,B’ 8. (n—1, H,, H, ) 59’ A GO —i, (Pur, %), te) € [(11 x 7))t 0J€:
We choose ¢’ as *0) and 3 as () and since from fg-prod i = j 4+ k+ 1 and H! = H/,.
Therefore from (F-P2) and Lemma 3.47 we get
(n— i, H!, HYy) b 50/

In order to prove (*¢',n — i, (Svi, v2),'v) € [(T1 X T2)* ajé/,
From Definition 3.39 it suffices to prove
Fruto = Lb(tv;) A (0, n — i, (Sv1,50), ) € (1 x 72) 0]

Since ‘v = Lb(*vy,'ws) therefore we get the desired from (F-P1), (F-P2), Defini-
tion 3.39 and Lemma 3.45

5. FC-fst:

E;\I/;Fl_pc€si(7'1><7'2)ewet Uk N\ 4

fst
;W T by fst(es) - 71 ~» coerce_taint(bind(es, a.bind(unlabel (a), b.ret(fst(b))))) °

Also given is: LW o A (50,n,0%,8") € [T JJ‘B/
To prove: (°0,n,fst(es) 6%, coerce taint(bind(e;, a.bind(unlabel (a),b.ret(fst(b))))) &°) €

e

This means from Definition 3.40 we need to prove

VHs, Hy.(n, Hg, Hy) 559 AVi < n,%v.(Hs,fst(es)) Vi (H.,%v) =

JH/,'v.(Hy, coerce taint(bind(et,a bind(unlabel (a), b.ret(fst(b)))))) I/ (H/,*v) A
359/ 220, ' 2 B.(n — i, H, HY) B ' A (6", — i, %, ') € |7 0|2

1

This means that given some Hs, Hy s.t (n, Hs, Hy) >
(Hs, fst(es)) Ui (H,*v)
We need to prove

JH],tv.(Hy, coerce,taint(bind(et, a.bind(unlabel (a), b.ret(fst(b)))))) I/ (H/,*v) A
39" 390, ' 2 fu(n— i, HL H) B %0 A (0,0 —i,%0,'0) € |7 o) (F-FO)

50 Also given some i < n,%v s.t

IH:

(0, e, 8% 8) € [(11 x 72)! o)
This means from Definition 3.40 we have

B .
VHg, Hyi.(n, Hgp, Hi) > %0 AV < n, vy, (Hslaes) 4 (H.,,°n) =
HHt,p (Htlaet ) bf (Ht/ptvl) A 389/ a0 51 - 5

/

(n— Hsl,H’) B0, A (565, — 4,0, v) € (11 x T2)! oo}

Instantiating with Hg, Ht and since we know that (Hj,fst(es)) Ui (H.,®v) therefore 35 <
i<nst(Hes) Uj ( sl Svp)
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This means we have
3H), . (Hyyer 6) 3 (Hfy P ) AS°05 30, 31 2 5.

b1 3!
(n - j? Hs/th/l) I>1 30/1 A (S ,1777' _j>svlvtv1) € \_(7—1 X 7—2)4 UJ€1 (F'Fl)

Since we know that (0}, n — j,%v, ) € | (11 x 7)* UJ?} therefore from Definition 3.39
we know that v, = Lb(*v;) s.t

(S /lﬂn _jasvlatvi) S L(Tl X TZ) O-J“ii (F-Fll)

From Definition 3.39 we know that *v; = (Sv;1, %v;2) and tv; = (Yvi1, tvge) st

(%01, n — 4, %vi1,'v1) € |11 UJ€ (F-F1.2)

Let 71 0 = Afi, since 71 0 \( ¥ o therefore £ o C ¢; and
Since (*07,n — j,*vi1, 'v;1) € |11 UJ@

Therefore from Definition 3.39 we know that

(%01, n — j,%v;1, Lblu) € |1y 0J€ (F-F1.3)

In order to prove (F-FO0) we choose H/ as H/; and 'v as Lb'v;;; as we need to prove

(a) (Hy,coerce taint(bind(e;,a.bind(unlabel (a),b.ret(fst(b)))))) 4/ (H/;, Lbtvi11):

From Lemma 3.48 it suffices to prove that
(Hy, (bind(eq, a-bind(unlabel (a), b.ret(fst(b)))))) I (H/;,Lbtv;11)
From SLIO*-Sem-bind it suffices to prove that
o (Hyeo 0Y) U (HY, twy):
We get this from (F-F1)
e (H/,,bind(unlabel (a),b.ret(fst(b)))['v1/a] 8°) I (H/, Lbtv;11):
Again from SLIO*-Sem-bind it suffices to prove that
— (Hjy, unlabel (a)['v1/a] 6") W (Hiy, vpan):
Since 'v; = Lb(*v;1,%v;2) from (F-F1.1) and (F-F1.2) therefore we get the
desired from SLIO*-Sem-unlabel
SO, Htgl = Htll and tvtgl = (tvﬂ,tvig)
- (Htll, ret(fst(b))[(tvﬂ,tvig)/b] (St) Uf (Ht/17 thvﬂl):
We get this from SLIO*-Sem-fst, SLIO*-Sem-ret and (F-F1.2) and (F-F1.3)

(b) 3°¢' 36,3 2 B.(n — i, H, H)) o 50" A (°0',n — i, v, "0) € |7y o)

We choose ¢’ as 50, and (' as ;. And from fg-fst we know that i = j 4+ 1 and
H! = H!, therefore from (F-F1) and Lemma 3.47 we get

/

B
(n - i’ Hs/la Ht/l) [>1 30/1

Since from fg-fst we know that *v = Sv;; therefore from (F-F1.2) and Lemma 3.45 we
get

Al
(30’,n — i,s?}il,tvil) S LTl UJ‘B}

6. FC-snd:

Symmetric reasoning as in the FC-fst case
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7. FC-inl:

MWl bpe et~ e
YW T by inl(eg) = (11 4 72)T ~ bind(er, a.ret(Lbinl(a)))

inl

Also given is: L=V o A (°0,n,6%,6') € [T UJ‘B/
To prove: (°0,n,inl(es) 6%, bind(es, a.ret(Lbinl(a))) 6') € | (11 + m2)* JJ%
This means from Definition 3.40 we have

VH,, Hy.(n, Hy, H) b0 AV < n,*0.(Hy,inl(e,)) b (H %) —

JH/,tv.(Hy, bind(et,a ret(Lbinl(a))) &) U/ (H/,'v) A3%0' 30,5’ 3 B.
(n— i, H, H) S 56" A (0,0 — i, %0, ') € |7 0|2

This means that we are given some Hy, H; s.t (n, Hy, Ht) 50 Also given some i < n,*v
s.t (Hs,inl(es)) U; (H., *v)

And we need to prove

JH/,'v.(Hy, bind(eq, a.ret(Lbinl(a))) 6%) I (H/,tv) A 30" 2%, 3" 3 5.

(n— i, H,H)) % 50 A (0, n — i, %0,t0) € [(n + )" o) (F-ILO)

TH:

(50,n,es 0%, O') € |1 JJ%

This means from Definition 3.40 we need to prove

B .
\V/Hsl,Htl.(n, HslaHtl)Dse/\vJ < nasvl-(Hslyes )*U] ( sl ’U ) -

EIHtII?tvl‘(Htla et)A‘U’f (Htll,tvl) A 389/ ; 89,81 g B

(n—j,HY, HY) DlSQ’/\ (%0',n — j,%v, ') € |1 UJ‘B}

Instantiating with Hs, Hy and since we know that (Hg,inl(es)) |} (H.,*v) therefore 3j <
i <nst(Hses 6% U (Hy,%v)

Therefore we have
3H), o (Hyyen) W (HY for) A3%0) 3°0, 81 2 5.

A/

(n—j,H., H)) l>1 SO0 A (507, m — 7,%v1, o)) € |1 aj‘ﬁ/i (F-IL1)

In order to prove (F-IL0O) we choose H{ as H/; and 'v as (Lb inl(*v1)) and we need to prove:

(a) (H/,,bind(e;, a.ret(Lbinl(a))) 6*) 4/ (H/,, (Lb inl(tv1))):
From SLIO*-Sem-bind it suffices to prove that
L (Hfy, e o) Y (Hy1, o)
From (F-IL1) we know that H/;; = H/; and ‘v;11 = "oy

ii. (H/j,ret(Lbinl(a))[tvi/a] 6%) I (H/;, (Lb inl(*vy))):
We get this from SLIO*-Sem-ret, (F-IL1)
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(b) 30" 350, 3 B.(n— i, H, H)) & 50" A (50,0 — i, v, ') € | (11 + )+ o]0

We choose *0" as 6] and (' as (]. Since from fg-inl we know that i = j 4+ 1 and

H! = H!, therefore from (F-IL1) and Lemma 3.47 we get

IBA/

(n—i, Hyy, Hjy) > °04

Now we need to prove (*0',n —i,%v,'v) € [(11 + m2)* UJ@I
Since *v = inl *v; and v = Lb(inl(*v1)) therefore from Definition 3.39 it suffices to
prove that

2l

(50, n — i, inl Svy,inl toy) € (71 + 72) UJ€

Since from (F-IL1) we know that (*6',n — j,%vi, 1) € |1 O'J‘B//
Therefore from Lemma 3.45 and Definition 3.39 we get
(50" ,n—i,%v,t) € [(11 + ) UJ@I

8. FC-inr:

Symmetric reasoning as in the FC-inl case

9. FC-case:

U bpe €5t (T +7'2)£ ~ ey
LUl i1 Fpee €511 T e SiW D, w7 bpoe €52 0 T~ €42 Uk TN/

case
YW T by case(es, x.€51,Y.€52) 0 T ~»

coerce_taint(bind(e;, a.bind(unlabel a, b.case(b, x.e;1,y.€12))))

Also given is: L E ¥ o A (°0,n,06°%,6") € [T O'J‘B/

To prove:

(0, n,Acase(es, T.€51,Y.€52) 0°, coerce_taint(bind(ey, a.bind(unlabel a, b.case(b, z.:1, y.€12)))) &) €
7 ol

This means from Definition 3.40 we need to prove

VHs, Hy.(n, Hs, Hy) 559 AVi < n,*v.(Hg, case(es, T.€51,y.€52) 0°) ; (H.,%v) =
JH/,v.(Hy, coerce_taint(bind(es, a.bind(unlabel a, b.case(b, z.es1, y.€12)))) 6°) 4/ (H!, *v)A

3¢/ 350, 4" 3 Bu(n— i, H, H) & 50" A (0 ,n — 0,0, ') € |7 0|
This means we are given some Hs, H; s.t (n, H, Hy) Vliﬂ 5¢. Also given some i < n,%v s.t
(Hs, case(es, x.€51,y.€52) 0%) ; (H.,%v)

And we need to prove
JH/, v.(Hy, coerce_taint(bind(es, a.bind(unlabel a, b.case(b, z.e;1, y.€2)))) 6°) U (H!, tv)A

30/ 350, 4" 3 f.(n— i, H, H) &0 A (0,0 —i,%0,t0) € [r o)l (F-CO)
IH1:
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(0,n,e5 8% e, 0') € (11 + 1)’ 0]
This means from Definition 3.40 we have

B .
VHsl,Htl (n HslaHtl) SOANVG <n, v (Hsl,es) U] (H.,,%vn) =

/

(n—j, By, HY) S 500 A (6),m — j, v1,tv1)€LTUJ€1

Instantiating with Hs, H; and since we know that (Hy,case(es, z.€51,y.€52) 0°) i (H.,v)
therefore 3j < i < n s.t (Hs,es) I (Hlp, 1)

Therefore we have
S, o (Hiv, e ) 07 (Bl o) A 305 290,03 5,

/

(n—j, H',, HY) 7 S0, A (0, m — 5,50, ') € (1 + ) o | (F-C1)

Since from (F-C1) we have (%0},n — j,%vi,%v1) € | (11 + m2)° O'J'éi therefore from Defini-
tion 3.39 we know that

Ftotoy = Lb(tw) A (507, n — 4,%5v, M) € (11 + 72) O‘J'ﬁi (F-C1.1)

2 cases arise

(a) *v; = inl(*v;1) and ‘v; = inl(tv;):

Also from Lemma 3.46 and Definition 3.44 we know that

(0, n—4,6° U {z = *u}, 8 U fe o ton}) € (T, {z s S }) o)
TH2:

(0 m— jeq1 0°U{z = S} en 00U {z = tu}) € |7 o) D
This means from Definition 3.40 we have

:8/
VHSQ, Htg.(n, HSQ, Ht2)1>189/1/\Vk < n—j,svg.(Hsg,esl 5SU{CE — 1)1}) U,] ( 529 1)2) ——
ElHt/Q,t'UQ.(HtQ, €1 ot U {.73 — t'l)ﬂ}) Uf (Htlz,tvg) AN 389, _ 89,1,62 - Bl'

3/

ﬁ ar
(n—j—k,H., H) S S04 A (505, n — j — k,Sve, ') € |T JJ'€?

Instantiating with H/;, H/; and since we know that (Hs, case(es, . 6’51 y.es2) 0°U{x —
Su }) 4 (H.,®v) therefore 3k <i—j <n—js.t (H., es1) di (HLy, %v2)

S
Therefore we have

IHy, oo (Hizyen 68 U {0 Lo }) U (Hy, bon) A 3%05 3507, 55 3 5;.
(= — ks Hly, L) 200 A (O — j— koot € [r o) (F-C2)
Let 7 0 = Aéi, since 7 0 \( £ o therefore ¢ o C ¢; and

(504,n — j —k,Sve, ') € |7 O'J‘B/é

Therefore from Definition 3.39 we know that
(°05,n — j — K, *vg, Lblwy;) € |7 orjéé (F-C2.1)

In order to prove (F-CO0) we choose H; as H/, and ‘v as Lblvy;
And we need to prove:
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i. (Hy,coerce taint(bind(e;, a.bind(unlabel a, b.case(b, x.e41,y.€12)))) 6°) I (Hy, Lblug;):
From Lemma 3.48 it suffices to prove that
(Hy, (bind(ey, a.bind(unlabel a, b.case(b, x.e;1,y.€12)))) 6%) W (H/y, Lbtwg;)
From SLIO*-Sem-bind it suffices to prove that
o (Hye 6" W (Hfy, on):
From (F-C1) we know that H/;; = H/; and "v1 = 'y
e (H/,,bind(unlabel a, b.case(b, x.es1,y.e2))['v1/a] 6*) UF (H/,, Lbtwy):
From SLIO*-Sem-bind it suffices to prove that
— (H},, (unlabel a)[*vi/a] 6*) U/ (Hly;, vior):
Since from (F-C1.1) we know that ‘v; = Lb(*v;) therefore from SLIO*-Sem-
unlabel we know that

— (case(b, x.e1,y-e2) [ v;/b] 64) | Lo
Since we know that in this case ‘v; = inl(*v;1)
Therefore from SLIO*-Sem-case we know that ‘v00 = es[tv;1 /2] 6

— (Hyy,enl'vin/x] 6%) § (Hfy, Lb'vy;):
We get this from (F-C2) and (F-C2.1)
ii. 3%’ 30,5 3 B.(n—i, H!, H)) L s p (50',n —i,%v,') € |7 UJ‘B/,:
We choose *¢” as *6) and 3’ as 3. Since from fg-case we know that i = j +k + 1
and H] = H/, therefore from (F-C2) and Lemma 3.47 we get
B/
(n — i, Hy, Hy) > °05
Now we need to prove (05, n —i,%v,%v) € |1 aj@é
Since *v = vy and ‘v = 'y and since from (F-C2) we know that
(Om —j — kS, ) € |7 o}
Therefore from Lemma 3.45 and Definition 3.39 we get
(*6h,n — i, %u, tp) € |7 0|12
(b) *v; = inr(*v;1) and tv; = inr(*v;):

Symmetric reasoning as in the previous case

10. FC-FI:

Wi by, e 07~ ey

FI
YT Fpe Ay (Vag.(be, 7))~ ret(Lb(AAA(r(er))))

Also given is: LW o A (%0,n,0%,8") € [T O'J’B‘;
To prove: (50,n, Aes 0%, ret(Lb(AAA(v(er)))) 0%) € |7 UJ%
This means from Definition 3.40 we need to prove

VH,, Hy.(n, Hy, Hy) 50 AVi < n,%0.(Hy, Aeg 6°) b (H,*0) —
SH/, v.(Hy, ret(Lb(AAA(v(er)))) &%) UF (H,to) A 56" T %6, 3 2 B.

(n—i, H, H) & 50 A (0 — 0,50, ™) € | (Yag.(le, 7))- o)
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This means given some Hy, Hy s.t (n, Hs, Ht)EBSe. Also given some i < n, v s.t (Hs, Aes 6%) s
(H;, %)

And we need to prove
JH/, v.(Hy, ret(Lb(AAA(v(e)))) 61) UF (H/,Po) A 350" 3560, 5 2 5.

(n—i, H!, H) & 50 A (0 — i, %0, ™) € | (Yag.(le, 7))" 0|2
From fg-val we know that v = (Aeg) 6°, H = Hs and i = 0. Also from SLIO*-Sem-ret
we know that H/ = H; and v = (Lb(AAA(v(e)))) 6¢

It suffices to prove that
3¢/ 250, 4 3 Bu(n —i, H', H) & 56" A (0, — i, %0, ") € |(Vag.(be, 7))~ o2

We choose %6’ as 0 and /3 as f3

(a) (n, Hs, Hy) 2 5p: Given
(b) (°0,m, Aes 6%, (Lb(AAA(v(er)))) 6) € | (Vag. (€, 7)) o]
From Definition 3.39 it suffices to prove that
(%8, n, Ae 8, (AMAA(v(er))) 8Y) € | (Yag.(le, 7)) o]0
Again from Definition 3.39 it suffices to prove that
W0 30,5 <n.l € LB T B0, 4, es 6%, e, ) € |71 Jay) o)

This further means that given ¢ 30,5 <n,l' € L, C j,
And we need to prove

(0}, j.es 0%, ¢, 01) € [7[0' g (F-FIO)
IH: (30, j,es 6% e 6Y) € |7 00U {ag — £} ]
We get (F-FI0) directly from IH

11. FC-FE:

0T by e (Vag.(be, 7)) ~ e
FV({)Cx YWk pe Ul T L]l /o] Ukl o] \ /¢
YW T by es[] - 7 ~» coerce_taint(bind (e, a.bind(unlabel a, b.b]][][]e)))

Also given is: LE W o A (°0,n,6%,6%) € [T O'J‘B/
To prove: (%60,n,es[] §°, coerce_taint(bind(ey, a.bind(unlabel a, b.b[][][]e))) &%) € |7 aJ%
This means from Definition 3.40 we need to prove

VH,, Hy.(n, Hy, Hy) B °0 AV < n,*0.(Hy, es]]) Ui (H!, %) —> )
JH,"v.(Hy, coerce taint(bind(e;, a.bind(unlabel a, b.b[][][]e)))) W (H] to)AT0' 350,58 3
B.

(n—i, H!, H) & 50" A (0, — i, %0, ') € |7 0|2
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This means given some Hy, H; s.t (n, H, Ht)ésﬁ. Also given some i < n,*v s.t (Hs, es[]) U
(H;,*v)

And we need to prove

3H/,"v.(Hy, coerce taint(bind(ey, a.bind(unlabel a, b.b[][][]e)))) W (H]Po)AT0 350,58 3
B.

(n—1i,H., H, ) 50’ NGO n—i,5v,M) € [T UJ@/ (F-FE0)

IH:
(*0,n, es 6%, ¢; 6) € | (Vay.(le, 7)) 0|7

This means from Definition 3.40 we have

B .
\V/HslaHtl (TL HslaHtl) SGAVJ <mn, Sv1. (Hslaes )“U] ( sl S ) —

/

(n—j, HYy HY) 'S 500 A (6),n — j, m,tvl)eL(Vag.wem))w@l

Instantiating with Hy, Hy and since we know that (Hs, es[]) {; (H.,*v) therefore 3j < i <n
st (Hs,es) {5 (HJp,%v)

This means we have

3H,, for (Hoe) W (HYy, o) A 3901 3 59,8 1 B.

(n — g, Hyy, Hjy) 4 SOV (504, m — 7, %v1,tor) € | (Vay.(Le, T))* oj'él (F-FE1)

Since from (F-FE1) we have (%6, n — j, *vi, ') € | (Vag.(fe, T))* UJ‘B// therefore from Defi-
nition 3.39 we know that

Fuptoy = Lb(toy) A (0 n — j. 50, ') € |(Vog.(be, 7)) 0|0 (F-FEL1)

Therefore from Definition 3.39 we have

Sp; = Ae, and 'v; = AAAve]

WO, 350, 0" € Lok <n—j, BT B0 ke el) € |7[0")ag] 0|3 (F-FE1.2)
We instantiate with *6;, ¢, n —j — 1,5 we get (5}, n —j —1,€,,¢€}) € klaen O'Jg

From Definition 3.40 we have

B’ )
\V/HSZa Ht2-(na Hs2a Ht2) > 89/1 /\Vk < (TL —J *Al)vsvg'(HSQa s) U’k ( s29 ’02) -
3H,,, Yoy (Hya, e}) I (Ht'z,tw) A0, 301, 8" 3 5.
(n— =1 =k Hy HY) o S0 A (0 — = 1— k5w, ) € 1710 Jag) 0|2

Instantiating with H/;, H/, and since we know that (Hs, es[]) {; (H.,v) and from fg FE we
know that i = j+k+1 < n therefore we know that k < n—j—1s.t (Hs,e€}) Jx (Hly, *v2).
Therefore we have

JH,, vy (HY, , €)) I} (Hfy,tv2) N3°04 3 89/173” - B/-
(n—j—1—F, H'Q,H;Q)ﬁ > SOy A (05, —j—1—k, vy, w) € |70 Jay) o) (F-FE1.3)

Let 7[¢'/a] 0 = A%, since T[¢'/a] 0 \, £ o therefore £ o C ¢; and
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(Ohom—j — 1 — k,*w, ") € [ /o] o}
Therefore from Definition 3.39 we know that
(%04, m — j — 1 — k,Sug, Lbluny) € [7[0'Jay) 0| (F-FE1.4)

In order to prove (F-FE0) we choose H/ as H/, and ‘v as Lb’wy;. We need to prove

(a) (Hj, coerce taint(bind(e;,a.bind(unlabel a,b.b[][][]®)))) I/ (H/y, Lbtwy;):

From Lemma 3.48 it suffices to prove that
(Hy, (bind(eq, a-bind(unlabel a,b.b]][][]®)))) ¥ (H/y, Lbtuy;)
From SLIO*-Sem-bind it suffices to prove that
o (Hye ') I/ (Hf11, onn):
From (F-FE1) we know that H/;; = H/; and ‘v1 = 'y
e (H/;,bind(unlabel a,b.b]][][|®)[tv1/a] 6*) ' (H/y, Lbtwy;):
Again from SLIO*-Sem-bind it suffices to prove that
— (H/,, (unlabel a)[tvy/a] 6*) U/ (H}}y, tvi2):
From (F-FE1.1) we know that ‘v = Lb(*v;)
Therefore from SLIO*-Sem-unlabel we have H/|, = H/, and ‘v;0 = 'v;
— (O[I00®)[ vi/b] 0° 4 ‘vnns:
From (F-FE1.2) we know that $v; = Ael, and ‘v; = AAAve)
Therefore from SLIO*-Sem-FE and SLIO*-Sem-CE we know that ‘vy3 = ¢}
— (Hj, e % (Hy, Lb"vy;)
From (F-FE1.3) and (F-FE1.4) we get the desired.

b) 3%’ 350,83 B.(n—i, H, H) % 50" A (0.0 — i, %0, tv) € |7l /o] o]
s t g 1%

We choose *0" as *60) and A" as 3. From fg-FE we know that i = j + k+ 1, v = Svh,

Therefore from (F-FE1.3) we get the (n — 4, H.y, H/5) i 59,

a1

To prove: (04, n —i,%v},'vh) € [T[¢ /o] aj@
We get this directly from (F-FE1.3)

12. FC-CI:

iU, by, e T~ e

CI
ST b ve: (¢ 2% 7)1~ ret(Lb(AA(v(e,))))

Also given is: LE ¥ o A (°0,n,6%,6%) € [T O'J‘B/
To prove: (%0,n,ve 6% ret(Lb(AA(v(e.)))) 6°) € |7 UJ%
This means from Definition 3.40 we need to prove

VH,, Hy.(n, Hy, Hy) 50 AV < n,*0.(Hy, ve, 0%) Ui (HL5v) —
JH/!, 'v.(Hy, ret(Lb(AA(v(ee)))) 64) I (H/,tv) A3%0" T %0, 5" 3 3.

(n—i, H, H) & 50 A (0 —i,%0,t0) € [(c 5 )t o)
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This means given some Hy, Hy s.t (n, Hs, Ht)EBSe. Also given some i < n, v s.t (Hs,ves 6°) |4
(H;,*v)

And we need to prove

JH],v.(Hy, ret(Lb(AA(v(e.)))) 6%) U (H.,'v) A 350" 30,5 3 5.

(n—i, H, H) &0 A (0 —i,%0,t0) € [(c %5 )b o)f
From fg-val we know that *v = (ves) 0°, H, = Hy and i = 0. Also from SLIO*-Sem-ret we
know that H/ = H; and v = (Lb(AA(v(e.)))) o

It suffices to prove that
359’ 30,3 3 B.(n—i, H., H)) Lsgp (50',n —i,°v,'v) € |(c L )t UJ‘B/I

We choose %6’ as 0 and ' as f3

(a) (n, Hs, Hy) 2 5p: Given
S S 4 /é .
(b) (50,n,ve,s 6°, (Lb(AA(v(e.)))) &%) € [(¢ = 1)t oy
From Definition 3.39 it suffices to prove that
(50, n, Aes 6%, (Lb(AA(v(e.)))) 6°) € |(c L T) aje
Again from Definition 3.39 it suffices to prove that
LEco = V0 1%,j< n,BC B’.(Seljjjes,et) €| O'J’g

This further means that given £ |= ¢ o and *¢’ 30,5 < n,3C
And we need to prove

(50 joes 6%, 6) € |7 0] (F-CIO)
IH: (°¢',j,es 6%, e, 0) € |7 O'Jg
We get (F-CI0) directly from IH

13. FC-CE:

E;W;FFPCGSZ(C%T))EWQ YU ke YUk peUlC L, Uk TN/
Y;W;T bp eso : 7 ~» coerce_taint(bind(et, a.bind(unlabel a.b.b[][]e)))

Also given is: L= W o A (°0,n,6%,6%) € [T O'J‘B/
To prove: (°0,n,es® &% coerce taint(bind(es, a.bind(unlabel a,b.b[][]e))) &%) € |7 O'Jg
This means from Definition 3.40 we need to prove

VH,, Hy.(n, Hy, Hy) B %0 AV < n,*0.(Hy, es[)) Ui (H!, %) —> )
JH,"v.(Hy, coerce_taint(bind(e;, a.bind(unlabel a,b.b[][Je)))) W (H] o) AT D%0,5' 3
3.

(n—i, H, H) & 50" A (0, —i,%0, ') € |7 0|2
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This means given some Hy, Hy s.t (n, H, Ht) 59 Also given some i < n,*v s.t (H, es[])
(H;,*v)

And we need to prove

3H/,"v.(Hy, coerce taint(bind(ey, a.bind(unlabel a, b.b[][]e)))) W (HP) NS0 350, 3 3
B.

(n— i HLH) B 0 A (0 — i, 0, t0) € |7 o)f (F-CEO)

IH:

(50,n,es 0%,¢; 0%) € |(c L )¢ O‘J%

This means from Definition 3.40 we have

B .
VHsy, Hy.(n, Ho, Hyy) 20 AVG <, o (Hap, e 6%) 4 (Hpp,°n) =
3H/,, tvi.(Hp, e 6Y) W (HYy toy) A 307 350 51 28

/

(n— j, H'y HYy) B0 A (0)n — j, %0, toy) € (¢ % 1) o)

Instantiating With Hg, H; and since we know that (Hy, es[]) s (H.,%v) therefore 35 <i < n
st (Hs,es) U (Hyp,*v1)

This means we have
JH, P .(Hie) W (HL To) A 356, 350, 5 3 6.
B, . /, 3!
(n—j, Hy, HL) S 50, A (50,0 — §, 50, tor) € [(¢ =5 7)ol (F-CE1)

Since from (F-CE1) we have (56}, n — j,*v1,'wn) € [(c L )¢ O'JB‘;, therefore from Defini-
tion 3.39 we know that

Tty = Lb(ty) A (0L, n —j.%v,'n) € [(c % ) ol (F-CEL1)
Therefore from Definition 3.39 we have
Sy = Ael, and tv; = AAve)

Lleco = ¥0,3% k<n—jBCH.C00ke.e)e|rols  (F-CEL2)

) 87
Since we know that £ = ¢ o, we instantiate with *0},n —j — 1, B' to get
(0.n—j—1e.e) €lralp

From Definition 3.40 we have

g .
\V/HSZa Ht2-(na Hs2a Ht2) > 89/1 AVE < (TL ) *Al)vsvg'(HSQa s) U’k ( 52 ’02) =
3y, v (Hezy€) W (Hfy,'v2) A3°05 3207, 5" I 3.
(n—j—1—k H,, H)) > B SO A (50h,mn —j— 1 —k,5w,tw) € |1 UJ?;”
Instantiating with H/,, H/; and since we know that (Hs,es]) {; (HZ,°v) and since from

fg-CE we know that i = j+k+1 < n therefore we know that k <n—j—1s.t (Hs2,€),) Jx
(H!y,%v2). Therefore we have

3HY,, bua.(HYy, e) W (Hfy, Pug) A 3565 3 89/1»3” 4.

(n—j—1—k H, H,))> g SOy A (*0hm —j — 1=k, “vg,'w) € |7 0] (F-CEL.3)
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Let 7 0 = A%, since 7 o \, £ o therefore ¢ o C ¢; and
(Seévn _j -1~ k7sv2>tv2) € |.T O.Jl\a/)'//
Therefore from Definition 3.39 we know that

9L n—j—1—k, v, Lblws) € |7 0|7 F-CE1.4
2 1%

In order to prove (F-CEQ) we choose H/ as Ht/2 and 'v as Lbw;. We need to prove

(a) (Hj,coerce taint(bind(e;,a.bind(unlabel a,b.b]][]e)))) |/ (H/, Lbtwy;):

From Lemma 3.48 it suffices to prove that
(Hy, (bind(eq, a-bind(unlabel a, b.b]][]e)))) I/ (H/y, Lbtusy;)
From SLIO*-Sem-bind it suffices to prove that
o (Hy e 6") U (H}y,  vn):
From (F-CE1) we know that H/j; = H/; and ‘v;11 = ‘o;
e (H/,,bind(unlabel a,b.b[][|8)['v1/a] 6') I/ (H/y, Lbtuy;):
Again from SLIO*-Sem-bind it suffices to prove that
— (H};, (unlabel a)['v/a] &) U/ (H}\o,  vin2):
From (F-CE1.1) we know that ‘v; = Lb(‘v;)
Therefore from SLIO*-Sem-unlabel we have H/|, = H/| and ‘v;9 = tv;
— (0f][1®)[*vi/0] 6° § Tons:
From (F-CE1.2) we know that $v; = Ael, and ‘v; = AAve]
Therefore from SLIO*-Sem-FE and SLIO*-Sem-CE we know that ‘vy3 = e}
— (Hfy,e; ¥ (Hfy, Lb'vy;)
We get the desired from From (F-CE1.3) and (F-CE1.4)

(b) 3¢ 2°0,8' 3 B.(n—i, H,H)) & 50 A (0,0 — i, ", ') € | o]
We choose 0" as *6), and (" as 5”. From fg-CE we know that i = j+k+ 1, Sv = 5vj,

Therefore from (F-CE1.3) we get the (n — i, H.,, Hf;) % 59,

To prove: (504, n —i,%vh, tvh) € |7 O'J'?/“
From (F-CE1.3) we know that (504, n —j —1 —k,%w,'w) € |1 Uje”

14. FC-ref:

YWl bpeeg i 7~ ey XU TN\ pe

f
YW T Fpe new (e) @ (ref 7)% ~ bind(es, a.bind(new (a), b.ret(Lbb))) *

Also given is: LE U o A (50,n,6%,6%) € [T O'J‘B/
To prove: (°6,n,new (es) 6%, bind(e;, a.bind(new (a), b.ret(Lb b)) &t) 6t) € | (ref 7)*- Jjg

This means from Definition 3.40 we have
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VH,, Hy.(n, Hy, Hy) 5 %0 AVi < n,*0.(Hy, new (es) 6°) U (H!,%0) —> o
IH], 'v.(Hy, bind(et,a bind(new (a), b.ret(Lb b))) 6%) {/ (H/,'v) A3%¢’ 30,5 3 f.

(n—i, B H) & 0" A (50, n — i,%v,"0) € |(ref 7)* o]

This means that given some Hs, Hy s.t (n, Hs, Hy) > ’ﬂ 50. Also given some i < n,*v s.t
(Hs,new (es) 6%) J; (H.,%v).

And we are required to prove
JH],'v.(Hy, bind(et,a bind(new (a), b.ret(Lb b))) 6%) 4/ (H/, v) A0’ 350,33 B.
(n—i, H,H)) % 50 A (6", n — i, v, 'v) € |(ref 7)* al? (F-RO)

IH:

(Seana €s 587675 5t) € LT UJ%
This means from Definition 3.40 we have

B .
VHg, Hyy. (n Hslthl) >0 /\Vj < nusvl-(Hslaes ) Ug ( 517 ) —
ElHtla v1.(Hpi,er 0 ) Uf (Htllatvl) El539/1 . 89761 3 5-

/!

ﬁ ar
(n—j,H., H)) S SO0 A (301, n — j,%vy, o) € |7 UJ€1

Instantiating with Hs, H; and since we know that (Hs, new (es) 6%) ; (H.,*v) therefore we
know that 3j < n s.t (Hs,es 0°) I (H,*v).

Therefore we have
JH,, to.(Hy, e 61) U (HY, Po) A 3500 350, 3, 3 5.

/

(n— j, Hly, Hly) B 50 A (6, — j,*u,to) € |7 o) (F-R1)

In order to prove (F-R0) we choose H/ as H{ U{a; — "o1}, v = Lb(a;), *0" as *0} U {as —
7o} and §"as By U {(as, ar)}

And we need to prove:

(a) (Hy,bind(et, a.bind(new (a),b.ret(Lb b))) 6¢) 7 (H/,'v):
From SLIO*-Sem-bind it suffices to prove that
b (Htvet )Uf ( t11» Uﬂ):
From (F-R1) we know that H/,; = H/, and ‘v = vy
e (H,bind(new (a),b.ret(Lb b))[tvi/a] 6%) I (Hy, tu2):
From SLIO*-Sem-bind it suffices to prove that
i. (H{ new (a)['v1/a] 6%) I/ (Hfy,  via):
From SLIO*-Sem-new we know that H), = H/; U {a; — 'vi1} and ‘v = o
ii. (H{U{a; ~ tor},ret(Lb b))[tvi/a][as/b] 6%) I (H,tv):
From SLIO*-Sem-ret we know that H/ = H/, U {a; — ‘v1} and ‘v, = Lb(a;)

(b) 3" 220, 3" 2 f(n — i, H, HY) & 50/ A (36", — i, %, ") € |(ref 1)~ o)
B/
From (F-R1) we know that (n — j, H., H/;) > *¢) and since H! = H/, U {as — v},
H/ = H, U{a — v}, 50’ =0, U{as— 7 0}
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Therefore from Definition 3.41 and Lemma 3.47 we get (n — i, H., ) 5«9’
To prove: (*0',n —i,%v,%v) € |(ref 1)+ UJ@I

Since we know that v = as and v = Lb ¢ therefore we need to prove
(6',n — i, as, Lb(ay)) € |(ref 7)* o |0

From Definition 3.39 it suffices to prove that

(*6',n — i, as, a;) € | (ref 7) o |

Again from Definition 3.39 it suffices to prove that
0'(as) =7 o A (as, ) € B
We get this by construction

15. FC-deref:

E;\II;FI—pCeS:(refr)ewet YU ET <7 PIRVAEE AN

7 - . - deref
;W T Fpeles o 7' ~» coerce_taint(bind(es, a.bind(unlabel a,b.!b)))

Also given is: L E ¥ o A (°0,n,06%,6") € [T O'J‘B/
To prove: (%0,n,le 6%, coerce taint(bind(e;, a.bind(unlabel a,b.!b))) &%) € |7/ UJ%
This means from Definition 3.40 we need to prove

VH,, Hy.(n, Hy, Hy) B %0 AVi < n,%0.(Hy,les) Ui (H!, %) —> o
JH],'v.(Hy, coerce _taint(bind (e, a.bind(unlabel a, b.10)))) I/ (H/,*v) A3°0' 3%6,5" 3 3.

. B’
(n—1, H,, H, ) 59’ A GO n—i %0, t) e |7 oly
This means that we are given some Hy, Hy s.t (n, Hs, Ht) B 56. Also given some i < n,*v
s.t (Hg,les) Ui (H.,%v)
And we need to prove
JH],'v.(Hy, coerce _taint(bind(e;, a.bind(unlabel a,b.16)))) I/ (H/,'v) A3%¢' 30,3 3 5.
(n—1i,H., H, ) 50’ A GO n—i, 50, M) € |7 JJ"B/ (F-DRO)
IH:
(50, m,e5 8% 1 0) € | (ref 7)¢ o5,
This means from Definition 3.40 we need to prove

B .
\V/HslaHtl (n Hslthl) SGAV] <nmn, Sv1. (HS].)eS) U] ( sl 'Ul) —

/

(n—j, H'\, HYy) 7 S9N (30, n —j,svl,tvl) € |(ref 7)¢ o]}

Instantiating with Hg, H; and since we know that (H,les) ; (H.,%v) therefore 35 < n s.t
(Hsh 65) Uj (H,sfla SU)

Therefore we have
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3H],, by (Hﬂ,et B W (=Y, b)) A 350, 30,3, 3B

(n— j, Hly, Hly) B 50 A (6),n — j, "0, '0y) € [(ref 7){ 0)F  (F-DR1)

sl
From (F-DR1) we have (*0},n — j, vy, tvy) € | (ref 7)° ajei

From Definition 3.39 we have

Fuptoy = Lb(tu) A (%0, n — j,w, tw) € |(ref 7) o)} (F-DRL.1)

From Definition 3.39 we know that *v; = as and tv; = &
01 (as) =7 A (a5, &) € B} (F-DR1.2)

Let 7/ o = A%, since 7/ o \ ¢ o therefore £ o C ¢; and
Let vy = Hy(a;) therefore from Definition 5.27 we have

(*0,n— 1, Hy(a,),Lbuy) € |7'|5  (F-DR1.3)

In order to prove (F-DR0) we choose H/ as H/, and ‘v as H/,(at) = vy = Lbuy;

(a) (H, coerce taint(bind(es,a.bind(unlabel a,b.10))) &) I/ (H/;, Lbu,):

From Lemma 3.48 it suffices to prove that
(Hy, coerce_taint(bind(es, a.bind(unlabel a,b.1b))) §*) I/ (H, Lbvy)
From SLIO*-Sem-bind it suffices to prove
i (Hy e 0Y) W (Hy, ton):
From (F-DR1) we know that H/;; = H/, and ‘v ="
ii. (H/,,bind(unlabel a,b.!b)[tv1/a] 6') 7 (H}\o, to):
From SLIO*-Sem-bind it suffices to prove that
A. (H/,, (unlabel a)[tvy/a] 6*) U (Hlyy, tvior):
From (F-DR1.1) we know that ‘v; = Lb(*v;)
Therefore from SLIO*-Sem-unlabel we know that H/y, = H/; and ‘v21 = 'v;
B. (Hfy, (0)['v1/a]["vi/b] 6°) 47 (H{,Lbug):
Since from (F-DR1.2) we know that ‘v; = @; therefore from SLIO*-Sem-deref
we know that H/ = Ht’l and v = H/; (@) = vy = Lbuy;

(b) 3°¢" 236, 2 B.(n — i, H], Ht) > 9 A A0, n—i,%v, ) € [T UJ\B/l:
We choose 0’ as *0} and 3’ as f3}

B/
Therefore from (F-DR1) we get (n — Hsl, HY)) > %04 and snce i = j + 1 therefore

/

from Lemma 3.47 we get (n — 4, H!;, H/,) Dl 561
Since from (F-DR1.2) we know that (as, a;) € 3} and 0, (as) = 7. Also from (F-

A/

DR1) we have (n — j, H!,, H,) Dl $¢1. Therefore from Definition 3.40 we have (n —
J =1 Hiy(as), By () € 190} (a)

Since i = j + 1, %0 (as) = 7 0 , H.,(as) = *v and H/,(a;) ="'v
Therefore we get

. B
(50'.,n —1i,5v,"v) € |1 o]}
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Finally from Lemma 3.50 we get
S ;S B/
(50'.,n —i,%v,") € |7’ o]y

16. FC-assign:

0T bFpe es1 0 (ref T)K ~s €41 ;Wi bpe €s 1 T~ €0 U kTN (peld)

assign
XU T e €51 7= €42 1 unit ~
bind(toLabeled(bind(e.1, a.bind(ec2, b.bind(unlabel a, c.c := b)))), d.ret())
Also given is: LW o A (50,n,0%,8") € [T JJ‘B/
To prove:
(°0, 7, (es1 := €s2) 6%, bind(toLabeled(bind(ec1, a.bind(ec2, b.bind(unlabel a, c.c := b)))), d.ret()) 8t €
| unit JJ%

This means from Definition 3.40 we are required to prove

VH,, Hy.(n, Hs, Hy) 530 AVi < n,5v.(Hs, (€51 := es2) 0%) i (H.,%v) =

JH]/,'v.(Hy, bind(toLabeled(bind(e.1, a. bind(ecz,b bind(unlabel a, c.c := b)))),d.ret()) 6*) |/
(H/,'v) N3%¢' 30,3 3 B.(n —i, H!, H, ) 59' NGO n—i, %0, ) e LunitJ@

This means that given some Hs, Hy s.t (n, Hs, Hy) > ﬁ %0. Also given some ¢ < n,®v s.t
(H S (651 = 682) ) UZ (Hslvs )

And we need to prove
JH]/,'v.(Hy, bind(toLabeled(bind(e.1, a. bind(ecg,b bind(unlabel a,c.c :=b)))),d.ret()) o) |/
(H,'0) N30 2°6,3' 3 B(n— i, HI, H) S %6 A (6,0 —i,%0,'0) € |unit]  (F-ANO)

IH1:
(50, n, es1 0%, ey 0) € | (refr)l o |7

This means from Definition 3.40 we are required to prove

\V/HslaHtl (TL HslaHtl) SGAVJ <n, Svp. (Hsla?sl 0° )‘U’] ( sl Ul) =
EII{tl? vl'(Htlaetl 5 ) ‘U’f (Htll, 'Ul) AN 350’1 _ Se,ﬁi | ﬁ

A/

(n— G, Hly ) B 504 A (C8n — jSor, o) € [(ref 1) o)
Instantiating with Hs, H; and since we know that (Hs, (es1 := es2) 6°) i (H.,*v) therefore
Jj <n st (He,es1 6°) 5 (HL,%01)

Therefore we have
3H) "o (Hosen 60) U (B, to) A3°01 306,81 0 5.

/

(n— j, Hly, Hly) B0 A (0,,m — j, o1, ') € [(ref 7)0 o) (F-AN1)

Since from (F-AN1) we know that (*6},n — j,%v1,'v1) € [(ref 7) UJ@1 therefore from
Definition 3.39 we have
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Foptvy = Lb(*w) A (50, n — j,%0, tw) € |(ref 7) o} (F-ANL1)
From Definition 3.39 this further means that
501 (as) = 7 N (as, @) € Bi where *v; = as and tv; = @ (F-AN1.2)

IH2:
(O, — j,esn 0% e 0Y) € |7 oD

This means from Definition 3.40 we are required to prove

B/
VH827 HtQ.(TL, Hs?a Ht2) l>1 89/1 AVE <n— j7 S’UQ'(ESQ7 esg (55) Uk (H5/27 SUQ) —
3HY,, 'vy.(Hea, 2 6°) U (Hfy,Pua) A 3905 3567, 85 3 .

Jis 3!
(n—j—k,H.,, H) S SOLA (505, n — j — k,Sve, ') € |T JJ"B/Q

Instantiating with H/;, H/, and since we know that (Hy, (es2 := es2) 6%) i (H.,*v) therefore
Jk <n—js.t (He, e 0°) I (Hly, *v2)
Therefore we have
3Hfy, "va.(Hyz, ez 67) U (Hiy, "v) A 305 326, By 3 5y

8, 3
(n—j =k, Hly, Hy) ¥ %05 A (%04, n — j — k,%vp,'09) € [T 0| }? A
(F-AN2)

In order to prove (F-ANO) we choose H/ as H/y[a; — Suo], tv as ()

We need to prove

(a) (Hy,bind(toLabeled(bind(ec1, a.bind(ee, b.bind(unlabel a,c.c := b)))),d.ret()) &%) |f
(Ht,7tv):
From SLIO*-Sem-bind it suffices to prove that
- (Hy, (toLabeled(bind(e.1, a.bind(e.o, b.bind(unlabel a, c.c := b)))), d.ret()) 6*) I/ (Hj, tor):

From SLIO*-Sem-toLabeled it suffices to prove that
(Hy, bind(es1, a.bind(eso, b.bind(unlabel a, c.c := b))) &) {/ (Hp, tory)
where tvp = Lblup;
From SLIO*-Sem-bind it further suffices to prove that:
o (Hyen o')W (Hy, 'u):
From (F-AN1) we know that H/;; = H/, and ‘vy; =ty
e (H/,,bind(es, b.bind(unlabel a, c.c := b))[*v1/a] §') I (H/ |y, tor12):
From SLIO*-Sem-bind it suffices to prove
— (Hfy, ez 6" W (Hfyz, ' on):
From (F-AN2) we know that H/,; = H/, and ‘v;3 = ‘oo
— (H};,bind(unlabel a, c.c := b)[tvy /a][tva/b] 6%) U (H/, v):
From SLIO*-Sem-bind it suffices to prove that
* (H/,, unlabel a[tvi/a][tve/b] 6%) U (Hlyy, tvior):
From (F-AN1.1) we know that )
top = Lb(*v;) A (50),m — 4, Svy, b)) € [ (ref 7) GJ?}
Therefore from SLIO*-Sem-unlabel we know that Hfy, = H/; and ‘v =
b = a
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x (Hy, (c = b)['u/a]['va/b]['vi/c] 8') Y (Hp, Pvra):
From SLIO*-Sem-assign we know that H} = H/[a; — 'vo] and tvp; = ()
Since ‘vp10 = tvp; = () therefore ‘or = Lb()
- (Hp,ret()['vr/d)) 6°) 7 (H{,()):
From SLIO*-Sem-ret and SLIO*-Sem-val

(b) 3°¢' 30,3 2 B.(n —i, H, H)) > 56" A (*0',n — i, %, ") € |7 0|0
We choose *¢ as *05 and (' as [3)
B/
In order to prove (n — i, H, H}) © 50}, it suffices to prove
o dom(®0,) C dom(H)):

B/
Since from (F-AN2) we know that (n — j — k, Hly, H},) & 0} therefore from
Definition 3.41 we get dom(%60) C dom(H!)
o B3 C (dom(°60}) x dom(H})):
B/
Since from (F-AN2) we know that (n — j — k, Hly, H},) & 0} therefore from
Definition 3.41 we get
B4 C (dom(%6%) x dom(H)))
o V(ar, ) € B.(*0p,n — i — 1, Hi(a), H}(a2)) € [*6y(a) ]}
V(al, CLQ) S ﬁé
— a1 = as and a3 = a: A
Since from (F-AN2) we know that (505, n — j — k, 5w, ') € |7 O‘J‘B/Q
Also from (F-AN1.2) and Definition 3.37 we know that *6(a1) =7 o
Therefore from Lemma 3.45 we get
(504, n —i—1,%w, ) € |1 UJ@2
— a1 # as and a1 # o
B/
From (F-AN2) since we know that (n — j — k, H.y, Hl,) © 0% therefore from
Definition 3.41 we get A
(0n —j — k=1, Hy (). Hy(a2) € |*03(m) o7
Since i = j + k + 1 therefore from Lemma 3.45 we get
(Opn —i— 1, Hy(a), Hp(r)) € [*0y(ar) oy}
— a1 = as and a1 # o
This case cannot arise
— a1 # as and a1 = o
This case cannot arise
And in order to prove (*6',n —i,%v,tv) € Lunitj‘ﬁ//
Since we know that v = () and ‘v = () therefore from Definition 3.39 we get (5¢’,n —
i,%v,%) € Lunitj[‘i{

Lemma 3.50 (FG ~» SLIO™: Semantic Subtyping lemma). The following holds:
VY, 0,0, L, 5.
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1. VA, A

(a) 39 FA<AANLETY e = [(A U)J'ég L(AY U)Jé

2. V1,7
() SUEr < ALEY e = (T a)lf €L o))}
() ST < ALEV o = ((ro)lp (o)}

>

Proof. Proof by simultaneous induction on A <: A" and 7 <: 7/
Proof of statement 1(a)

We analyse the different cases of A <: A’ in the last step:

1. FGsub-arrow:

Given:
Uk <im Uk < UL T,

FGsub-arrow

S0k S < B
é A A
To prove: |((1 5 7) 0)]5 C (1] 5 7) 0)]5

H1: (7] 0)|2 C |(r1 0)]% (Statement 2(a))
It suffices to prove: V(se,m,)\:c.es,AAA(V(/\x.etA))) € [((n L T2) U)Je.
(50, m, Ar.es, AN (V(Az.e0))) € | (7] 5 ) 0)]%

This means that given some °6,m and Az.es, AAA(v(Az.er)) s.t
(°0,m, \x.es, ANA(v(Az.€r))) € [ ((T1 Y T2) O')J‘B/

Therefore from Definition 3.39 we are given:

vsell g 89731}1’15,1]1’.7‘ < maB E Bi(s /17]‘73101’15,1]1) c LTI UJ‘ﬂ/l -
(6] jesf'u/a) % el fa] 8) € lm o]yt (SLO)

U

And it suffices to prove: (°0,m, Az.es, AAA(v(Az.€;))) € [((1{ b, 75) a)j‘ﬁ;
Again from Definition 3.39, it suffices to prove:

Vo0, 356,59, b, k < m, 3 C Bé.(sé?é, k,SAvg,tvg) €ln O'J‘ﬁ/é =
(0%, &, es[*va/2] 0%, eiltva/a] 61) € |74 )2 (S-L1)

This means that given 504 3 50, 5w, vy, k < m, B T B s.t (504, k, 5w, tw) € | 7] JJ‘B/Q

And we need to prove

(50, k, es[*ua/2] 0%, eitoa /] 0F) € |7 o) e (S12)

Instantiating (S-L0) with 6%, vy, tu, k, 35. Since we have (°6},k,%wy,tm) € |7}
therefore from IH1 we also have
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3!

(0%, &, *va,Tg) € |1y o]}
Therefore we get

(0%, k, es[*1/7] 0%, esltwa /] 8F) € |75 o) 22

IH2: [ (12 0)]% C (7 0))% (Statement 2(b))

Finally using TH2 we get
(304, k, es[*va/x] 6%, et /2] &) € |7 O'JEé
. FGsub-prod:

Given:
Uk <7 Uk <7

MW7y X T <i Ty X TH

FGsub-prod

To prove: |((r1 x 1) 0)}§ € [((] x 75) o))}

IH1: [(7y O')J‘B/ C (g a)j'?/ (Statement 2(a))

IH2: (2 o)), C (75 o))}

It suffices to prove:

V(sﬁ,m1 (v, ), (Por,tw)) € (11 x 72) O')J(j/. (50, m, (Sv1, 12), (fu1,tm)) € [((7] %
) o)y

(Statement 2(a))

This means that given some 6, n and vy, Sv, tvy, fog 5.t

(*0,m, (P, *w), (o1, '2)) € [((11 % 72) )7,

Therefore from Definition 3.39 we are given:

(59,m,svl,tv1) S {Tl UJ@ A (sﬁ,m,svg,tvg) € LTQ O'J‘B/ (S—PO)

And it suffices to prove: (50, m, (Svi, 5w2), (*vr1,tv2)) € [((] X 75) J)J‘B/

Again from Definition 3.39, it suffices to prove:

(0.m, ", t0) € |7 0)5 A (0, m ", tw) € | o)y (SPY)

Since from (S-P0) we know that (°0,m,%v,'v) € |7y O'J‘B/ therefore from IH1 we have

(807masvlvtvl) € \_T{ UJ€

Similarly since we have (50, m, *vg, ‘ve) € |72 O'J‘B/ from (S-PO0) therefore from TH2 we have

(*6,m, “vs, 'w) € |75 o]0
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3. FGsub-sum:

Given:
Uk <7y Uk <y

7 7 FGsub-sum
S5UEFTm+n<in+n

To prove: |((r +72) 0)|§ € [((7] +75) o) |0

HI: |(n O')J‘B/ C|(n a)j‘é, (Statement 2(a))
H2: |(m o) |y € L(74 o))y

It suffices to prove: V(%0,n,%v,'v) € |((11 + 72) O')J‘B/. (50, n, 5v, ') € | ((1] + 15) J)J‘é/

(Statement 2(a))

This means that given: (50, n,%v,%v) € |((11 + 72) U)Je
And it suffices to prove: (°0,n,%v,'v) € |((1{ + 735) O’)J@
2 cases arise

(a) *v =inl *v; and ‘v = inl to;:
From Definition 3.39 we are given:
(807 n, Sv’ia tvi) S |_7-1 O'J@' (S—SO)
And we are required to prove that:
(seana Sviatvi) € LT{ UJ€
From (S-S0) and IH1 get this

(b) $v = inr *v; and ‘v = inr tu;:

Symmetric reasoning as in the previous case

4. FGsub-forall:

Given:
YV k7 <imo S,a;0 -0 C L

FGsub-forall
35U FVa.(le, 1) <: Va.(l, 1) subTon

To prove: |((Vow.(le, 1)) 0)|5 C [(Vau (£, m2)) o |2

It suffices to prove:

V(*0,n, Aes, AAA(v(er))) € [((Va. (e, 1)) a)jé. (50, n, Aes, ANA(v(er))) € [((Va(lL, 72)) O')J‘B/

This means that given (°0,n, Aes, AAA(v(et))) € [((Vev.(le, 1)) O')J‘ﬁ/

Therefore from Definition 3.39 we have:

V30, 30,5 < n, 0 € L, BT B.(0,, ], e5,¢1) € [11[0')a] o) (S-F0)

And we need to prove

(50, n, Aeg, AMA(v(er))) € |(Yon. (€., 7)) o) |5
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Again from Definition 3.39 it means we need to prove
Vg, 350,k < n, " € £,3 T B30, k, es,e1) € |mall" o] o]

This means that given %% 3 %0,k < n, 0" € L, 5 C 5}

And we need to prove

(%6, k, e, e0) € | 0" /a])% (SF1)

Instantiating (S-FO) with *6), k,Z”,Bé and we get

(40, k, es, e1) € |Tu[e" fa]) 2

TH: [(r1 0 U{a > £'})]% C (0 U{a— £7})]% (Statement 2(b))
Therefore from IH we get the desired

. FGsub-constraint:
Given:

XUk = ¢ YW, co b <: Ty UL,

FGsub-constraint

é/
2;\11|—61£$7'1<162=$T2

To prove: |((c; L T1) U)J\B/ C [((e2 ié T2)) UJ\B/

It suffices to prove:

V(*0,n,ves, AN(v(er))) € | ((c1 L T1) O’)J‘B/. (*0,n,ves, AN(v(er))) € [((e2 ﬁg T2) 0)]

-

This means that given: (°0,n,ves, AA(v(et))) € [((c1 L 1) a)j‘B/

Therefore from Definition 3.39 we are given:
Lo = V0 3%0,5<n BT B0 jese) € |mols  (SC0)
And it suffices to prove:

(0, m,ves, A((er))) € [((e1 5 ) o))

Again from Definition 3.39 it means that we need to prove:
Llcyo = V0, 30,k <n, 3 C 3005, ks e0) € |12 o)

This means that given that £ = ¢y o and 504 30,k < n, 3 C 3,

And we need to prove

(0 kyes ) € |72 o) % (S-C1)

Instantiating (S-C0) with 564, k, 35 we get (504, k, es,e;) € |11 UJ%
IH: [(r1 0)]% C [(m2 0))% (Statement 2(b))
Finally from TH we get (°6), k, es,€t) € |12 0] %
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6. FGsub-ref:

Given:
FGsub-ref

YU kref 7 <:ref 1

To prove: |((ref 7) 0)|7 C [((ref 7) o) |

It suffices to prove: Y(°0,n, as, a;) € | ((ref 7) o)j‘é/. (°0,n, as, ar) € |((ref 7) 0)]

We get this directly from Definition 3.39

7. FGsub-base:

Given:
——— F'Gsub-base
;UkFb<:b
To prove: [((b) o)}y € [((b) o)}
Directly from Definition 3.39
8. FGsub-unit:
Given:
FGsub-unit

3 W F unit <: unit
To prove: |((unit) a)jé C [((unit) O’)JB‘;

Directly from Definition 3.39

Proof of statement 2(a)
Given:

Uk SURA<A

7 G FGsub-label
YU EAY <A

To prove: [((A”) o)y C L((A"")) o)y,
This means from Definition 3.39 we need to prove

(0,1, %0, Lb(*n;)) € |A” o|5.(50,n, v, Lb(*n;)) € |AY" o0

This means that given (*6,n, v, Lb(*v;)) € |AY O'J‘B/
From Definition 3.39 it further means that we are given
(*0,n,%v,";) € |A 0|8 (S-LBO)

And we need to prove A

(*6,n,°v, Lb(*v;)) € |[AY” UJ’g

Again from Definition 3.39 it suffices to prove that
(*0,n,%v,'v;) € |A o5
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Since ¢/ C ¢ and A’ <: A” therefore from TH (Statement 1(a)) and (S-LB0) we get the
desired

Proof of statement 2(b)
Given: ;U -7 <7'ALEV o

To prove: [(T O‘)JB C (7 a)j%
This means we need to prove that A
V0,0, e er) € (1 ) |5 (30,n,e5,¢0) € [(7 0)]5

This means given (°0,n,es,e;) € | (T U)j%

This means from Deﬁnition 3.40 we have

VHs, Hy.(n, Hs,Ht) >S9 AV < n,Sv. (Hs,es) i (H.,%v) =
ElHt/’t (Htaet) U’f (Htl,t )/\ 359, %60 ,8/ _ B

(n— i, H,H) & 50/ A (0, n—i,%0,t0) € [r o) (S-E0)
And it suffices to prove that (°0,n,es, e;) € (77 U)J’B;
Again from Definition 3.40 it means we need to prove

5 .
VHg, Hy.(n, Ho1, Hy ) >0 AVj < n,*vy. (Hshes) Vi (H,%v) =
ElHﬂa vy (Htlaet) W (Ht,btvl) A 359, 70 /81 - ﬁ

(n— 3, Hly Hp) B 50 A (0.n = j.5or,tw) € |7 o))
2% ) .
This means that given some Hgy, Hy s.t (n, Hs1, Hyp) QDB 5¢. Also given some j < n,*v; s.t
(Hs1,es) I ( sls Svr)
And we need to prove R X
ElHt/Dt/Ul-(Htlv et) ‘U’f (Htllatvl) A EI89/1 g 89a ﬁi ; 5

B Al
(n—j, H, HL) B 00 A (0, n—j, v, o) € |7 o)t (S-E1)

Instantiating (S-EO) with Hs1, Hyy and with j,®v1. Then we get
3H!,'v (Ht,et) W (H L tv) A0 D060, 5" D 3.

(n—j,H,, H) > & SO0 A (507, m — 4, %v1, o) € |7 Jjgi
Since we have 7 <: 7/. Therefore from IH (Statement 2(a)) we get
3I{t,htvl'(lftlz et) ‘Uf (Htlla tvl) A 38(9/1 ; 8(91 Bi ; B

B 3
(n—j, Hy, HY) S S0 A (0,0 — j,%v, ') € |7 o)
]

Theorem 3.51 (FG ~» SLIO*: Deriving FG NI via compilation). Ves, *v1, *v2, n1,n2, Hl;, H.y, pc.
Let bool = (unit + unit)
0,0,z : bool " Fpe €s bool™ A
0,0,0Fpe “vr boolT A (Z) 0,0 Fpe vz : bool T A
(®765[ vl/x]) U'nl ( sl? ) N
(®768[ UQ/x]) UHQ (Hs,2a ) N

g =g
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Proof. From the FG to CG translation we know that Je; s.t
0,0,z : bool " I e : bool™ ~ ¢
Similarly we also know that 3vy,tws s.t
0,0,0F 5v; : bool " ~ tv; and 0,0, 0 F Sv : bool " ~ Tuy (NT1-0)

From type preservation theorem (choosing o = = 8 = L ) we know that

0,0,z : Labeled T bool I ¢; : SLIO L L Labeled L bool
0,0,0F tv; : SLIO L L Labeled T bool
0,0,0+ tvy: SLIO L L Labeled T bool  (NI-1)

Since we have 0,0, 0 F Sv; : bool T ~ oy

And since *v; and ‘v; are closed terms (from given and NI-1)
Therefore from Theorem 3.49 we have (we choose n > nj and n > ng)
(0,n,%v1, v1) € |bool " | (NI-2)

Therefore from Definition 3.40 we have
VH,, Hy.(n, Hy, H) B O A Vi < n,5v.(Hy, o) Ui (H.,*v) —>
JH/, o1 (Htatvl) W(H P ) A0 30,8 30

(n—1i, H,, Ht) 59’ A (0 n —i,%v, ;) € [bool ! O'J‘B//

Instantiating with @, () and from fg-val we know that H! = Hy = (), v = ¢

have R
EIHtlut’Ull (Ht,t'U]_) ‘U’f (Htlvtvll) /\ 350/ g ®7/Bl ;
(n, B, H)) 5 56" A (%0, n, %01, tuny) € |bool T o2 (NL-2.1)
From Definition 3.39 we know that N
U] = Lb(tvﬂl) A (59/,71,5111,'51)1'11) S L(unit + unit) UJ@
Again from Definition 3.39 we know that
Either a) $v; = inl() and *v;11 = inl() or b)*v; = inr() and tv;1; = inr()
But in either case we have that 0,0, 0 tv;11 : (unit + unit) (NI-2.2)

As a result we have 0,0,0 - *v;; : Labeled T (unit + unit) (NI-2.3)
We give it typing derivation

0,0,0F tv;q1 ¢ (unit 4 unit) (NI-2.2)

0,0,0 F Lb(*v;11) : Labeled T (unit + unit)

From Definition 3.44 and (NI-2.1) we know that
0,n, (z = w0), (x — toy)) € |2 — booITJe,
Therefore we can apply Theorem 3.49 to get

(0, n, es[*vr /2], it o1 /2]) € |bool |5 (NI-2.4)
From Definition 3.40 we get

VH,, Hy.(n, Hy, Hy) & 0 AV < n, 50!’ (H, es[*vy /a]) Ui (HL,
3H/), "o (Hy, e Ull/m]) W (Hp, ) /\ >0’ 20,5 2 ﬁ/

(n—1 Hsthtll) 59' A (50 n —i, 5ol tl') € |boolt O'J€

S //) _

Instantiating with 0, 0, n1, *v; we get
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(n —ni, Hslv Htll)

3H), i (e, el o /2]) W (B, Mof) N300 2°0,6” 2 5.

L0 A (0, n—nu 50l 1)) € [boolt o2 (NL2.5)

Since we have (°¢',n — ny, *v{,*v]") € |bool* ¢ | ‘B/H therefore from Definition 3.39 we have
Ftui " = Lb(tvin) A (50", n — ny, Sv], tui1) € |bool O'J‘ﬁ///

Since (°0',n — ny,%v], v1) € | (unit + unlt)Jf/” therefore from Definition 3.39 two cases arise

o Sy = inl Sv;11 and ‘v = inltv;;:
From Definition 3.39 we have
(*0',n — n1, *vin1, "vin) € {Unitjeﬂ

which means we have *v;11 = tv;11

/
e Sy =inr fy;q and tv;; = inrfu;pg:

Symmetric reasoning as in the previous case

So no matter which case arise we have Sv] = 2

Similarly with other substitution we have (0, n, v, ‘o) € LbooITJQE (NI-3)

Therefore from De%nition 3.40 we have
VHS, Ht.(n, HS, Ht) > @ AVi < n, SU.(Hg,fUQ) llz (HS/, S’U) —
JH/, Tvgs. (Hutliz) W (H] fug) N30 30,8 2 0.

i HLH]) B0 A (0 n— i, %0, o) € |bool T o]

Instantiating with 0, ) and from fg-val we know that H! = Hy = (), v = Sv;. Therefore we

have

HHg,thg (Hy, o) U (H{,Pop) A 56" 20, 6" 2 0.

(n, H!, H)) % 30/ A (56/, 1, *vr, *an) € |bool T o9 (NI-3.1)

From Definition 3.39 we know that N

tug = Lb(*viea) A (56", n, vy, vi99) € [ (unit + unit) O'J"B/

Again from Definition 3.39 we know that

Either a) $vy = inl() and *v;29 = inl() or b)*vy = inr() and tv;29 = inr()
But in either case we have that 0,0, - tv;92 : (unit + unit) (NI-3.2)

As a result we have (), (), - tuy5 : Labeled T (unit + unit) (NI-3.3)
We give it typing derivation

0,0,0F “vi9 : (unit + unit) (NI-3.2)

0,0,0 1 Lb(*vi22) : Labeled T (unit + unit)

From Definition 3.44 and (NI-3.1) we know that
0, n, (= 5w), (x> tvg)) € [z booITJe,

Therefore we can apply Theorem 3.49 to get
(0,n, es[5v/x], e[tz /2]) € |bool |2 (NI-3.4)

From Definition 3.40 we get
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VH,, Hy.(n, Ho, Hy) & 0 AV < n, 5ull.(H,, eg o /a]) Ui (Hly,*0ff) —>
3H{y, vy (Hyy e[ vaz/a]) W (Hy,'0)) A0 30,5" 3 5.
(n— i, Hly, H) S 50 A (0", — i, %0}, ') € [bool* o5

Instantiating with 0, 0, na, *v} we get ) )

JH/, bl (Hy, eq[tvoa/x)) B (Hp, tol) A 30" 350, 6" 2 5.

(n—nq, H,, H,) %5 A (*0',n — ny,*vh, tvfl) € |bool* UJ’@H (NI-3.5)

Since we have (°¢’,n — na, v}, *vy) € |bool® o] ‘B/H therefore from Definition 3.39 we have

bt t / It B’
Frvpp. by = Lb(*via) A (°0',n — ng, *vy, " via) € |bool o}
arn
Since (°0',n — ng, 5v}, tvia) € | (unit + unlt)J‘B/ therefore from Definition 3.39 two cases arise
Spyl _ ia| S t — inlt .
® "Uy = inl Vi22 and Vio = inl Vi22:
From Definition 3.39 we have
' t e
(80 , N — nQ,SUL‘QQ, 'UZ‘QQ) € {unltjv
which means we have *vj99 = tv;99
Syl — iny S t — inrt .
e Sy = inr *v;99 and "vjp = inr‘v;oo:

Symmetric reasoning as in the previous case

So no matter which case arise we have *v} = tvin

We know that 0,0, 0 - ‘vy; : Labeled T bool (NI-2.3)
Also we have 0,0, 0 F tvy : Labeled T bool (NI-3.3)

Let er = bind(eq, y.unlabel(y))
We show that (), 0, x : Labeled T bool e : SLIO L L bool by giving a typing derivation
P2:

SLIO*-var

0,0,z : Labeled T bool,y : Labeled L bool I 3 : Labeled L bool

SLIO*-unlabel
0,0,z : Labeled T bool,y : Labeled L bool I unlabel(y) : SLIO L L bool

P1:

From (NI-1)
0,0,z : Labeled T bool - e; : SLIO L L Labeled L bool

Main derivation:

P1 P2
0,0,z : Labeled T bool - bind(e;, y.unlabel(y)) : SLIO L L bool

Say e¢['v11/x] reduces in ny steps in (NI-2.5) and e[ v9g/z] reduces in nyo steps in (NI-3.5)
We instantiate Theorem 2.28 with er, ‘11, vag, 'vi1, tvie, i + 2, ne2 + 2, HY;, HYy and from

(NI-2.5) and (NI-3.5) we have ‘v;; = ‘v;5 and thus Sv] = v}
O
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4 New coarse-grained IFC enforcement (CG)

4.1 CG type system

Term, type, constraint syntax:

Expressions e == x| Azr.e|ee] (ee)]fst(e)|snd(e)|inl(e) | inr(e) | case(e,x.e,y.e) |
newe |le|le:=e| ()| Ae|e[ |vel|ee]Lb(e) | unlabel(e) |
toLabeled(e) | ret(e) | bind(e, z.€)

Labels ¢ ou= L |T|lleuelent
Types T u= blunit|T—=>7|7Xx7|74+7|ref £ 7|Labeled {7 |C ¥y by T |Va.T|
cC=T

Type system:

(All rules of the simply typed lambda-calculus pertaining to the types b, 7 — 7,7 X 7,7 + 7, unit
are included.)

U ke: T X;U;I'Fe: Labeled ¢ 7
CG-label CG-unlabel
Y;U;T'F Lb(e) : Labeled ¢ 7 Y, ;T F unlabel(e) :C T 47
S:U:Tke:Cll T Uik e:r
; CG-toLabeled — CG-ret
Y, U;T' F toLabeled(e) : C ¢ L (Labeled ¢ 1) Y, U;TkHret(e) : CL U T

YUk e :Cly by T Uil o:7he:Clzly 7
S;URLC 4 DIER /A % Ukl C Ay PR SN Ukl
¥ W: T+ bind(eq, z.e2) : C L 7/

CG-bind

0T ke: 7 SUERT <7 Y;W;T k- e: Labeled ¢ 7 SRl
G-sub CG-ref

Y:U:I'ke:T YU Fnewe:C/l L (ref ¢ 7)

S:U:Tke:ref ' 7
YU Hle: CT L (Labeled £'7)

CG-deref

S:U:T ke :ref 0 7 Y:U:T F ey : Labeled ¢/ 7 LHLCV

- CG-assign

X;U:I'ke;:=e9: C/l L unit
S,a;0: ke T ;U T e Vaur FV({) e X

CG-FI CG-FE
;T F Ae: Va.r S,UiTkFe ] :7[¢/a]
W kFe: T Ui'Fe:c=1 X Ukc

CG-CI CG-CE
iI'Fre:c=1 Y:UiT'Heeo: T

Figure 10: Type system of CG.

4.2 CG semantics
Judgement: e |}; v and (H,e) l}zf (H',v)
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E;\IJI—T{<:7'1 E;\I/|—7'2<:T§
CGsub-refl

o - CGsub-arrow
YUk r<iT

Z;\If|—71—>7'2<:7{—>7'£

E;\IJI—71<:T{ Z;\I/I_7'2<Z7'é
;U7 X 1o <7y X T

CGsub-prod

Z;\I/|—7'1<:T{ E;\Ill—72<:Té
XUk 41 <ZT{+T£

CGsub-sum

U ET <7 PRV A
Y; W Labeled ¢ 7 <: Labeled ¢’ 7/

CGsub-labeled

U ET <7 U LT YUk, Tl
— CGsub-monad
S5O EClhLb, < Cl L, T

YUk <imy

YUk = ¢ YUk <iTo
;U FVarm <:Vam

iUk =m <tca=>T

CGsub-forall

CGsub-constraint

Figure 11: CG subtyping

CG-wff-base

- : CG-wif-unit
S0 kbWFEF Uk unit WF

XUk WF XUk WE
;U E (1 — ) WF

CG-wif-arrow

Uk WF XUk WF XU kmn WF XUk WF

CG-wif-times CG-wif-sum
Z;\Iff—(7'1><7'2) WEF Z;\Ifl—(Tl—i—Tg) WEF
FV() =10 FV(r)=10 Y,a; V1 WF
CG-wif-ref CG-wit-forall
S, Uk (ref £ 7) WF 5,0 F (Va. 1) WE
XU, ckT7WF XUk WF FV() e X
CG-wif-constraint

CG-wit-labeled
S50k (ec=1) WF

;U + (Labeled ¢ 7) WF

XUk WF FV(&) ey FV(ﬁO) ex
CG-wif-monad
;W (SLIO¢; 6, ) WF

Figure 12: Well-formedness relation for CG
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e1 i A\x.e; ea | v eiva/x] I v3 e1 i v1 ea | v

cg-app cg-prod
e1 €2 Vivjrkt1 U3 (e1,€2) Vitjr1 (v1, v2)

e (v1,12) e i (v1, 12) el v ,
——— cg-fst ——— cg-snd - - cg-inl
fst(e) Jir1 v1 snd(e) {it1 v2 inl(e) Yi+1 inl(v)

el;v ) e;inl v erfv/z] §; un
- - cg-inr cg-casel
inr(e) Jiy1 inr(v) case(e, z.e1,y.€2) Yirjr1 vi
el;inrv ealv/z] I v eliv
cg-case2 cg-Lb
case(e,aj.el, y.€2) Ui+j+1 (%) Lb(e) U«¢+1 Lb(v)
ell; Ae; e i v el; ve; e i v
hile i ¥ SLIO*-Sem-FE hive i 4 SLIO*-Sem-CE
ef] $ivjr1 v eo iyjt1v
eliv

cg-ret

(H,ret(e)) U, (H,v)

etdivi  (Hyoo) V) (H o) elvl/a] b (H w) ] (H" )

- 7 T cg-bind
(H,bind(e1, z.€2)) ui+j+k+l+1 (H", )
i Lb el;v H,v) I (H W
¢! (1;) cg-unlabel ¢ ( f) UJ ( ) cg-toLabeled
(H,unlabel(e)) 45, (H,v) (H,tolabeled(e)) Ui, ;11 (H',Lb(v"))
e |; Lbw a & dom(H) elia
7 cg-ref 7 cg-deref
(H? new (6)) ui—‘,—l (H[CL = Lb’l}], a‘) (H7 '6) Ui-{-l (H7 H(a))
el Uz a €9 lﬁj Lbwv .
7 cg-assign
(H,e1 :=e2) Uz’+j+1 (H[a — Lbv],())
e € {z, \y.—, A\, v, ret—, bind(—, —.—), unlabel(—), toLabeled(—), new (—),!—, — := —}
cg-val

elpe

Figure 13: CG semantics
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4.3 Model for CG
W : ((Loc — Type) x (Loc — Type) x (Loc <+ Loc))

Definition 4.1 (fy extends ;). 6; C 6y =
Va € 91.91(@) =7 — 92(0,) =T

Definition 4.2 (W; extends Wy). Wy C Wy =
1. Vi€ {1,2}. Wi.0; C Wa.0;
2. Vp e (W1.B).p € (Wa.f)
Definition 4.3 (Value Equivalence).
(W,n, v, 1) € (ﬂ"‘}
ValEq(A, W, 0, n, v, ve,7) 2

VJ(Welu.ju Ul) € LTJV/\
(W'GQ)j) ’02) € LTJV
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Definition 4.4 (Binary value relation).

(bh‘,‘ e {(W n, v, v2) | vp = ve A{v, w} € [b]}
[unit]{} = {(W,n,0,0) | O € [unit]}
[7-1 X 7-2—‘(/1 £ {( (1)1,7}2) (vlvvé)) ‘ (W7n7 7)177){) € (T{Ié A (anv 'Uﬂvvé) € [7—2—‘6}
[T1 —I—Tﬂ“‘j‘ £ {(W n,inl v,inl v') | (W,n,v,0") € [Tﬂ{‘}}u
{(W,n,inr v,inr o) | (W,n,v,0") € [12]{}

{(W,n, \z.e1, A\z.e2) |

VW' 3 W,j <n,v, vs.

(W' g, o, 0) €[] = (W', j,e1[n/a), ea]va/]) € [r2]7)A
v&l g W.Ql, ’Uc,j.

(01,4, ve) € [lv = (01,4, e1[ve/z]) € [T2] B)N
Vgl g W.QQ, Uc,j.

(01,4, ve) € [mlv = (01,4, e2]ve/z]) € [72] )}
Va.r]i {(W,n,Aey, Aea) |

VW' 3 W,j<n,l L.

(W', j,e1,e2) € [T[¢ /a]]#)A

VO, 3 W.01,0" € L,j.(0,],e1) € [T[¢"/a]] pA
VO 3 W.05,0" € L,5.(01,5,e2) € [T[¢"/a]] g}

<x
>

(1>

[ciﬂ{} 2 {(W,n,ver,ves) |

VW' W,j <n.

LEc= (W, je1e) € [T]AN

Vo, 3 W.01,5.L ': c = (91,j, 61) € I_TJE/\

Vo, 3 W.0s,5.L }: c — (Ql,j, 62) € LTJE}
[ref ¢ ﬂ‘“‘} 2 {(W,n,a,az) |

(a1,0a2) € W.BA W.01(ar) = W.02(ag) = Labeled ¢ 7}
[Labeled ¢ 715t £ {(W,n,Lb(v1),Lb(w)) | ValEq(A, W, €,n,vi, v, 7)}

A

[(C El 52 7“|"“/l {(W,?’L,Ul,vg) |

(Vk <n, W, 3 W,H, H.(k, Hy, Hy) > WoA

Vol v}, j.(Hy,v1) V) (HY, 0) A (Hayvo) W (Hy, wh) A j <k =

IW' 2 W,.(k — 4, B, HY) > W' A ValBg(A, W',k — j, bo, v, Ué,T))/\

Vi e {1,2}.(%,96 O W0, H,j.(ky H) > 0 A (H, o) U (H o) A j <k —
30 2 0e.(k — §, H) o 0 A0k — 5,9]) € [7]vA

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ N1 T ')A

(Va € dom(0')\dom(6e).0'(a) \y zl))}
Definition 4.5 (Binary expression relation).

(ﬂé £ {(W,n,e1,e2) | Vi <n.ey s v Aea } 5 = (W,n —i,u,v) € [ﬂ"‘}}
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Definition 4.6 (Unary value relation).

[bJv 2 {(6,m,v) | ve[b]}

lunit]y 2 {(6,m,v | v € [unit]}

L1 x 2]V =2 {O,m, (vi,)) | (0,m,v1) € [11]v A (0,m,v) € [72]v}

|71+ T2 v 2 {0, m,inl v) | (8,m,v) € ||y} U{(0,m,inr v) | (6,m,v) € 12|V}

|71 — v 2 {(@,m, z.e) | VY 20,v,5 <m.(0,j,v) € |n]v = (0, ],e[v/z]) € |=]|E}
|Va.7|v 2 {(0,m,Ae) | VO .OC O, 5 <mNl € L(0,],¢e) € |T[l'/a]]E}

le=1)]v 2 {@,muve) | LEc = VOIOCH,j<m.(0,je) c|T|r}

|ref £ 7|y 2 {(6,m,a) | 0(a) = Labeled ¢ 7}

|Labeled £ 7]y = {(6,m,Lb(v) | (6,m,v) € |T]v}

|C by by Ty 2 {(6,m,e) |

Yk <m0 30, H,j.(k, H) >0 A (H,v) V] (H' v')Nj <k =
30" 3 0e.(k— 4, HY 0 AN (0 k—4,v") € |T]vA

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7/ N1 T V')A
(Va € dom(6")\dom(0.).0'(a) \, £1)}

Definition 4.7 (Unary expression relation).
I7]e 2 {(0,n,e)|Vi<nel;v = (,n—iv)€|T]|v}
Definition 4.8 (Unary heap well formedness).
(n, H)>0 = dom(0) C dom(H) AVa € dom(0).(6,n —1,H(a)) € [0(a)|v

Definition 4.9 (Binary heap well formedness).

(n, Hi, )& W 2 dom(W.61) C dom(Hy) A dom(W.85) C dom(Hz)A
(W.B) C (dom(W.01) x dom(W.02))A
V(al, CLQ) € (WB)(WGl(al) wW. 92(0, )/\
(W,n — 1, Hi(a), H2(az)) € [W.01(a1)]$)A
Vi € {1,2}.VmNa; € dom(W.0;).(W.0;,m, Hi(a;)) € | W.0;(a)]v

Definition 4.10 (Binary substitution). v : Var — (Val, Val)
Definition 4.11 (Unary substitution). ¢ : Var — Val
Definition 4.12 (Unary interpretation of I').
ITly = {(0,n,6) | dom(T) C dom(8) AVx € dom(T).(0,n,5(x)) € |T'(x)]v}
Definition 4.13 (Binary interpretation of I').
[Tl = {(W,n,9) | dom(T) C dom(y) AVa € dom(D).(W,n, m1(v(2)), m2(v(x))) € [T(2)]{}

4.4 Soundness proof for CG

Lemma 4.14 (Binary value relation subsumes unary value relation). YW, vy, va, A, n, 7.
(W,n, v, 1) € (7‘]{} = Vie{1,2}. Vm. (W.0;,m,v;) € |T]v

Proof. Proof by induction on 7
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1. Case b, unit:
From Definition 4.6

2. Case 11 X To:
Given: (W,n, (vi1, viz), (vj1, vj2)) € [11 x 721}
To prove:
VYm. (W.01,m, (vi1,v2)) € |71 X 2]y (PO1)
and

vm. (W.HQ,?TL, (Ujl, Ujg)) S \_’7’1 X 7'2JV (POQ)

From Definition 4.4 we know that we are given
(W,n,vi1,051) € [M]3 A (W, n,vi2,052) € [12]80 (P1)

IHla: Ymq. (W.61,m1,vi1) € [71]v and
IH1b: Vmy. (W.02,m1,v1) € |71y
IH2a: Vmy. (W.01,ma, v2) € |72y and
TH2b: Vimg. (W.02,m2,vj2) € [Ty

From (P01) we know that given some m we need to prove
(W.01,m, (vi1, vi2)) € [11 X T2]v
Similarly from (P02) we know that given some m we need to prove

(W.Hg,m, (Ujl, sz)) S {7’1 X 7—2JV

We instantiate IH1a and TH2a with the given m from (P01) to get
(Wﬂl, m, 'Uil) S Llev and (W.&l, m, 'Ui2) S |_T2JV
Then from Definition 4.6, we get

(W.01,m, (vi1, vi2)) € |11 X T2]v

Similarly we instantiate IH1b and ITH2b with the given m from (P02) to get
(W.02,m,vj1) € |11]v and (W.02,m, vj2) € | 2]y

Then from Definition 4.6, we get

(W.02,m, (vj1,v52)) € |11 X T2]v

3. Case 11 + 7o:

2 cases arise:

(a) vi =inl(v;1) and v = inl(vj1)
Given: (W,n,inl(v;i),inl(vj1)) € [11 + 7]{
To prove:
VYm. (W.01,m,inl(vi1)) € |11+ 2]y (S01)
and
Vm. (W.02,m,inl(vi2)) € |11 + 2]y (S02)
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From Definition 4.4 we know that we are given
(W,n, v, vj1) € [711{/‘ (S0)

IH1: Vm,. (W.Hl,ml, ’Uﬂ) S {TIJV and

TH2: Vms. (W.@Q,mg, ’Ujl) S LTlJV

From (S01) we know that given some m and we are required to prove:
(W.01,m,inl(vi1)) € |71 + 2]y

Also from (S02) we know that given some m and we are required to prove:
(W.02,m,inl(vi2)) € |11 + 2]y

We instantiate IH1 with m from (S01) to get
(W.01,m,vn) € |11]v
Therefore from Definition 4.6, we get
(W.01,m,inl(vi1)) € |71 + T2]v
We instantiate IH2 with m from (S02) to get
(W.0a,m,vj1) € |11]v
Therefore from Definition 4.6, we get
(W .02, m,inl(v1)) € |11+ T2]v

(b) v1 = inr(v;2) and vy = inr(vj2)

Symmetric reasoning as in the (a) case above

4. Case 11 — To:
Given: (W,n,\z.e1,\z.2) € [11 — 1]
This means from Definition 4.4 we know that

VW'D W, 5 <n,o,w.(W,ju,w) € [nli = (W, j elv/s],eln/z]) € [1]h)
A YO D W.br,0,0..((0,0,0) € [ ]v = (01,4, e1[ve/]) € |72]E)
A VO, 3 W.Qg,k:,vc.((el,k, ’UQ) c LTlJV — (Hl,k,eg[vc/m]) S LTQJE) (LO)

To prove:

(a) Ym. (W.01,m,\x.e1) € |11 — 12]y:
This means from Definition 4.6 we need to prove:
VO W.01 CO AV <mNv(0,j,v) € |n]y = (¢,],e1|v/z]) € |=2]E
This further means that we have some €', j and v s.t
WO COAN<mA(,],v)€|n]v
And we need to prove: (6,7, e1[v/z]) € |2 p
Instantiating 6;, ¢ and v, in the second conjunct of LO with ', j and v respectively
and since we know that W.0; C ¢ and (¢',j,v) € |71 ]v
Therefore we get (0',7,e1[v/x]) € [72]E
(b) Vm. (W.Qg,m, )\.T.@Q) S L7'1 — TQJvi

Similar reasoning with ey
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5. Case Va.T:
Given: (W,n,Aeq, Aea) € [Va.7]{
This means from Definition 4.4 we know that

VW, 3 W,ny <n,t' € LWy, np,e1,e2) € [T[ﬁ’/aﬂé)
A YO, 3 W.01,i,0" € E.((Gl,i,el) € {T[ﬁ”/OéHE)
A YO T W.0,1,0" € L.((61,,e2) € [T[l"/]]E) (F0)

To prove:

(a) Vm. (W.01,m,Aey) € |Va.7|y:
This means from Definition 2.6 we need to prove:
Vo' W.0, C 0. Ym' <mNl, € L0, m e) e |T[ly/a]]E

This further means that we are given some ¢, m’ and £, s.t W.0; C 6, m’ < m and
b, e L

And we need to prove: (6/,m’,e1) € |7[ly/a]|E

Instantiating 6, 7 and ¢” in the second conjunct of FO with 6’, m’ and £, respectively
and since we know that W.0; C ¢ and ¢, € L
Therefore we get (6',m/,e1) € |7[lu/a]|E

(b) Ym. (W.02,m,Aes) € |Vo.7]y:

Symmetric reasoning for e

6. Case c = T7:
Given: (W,n,ver,ves) € [c= T]{
This means from Definition 4.4 we know that

\V/Wb; W,TL,<'I’L.£’:C — (Wb,n/7617€2) € |77--|./E'4
AV, D W.b1,j.L=c = (0,j,e1) € |T]r)
/\vel g WHZa]‘C ): c — (glaja 62) € LTJE) (CO)

To prove:

(a) Vm. (W.01,m,ve;) € |c = T]v:
This means from Definition 4.6 we need to prove:
Vo', W.0, C ' Nm' < m.L }: c — (9’,m’, 61) € LTJE
This further means that we are given some 6’ and m/ st W.0; C 6/, m’ < m and
LECc

And we need to prove: (6/,m’,e1) € |7]p

Instantiating ), 7 in the second conjunct of CO with 6, m’ respectively and since we
know that W.0; C 0" and L |= ¢

Therefore we get (0',m/,e1) € |[T]g
(b) Vm. (W.02,m,ves) € [c= T]y:

Symmetric reasoning for e

7. Case ref ¢ 7:
From Definition 4.4 and 4.6
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8. Case Labeled ¢ 7:
Given (W,n,Lbuy, Lbuy) € [Labeled £ 7]}

2 cases arise:

(a) £C A

From Definition 4.3 we know that

(W,n,v,m) € (ﬂ{}

Therefore from IH we get Ym.(W.01,m,v1) € |7|v and Vm.(W .02, m,vw) € |T]v
(b) ¢ £ A:

Directly from Definition 4.3

9. Case C ¥y ¥ T:

Given: (W,n, v, v) € [C ¥y £y ﬂ(}

This means from Definition 4.4 we know that

(Vk <n, W, 3 W, H, H.(k H, H) > W, AV, v, j.

(Hy, o) Y1 (H{,v)) A (Ho, 09) U (Hg,vh) Aj < kb =

IW' 3 W,.(k — j, H, H}) > W' A ValEq(A, W', k — j, b, vl vg,f)) A

Vi € {1,2}.(\715,96 O W0, H,j.(k, H) > 0 A (H, o) U (H o) Aj <k =
30’ 3 0..(k—j,H)> 0" N0, k—j,v) € |T]v A

(Va.H(a) # H'(a) = 30'.0.(a) = Labeled £ 7/ A, T £) A

(Va € dom(0")\dom(6,).0'(a) s e1)> (CGO)

To prove: Vi € {1,2}. Vm. (W.0;,m,v;) € |C ¥ty la 7]y

This means from Definition 4.6 we need to prove

Vi e {1,2}.Vm.(Vk < m,0. 2 W0, H,j.(k, H) > 0. A (H,0) U (H o) Aj <k —>
30" 2 0e.(k — j, H) o 0 A0 ] — j,0) € [7]v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T V') A

(Ya € dom(€')\dom(8e).0'(a) \, m)

Casel=1

And given some m and k < m,0, 3 W.0,,H,j st (k,H)>0. N (H,v) U; (H' o)A Nj<Ek
We need to prove that

30" 3 0c.(k—j,H )0 A0 k—j4,v) €|T]v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7/ A1 T 1) A

(Va € dom(6')\dom(6.).0'(a) \ 1)

Instantiating (CGO) with [ = 1 and the given k < m, 0. 3 W.0;, H,j we get the desired.
Casel =2

Symmetric reasoning as in the previous case above
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Lemma 4.15 (Monotonicity Unary). The following holds:
V0,0 v, m,m’, T.
@,mv)e|rlv Am'<mAOCH = (0,m v)e|T]v

Proof. Proof by induction on 7

1. case b, unit:

Directly from Definition 4.6

2. case 11 X Ty:
Given: (8, m, (v, 1)) € |11 X T2]v
To prove: (6/,m’, (v1, 1)) € |11 X T2y
This means from Definition 4.6 we know that

(97m7 ’01) € L7—1JV A (H,m, 'UZ) € LTZJV

IHL: (¢/,m/,n) € |11]v
H2 : (0',m,w) € |n]v

We get the desired from IH1, IH2 and Definition 4.6

3. case 11 + To:
2 cases arise:
(a) v=1inl(vy):
Given: (8,m, (inl v1)) € |71 + =]V
To prove: (6/,m/,inl v) € |11 + 72]v
This means from Definition 4.6 we know that
@,m,vn) € |n1|v
H: (0,m n)e|nlv
Therefore from IH and Definition 4.6 we get the desired
(b) v =inr(v2)
Symmetric case
4. case 11 — Ty:
Given: (6, m,(A\z.e1)) € |11 — T2|v
To prove: (6/,m/,(Ax.e1)) € |11 — T2v

This means from Definition 4.6 we know that

VO".0 C O AV <mNv.(0",4,v) € |m]y = (0", j,e1]v/z]) € |2 E (91)

Similarly from Definition 4.6 we know that we are required to prove
Vo' .9 C 0" ANVE < m’.vm.(e’”, k, 1)1) S {lev —— (9”/, k, 61[1}1/:(}]) S I_TQJE

This means that given some 6",k and v such that @ T 0" Ak <m/ A (0" k,v) € |11 ]v

And we are required to prove (6", k,e1[v1/x]) € | 2] p
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Instantiating Equation 91 with 6",k and v; and since we know that ¢/ £ 0" and 6 C ¢’
therefore we have 6 C 0", Also, we know that k < m’ < m and (0", k,v1) € |11 ]v

Therefore we get (0" k,e1[v1/z]) € | 2] E

. case ref ¢ 7:

From Definition 4.6 and Definition 4.1

. case Ya.T1:

Given: (0, m,(Aey)) € [Va.7]y

To prove: (6/,m’, (Aey)) € |Va.7|v

This means from Definition 4.6 we know that

VO".0C 0" AV <mNl € L0 5,e1) € |T[li/d]|E (92)

Similarly from Definition 4.6 we know that we are required to prove
Vo0 C 0" ANVE <m/ Nl € L0,k e1) € [T]lj/a]l]lE

This means that given some 6,k and ¢; such that ' T 0" Nk <m/ Alj € L

And we are required to prove (8", k,e1) € |7[¢;/a]|E

Instantiating Equation 92 with 0",k and ¢; and since we know that ¢’ C 6" and 6 C ¢’
therefore we have 0 C . Also, we know that k < m/ <m and {; € L

Therefore we get (6", k,e1) € [T[(;/a]lE

. case c = T:

Given: (0, m, (ve1)) € [c = T]v
To prove: (6/,m/, (ve1)) € |c=T|v
This means from Definition 4.6 we know that
VO"0C 0" AV <mLEc = (0" j,e1) €|T]E (93)

Similarly from Definition 4.6 we know that we are required to prove
V"0 C O ANVE<m/ LEc = (0" k,e1) € |T]E

This means that given some ",k and ¢; such that ' C 6" ANk <m/ ANl € L

And we are required to prove (8" k,e1) € |7]E

Instantiating Equation 93 with 6", k and since we know that ¢’ C ¢ and 0 C ¢’ therefore
we have 0 C 6", Also, we know that k <m' <m and L | ¢

Therefore we get (6", k,e1) € |7]E
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8. case Labeled ¢ 7:
Given: (6, m,(Lbv)) € |Labeled ¢ 7]y
To prove: (6/,m/, (Lbv)) € |Labeled ¢ 7|y
This means from Definition 4.6 we know that (6, m,v) € [7]|v
IH: (0/,m/,v) € |T]v
Therefore from IH and Definition 4.6 we get the desired

9. case C ¥y ¥y T:
Given: (0, m,e) € |Cly o 7]y
To prove: (0',m/,e) € |[Cly by 7]y
This means from Definition 4.6 we know that
Yk <m,0. 30, H,j.(k, H) >0 A (H,v) V] (H' W)Nj <k =
30" 3 0.(k—4,HYp0' AN (0, k—34,0) € |T]v A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ T Al1 T ') A
(Va € dom(0')\dom(6.).0'(a) \ 41) (LBO)
Similarly from Definition 4.6 we are required to prove
Vk1 <m',0c1 20", Hy, j1.(k1, Hi) > Oe1 A (Hy, v1) U;l (Hi,v)) Nji < k1 =
3¢’ 1 96.(k1 — J1, Hl) >0 A (9’1,k1 —J1, ’U/) € LTJV A
(Va.Hy(a) # H{(a) = 3¢'.0.1(a) = Labeled ¢/ 7 A1 T 0') A
(Va € dom(67)\dom(6e1).01(a) N\ £1)

This means we are given
ki <m0 20, Hy, gy st (ky, H) >0y A (Hy,o) W (HL o)) Ay < By

And we are required to prove:

30’ 3 96.(]431 —jl,Hl) > 6 A (9/1,1431 —jl,’U/) S LTJV A
(Va.Hy(a) # H{(a) = 3'.01(a) = Labeled ¢’ 7 A1 T V') A
(Va € dom(6;)\dom(0e1).01(a) \ ¢1)

Instantiating (LBO0), k with ki, 6. with 6.1, H with H; and j with j;. We know that
ki <m' <m, 0 C0 C 0, (ki, Hi) 01, (Hy, o) V] (H{, ) and iy + ji < k1. Therefore
we get

30’ 3 96.(k1 —jl,Hl) >0 A ( ll,k‘l —jl,’U/) € LTJV VAN

(Va.Hi(a) # H{(a) = 3¢'.0.1(a) = Labeled ¢/ 7 A1 T 0') A

(Va € dom(67)\dom(0e1).01(a) \ 1)

Lemma 4.16 (Monotonicity binary). The following holds:
YW, W’ v, v, A n,n 7.
(W,n,v,m) €T An'<n A WEC W = (W, n v,w)c[r]}

Proof. Proof by induction on 7

1. Case b, unit:
From Definition 4.4
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2. Case 11 X To:
Given: (W,TL, ('Uﬂ, 'UiQ), ('Ujl, 'Ujg)) € {Tl X 7'2~|‘é

To prove: (W', n/, (vi1, vi2), (vj1,vj2)) € [11 X Tg]{}

From Definition 4.4 we know that we are given
(W,n,vi1,vj1) € [T1]3 A (W, n, vz, vj) € [12]5}
TH1 : (W0, v, 051) € [1]E
TH2 : (W1, vz, vj2) € [12]4h

From IH1, TH2 and Definition 4.4 we get the desired.

3. Case 11 + 79:
2 cases arise:
(a) v = inl v;; and vy = inl v;o:
Given: (W, n,(inl v;1,inl v2)) € [11 +Tﬂ“‘j‘
To prove: (W', n/, (inl vi1,inl v;2)) € [11 + 72]{
From Definition 4.4 we know that we are given
(W,n, v, v2) € [7’1]{}
IH: (W', n' v, v0) € (Tﬂ““}
Therefore from Definition 4.4 we get
(W' n/inl v, inl v2) € [11 + 725}
(b) v =inr(vi2) and vy = inr(ve2):
Symmetric case
4. Case 1 — To:
Given: (W,n, (A\z.e1), (A\z.€2)) € [11 = 2|5
To prove: (0/,n', (A\z.e1), (Az.€1)) € [11 = 2|5
This means from Definition 4.4 we know that the following holds

YW 3 W,j <nou,u((Wjv,w) € [0l = (W, jeln/z]elwn/z]) € [r]h)
(BM-A0)

VO, 3 W.b1,5,v..((01, 7, vc) € |1]v = (01,7, e1][ve/x]) € |72]|E) (BM-A1)
VO, 3 W.0a, 4, v..((01,5,vc) € |mi|lv = (6,7, e]v./x]) € |m2]E) (BM-A2)

Similarly from Definition 4.4 we know that we are required to prove

(a) VW’;‘Q W'k </ o, vy (W ko), vh) € Trlf = (W k,ex[v]/z], e2]v}/7]) €
[m21%):
This means that we are given some W” 3 W', k < n’ and v, vj s.t
(W" kv, vp) € [m]i
And we a required to prove: (W”,k,e1[v]/x], ea[vy/x]) € [12]5
Instantiating BM-AQ with W”,k and v, v) we get
(W”7 k, 61[7}{/«73]7 eQ[Ué/x]) € (Tﬂﬁ
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(b) V&; | W’.&l,k, Ué.((@é,k‘, Ué) c LTIJV — (Qf,k,el[vé/x]) S LTQJE>:
This means that we are given some ¢, J W'.0;, k and v, s.t
(0}, k. v;) € [m]v
And we a required to prove: (0}, k,ei[v./z]) € [T2]E

Instantiating BM-A1 with 6/, k and v we get
(0, k, er[vi/x]) € | 2]

(c) YO, 3 W .0, k,v.((0),k,v)) € [m]y = (0], k,ex[v)/x]) € |[72]E):
This means that we are given some §; 3 W'.0;, k and v s.t
(01, vl) € [m]v
And we a required to prove: (0], k,ez[v./z]) € |72]E
Instantiating BM-A1 with 6}, k and v, we get
(01, k, e2lve/x]) € | 2]

5. Case ref ¢ 1:
From Definition 4.4 and Definition 4.2

6. Case Va.T:
Given: (W,n, (Ae1), (Ae2)) € [Va.7]5}
To prove: (6,7, (Aey), (Aer)) € [Va.7]{
This means from Definition 4.4 we know that the following holds
VW'D W,n' <n, 0 € LW n' e, e) € [T[l')a]]3) (BM-F0)
VO, 3 W.01,5,0 € L.((01,7,e1) € |T[¢'/a]]E) (BM-F1)
VO, 3 W.0s, 5,0 € L.(0;,7,e2) € |T[l'/a]|E) (BM-F2)

Similarly from Definition 4.4 we know that we are required to prove

(a) YW" 3 W' n" <n' 0" € L.AW",n" e1,e3) € [T[l"/a]]):
This means that we are given some W” 3 W/, n” <n/ and ¢ € L
And we a required to prove: ((W”,n" e, e3) € [T[("/a]]7)
Instantiating BM-FO with W”,n” and ¢’. And since W” 3 W' and W/ 3 W

therefore W” 3 W. Also since n” < n’ and n’ < n therefore n” < n. And finally
since ¢ € L therefore we get

(W",n",ex,e) € [7[0"/a]]3)

(b) VO, 3 W'.01,k, 0" € L.(8],k,e1) € [T[l" /o] |E):
This means that we are given some 6] 3 W'.0,, k and £ € L
And we a required to prove: ((0],k,e1) € [7[¢"/a]]E)

Instantiating BM-F1 with 6], k and ¢”. And since ; 3 W’.6; and W' 3 W therefore
67 3 W.6,. And since ¢" € L therefore we get

(67, k, e1) € [7[0"/a]]E)
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(C) V&l | W.Hg,j,g// S £((92, k,eg) c {T[ﬁ/l/a”]g):
This means that we are given some §; 3 W'.0, k and £ € L
And we a required to prove: ((0],k,ez2) € [7[¢"/a]]E)

Instantiating BM-F1 with 6], k and ¢”. And since 6; 3 W’.6, and W' 3 W therefore
05, 3 W.05. And since " € L therefore we get

(67, k, e2) € |7[t"/al] )

7. Case c = T:
Given: (W,n, (ve1), (ve2)) € [c= T]{
To prove: (6,7, (ve1), (ver)) € [c = T]{}
This means from Definition 4.4 we know that the following holds
YW I W,n'<nllEc = (W nee)€[rT]h (BM-CD0)
VO, D W.0,j.LEc = (6i,],e1) € |T]E (BM-C1)
VO, O W.s,j.L =Ec = (0i,],e2) € |T]E (BM-C2)

Similarly from Definition 4.4 we know that we are required to prove

(a) VW' D W' n" <nLlc = (W' n" e,e) € [T]p:
This means that we are given some W” J W', n” <n/ and L = ¢

And we a required to prove: (W”,n” e1,es) € [7]5

Instantiating BM-CO with W”,n”. And since W” 3 W' and W' 3 W therefore
W” 3 W. And since L = ¢ therefore we get

(W" 0" e1,e) € [T]H
(b) VO 3 W' .01, kLI c = (0 ke1) € |7]p:
This means that we are given some #) 3 W’'.6;, k and L |= ¢
And we a required to prove: (0),k,e1) € |T|E
Instantiating BM-F1 with 6;,k. And since §; 3 W'.0; and W' 3 W therefore
07 3 W.0,. And since L = ¢ therefore we get
(0, k,e1) € [T]E
(c) VO, I W02, k.L =c = (0;,k,e2) € |T]|E:
This means that we are given some ¢, 3 W'.0,, k and L |= ¢
And we a required to prove: (0], k,e2) € [T]E
Instantiating BM-F1 with 6;,k. And since 0 3 W'.0, and W' 3 W therefore
¢, 3 W.6;. And since L = c therefore we get
(01 k. e2) € 7]

8. Case Labeled ¢ 7:
Given: (W,n, (Lbvy),(Lbwy)) € [Labeled ¢ 7]{}
To prove: (W', n/, (Lbv;), (Lbue)) € [Labeled £ 75}

From Definition 4.4 2 cases arise:
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(a) LC A:
In this case we know that (W, n, v, v2) € [7]{
Therefore from IH we know that (W', n/ v, ») € [ﬂ{}
Hence from Definition 4.4 we get (W', n/, (Lbv;), (Lbwy)) € [Labeled £ 7]}

(b) ¢ £ A:
In this case we know that Vm. (W.01,m,v1) € |7]y and (W.02,m, n) € |T|v
Since W.6; C W'.0; (from Definition 4.2). Therefore from Lemma 4.15 we know that
vm' <m. (W'.01,m' v) e |7]v
Similarly since W.0 C W’.05 (from Definition 4.2). Therefore from Lemma 4.15 we
know that

Vm' <m. (W'.0,m' w) e |T]y

Finally from Definition 4.4 we get (W’,n’, (Lbvy), (Lbu)) € [Labeled £ 711}

9. Case C /¥y by T:
Given: (W,n, v, vs) € [C {4y £ ﬂ\"}
To prove: (W', n', v, vm) € [Cly by 7§
From Definition 4.4 we are given that
(\m <n, W, 2 W, H, H.(k, H, Hy) > W, A
Vol v}, 4. (Hy, o) U (H o)) A (Hay o) U (Hy, wh) A j < b =
IW' 2 We.(k — 4, H, H)) > W' A ValEg(A, W', k — j, £, 0], fug,f)) A
Vi€ (1,2} (Vh, 0 3 W00, H, j.(k, H) 5 0 A (H,w) U (' o) A j < b —
30’ 30,k — 5, H) >0 A0k — j,0]) € [T]y A
(Va.H(a) # H'(a) = 30'.0.(a) = Labeled £ 7/ A ¢ T £) A
(Va € dom(€')\dom(6e).0'(a) \, zl)) (BM-MO)

Similarly from Definition 4.4 it suffices to prove that

(a) (sz <n, W. 2 W, Hy, Ho.(k, Hi, Ho) > W, A
Vol v}, 4. (Hy, o) V) (H{ o)) A (Hay o) W (Hy wh) A j < b =
AW 2 Wk = j, H{, Hg) > W' A ValBa(A, W',k = j, b2, o], v3,7) ):
This means that given some k <n, We 3 W, Hy, Hy, v{, v}, j s.t
(k, Hy, Hy) > Wo A (Hy, ) 4 (H{, 0f) A (Hayw) U (Hy, vh) Aj < k
It suffices to prove that
AW’ 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j, la, v, v}, T)
Instantiating the first conjunct of (BM-MO0) with the given k, W, 3 W, Hy, Ha, vy, v}, j
and since we know that n’ <n and W C W’ we get the desired
(b) VL& {1,2}.(Vk, 0 3 W00, H,j.(k, H) b 6 A () U (' o) A j < s =
30’ 3 0..(k—j,H)> 0 N0 k—j,v) € |T]v A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T 0') A
(VYa € dom(€')\dom(6e).0'(a) \, el)):

Similar reasoning as in the previous case but using Lemma 4.15
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Lemma 4.17 (Unary monotonicity for I'). V6,6",6,T,n,n’.
O,n,0)e Ty An <nAOCH = (0/,n,0) €[]y

Proof. Given: (6,n,0) € ||y An'<nAOCE
To prove: (6/,n',0) € |[T'|y

From Definition 4.12 it is given that
dom(I') C dom(6) AVx € dom(I").(0,n,d(x)) € |I'(x)]v

And again from Definition 4.12 we are required to prove that
dom(T) C dom(8) AVz € dom(T).(¢/,n,d(x)) € |[['(x)]v
e dom(T') C dom(9):
Given
o Vz € dom(T).(6/,n',0(x)) € |T'(z)]v:
Since we know that Vo € dom(I").(0,n,d(x)) € [I'(x)]y (given)
Therefore from Lemma 4.15 we get

Vo € dom(T).(0',n',6(x)) € |[T'(x)]v

Lemma 4.18 (Binary monotonicity for T'). VW, W' §,T,n,n’.
(Wn,y)e|llyv An<nAWEW = (W ,n~v) ell]|y

Proof. Given: (W,n,y) € [I'Jy An'<nA WC W
To prove: (W', n/,~) € [T']y

From Definition 4.13 it is given that
dom(T') C dom(y) AVz € dom(T).(W,n,m1(y(2)), m2(y(2))) € [T(z)]{

And again from Definition 4.12 we are required to prove that

dom(T') C dom(y) AVz € dom(T).(W’',n/, m(v()), m2(y(z))) € [T(2)]{

e dom(I') C dom(vy):
Given

o Vo € dom(D).(W',n',m1(v(2)), ma(7(x))) € [T(2)]i*
Since we know that Vo € dom(T).(W,n, m(y(z)), m2(v(z))) € [T'(z)]{ (given)
Therefore from Lemma 4.16 we get

Yz € dom(T).(W',n',m1(v(z)), m2(v(x))) € [T(2)]3

Lemma 4.19 (Unary monotonicity for H). V8, H,n,n'.
(n,H)pO An'<n = (n/,H)>60
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Proof. Given: (n,H)>0 An' <n
To prove: (n’,H)>6

From Definition 4.8 it is given that
dom(0) C dom(H) AVa € dom(0).(0,n —1,H(a)) € |0(a)]v

And again from Definition 4.12 we are required to prove that
dom(0) C dom(H) AVa € dom(0).(0,n' —1,H(a)) € [ (a)]v
e dom(0) C dom(H):
Given
e Va € dom(0).(,n' —1,H(a)) € |6 (a)]v:
Since we know that Va € dom(6).(0,n — 1, H(a)) € |0#(a)]y (given)
Therefore from Lemma 4.15 we get
Va € dom(6).(0,n" —1,H(a)) € |0'(a)]v

Lemma 4.20 (Binary monotonicity for heaps). VW, Hy, Hy,n,n'.
(n,Hl,Hg) >W AR <n = (’I’L/,Hl,HQ) > W

Proof. Given: (n, Hy,H))> W An'<n A WE W
To prove: (n', Hy, Hy)> W

From Definition 4.9 it is given that

dom (W .01) C dom(Hy) A dom (W .02) C dom(Ha)A

(W.B) € (dom(W.601) x dom (W .02))A

V(al, az) S (WB)(WQl((Zl) = Wﬂg(ag)/\

(W,n—1,H(a1), Ha(a2)) € [W.01(a1)|{H)A

Vi e {1,2}.VmNa; € dom(W.0;).(W.0;,m, Hi(a;)) € | W.0;(a;)]|v

And again from Definition 4.9 we are required to prove:
o dom(W.01) C dom(Hy) A dom(W .62) C dom(Hs):
Given
o (W.3) C (dom(W.01) x dom(W .05)):
Given
° V(al, CLQ) S (WB)(WQl(al) = W.QQ(CLQ) and (W,n/—l,H1(a1),H2(a2)) S [Wﬂl(alﬂé):
V(al, ag) S (WB)
- (W.Ql(al) = W.@Q(ag)l Given
— (W,n' =1, Hi(a1), Ha(az)) € [W.01(a1)]7):
Given and from Lemma 4.16
e Vie {1,2}.YmNa; € dom(W.0;).(W.0;,m, Hy(a;)) € | W.0;(a;)]v:

Given
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Theorem 4.21 (Fundamental theorem unary). VX, W, T'.0, L. e, 7, 0,0, n.
XoUiT'ke:7 A
LETYoA
@,n,0)e|lo|ly =
(0,n,ed)e|Tolg

Proof. Proof by induction on CG typing derivation

1. CG-var:

—— CG-var
'e:7khax:7

Also given is (0,n,0) € | o]y

To prove: (8,n,z0) € [T ol

This means that from Definition 4.7 we need to prove
Vi<nzdliv = (O,n—1i,v)€|T0ol|y

This means that given some i <n s.tx d J; v

(from cg-val we know that v =z § and i = 0)

It suffices to prove (0,n,x 0) € [T oy (FU-V0)

Since (6,n,d) € |[I"|y where IV = T'U {z : 7}. Therefore from Definition 4.12 we know
that (0,n,0(z)) € |I'(z)]v

So we are done.

2. CG-lam:

Dz:mbkée:m

T'EXze: (1 — 1)

Also given is (0,n,0) € |[I' o]y

To prove: (6,n,Az.e; §) € |[(11 — ™) 0]k

This means that from Definition 4.7 we need to prove
Vi <ndx.e' d ;v = (O,n—1i,v)€|(n—mn) oy
This means that given some i < n s.t Axz.e/ § {|; v
(from cg-val we know that v = Az.€’ § and i = 0)

It suffices to prove

O,n, z.€ 6) € | (11 = ) oy (FU-LO)

From Definition 4.6 it further suffices to prove
V9" 30,05 <n.(0",5,v") € [m]y = (0",4,(¢ 0)[v'/2]) € | 2]k
This means given some 6" v/, j st 0" 360, j <n and (0”,5,v") € |[m]y (FU-LI)

We are required to prove
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(0,35, (¢" 9)[v'/]) € |2

Since (0,n,0) € |I" o]y therefore from Lemma 4.17 we know that (6, j,0) € [I" o]y where
j <mn (from FU-L1)

IH:
VOn, vg. (9h7j7 e U {l’ = Ux}) € LTQJEv s.t (giaja Um) € LTUV
Instantiating TH with 6” and v from (FU-L1) we get (6", 7, (¢ §)[v'/z]) € | =] E

. CG-app:

F|—€1:(T1—>7'2) F|—6227’1

I'kejies:m

Also given is (0,n,9) € |I' o]y
To prove: (0,n,(e1 e2) §) € |2 olp

This means that from Definition 4.7 we need to prove
Vi<n.epe2) d v = (0,n—1,v) € |moly

This means that given some i < n s.t (e1 e2) § {; v

It suffices to prove

O,n—1i,v) €| oy (FU-PO)

IH1:
Vj < n.ey 5U] U] — (G,n—j, 7)1) € \_(Tl —)7‘2) UJV

Since we know that (e1 e2) 0 |; v therefore 35 < i < n s.t e; 6 {; vi. This means we have

(H,n -7, Ul) € L(Tl — 7'2) UJV

From cg-app we know that v; = Az.e/.Therefore we have
(9,71 -7, /\$.€/) S L(Tl — 7'2) O'JV (FU—Pl)

This means from Definition 4.6 we have

VO" JONT < (n—3),v.(0", I,v) € |n|y = (0",1,¢[v/x]) € | ok (94)

TH2:
Vk < (n—j)e ddpr v = O,n—7j—k,mw) e |n]v

Since we know that (e1 e3) 0 {; v therefore 3k < i — j (since i < n therefore i — j < n — j)
s.t eg 0 | v2. This means we have

(0,n—j—k,v)€|nlv (FU-P2)
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Instantiating Equation 94 with 6, (n — j — k), v2 and since we know that (0,n—j—k,v) €
| 71|y therefore we get

O,n—j—k,en/x]) €|naolp
This means from Definition 4.7 we have
VI <n—j—keln/zll;vy = @n—j—k—Juv) e |nolgp

Since we know that (e; e2) 6 |J; v therefore we know that 3J <i<nsti=j+k+J
(since j + k + J < n therefore J <n —j — k) and €'[va/x] {5 vy

Therefore we have (0,n —j—k — J,vy) € |72 0k

Since we know that i = j + k 4+ J and v = vy therefore we get (0,n —i,vy) € |12 o|E (s0
FU-PO is proved)

. CG-prod:

P|—61:T1 P|_€2:7'2
'k (e1,e2): (11 X 12)

Also given is (0,n,6) € [T oy

To prove: (6,n,(e1,e2) d) € [(11 X 72) 0]k

This means that from Definition 4.7 we need to prove
Vi < n.(er,e2) 64 v = (B,n—i,v) € [(11 X 12) o]y
This means that given some i < n s.t (e1,ez) d §; v

It suffices to prove

O,n—1i,v) € [(11 xT2) oy (FU-PAO)

IH1:
Vi<ne ol n = (0,n—j,m) € [n]v

Since we know that (e1,e2) 6 |}; v therefore 3j <i <ns.t e; § |; v1. This means we have
(0.n—j,v) € [n]v (FU-PA1)

1H2:
Vk < (n—j)e2dp v = (0,n—3j—kw)€|naoly

Since we know that (e; ez) d |J; v therefore 3k < i — j (since ¢ < n therefore i —j < n —j)
s.t eg 0 | vo. This means we have

(Q,TL —j — k, ?}2) S LTQ UJV (FU—PAQ)

In order to prove (FU-PAO) from cg-prod we know that i = j + &k + 1 and v = (v1, 1)
therefore from Definition 4.6 it suffices to prove

@n—j—k—1v)€e|n|yvand (@,n—j—k—1,m) € | ol|y

We get this from (FU-PA1) and Lemma 4.15 and from (FU-PA2) and Lemma 4.15
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5. CG-fst:

Fke:(m xm)

I'Ffst(e!) :m

Also given is (0,n,0) € | o]y
To prove: (0,n,fst(e’) ) € |[m olE

This means that from Definition 4.7 we need to prove
Vi <nfst(e') 6|}, v = (6,n—1i,v) € |m oy

This means that given some i < n s.t fst(e’) § ; v

It suffices to prove

O,n—1i,v)€|mnolv (FU-FO)

IHI:
Vji<n.e o4, (vi,n) = (0,n—7j,(v,w)) e |(nxmn)oly

Since we know that fst(e’) 6 {}; v therefore 3j < i < mn s.t € 6 {; (v, v2). This means we
have

(0,n —J, (v, 1)) € [(11 X T2) oV

From Definition 4.6 we know the following holds
(@,n—j,v) € |m o]y and (6,n —j, ) € |2 o]y (FU-F1)

From cg-fst we know that v = vy and ¢ = j + 1. Therefore from (FU-F0), we are required
to prove

(97n _.j - 17 1)1) € {Tl UJV
We get this from (FU-F1) and Lemma 4.15
6. CG-snd:

Symmetric reasoning as in the CG-fst case above

7. CG-inl:

F'Heée:m
T kinl(e) : (11 + 72)

Also given is (6,n,0) € [T o]y

To prove: (0,n,inl(e’) §) € |(11+72) 0B

This means that from Definition 4.7 we need to prove
Vi <n.inl(¢) 6 ;v = (O,n—i,v) € (11 +72) o]V
This means that given some i < n s.t inl(e’) § {; v

It suffices to prove
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O,n—i,v) € [(11+7)olv (FU-LEO)

IHI:
Vi < n.e 5&] V] — (G,n—j, 1)1) € {7‘1 UJV
Since we know that inl(e/) § {}; v therefore 3j < i < n s.t € ¢ §; v;. This means we have

(0,n—j,m) € |m o]y (FU-LE1)

From cg-inl we know that v = v; and ¢ = j + 1. Therefore from (FU-LEO) w we are
required to prove

(97n -Jj-1 Ul) € \_(Tl +7—2) O—JV

From Definition 4.6 it suffices to prove

(97n _.j - 17 1)1) € L’rl UJV

We get this from (FU-LE1) and Lemma 4.15
. CG-inr:

Symmetric reasoning as in the CG-inl case above

. CG-case:

C'keq:(m +72) Iz:mbe T Ly:mbey: T

Ik case(e,z.e1,y.e2) : T

Also given is (0,n,0) € [T o]y

To prove: (6,n, (case e., x.e1,y.€2) §) € |T o|E

This means that from Definition 4.7 we need to prove

Vi < n.(case e, x.e1,y.e2) 0 |} v = (0,n—i,v) € [T o]y
This means that given some i < n s.t (case e, x.e1,y.e2) d |; v
It suffices to prove

O,n—1i,v)€|Toly (FU-C0)

IH1:
Vi < n.ec (SUJ Ve —> (H,n—j, 1)1) € L(Tl —i—Tg) O'JV

Since we know that (case e, x.e1,y.e2) 6 {; v therefore 3j < i < n s.t e. 6 {; v.. This
means we have

O,n—j,v) € |[(1+ 7)oy (FU-C1)

2 cases arise:
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(a) v. =inl(vy):
IH2:
VE<(n—j)erdU{z—y}dprvn = O,n—j—kun)e|roly

Since we know that (case e.,z.e1,y.e2) 0 {J; v therefore Ik < i — j (since i < n
therefore i — j <n —j) s.t e 0 U{z — v} I v1. This means we have

(H,n -7 - k,Ul) S LT UJV (FU—C2)

From cg-casel we know that i = j + k + 1 and v = v;. Therefore from (FU-CO) it
suffices to prove

(Q,Tl—j—k—l,?}l) S LT O’JV
We get this from (FU-C2) and Lemma 4.15
(b) ve =inr(vy):

Symmetric reasoning as in the previous case

10. CG-FI:

S0 T kHe 7
;T Ae : Vaur

Also given is L=V o A and (0,n,0) € | o]y

To prove: (6,n,Ae’ §) € |[(Va.(be,T)) 0B

This means that from Definition 4.7 we need to prove
Vi<nAe ;v = (0,n—1i,v) € [(Va.T) o]y
This means that given some 7 < n s.t Az.e’ § {|; v
(from CG-Sem-val we know that v = Ae’ § and i = 0)
It suffices to prove

(0,n,Ae’ §) € |(Va.1) o]y (FU-FI0)

From Definition 4.6 it further suffices to prove

VO'.OC O, 5 <nNl' e L(O,],€0) e |[r[l'/a]|r

This means given some ¢',j,¢' € Lst ¢ 360, j <n (FU-FI1)
We are required to prove

(0',3,(¢ 9)) € |7[¢/a] o) (FU-FI2)

Since (0,n,0) € |I" o]y therefore from Lemma 4.17 we know that (6, j,0) € [I" o]y where
j <mn (from FU-L1)

IH: (0,5, 0) e [toU{a—l}E
(FU-FI2) is obtained directly from TH
11. CG-CI:

YU, eThHe 7
SiTkve:ic=1
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12.

Also given is L=V o A and (6,n,0) € [T v

To prove: (0,n,ve’ §) € |[(c=7) 0|k

This means that from Definition 4.7 we need to prove
Vi<nwve v = (O,n—i,v)€|(c=>7) 0]y
This means that given some i < n s.t ve' § {|; v

(from CG-Sem-val we know that v = ve’ § and i = 0)
It suffices to prove

O,n,ve’ 8) € |[(c=>T) oy (FU-CI0)

From Definition 4.6 it further suffices to prove

LEc= VVOCO j<n(0,jede|r]p

This means given £ |= ¢ and some ¢',j s.t ¢ 36, j <n (FU-CI1)
We are required to prove

0,45,(ed)e|rolg (FU-CI2)

Since (0,n,0) € |I" oy therefore from Lemma 4.17 we know that (6,7,0) € |[I" 0|y where
j <n (from FU-L1). Also we know that £ |= ¢ o therefore £ = (XU {c}) o

IH: (9/7j7 e 6) € LT UJE
(FU-CI2) is obtained directly from IH
CG-FE:

0T Fe :Var FV({) e X
S0 T e [ r[e/a]

Also given is L=V o A and (0,n,0) € | o]y

To prove: (0,n,€'[| 0) € |T[¢/a] o]k

This means that from Definition 4.7 we need to prove
Vi<neloliv = (0,n—1i,v) € |7[¢l/a] o]y
This means that given some i < n s.t €[] 0 {; v

It suffices to prove

0,n—1,v) € |T[l/a] v (FU-FEO)

IH: (0,n,¢ §) € |Va.7|E

From Definition 4.7 we know that

Vhi < n.e’ § U’h1 Aepy — (9,72 — hl,Aehl) S L(VOJ.T) JJV
Since €[] § reduces therefore we know that 3hy; < i < n such that €' § {5, Ae;
Therefore we know that (6,n — hy, Aepy) € [(Va.1) oy

From Definition 4.6 we know that

351



Vo - 9,.% < (n — hl),fh S L’.(G”,w,ehl) S L(T[éh/a]) UJE

Instantiating #” with 0, x with n — h; — 1 and ¢}, with £. So, we get
(0,n—h1—1,ep1) € |(T[¢/a]) 0B

From Definition 4.7 we know that the following holds
Vho <n—hy —lep 6 dn, v = (0,n—hy —1—ho,v) € |(7]{/a]) o]v

Since €[] § reduces in i steps therefore from CG-Sem-FE we know that (i = hy + ha + 1)
and since we know that ¢ < n therefore we have ho < n — hy — 1 such that ey 0 {n, v.
Therefore we get

(@,n—hy —1—ho,v) € |[(T[¢/a]) o]V
Since i = hy + ho + 1 therefore we get
(0,n —i,v) € [(r[t/a]) o]V

. CG-CE:

Y, U:T ke ie=71 X Ukc
0T He o7

Also given is L=V o A and (0,n,6) € [ oy

To prove: (6,n,¢' @ 0) € |7 olg

This means that from Definition 4.7 we need to prove
Vi<needliv = (0,n—1i,v)€|T0o]y

This means that given some i <n st e e 6 ;v

It suffices to prove
O,n—1i,v) €Ty (FU-CEO0)

IH: (0,n,¢' d) €|lc=T10lE

From Definition 4.7 we know that

Vhy < n.e 0 4p, veny = (0,n— hy,vep) € [c =7 o]y
Since ¢’ @ § reduces therefore we know that 3h; < i < n such that €’ § {5, vep,
Therefore we know that (6,n — hy,vep) € [c= T 0|y

From Definition 4.6 we know that
LEco = V0" J0,x<(n—h).(0",z,ep1) € |7 0|E

Since we know that £ |= ¢ o and then we instantiate §” with 6, x with n — hy — 1. So, we
get,

(@,n—hy —1l,ep) €70l

From Definition 4.7 we know that the following holds
Vho <n—hy —lep 6 dn, v = (0,n—hy —1—ho,v) € |T o]y
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Since ¢’ ® § reduces in ¢ steps therefore from CG-Sem-CE we know that (i = hy + hg + 1)
and since we know that ¢ < n therefore we have ho < n — hy — 1 such that ey d {n, v.
Therefore we get

(9,n—h1 — 1—h2,’U) S LT O'JV
Since we know that ¢ = h1 + hg 4+ 1 therefore we get
O,n—1i,v) €Ty

. CG-ref:

I'ke :Labeled ' 7 LELCY
[t new (¢/): C4 L (ref £ 1)

Also given is (0,n,0) € | o]y

To prove: (6,n,new (') §) € [CL L (ref ¢ 7) ol

This means that from Definition 4.7 we need to prove

Vi <n.new (¢) o iv = (O,n—i,v) € |[CL L (ref O 7) 0]y
This means that given some i < n s.t new (¢/) § {}; v

(from cg-val we know that v = new (¢) 6 and i = 0)

It suffices to prove

(B,n,new (¢') §) € [CL L (ref £/ 7) o]y

From Definition 4.6 it suffices to prove

Yk <n,0c 30, H,j.(k H)> 0 A (H, new (¢') 6) U (H o)A j <k =
30" 360..(k—4,H)>0 N0 k—j,0") € |(ref £ 7 0)|v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL C V') A

(Va € dom(6')\dom(6.).0'(a) \, ¢)

This means given some k < n,0. 30, H,js.t (k, H)>0.A\(H,new (¢') §) U; (H',v")Nj < k.
Also from cg-ref we know that v/ = a

It suffices to prove

30" 360..(k—4,H)>0 N0,k —j,a) € [(ref £/ 7)]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ 7' AL T V') A
(Va € dom(6')\dom(6.).0'(a) \, ¥) (FU-RO)

IH:
(0c,k,e' &) € | (Labeled ' 7) 0|

From Definition 4.7 this means we have

Vi< ke 54y vn = (0eyn—1,v0,) € [(Labeled ¢ 7) oy

Since we know that (H,new (e’)) ll;-c (H', a) therefore from cg-ref we know that
d<j<kste dl v

Therefore we have
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(6c,n — 1, 0p) € | (Labeled ¢/ 7) o]y (FU-R2)

In order to prove (FU-R0) we choose ¢’ as 6, = 0. U {a — Labeled ¢’ 7}

Now we need to prove:

(a) (k—j,H)> 0y
From Definition 4.8 it suffices to prove that
dom(0,) C dom(H') AVa € dom(6y,).(0n, (k—j) —1,H'(a)) € |0n(a)|v
e dom(6,) C dom(H'):
We know that dom(H') = dom(H) U {a}
We know that dom(0,) = dom(6.) U {a}
And (k, H) > 6, therefore from Definition 4.8 we know that dom(6.) C dom(H)
So we are done
e Va € dom(0,).(0n, (k—j)—1,H'(a)) € [On(a)]v:
Since from (FU-R2) we know that (60,,n — 1, v,) € |(Labeled ¢ 7) o]y
Since 0, C 0, and k —j — 1 < n —1[ (since k < n and | < j) therefore from
Lemma 4.15 we know that (0,,,k —j — 1, v,) € |(Labeled ¢/ 7) o]y

(b) (Op,k—j—1,a) € [(ref O/ T) o]y
From Definition 4.6 it suffices to prove that 6,,(a) = Labeled ¢ 7
We get this by construction of 6,
(¢) (Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T ¢'):
Holds vacuously
(d) (Va € dom(6y)\dom(0.).0,(a) \ 0):
From CG-ref we know that ¢ C ¢

15. CG-deref:

Fké :ref 01
'kl :CT L (Labeled ¢ 7)

Also given is (0,n,0) € |[I' o]y

To prove: (6,n,(l¢') §) € |[CT L (Labeled £ 7) o]

This means that from Definition 4.7 we need to prove
Vi<nle)olyiv = (0,n—i,v) € |[CT L (Labeled £ 7) o]y
(From cg-val we know that v =l¢/  and i = 0)

This means that given some i < n s.t le/ § ;le’ §

It suffices to prove

(0,n,l¢’ 0) € |[CT L (Labeled £ 7) oy

From Definition 4.6 it suffices to prove

Yk <n,0c 30, H,j.(k H)> 0 A (H, (e 8)) U] (H' v')Nj <k =
30" 360..(k—4,H)>0 N (0, k—j,v") € |(Labeled £ 7) |y A

(Va.H(a) # H'(a) = 3".0.(a) = Labeled ¢" 7/ AT C ") A
(Va € dom(6')\dom(0.).0'(a) \y T)
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This means given some k <n,0, 36, H,j s.t (k, H)>0. A (H, (!¢’ 3)) U; (H',v'YNj <E.
It suffices to prove

30" 3 0..(k —j, H') >0 A (6, k — j,v') € |(Labeled £ 7) o |y A

(Va.H(a) # H'(a) = 30".0.(a) = Labeled ¢" 7/ AT C ") A

(Va € dom(6')\dom(6.).0'(a) \T) (FU-Do)

IH:

(Oc, ke’ 6) € |(ref £ T) o
From Definition 4.7 this means we have

Vi<ke dyv = (O, k—1vp) €[(ref £7) 0|y

Since we know that (H,!(e’)) l}; (H', a) therefore from cg-deref we know that
dA<j<kste dlvn, vp=ua

Therefore we have

O,k —1,a) € [(ref £ 7) oy (FU-D1)

In order to prove (FU-DO0) we choose 0" as 0,

Now we need to prove:

(a) (k—j,H)>b,:
From Definition 4.8 it suffices to prove that
dom(0.) C dom(H') AVa € dom(60.).(0e, (k —j) —1,H'(a)) € |be(a)]v
e dom(0.) C dom(H'):
And (k, H) > 0, therefore from Definition 4.8 we know that dom(6.) C dom(H)
And since H' = H (from cg-deref) so we are done
e Va € dom(0.).(0c,(k —j) —1,H'(a)) € [0c(a)]v:
Since we know that (k, H) > 6, therefore from Definition 4.8 we know that
Va € dom(6.).(0e,k — 1, H(a)) € |6c(a)|v
Since H' = H and from Lemma 4.15 we get
Va € dom(0e). (0, (5 — ) — 1, H'(a)) € [0o(a)]v
(b) (B¢, k —j,v") € [(Labeled £ 7) o]y
From cg-deref we know that H = H' and v' = H(a)
From (FU-D1) and Definition 4.6 we know that 6.(a) = Labeled ¢ 7
Since we know that (k, H) > 6, therefore from Definition 4.8 we know that
Va € dom(0.).(0c,k — 1, H(a)) € [0c(a)]|v
Since from cg-deref we know that j > 1. Therefore from Lemma 4.15 we get (0, k —
j,H(a)) € |(Labeled ¢ 7) oy
(¢) (Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ T AT C ¢'):
Holds vacuously
(d) (Va € dom(0.)\dom(0.).0c(a) \, T):

Holds vacuously
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16. CG-assign:

T'ke:ref 0/ 1 'k es : Labeled ¢ 7 LHICY
I'Fep:=ey:CL L unit

Also given is (0,n,0) € |[I' o]y

To prove: (0,n,(e1:=e2) d) € [(C ¢ L unit)]5;

This means that from Definition 4.7 we need to prove
Vi<n.(er:=e2) ddiv = (0,n—1i,v) € [(ClLunit)|y
This means that given some i < n s.t (e; :=e2) § {; v.

It suffices to prove

@,n—1,() € [(Cl L unit)]y

From Definition 4.6 it suffices to prove

Yk <n,0c 30, H,j.(k, H) >0 A (H, (1 =€) 8) Y (H , v)Nj <k =
30" 20,k —j, H') >0 A0k — j,0') € [ (ref £ )]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢’ 7' AL T V') A

(Va € dom(0')\dom(6e).0'(a) \ ¥)

This means given some k < n,0, 36, H,js.t (k, H)>0.AN(H, (e1 := e3) 0) l}; (H',v')Aj <
k. Also from cg-assign we know that v = ()

It suffices to prove

36" 20..(k—j, H) >0 A0,k — 4,0) € Lunit]y A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A
(Va € dom(0")\dom(6.).0'(a) \, ¢) (FU-A0)

IHI:
Vi<ke 6y = (0,k—1,a)€ [(ref ' T)]v

Since we know that (e; := eg2) § U}c v therefore 3l < j < k s.t e1 0 {J; a. This means we
have

0.k —1,a) € |(ref ¢ 7) v (FU-A1)

1H?2:
Vm < (k—1).e2 0 Im 12 = (0,k —1 —m, ) € |Labeled ¢ 7]y

Since we know that (e; := e2) ¢ ll;-c v therefore Im < j—I (since j < k therefore j—1 < k—1)
s.t eg 0 | vo. This means we have

0,k —1—m,vy) € |(Labeled ¢' 7) |y (FU-A2)

In order to prove (FU-A0) we choose 6’ as 6,

Now we need to prove:
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(a) (k—j,H)>0,:
From Definition 4.8 it suffices to prove that
dom(0.) C dom(H') AVa € dom(0).(0e, (k —j) —1,H'(a)) € |be(a)]v
e dom(6.) C dom(H'):
We know that dom(H') = dom(H)
And (k, H) > 6, therefore from Definition 4.8 we know that dom(6.) C dom(H)
So we are done
o Va € dom(0e).(be, (k —j) —1,H'(a)) € |be(a)]v:
Va € dom(6.).
i. H(a) = H'(a):
Since (k, H) > 6, therefore from Definition 4.8 we know that
(Oc, k=1, H(a)) € |0c(a)]v
Therefore from Lemma 4.15 we get
(Oc, k=1 —j, H(a)) € |0c(a) v
ii. H(a)# H'(a):
From cg-assign we know that H'(a) = v
From (FU-A1) we know that 6.(a) = Labeled ¢ 7
Also we know that j =1+m + 1
Since from (FU-A2) we know that
0,k —1—m,vy) € |(Labeled ¢' 7)]y
Therefore we get
0,k —j+1,1) € [(Labeled ¢/ 7) ]y
Therefore from Lemma 4.15 we get
0,k —j—1,1) € [(Labeled ¢' 7) ]y
(b) (Beyk—7—1,()) € |unit]y:
From Definition 4.6
(¢) (Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢’ T AL C ¢'):
From CG-assign we know that ¢ C ¢/
(d) (Va € dom(0.)\dom(0.).0c(a) \ ¥):
Holds vacuously

17. CG-label:

Hée:r
'k Lb(e’) : Labeled ¢ 7

Also given is (0,n,d) € |[I' o]y
To prove: (6,n,Lb(e’) §) € |Labeled £ 7 0|
This means that from Definition 4.7 we need to prove

Vi <n.Lb(e) 0 ; v = (0,n —i,v) € |Labeled ¢ 7 o]y

This means we are given some i < n s.t Lb(¢’) ¢ {}; v and we are required to prove
(0,n —i,v) € |Labeled ¢ T o]y

Let v = Lb(v;). This means from Definition 4.6 we are required to prove

O,n—i,v)€|Toly
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18.

IH: (0,n,¢' d) €|t o]lp

This means from Definition 4.7 we have

Vi<ne ol;jvu = (0,n—j,u)e€|T]y

Since we know that Lb(e’) § |}; v therefore 3j <i<mns.te § ;v

Therefore we have (6,n — j,v;) € |7 o]y

From cg-label we know that i = j 4+ 1 therefore from Lemma 4.15 we have
(0,n—i,v) € |7 o]y

CG-unlabel:

'k ¢ : Labeled ¢/ 7
I'+ unlabel(e):C T 47

Also given is (0,n,d) € |I' o]y
To prove: (6,n,unlabel(e’) §) € [(CT ¢7) ol

This means that from Definition 4.7 we need to prove

Vi < n.unlabel(¢’) § | v = (O,n—1i,v) € |(CTLT) o]y
This means that given some i < n s.t unlabel(e’) § |; v
(from cg-val we know that v = unlabel(e’) 6 and i = 0)

It suffices to prove

(0,n,unlabel(e’) 6) € (CT LT) oy

From Definition 4.6 it suffices to prove

Yk <n,0. 30, H,j.(k H)> 0 A (H,unlabel(e') 6) U] (H',v') N j <k =
30" 36..(k— 4, H)> 0 N0 k—j,0") e |T o]y A

(Va.H(a) # H'(a) = 3¢".0.(a) = Labeled ¢/ 7/ AT C £') A

(Va € dom(6')\dom(0.).0'(a) \y T)

This means given some k < n,0, 360, H,j s.t (k, H)>0.A\(H,unlabel(e’) 0) U; (H', vV )Aj <
k. Also from cg-unlabel we know that H' = H

It suffices to prove

30’ 30,.(k — 4, H) > 0 A (0, k — §,0) € |7 o]y A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7" AT C V') A
(Va € dom(6')\dom(6.).0'(a) \, T) (FU-U0)

IH:

(0c,k e’ &) € |(Labeled £ 7) o g

This means that from Definition 4.7 we need to prove
Vh < ke o Uhl v, —> (Qe,k — h1, vh) € L(Labeled 4 7') UJV

Since we know that (H,unlabel(e’)) l}; (H,v') therefore from cg-unlabel we know that
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19.

Jhy < j<kste dlp Lbo

This means we have

(0c, k — hy1,Lbv") € | (Labeled £ 7) o]y
This means from Definition 4.6 we have
(O, k — h1,v") € |7 o]y (FU-U1)

In order to prove (FU-UO) we choose 6 as .. And we a required to prove:

(a) (k—j,H)>be:
Since have (k, H) > 0, therefore from Lemma 4.19 we get (k — j, H) > 6,
(b) (0,k—j4,0") € |r o]y:
Since from (FU-U1) we know that (6., k — hy,v') € |7 oy
And since j = h; + 1, therefore from Lemma 4.15 we get (0., k — j,v') € |7 oy
(¢) (Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ AT C ¢'):
Holds vacuously
(d) (Va € dom(8')\dom(0e).0'(a) \, T):
Holds vacuously

CG-ret:

e :r
Ckret(e):Cll T

Also given is (0,n,6) € |[I' o|v
To prove: (0,n,ret(e’) 6) € |[CLV 70l
This means that from Definition 4.7 we need to prove

Vi <nret(e)d v = (O,n—i,v) e |CLL T o]y

This means we are given some i < n s.t ret(e’) § ; v and we are required to prove
O,n—iv)e |CLU T o]y

(from cg-val we know that v = ret(e’) § and i = 0)

It suffices to prove

(O,n,ret(e’) 6) € |CLl T oly

From Definition 4.6 it suffices to prove

Vk <n,0. 30, H,j.(k H) >0 A (H,ret(e) 6) I (H v)Aj <k =
30" 3 0.(k—5,H) 0 AN (0, k—j,0) € |T o]y A

(Va.H(a) # H'(a) = 3".0.(a) = Labeled ¢" 7' AL T 0") A

(Va € dom(6')\dom(6e).0'(a) \, £)

This means given some k < n,0, 30, H,js.t (k,H)>60. A (H,ret(e')d) U; (H',v'YNj < k.
Also from cg-ret we know that H' = H

It suffices to prove
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30" 3 0c.(k—5,H) >0 N0 k—j,v) € |7 UJV/\
(Va.H(a) # H'(a) = 3¢".6.(a) = Labeled " 7/ A £ T ") A
(Va € dom(8')\dom(0.).0'(a) \ ) (FU-RO)

IH:
(Oc,k, e’ ) e|Tolp

This means that from Definition 4.7 we need to prove

Vhy < k.e 5U'h1 Uy, —> (Qe,k— hl,’Uh) S LT O'JV

Since we know that (H,unlabel(e’)) ll;-c (H,v") therefore from cg-ret we know that
Jh <j<kste ddp v
This means we have

(O, k — h1,v') € |7 o]y (FU-R1)

In order to prove (FU-UO) we choose 6" as 6.. And we a required to prove:

(a) (k—j,H)>0be:
Since have (k, H) > 0, therefore from Lemma 4.19 we get (k — j, H) > 6,
(b) (0',k —j,v") € |T o]y:
Since from (FU-R1) we know that (6., k — hy,v') € |7 o]y
And since j = hy + 1, therefore from Lemma 4.15 we get (6., k — j,v') € |7 oy
(¢) (Va.H(a) # H'(a) = 3¢".0.(a) = Labeled ¢" 7' AL T "):
Holds vacuously
(d) (Va € dom(8')\dom(0e).0'(a) \ £):

Holds vacuously

. CG-bind:

F|_€1:C€1£27'
F,x:Tl—egl(C&g&;T/ 6;61 Eggg EQE&; £2E€4 £4E€/

[+ bind(ey,z.e0) : C L L 7

Also given is (0,n,0) € |[I' o]y
To prove: (8,n,bind(e1,z.e2) §) € [CLV T o|p
This means that from Definition 4.7 we need to prove

Vi < n.bind(el,x.eg) ) Uz Vv — (97n — i,v) c L(C 00+ UJV

This means we are given some i < n s.t bind(ey, z.e2) § |J; v and we are required to prove
O,n—i,v)e|CLUT oly
(from cg-val we know that v = bind(ey,x.€2) § and i = 0)

Therefore we need to prove

360



O,n,v) e |CLL T o]y
From Definition 4.6 it suffices to prove

Yk <n,0c 30, H,j.(k, H)>0c A (H,bind(er, 2.e0) 6) I (H W) Aj <k =
30" 36..(k—5,H)>0 N0 k—j,0') e | o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled " 7" AL T V") A

(Va € dom(6')\dom(6.).0'(a) \ )

This means we are given some k < n,0. 36,H,j st (k,H)>0. A (H,bind(er,z.e2) J) ll;-c
(H',v")Nj < k.
It suffices to prove

30" 3 0.(k—4,H) 0 N0 k—j4,0) € |7 o]y A
(Va.H(a) # H'(a) = 3 .0.(a) = Labeled ¢ 7" AL C ") A
(Va € dom(6')\dom(6.).0'(a) \, £) (FU-B0)

IH1:
(Oc,kye1 0) € |[(ClylaT) olp

This means that from Definition 4.7 we need to prove

Vhy < k.e1 6 dp, 1 = (O, k—h1,vm) € [(CllaT) oly

Since we know that (H,bind(e1, z.€2)) ll; (Hi, v1) therefore from cg-bind we know that
dhy < j<kster 5“h1 U1
This means we have

(Ge,k — hl,vl) S L((C El 52 T) O’JV

From Definition 4.6 we know that

Vit < (k— 1), 0, 3 0, H, J.(kpy, H) > 0L A (H, o) V) (H  uf ) AT < kpy =
30" 36, .(kpy — J,H ) 0" N (0" kpy — J,0') € |7 o]y A

(Va.H(a) # H'(a) = 3¢".0.(a) = Labeled ¢ 7" N1 T ") N

(Va € dom(6")\dom(0.).0"(a) \, ¢1)

Instantiating kp1 with k—hq, 0, with 6.. Since we know that (H, bind(eq, z.e2)) U; (Hyi,v1)
therefore 3J < j —h1 <k —hy s.t (H,u) U§ (H',v};). And since we already knwo that
(k, H) > 0, therefore from Lemma 4.19 we get (kK — hy, H) > 6,

This means we have

30" 3 Qe-(khl —J, Hl) > 0" A (9”, kni — J, 1)/) € \_7‘ UJV A
(Va.H(a) # H'(a) = 3".0.(a) = Labeled ¢" 7" AN 01 T ") A
(Va € dom(6")\dom(0.).0"(a) \ ¢1) (FU-B1)

IH2:
(0" k—hy —Jea U{z—v'}) e [(Cls by T)|E

This means that from Definition 4.7 we need to prove
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21.

Vhy < k —h1 — Jes (5U{£C — 1}/} Uhg v = (gll,k—hl —J - hQ,'U”) S K(C b3 4y T/)JV

Since we know that (H,bind(e,z.€2)) l}; (H, v1) therefore from cg-bind we know that
Jhe<j—hi—J<k—h—Jste (5U{IL"—>’U/}»U;L2 v
This means we have

(9”,]{3 — hl —J - hg, ’UN) S L((C €3 64 T/)JV

From Definition 4.6 we know that

Vkpa < (k—hy —J—hg),eé J60" H, J’.(k?hg, H)Deé/\(H, ’U”) l}f, (H”, U]{LQ)/\J/ < kpos =
30" 30, .(kpa — J',H") > 0" N (0" kpo — J' V") € |7 v A

(Va.H(a) # H"(a) = 30".0.(a) = Labeled ¢" 7" N l3 T ") A

(Va € dom(6")\dom(6.).0" (a) \, ¥3)

Since we know that (H,bind(e1, z.e2)) lLf (Hy, v) therefore Jupg,i s.t (v I; vp2). From
cg-val we know that vpe = 0" and ¢ = 0. Instantiating kpo with & — hy — J — ho, 6
with 6", H with H' (from FU-B1) and 3J' < j —hy —J —hy < k—hy —J — hy s.t
(H', vp2) lL§ (H”,v},). And since we already know that (k — hy, H') > 6" therefore from
Lemma 4.19 we get (k —hy — J — ho, H') > 6"

This means we have

30" 2 60,.(kna — T, H") > 0" A (6" kna — J',0') € [ o)y A
(Va.H(a) # H"(a) = 3¢".0.(a) = Labeled " 7/ A l3 T 0") A
(Va € dom(8")\dom(6.).0" (a) \ {3) (FU-B2)

We get (FU-BO) by choosing 6’ as 6" (from FU-B2)
CG-toLabeled:

LkHe:Clylyr
[ I toLabeled(e) : C ¢; L (Labeled ¢ 7)

Also given is (0,n,0) € | o]y
To prove: (6,n,tolLabeled(e’) §) € [(C ¢y L Labeled ¢3 7) o

This means that from Definition 4.7 we need to prove

Vi < n.toLabeled(¢’) § |; v = (6,n —i,v) € |(C¥; L Labeled b5 7) o]y
This means that given some i < n s.t toLabeled(e’) 0 {; v

(from cg-val we know that v = toLabeled(e’) § and i = 0)

It suffices to prove

(0,n,toLabeled(e’) 0) € | (C ¢, L Labeled ¢y 7) o]y

From Definition 4.6 it suffices to prove

Vk <n,0. 36,H,j.(k,H)>0. A (H,toLabeled(e’) §) U; (H W )Nj <k =
30" 30..(k—4,H)>0 N (0, k—j,v") € |(Labeled ¢5 7) |y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T V') A

(Va € dom(0")\dom(6.).0'(a) \ £1)
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And given some k <n,0, 36,H,js.t (k,H)>0.A(H,tolLabeled(¢') §) lL; (H',v'YNj < k.
Also from cg-tolabeled we know that H' = H

It suffices to prove

30" 3 0..(k—4,H )0 N (0, k —j,0v") € |(Labeled £y 7) |y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢’ 7/ A1 T ') A

(Va € dom(6')\dom(6.).0'(a) \ 1) (FU-TLO)

IH:

(Oe ke’ 0) € |(ClylaT)o]p

This means that from Definition 4.7 we need to prove

Vhy < k.e §p, i = 0,k —hi,v) € [(ClylaT) o]y

Since H,tolabeled(e’) llj-c H', v therefore from cg-tolabeled we know that Jhy < j < k s.t
e 0 dn, n

Therefore we get (0,k — h1,v1) € [(Cly la T) o]y

From Definition 4.6 we know that

thl < (]{7 - hl), 9/6 .| 967 Hh, J.(khl, Hh) > 9(2 VAN (Hh, 1)1) ll{; (H/, 7),/11) ANJ < khl -
30" 30..(kpy — J,H ) 0" N (0" kpy — J,v1) € [T o]y A

(Va.Hp(a) # H'(a) = 30'.0.(a) = Labeled ¢/ 7/ A1 T V') A

(Va € dom(6")\dom(0.).0"(a) \, ¢1)

Instantiating kj; with k—hq, Hy, with H, 0. with 0.. Since we know that (H, toLabeled(e’)) lLf

(H',v1) therefore 3J < j — hy < k — hy s.t (H,v) l}ﬁ (H',v};). And since we already
knwo that (k, H) > 6. therefore from Lemma 4.19 we get (k — hy, H) > 0,

This means we have

30" 26k —h1— J,H) 0" A@ k—hl— J,u) € 7oy A
(Va.H(a) # H'(a) = 30'.0.(a) = Labeled ¢/ 7/ A1 T 0') A
(Va € dom(6")\dom(0.).0"(a) \ ¢1)  (FU-TL1)

In order to prove (FU-TLO) we choose 6" as §”. Now we need to prove the following

(a) (k—j,H)>0":
Since (k—hy — J,H')> 0" and j = hy + J + 1 therefore from Lemma 4.19 we get
(k—74,H)>0"
(b) (0",k—j—1,v") € |(Labeled ¢, 7)]y:
From cg-tolabeled we know that v' = toLabeled(wv;)
From Definition 4.4 it suffices to prove that (60", k —j —1,v) € |7 o]y

We get this from (FU-TL1) and Lemma 4.15

(¢) (Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL C ¢'):
Directly from (FU-TL1)

(d) (Va € dom(6,)\dom(0.).0n,(a) \ £):
Directly from (FU-TL1)
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Lemma 4.22 (Subtyping unary). The following holds:
VL, T, 7.

1.5V Fr<:7T"ANLEY o = |[(to)|ly C|(F o)y
2.5V Fr<:7TANLEY o = [(to)|lpC|(o)lE

Proof. Proof of Statement (1)
Proof by induction on 7 <: 7/

1. CGsub-arrow:

Given:
EI—T{<:Tl £|_7'2<IT£

LET — T <2T{—>’7’£
To prove: |((11 = m2) o)|v C [((1] = ) 0)]v
IH1: |[(m{ 0)|v C [(11 0)]v (Statement (1))

|(72)|E C |(75) | (Sub-A0, From Statement (2))
It suffices to prove: V(0,n,\x.e;) € [((11 — 72) 0)|v. (0,n, z.€;) € [((1{ = 75) 0)]v

This means that given some 6, n and Az.e; s.t (6,n, A\z.e;) € |[((11 — 72) 0)]v

Therefore from Definition 4.6 we are given:
Jd0,.0 C 01 AVi < n.Vv.(Hl,i, 1)) € {Tl JJV — (Gl,i,ei[v/x]) € LTQ JJE (95)
And it suffices to prove: (6,n,\x.e;) € |((t{ = 1) o)]v

Again from Definition 4.6, it suffices to prove:

3605.0 C 05 AV < n.Vv.(QQ,j, U) S LT{ O'JV - (92,_7, 62[1)/1’]) € LTé O'JE

This means that given some 63,7 < n,v s.t 0 C 6y and (62, j,v) € |7] ov

And we are required to prove: (02, j,e;[v/x]) € |15 0|k

Since (62,7, v) € |71 o]y therefore from TH1 we know that (62, j,v) € |11 ov
As a result from Equation 95 we know that

(02,7, €ilv/z]) € (72 0]

From (Sub-A0), we know that

(02,4, ei[v/x]) € |3 0]
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2. CGsub-prod:

Given:
LET <7 LTy <)

LET X1 <:T] XT)
To prove: |[((11 x 2) o)]yv C [((7{ x 75) o) ]v

IH1: [(11 0)]v C | (7] o)]v (Statement (1))
IH2: [(12 0)|v C | (75 o)]v (Statement (1))
It suffices to prove: V(0,n, (v1,12)) € [((11 X 72) 0)]v. (0,n, (vi,v2)) € [((7] x 75) o) |v

This means that given some 6, n and (v, v2 (0, (v, 12)) € [((11 X 72) 0)]v

Therefore from Definition 4.6 we are given:

(@,n,v1) € |11 o]y A(O,n,v) € |12 oy (96)

And it suffices to prove: (0, (vi, n)) € [((1] x 15) 0)]v

Again from Definition 4.6, it suffices to prove:

(0,n,v1) € |1 o]y A(O,n, 1) € |15 0y

Since from Equation 96 we know that (0,n,v1) € |71 oy therefore from IH1 we have
0,n,v) € | olv
Similarly since (6, n, 12) € |72 o]y from Equation 96 therefore from IH2 we have (6, n, ») €
3 o]v

3. CGsub-sum:

Given:
LET <7 LET<:T)

LET+T <7 +T)

To prove: |((11 +72) o)]v C [((1] +73) o)]v

IH1: (11 0)] |(r{ o)]v (Statement (1))
IH2: |(72 0)] | (75 o)]v (Statement (1))
It suffices to prove: V(6,n,vs) € [((11 +72) 0)]v. (0,vs) € |[((7] +73) 0)]v

v €
v €

This means that given: (6,n,vs) € [((11 +72) 0)]v
o

)v

And it suffices to prove: (0,n,vs) € | ((7] + 73)

2 cases arise
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(a) vs =inl v;:
From Definition 4.6 we are given:

(0,n,v) € |n o]y (97)

And we are required to prove that:
(9,71,, 1)1') S LT{ JJV
From Equation 97 and TH1 we know that
(Q,TL, 1)1') S LT{ JJV
(b) vs = inr v;:
From Definition 4.6 we are given:

O,n,v;) € |2 0|y (98)
And we are required to prove that:
(9777’7 ’Ui) € LTé UJV
From Equation 98 and TH2 we know that
(9,71, 7)1‘) S LTé O'JV

4. CGsub-forall:

Given:
YU <imy

XU EVar <:Va.r

To prove: |[((Va.m1) o))y C [(Va.72) o]v
It suffices to prove: V(0,n,Ae;) € [((Va.1) o) |v. (0,n,Ae;) € |(Va.m2) o) |v
This means that given: (0,n,Ae;) € [((Va.m1) 0)]v

Therefore from Definition 4.6 we are given:

Jd6,.0 C 01 ANVI < nVl' e L — (91,7:,61') € LTl (0’ U [a — f’])JE (99)
And it suffices to prove: (6,n,Ae;) € [(Va.m2) 0)]v

Again from Definition 4.6, it suffices to prove:

302,.0 E 05 AVj < nvl' e L — (Hg,j, 61') S LTQ (O’ @] [Oé — f’])JE

This means that given some 6,7 < n,¢ € L s.t 6 C 0
And we are required to prove: (02,7,¢;) € |12 (cU[a—¥])|E

Since we are given 6 C 0 A j < n Al € L therefore from Equation 99 we have
(02,7,€;) € |11 (cU[a—= 1)) ]E

(11 (cU[a—=2])]E C|(2 (cUla— ¢]))| g (Sub-FO, Statement (2))

From (Sub-F0), we know that

(92,j, ei) S |_7‘2 (0‘ U [Oz — Eq)JE
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5. CGsub-constraint:

Given:
XiUlke = YUk <imy

YUk =mn<:ca=>T

To prove: |[((c1 = 71) 0)]v C |[((ca = 1)) o]y
It suffices to prove: V(6,n,ve;) € |((c1 = 1) o)]v. (0,n,ve;) € [((c2 = 72) 0)|v

This means that given: (0,n,ve;) € [((c1 = 1) 0)]v

Therefore from Definition 4.6 we are given:

d60,.0 C 01 AVi < n.L ): clL 0 — (Gl,i,ei) S \:Tl (O’)JE (100)

And it suffices to prove: (0,n,ve;) € [((c2 = 12) 0)|v

Again from Definition 4.6, it suffices to prove:

d05.0 C 05 AVj < n.L ): Co 0 — (02,j, 61') € |_7‘2 (O‘)JE

This means that given some 69, j st 0 C O ANj<nALECc o

And we are required to prove: (02,j,¢;) € |72 (0)|E

Since we are given § C 03 Aj <n AL cyoand L = co 0 = ¢ o therefore from
Equation 100 we have

(02,5,€:) € [11 (0) ]
(11 0)] g C (12 0)] g (Sub-CO0, Statement (2))
From (Sub-C0), we know that
(02,4, €i) € |2 (0) |
6. CGsub-label:

LET<: 7T LEHCCV
L F Labeled ¢ 7 <: Labeled ¢ 7/

To prove: |((Labeled ¢ 7))]y C [((Labeled ¢'7") o) |v
IH: [(7 o)]v C [(7" o)]v (Statement (1))

It suffices to prove:
V(0,n,Lb(v;)) € |((Labeled £ 7) o) ]y. (6,n,Lb(v;)) € [((Labeled ¢/ 77) o) ]y

This means that given some 6,n and Lb(e;) s.t (0,n,Lb(v;)) € |((Labeled ¢ 7) o) |y

Therefore from Definition 4.6 we are given:
(0,n,v) € [(To)]v  (SL)

367



And we are required to prove that
(0,n,Lb(v;)) € | ((Labeled ¢’ ') o) |y
From Definition 4.6 it suffices to prove
O,n,v) € |(7 o)|v

We get this directly from (SL) and IH
. CGsub-CG:

LHT<7 LEUCY LEl, T
LEClilyTr<:Cl LT

To prove: [((C¥¢; £, 7))]v C|((CL L, ") o)l|v
IH: (7 o)|v C |[(7' 0)]v (Statement (1))

It suffices to prove:
V(0,n,e) € [(Cli by T)0o)|v. (B,n,e) e |[((CL LT o)y

This means that given some 6,n and e s.t (6,n,e) € [((C¥; b, T) 0)]v
Therefore from Definition 4.6 we are given:

Yk <n,0c 30, H,j.(k H) >0 A (H,e) W (H' ')A j <k =

30" 3 0.(k—5,H) 0 N0, k—j4,0) € |T o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N ; T V') A

(Va € dom(6')\dom(6.).0'(a) \ 4;)  (SCO)

And we are required to prove
(0.n,e) € [(C L4 7))]v

So again from Definition 4.6 we need to prove

Yk <n,0c 30,H,j.(k H)>0. A (H,e) V) (H V)N j <k =
30" 360..(k—4,H)> 0 N0 k—j,0') e | o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" AN £, T 1) A
(Va € dom(0")\dom(6.).0'(a) N\, £)

This means we are given some k < n,0. 30, H,j < kst (k,H)>60. A (H,e) ll;-c (H',v")
(SC1)

And we need to prove

30 36..(k—4, H)>& AN (O k—j4,0)e |7 a|ly A

(Va.H(a) # H'(a) = 30'.0.(a) = Labeled ¢/ 7" N, T 1) A

(Va € dom(6")\dom(0.).0'(a) \, t})

We instantiate (SCO) with k, 0., H, j from (SC1) and we get

30’ 30..(k— 4, H) O A0,k — j,0') € |7 o)y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7" N 6; T V') A
(Va € dom(0")\dom(6.).0'(a) \ t;)

Since 7 <: 7/ therefore from IH we get
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30’ 23 0..(k—5,H)>0' N0, k—j,0") € |7 o]y

And since ¢; C ¢; therefore we also have

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" A £, T ') A
(Va € dom(0")\dom(0.).0'(a) \, t})

8. CGsub-base:
Trivial

Proof of Statement(2)
It suffice to prove that
V(O,n,e) € (T o)|g. (B,n,e)e (7 o)k

This means that we are given (6,n,¢e) € |(7 0)|g
From Definition 4.7 it means we have

Vi<neliv = (O,n—1i,v)€|to|ly (Sub-E0)
And we need to prove

(0,n.e) € (7" o)

From Definition 4.7 we need to prove
Vi<neliv = (0,n—1iv)e|r o]y

This further means that given some i < n s.t e |}; v, it suffices to prove that
(9,n — 1, ’U) € LT/ UJV

Instantiating (Sub-E0) with the given ¢ we get (,n —i,v) € |7 o]y

Finally from Statement(1) we get (6,n —i,v) € |7/ oy

Lemma 4.23 (Binary interpretation of I' implies Unary interpretation of I'). VW ~, T, n.
(W,n,y) € [T = Vie{1,2}. Ym. (W.0;,m,v ) €Ty

Proof. Given: (W,n,v) € [T5}
To prove: Vi € {1,2}. Ym. (W.0;,m,~v ;) € |[T']y

From Definition 4.13 we know that we are given:

dom(T') C dom(y) AVz € dom(T).(W,n,m1(v(2)), m2(y(x))) € [T(z)]{
And we are required to prove:

Vi e {1,2}. Vm.

dom(I") C dom(vy |i) AVx € dom(T).(W.0;,m,v li (x)) € [I'(x)]v

Casei=1
Given some m we need to show:

e dom(I') C dom(vy |):
dom(v) = dom(y li)
Therefore, dom(I') C (dom(y) = dom(~ };)) (Given)
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o Vx € dom(L').(W.0;,m,v |i (x)) € |[T'(z)]v:
We are given: Vx € dom(D).(W,n,m (v()), m2(y(z))) € [T(2)]7
Therefore from Lemma 4.14 we know that
vm/ (W.0;,m',v | (x)) € |I'(z)]v
Instantiating m’ with m we get

(W.0;,m,v li (z)) € [I'(z)]v

Case 1 =2
Symmetric reasoning as in the ¢ = 1 case above

Theorem 4.24 (Fundamental theorem binary). V3, ¥, ', pc, W, A, L e, T,0,7v,n.
Y,UsTke:TANLEY oA
(W.n,7) € [T ol =
(W7nae (7 \Ll)ve (7 \LQ)) S [7— G‘Ié

Proof. Proof by induction on the typing derivation

1. CG-var:

—— CG-var
x:tkax:7

To prove: (W,TL,.’L‘ (’Y \Ll)a$ ('7 \lr2)) € [T“é
Say eg =z (v 1) and ex =z (7 |2)

From Definition 4.5 it suffices to prove that
Vi < m.er i vf Aea b vh = (W,n—i,v],v) € [T o5}

. . . , ,
This means given some 7 < n s.t e; {; v; Aea | vy

We are required to prove: (W,n —i,v],v}) € [T o{

From cg-val we know that = (v {1) { = (v 1) and x (v |2) | = (v J2)
This means v; =z (v 1) and v5 =z (v |2)

Since (W, n,7) € [T o]{+. Therefore from Definition 4.13 we know that
(W, 1], ) € 1 o]

From Lemma 4.16 we get

(W7n_ia ’U{,Ué) € [T O-—|/\L/\

2. CG-lam:

Ie:mkFe:m

' Aze;: (11— 72)

To prove: (W,n,Az.e (v 1), \z.e (v 12)) € [(m1 — 72) oA
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Say e; = Az.e (7 }1) and ea = Az.e (v J2)
From Definition of [(11 — 72) o]f it suffices to prove that

Vi<mn.er Ui v] Nex |} vy = (W,n—1i,v],v}) € [(11 = 72) o]{

This means given some i < n s.t eq §; vf Aea | v5
From cg-val we know that v] = (Az.e;)vy J1 and v} = (\x.e;)y Jo

We are required to prove:

(W,n — i, (Az.e;)y b1, (Az.€;)y 2) € [(11 = ™) o]

From Definition 4.4 it suffices to prove

VW' 3 W,j <n,uv,vs.

(W 4, v, v) € [11 0]t = (W j,e[vr/a] v b1, ealwe/x] v 1) € [12 o ]5) A
VO, 3 W.01, v, J.

(01,4, ve) € [ o]y = (01,7, e1]ve/z] v 11) € |12 0] E) A
V@l Q W.HQ, Uc,j.
(01, 5,vc) € [ o]y = (01,4, e2[ve/w] v |2) € |12 0]p)  (FB-LO)

IH:

YW,n. (W,n,e; (711 U{z = wl}) e (71 U{x = w})) € [ olp
s.t

(W,n, (yU{z = (v, w)})) € [T1¢

In order to prove (FB-L0) we need to prove the following:

(a) VW' 3 W,j <n,uv, va.
((W/7j7 ’U]_,UQ) € |(T1 O'“'é - (W/7j7 61['01/33] ’Yl/1762[102/x] ’Y\LQ) € ’VTQ O:|JE4):

This means given some W' 3 W,j < n, vy, v s.t. (W, 4,01, ) € [11 o]{

We need to prove (W', j, er[vr/a] 7 b1, ealwn/a] 7 l2) € [12 014

We get this by instantiating ITH with W’ and j

(b) V6, 3 W.01, v, j.
(0,5, ve) € lm o]y = (61,4, ex[ve/x] v 1) € |72 0]E):
This means given some 6; J W .01, 1,7 s.t (0,7, v) € |11 o]y
We need to prove: (0,7, e1[ve/x] v11) € |2 0|k

It is given to us that

(W,n,v) € T3

Therefore from Lemma 4.23 we know that
Vm. (W.Ql, m,y il) S {FJV

Intantiating m with j we get

(W.01,5,v ) € [T]v

From Lemma 4.18 we know that
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(01,9,v 1) € [Ty

Since we know that (0;,j,v.) € |71 o]y
Therefore we also have
01,4, vd1 Wz —v}) e [TU{z— 1 o}y

Therefore, we can apply Theorem 4.21 to obtain
(O, 5, e[ve/z] v 1) € [m2 o)y

(c) VO, 3 W.0z, v, ]
(01, 4,vc) € I olv = (01,4, e2[ve/7]y l2) € |72 0] E):
Similar reasoning as in the previous case

3. CG-app:

Fl—€1:<7'1—>7'2) F|—62:T1

I'+ €1 €2 . T2
To prove: (W,n, (e1 e2) (1), (e1 €2) (v 12)) € [12 017
This means from Definition 4.5 we need to prove:
Vi <n.(er e2) v vpi Nex § vpo = (W,n —i,vp1,0p2) € [T a}“é

This further means that given some i < n s.t (e1 e2) v Ihi vp1 Aea I vyo

It sufficies to prove:

(W,n—1i,vp1,vp2) € [T (ﬂé

IH1: (W,n,(e1) (v 1), (e1) (v 12) € [(11 = 72) 017

This means from Definition 4.5 we know that

Vi < mer vl o Aer v dal ve = (W,n — j,vp1, v2) € [(11 = ™) o]{

Since we know that (eq e2) v l1d}; vp1. Therefore 3j < i < n s.t er v [1{; vp1. Similarly
since (e1 e2) v J2dl vr2 therefore eq v [oll vpo

This means we have (W,n — j, vp1, vh2) € [(11 = 72) o]
From cg-app we know that valp; = Ax.ep; and valpy = Ax.eps

From Definition 4.4 this further means

VW' 2 W,J < (n—j),uv,v.

((W’, J, V1, ’UQ) S [Tl O—|“‘§ —— (W/, J, €h1[1}1/l‘],€h2[1)2/l‘]) S [TQ O—|“EL~‘) A
Vo, 3 W.01, v, j.

((0l7j7 UC) € |.Tl UJV - (0l7j7 61[’[)0/51;]) € \_7_2 GJE) A

VO, 3 W.02, v, ]

((01,4,v0) € |1 oly = (01,74, e2ve/x]) € |12 0|E) (FB-A1)

IH2: (W,n—j,(e2) (v 1), (e2) (v 12)) € [11 o]%
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This means from Definition 4.5 we know that

Vk < n—jes vl v Aea v ol vy = (W,n—j —k, v, vpe) € [11 o5

Since we know that (ey e2) v lil}; vp1. Therefore Ik < i—j <n—jst e v lili vhr-
Similarly since (eq e2) v |2l vo therefore e v lal} vpo
This means we have (W,n — j — k, vp1/, vp2) € [11 0]{} (FB-A2)

Instantiating the first conjunct of (FB-A1l) as follows W’ with W, J with n —j — k, v
and vy with vy, and v, respectively, we obtain

(W,n—3j—k,eni[vi, /7], enalviy/7]) € [12 0]

From Definition 4.5

Vi <n—j—k(emlv,/z]) v 4 ver Aenalvjo/z] 4 vpe = (W,on—j —k—1 v, 0p2) €
[ o7}

Since we know that (e; e2) v l1d; vf1. Therefore 3l < i—j—k <n—j—ks.tep[v,,/z]
vgy. Similarly since (e e2) v L2l vg2 therefore epa(vy, /] | vf2

Therefore we have (W,n — j —k — 1, vy, vp) € [12 o5}

Since ¢ = j + k + [ threfore we are done

. CG-prod:

I'tei:m I'kes:m
'k (e1,e2): (11 X 12)

To prove: (W,n, (e1,ea) (v 11), (e1,e2) (v 12)) € [(11 x 72) o)A

This means from Definition 4.5 we need to prove:

Vi < n.(er,e2) v dalhi (vp1, vp2) A (ers e2) v dall (vfy, vpy) =

(W)n — i, (vfla Uf1)7 (U}l’ ’U}2)) € ’7(7—1 X 7—2) Oshé

This means that given some i < n s.t (e1,e2) v L1di (ve1, vp2) A (e1,e2)y L2l (’U]/cl, ’U}z)
We are required to prove
(W) n—i, (vfla Uf1)7 (U}l’ ’U}2)) € ’7(7—1 X 7—2) Oshé (FB_PO)

THI: (W,?’L, €1 (’7 \l/l)761 (’7 \1/2)) S (Tl J-‘é

This means from Definition 4.5 we know that
Vi <m.er vyl v Aer v lal vfy = (W,n —j, (vp1,0})) € [11 o]

Since we know that (e1,e2) v L1l (vf1,vp2). Therefore 35 < i < n st e v Ll vp.
Similarly since (eq e2) v |2l v2 therefore e v |2} vj’cl

This means we have
(W,n —j,(vp1,v5)) € [ ol (FB-P1)
IH2: (W,n—j,e2 (v h),e2 (v l2)) € [12 018
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This means from Definition 4.5 we know that

Vi <n—jesylilivia Aea v lal iy = (W,n—j—k, (vs2,v}y)) € [12 o3

Since we know that (e1,e2) v L1lli (vf1, vp2). Therefore 3k < i—j <n—js.tea v lil; vpa.
Similarly since (e1 e2) v 2l vpo therefore ex v |2l v]’cQ

This means we have

(Won—j—k (oo vp) € [ old (FB-P2)

In order to prove (FB-P0) from Definition 4.4 it suffices to prove that
(W.n—1i, (v, vp)) € [11 0{ and (W,n — 4, (vp2, 0})) € [12 017
Since i = j + k + 1 therefore from (FB-P1) and (FB-P2) and from Lemma 4.16 we get

(W,n—i, (vp1,vp1), (v}, 0},)) € [(11 X 12) o3

. CG-fst:

Fke:(m xm)

I'Ffst(e!) :m

To prove: (W, n,fst(e') (v 1), fst(€)) (y2)) € [11 oh

This means from Definition 4.5 we need to prove:

Vi < nfst(e’) v dilli vpr Afst(e’) v daoll vf =

(W.n—i,vp1,05) € [11 ol

This means that given some i < n s.t fst(e') v J1di vy Afst(€') v J2l vy

We are required to prove
(W,n—i,vp,v0) € [0 (ﬂ“‘;‘ (FB-F0)

IH:

(W,ne (vl),¢ (v12)) € [( x 1) olg

This means from Definition 4.5 we have:

Vi <mn.e vlili (vp,vp2) A€y Lol (U}l, v}2) —
(W,n = 4, (vp1, vp2), (0, V55)) € [(11 X 72) 0
Since we know that fst(e’) v |1{l; vf1. Therefore 3j < i <ns.t e v l1l; (vf1, —). Similarly
since fst(e') v ol vj’cl therefore €' v |2l (”}1: -)

This means we have

(W,?’L - jv (Ufb ’Ufg), (U}p 1)}2)) € ’7(7—1 X 7_2) 0—-‘{;‘

From Definition 4.4 we know that
(W,?’L - jv Vf1, v}l) S [Tl 0——|J\§
Since from cg-fst ¢ = j + 1 therefore from Lemma 4.16 we get

(W.n—i,vp1,0}) € [11 ol
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6. CG-snd:

Symmetric reasoning as in the CG-fst case above

7. CG-inl:

e :m
T inl(e) : (11 + 72)

To prove: (W, n,inl(e') (v 11),inl(e') (v d2)) € [(11 + 72) o5

This means from Definition 4.5 we need to prove:

Vi < n.inl(e') v d1ds inl(vpr) Ainl(e)y J24 inl(vp,) =

(W,n —id,inl(vs1),inl(v}))) € [(11 + 72) ol

This means that given some i <n s.t inl(e') v l1{; inl(vp1) Afst(e') v L2l inl(v},)
We are required to prove

(W,n —i,inl(vp1),inl(vp1)) € [(11 + 72) olf (FB-ILO)

IH:

(Wone (v1),¢ (v12) € [(1 x 1) 017

This means from Definition 4.5 we have:
Vi<ne vlidiviAe ylal vy =
(W.n—j,vp1,0p) € [11 ol

Since we know that inl(€’) v J1{; inl(vf1). Therefore 3j < i < ns.t e’ v [1l; vpr. Similarly
since fst(e’) v J2l inl(vy;) therefore ' v |al} v}y

This means we have

(W,n—j,vp1,vp) € [11 o]¢ (FB-IL1)

In order to prove (FB-ILO) from Definition 4.4 it suffices to prove

(W,n—i,vp1,0%) € [11 ol

From cg-inl since i = j + 1 therefore from (FB-IL1) and Lemma 4.16 we get (FB-1LO)
8. CG-inr:

Symmetric reasoning as in the CG-inl case above

9. CG-case:

Ckec:(m+ 1) Iz:mbe 7 Ty:mbey:r

It case(ec, x.e1,y.e2) : T

To prove: (W, n,case(e., z.e1,y.e2) (v 1), inl(e)) (v 12)) € [T o7
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This means from Definition 4.5 we need to prove:

Vi < n.case(ec, x.e1,y.e2) v L1lli vr1 A case(ee, x.e1,y.e2) v lodl vy =
(W,TL - 7:7 Vf1, Ufg) € [T U]é

This means that given some i < n s.t case(e., z.e1,y.e2) v L1l vri/Acase(e., x.e1,y.e2) v L2l
’Ufg
We are required to prove

(W,n —i,v51,vp2) € [T 0] (FB-CO0)

IH1:

(W7 n,ec (’Y l/l)a €c (’7 \LZ)) € [(Tl + 7—2) O--|‘/E4

This means from Definition 4.5 we have:

Vi <n.ecydili vm Aecylall v, =

(W,n—j, o, vhy) € [(11 +72) o3

Since we know that case(e.,z.e1,y.e2) v l1lli vf1. Therefore 3j < i <n st e. v L1l vpi-
Similarly since case(ec, z.e1,y.€2) v 2l vy, therefore e. v l2ll v;,

This means we have

(W,n—j, Uhl,’l}}/ﬂ) S [(7’1—1—72) U—“’“} (FB—CI)

2 cases arise

(a) vp1 = inl(v1) and vy, = inl(v]):
1H2:

(W,n,ec (v 1), ec (v12) € [(ri+72) olh

This means from Definition 4.5 we have:

VE<n—jgeryvyhU{z—=u}limAe v laU{z—= o} v, =
(W,n—j—k,vna,v,) € [T 0']“(}

Since we know that case(e.,x.e1,y.e2) v l1{i vp1. Therefore 3k <i—j <n—jst
e1 v 41 U{x — u} I vpe. Similarly since case(ec,z.e1,y.e2) v Lo U{z — v} | v7,
therefore ey v l2l v/,

This means we have

(W,n—j—k,vna,v,) € [T (ﬂ“(/‘

From cg-casel we know that i = j+k+ 1 therefore from Lemma 4.16 we get (FB-CO0)
(b) wvp1 = inr(vy) and vy, = inr(v]):

Symmetric case

10. CG-FI:

YU T ke 7
;T Aé : Vaur

To prove: (W,n,Ae’ (v 11),Ae’ (v 12)) € [(Va.T) o7
From Definition 4.5 it suffices to prove that
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Vi < n.(Ae')y Ll v A (Ae')y Lol vpa = (W, n —i,vp1, 0p2) € [(Va1) o

This means given some i < n s.t (Ae)y L1l vpr A (Ae)y Lall vpo
From CG-Sem-val we know that vg = (Ae’)y |1 and v = (Ae')y |2

We are required to prove:
(W,n—i,(Ae')y b1, (A)y Jo) € [(VaT) o

Let 1 = (Ae¢')y |1 and ea = (A€')y |2

From Definition 4.4 it suffices to prove

VW' 3 W,j< (n—1i)l € LW, je1e) € [T[l'/a] o]8) A
vel g W-Hlygll S Ev.j'(017j7 61) € LT[K///O(] UJE A

VO, 3 W.02,0" € L,j.(0,7,e2) € |T[l"]a] 0B (FB-FI10)

IH: YW,n. (W,n,e' (v )¢ (y12) € [T oU{am £}]7
In order to prove (FB-FI0) we need to prove the following

(a) VW' I W,j < (n—1i),0 € LW, jere) € [T[l'/a] o]F):
This means given W/ J W, j < (n—1i),¢ € L and we are required to prove
(W' j,er,e2) € [7[0 /0] o7
Instantiating TH with W’ and 7 we get the desired
(b) Vo, J Wﬂl’gl’ S £,j.(0l,j, 61) S \_T[ﬁ”/a] UJE:
This means given 6, J W.0;,¢" € L, j and we are required to prove
(917j7 61) € LT[EH/OZ] UJE
Since from Lemma 4.23
(W,n,v) € [Ty = Vie{1,2}. Ym. (W.0;,m,v ;) €Ty
Therefore we get

(W-elaja’y \lfl) € LFJV
And from Lemma 4.16 we also get

(01,3,v 1) € [Ty
Therefore we can apply Theorem 4.21 to get
(0,4, e1) € |7[t"/a] o]

(c) VO, 3 W.09,0" € L,j.(0,7,e2) € |T[l" /]| E:
Symmetric reasoning as before

11. CG-FE:

U T Fe :Vaur FV() e X
S U:T e [ r[e/a]

To prove: (W,n,e'[] (y1),¢[] (v 12)) € [(Va.T) 017
From Definition 4.5 it suffices to prove that

Vi < n.(e')y ki vpr A (D)7 doll vpa = (W, n —i,vp1, vp0) € [(T[¢/a]) o]

This means given some i < n s.t (€/[])y didhi vir A (€']])y d2db vypo
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We are required to prove:

(W,n —i,vp,vp0) € [(T[l/]) olft  (FB-FE0)

IH: (W7n7e/ (7 i/l)v ¢ (7 \LQ)) S ’—(Va.T) UVEL“
From Definition 4.5 it suffices to prove that

Vi < n.(e)y Jadhi v A (€)y Joll vhe = (W, n — i, vp1, vh2) € [(VauT) ah‘}

Since we know that (¢[]) v J1li vf1. Therefore 3j < i < n st e v [1l; vy Similarly
since (€'[]) v L2l vf2 therefore €' v Jall vpo

This means we have (W,n — j, vp1, va2) € [(Va.7) o]
From CG-Sem-FE we know that vy, = Aep; and vpo = Aepo

From Definition 4.4 this further means

VW' 23 W,k<(n—3j),0 € LW k,en1,en2) € [T[¢'/a] (ﬂé) A

VO, 3 W.00,0" € L, k.0, k,epn) € \_T[ﬂ”/a] UJE A

Vo, 3 Wﬂg,f” eL, k.(@l, k, ehz) S LT[@”/O&] O'JE (FB—FEl)

Instantiating the first conjunct of (FB-FE1) with W, n — j — 1 and ¢ we get
(W.n—j—1ep,en) € [7[l/a] o

This means from Definition 4.5 we know that

Vi<n—j—1(en) b vp Aena b vpp = (W,n—j—1—1vp,vp) € [(r[(/]) o]

Since we know that (¢'[]) v l1d; vf1 therefore from CG-Sem-FE we know that (i = j+1+1)
and since we know that i < n therefore we have [ <n —j —1s.t ep1 v {1l vp1. Similarly
since (€'[]) v J2{ vf2 therefore epy v Lol vyo

Therefore we get
(W,n—3—1—1vp1,0p9) € [(7[l/a]) 0]{ (FB-FE2)

Since we know that ¢ = j 4+ + 1 therefore from (FB-FE2) we get (FB-FEO)
. CG-CIL:

YU, kHe 7
SiTkve:ic=1

To prove: (W,n,ve’ (v l1),ve (v12) € [(c=7) olg
From Definition 4.5 it suffices to prove that
Vi < n.(ve')y Lilli v A (ve)y Lol vpo = (W, n — i, 001, vp2) € [(e = 7) of

This means given some i < n s.t (ve')y Lidli ver A (ve')y Lol vp2
From CG-Sem-val we know that vsy = (v€')y |1 and vpo = (ve)y |2

We are required to prove:

(W7n —1, (Ve/)7 11, (Vel)"y \LQ) S [(C = T) O'-I'é

Let e; = (ve')y |1 and eq = (ve)y |2
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From Definition 4.4 it suffices to prove

\V/W/; W,]<n[f |:C — (W/)j)61762)€ [T U]éA
Velg WHl,jﬁ):C - (9l7j761)€ \‘7_ O—JE/\
V@l 4 W.92,j.,c ): c — (Gl,j, 62) S LT O'JE (FB—CIO)

IH: VW, n. (W,n,e (v11),¢ (v12) € [T o]p
In order to prove (FB-CI0) we need to prove the following

() VW I W,j<nLico = (W, jene)€ [T olg:
This means given W/ J W, j < n, L | ¢ o and we are required to prove
(W/aja €1, 62) € |VT U—|é
Instantiating TH with W’ and 7 we get the desired
(b) V@l - W(gl,jﬁ }: co — (01,]’, 61) € \_7‘ UJE:
This means given 6 J W.0;,j.L |= ¢ o and we are required to prove
(glvjv 61) S LT UJE
Since from Lemma 4.23 (W,n,v) € [Ty = Vi € {1,2}. Vm. (W.0;,m,v | €
[Ty
Therefore we get
(W.01,5,7 1) € [Ty
And from Lemma 4.16 we also get
(01, 5,7 41) € [T]v
Therefore we can apply Theorem 4.21 to get
(9l7j7 61) € LT UJE
(C) VO, 3 W.0s,5.L ): c — (Gl,j, 62) S LT O‘JE:

Symmetric reasoning as before

13. CG-CE:

U Tkeie=7 X Ukc
YU He o7

To prove: (W,n,e’ o (yl1),¢' e (vl2)) € [1) o5
From Definition 4.5 it suffices to prove that

Vi < n.(e'o)y Lili v A (e'0)y Loll vpo == (W,n —i,vp1,vp2) € [T o
This means given some i < n s.t (€/o)y L1l vr1 A (€'®)y Jall vypo
We are required to prove:

(W,n —i,vs1,vp9) € [T 0] (FB-CEO0)

IH: (W,ne (vh).e (v12) €[(c=7) olg
From Definition 4.5 it suffices to prove that

Vi < n.e'y Ll vp A€y Lol e = (W,n — i, vp1, vp2) € [(c = 7) a]{}

Since we know that (¢’e) v |il}; vf1. Therefore 3j < i < n s.t € v [1l; vy Similarly
since (€'®) v ladl vso therefore € v Lall vpo
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14.

This means we have (W, n — 4, vp1, vpa) € [(c = 7) o]

From CG-Sem-CE we know that vp; = vep; and vpe = veps
From Definition 4.4 this further means

VW' I W,k<n—jLlEco = (W keie)€[To]pA
Vo, J W.b,kLEco = (O,k,e1) €|TolpA
VO, D W,k L=co = (0i,k,e2) € [T o]  (FB-CE1)

Instantiating the first conjunct of (FB-CE1) with W, n — j — 1 and since we know that
L |= ¢ o therefore we get

(W,n—j—1,ep,en2) € |1 a}“g

This means from Definition 4.5 we know that

Vi<n—j—1.(en) livpp Nepa b vpp = (W,n—j—1—1vp1,0p2) € [T ﬂ{}

Since we know that (e’e) v [1l}; vy therefore from CG-Sem-CE we know that (i = j+1+1)
and since we know that i < n therefore we have | <n —j —1s.t ey v L1l vp1. Similarly
since (e’e) 7y l2ll vy therefore epa v Lol vp2

Therefore we get

(W,n—j—1-1vp1,vp02) € [T ol{t (FB-CE2)
Since we know that ¢ = j + [ + 1 therefore from (FB-CE2) we get (FB-CEO)
CG-label:

-ée:r
[ Lb(e') : Labeled ¢ 7

To prove: (W,n,Lb(e’) (v 11),Lb(e') (7 12)) € [(Labeled £ 7) o4

This means from Definition 4.5 we need to prove:

Vi < n.Lb(e’) v 1li Lb(vp1) ALb(e’) v 2l Lb(v})) =
(W,n—i,Lb(vp1),Lb(v},)) € [(Labeled £ 7) o5}

This means that given some i <n s.t Lb(e’) v L1l}; Lb(v1) ALb(€") v {2l Lb(v}y)
We are required to prove

(W,n—i,vp,v}) € [(Labeled £ 7) o]} (FB-LBO)

IH:

(W,TL, e (’7 il)’el (’7 i/Q)) € (T U—|é

This means from Definition 4.5 we have:
Vi <n.e vy lilbivpa Ae ylall vy = (W,n—j,vp,0}) € [T olf

Since we know that Lb(e’) v J1{; Lb(vs1). Therefore 3j < i < ns.t € v [1l; vp. Similarly
since Lb(e') v |2l Lb(v},) therefore ¢’ v |al} v}y

This means we have
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15.

(W,n—j,vp1,vp) € [T ol (FB-LB1)

In order to prove (FB-LBO0) from Definition 4.4 it suffices to prove that

(W,TL - 7:7 Vf1, v}l) € [T O:‘.é

From cg-label we know that i = j 4+ 1. Therefore we get the desired from (FB-LB1) and
Lemma 4.16

CG-unlabel:

'€ : Labeled ¢ 7
[ unlabel(e)):CT 47

To prove: (W, n,unlabel(e’) (v 1), unlabel(e/) (y12)) € [(CT £7) o4

This means from Definition 4.5 we need to prove:

Vi < n.unlabel(e’) v J1{; ve1 A unlabel(e’) v Lol v =

(W.n—id,vp1,05) €[(CT £7) ol

This means that given some i < n s.t unlabel(e’) v J1{; vf1 A unlabel(e’)y Jal} v}y

From cg-val we know that vf1 = unlabel(e’) v |1 and v}, = unlabel(e’) v J2. Also i =0

We are required to prove
(W,n,unlabel(e’) v 1, unlabel(e’) v 2) € [(C T £7) o]

This means from Definition 4.4 we need to prove

Let e; = unlabel(¢’) v |1 and ey = unlabel(e’) v |2

(Vk: <n, W, 2 W.NH, H.(k, Hy, H) > W, AVol, v,

(Hlael) llj (Hllv 'U{) A (H2762) ‘Uf (H2lv ’Ué) Ng < k =

IW' 2 Wk — j, H, H)) > W' A ValEg(A, W' k — j,6, 0], v, 7 a)) A
Vi € {1,2}.(\%,96 0 W0, H, j.(k, H) b 0c A (H,ep) U (H',of) =
30’ 3 6e.(k— 4, H) >0 A0,k — j,v]) € 7]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ TAT C V')A

(Ya € dom(8')\dom(6e).6'(a) \, T))

We need to show

(a) Vk <n, Wo 3 W.VH, Ho.(k, Hy, Hy) > W A V0!, vl
(Hlﬂel) ll; (Hllv 'U{) A (H2762) ‘Uf (H2lv ’Ué) N <k =
AW' 3 We.(k — 4, H, Hy)) > W' A ValEg(A, W' k — j,0,v{, v}, T 0):
Also given is some k < n, W, 3 W, Hy, Hy, v], v}, j s.t (k, Hy, Hy)> W, and (Hy,eq) l};
(H{,v}) A (Ha,ea) W (Hy,v5) Aj <k
And we are required to prove
AW’ 3 We.(k — 4, H{, Hy) > W' A ValEqg(A, W' k — j, £, v, vy, T 0) (FB-U0)
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IH: (We,k,e' (v11),€ (712)) € [(Labeled £ 7) o]

This means from Definition 4.5 we are given

VI <k.e’ v il Lb(up1) A€’y L2l Lb(vpy) =
(We,k — I,Lb(vp1),Lb(vf,)) € [(Labeled ¢ 7) o5}

Since we know that
(Hy, unlabel(e’) v |1) U; (H{,v}) A\ (Hy,unlabel(e') v |2) I/ (Hj, v5) A j < k therefore
I <j<kstevylidrLb(u) A€ v 2l Lb(vf,)

Therefore we have
(We,k — I,Lb(vp1),Lb(v},)) € [(Labeled ¢ 7) o5}

This means from Definition 4.4 we have
ValEq(A, We, k — 1,0, vp1,v,,,7 0) (FB-U1)

In order to prove (FB-U0) we choose W' as W, and from cg-unlabel we know that
H| = Hy and Hj = Hy. And we already know that (k, Hy, Hy) > W,. Therefore from
Lemma 4.20 we get (k — j, Hy, Ho) > W,

From cg-unlabel we know that v{, vy in (FB-UO) is vp1, v;, respectively. And since
from (FB-Ul) we know that ValEq(A, We,k — 1,4, vp1,v),,,7 o). Therefore from
Lemma 4.25 we get

ValEq(A, We,k — 3,0 , vp1, v, T 0)

Vi e {1,2}.(\%,9@ 0 W0 H,j.(k H) > 0o A (He) W (H o) A j <k =
30" 3 0.(k— 4, H) o 0' A (0% — j, o)) € |7 o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ' TAT C V')A

(Va € dom(6')\dom(0.).0'(a) T)):

Casel=1
Given some k,0. 3 W.0y, H,j st (k, H) >0 A (H,e) W (H' v)) Aj <k

We need to prove

30" 3 0c.(k—j,H)p 0 N0 k—j,v) € |To]vA
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled /' 7 AT C ¥') A
(Va € dom(8')\dom(0.).0'(a) \y T)

Since (W,n,v) € [T']{ therefore from Lemma 4.23 we know that
Ym. (W.01,m,y 11) € [T']y and (W.02,m,v |2) € [T']v

Instantiating m with k& we get (W.01,k,v 1) € [I']v

Now we can apply Theorem 4.21 to get
(W.01,k, (unlabel )y 1) € |(CT 1) olp

This means from Definition 4.7 we get
Ve < k.(unlabel €)y |1le v = (W.01,k—c,v) € [(CTLT) o]y

This further means that given some ¢ < k s.t (unlabel €’)y |1l}. v. From cg-val we
know that ¢ = 0 and v = (unlabel ¢')y |1
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And we have (W.61,k, (unlabel €')y {1) € [(CT 1) o]y

From Definition 4.6 we have

VK < k,0, 3 W.01, Hy, J.(K, H)>0, A (H,, (unlabel ¢')y §1) V4 (H, v)ANT < K =
30 260K — JH) S0 A0, K — Jo) € |7 oly A

(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ AT C V') A

(Va € dom(8')\dom(0.).0/(a) \, T)

Instantiating K with k, 6, with 0., Hy with H and J with j we get the desired

Case [ =2
Symmetric reasoning as in the | = 1 case above

16. CG-tolabeled:

Lke:ClylyT
[ I toLabeled(e) : C ¢; L (Labeled ¢ 7)

To prove: (W, n,toLabeled(e’) (7 J1),toLabeled(e’) (v }2)) € [(C ¢, L (Labeled 43 7)) o]

This means from Definition 4.5 we need to prove:

Vi < n.toLabeled(e’) v L1{; vs1 AtoLabeled(e’) v |2l vy =

(W,n—i,vp,0}) € [(Céy L (Labeled £3 7)) o3}

This means that given some i < n s.t toLabeled(e’) v |1{l; vs1 A toLabeled(e’) v |2l v}l
From cg-val we know that vf; = tolLabeled(e’) v |1, vfo = tolLabeled(e’) v [2 and i =0
We are required to prove

(W, n,toLabeled(e’) v {1, toLabeled(e’) 7y J2) € [(C ¢1 L (Labeled ¢ 7)) o]{}

Let v; = toLabeled(e’) v |1 and vy = toLabeled(e’) v |2

This means from Definition 4.4 we are required to prove

(sz <n, W, 3 WNH, H.(k, Hy, H>) > W, AVol, vl

(Hy, 1) U (H{, v)) A (Ho, 00) U (S, 0h) A j <k =

AW 2 Wk — j, H, H)) > W' A ValEg(A, W' k — j, L, v, v}, (Labeled €5 7) a)) A
Vi € {1,2}.(\%,96 0 W0 H,j(ky H) > 0o A (H, o) U (H o) A j <k —>

30’ 2 0o.(k — j, H') >0 A (0, k — j,v]) € | (Labeled £, 7) o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T 0') A

(Va € dom(€')\dom(6,).0'(a) \, zl))

We need to prove:
(a) Yk <n, W, 3 W.NHy, Hy.(k, H, H) > W, /\V’U{, ’Ué,j.
(Hy, 1) Y1 (H{,v) A (Ho, 09) U (Hg,vh) Aj < kb =
AW’ 3 We.(k — 4, H{, Hy) > W' A ValEq(A, W', k — j, L, v], v}, (Labeled 45 7) 0):

This means that we are given some k <n, W 3 W, Hy, Hy, v{,v5,j < k s.t
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(k, Hy, Hy) > W, and (Hy, v) I (H{,v{) A (Ho, v) I (H, vj)

And we need to prove

AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W', k — j, L, v{, v}, (Labeled ¢y T) o)
From Definition 4.3 it suffices to prove that

IW' 3 We(k — 4, H{, H}) > W' A (W', k — 7,0/, v}) € [(Labeled 5 7) o]}

Further from Definition 4.4 it suffices to prove
AW’ 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j, by, 0], v, T o) (FB-TLO)
where v{ = Lbv{ and v) = LbvJ

IH:

(We, kye' (v 11),€ (v 12) € [Clyba 7ol

This means from Definition 4.5 we need to prove:

VI <ke ~vlillyoANe yvlad vy, = (We,n—J,up,vy,) € [ClylaT a]“(}

Since we know that (H;,toLabeled(e’)y 1) {; (H{,v]) and (Ha,toLabeled(e’)y 11) {;

(Hy, v5). Therefore from cg-val we know that 3J < j < k < n s.t ¢ v |1ds vp1 and
similarly we also know that €’ v |2l v},

This means we have
(We, kb — J,vp1,v5,) € [Cly by T cﬂ(}

From Definition 4.4 we know that

(Vkl < (k—J), W' 2 W, YH HY (ky, HI, HY) > W AV, ol m.

CH{' o) W (Y, o) A (B 0gy) 47 (G, o) Ame < by =

IW' 2 W (ky —m, H, H}) > W' A ValBg(A, W', k1 — m, s, ol o/, 7 a)) A
Vi€ {1,2}. (V. 0 30, H, 5.0k H) > 0 A (H ) ] (B ) 7 j <k =

30" 20, (k— 5, H') o 0' A0k —j,v]) € |7 o)y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7/ A1 T 0') A

(Va € dom(8")\dom(6,).0'(a) zl)) (FB-TL1)

We instantiate W/ with W, H{' with Hy, Hj with Hy and k; with k in (FB-TL1).
Since we know that (Hj,tolLabeled(e¢')y ]1) l}f (H{,v}) A (Ha,toLabeled(e')y |2) |/
(Hy, v5), therefore Im < j < k <n s.t (Hy, vp1) [EA (H{,v{) A (Hz, o)) I (Hj, vh)
This means we have

AW’ 3 We.(k —m, H{, H}) > W' AN ValEq(A, W' k —m, Ly, 0], 05,7 o) (FB-TL2)

In order to prove (FB-TLO) we choose W' as W’ from (FB-TL2). Since from cg-
tolabeled we know that v{ = Lb(v]), v = Lb(v)) and j = m + 1 (therefore from
Lemma 4.20 we get (k— j, H{, Hj)> W') and from (FB-TL2) and Lemma 4.25 we get
ValEq(A, W',k — j, 02, 0], 0§, T o)

Vi e {1,2}.(\#;,98 00, H,j.(k H) >0 A (Hyo) U (H o) Aj < b —

30" 2 0c.(k—j, H') > 0' A (0 .k — j,v]) € |(Labeled £ 7) o]y A
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(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T 0') A
(Ya € dom(€")\dom(6e).0'(a) \y el)):

Casel=1
Given some k,0, 3 W.0;,H,j st (k,H)>0. A (H,v) ll;-v (H',v))Nj <k

We need to prove

30" 3 6..(k—j,H )0 N0,k —j,v)) € [(Labeled 5 7) o]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ T A1 T ') A
(Va € dom(0')\dom(6.).0'(a) \ 41)

Since (W,n,v) € [T']{ therefore from Lemma 4.23 we know that
Vm. (W.01,m,y 11) € [I']y and (W.02,m,v |2) € [T']v

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 4.21 to get
(W .61, k, (toLabeled €')y |1) € [(C ¢, L Labeled {5 7) |

This means from Definition 4.7 we get
Ve < k.(toLabeled €')y [1dle v = (W.01,k —c,v) € [(C ¢; L Labeled 45 7) |y

Instantiating ¢ with 0 and from cg-val we know v = (toLabeled €')vy |4
And we have (W .61, k, (toLabeled €’)y |1) € [(C ¢1 L Labeled 45 7) |y

From Definition 4.6 we have

VK < k,0, 3 W.01, Hy,J.(K, Hy) > 6, A\ (Hy, (toLabeled €¢')y }1) llf; (H' WV YANJ <
K =

30 20K — J,H) >0 A0, K — J,v') € |Labeled £ 7) |y A

(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ N1 T V') A

(Va € dom(6")\dom(6.).0'(a) \ £1)

Instantiating K with k, 6, with 0., Hy with H and J with j we get the desired

Case [ =2
Symmetric reasoning as in the [ = 1 case above

17. CG-ret:

e :r
Iret(e):Clylo T

To prove: (W, n,ret(e') (v 1), ret(e’) (v 12)) € [(C 4y b2 7) o]f

This means from Definition 4.5 we need to prove:

Vi < n.ret(e') v hilli vpr Aret(€) v Lol vy =
(W.n—i,vp1,05) € [(Cly ba 7) ol

This means that given some i < n s.t ret(e’) v J1di vpr Aret(e)) v 2l vp
From cg-val we know that vs; = ret(e')y 1, vro = ret(e)y 2 and ¢ =0
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We are required to prove

(W, n,ret(e')y I, ret(e')y d2) € [(C 1 by 7) o]

Let v = ret(e’)y }1 and vy = ret(e')y |2

From Definition 4.4 it suffices to prove

(sz <n, W, 3 WNH, H.(k, Hy, H>) > W, AVol, vl

(Hy, o) 4] (H, o) A (H, 00) ¥ (Y, 0)) 1 j < =

AW' 3 We.(k — 4, H{, H)) > W' A ValEq(A, W' k — j, 0o, v], v, T a)) A
Vi e {1,2}.<Vv,i. (e1 i v) =

Vk,0c 30, H,j.(k, H) b0 A (H,0) V] (H' ) Aj <k =
30 3 6e.(k—5, H )0 A0 k—j,v]) € |7 o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T 0') A
(Va € dom(0")\dom(6.).0'(a) s el))

It suffices to prove:
(a) Vk <n, We 3 W.VNH;, HQ.(]C, Hy, Hg) > We A V’U{, ’Ué.

(Hy, o) Y1 (H{,v)) A (Ho, 09) U (Hg,vh) Aj < b =
AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W', k — j, la, v{, vy, T 0):

We are given is some k < n, W 3 W, Hy, Hy,v{,v},j < k s.t (k, Hy, Hy) > W, and
(Hry o) 4 (B, o) A (Hz, 00) F (Hg, 09)
From cg-ret we know that H{ = H; and H) = Hy

And we are required to prove:
AW' 3 We.(k — j, Hi, Hy) > W' A ValEg(A, W' k — j, 0o, 0], v5, T o) (FB-R0)

IH: (Wevn7 e (7 \Ll)vel (7 iQ)) € ’VT U—‘é

This means from Definition 4.5 we need to prove:
VI < ke ylilyvm A€ v lal vy = (We,k—J,on1,0)) € [7 olf

Since we know that (Hy,ret(e')y 1) U; (Hy, v}) A (Hy,ret(e’)y 12) I (Ha, v5), there-
fore 3J < j <k s.t € v 1l vp1 and similarly €' v |2l 7.
Therefore we have (We, k — J, vu1,v),) € [T o5} (FB-R1)

In order to prove (FB-R0) we choose W' as W, and from cg-ret we know that v; = vp1
and vy = v;;. We need to prove the following:
i (k‘ -7, Hy, HQ) > We:
Since we have (k, Hy, Hy) > W, therefore from Lemma 4.20 we get
(k - ju Hl; HQ) > We
. ValEq(A, We, k — 4,02, v],v5, T 0):
2 cases arise:

386



A /5 C A:

In this case from Definition 4.3 it suffices to prove

(Wea k — ja U{? Ué) S [T O:I\é

Since j = J + 1 therefore we get this from (FB-R1) and Lemma 4.16
B. (5 L A:

In this case from Definition 4.3 it suffices to prove that
Vm.(We,m,v{) € |7 o]y and Vm.(We,m,v) € |7 o]y
We get this From (FB-R1) and Lemma 4.14
(b) VI € {1,2}.(%,96 0 W0 H,j(ky H) > 00 A (H,0) U (H o) A j <k —
30" 30k~ 5, H) o 0 A0k — j.v)) € |7 0]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T 0') A
(Va € dom(6')\dom(6.).0'(a) \, ¢1):
Casel=1
Given some k,0. 3 W.0y, H,j st (k, H) >0 A (H,u) I (H', o) Aj <k
We need to prove
30" 3 0c.(k—j,H)p 0 N0 k—j,v) € |To]vA
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7 AL, T 0') A
(Va € dom(6')\dom(6.).0'(a) \( ¥,)
Since (W, n,7) € [T']{} therefore from Lemma 4.23 we know that
VYm. (W.01,m,v 1) € [I'|y and (W.02,m,v |2) € [T'|v

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 4.21 to get
(W.01,k, (ret )y L) € |[(ClilaT)olp

This means from Definition 4.7 we get

Ve < k.(ret €)y lillev = (W.01,k—c,v) € |(ClylaT) o]y
Instantiating ¢ with 0 and from cg-val we know that v = (ret €’)y |1
And we have (W.01,k, (ret &)y |1) € [(Cl1 by 7) oy

From Definition 4.6 we have

VK < k,0, 3 W.01, Hy, J.(K, H)) >0, A (Hi,0) I, (H ,0) AT < K =
30 30.(K—J,H)o0 N0, K —Jv)e|ro]lyA

(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ N1 T V') A

(Va € dom(6')\dom(6.).0'(a) \ £1)

Instantiating K with k, 6, with 0., Hy with H and J with j we get the desired

Case l =2
Symmetric reasoning as in the [ = 1 case above

18. CG-bind:

T'he:Cly by T
F,x:T}—ebIC€3f4T, fgfl 6263 62253 £2E£4 8426/
I+ bind(ej, z.ep) : C L L 7'
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To prove: (W, n,bind(e;, z.€p) (7 1), bind(er, z.€5) (v 12)) € [(C L T') oh

This means from Definition 4.5 we need to prove:

Vi < n.bind(e;, z.ep) v L1li ve1 A bind(eg, z.e5) v L2l v]’cl —

(W,n—i,vp1,0) € [(CLL T ol

This means that given some i < n s.t bind(e;, z.ep) v L1lli vp1 A bind(er, z.ep)y L2l U}1
From cg-val we know that vg = bind(e;, x.ep)y L1, vr2 = bind(e;, z.€5)y 2 and i =0
We are required to prove

(W, n,bind(e;, z.€p)y 1, bind (e, z.e5)y L2) € [(C £ 7') o]

Let v; = bind(ey, z.ep)y J1 and vy = bind(ey, z.ep)y 12

This means from Definition 4.4 we need to prove

(\m <n, W, 3 WNH, H.(k, Hy, Hs) > W, AVol, vl

(Hy, o) Y1 (H{,v) A (Ho, v9) U (g, vh) Aj < kb =

AW' 23 We.(k — 4, H{, Hy) > W' A ValEqg(A, W' k — j, ¢/, v], v, T 0)) A
Vi e {1,2}.(\1%,9@ 00, H,j.(k, H) b 0 A (H,0) U (H o) A j <k —
30" 3 0a.(k— 5, H') s 0' A (0, — j,0) € |7 o)y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7/ A ¢ T ') A

(Va € dom(€')\dom(6,).0'(a) \, E))

This means we need to prove:

(a) Vk <n, Wed W.VHl,HQ.(k‘,Hl,HQ) > W, /\V’U{,’Ué,j.
(Hy, o) VS (H{, 0)) A (Ho, vp) W (Hy, wh) Aj < b =
AW’ 3 We.(k — j, H{, Hy) > W' A\ ValEg(A, W' k — j, U v}, v}, T 0):

This means we are given some k < n, W, J W, Hy, Hy s.t (k, Hy, Hy) > W,
Also given some vy, v, j < k s.t (Hy,v1) l}; (H{,v}) A (Ho, vo) U/ (HJ, v5)

And we are required to prove:
AW’ 3 We(k — j, H{, H)) > W' AN ValEq(A, W', k — j, 0, v{,v5, 7" o)  (FB-BO)

IH1:

(We, ke (v ), (v 42)) € [(C by ba 1) o7
This means from Definition 4.5 we need to prove:

Vi <ke vy Ae vlal v, =
(We, k — f,op1,v,) € [(Cly by 7) (ﬂ““}

Since we know that (Hj, v) ll; (H{,v]) A (Ha,vo) |/ (Hj, v}) therefore 3f < j < k s.t
er Y4l v Aep oy L2l vy

This means we have

(We,k — f,on1,v5,) € [(Cly by 7) 0]

This means from Definition 4.4 we have
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(VK < (k- f), W' 2 W.NHI HY (K, H' H) > W AV, ol J.

(H{', o) V) (HY, o) A (Hy o) W (Hg, ) AT < K —

IW" 3 WK — J, H, HY) > W A ValEg(A, W, K — J, by, o, o}l 7 a)> A
Vi e {1,2}.(\71@,96 00, H,j.(k H) >0 A (H,u) U (H o) Aj < b —
30" 0. (k— 5, H) o 0' A0k —j,v]) € |7 o)v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T 0') A

(Va € dom(8")\dom(6.).0'(a) s zl))

Instantiating K with (k — f), W. with W,, H{" with H; and Hy with Hs in the first
conjunct of the above equation. Since we know that (k, Hy, Ha) > W, therefore from
Lemma 4.20 we also have (k — f, Hy, Ho) > W,

Since we know that (Hj, v1) llf (H{,v}) A\ (Ho, vo) |/ (HJ, v}) therefore 3J < j — f <
k— f s.t (H17 vhl) uf; (Hllﬂ U{/) A (H27 U}/Ll) uf (H2/7 'Ué,)
This means we have

AW 23 W (k—f—J, H, H)> W" A ValEg(A, W k—f —J,lo, v v/, 7o)  (FB-
B1)

From Definition 4.3 two cases arise:
i. 0o C A:

In this case we know that (W", k — f — J, o], v§) € [T o]

TH2:
(W' k—f—Je (v 11 U{z— o}),ep (v L2 U{z = of}) € [(Cls £y ') o7

This means from Definition 4.5 we need to prove:

Vs <k—f—Jde (v i U{z—o}) s vnaAep (7 L2 Uz — w}) | v, =
(W”,k‘ — f —J — s, Upo, UFILQ) € [(C U3 by 7'/) 0—‘"';{

Since we know that (Hy,bind(e;, z.€5) v {1) l}f (H{,v{) A (Hs,bind(e;, z.€p) v |2
) I (Hj, vh) therefore 3s < j — f —J <k —f—Jstep (711 Uiz = of'}) Us
vpa A ey (7 b2 U{z = v'}) | vy,

This means we have

(W k= f—J—5,0h2,05,) € [(Cls by 7) o5

This means from Definition 4.4 we know that
(VKS <(k—f—-J—s), Ws I W'VH,, Hy.(K,, Hy, Hy) > W5 ANV, vly, Js.

(i, on2) V5, (Hy,vl) A (o, vhy) W (Hly, vlp) A Jo < Ky =

IW! 3 We(Ks — Jo, Hy, HL) o WA ValEq(A, W, Ky — Jy, by, 0], v, 7/ 0)) A
Vi e {172}‘(\&;,96 00, H,j.(k H) >0 A (Hyu) U (H o) Aj < b —

30’ 3 60..(k—j,H)>0' A0 k—j,v) €T o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7/ A l3 T 0') A

(Va € dom(0")\dom(6,).0'(a) s eg))
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ii.

Instantiating K with (k— f —J —s), W, with W”, H; with H{ and Hy with H>.
Since we know that (k — f — J, H{, Hy) > W therefore from Lemma 4.20 we also
have (k — f — J — s, H{, H})) > W"

Since we know that (Hj,bind(e;, x.ep) v 1) llf (H{,v]) A (Hz,bind(e;, z.ep) v L2
) U (Hj,vy) therefore 3J, < j — f—J —s < k— f —J —s st (H, v Ui
(Hly, 1) A (Hgy o) W (Hly, v)o)

This means we have
aw! 3 Wek—f—J—s—Js, H!

517H5/2) > Ws, N ValEq(-Aa Ws/>k - f —J—s-
JS,£4, 1};177};277—/ O’) (FB‘B2)

In order to prove (FB-B0) we choose W' as W/. From cg-bind we know that
H| = H/,, Hy = H.y, v{ = v, v5 =vlyand j = f+J+ s+ Js+ 1. And we need
to prove:

A (k—j, HYy, HY) o W
Since from (FB-B2) we know that (k— f —J —s—Jg, H.y, H,)> W/ therefore
from Lemma 4.20 we get
(k —J, Hgy, Hyp) > Wi

B. ValEq(A, W/ k — j, 0/, vy, vl 7" 0):
Since from (FB-B2) we know that ValEq(A, W/, k—f—J—s—Jg, ly, v}y, Ve, T 0)
therefore from Lemma 4.25 we get
ValEq(A, W, k — j, U vy, v, " 0)

52 z A:

From (FB-B0) we know that we need to prove

AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W' k — j, o, v{, v5, 7" o)

Since f5 C ¢4 C ¢ and ¢ [Z A therefore we have ¢4 Z Aand ¢/ Z A

This means that from Definition 4.3 it suffices to prove

Iw'J We.(k‘—j, Hll, HQI)D W’/\Vmul.( W’.gl, Mayl, U{) € LT/ O'JV/\\V/TTLUQ.( W/.GQ, M2, ’Ué) S
L7 v

This means given some m,1, M2 and we need to prove

Jw' J We.(k — 7 H1/7 HQI) > W' A (W’.Hl,mul, U{) € LT’ UJV VAN (WI.QQ,mUQ, ’Ué) S

|7 o]y (FB-BO01)

In this case from (FB-B1) and Definition 4.3 we know that
Vm. (W".61,m,v]) € |7 o]y and Vm. (W".03,m,v)) € |7 o]y  (FB-B3)

Since bind (e, x.ep)y L1l v] therefore 3J; < j—f—J <k—f—Jst (e)y 1
U{z — o'} Vg vf. Similarly, 3J] < j—f—-J —-J1 < k—f—J—J1 st
Instantiating m with m,; + 1+ J; 4+ J] in the first conjunct of (FB-B3)
(W”.Hl,mul +1+J;+ J{, 7){/) c LT O'JV

Since (W,n,v) € [T']{ therefore from Lemma 4.23 we know that
Ym. (W.01,m,y 1) € [T']v

Instantiating m with my,1+1+J1+J7 we get (W.01, my1+1+J1+J7,7v 1) € |[T'|v
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From Lemma 4.17 we know that
(W".01,my1 +1+ 1+ J,v ) €Ty (FB-B4)

Now we can apply Theorem 4.21 to get
(W"01,mu1 + 1+ J1+ Ji, (ep)y 41 U{z = v}) € [(Cls by ') o p

This means from Definition 4.7 we get
Ver <myr+14+J1+J7.(ep)y 41 U{x = o'} Uy vor = (W01, + 14+ J1+
Ji—c1,001) € [(Cl3 by ') o]y (FB-B5)

Instantiating ¢; with J; in (FB-B5)
Therefore we have (W”.01,my1 + 14 Jj,v01) € [(Cl3 4y 7') o]y

From Definition 4.6 we have

VK S (mu1—|—1—|—J{)7QIe Q W”.@l, Hl, JQ.(K, Hl)Dg/e/\(Hl, ’1)01) llf;Q (Hlll, U{)/\JQ <
K =

30, 36, (K — Jo, H') b 0) A (0], K — Ja,v)) € |7 o]y A

(Va.Hy(a) # H{'(a) = 30'.0/(a) = Labeled ¢/ 7" Nl5 T ') A

(Va € dom(67)\dom(0.).07(a) \ {3)

Instantiating K with m,; + 1 + Jj, 0, with W”.6;, Hy with H{ (from FB-B1)
and Jy with Ji we get

307 3 W.01.(mu1 + 1, H ) >0y A (0], s + 1,07) € [T o]y A

(Va.Hi(a) # Hl'(a) = 30.W".6;(a) = Labeled ' 7" A f3 T £) A

(Va € dom(67)\dom(0.).07(a) \ £3) (FB-B6)

Since we know that bind(e;, z.€;)y Jol} 4. Say this reduction happens in ¢ steps.
Therefore 3t; < t < k < n s.t (e)y b2 U{x — v} i, v and simialrly Ity <

t—t1 <k—t st (H, Ulg)’y \LQUY{; (HQH, Ué/)

Again since bind(ej, z.ep)y lals vé therefore 3Jo < t —t1 —to < k —t1 — t9 s.t
(ep)y L2 U{z — v} U, v5. Similarly 3J) <t —t1 —to— Jo < k—t; —ta — Jo st
Instantiating the second conjunct of (FB-B3) with myg + 1+ Jo + J5 we get
(W”.@Q,muZ +1+Jy+ Jé, Ué’) S LT JJV

Again since (W,n,v) € [T']5} therefore from Lemma 4.23 we know that
vm. (W.Qg, m,y i,Q) S {FJV

Instantiating m with mye+1+Jo+J5 we get (W.02, my2+1+Jo+J5, v 12) € |T'|v
From Lemma 4.17 we know that

(W02, my2 + 1+ Jo+ Jh, v l2) € [T']v (FB-B7)

Now we can apply Theorem 4.21 to get
(W 0a,mu2 + 1+ Ja+ J, (ep)y b2 U{z = v)}) € [(Cls by T') ol

This means from Definition 4.7 we get
Veo < (myg + 14 Jo + J5).(ep)y do U{z — 05} ey vor = (W 02,mpu2 + 1+
Jo — ¢, ’UOQ) € L((C f3 4y T/) O'JV (FB—BS)

Instantiating ¢ with Jo in (FB-B8) we get
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(W09, mu2 + 1+ Jh,vp0) € [(Cls Ly ') o)y

From Definition 4.6 we have

VK < (mup+1+J3),00 3 W02, Hy, J3.(K, Ho)>0L A (Ha, v2) V), (HY, vh)AJ5 <
K =

39& | QQ(K — J3,H2”) l>(9’2 A ( /2,K — J3,’Ué) € I_T/ UJV A

(Va.Hy(a) # HY(a) = 3.0/ (a) = Labeled ¢/ 7" Nls T ') A

(Va € dom(6,)\dom(0.).05(a) \ £3)

Instantiating K with myo + 1+ J5, 0. with W".02, Hy with Hj (from FB-BI)
and J3 with Jj, we get

395 _ W”.@Q.(mug + 1, HQH) l>9/2 AN ( é,mug + 1, ’Ué) S LT/ UJV N
(Va.Ha(a) # HY(a) = I .W".02(a) = Labeled ¢ 7" N l3 T 0') A
(Va € dom(6,)\dom(0.).05(a) \ l3) (FB-B9)

In order to prove (FB-B01) we chose W’ as W,, where W, is defined as follows:
W01 = 0} (From (FB-B6))
W02 = 05 (From (FB-B9))
W,.0 = W".5 (From (FB-B1))
It suffices to prove
b (k - j7 Hllla H2”) > Wn:
From Definition 4.9 we need to prove the following
— dom(W,,.01) C dom(H]") A dom(W,.02) C dom(H,):

From (FB-B6) we know that (m,1+1, H{")>0] therefore from Definition 4.8
we know that dom(W,,.01) C dom(H{)

Similarly from (FB-B9) we know that (myg2 + 1, H)') > 6} therefore from
Definition 4.8 we know that dom(W,,.02) C dom(HY)

— (W) C (dom(Wy.01) x dom(W,.05)):
Since from (FB-B1) we know that (k — f — J, H{, Hy) > W" therefore from
Definition 4.9 we know that (W”.53) C (dom(W".01) x dom(W".02))

Since from (FB-B6) and (FB-B9) we know that W"”.0; T W,.0; and
W”.0, C W,.00

Therefore we get

(Wyn.B) C (dom(Wy.01) x dom(W,.02))

— a1, az) € (Wi-B)-( Wi B1(a1) = Wi Os(a2) AW, k—j—1, I (ar), HY (a2)) €
[ Wi 01(a1)15}):

4 cases arise for each (ay, ap) € Wp,.3
A. H{(a1) = H'(a1) N Hj(az) = H) (az):

To prove:

Wnﬂl(al) == Wn.eg(az)t
We know from that (k — f — J, H{, Hy))> W"
Therefore from Definition 4.9 we have

V(ai, ah) € (W".5).W".01(a]) = W".02(a))
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Since W,.3 = W”.3 by construction therefore

V(a}, ay) € (Wn.B). W".01(a}) = W".05(ab)
From (FB-B6) and (FB-B9) we know that W”.0; C 0] and W".0, C 6,
respectively.

Therefore from Definition 4.1

A~

V(a1, a5) € (Wn.5).01(a1) = O5(a2)

To prove:

(Waok —j — 1, H{(a), Hy' (a2)) € [Wa.01(a1)]i
From (FB-B1) we know that (k — f — J, H{, Hj) 2w

This means from I}eﬁnition 4.9 we know that
V(aﬂ, aig) c (W”.B). W”.Ql(aﬂ) = W”.eg(aig) A
(W k—f—J—1,H{(an), Hy(ai2)) € [W".01(ain) ¢

Instantiating with a; and ap and since W’ C W, and k —j —1 <
k—f—J—1 (since j = f+ J+ Ji + 1 therefore from Lemma 4.16 we
get

(Wm k—j-1, Hll(al)a HQI(QQ)) S [Wnel(al)—w}

- Hi(a1) # Hy'(a1) A Hy(az) # Hy'(a):

To prove:

Wnﬂl(al) = Wn.eg(ag)

Same reasoning as in the previous case

To prove:

(Wb —j = 1, H{ (@), Hy (a2)) € [Wy.01(a)]3}

From (FB-B6) and (FB-B9) we know that

(Va.H{(a) # H{'(a) = 3. W".01(a) = Labeled ¢' 7" A (¢3) T 1)
(Va.Hy(a) # Hy(a) = ' .W".02(a) = Labeled ¢/ 7" A (¢3) C ¢')

This means we have

0. W".01(a1) = Labeled ¢/ 7" A (¢3) C ¢/ and

3¢ W”.eg(ag) = Labeled ¢ 7" A (53) A

Since {5 IZ A. Therefore, {35 £ A.

Also from (FB-B6) and (FB-B9), (my1+1, H)>0] and (mu2+1, H )>0,.
Therefore from Definition 4.8 we have

(0. mar, HY (a1)) € [6}(ar)]y and

(05, mu2, Hy' (a1)) € [05(a2)]v

Since m,; and mys are arbitrary indices therefore from Definition 4.4 we

get
(W, k —j — 1, H{'(a1), HY (a2)) € [0} (ar)]5}

. Hi(a1) = H{'(a1) N Hy(a2) # Hy (a2):

To prove:

Wy.01(a1) = Wy.02(a2)
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Same reasoning as in the previous case

To prove:
(Wask —j — 1, H(a), H (a2)) € [ W01 (a1)]3}

From (FB-B9) we know that
(Va.Hy(a) # Hy(a) = ' .W".05(a) = Labeled ¢/ 7" A (¢3) C ¢')

This means we have
3¢ W”.eg(ag) = Labeled ¢ 7" A (53) A
Since ¢ £ A. Therefore, ¢35 £ A.

Since from (FB-B1) we know that (k — f — J, H{, H}) £ W that means
from Definition 4.9 that (W"” k—f—J—1, H{(a1), Hy(a2)) € [W".01(a1)]{.
Since W”.01(a1) = W".02(ay) = Labeled ¢ 7" and since ¢' [Z A therefore
from Definition 4.4 and Definition 4.3 we know that

Therefore
Vm. (W”.Gl,m, Hl’(al)) S W”.Gl(al) (F)

Instantiating the (F) with m,; and using Lemma 4.15 we get
(01, mu1, H{(a1)) € 61(a1)

Since from (FB-B9) we know that (mye + 1, HY) > 6, therefore from
Definition 4.8 we know that (05, mq2, Hy (a2)) € 05(az)

Therefore from Definition 4.4 we get

(W/a k—j—1, Hll/(al)> HQH(GQ)) S [Gll(al)-lé

D. H{(a) # H{'(a1) A Hy(az) = Hj (az):
Symmetric reasoning as in the previous case

— Vie{1,2}.YmNa € dom(W,,.0;).(Wy.0;,m, H'(a;)) € | Wy,.0;(a;) | v:

Casei=1
Given some m we need to prove

Va; € dom(W,.0;).(W,,.0;,m, H'(a;)) € | Wp.0i(a)|v

This further means that given some a; € dom(W,,.0;) we need to show
(Wn.01,m, Hi'(a1)) € [ Wn.01(a1) v

Since W,,.0; = 6}, it suffices to prove
(01, m, H'(a1)) € [01(a1)]v

Like before we apply Theorem 4.21 on e, v |1 U{z — v{'} but this time at
m+ 14 J; + Jj to get

300 3 W".61.0m+ 1, H) > 0] A (0, my1 + 1,07) € [Ty A

(Va.Hy(a) # H{'(a) = 3. W".01(a) = Labeled ¢ 7" Nl T 1) A

(Va € dom(67)\dom(0.).07(a) \ l3)

Since we have ¢ C l3 and (m + 1, H{') > 6] therefore from Definition 4.8 we
get the desired.

Case 1 =2

Similar reasoning as in the ¢ = 1 case

o (W'b1,mu1,v) € [T v AN(W' .02, mya,vh) € |7 o|v:
We get this from (FB-B6), (FB-B9) and Lemma 4.15 we get the desired
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19. CG-ref:

ke :Labeled 7 LHICY
T'knew (¢):Cl L (ref ¢/ 7)

To prove: (W,n,new (¢') (v l1),new (¢') (v l2)) € [(C £ L (ref £' 7)) o] f

This means from Definition 4.5 we need to prove:

Vi < n.new (e') v Lili ver Anew (¢') v l2l vy =

(W.n—i,vp1,05) € [(CL L (refl’ 7)) ol

This means that given some i < n s.t new (¢/) v J1lli vr1 A new (¢/) v L2l fu}l
From cg-val we know that vf; = new (€/)y |1, vra = new (¢’)y |2 and i =0
We are required to prove

(W, m,new (/) u,new (¢ 2) € [(C £ L (ref ¢ 7)) o]

Let v; = new (¢')y }1 and v = new (&) |2

From Definition 4.4 we are required to prove

<sz <n, W, 3 WNH, H.(k, Hy, Hs) > W, AVol, vl

(Hi,v1) ‘U; (H1/7 U{) A (Hz, 1) llf (H2,7 Ué) Nj<k =

AW 2 Wk — j, H, HY) > W' A ValEg(A, W' k — §, L, o], v}, (ref ¢/ T))) A
Vi e {1,2}.(\1/@,96 00, H, 4.k, H) b 0 A (H,0) U (H o) A j <k —

30" 2 0c.(k— §, H'Y > 0' A (0, — j,0f) € [(ref & )]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(€")\dom(6,).0'(a) \, e))

This means we need to prove the following;:
(a) Yk <n, W, 3 W.NHy, Hy.(k, Hy, Hy) > W, A1, vd.

(H17 Ul) U; (H1/7 U{) A (H27 UQ) llf (H2/7 Ué) Nj <k =
AW' 3 We.(k — 4, H, H)) > W' A ValEg(A, W' k — j, L, v], v5, (ref £/ ) o):

This means we are given some k < n, W, J W, Hy, Hy s.t (k, Hy, Hy) > W,
Also we are given some vy, v5,j < k s.t (Hy, v1) U; (H{,v}) A (Ho,vo) ./ (Hj, v5)

And we are required to prove:

AW' 3 We.(k — 4, H{, Hy) > W' A ValEqg(A, W' k — j, L, v], v}, (ref £ 7) o)
Further from Definition 4.3 it suffices to prove

IW' 3 We.(k — 4, H{, H}) > W' AN (W' k — j,v],v}) € [(ref ¢ 7) 0%+ (FB-RO)

IH:

(We,ky€ (v 11),€ (v 12)) € [Labeled ¢ 7 o4

This means from Definition 4.5 we need to prove:
Vi <ke vy o ne vl v, = (We,k— f,vn1,0),) € [Labeled ¢ 7 o5}
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Since we know that (Hj, v1) ll;-c (H{,v]) A (Ha,vo) |/ (H}, v}) therefore 3f < j < k s.t
e ylply v A€y lal vy

This means we have

(We, k — f,op1,vh,) € [Labeled ¢/ 7 o]} (FB-R1)

In order to prove (FB-R0) we choose W' as W,, where
Wy.01 = We.01 U{a; — (Labeled ¢' 7)}
W,.00 = We.05 U {ag — (Labeled A T)}
Wn-B = We-B U {al, (12}
Now we need to prove:
i. (k—j,H, Hy) > Wy
From Definition 4.9 it suffices to prove:
dom(W,.01) € dom(Hy) A dom(Wy.02) C dom(Hz) N
(Wh.B) € (dom(Wp.01) x dom(W,.02)) A
V(al, ag) € (Wnﬁ)(Wnel(al) = Wnﬂz(@) AN
(W (k = ) — 1, H{(a), Hj(a2) € [ W81 (ar)]{) A
Vi € {1,2}.VmNa; € dom(W,,.0;).(W,.0;,m, Hi(a;)) € | Wy.0i(a) |v
This means we need to prove
o dom(W,.01) C dom(H])Adom(Wy,.02) C dom(Hy)N(Wy.3) C (dom(W,,.01)x
dom(W,.02)):

We know that dom(W,,.01) = dom(W,.01)U{a;1} and dom(W,,.02) = dom(We.62)U
{a2}

Also dom(H{) = dom(Hy) U {a1} and dom(Hy) = dom(Hz) U {az}

Therefore from (k, Hy, Hy) > W, and from construction of W, we get the
desired.

o V(a|, ab) € (Wpn.B).(Wp.01(d]) = Wy.0
(W, k —j =1, H{(a1), Hy(a})) € [ W01 (ai)13):

V(ay, ab) € (W,.5).

A. When af = a; and a) = as:
From construction
(Wnﬂl(al) = Wn.eg(ag) == (Labeled A T)
Since from (FB-R1) we know that (We,k — f, vs1,v),) € [Labeled ¢ 7]{}
And since from cg-ref we know that H{(a1) = wvn1, Hy(az) = vy, and
j = f + 1 threfore from Lemma 4.16 we get
(Wask —j =1, H{(a1), Hy(az)) € [Wa-01(ar1)]3

B. When a] = a; and a) # ap: This case cannot arise

§<§>

Q

When af # a; and a5 = ap: This case cannot arise
D. When af # a1 and a) # ag:
Since (k, Hi, Ha) > W, therefore the desired is obtained directly from Defi-
nition 4.9
o Vie {1,2}.YmNa, € dom(W,.0;).(Wy.0;,m, Hi(a})) € | Wy.0;(a))]v:
When i =1
Given some m

Vai € dom(W,.01).
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— when af = a;:
From construction
(Wnﬂl(al) = Wn.eg(ag) = (Labeled v T)
And from (FB-R1) we know that (W, k — f, vp1, v),) € [Labeled ¢/ 715}
Therefore from Lemma 4.14 get the desired
— Otherwise:
Since (k, Hy, Hy) > W, therefore the desired is obtained directly from Defi-
nition 4.9
When 7 =2
Similar reasoning as with ¢ = 1
ii. (W' k—j,v],v5) € [(ref £ 7) ol¢h:
From cg-ref we know that v{ = a; and v} = ap
From Definition 4.4 it suffices to prove
(a1, ag) € Wy.B A Wy.01(a1) = Wiy.02(az) = (Labeled £ 7)
This holds from construciton of W,

(b) VI € {1,2}.(Vk,98 00, H,j.(k H) >0 A (H,o) U (H o) Aj <k =
30 3 0c.(k — 4, H') o8 A (@, k — j,of) € [(ref € 7) o]y A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A
(Va € dom(6')\dom(0.).0'(a) \, £):
Casel=1
Given some k,0, 3 W.0;,H,j st (k,H)>0. A (H,v) l}{ (H o)A Nj<k

We need to prove

30" 3 0c.(k—j,H)v 0 N0 k—j,v) € |[(ref £/ T)]v A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7" AL T V') A
(Va € dom(6')\dom(6e).0'(a) \, ¢)

Since (W, n,7) € [T']{} therefore from Lemma 4.23 we know that
vm. (Wﬂl, m,y ~L1) S \_FJV and (W.Hz,m,’)/ J,Q) S I_FJV

Instantiating m with k we get (W.01,k,v 1) € [T']v

Now we can apply Theorem 4.21 to get
(W.01,k, (ref (e)y 1) € [(CL L (ref ¢/ 7)) p

This means from Definition 4.7 we get
Ve < k.ref ()y lidle v = (W.01,k —c,v) € [(CL L (ref V' 7))|v

This further means that given some ¢ < k s.t ref (¢/)y |1l v. From cg-val we know
that ¢ =0 and v = ref (¢/)y |1

And we have (W.01,k,ref (e')y 1) € [(CC L (ref ¢/ 7)) |v

From Definition 4.6 we have

VK < k,0, 3 W.01, Hy, J.(K, H)) > 0. A (Hy,ref (¢/)y 1) V) (H ,W)ANJT < K =
30 30..(K—J,HY0 A0, K —Jv") e |(ref £/ 7)]y A

(Va.Hy(a) # H'(a) = 30'.0/(a) = Labeled ¢/ 7" NLCT V') A

(Va € dom(6')\dom(6,).0'(a) \, ¥)

Instantiating K with k, 6, with 0., Hy with H and J with j we get the desired
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Casel =2
Symmetric reasoning as in the [ = 1 case above

20. CG-deref:

ke :reflr
I'Hle:CT L (Labeled ¢ 7)

To prove: (W,n,'e’ (v 11),'€’ (y12)) € [(C T L (Labeled ¢ 7)) o5

This means from Definition 4.5 we need to prove:

Vi <nle v Lilli v Ale v ol 11}1 —

(W.n—id,vp1,05;) € [(CT L (Labeled £ 7)) ol

This means that given some i < n s.t le/ v |1 v Ale! v ol U}l
From cg-val we know that vg = e’y |1, vpo = le/y |2 and i =0
We are required to prove

(W,n,le'y l1,le'y 12) € [(C T L (Labeled ¢ 7)) o]i}

Let v; = le/y |1 and vy = le/y |o

From Definition 4.4 it suffices to prove

(Vk <n, W, 3 WNH, H.(k, Hy, Hy) > W, AVol, vl

(Hy, o) Y1 (H{,v) A (Ho, 09) U (g, vh) Aj < kb =

AW’ 3 W,k — j, B, H}) > W' A ValEq(A, W',k — j, L, v/, v, (Labeled ¢ 7))) A
Vi e {1,2}.<\ﬂ€,9@ 00, H,j.(k, H) b 0 A (H,0) U (H o) A j <k =

30" 3 6..(k—j,H')>0" A0,k — j,v]) € |(Labeled £ 7) ]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢" 7/ AT C ") A

(Va € dom(0")\dom(6,).0'(a) \u T))

This means we need to prove:

(a) Vk <n, W, 3 W.NHy, Hy.(k, Hy, Hy) > W, AV, v,
(Hy, 1) Y (H{ v) A (Ho, v9) U (g, vh) Aj <k =
AW’ 3 We.(k — 4, H{, H}) > W' A ValEg(A, W',k — 7, L, v], v}, (Labeled £ 7)):

This means we are given is some k < n, W, 3 W, Hy, Hy s.t (k, Hy, H) > W,
Also given some /UL Ué)j <kst (Hh Ul) ilj (H1/7 /U{) A (H27 U2) U’f (H2/7 ’Ué)

And we are required to prove:

AW’ 3 We.(k — 4, H{, Hy) > W' A ValEqg(A, W' k — j, L, v], v}, (Labeled ¢ 7))

This means from Definition 4.3 it suffices to prove 3W’' 3 We.(k — j, H{, Hy) > W' A
(W' k—j,v],v5) € [(Labeled ¢7)]¢  (FB-DO)

IH:

(Wes ke (v 41). €’ (v 12)) € [(ref £ 7)1

398



This means from Definition 4.5 we need to prove:

Vi<keylilyone ylal v, =
(We, k — f,op1,v5,) € [(ref £ 7))

Since we know that (Hi, v1) U; (H{,v]) A (Ho,vo) |/ (H}, v3) therefore 3f < j < k s.t
er v 4rly o Aep vy ol vy

This means we have
(We,k — f,op,vh,) € [(ref £ 7)]$F (FB-D1)

In order to prove (FB-D0) we choose W' as W,. Also from cg-deref we know that
H{ = H, and H, = H,. Also we know that v,; = a1 and v;; = ap.
° (k — j, Hl, HQ) > We:
Since we know that (k, Hy, Hy) > W, therefore from Lemma 4.20 we get
(k‘ — j, Hl, HQ) > W,
o (W' k—j,v],v5) € [(Labeled £ 7)]5}:
Since from (FB-D1) we know that (W, k — f, a1, az) € [ref £ 7]}
Therefore from Definition 4.4 we know that (a1, as) € W..3 A We.01(a1) =
We.02(az) = Labeled ¢ 7
And since we know that (k, Hy, Hz) > W, therefore from Definition we know that
(We, k, Hi(a1), Hy(ap)) € [Labeled ¢ 7]}

Also from cg-ref we know that v; = Hy(a1) and v) = Ha(az)
From Lemma 4.16 we get (W', k — j, Hy(a1), Ha(a2)) € [(Labeled ¢ 7)]{}

Vi e {1,2}.(Vk,95 00, H,j.(k, H) > 0 A (H,0) U (H o) A j <k =
30 30,k — j,H') o6 A (0, k — j,v]) € |(Labeled € 7))y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢" 7/ AT C ") A

(Va € dom(6')\dom(6.).0'(a) \ T):

Casel =1
Given some k,0. 3 W.0p, H,j st (k, H) >0 A (H,u) I (H' o) Aj <k

We need to prove

30" 2 0c.(k—j, H')>0' A0k — j,v}) € |(Labeled £ 7)]y A
(Va.H(a) # H'(a) = 30'.0.(a) = Labeled " 7" ANV T ") A
(Va € dom(6')\dom(6.).0'(a) \ ')

Since (W,n,v) € [T']{ therefore from Lemma 4.23 we know that
Vm. (W.01,m,y 1) € [I'|]y and (W.02,m,v |2) € |[T']v

Instantiating m with k we get (W.01,k,v 1) € [T']v

Now we can apply Theorem 4.21 to get
(W.01,k,(e'v11) € |(CT L (Labeled ¢ 7))|p

This means from Definition 4.7 we get
Ve < kle'y Lille v = (W.01,k —c,v) € [(CT L (Labeled ¢ 7))|v

Instantianting ¢ with 0 and from cg-val we know that v = le’y |4

And we have (W.61,k,le'y 1) € |(CT L (Labeled ¢ 7))y
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From Definition 4.6 we have

VK < k,0, 3 W.01,H, J.(K, H)>0, A (Hy,v) U§ (H V)N < K =
30 J30..(K—J,H)-0 N0, K — Jv") € |(Labeled £ 7)|y A
(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7" N T T £") A

(Va € dom(6')\dom(0.).0'(a) \y T)

Instantiating K with k, 6, with 6., Hy with H and J with j we get the desired

Case | =2

Symmetric reasoning as in the [ = 1 case above

21. CG-assign:

Lhe:ref ¢ 7 Ik e, : Labeled ¢ LT
I'ke:=e€.:Cl L unit

To prove: (W, n, (e :=e,) (v 1), (e :=er) (7 42)) € [C £ L unit o4

This means from Definition 4.5 we need to prove:

Vi <n.(e:=-e) vl vii A (e =€) v 12l U}1 —

(W,n—id,vp1,0) € [CLL unit];;

This means that given some i < n s.t (e, :=e;) v L1l vir A (e ;=€) v 12l U}/cl
From cg-val we know that vp1 = (e; :=e,)y J1, vp2 = (e :=€,)y o and i = 0
We are required to prove

(W,n, (e == e,)y 1, (e := er)y l2) € [C £ £ unit]i}

Let e;1 = (e;: —e;) v 41 and ea = (e;: —e;) v 2

From Definition 4.4 it suffices to prove

(Vk <n, W, 3 WNH, H.(k, Hy, Hy) > Wo AVol, vl

(Hla Ul) lij (H1/> ’U{) N (H27 ’Ug) uf (H2/a Ué) Nj<k =

AW 3 We.(k — 4, H, HY) > W' A ValBg(A, W',k — j, L, vl v, unit)) A

Vi e {1,2}.(\#;,9@ 00, H,j.(k H) >0 A (H,o) U (H o) Aj <k =

30" 3 0c.(k—j,H)v 0 A (0, k—j,v/) € |unit]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" AL T V') A

(Va € dom(8")\dom(8e).0'(a) \u @))

This means we need to prove:

(a) Vk <n, We 3 W.VHl,HQ.(k‘,Hl,HQ) > W, /\V’U{,’Ué.
(i, o) b (H{,0f) A (Ha, 00) U (Hp,03) Aj < b =
AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W', k — j, L, v], v}, unit):

This means we are given some k < n, W, J W, Hy, Hy s.t (k, Hy, Hy) > W,
And finally given some vy, v, j < k s.t (Hy, v1) l}; (H{,v}) A (Ha,vo) \/ (Hy, v5)

And we are required to prove:

400



AW’ 3 We(k — j, H{, H)) > W' A ValEg(A, W', k — j, L, v, v}, unit)
(FB-A0)

ITH1:

(We, ke (v11), e (7 12)) € [ref £/ 714

This means from Definition 4.5 we need to prove:

Vi<keylilyone ylal v, =

(We, k — f,vop1,v7,) € [ref £/ ﬂ“é

Since we know that (Hy, v1) ll; (H{,v}) A (Hy, vo) I (Hj, v}) therefore If < j < k s.t
er v Lpdbj op Aep oy L2l of

This means we have

(We, k — f,op1, 1) € [ref € 715 (FB-A1)

IH2:
(Wesk = frer (v d1),er (v 12)) € [Labeled ¢/ 714

This means from Definition 4.5 we need to prove:

Vs <k—fe vlillsumane vlal 'U},LQ g
(We, k — f — s, vpa, v),,) € [Labeled ¢ 711}

Since we know that (Hi, v;) lL; (H{,v]) A (Ha,ve) || (Hj, vb) therefore Is < j — f <
k—fste vlils vna Aer v l2l U}ILQ

This means we have

(We,k — f — 5, up,v1) € [Labeled ¢ 7]7  (FB-A2)

In order to prove (FB-A0) we choose W’ as W,. Also from cg-assign we know that
H{ = Hi[vp1 — vp2] and Hy = Ha[vj, — vj,),and j = f+s+1
We need to prove the following:
i (k- j, Hl, H) > W,:
Say vp1 = a1 and vy, = ap

From Definition 4.9 it suffices to prove:

dom(We.01) C dom(H{) A dom(We.02) C dom(Hj) A

(We.B) C (dom(We.61) x dom(We.02)) A

V(al, ag) € (Weﬂ).(We.Hl(al) = We.eg(ag) A

(Wer ( = ) — 1, H](ar), Hy(a2) € [ W (a1)]) A

Vi € {1,2}.VmNa; € dom(We.0;).(We.b;,m, Hi(a;)) € | We.0;(a;)]v

This means we need to prove

o dom(W,.01) C dom(H])Adom(We.05) C dom(HY)A(W,.3) C (dom(W,.01)x

dom(We.02)):
Since dom(H,) = dom(H{) and dom(Hs) = dom(H3), and also we know that
(k, Hy, Hy)> W,. Therefore we obtain the desired direclty from Definition 4.9
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o V(a,ab) € (We.B).(We.b1(a]) = We.
(We, ko —j — 1, H{(a)), Hy(a3)) € [We.01(a1)177):
V(al, ab) € (We.5).
A. When af = a; and aj = ay:
From (FB-A1) and from Definition 4.4 we get
(Weﬂl(al) = We.eg(ag) = (Labeled A T)
Since from (FB-A2) we know that (W, k— f —s, vpa, v),,) € [Labeled ¢ 7]{}
And since from cg-assign we know that H{(a1) = vne, Hj(a2) = vj, and
j = f+ s+ 1 threfore from Lemma 4.16 we get
(We, k= j = 1, Hi (@), Hy(a2)) € [We.O1(a1) 15}
B. When a] = a; and a} # ap: This case cannot arise

Q

When af # a; and a5 = ap: This case cannot arise
D. When af # a1 and ay # ag:
Since (k, Hy, Hy) > W, therefore the desired is obtained directly from Defi-
nition 4.9
o Vi€ {1,2}.YmNa] € dom(We.0;).(We.0;,m, Hi(a))) € | We.0;(al)]v:
When i =1
Given some m
Va; € dom(We.0).
— when o] = az:
From (FB-A1) and from Definition 4.4 we get
(We.01(a1) = We.02(az) = (Labeled ¢’ 7)

Since from (FB-A2) we know that (W, k— f —s, vpa, v),,) € [Labeled ¢ 7]{}
Therefore from Lemma 4.14 get the desired

— Otherwise:
Since (k, Hi, Ha) > W, therefore the desired is obtained directly from Defi-
nition 4.9

When ¢ =2

Similar reasoning as with ¢ = 1

ii. ValEq(A, We,k — 3, L, (), (), unit):
Holds directly from Definition 4.3 and Definition 4.4

(b) Vi € {1,2}.(\%,96 00, H,j.(k H) >0 A (Hyo) U (H o) Aj < b —
30" 3 0.(k— 7, H)>0 A0,k — j,v/) € |unit]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ AL T V') A
(Va € dom(6')\dom(6.).0'(a) \ ¢):

Casel=1
Given some k,0, J W.0;,H,j st (k,H)>0. N (H,v) ll;-v (H',v))Nj <k

We need to prove

30" 3 0..(k—j,H )0 A0 k— j,v)) € [(unit) ]y A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled " 7" AL T V") A
(Va € dom(6")\dom(6e).0'(a) \ {)

Since (W,n,v) € [T']{ therefore from Lemma 4.23 we know that
vm. (Wﬂl, m,y ~L1) S \_FJV and (W.Hg,m,'y J,Q) € I_FJV
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Instantiating m with k we get (W.01,k,v 1) € [T']y

Now we can apply Theorem 4.21 to get

(W.01,k,((e; :==er)y 1) € [(CL L (unit))|g

This means from Definition 4.7 we get

Ve < k(e :=e )y lille v = (W.01,k—c,v) € [(CL L (unit))]y
Instantiating ¢ with 0 and from cg-val we know that v = (¢; := e,)y |1

And we have (W.01,k, (e; :==e,)y 1) € [(C £ £ (unit)) |y

From Definition 4.6 we have

VK < k,0, 3 W.0y, Hy, J.(K, H)) >0, A (Hi,0) I (H W) AT < K =
39 260.(K — J,H) >0 A0, K — J,0') € |(Labeled £ 7)]y A
(Va.Hy(a) # H'(a) = 30'.0.(a) = Labeled ¢ 7" N T 0") A

(Va € dom(6')\dom(6.).0'(a) \ )

Instantiating K with k, 6, with 0., Hy with H and J with j we get the desired

Case [ =2
Symmetric reasoning as in the [ = 1 case above

]
Lemma 4.25. VA, W, W, 0,0 vy, v2, 7,4, 7.
ValEq(A, W L0, v, 00, 7) Nj <IiANLEUAWE W =
ValEg(A, W' 0., vy, ve,T)
Proof. Given that ValEq(A, W, {,i,v1, v2, 7). From Definition 4.3 two cases arise
1. /C A:
In this case we know that (W, i, v, ») € [7]{
2 cases arise
(a) ' C A:
Since (W,i,v1,v2) € [T]{ therefore from Lemma 4.16 we know that (W', j, v1, %) €
(713
And thus from Definition 4.3 we know that ValEq(A, W' ¢, j, v1, v2,T)
(b) ¢ IZ A:

Since (W,i,v1, v2) € [7]{ therefore from Lemma 4.14 we know that Vi € {1,2}. ¥m.
(W.b;,m,v) € |T]v

And from Lemma 4.15 we know that Vi € {1,2}. Vm. (W'.0;,m,v;) € |7]v

Hence from Definition 4.3 we know that ValEq(A, W', V', j, v1, v, T)

2. L A:
Givenis (C V' IZ A
In this case we know that Vi € {1,2}. Ym. (W.0;,m,v;) € |T]v
And from Lemma 4.15 we know that Vi € {1,2}. Vm. (W'.0;,m,v;) € |7|v
Hence from Definition 4.3 we know that ValEq(A, W', V', j, v1, v2, T)
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Lemma 4.26 (Subtyping binary). The following holds:
VS, W, 0,7, 7.

LU Fr<iTALEY o = [(10)]{ C[(7 o)]5
2. Sk r<iTALEVe = [(to)]aC]| A

Proof. Proof of statement (1)
Proof by induction on the 7 <: 7/

1. CGsub-arrow:

Given:
EI—T{<:T1 £|_7'2<37'é

£|_T1—>T2<ZT{—>T£

To prove: [((11 — 72) 0)1¢t € [((7] = 73) 0)]¢}

IH1: [(r] o)1 € [(11 0)]¢} (Statement 1)
[(r9 o)A C [(14 0)]% (Sub-A0 From Statement 2)

It suffices to prove:
V(W,n,Az.e1,  \z.2) € [((11 = 72) 0)]{. (W,n, Av.e1, Az.€2)

This means that given: (W, n, Az.ei, Ax.ea) € [((11 — ™) 0)]

And it suffices to prove: (W,n, \z.e1, \z.e2) € [((1] = 74) 0)]7

From Definition 4.4 we are given:

VW' 3 W, <n,o,w(W, ju,w)€lnaf =

(W', j,er[vi/z], e2lma/x]) € [12 o15) A

vel g W-917j7 vc-((017j7 ,UC) S L’rl JJV — (9l7j7 61[’[)1/33]) € LTQ O—JE) A

VO, 3 W.ba, 4, v..((0, 7, vc) € |11 o]y = (01,7, e2]v./x]) € |72 0 E) (Sub-A1)

Again from Definition 4.4 we are required to prove:
VW” 3 W,k < n,v), v5.(W" k,vf,v5) € [7] U]{} = (W k,ei[v]/z],ez[v}/x]) €
[ o1%) A

VO, 3 W.01,k,v..((0),k,v) € |m] oy = (0],k,ei[v./x]) € |15 7]
VO, 3 W .02, k,v..((6),k,v) € T oly = (0], k,ea[v)/x]) € |15 0|E)

This means need to prove:

(a) YW %l W,k < n, v, v.((W" ko), v}) € [1] olf = (W" k,e1[v]/z],e2]vd/7]) €
(73 01%) :
Given: W” 3 W, k < n and v}, v5. We are also given (W”, k, v, v) € [1] o]{}

To prove: (W”, k,e1[v]/x], ea[vy/x]) € [ |5

Instantiating the first conjunct of Sub-A1l with W”, k, v{ and v} we get
(W" k,of,05) € [ 0|F = (W", k,ex[v/a], ealvp/a]) € [12 0]5) (101)
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Since (W",k,v],v) € [1] o5+ therefore from TH1 we know that (W”" k,v],v}) €

Rl

Thus from Equation 101 we get (W”, k, e1[v] /z], ea[vs/z]) € [12 o5

Finally using (Sub-A0) we get (W, k, e1[v]/x], ea[vy/x]) € [15 o4
(b) VO, 3 W.01,k,v..((8),k,v)) € |7 o]y = (0], k,e1[v)/z]) € |1y 0B

Given: ¢, 3 W.01,k, v.. We are also given (6, k,v)) € |7{ o]v

To prove: (0], k,ei[v./z]) € |75 0]E

E

Since we are given (6}, k,v,) € | 7] o]y and since 7{ <: 7| therefore from Lemma 4.22
we get

(9;,]{7, ’Ué) S {7'1 UJV (102)

Instantiating the second conjunct of Sub-Al with 6], k, v] and vj we get

(0, k,v2) € |11 o)y = (), e1[v./7]) € |72 0] R) (103)
Therefore from Equation 102 and 103 we get (6}, k,e1[v./z]) € |72 0]k
Since 1o <: 74 therefore from Lemma 4.22 we get
(07, k,exve/x]) € |15 0E
(c) 8} 2 W, by (8 by 0f) € L7 o)y — (O, ks ealutfa]) € 7 o))
Similar reasoning as in the previous case
2. CGsub-prod:

Given:
LEr <7 LE 1<)

LT XTo<:T] XTh

To prove: [((11 x 72) o)1 C [((7] x 1) o)]{

—~

7 c
IH2: [(m9 0)]{ C Statement (1
It suffices to prove: V(W ,n, (v, v2), (v, v
[((r1 x 5) 015}

This means that given: (W, n, (v, v2), (v],v3)) € [((11 x 72) 0)]{

Bl
2
3 <e<»

)
IH1: [(7 0)] Statement (1))
)
5) € [((11 % 72) )15 (W, n, (v1, v2), (0], v3)) €

Therefore from Definition 4.4 we are given:

(W,n,v1,v) € [11 o1t A (W, n, 0, 03) € [12 07 (104)
And it suffices to prove: (W, n, (vi, w), (v], v5)) € [((1] x 75) o)]5}

Again from Definition 4.4, it suffices to prove:
(W,n,v1,v]) € [1] ol A (W, n, 02, v)) € [7h o]

Since from Equation 104 we know that (W,n,v,v]) € [ o5 therefore from TH1 we
have (W,n, vy, v]) € [} o5}

Similarly since (W,n,v2,v5) € [12 (ﬂ“é from Equation 104 therefore from IH2 we have
(W,?’L, V2, ’Ué) € [Té O:IJ\‘}
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3. CGsub-sum:

Given: /
LET <7 LET<im

LET+T <IT{+T£

C [((r +73) 0)1¢

To prove: [((m

+1) 0)]¢

IHL: [(r1 o)) C [(7] 0)]5 (Statement (1))
IH2: [(m9 0)]{ C [(7 0)]{* (Statement (1))

It suffices to prove: V(W ,n, vs1, vs2) € [((11 + 72) Uﬂ{}. (W,n, vs1,vs2) € [((7 +75) O’ﬂ“é
i

)
And it suffices to prove: (W, n,vs1,vs2) € [((7] + 75) 0)]{

A
\%4
A
\%

This means that given: (W, n, vs1,vs2) € [((11 + 72) 0

2 cases arise

(a) vs1 = inl v and v = inl v;o:

From Definition 4.4 we are given:

(W,n,v1,vi2) € [11 0]} (105)
And we are required to prove that:
(W, n,vi1,v2) € [7] cﬂ{}
From Equation 105 and TH1 we know that
(W,n, Vi1, 'UZ‘Q) c ’—T{ (ﬂ'é
(b) vs = inr v;; and vso = inr vja:
From Definition 4.4 we are given:

(W,n,v1,vi) € [12 0]} (106)
And we are required to prove that:
(W, n, v, vu2) € [15 0%}
From Equation 106 and TH2 we know that
(W,n, Vi1, ’01'2) € [Té O'-l'é

4. CGsub-forall:

Given:
YUk <imy

;U FVar <:Va.m

To prove: [((Va.ri) 0)]¢ C [(Va.m) o]

Vo. [(r1 0)]4 C [(2 0)]4 (Sub-F2, From Statement (2))
It suffices to prove: ¥(W,n, Aer, Aez) € [((Va.m1) o)]¢h
(W,n, Aer, Aea) € [((Va.m2) o)

This means that given: (W,n, Ae1, Aes) € [((Veu.(11)) o)1

Therefore from Definition 4.4 we are given:
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VW' 3 W,n' <n,l € LW n' e, e) € [11[l'/a] a]3) A
\V/el | W'917j7 e ‘C'((elvjv 61) € LTl[gl/aUE) N
Vo, J W.Hg,j,gl € L.((Gl,j, 62) € {7‘1[6///@”]5) (Sub—Fl)

And it suffices to prove: (W,n,Aeq, Aes) € [((Va.rz) o)

Again from Definition 4.4, it suffices to prove:

YW" 3 W, n" <n "€ L((W"n" e e) € [rl"/a] o]p) A
VO, 3 W.01,k, 0" € L.(8],k,e1) € [=[l"/a]|E) A

V&{ - W.HQ, k,é” € L‘((@{, k, 62) S LTQW”/OJHE)

This means we are required to show:

(a) YW" 2 W, n" <n,t' € LUW" 0/ e1,e2) € [[l'/a] o]3):
By instantiating the first conjunct of Sub-F1 with W”  n” and ¢’ we know that the
following holds

(W".n", e1,e2) € [T1[l" /0] o1%)
Therefore from Sub-F2 instantiated at o U {a — ¢}
(W".n",e1,e) € [1[l"/a] o1%)
(b) V@Z J W.6q, k,gﬂ S E((@Z, k, 61) € LTQ[E”/O[UE):
By instantiating the second conjunct of Sub-F1 with 6 and ¢ we know that the
following holds

(6}, kye1) € [[t"/ o] o]p)
Since 11 o U{a — £"} <: 79 0 U{a > "} therefore from Lemma 4.22 we know that
(01, k. el) € |2[t"/a] o|E)

(c) VO, 3 W.0p, k0" € L.(0),k,e2) € |m2[l"/a]]E):

Similar reasoning as in the previous case

5. CGsub-constraint:

Given:
YUk = YUk <iTo

iUk =m<icg=>m
To prove: [((c1 = 71) o)1 C [((ca = ™)) olf

)
[(t1 0)]A C [(12 0)]% (Sub-CO0, From Statement (2))
It suffices to prove: ¥(W,n,vei,ves) € [((cn = 1) 0)]5r. (W, n,ver,ves) € [((c2 =
) o)1}
This means that given: (W,n,ver,ves) € [((c1 = 1) o))
Therefore from Definition 4.4 we are given:
YW D W,n'<nllco = (W, ee)€[rnalpn
VO, 3 W.b,kLE = (0,k,e1) € LTI UJE/\
V@l g W.Gg,k.ﬁ ): cl — (el,k,eg) S LTl O'JE (Sub—Cl)

And it suffices to prove: (W, n,ve1,ves) € [((c2 = 72) 0)]{

Again from Definition 4.4, it suffices to prove:
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YW" I W,n" <nLilco = (W' n" e,e)€ [ma]pA
VO, A W.01,j.L = co = (0),j,e1) € |12 o] A
VO, O W.0a,j.L = co = (0],7.e2) € |2 0)p

This means that we are required to show the following:

(2) VW'D W, n" <nLlEcyo = (W' n" e e) € [molp:
We are given W” 3 W,n" < n also we know that L = cy 0 and co 0 = ¢ o
therefore we also know that £ =c¢; o

Hence by instantiating the first conjunct of Sub-C1 with W’ and n” we know that
the following holds

(W”,n”,el,eQ) € ’VTl U-IJE4
Therefore from (Sub-C0) we get (W"”,n" e1,e2) € [12 o]
(b) V@Z dW.0,k.L ): Ccy — (92,/@61) S LTQ O'JE:

We are given some 9; J W.01,k, also we know that L |=cy 0 and ca 0 = ¢ 0
therefore we also know that £ =c¢; o

Hence by instantiating the second conjunct of Sub-C1 with 6 we know that the
following holds

(927k761) € LTl O-JE'
Since 1 0 <: T2 o therefore from Lemma 4.22 we get
(9;7 k761) € |_7_2 O—JE

(c) VO, 3 W.0,j.L I co = (0,],€2) € |12 0]E:

Similar reasoning as in the previous case

6. CGsub-label:

LT <7 LHeCTY
L F Labeled ¢ 7 <: Labeled ¢/ 7/

To prove: [((Labeled ¢ 7) )¢} C [((Labeled ¢'7") o)]i}
IH: [(r 0)]$ C (7" )17}

It suffices to prove: V(W ,n,Lb(v;),Lb(v2)) € [((Labeled £ 7) 0)1{}. (W,n,Lb(vi),Lb(w)) €
[((Labeled ¢'7") o))

This means we are given (W, n,Lb(v;),Lb(v2)) € [((Labeled £ 7) o))}

From Definition 4.4 it means we have ValEq(A, W, €, n,vi, v2,T 0) (Sub-L0)

and it suffices to prove (W,n,Lb(vi),Lb(w)) € [((Labeled ¢'7") o)]5}

Again from Definition 4.4 it means w need to prove that

ValEq(A, W, 0 ;n,Lb(v1),Lbg(ve), 7 o)

Since we have (Sub-L0) and ¢ C ¢ therefore from Lemma 4.25 we have
VG’ZEQ(A7 W7 6/7 n, Lb(”l)) Lbf(”?)? T U)

2 cases arise:
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(a) ¢ C A:
In this case from Definition 4.3 we know that (W, n, v, ve) € [7 o]{}
From IH we also know that (W,n, vy, ) € [ o]{}
And from Definition 4.4 we get ValEq(A, W, ¢’ ,n,Lb(v1),Lby(we), 7" o)
(b) ¢ Z A:
In this case from Definition 4.3 we know that Vj. (W.01,7,v1) € |7 o]y and (W .02, 7, v12) €
|7 o]y
Since 7 <: 7’ therefore from Lemma 4.22 we get (W .01, 7, v1) € |7/ o|v and (W.0a, 7, 12) €
|7’ o]y

And from Definition 4.4 we get ValEq(A, W, ¢’ ,n,Lb(v1),Lby(we), 7" o)

7. CGsub-CG:

LET<: 7T LT L4, C1
EI—(C&-EOT<:(C€;€'OT'

To prove: [((C¢; €, 7) o)]$ C [((C 4 2, 7') o)]¢
IH: [(m o)1 € [(7' 0)1¢

It suffices to prove: V(W,n,e1,e2) € [((C 4; £y 7) o) (W, n,e1,e2) € [((CE: 0 7') o)]5
This means we are given (W, n,e1,e2) € [((C 4; £, 7) 0)]5}

From Definition 4.4 it means we have

(sz <n, W, 3 W, H, H.(k, H, H) > W, AVol, v, j.

(Hy,ex) V] (H{, v}) A (Hy,e2) W (Hy, wh) Aj <k =

AW' 3 We.(k — 4, H{, Hy)) > W' A ValEg(A, W' k — j, o, v, v}, T U)) A

Vi e {1,2}.(\1%,9@ O W0, H,j.(k, H) > 0. A (H,er) W (H o) Aj <k =

30" 2 0c.(k—j, H) >0 A0k — j,v)) € |7 o)y A

(Va.H(a) # H'(a) = 3¢.0.(a) = Labeled € 7/ 7 4; C ¢) A

(Ya € dom(€')\dom(6e).0'(a) \, zi)) (Sub-CGO)

And we need to prove

(W,n,e1,e) € [((C 4 £, 7") 0)]¢

Again from Definition 4.4 it means we need to prove

<Vk <, W, 2 W, Hy, Hy.(k, Hy, Hy) > Wo AVl 0, J.

(Hy,ex) Y (H{,v() A (Ha,e2) 4 (Hg, v§) A j <k =

IW' 2 Wk — §, H, HY) > W' A ValEq(A, W',k — 0., o], vb, 7' 0)) A

Vi e {1,2}.(\#;,96 0 W0 H,j(ky H) > 0 A (H, o) U (H o) A j <k =
30" 3 6..(k—j,H)> 0" N0 k—j,v) € |7 olv A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" AN £, T ') A

(Va € dom(€')\dom(8e).0'(a) \, zg))

It means we need to prove:
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(a) VE < n, Wo 3 W.YH;, Hy.(k, Hy, Ho) > W AV, 05, j.
(Hy,ex) V] (H{, v) A (Hy,e0) W (Hy, wh) Aj <k =
AW’ 3 We(k — j, H{, H)) > W' A ValEq(A, W' k — j, by , vy, 05, 7" 0):
This means we are given k <n, W, 3 W, Hy, Ha, vy, v, j < k s.t
(k, Hy, Hy) > We, (Hy,ex) U (H{,v{) A (Ho, e2) 4 (Hj,v5)

And we need to prove
AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W', k — j, 0. ,v], v, 7" o)

Instantiating the first conjuct of (Sub-CGO) to get
AW’ 3 We(k — j, H{, H)) > W' A ValEq(A, W'k — j, o, v], vy, T o) (Sub-CG1)

Since from (Sub-CG1) ValEq(A, W' k — j, 4o, v],v5, T 0)
Therefore from Lemma 4.25 we get ValEq(A, W' k — j, 0., v{, v}, T 0)

(b) VI € {1,2}.(\1k,96 30, H,j.(k H) > 0. A (H,er) V] (H' o) Aj < b =
30" 2 0c.(k—j, H) >0 A0k — j.0f) € |7 o]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ' 7" AN €; T ') A
(Va € dom(6')\dom(0.).0'(a) \ ¥; ):
Casel =1
Here we are given k,0, 36, H,j <ks.t (k,H)>0. N (H,e) U; (H',v))

And we need to prove

i 30 J6..(k—4,H)> 0 N0 k—j,v) €T olv:
Instantiating the second conjunct of (Sub-CGO0) with the given k, 0., H, j to get
30’ 3 0..(k—j,H)>0' N0 k—j,v)) € |7 oy
Since 7 <: 7’ therefore from Lemma 4.22 we get (¢/,k — j, v/) € |7/ o|v

ii. (Va.H(a)# H'(a) = 3'.0.(a) = Labeled ¢' 7" N0, T 0'):
Instantiating the second conjunct of (Sub-CGO0) with the given v, k, 6., H, j to
get
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N ¢; T 1)
Since ¢; C ¢; therefore we also get
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N0, T 1)

iii. (Va € dom(0")\dom(6.).0'(a) \ ¢, ):
Instantiating the second conjunct of (Sub-CGO0) with the given v, i, k, 6., H,j to
get
(Va € dom(6')\dom(6.).0'(a) \ ¥; )
Since ¢, C ¢; therefore we also get

(Va € dom(6')\dom(0.).0'(a) \ £} )

Case | =2

Symmetric reasoning as in the previous [ = 1 case

8. CGsub-base:

Trivial

Proof of Statement (2)
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It suffice to prove that
\V/( ana 61,62) € |7(7- Jﬂé (W,TL, 61,62) € |7(7J Uﬂé

This means given (W, n,e1,e2) € [(T 0)]5

From Definition 4.5 it means we have

Vi<n.e §ivAeyl v = (W,n—i,u,wn) € [T a]““} (Sub-E0)

And it suffices to prove (W, n,e1,e2) € [(7' o)A

Again from Definition 4.5 it means we need to prove

Vi<ne inAe b vo = (W,n—i,v,mn)e[r 01(}

This means that given i < ns.t e; {; v1 Aes |} vo we need to prove (W, n—i, v, v) € [7/ cﬂ(}

Instantiating (Sub-E0) with the given i we get (W,n —i, v, %) € [T o]{}

From Statement (1) we get (W,n —1i, vy, ) € [7/ o] O

Theorem 4.27 (NI for CG). Say bool = (unit + unit)
Youi, v, e,n’.
0 vy : Labeled T bool A @ - vy : Labeled T bool A
x : Labeled T boolFe:C L 1 bool A
(0, efor/a]) Uf, (= o) A (@, e[va/a]) 1L (=, v5) =

!
V) = Vg

Proof. Given some
() & vy : Labeled T bool A @t v : Labeled T bool A
x : Labeled T booltke:C L L bool A

(0, elor/a]) UL, (= vf) A (0, elon/a)) UL (=, v)
And we need to prove
v] = v}

From Theorem 4.24 we know that

Vn.(0,n, vi, v2) € [Labeled T bool]%

Similarly from Theorem 4.24 and Definition 4.13 we also get
Vn.(0,n, e[v1 /], e[ve/x]) € [C L L bool]%

From Definition 4.5 we get
Vn.Vi < n.e[v/z] J; vi1 Ae[va/z] | vaa = (B,n — i, v11,102) € [C L L booﬂ%,

Instantiating it with n’ + 1 and then with 0, from CG-val we have v11 = e[v;/x] and ve2 =
efve /7]

Therefore we have

(0,7 + 1, ev1/x],e[v2/2]) € [C L L bool]{

From Definition 4.6 we have
(Vk <n' 1, W, 20, Hy, Hy.(k, Hy, Ho) > W. A

Vi, vy, j.(Hy, e[vr/]) Uj-c (H{,v") A (Hy, e[va/a]) W (Hy, v5) N j <k =
IW' 2 W,.(k — j, B, HY) > W' A ValBg(L, W',k — j, L, o], %,b)) A
Vi e {1,2}.(%,06 0 WOy, H, j.(k, H) b 0c A (H, ) U (H' o) N j <k =
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30" 3 0c.(k—j,H)>0' A (0, k—j,v)) € [b]y A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7/ A L T 0') A
(Va € dom(6")\dom(6,).0'(a) \s L))

Instantiating the first conjunct with n’ 4+ 1,0,0,0. And then with v{, vj, n’ we get
IW' 2 0.(1, H{, H)) > W' A ValEq(L, W' 1, L, v{, v}, bool)

From Definition 4.3 and Definition 4.6 we get v] = v
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5 Translations between FG and CG

5.1 CG to FG translation
5.1.1 Type directed translation from CG to FG

CG types are translated into FG types by the following definition of [-]

[b = b* . [ref € 7] = (ref ([r] + unit)®)*
[ = 7] = (In] 5 [=D)* ref 7] = (ref (Ir] +uni
[[;1 x rz]] = ([[Ti]] X [[Tj])L [C ¢y L2 7] = (unit % ([7] + unit)’2) -
[+ 7] = ([n] + [=])* [e= 7] = (¢ [7])*
[Labeled ¢ 7] = ([7] + unit)* [Va.r] = (Vo (T, [7])*

The translation judgment for expressions is of the form ’E; VT Fpe ec i 7o ~ er ‘
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X:UI'ke:m~ep
oW E Axe i 11 — 7o~ Azep

lambda

XUk ep i 7~ ep XU eg: 7~ epo

E;\I/;Fl—el €y I T ~ €1 €2

app

XUk ep i 7~ e XU eg: 7~ epo

prod
Z;\I/;F [ (61,62) P71 X T~ (€F176F2)
X;Ui'Fe: 7~ ep X;UiT'Fe:T7~ep
fst snd
;U T fst(e) - 71~ fst(er) I' -snd(e) : 72 ~ snd(ep)
XU I'kFe:m ~ep - X:UiI'kFe:m~ep )
;U T Finl(e) : 11 + 12~ inl(er) " ;0T Finr(e) - 7 + 12~ inr(ep) .
S5;UTFe: (11 + 1) ~ ep XU le:mbe :7~epm XUl y:mobey: T~ epg
;U T case(e, x.e1,y.€2) : T ~> case(ep, T.€p1,Y.€F2) case
Y:oUiI'ke:m~ep
- label
;U T F Lby(e) : (Labeled £ 7) ~ inl(ep)
X;W:I'Fe: Labeled £ 7~ ep
unlabel
Y, U:T' F unlabel(e) : C T 47~ Aep
XUk e:Cly by T~ ep
- toLabeled
Y, U; T F toLabeled(e) : C ¢; L (Labeled ¢5 7) ~» A_inl(er ())
XUiT'ke:7~ep .
;Ui Fret(e) : C 4y by 7~ Ainl(ep) e
X;U:I'ke :Cly by~ e YUl z:7hey:Clyly 7 ~ e

S;UHIC 4 DRl A % Uy Chs YUl Ty E;\III—E4Q€’b_d
in

;U T+ bind(e1, z.e2) : C L0 7/~ A_.case(ep1 (), x.ema(), y.inr())

Y;W; T e: Labeled ¢/ 7 ~ ep SOl
S;U:T newe:C/l L (ref £ 7) ~ Ainl(new (er))

ref

XUk e:ref b7~ ep

- deref
Y;U:;I'Hle: C T L (Labeled £ 7) ~» A_.inl(eF)

S:UiT ey :ref £/ 7~ epy Y:U:T F ey : Labeled ¢/ 7~ epy LEHeCY
;0T Fep i=ep: Cl L unit~ Ainl(ep := epo)

assign
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YU Tke: 7 ~ep S UET<iT Yoa; U Fe: 17~ ep

sub FI
XUk e:7~ep ;U I'E Ae - Va.r ~ Aep

U T'Fe:Var ~ep FV(E)GZFE YU, The:7~ep o1
S, UiTkFe (] 7[l/al ~ ep|] S0 T'Fveic=17~vep

YXoUi'Fe:c= 7~ ep E;\IJI—CCE
X;Ui'Feeo: 7~ epe

5.1.2 Type preservation for CG to FG translation

Theorem 5.1 (Type preservation, CG ~ FG). VE; ;T ec, 7.
I'Fec : 7 is a valid typing derivation in CG =
dep.
I'Feg:7~ep A
[T] F1 er : [7] is a valid typing derivation in FG

Proof. Proof by induction on the translation judgment. We show selected cases below.

1. label:
I'tFe:m~e€ep
- label
I' F Lby(e) : (Labeled £ 7) ~~ inl(er)
——— JH
[T v er 7] .
- — FG-inl
[T] 1 inl(er) : ([7] + unit)
- —7 FG-sub
[T] =7 inl(er) : ([7] + unit)
2. unlabel:
I'e:Labeled / 7 ~ ep
unlabel
I'F unlabel(e) :C T €7~ Aep
Main derivation:
[T],: unit 1 ep : (7] +unit)’
,_ o uni er : uni
rer AT FG-lam

[T, - : unit 1 Aep : (unit 5 ([7] + unit)))*

3. toLabeled:

T'kFe:ClylyT~ e

toLabeled
T+ toLabeled(e) : C f; L (Labeled f5 7) — A_inl(er () "

P2:

7 IH, Weakening LEHLTT
[T], - : unit Fr ep : (unit = ([7] + unit)®2)*+

FG-sub
[T], - : unit ¢, ep : (unit 4 ([r] + unit)®)+
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P1:

P2 LHOHULTY L+ it)2 N\, L
[T], - : unit kg, () = unit ! = (I = unit)™ 2

[T], - : unit b4, er() : ([7] + unit)®

FG-app

Main derivation:
P1
[T], - : unit k¢, inl(ex() : (([r] + unit)® + unit)*
[T 1 Ainl(er()) : (unit S (([7] + unit)? + unit) L)+

FG-inl

FG-lam

4. ret:

I'Fe:m~ep
I'Fret(e) : C 4y by 7~ Ainl(ep)

ret

[[F]]a—: unit I_T ef : [[T]] eakening | C

[T], - : unit by, ep : [7]
[T], - : unit ¢, inl(er) : ([7] + unit)*2

FG-sub L LT/

FG-sub, FG-inl

7 FG-lam
[T] F+ Ainl(er) = (unit = ([7] + unit)®2)*
5. bind:
Fl—el:(c&EgTwepl
F,x:T}_62:(Cf€3€4T/W6F2 ngl ngg 62263 €2E€4 £4E€,b'd
T+ bind(er, a.e0) : C £ 7'~ A_case(ep(), z-era(), yinr()) "
P1.1:
7 IH1, Weakening LEHLCT
[T], - : unit 1 ep; : (unit = ([7] 4 unit)®2)*+
7 FG-sub
[T, - : unit Fg epp : (unit = ([7] + unit)®2)*
P1:
LE 1T/
P1.1 - — FG-var LEUL) TG —
IT], - : unit ¢ () : unit LF (7] + unit) N\, L G
-a
[T],-: unit Fo, em() : ([7] + unit)@ PP
P2.1:
7 TH2, Weakening LEIULET
[T, - : unit,z : [7] F1 epo : (unit = ([7'] 4 unit)®)+
FG-sub

[T], - : unit,z : [7] Feg, er ¢ (unit < ([7'] + unit)?)*
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P2:

P2.1 FG-
[T], - unit,z : [7] Feogy O cumit

LE1TY
L+ ([r'] 4 unit) N\, L
IT], - unit,z : [7] Faue, era() = ([7'] 4 unit)

El—(gl_lle_lJ_)Efg

G-app

P3:
FG-var LEL1LTY,

[T], - : unit,y : unit Fg e, () @ unit
[T], - : unit, g : unit Feg, inr() : ([7'] + unit)®

FG-sub, FG-inr

Main derivation:

——— Given

Ll T Ay

P1 P2 P3 — ; Given
LE([7'] + unit)™ N\ £2 o

[T, - : unit b4 case(epy (), z.epz(), y.inr()) : ([7'] + unit)”

FG-case, FG-sub

7 - FG-lam
[T] F Acase(er1(), z.ep2(), y.inr()) : (unit = ([7'] + unit)® )+
6. ref:
't e: Labeled ¢/ 7 ~~ ep LHICY ;
[t newe:C/l L (ref £ 7) ~ Ainl(new (er)) e
P1:
- TH, Weakening LEICT
[T], - : unit -1 ep : ([7] + unit)®
- FG-sub
[T, - : unit F¢ ep : ([7] + unit)*
LEeCl
L+ it)" N\, ¢
R .
L], - : unit ¢ new ep : (ref([7] + unit)”)
Main derivation:
P1
- - — 1 T FG-inl
[T, - : unit ¢ inl(new ep) : ((ref([7] 4 unit)” )~ + unit)
FG-lam

[T] F+ Ainl(new ep) : (unit 4 ((ref([r] + unit)®)* + unit)L)+
7. deref:

T'Fe:ref ¢ 7~ ep

deref
IC'He:CT L (Labeled £ 7) ~ A_inl(er)

P2:
IH

[P]],,Z unit b1 ep : (ref (IIT]] + Unit)E)J_
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P1:

P2 — — Lemma 1.1 —
L ([7] + unit)” <: ([7] + unit) L ([r] +unit)” N\, L
. 7 FG-deref
[T, - : unit brlep « ([7] + unit)
Main derivation:
P1
- - 7 — FG-inl
[T], - : unit =1 inl(ler) : (([7] + unit)® + unit)
= FG-lam
[T] F Ainl(ler) : (unit = (([7] + unit) 4 unit))*
8. assign:
Thep:ref 0/ 7~ ep T es: Labeled ¢/ 7~ epa LT
I'kei:=ey:C¥l L unit~ )\,.inl(epl = €F2) assIgh
P3:
7 IH2, Weakening LELTCT
IT], - : unit b1 epo : ([7] + unit)
7 FG-sub
[T, - : unit b4 epo = ([7] + unit)
P2:
N IH1, Weakening LEICT
[T], - : unit b1 epy @ (ref([7] + unit)™)
T FG-sub
[T], - : unittp epy = (ref([7] + unit)”)
P1:
P E—— GiVen
LELCY
P2 .
LE ([r] +unit)” N\, (¢UL)
- - FG-assign
[T],-: unitty epy := epg : unit
Main derivation:
P1
- - - — FG-inl
[T], - : unit b4 inl(ep; := epa) : (unit + unit)
7 FG-lam
[T] F1 A_inl(epy := era) : (unit = (unit 4 unit)*)*
9. sub:
WooLrTET ST e
——— - — - Lemma 9.
[T] Frer: [7] - LEI <[] FG-sub
-su
[T] b1 er: [7]
10. FI:

¥, 05U [I] Froep: [7] H
;0 [T] Fr Aep : (Yoo (T, [7])*

FG-FI
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11. FE:

S0 O] F1oep : (Voo (T, [7])) H
FV()eX S UFTULCT S0k [r[¢/o]] \ L
S [C] Froep (]2 [7][¢/
W [C] Froep ]2 [7[€/a]]

FG-FE

Lemma 5.5

12. CI:

TH
50,6 [T Frer: [7]

- FG-CI
S0 [T b1 vep : (e = [7])*

13. CE:

— IH YU ke YU ETULCT SOk N\ L
S0 [I] b1 oep : (e = [r])*

FG-CE
S;U[C] Frep o [7]

O

Lemma 5.2 (Subtyping type preservation: CG to FG). For any CG types 7 and 7', ¥, and U,
if LE 7 <:7, then LF 7] <: [7].

Proof. Proof by induction on CG’s subtyping relation
1. CGsub-base:

Lemma 1.1

LE[7] <:[7]
2. CGsub-arrow:

1 H2 LETCT

L+ [[T{]] <: ] H L[] <: [[Té]] !
LE ([n] = [rD)*t <: (7] - [HD*
LFm S m)] <[ 5]

FGsub-arrow

Definition of [-]

3. CGsub-prod:

IH1 TH2
L+ [n] <[] L[] <: [75]
LF([n] x [rD)* <: ([m] x [m])*
LF[(r x7)] <:[(11 x )]

FGsub-arrow

Definition of [-]

4. CGsub-sum:

L+ [n] <[] i LF [r] <[] HHz2
LE([n]+ D" < (0] +InD"
L [(r+7m)] <:[(r +7)]

FGsub-arrow

Definition of [-]
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5. CGsub-labeled:

FGsub-unit

IH1
L+ [r] <[] L F unit <: unit
L ([r1] + unit) <: ([r{] + unit)

Given

FGsub-sum

Labeled ¢; 71 <: Labeled ¢} 7|
6 C
L+ ([n] + unit) <: ([r{] + unit)®
L+ [Labeled ¢; 7] <: [Labeled ¢} ]

By inversion

FGsub-arrow

Definition of [-]

6. CGsub-monad:

P3:
- 1H : — FGsub-unit
LE[n] <[] L I unit <: unit
. 7 - FGsub-sum
L+ ([ri] + unit) <: ([r1] + unit)
P2:
— Given
LEClL, < Cll,m
P3 7 By inversion
LEL,TL,
Y ; — 7 FGsub-label
L ([r1] + unit)™ <: ([rq] + unit)™
P1:
——— Given
P9 LECll,m <:Cll, 1
L unit <: unit LEUCY

7 FGsub-arrow
£+ (unit 5 ([r] + unit)®) <: (unit =5 ([7] + unit)%)

Main derivation:

P1 _
LEHL1LLC L
FGsub-label

L+ (unit B ([r] + unit)®): <: (unit 3 (] + unit)%)*
LE[Cll, ] <:[Cl e 7]

)

Definition of [-]

7. SLIO*sub-forall:
P1:

TH, Weakeni
2,0 F [r] <: [7] e S MU FTCT

Y0 F (Vo (T, [7])) <: (Vo (T, [7]))

FGsub-forall

Main derivation:

P1

Uk LC L
50 F (Vau (T, [[T}]))J‘ <: (Vau (T, [[T,]]))J‘
¥ Uk [Va.r] <: [Va.7’]

FGsub-label
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8. SLIO*sub-constraint:
P1:

S Uhe=r<id =71

> Given

IH
0[] <[] YZZ2WUETLCT U = ¢

By inversion

FGsub-constre

Uk (e N I7]) <: (¢ N k)

Main derivation:

P1
YW 1LE L

Uk (e = [Tt < (¢ = D
YUk [e= 1] < [d = 7]

FGsub-label

Lemma 5.3 (CG ~» FG: Preservation of well-formedness). VX, U, 7.
50T WF = SV F[r] WF

Proof. Proof by induction on the 7 W F relation.

1. CG-wil-base:
—— FG-wff-base
XU EbWF
T FG-wff-label
X, Wb~ WF
2. CG-wil-unit:
- FG-wif-unit
;U Funit WF
3. CG-wif-arrow:

H2

TH1 I
;U [m] WF ;U b [m] WF

- FG-wif-arrow
S5;U F ([n] = [re]) WF
50k ([n] = [r])" WF
4. CG-wft-prod:
IH1 1H2
S0k [n] WFE LUk ] WF
FG-wif-prod
S50 F [(Jrn x [r=]) WF
S0 F () x [=)Dt WF
5. CG-wif-sum:
IH1 TH2
S, Uk [n] WF S, Uk [re] WF
FG-wif-prod
;U F 1] + [r] WEF

%0 E[(In + [eDt WF
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6. CG-wil-ref:

Given

X;Ukref b T WF

By inversion

FV(r)=10
Lemma 5.4
FEV([r]) =0
Given
Y;Uhkrefl T WE By i .
FV (unit) = 0 FV() = 0 y inversion
;¥ - FV +unit)) =0
(Il +u _I )e) FG-wif-ref
;U Fref ([7] + unit)" WF
T FG-wif-label
XUk (ref ([7] + unit)®)~ WFEF
7. CG-wil-forall:
IH
Y, ;U [r] WFE
FG-wit-forall
50 F (Yoo (T, [7])) WF
T CG-wif-label
5,0 F Va(T,[7])” WF
8. CG-wil-constraint:
IH
S, U,ck [r] WF )
T FG-wif-constraint
5,0k (c=[r]) WF
T CG-wif-label
YUk (c= 7))t WF
9. CG-wil-labeled:
IH - FG-wif-unit
S0k [r] WF XUk unit WFE
- FG-wif-sum
;0 F (] + unit) WEF
—7 CG-wit-label
;U ([7] + unit)" WF
10. CG-wff-monad:
P1:
IH - FG-wif-unit
Y, Uk [r] WF ;U unit WF
- FG-wif-sum
;0 F ([r] + unit) WF
Main derivation:
P1
- FG-wff-unit —7 FG-wft-label
YUk unit WF ;U ([r] + unit)® WF
FG-wff-sum

S0 b (unit 5 ([7] + unit)2) WEF

7 CG-wil-label
;W F (unit = ([7] + unit)2)t WF
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Lemma 5.4 (CG ~» FG: Free variable lemma). V7. FV([r]) C FV(r)

Proof. Proof by induciton on the CG types, T

1. 7=bh:

FV([b])

FV(bt)  Definition of [-]
0

FV(b)

2. T = unit:

FV([b])

FV(unitJ‘) Definition of [-]
0

FV (unit)

3. T=T1 = To:
FV([[Tl — TQ]])
V([n] 5 [=])* Definition of [-]
FVE[[ﬁ]]) UFV([r])
(

i

FV(r) UFV (1) IH on 71 and 7
FV T — 7’2)

4. T =T X To:
FV([[Tl XTQ]])

= FV([n] x [=])* Definition of [-]
= FV([n]) VFV([r])

- FV(Tl) U FV(TQ) IH on 7 and m
= FV(Tl X TQ)

5. T =11 + T2
FV([[Tl + 7—2]])
FV([[TI]] + [[Tﬂ]) Definition of [-]
FV([m]) UFV([r])
FV(r) UFV(72) IH on 7 and 7
FV(Tl -+ 7'2)

i

6. T =ref {; 7y

FV([ref ¢; 7i])

FV(ref ([7:] + unit)%)+  Definition of [-]
FV([n]) UFV(4)

FV(r) UFV(4) IH

FV(ref ¢; 7;)

Hn

7. T =Va.1;:
FV([Ve.7i])
FV(Vo.(T,[r]))t  Definition of [-]
FV([7l) - {a})
FV(r
FV(

Han 1

i) —{a}) TH
Va.r;)
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8. T=c= Ty

FV([e = 7))

FV(c N [=])*+ Definition of [-]
FV([e]) UEV([7])

FV([c]) UFV(7;) IH

FV(C = Ti)

i

9. 7 = Labeled ¥¢; 7;:
FV([Labeled ¢; 7;])

= FV([r] + unit)ei Definition of [-]
— FV([[TZ]]) @] FV(&)
C FV(r) UFV(£) H

FV(Labeled ¢; ;)

10. 7 = SLIO #1 45 75:

FV([SLIO ¢; ¢2 7;])

FV(unit 4 ([:] + unit)2)+  Definition of []
FV([[Tl]]) U FV(fl) U FV(KQ)

FV (1) UFV(£1) UFV(43) TH

FV(SLIO ¢, 43 7;)

N

Lemma 5.5 (CG ~» FG: Substitution lemma). V7. s.t =7 WF the following holds:
[r1l¢/a] = [7t/e]]

Proof. Proof by induciton on the CG types, T

1. 7=b:
([bD)[€/a
(bl)[ﬁ /a] Definition of [-]
(b*)
[b]
[(b[¢/a])]
2. T = unit:
([unit])[¢/al
(unitt)[¢/a]  Definition of [-]
(unitt)
[unit]
[(unit[¢/a])]
3. T=1 = T
([r1 = m=])[¢/a]

= ([n] 5 [=]D ¢/ Definition of [-]
([r]ie/a] 5 [r]le/al)*
(Ine/a]] 5 [m]¢/a)])t IHon 7 and 7
[(m1[t/a] = 7a2[é/a])]
[(r1 — m)[¢/a]]
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10.

. T =T1 X T9:

([r1 x m=0)[¢/a]

(Im] x [t [¢/ed
(Im][e/a] x [r][/a])*
(Imle/all x [rle/al])*
[(1[€/a] x w2[t/a])]
[(m1 x m2)[¢/a]]

. T:Tl—l-Tg:

(Ir + )¢/l

([r2] + [m2D) [/
([ra1[e/a] + [ra]le/0])*
([1[£/a]] + [ralt/ed])*
[(r1[¢/a] +m2[t/a])]
[(11 + 72)[¢/ ]

T =ref ;1

([ref £; m])[¢/ ]

(ref ([r;] + unit)%)+
[(ref ; )]
[[(ref fz TZ)[g/OdH]

T = Va.7;:

([Vari]) [/

(Vo (T, [m]))-[€/ )
(Va.(T, [m][£/a)))*
(Vo (T, [mi[¢/a]]))*
(Vau7;[¢/ )

(Vo) 4/

. T=Cc= T

([e = 7D/
(¢ = [n])*[¢/a)

(cle/a] = [m][¢/a])*
ECW = [nle/a]])t
(

clt/a] = 7i[t/a])
c=T1;)[¢/a]

. 7 = Labeled ¢; 7;:

([Labeled ¢; 7;])[¢/ ]
([:] + unit)[¢/a]
([r:][¢/a] + unit)%le/e]
([rsle/a]] + unit)L/e]
[(Labeled ¢;[¢/a] 7;[¢/ ]
[(Labeled ¢; 7)[¢/a]]

T:(:flggﬂ‘:

Definition of [-]

IH on 7 and m

Definition of [-]

IH on 7 and m

(ref ([7:] + unit)%)L[¢/a]  Definition of []

Lemma 5.3
since ™ WF

Definition of [-]

IH

Definition of [-]

H

Definition of [-]

H
)]
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(IC £y L2 m])[£/ 0]

= (unit 4 ([7:] + unit)?2)L[¢/a] Definition of [-]
(unit faltfed ([m:][¢/a] + unit)?2lé/al) L

— (un 1[ (0 ([mle/a]] + unityelé/ely L TH

= (C 51[5/04] L[/ o] Tift/al)

= (C 41 EQ TZ)[E/()(]

5.1.3 Model for CG to FG translation

Definition 5.6 (°0, extends ®61). %61 C %0y £
Va € °601.°01(a) =7 = %b3(a) =T

Definition 5.7 (3, extends ,81) Bl C By 2
(a1, az) € Br.(a1, a3) € B

Definition 5.8 (Unary value relation).

b2 2150, m,%0,%) | *v e [b] Atv € [b] A v =t}
Lunit]? 2 ((%9,m,%0, ) | *v € [unit] At € [unit]}
lnxmly & {0 m, (o), (o, ) | A
(*0,m,v1,'w) € [1)5 A (P0,m, % w, bos) € |2y}
|71 +ng€ 2 {(%0,m,inl *v,inl tv) | (50, m,%v, ') € Lnj@} U
{(*0,m,inr *v,inr tv) | (50, m,%v,tv) € Lnge}
|71 — TQJ‘B/ 2 {(*0,m, Az.es, A\x.ey) | V40 I sﬁ,sw,t:u,j <m,BCB.(50,7,5v,%) € LT1J€,
= (0, j,es[v/a eftv/a]) € (2]}
|Va. Tjﬁ 2 {(50,m, Aeg, Aey) | V50 50,5 <m,l' € L,BT .50, j,es,e)) € |7 [z'/aug}
lc = TJ 2 {(%0,m,ves,vey) | LIEc = V30 3%0,5 < m, 3 C B’.(SG’,j,es,et) €| jﬂ/}
Lref £ 70 2 {(6,m,%a,%a) | *0(*a) = Labeled £ 7 A (*a,a) € B}
LLabeIedETJA 2059, m,%0,) |
I’ ' Sy = Lb(Sv') Atv = inl T/ A (50, m, S0’ T0') € LTJ@}

lI>

1C by by 7)0 (%0, m, %0, 0) | V0, 29, Hy, Hy,i,*' k <m, B C j.

(k, Hyy H) £ (40) A (Hyy20) U] (HLS0) ni < b =
3H,, M (Hy,to() & (H], ') A 30 3%, 8" C B".(k — i, H], H]) >
Fo" " =inl " A (30 k — i, 50", ') € LTJ@H}

'BN 89/

Definition 5.9 (Unary expression relation).

7% 2 {(0,n e e) |
VHs, Hy.(n, Hs,Ht)ése/\Vi <n,%v.es ; ‘v =
SHY, 'v.(Hyyer) b (L, P0) A (0,n — i, 0, %0) € |7)2 A (n— i, Hy, H]) £ 0}
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Definition 5.10 (Unary heap well formedness).

(n, Hy, Hy) 550 £ dom(°0) C dom(Hg)A
B C (dom(50) x dom(H;))A A
V(ar, a2) € B.(%0,n — 1, Hy(ar), Hy(a2)) € [*0(a) |7,

Definition 5.11 (Value substitution). &* : Var — Val, 6* : Var — Val

Definition 5.12 (Unary interpretation of I').

LFJ€ £ {(*0,n,6%,8") | dom(T') C dom(5°) A dom(T) C dom(5%)A

Vz € dom(T).(%0,n, 6%(x), 64 (z)) € LP($)J€}

5.1.4 Soundness proof for CG to FG translation

Lemma 5.13 (Monotonicity). V%0,%¢',n,%v,tv,n’, 8, 5.
(%0, n,%v,v) € LTJ€ NOCTSO ANBT B A/ <n = (0,0, 5v,tv) € LTJ?//

Proof. Proof by induction on 7
1. Case b:
(%0,n,%v,v) € LbJ€ ANSOT S0 ANBC B AR/ <n
To prove:
(50", 0, 5v,) € Lbj’g
Since (%0, n,%v,'v) € Lbj’?f therefore from Definition 5.8 we know that *v € [b] Atv € [b]

Therefore from Definition 5.8 *v € [b] A fv € [b]] we get the desired

2. Case unit:
(%0, n,%v, ') € LunitJ‘B/ AOC 9 ABC B An! <n
To prove:

(50", n',%v,t) € Lunitj@

Since (%0, n,%v,') € Lunitjg therefore from Definition 5.8 we know that v € [unit] Alv €
[unit]

Therefore from Definition 5.8 *v € [unit] A ‘v € [unit] we get the desired
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3. Case 11 X T9:

(*0,m,%v, ') € |1y x TQJ‘é/ NSO C 0 ABC B A’ <n
To prove:

(30, 0/, Sv, ') € |1y x TQJ‘B//

From Definition 5.8 we know that v = (Svy,*vs) and ‘v = (*vy, tw).
We also know that (°6,n,%v,tv) € LﬁJ‘B/ and (°6,n, 5w, ) € LTgJé
IH1: (*0",n/,%v,tn) € Lleéf

TH2: (°0', 1, *w, '0y) € |70

Therefore from Definition 5.8, IH1 and IH2 we get

(50,0’ Sv, ') € |1y x ngg

4. Case 1 + To:

(*0,n,%v,') € |1 + sz€ ANOT 0 ABC B A/ <n

To prove:

3!

(50, n' Sv, ') € |7 + 72J€
From Definition 5.8 two cases arise

(a) *v =inl(*v’) and tv = inl(*v'):
IH: (¢, 0/, "0/, ") € [m1]y,
Therefore from Definition 5.8 and TH we get
(30, n' Sv, ') € |1 + ng€

(b) v =inr(*v’) and tv = inr(*v’):

Symmetric reasosning as in the previous case
5. Case 11 — To:

Given:

(%0,n,%v,') € |11 — TQJ€ ASOC 50 ABC B An/ <n
To prove:

(0., %v,'v) € |1 — TQJ‘B/

From Definition 5.8 we know that

\V/SG/,A; Seasvlvtvl)j < nuB E B,'(Sguvjvsvlvtvl) S LTIJ\B/ - (50//’]" es[svl/x],et[tvl/az]) S
[22lp (AD)
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Similarly from Definition 5.8 we are required to prove

\V/SQ/IA; 89/’8,02’751)27]' < nlaﬁl E B”'(Selhj?Santh) € LTlJ\‘é' — (S iaja 63[8v2/$]76t[tv2/x]) S
7%

This means we are given some %0} 3 5¢', Sy, tug, j < 0/, 3’ T " s.t (07,7, 502, ') € LT1J€

and we are required to prove
(63, 4. es[P oo/l exlva/x)) € o)

Instantiating (A0) with 56/, 5wy, tvy, j, 3" since ¢} 350’ 350, j <n' <nand S C 3 C 3"
therefore we get

(50}, es[*va/a], e[t /]) € 2]y
. Case Ya.t:

Given:

(*0,n,%v, ') € I_V(X.TJ€ ANOC S0 ANBC B An! <n

To prove:

(0,0, %0, M) € Wom-j?/,

From Definition 5.8 we know that v = Ae/, and v = Ae}. And
W0 3%0,j <n,l' € L, BT B.(50" ], el €}) € |71/l (FO)
Similarly from Definition 5.8 we are required to prove

WO 350G < w0 € L, B C BILCO g e e)) € [0/

This means we are given some 507 3°¢',j < n/, 0" € L,3' C 3!

and we are required to prove
. B//
(°01,j, €5, €p) € [T/ a]]

Instantiating (FO0) with 67, j, Bi’ since *07 J ®0’ 1 °0, j < n’ < n and BCp C Bi’
therefore we get

(07, el) € Lrle' ol

. Case c=T:

(*0,n,%v,') € |c = Tj€ AOCT0 ABC B A/ <n

To prove:

(50,0’ Sv, ') € |c = TJ?;

From Definition 5.8 we know that v = v (€/) and ‘v = v (e}). And

LlEc = 0" 3%,j <n, B TR0 4 ¢ é)elr]s  (Co)
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Similarly from Definition 5.8 we are required to prove

Lisc = v0] 3% j<n',p CB.CO G e er) € 7]y

This means we are given some L |= ¢, %67 J %0’ j < n/, B C ﬁi’

and we are required to prove
sl ;5 ! / Bi,
( lv]vewet)e I_TJE

Since £ | ¢ and instantiating (C0) with 593’,]’,31’ since *07 10" 30, j < n’ < n and
B C B C B therefore we get

(0, jelue) € L)

. Case ref £ 1

(*0,n, %0, ') € [ref £ 7|0 NSO T30 ABC B An/ <n

To prove:

(50,0’ $v,t) € |ref ¢ Tje/

From Definition 5.8 we know that v =% a and ‘v =! a. We also know that
0(*a) = Labeled £ 7 A (*a,%a) €

From Definition 5.8, Definition 5.6 and Definition 5.7 we get
(50,0’ Sv, ') € |ref ¢ Tj'f/,

. Case Labeled ¢ 7:

Given:

(50,n,%v,'v) € |Labeled ¢ Tj NSO C 0 ABC B An/ <n
To prove:

(%6, n’,v,'v) € |Labeled ¢ 7|7

From Definition 5.8 it means

I8/ P Su = Lbp(50') Atv = inl ' A (50, n, 50", T') € LTJ‘B/

.(50/ /s/t/)ELTJ
Similarly from Definition 5.8 we need to prove that

E|s " t,U// s?) _ ng(s //) /\ v = |n| t // ( 0/ / s // tvll) c LTJ

<

We choose %v” as v’ and v as't

v’ and since from IH we know that (5¢’,n’,%v’, ') € LTJ€
Therefore from Definition 5.8 we get

S S /é,
(°¢',n',5v,'v) € |Labeled ¢ 7]y,
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10. Case C 41 4y T:
Given:
(°6,n,5v, U)EL(C&@TJ NOCS9 ANBCT B Al <n
To prove:
(0,0’ 50, ') € |C by by 7))

This means from Definition 5.8 we know that

\v/se :lse HS7Hta.aS ,t v’ k<7’L ,8[51

(k, H, H) 2 (*6,) A (Hy, *v) W (HL VYN <k =

3’ (Hy, () | (HY, ') AF0 3 50,, 31 C Bo.(k — i, H., H, ) > 50’ A

Jty” ty! = inl to” A (sgl’tel’ k— i,svl,tUII) c LTJ‘B/2

(Va.Hs(a) # Hl(a) = 30'.50.(a) = Labeled ¢/ 7/ AN ¢1 T 0') A

(Va € dom(°6")/dom(°6.).50'(a) \ £1) (CGO)

Similarly from Definition 5.8 we need to prove

Vse/e - 5(9/7 Hafv Ht/,’i,,s’l)",t’l)”, k' < n/’B/ C Bi

(W L) S (00 A (HE o) $E (0" A (L 00) & () AT < K =
Htv”.(Ht/,tv()) U (Ht//,tv//) A 359" 3 39/”31 C /@é ( — H// H//) 239//

Htvﬂ.t " —inl t”l}”/\ (50/ K — s,U/ t //) LTJ

(Va.Hs(a) # Hl(a) = 3. 59 (a) = Labeled E’ TN TN

(Va € dom(°0")/dom(%6.).°0' (a) \, £1)

This means we are given some *0, 3 ¢’ H!, H! i’ 5v" k' < n/,3' C B, st (k', H., H}) >
(*0) A (HL,50) U] (H! so") N < k!

And we need to prove

. . B
S0 (B, () (B ) A0 D00 B C Bk — 7 YL B 00
Fho" by" =inl Lo A (50" K — i, 50" 0" € |_7'J52

(Va.H,(a) # H!(a) = 30 89 ( ) = Labeled ¢ = A ¢y C £) A
(Va € dom(°6")/dom(°6,).50' (a) \( £1)

Instantiating (CGO) with 50, 3 50/, H., H/,i',5v" %" k' < n/, 3/ C B} we get the desired
]
Lemma 5.14 (Unary monotonicity for I'). V0,0",6,T",n,n/, B, 3.
(0,n,6°6) € [T An/ <n A0 ANBCH = (0,0/,6°6') € T
Proof. Given: (6,n,06%,0%) € LFJ An <nASOCS9 ANBC S
To prove: (6/,n',§%,6') € |T J"é;

From Definition 5.12 it is given that A
dom(T) C dom(5%) A dom(T) C dom(8') AVz € dom(T).(50,n,6%(x), 64 (z)) € LF(;U)J@
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And again from Definition 5.12 we are required to prove that

dom(T') C dom(6°) A dom(T') C dom(8") AVa € dom(T).(°¢',n’,6°(x), 6*(x)) € |I'(x)]y,

o dom(T) C dom(5%) A dom(T) C dom(d?):

Given

o Vz € dom(D).(50', 1/, 6%(x), 6 (z)) € |D(x) |5
(x

Bl

Since we know that Vz € dom(T).(°0,n, 6%(x), 6'(z)) € LF(:):)J@ (given)

Therefore from Lemma 5.13 we get

Yz € dom(T).(3¢',n’, 6%(z), 6'(x)) € LF(w)Jé'

Lemma 5.15 (Unary monotonicity for H). V50, H,, H;,n,n’, 3, 3.

(n,Hy, H)B 50 Anl <n — (/) Hy, Hy) & *0
Proof. Given: (n, Hs, Hy) g SO AN <n
To prove: (n', Hs, Hy) Bl> 50

From Definition 5.10 it is given that

dom(50) C dom(Hg) A B C (dom(56) x dom(Hy;)) AV(ar, ap) € B.(50,n —

1°0(a) ]y,

And again from Definition 5.10 we are required to prove that

dom(50) C dom(Hg) A B C (dom(30) x dom(H;)) AV (a1, az) € B.(50,n —

*60(a) 5,
e dom(®0) C dom(Hg):
Given
e 3C (dom(®0) x dom(Hy)):
Given

° V<a17 GQ) S B'(807nl - 17 Hs(a1)7 Ht(a2>) € \‘Se(a)J\B/

1, Hs(al), Ht(ag)) €

1, Hs(al), Ht(ag)) €

Since we know that V(ar, a) € B.(*0,n — 1, Hy(ar), Hi(a2)) € |*0(a)|? (given)

Therefore from Lemma 5.13 we get

V(ar, a3) € B.(50,n' — 1, Hy(ay), Hy(ap)) € [*0(a)]?

Theorem 5.16 (Fundamental theorem). VI, 7, e, 6%, 6%, 0,0, n.
YoUiTkes:7~ep A
LETYoA
(*0,n,8%, ") € |T o,
- .
(%0, m,es 6%, e 0) € | T O‘J%
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Proof. Proof by induction on the ~- relation

1. CF-var:

CF-var
YU l'e:thx:7~2x

Also given is: (56,n,0%,8") € [T U {z — 7'”6

To prove: (50,n,x 6%,z &) € |7 UJ%

From Definition 5.9 it suffices to prove that

VH,, Hy.(n, Hy, Hy) B %0 AYi < n, 50z 6° Ui S0 —>
3], bv.(Hy,z 8) U (HY, ") A (50,1 — i,°0,0) € |7 o) A (n — i, Hy, H) £50

S

This means given some Hg, H; s.t (n, Hy, Hy) @SQ. Also given some i < n,*v s.t x 6° {; *v

From cg-val we know that i = 0, *v = x §°.

And we are required to prove

3], 'v.(Hyx 8%) U (HY, ") A (01,50, %) € |7 o)P A (n, Hy, H) B0 (F-V0)

From fg-val we know that ‘v = z §' and H/ = H;. So we are left with proving

(50,n,x 6%,z &) € |1 O'J"B/ A (n, H, Ht)ésﬁ
Since we are given (56,n,6%,6") € [T U{z +— T O‘}J‘B/, therefore from Definition 5.12 we get

0,n,x 6%,z ) €|t o é. And we have (n, Hy, H; ESQ in the context. So we are done.
14

2. CF-lam:

XUz :mFes:mo~ ey
lam

XU Axees : T — To ~ Ax.ep
Also given is: (56,n,0%,0%) € LFJ€
To prove: (30,n, (Az.es) 6%, (A\z.e;) &) € | (11 — T2) O'J'%
From Definition 5.9 it suffices to prove

VH,, Hy.(n, Hy, Hy) B %0 AYi < n,%0.(Az.es) 6° Ui Sv —>
JH], 'v.(Hy, (Ax.e) 6Y) 4 (H.,'0)(50,n — i,%v, ') € [ (11 — T2) O‘J€ A (n—1i, Hs, H)) @‘30

This means that given some Hs, H; s.t (n, Hs, Hy) @ 50 and given some i < n,%v s.t
(Az.es) 0° ; v

From cg-val and fg-val we know that $v = (Az.es) 6%, ‘v = (Az.e;) 6, H/ = Hy and i = 0

It suffices to prove that
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(597 n, ()\IE.GS) 687 ()“/L"et) 5t) € L(Tl — 7—2) O-J?/ A (na HS? Ht) gse

We know (n, Hy, Hy) @‘90 from the context. So, we are only left to prove

(40,n, (\z.e5) 6%, (Atey) 01) € (11 — ) o]

From Definition 5.8 it suffices to prove

V50" 3°0,%v, v, < n, BT B.(0,4,%v, ") € |11 o]y
— (50, j,es[*v/a], edtv/a]) € |72 0|5

This means that we are given %0’ 3 %0,%v,%v,j < n, 5 C ' s.t (°¢',7,5v,%0) € |1 ajlél

And we need to prove

(0, j,es[*v/x] 6%, erftv/z] %) € |2 o) (F-L0)

Since (%60,n,6%,6%) € |T J@ therefore from Lemma 5.14 we also have
(6, 5,5% 6 € [T

IH:

(%0, j,es °U{x — Su }ee U{z =t }) € [ ajg s.t

(50', 7,501, 'v) € |1 JJ‘B/I

We get (F-L0) directly from IH

. CF-app:

ST esy i (11— T2) ~ e YU Feg: T~ e

. . . app
Y;UiT - es1 es2 1 T2~ €1 €2

Also given is: (°0,n,d%,6") € LFJ€

To prove: (50,n, (es1 es2) 8%, (en e) &%) € |12 ajg

This means from Definition 5.9 it suffices to prove

VH,, H;.(n, Hs, Hy) ESH AV < n,®v.(es1 es2) 0° i Sv = )

SH!, to.(Hy, (en en) 8°) b (H{, o) A (*0,n — 0,50, ') € |7y o) A (n — i, Hy, H]) 0

This further means that given some Hs, Hy s.t (n, Hs, Hy) 559 and given some ¢ < n,°v s.t
(es1 es2) 6% i *v

And we need to prove

JH], 'v.(Hy, (er1 er2) 6°) U (H.,'v) A (50,n —i,%v,%0) € |1 O’J‘B/ A (n — i, Hg, H) @ 50
(F-A0)

IH1:
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(*6,n,e51 6%, 611 0') € |(11 — 1) 0|7

This means from Definition 5.9 we have
VHs, Hﬂ.(n, Hg, Hﬂ) é SO N Vj < n,%v.eq 0% ‘Uj S =
aHtlh tvl-(Hta €t1 (St) U (I_Itlla tvl) A (5‘9’ n _j7 Svla tvl) € \_(7_1 — 7—2) UJ€ A (n _j7 Hsb Htll) 580

Instantiating with Hg, H; and since we know that (es1 es2) 0° {; *v therefore 35 < i < n
s.t eg1 0° U]’ Sv1.

And we have

. 3 . B
JH!,, b (Hy, en 64) U (HYy Po) A(B0,m— 4,501, toy) € (11— 7o) aJ@/\(n—], Hg, HY))>*0
(F-A1)

IH2:

(50, — j,es0 6%, ¢4 6') € |71 O'J%

This means from Definition 5.9 it suffices to prove
VHso, Htg.(n, Hyo, Htg) @ SONAVE <n— 7, %v.es9 i S =

. 5 . B
JHy, 'va.(Hyas e12) b (Hfy, 'o) A(S0,m— 5 —k, 5o, 'n) € |1 O‘J‘ﬂ/ A(n—j—k, Hy, Hf,) >0,

Instantiating with Hy, H/; and since we know that (es1 es2) 0% {}; v therefore Ik < i—j <
n—js.tes 0° g Swo.

And we have

EIHt/27tU2.(Ht2, 6,52) [} (Ht/Q,t'UQ) A (SG, n—j— k,svg,t’ljg> € LTI UJB‘; A\ (n —j— k, Hy, Ht/2) gse
(F-A2)

Since from (F-A1) we know that (50,n — j,%v;,'v1) € [(11 — T2) O'J"B; where

Sv; = Az.e, and tv = Az.€}

From Definition 5.8 we have

Vo0L 3560, 5v,'v,l < n — 4, B35 O B.(Sﬁg, S, te) € [m O‘J'@g
— (*03.1,€}[*v/a], ej['v/2]) € |2 o)

Instantiating with %6, %vy, tvg, n — j — k, B we get
(*0,n — j — ke[ va/a], ef[' /) € |2 o)
From Definition 5.9 we have

VH84, Ht4.(n - j - k:, H54, Ht4) gse AVE <n— j - k:, SU4.6,S[SUQ/$] Uk’ S’U4 A:>
3I{tI47t’U4-(I{1E47 62[%@/1’]) ‘U’ (Ht/47tv4) A (597n - ] —k— k/a SU47tU4) € \_7_2 O-Je A

(n—j—k— K, Hy, Hl,) b0
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Instantiating with Hg, H,, from (F-A2) we know that (n—j—k, Hs, Ht’Q)gse. Instantiating
Svy wiht *v and since we know that (es1 es2) 0% {; *v therefore I’ <i—j—k<n—j—k
s.t e,[fvo/x] 6% | *v. therefore we have

SH],., bo(Hya, e[ en/2]) b (B, o) A (0, — j — b — K50, by) € |7 0| A(n— 5 — k —
K, Ha, Hl)B%0  (F-A3)

Since from cg-app we know that i = j + k + k' and H/ = H/,, ‘v = 'v; therefore we get
(F-A0) from (F-A3) and Lemma 5.13 and Lemma 5.15

. CF-prod:

LU Fes i~ epn ;Ui Feg: T~ e
S;UTF (es1,es2) @ (11 X T2) ~> (e, €r2)

prod

Also given is: (°0,n,6%,6%) € |T UJ‘B/
To prove: (36,n, (es1,es2) 0%, (e41,€12) 0) € | (11 X T2) UJ%

From Definition 5.9 it suffices to prove

VHs, Hy, B.(n, Hs, Hy) 550 AV < n,%v.(es1,e52) 0° §; v =
JH] tv.(Hy, (e41, e2) 0Y) b (H/,20) A (30, m — i, %0, tv) € (11 X T2) UJ€ A (n —1i, H, Ht’)gsﬂ
This means that we are given some H, Ht,B s.t (n, Hs, Hy) @ %0 and given some i < n s.t

(es1,€s2) 0° i *v

And we need to prove

JH],'v.(Hy, (er1, er2) 1) I (H,'o) A (0, n—i,%v,'v) € [ (11 X T2) UJ‘B//\(’I’L—i, HS,Ht’)g sg!
(F-P0)

TH1:
(*0,n,es1 0%, ey 0Y) € |1y 0|7
From Definition 5.9 we have

VHg, Htl.(n, Hgq, Htl) @ SO A Vi < n.eg o° Ui vy =
} 3 ) B
JH/,, bor.(Hy, e 0Y) 4 (HY, ton) A(0,n— 4,501, toy) € (11 X T2) UJ@-/\(H—], Hgq, H,)>%0

Instantiating with Hg, H; and since we know that (es1,es2) 0° i (Pv1,®v2) therefore 35 <
i< nstes 0° ;v

Therefore we have

JH,,,'v.(Ha,en 6Y) 4 (Hfy o) A (S0,n — 4,50, M) € |1 UJ€ A (n —j, Hs, H],) @ 50
(F-P1)

TH2:
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(Sevn - j) €52 58) €t2 6t) € LTQ UJ%
From Definition 5.9 we have
VHs, HtQ.(n, Hyo, HtQ) é SOAVE <n—jes 6° g S1n =

aHtIQ,t’UQ.(HtQ,CtQ 5t) (3 (HtIQ,tUQ)/\(Se,n—j—k,SUQ,tUQ) € \_’7’2 UJ@/\(n—j—k‘, Hyo, H{Q)g

0

Instantiating with Hs, Ht’l,Bi and since we know that (es1,es2) 0° §; (Sv1,%v2) therefore
dk<i—j<n—jstesnd® g .

Therefore we have

HHtIQ,t'UQ.(HtQ,etQ 5t) U (HtIQ,t’UQ)/\(SH,TL—j—k,s’UQ,t’UQ) (S |_7'2 aJ@/\(n—j—k,Hs, HtIQ)IESH
(F—PQ)

From cg-prod we know that i = j 4+ k + 1, H/ = Hf, and ‘v = (tvl,t})g) therefore from
Definition 5.8 and Lemma 5.13 we get (°0,n —i,%v,%v) € [ (11 X T2) UJ’?/

And since we have (n — j — k, Hy, H),) 530 therefore from Lemma 5.15 we also get

(n —1, Hy, H),) 559

. CF-fst:

XU eg: T X 19~ ey

fst
50T fst(es) @ 11~ fst(ey)

Also given is: (°0,n,d%,6%) € [T O'J‘B/
To prove: (°0,n,fst(es) 6%, fst(es) ') € |11 ajg (F-F0)
This means from Definition 5.9 we need to prove

VH,, H,.(n, Hs, Hy) 550 AVi < n,*v.fst(es) 6° ; Sv =
SH], v.(Hy, fst(er) 8°) U (B}, P0) A (50,0 — i, %0, %) € |71 0|5 A (n — i, Hy, HY) 550

This means that we are given some Hj, Ht,,é’ s.t (n, Hs, Hy) @ %9 and given some ¢ < n,%v
s.t fst(es) 0° i *v

And we need to prove

SH], bv.(Hy, fst(er) 6°) 4 (HY,'0)A(0,n—i, %0, ') € |1 o)P A(n—i, Hy, H)E50  (F-FO)

IH:

(*6,n,e5 6% ¢, 0Y) € [(11 X ™) o)

From Definition 5.9 we have
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\V/Hsl, Htl.(n, Hsla Htl) é SO N VJ <n, Svl.es 0% U’j (81}1, *) —

HHt/h tvl'(Hﬂ’ (etb et?) 5t> lL (Ht/h (tvlv _)) A (597 n _ja (57}17 _)7 (tvlv _)) € I_(Tl X 7—2) JJ@ A
(n — j, Ho, HY) 550

Instantiating with Hy, H; and v; with Sv since we know that fst(es) d° |}; ®v therefore
Jj<i<nstes 6°d; (Pv,—).

Therefore we have

HHtIht'Ul-(Htla (etla €t2) 6t) U‘ (Ht,h (tvla _)) A (59,71 _jv (va _)a (tvb _)) € I_(Tl X 7-2) O-J?/ A
(n—j, Hy, HYy) B (F-F1)

From cg-fst we know that ¢ = j + 1, H/ = H/, and 'v = 'v;. Since we know (%0,n —

7, Cv, =), (for, =) € [(11 X 72) O'J"B/ therefore from Definition 5.8 and Lemma 5.13 we get

(*0,n —i,%v,'v) € |y JJ€

And since from (F-F1) we have (n — j, Hy, H,) @‘99 therefore from Lemma 5.15 we get
(n — i, Hy, H},) £ %0

. CF-snd:

Symmetric reasoning as in the CF-fst case

. CF-inl:

XU kFes:m~ e

- - CF-inl
;U T Finl(es) @ (11 4 72) ~> inl(er)

Also given is: (°0,n,6%,6%) € |T O‘J@

To prove: (560, n,inl(es) 6%,inl(e;) &%) € [ (11 + 72) oJ%

From Definition 5.9 it suffices to prove

VH,, H,.(n, Hs, Hy) ESH AV < n,®v.inl(es) 6° §; inl(v) = )

JH], 'v.(Hy,inl(er) 6°) I (H/,inl(*v)) A (50,n — 4,inl(Sv),inl(*v)) € (11 + 72) JJ‘B/ A (n—
i, H, H/) 550

This means that we are given some Hg, Ht,B s.t (n, Hs, Hy) 5 %9 and given some i < n,%v
s.t inl(es) 0% I inl(®v)

And we need to prove

JH], 'v.(Hy,inl(er) 6°) I (H/,inl(tv)) A (50,n — i,inl(*v),inl(*v)) € [(11 + T2) UJ‘B/ A (n—

i, Hy, H)E%0  (F-ILO)
IH:
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(50,n,es 0%,¢; 0') € |1y ajg

From Definition 5.9 we have

VHg, Hy.(n, Hg, Hﬂ)ésﬁ/\Vj <n,Svi.es 05 4 Soy = JH) v (Ha, e 6°) U (Hf Po) A
(50,n — j,%v,%v1) € |71 O'J‘B/ A (n —j, He1, HY) 550

Instantiating with Hs, H; and since we know that inl(es) 6° {; v therefore 35 < i < n s.t
es 0% 4 ‘v,

Therefore we have
JH!,, tor.(Hp,er 8) U (HY, to) A (50,n— 4,50, Mvy) € |1 O'J‘B/ A (n—j, Hs, Ht’l)@SH (F-
IL1)

From cg-inl we know that i = j + 1 and H/ = H};, 'v = 'v;. Since we know (%0,n —
g, %v,ty) € | UJ€ therefore from Definition 5.8 and Lemma 5.13 we get
(*6,n — i,inl(*v),inl(*vy)) € [(11 + 1) o |5

And since from (F-IL1) we have (n — j, Hy, H/,) g 6 therefore from Lemma 5.15 we get
(n—i, Hy, HY) 550

. CF-inr:

Symmetric reasoning as in the CF-inl case
. CF-case:

;Ui Fes:m + 70~ e

Uiz :mbeg:mwwen ST y:mbesn: T ep
CF-case

YU T | case(es, T.€51, Y.€52) : T ~ case(eq, x.€1, y.€2)

Also given is: (°0,n,6%,6%) € |T JJ‘B/

To prove: (%6,n,case(es,x.es1,y.652) 0%, case(et, x.e41,y.e2) 0') € |7 ajg

This means from Definition 5.9 we need to prove

VHs, Hy.(n, Hs, Hy) 559 AVi < n,*v.case(es, T.€51,Yy.€52) 0° | v =
JH],'v.(Hy, case(et, x.e41,y-e2) 0Y) I (H/,Lo)A(50,n—i,5v, ') € | T UJ‘B//\(n—i, Hs,Ht’)ése

This means that we are given some Hg, Hy s.t (n, Hy, Hy) g %¢9 and given some ¢ < n s.t
case(es, T.€51,y.€52) 0° |; *v

And we need to prove

JH],'v.(Hy, case(et, x.e41,y-e2) 0Y) I (H.,'v)A(50,n—i,5v, ') € |T JJ‘B//\(TL—i, Hs,Ht’)§39
(F-C0)

IH1:
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(%0, m,es 6%, e, OY) € [ (11 + T2) aj’g

From Definition 5.9 we have

VHs1, Hyp.(n, Hsl,Hﬂ)ésH AYj < n,®vi.es 0° ;S =

SHY, tor.(Hirs e 8°) 4 (Hf, to) A (50,0 — 5,50, toy) € (1 +72) o) A (n— j, Hay, HY) 650

Instantiating with Hs, H; and since we know that case(es, x.€51,y.€52) 0° {; v therefore
Jj<i<nstesd® ;v

Therefore we have

. 3 ) B
JH!,, bo.(Hp,er 6°) U (HY bo) A (B0,n — 4, %oy, b)) € | (11 + 2) UJ€ A (n—j, Hs1, H)))>%0
(F-C1)

Two cases arise:
(a) Sv; = inl(*v]) and ‘v; = inl(*v]):

TH2:
(%0,n — j,es1 8° U{z — Su1},en S8 U{z — tu}) € |7 UJ%
From Definition 5.9 we have
VHso, Htg.(n, Hy, Htg) l[>3 SOANVE <n — j,svg.esl 6% U {.T — 8'01} Ui P = A
JHy, ' (Hyoyenn 68 U{x =t }) U (Hly, ') A(S0,mn — j — k,Sve,tn) € |7 O‘J€ A(n—
=k, H, Hip) b %0

Instantiating with Hs, H}; and since we know that case(es, z.€51, y.€52) 0° ||; *v there-
fore dk <i—j<n—jstes *U{z— v} kv

Therefore we have A

JH/,, 'vo.(Hya, en StU{r = tu}) | (Hy 'v) ACCO,n—j —k,5v,'w) € |7 O‘J"B/ A(n—

j— &, Hy, Hl) b0

From cg-casel we know that i = j + k + 1 and H/ = H/;, 'v = 'vy. Since we know
(50,n —j —k,%v,'w) € |1 JJ€ therefore from Definition 5.8 and Lemma 5.13 we get

(%0, —i,%v, ') € |7 UJ€

And since from (F-C2) we have (n — j — k, Hy, H/,) 2 %9 therefore from Lemma 5.15
we get (n — i, Hy, Hf,) gsﬁ
(b) $v; = inr(*v]) and ‘v; = inr(*v]):

Symmetric reasoning as in the previous case

10. CF-FIL:

Yooy Ui e i 7~ ey
;U E Aeg - Vaur ~ Aey

FI
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11.

Also given is: L E ¥ o A (°0,n,6%,6") € [T O'J‘B/

To prove: (50,n,Aes 6%, Aey 6°) € | (Va.T) crjg

This means from Definition 5.9 we know that

VHs, Hy.(n, Hs, Hy) 559 AV < n,%v.Aeg J; Sv = )
SH], Yo.(Hy, Aey) b (HY, ) A (50,0 — i, 0, %) € [(Your) o]0 A (n — i, Hy, H) B 50

This means that given some Hg, Hy s.t (n, Hs, Hy) gsﬁ and given some i < n s.t
(Aeg) 6° |; v

From CG-Sem-val and fg-val we know that *v = (Aeg) 6%, ‘v = (Aey) 6, i = 0 and H/ = H;

It suffices to prove that
(°8,m, (Aey) 8, (Aer) &) € [(Vaur) o2 A (n, Hy, Hy) £ 50

We know (n, Hy, Hy) @SQ from the context. So, we are only left to prove
(#0,n, (Aes) 6%, (Aey) 8) € |(Va7) 0P

From Definition 5.8 it suffices to prove

WO 3505 <n, b € L, BT B.(O, j,es 6% e 8) € |70/l |5

This means that we are given ¢’ J3%0,j <n,¢' € L, C

And we need to prove

(50,4, e5 % ¢; 01) € [7[0)a) |3 (F-FIO)

Since (%6,n,6%,6") € |T UJ€ therefore from Lemma 5.14 we also have
(05,56 € [T o)

IH:

(50", j,e5 0%, ¢1 0) € |7 o Ufa s €37

We get (F-FI0) directly from TH

CF-FE:

;U T F e Vo ~ ey FV() e &
;Ui Ees [ 7[l/a] ~ e]

Also given is: L=V o A (°0,n,6%,6") € [T UJ@
To prove: (50,n,es [| 6%, e [] 0%) € [T[¢/q] UJ%

From Definition 5.9 we need to prove
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VHs, Hy.(n, Hs, Hy) 559 AV <n,%ves [| i v =
JH] 'v.(Hyer []) I (H o) A (30,n — i, %0, %) € |T[¢/a] UJ‘B/ A (n —1, Hs, H]) @ 50

This further means that given some Hs, H; s.t (n, Hy, Hy) 589 and given some ¢ < n,*v s.t
es [] 67 i v

And we need to prove

JH!, *v.(Hy,er []) 4 (H. P0)A(P0,n—1i,%v,t0) € |T[¢/a] aJé/\(n—i,Hs,H{)gSH (F-FEO)

IH:

(%0,n,es 6%, e 8') € | (Vau.7) aj%

This means from Definition 5.9 we have

VHs1, Hy.(n, Hs, Hﬂ)ésﬁ AV <n,vi.es 6% v =

JH/, tor.(Hy, e 6°) U (Hf, o) A (50, — §, Sy, toy) € | (VauT) O'J‘B/ A (n —j, He1, H) éSG

Instantiating with Hs, H; and since we know that (es []) 0% |}; *v therefore 35 < i < n,*v
st es 0° 1 *vr.

And we have

JH!,, bo.(Hyyer 6Y) 4 (HY,to) A (30,m — 4,51, b)) € | (Vo) O’J‘B/ A (n — j, Hs, H])) v
(F-FE1)
From CG-Sem-FE we know that Sv; = Ae), and ‘v; = A€}

Therefore we have

(*0,n — j, Al A€}) € |(Va.T) o)

This means from Definition 5.8 we have
VS 350,k <n—j, 0 € L,BC 3.0 k, el €)) € 7] )a] o |2

Instantiating 56’ with %6, k with n — j — 1, ¢ with ¢ ¢ and > with 3 and we get
(0,n—j—1,¢l,¢}) € |7lt/a] ol

y Cgy

From Definition 5.9 we get

VHSQ, Htg.(n —j — 1,H32,Ht2) % 59/1 AVE <n —j — 1,8’1}2.6{9 uk SUQ —

IH/y, tvo.(Hyas €}) I (Hly, o) A ((0,n — j — 1 — k, 5w, b)) € |7[¢/q] UJ€ An—j—1-—
k, Hyo, HYy) B %0

Instantiating with Hs, H};. Since from (F-FE1) we know that (n — j, H, Hgl)ése therefore

from Lemma 5.15 we get (n — j — 1, Hy, H/;) 2 g

Since we know that e, [] 0° {; v and from CG-Sem-FE we know that ¢ = j + k + 1 (for
some k) and i < n therefore we have k <n —j — 1 s.t € 0% | “wo.
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Therefore we have
JHy, ' .(Hyas €)) I (Hlp tv2) A (0,n — j — 1 — k, 5w, b)) € |7[¢/q] O’J"B/ ANn—j—1-
k Hy, Hy)b%0  (F-FE2)

Since H! = Hyor, v = vy and ‘v = "y therefore we get (F-FE0) directly from (F-FE2)

. CF-CI:

YW, keg: 7~ ey
YoUiT'Fves:c=17~1v e

CI

Also given is: L=V o A (°0,n,6%,6") € [T UJ‘B/

To prove: (50,n,v es 0%, ve; 8') € [(c = 7) UJ%

This means from Definition 5.9 we know that

VHs, Hy.(n, Hg, Hy) ESH AV < n.wveg l; v = )
SH], bo.(Hy,ver) b (B P0) A (50,0 — 1,50, ") € [(c = )8 o|{(n — i, Hy, H]) &0

This means that given some Hj, Ht,B s.t (n, Hs, Hy) 559 and given some ¢ < n s.t

(ves) 6° |; *v

From CG-Sem-val and fg-val we know that v = (ves) 6%, ‘v = (vey) 6%, i = 0 and H/ = H,
It suffices to prove that

(50, n, (ves) 0%, (vey) 0%) € [(e=T) Jjé A (n, H, Hy) 539

We know (n, Hy, Hy) 559 from the context. So, we are only left to prove
(50,n, (ves) 8, (ver) 6%) € |(c = 7) o)}

From Definition 5.8 it suffices to prove

LlEco = V0 3%,j <n,BCR.(0,j.es 6% e, 0) € |7 0]}

This means that we are given £ |= ¢ o and *¢’' 3%0,5 <n,3C

And we need to prove

(50 joes 6%, 6) € |7 0] (F-CIO)

Since (%0,n,6%,6%) € |T aj’e. therefore from Lemma 5.14 we also have
. B

(°0',4,6%,6") e [T o}

And since we know that £ |= ¢ o therefore

IH: (°0',j,es 6%, e; 0') € |7 ajg

We get (F-CI0) directly from TH
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13. CF-CE:

XiUiTFes:c= 7~ e Z;\I/FCCE
YW ego: 7~ epo

Also given is: L W o A (50,n,06%,8") € [T UJ@
To prove: (50,n,es® 6% e; o 0') € |7 JJ%
From Definition 5.9 we need to prove

VHs, Hy.(n, Hs, Hy) @59 AVi < n,%v.es o |; v —
SHY,'v.(Hy,er o) 4 (H,'0) A (8,n —i,%0,'0) € |7 0|2 A (n— i, Hy, B]) &8
This further means that given some Hj, Ht,B s.t (n, Hs, Hy) lg %0 and given some ¢ < n s.t

es ® 0% %v

And we need to prove

SH],'v.(Hyy e ¢) 4 (H],'0) A (0,0 —i,%0,%0) € |7 0|0 A (n— i, Hy, H})E°0  (F-CEO)

IH:

(%0, m,es 6%, e OY) € [(c = T) UJ%

This means from Definition 5.9 we have

VHs1, Hyp.(n, Hg, Hﬂ)é% AV < n,%v.es 6° | S =

SHY, tor.(Hy, e 80 4 (HYy o) A (0, — .5, toy) € (e = 7) o |3 A (n — j, Hay, BL) 650

Instantiating with Hg, H; and since we know that (es ) 6° {; *v therefore 35 < i < n s.t
€s 0° Uj 81}1.

And we have

H,,, tor.(Hy e 60) U (HYy, o) A (30,m — 4, %oy, toy) € [(e = 1) | A (n— j, Hy, HY,) 2
(F-CE1)

From CG-Sem-CE we know that *v; = ve), and ‘v = ve]

Therefore we have

(*0,n — j,vel, ve,) € [(c = T) o]y,

This means from Definition 5.8 we have

VO 350k <n—j b €L,BT B0 ke el) € | o)

Instantiating 56’ with %0, k with n — j — 1, ¢ with ¢ o and 2 with 3 and we get
(On—j—1¢,e) € |rol?

)8

From Definition 5.9 we get
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14.

\V/HSQ, Htg.(n *j — 1, Hsg,HtQ) %2 59,1 /\Vk <n *j — 1.6/S Uk S’UQ —
IHy, 'va.(Hyay €)) I (Hlp, tv2) A (50,m — j — 1 — k, 5w, 'w) € [T JJ‘@ A (n — i, Hgo, H}5) g 50

Instantiating with Hs, H};. Since from (F-CE1) we know that (n — j, H;, Ht’l)gsﬂ therefore
from Lemma 5.15 we get (n — j — 1, Hy, H/;) £

Since we know that e; o ¢° |; *v and from CG-Sem-CE we know that i = j + k + 1 (for
some k) and i < n therefore we have k <n —j — 1 s.t €, 6° |y Svo.

Therefore we have

3, Loy (His, €) b (Hly, 'n) A (*0,m — j — 1 — k, 5w, ') € |7 o ¢ A (n — i, Hy, Hlp) 5 °0
(F-CE2)

Since H/ = Hyor, *v = %1y and tv = tuy therefore we get (F-CE0) directly from (F-CE2)
CF-ret:

XU Eeg: 7~ ey
;U T ret(es) : C 4y £y 7~ A.inl(ey)

ret

Also given is: (°0,n, 6%, 0%) € LFJ‘B/
To prove: (%0, n,ret(es) 6%, A_inl(e;) 6°) € [(C 4y o T) JJ%

It means from Definition 5.9 that we need to prove

VHs, Hy.(n, Hs, Hy) 559 AVi < n,*v.ret(es) i v =

JH], Yo .(Hy, Ainl(ep)) U (H,'v) A (50,n —i,%v,'v) € [(C £y by T) O'J‘B/ A (n—1, Hy, H)) é 50
) 3

This means that given some Hj, Ht,B s.t (n, Hs, H;) > %60 and given some i < n s.t

ret(es) 0% J; v
And we need to prove

JH], Yo .(Hy, Ainl(er)) U (H,'v) A (50,n —i,%v,'v) € [(C £y by T) O'J‘B/ A (n—i, Hs, Ht’)gsﬁ

From CG-ret and FG-lam we know that ¢ = 0, v = ret(es) 8%, ‘v = A_inl(e;) &' and
H = H,.

So we need to prove

(40, m, ret(es) 8%, A_inl(er) &%) € [(C €1 by 7) o) A (n, Hy, Hy) 526

Since we already know (n, Hy, Hy) gsﬂ from the context so we are left with proving
(%0, n, ret(es) 6%, A_inl(er) 8%) € [(C 4 by 7) o)

From Definition 5.8 it means we need to prove
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15.

v896 g 807 HS7 Ht7 ia sv/’ k S TL,B E B/'

(k,HS,Ht)[é(596)/\(H5,ret(es) 5%) llf (H!,5v")ANi < k = FH/,"'.(H, (A_inl(er) ())d%)
(HI, b0y A 390 350, ' C B (k — i, 1Y, HY) o 5/

Elt’l)".t’ul = inl t,U// A (5(9/7 k— 7;’ S’Ul,tU”) L J@”

This means we are given some 0, 360, Hy, Hy,i,%v',k < n,B C ' s.t

(k, Hs, Hy) z (%) A (Hs,ret(es) 6°) Ulf (H!,%v") Ni < k. Also from cg-ret we know that
H = H,

And we need to prove

SH,, ' (Hy, (Ainl(er) ())8%) I (Y, ') AF50' 2560, 3 C 3".(k — i, Ho, H}) & *0' A
I b = inl W A (50 k — i, 50 T") € [T o) (F-RO)
IH:

(0, kye5 8,6, ) € |7 0]

It means from Definition 5.9 that we need to prove

VHgsy, Hyp.(k, Hgy, Hyp) ﬁ; 0. NVf < k.es 6° |y v =

31 . (Hyer 6%) 4 (), '0) A (0 k— f.%0,%0) € |7 o) A (k— f. Ha B, )ﬁ;%

Instantiating H; with Hy and Hy; with H;. And since we know that (Hy,ret(es) 0%) sz
(H.,*v") therefore 3f < i <k <ns.t es 0° ¢ *v,. Therefore we have

SH),, Mo (Hy, e 00) U (HYy, ')A (00, k—f,%0,0) € |7 o0 Ak—f, Hy, HY) %0, (F-R1)

In order to prove (F-R0) we choose H/ as H/j, v’ as inl(*v), 0" as 0., B" as (. Since
from cg-ret we know that ¢ = f 4 1 therefore from (F-R1) and Lemma 5.15 we know that

(k — i, Hy, H),) & 6,

Next we choose ‘v” as v (from F-R1) and from Lemma 5.13 we get (%0, k —i,%v,v) €
Ka O'J‘ﬁ/l (we know from cg-ret that *v’ = *v)
CF-bind:

oWl eg : Cly by T~ epn S;U:D x:7Fes:Cly byt ~ e
E,\I/l—&gél E,\III—&E&; 27\I/|_£QEE3 E,\IJI—EQEKZL E,\I/|—€4Q£O

;U T F bind(esy, 7.e52) : C4; £y 7'~ A_.case(es (), z.e2(), y.inr())

Also given is: (56,n,d6%,0%) € LI’J’?/
To prove: (%6, n,bind(es1,x.e50) 6%, A_.case(es1(), x.€2(), y.inr()) 6) € [(C 4; £, ") aJ%

It means from Definition 5.9 that we need to prove
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VHs, Hy.(n, Hs, Hy) 559 AVi < n,*v.bind(es, z.€52) 6° |; v =
IH], 'v.(Hy, A_.case(es (), x.ea(), y.inr()) 6Y) | (H/,tv) A

)
(0,n —i,°v,%) € [(C b bo ) o) A (n — i, Hy, H]) 0

This means that given some Hy, H; s.t (n, Hs, Ht) > %0 and given some i < n,%v s.t
bind(es1,x.€52) 6° {; v

And we need to prove

JH],'v.(Hy, A_.case(es (), x.e2(), y.inr()) 6) | (H/,'v) A

(*0,n —i,°v,%) € [(C b bo 7) o) A (n — i, Hy, H]) 0

From cg-val and fg-val we know that i = 0, *v = bind(es1, z.€52) 0%,

ty = A_.case(es1(), z.e2(), y.inr()) 6, H = H,

And we need to prove

(%0, n, bind(es1, T.€52) 0%, A_.case(es (), x.e2(), y.inr()) 6) € [(C 4; £, ") UJ€ A (n, H, Ht)é
°0

Since we already know (n, Hy, Hy) 556 from the context so we are left with proving
(%0, m, bind(es1, x.€52) 0%, A_.case(es (), x.e2(), y.inr()) §*) € [(C 4; £, ') UJ€

From Definition 5.8 it means we need to prove
\v/se :lse HS].)Ht].).)S , t / k<n BE/B/

/

(k, Hsl,Htl) (*6.) A (Hq1, bind(e1, z.€52) 8°) 4 (HI, 5v') Ni < b —>
3H/,, "' (Hy, (A-case(en (), z.exa(), y-inr())() 6°) I (Hfy, ") A

3¢’ 3%6,,5' C ﬁ”.( —1i H;l,Ht’l)ﬁ//SQ’ " by =inl " A0 k—i, 50" ") € |7 aj‘ﬁ,u
This means we are given some *0, 3 %0, Hy, Hy1, 4,50, ',k <n, B C 3 s.t

(k, Hy1, Hn) 250, A (Hgy, bind(esr, z.es2) 0%) U/ (H!y,*0') Ai < .

And we need to prove

3H,, ' (Hy, (A-case(en (), z.e2(), y.inr()))() &%) U (HA, ') A 30" 3 %0, 5 T B".(k —
i, H!\, H}}) ;l S9/ A F" " =inl Lo A (50 k — i, 50" W) € |7 Jj’éu (F-B0)

IH1:
(0, k, 51 6%, €11 0Y) € |(C b1 bo 7) o)
It means from Definition 5.9 that we need to prove

VHso, Htg.(k‘, Hyo, HtQ) l/g S0 /\Vj < n,%vp1.es1 o Uj S —
E'Ht,27t'l}h1.(Ht2,6t1 5t) U (Ht/2,t’l)h1) A (Se,k —j,s’l}hl,t’l}hl) c L((C 61 EQ 7') O'J€ A\ (k —
ja Hs27Ht/2)£SG
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Instantiating Hso with Hy; and Hyy with Hy;. And since we know that (Hyy, bind(es1, z.e52) 6°) l}lf
(H.,*v") therefore 3j < i <k <ns.teq 6°I; *vp1.

Therefore we have
3H,, Loy, (Htg,eﬂ 0 U (Hlytun) A (50, — j, 5w, tum) € [(C € by 1) o) A (k —
4, Hyy, HY) > £ (F-B1.1)

From Definition 5.8 we know have

V50, 30, Hy3, Hy3,b,° v}, 'vh ,m < k — 4,8 C .

(m, Hug, His) & (*00) A (Hag, *on1) U (Hlg,*u) Ab < m —> A

IHs, Py (Ht3vt”h1()) Y (H, 'opy) A 360" 3 “0c, - B”.(m — b, H{3, Hy3) L—é’

ton ot spll ot B
Fty) oy, = inl t oy A (P07, m = b, %y tey) € T ooy,

50// /\

Instantiating *0, with °6, H,3 with Hyy, His with Hl,, m with k — j and 3’ with §.
Since we know that (Hsi,bind(es1, x.es2) 0%) llzf (H.,*v") therefore 3b <i—j < k —j s.t
(Hst,%vn1) 0% Vo (Hg, “vpy).-

Therefore we have
arr

3, opy - (Hes, "ona () U (Hg,'opy) A 30" 3206, 8 © B".(k — j — b, Hly, Hy) % 507 A
F" top =il to)y A (507 k — j — b, 5vp,,topy) € | UJ€ (F-B1)

IH2:
(*0" k —j—bex 0°U{x — v/, }, e StU{r— tv,’l'l ) e [(Cls by T O'Jg/

It means from Definition 5.9 that we need to prove

VHgy, Ht4.(k, Hy, Ht4) /6l)> S0 ANVe < (k -7 - b),svhg.esg o° Uj SUpe =
JH,, Yopo.(Hpa, ero 6°) | (Hlytope) A (50" k — j — b — ¢, 5vpa, tvpa) € [(C b £y T') UJ{B/N A

A/

(k—j—0b—c, Hs, H, ) > 50"

Instantiating Hyy with H/; and Hyq with H/5. And since we know that (Hyy, bind(es1, z.e52) %) l}{
(H!,%v") therefore dc <i—j—b<k—j—bs.tes d e vp.

Therefore we have
3H,, "ona-(Hyas ez %) U (Hjy,Pona) A (50" k — j — b — ¢, 5vp2, " vp2) € [(C £3 £y 7') UJ/\S/N A

(h—j—b—c Hu Hy) ' 50" (F-B2.1)

From Definition 5.8 we know have

\v/see - 80”5 H€57Ht57d751}}/125tv}/125m < k _] —b— ¢, B// C Bi/
B“
(m, Hys, His) > (°0.) A (Hss, Svna) U (Hls, 5vfp) Ad < m =

ﬂl
Y, - (His, i) U (Hfs, 'of) A 0" 200, B T BY.(m — d, Hlg, Hiy) ' 6" A

ot ton sl rot,n By
Frupy gy = inl Pupy A (0" m —d, Sy, Ppy) € [T o]y
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16.

Instantiating *6, with 6", Hys with H'y, His with H/y, m with k —j — b — ¢ and ! with
B". Since we know that (Hy, bind(esl,z es2) 0%) llzf (H!,*v") therefore 3d <i—j—b—c <
k—j—b—cst (Hi ") 0" ba (Hs, vpo)-

Therefore we have

B//
3H{57tv}/:,2'(Ht5thh2()) U (Ht/5vtvh2)/\359m - 8‘967 1 ﬁ (k—j—b—c—d, Hs,5v Ht/5) = 56" A
Jto ol = inl Wy A (0" k—j—b—c—d, S, ) € |7 ol (F-B2)
In order to prove (F-B0) we choose H/;, as H/; and "v’ as 'v},. Next we choose *0’ as *6"
and 3 as (4 (both chosen from (F-B2)). Also from cg-bind we know that in (F-B0) H/,
will be H.

a1t A

B
Since (k—j —b—c—d, H5, Hs) 5 *0" therefore Lemma 5.13 we get (k —i, H.s, Hf5) © 0"

Also since from (F-B2) we have F" tup, = inl oy A (50" k —j —b—c—d,*v),, vl) €
7 o]y

Sicne i = j + b+ ¢+ d + 1 therefore from Lemma 5.13 we get

t //t t /" t, " / B//
F" topy = inl Puply A (P07 k — 0,50y, tupy) € [T o]

CF-label:

XUl Heg: T~ ey

label
S W T F Lby(ey) : (Labeled € 7) ~ inl(er)

Also given is: (°6,n,d%, ") € |’ j€

To prove: (*0,m, Lby(es) 6%, inl(e;) 8') € |(Labeled £ 7) 0|2

From Definition 5.9 it suffices to prove

WH,, Hy.(n, Hy, H) 850 A < n,50.Lb(es) 8 U; Lby(*v) —> A
JH],'v.(Hy,inl(er) %) I (H{,inl(*v)) A (50,n — i, Lbe(®v),inl(*v)) € |(Labeled ¢ T) UJ€ A
(n —i, Hy, H) 559

This means that we are given some H, Hy, B st (n, Hs, Hy) é %0 and given some i < n S.t
Lb(es) 8° Ui Ly (*v).

And we need to prove
JH,,'v.(Hy,inl(e;) 6%) U (H/,inl(*v)) A (°0,n — i, Lbs(Sv),inl(*v)) € |(Labeled ¢ 7) O'J‘B/ A
(n—i Hy, H)E*0  (F-LBO)

IH:

(%0,m,es 6%, O') € | T O‘J%

From Definition 5.9 we have
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17.

VH,, Htl.(n, Hg, Ht1)£59 /\Vj < n,%v.eg 0% U»j Sy =
JH!,,'v.(Ha, er 6Y) I (H, to) A (50,n — 4, 50,%) € |1 UJ@ A (n—j, Hs1, H;) @ 50

Instantiating with Hy, H; and since we know that Lby(es) 0% {}; Lbs(*v) therefore 3j < i <n
s.t es 6° 1, °v.

Therefore we have
JH/,, bor . (Hp, e 68) U (HY L Po) A (50,m — 4, %o, te) € (1) UJ€ A (n—j, Hs, HY)) @‘90 (F-
LB1)

Since from (F-LB0) we are required to prove (50, n—i, Lby(*v),inl(*v)) € | (Labeled ¢ 7) O‘J@.
Since from cg-label we know that i = j + 1, v = %v; and ‘v = ‘v;. Therefore we get this
from Definition 5.8, (F-LB1) and Lemma 5.13.

From Lemma 5.13 we get (n — i, Hy, H/;) £
CF-toLabeled:

XUk es:Cly by T~ ey

- toLabeled
Y; U:T' F toLabeled(es) : C ¢; L (Labeled €3 7) ~> A_.inl(e; ())

Also given is: (°0,n, 6%, 0%) € LFJ€
To prove: (°0,n, toLabeled(e,) 8°, (A_.inl ¢;()) 8%) € [(C ¢4 L (Labeled £ 7)) o7,
It means from Definition 5.9 that we need to prove

VH,, Hy.(n, Hy, H) b %0 A Vi < n,*v.toLabeled(e,) 6 I *v —> A
JH]  tv.(Hy, (A_inl e () 8Y) U (H/,'v) A (°0,n —i,%v,%v) € |(C ¢1 L (Labeled ¢5 7)) O'J‘B/ A

(n — i, Hy, H]) b0
This means that given some Hs, H; s.t (n, Hs, Hy) [;59 and given some i < n s.t
toLabeled(es) 6° {; *v

And we need to prove

JH],'v.(Hy, (A_inl e () 6%) 4 (H/,'v) A (°0,n —i,%v,'v) € [(C ¢, L (Labeled ¢5 7)) JJ‘B/ A
(n—1i, Hs, H) éSG

From cg-val and fg-val we know that i = 0, *v = tolLabeled(es) 6°,
ty = (A_inl e()) o¢, H! = H,

And we need to prove

(%6, n, toLabeled(es) 8%, (A—.inl e;()) 6%) € [(C ¢ L (Labeled 5 7)) O'J‘B/ A (n, Hs, Hy) 2
Since we already know (n, Hs, H;) 'gsﬁ from the context so we are left with proving
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(%0, n, toLabeled(e,) 8%, (A_.inl e4() 8%) € [(C 41 L (Labeled £ 7)) 0|7
From Definition 5.8 it means we need to prove

Vo0, 3%, Hyy, Hy,i, "', "' k < n, B C 5.
(k,Hsl,Hﬂ)g(Sﬁe)A(Hsl,toLabeIed(es) 5 U (H,, o) N < k =

SHL, o (Her, (inl e0)() 8%) & (Hfy, ) A 30 390, f' © B7.(k — i, Yy, 1) 5 507 A
3t Ly = inl W A (50, k — i, *0','0") € [ (Labeled £y 7) o'|¥

This means we are given some *0, 3 %0, Hyy, Hy1,4,%v", v’ k < n, B C 3’ s.t

(k, Hy1, Hﬂ) 39, A (Hy1, toLabeled(e,) &) W (HL, S0 N <

And we need to prove

3H,, ' (Hyr, (A_inl e,())() 6%) I (H),, ') A0 3%60,,3' C B".(k — i, H.,, H},) o

I = inl W A (0, k — 0,50’ ") € | (Labeled £ 7) ] (F-TLO)

IH:

(%0, k,es 6%,e; 6') € | (C 4ty Lo T) O’J%

It means from Definition 5.9 that we need to prove

VHso, Hyo.(k, Hea, Hy2) é SOANVG <n,%vpr.es 0° 5 Sup =

830[{15,27tvh1-(Ht27et 0") U (Hiy, "vn1)A(*0, k=4, %vp1, "on1) € [(C by Lo 7) J AN(k—j, H, 52,Ht’2)€

Instantiating Hgo with Hg; and Hy with Hyp. And since we know that (Hgy, toLabeled(es) 0%) sz
(H.,*v") therefore 3j < i <k <mns.tes 6°; “vp1.
Therefore we have
. 3 . B
EII{{Q) tvhl-(Ht27 €t 6t) ‘U (Ht/27 tvhl)/\(897 k_jv S’Uhla tvhl) € L(C gl £2 7_) JJIXB//\(IC_]’ Hsla Ht/2)‘>
s (F-TL1.1)
From Definition 5.8 we know have
vse :I 80 HsSu Ht37basv}lbl7tv},b17m <k _J /3 C /3/°

/

(m, Hs?nHtS) (*0e) A (Has, *vn) W (Hlg,vjy) Ab<m =
HHt/37t’U}/Ll (HtS,tvhl ()) »U« (Htlg,tvhl) /\ 380,/ g 8667/8, E ﬁ//.(m - b7 H.S/37Ht/3)

Lot st spll Lo B
Froy Fopy = inl oy AP0 m =%, ) € [T oy

'B“ 89//

Instantiating °0. with °0, Hs with Hgy, Hys with Hf,, m with & — j and B' with B
Since we know that (Hji,toLabeled(es) §°) sz (H.,*v") therefore 3b < i —j < k —j s.t
(Hs1, *vn1) 0% Yo (Hz, “vpy)-

Therefore we have
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18.

3H,, top(His, tony () U (Hp, Pl ) A 36" 350, ' C B".(k — § — b, Hly, H};) s n

F" topy = inl Py A (P07 k — § —b,%vp,, ) € | aJ@N (F-TL1)

In order to prove (F-TL0) we choose 50’ as 50" and 3’ as 3 (both chosen from (F-TL2))
Also from cg-toLabeled and fg-inl, fg-app we know that H! = H/; and H/ = H/;, and
S,U/ — S,U}/Ll tU/ — tvilzl

Therefore we get the desired from (F-TL1) and Lemma 5.13
CF-unlabel:

YW T eg: Labeled £ 7~ ¢
Y;U;T' F unlabel(es) : C T €7~ Aey

unlabel

Also given is: (°0,n,6%,6%) € |T O'J‘B/

To prove: (%0,n,unlabel(es) 6%, A_.e; 6' € [(C T (¢) 7) Jjg

It means from Definition 5.9 that we need to prove

VHs, Hy.(n, Hy, Hy) 559 A Vi < n,*v.unlabel(es) 6° §; v =

JH] v .(Hp, Aep 64) 4 (H ') A ((0,n —i,%v,%0) € | (C T (€) 7) JJ‘B/ A (n—1i, Hy, H)) @50
This means that given some H, H; s.t (n, Hs, Hy) éSG and given some ¢ < n,*v s.t
unlabel(es) 6° {J; *v

And we need to prove

JH] v .(Hp, Aep 6°) 4 (H ') A (50,n —i,%v,%0) € [ (C T (€) 7) O'J‘B/ A (n—1i, Hy, H)) ésﬁ
From cg-val and fg-val we know that i = 0, *v = unlabel(es) 0%, 'v = A_.e; 6, H/ = H,
And we need to prove

(°8,n,%v,'0) € [C T (0) 7 o)5 A (n, Hy, Hy) 58

Since we already know (n, Hy, H;) 559 from the context so we are left with proving
(*6,n, unlabel(e,) 0%, A_e; 6') € [(C T (£) 7) 0|2

From Definition 5.8 it means we need to prove

\v/see - 805 Hsla Htl)ivsv,) k < TL,B C B,'

(k, Hay, Hi) ® (%60) A (Hap, unlabel(eg) 8%) 3 (HYy,50') A < kb =

IHL, ' (Hi, () () 08) 4 (B, 90') A 50" 250, B/ C 37 (k — i, Ly, HY) o 00 A
Elt’()”.t " —inl t,U// A (80/’]{: _ Z"s,Ul’tU//) c LT O'J‘@N

This means we are given some *0, 3 0, Hy, Hy1, 4,50, ', k <n, 3 C 3 s.t

(k, Hyr, Hiy) & %60 A (Hyy, unlabel(e;) 8°) U (H!y,50') i < k.
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And we need to prove

SH, 0 (Hy, (Ae)() 61 U (Y, t') A0 350, 3 C B7.(k — i, HYy, HY) & 50 A

R S
o by = inl Lo A (50 k — i, 50", 1) € |7 o]l (F-U0)

IH:

(0o, kyc5 6%, ¢, 6') € | (Labeled £ 7) 0|5
It means from Definition 5.9 that we need to prove

VHso, Hyo.(k, Hso, Hy2) BDI 0o NYf < k,vp.e5 6° Iy vy, = )

3H,, top-(Hiz e 6Y) U (Hlyy'vn) A (*0c,k — f,%on,'vp) € |(Labeled € 7) o] A (k —
[y Haa, H) lﬁ; *0e

Instantiating Hgo with Hy; and Hys with Hyy. And since we know that (Hji, unlabel(es) 6%) sz
(H.,*v") therefore 3f <i <k <ns.tesd® s v,

Therefore we have

SH, tup (Hiavey 0% 4 (Hiy'on) A (COork — f.5u, 0) € |(Labeled ¢ 1) o) A (k —
f, Hs1, Hs) IB;SHE (F-U1)

In order to prove (F-U0) we choose H}, as Hly, 'v' as tup, *0 as *0, and 5" as '
From cg-unlabel and fg-app we also know that H/; = Hs; and H/, = H/,

We need to prove

() (k— i, Ha1, H}) % %0,

Since from (F-U1) we know that (k — f, Hs1, Hy,) z 0

Therefore from Lemma 5.15 we also get (k — i, Hy1, H}5) i 0

(b) F" " =inl T A (50, k — 4,50, W0") € |1 O'J/‘b;li
Since from (F-U1) we have
(*0c, k — f,%vn, 'vp) € | (Labeled € 7) 0|7
This means from Definition 5.8 we know that R
T, v Sop = Lbe(Sv;) Aoy = inl by A (30, k — f — 1,5, ty) € |7 UJ‘B/ (F-U2)

Since we know that ‘v’ = ', and since from (F-U2) we have ‘v, = inl ‘v;. Therefore

from we choose 'v” as 'v; to get the first conjunct

From cg-unlabel we know that v = *v; and since we know that (50., k— f—1,%v;, 'v;) €
Bl
L7 oly A
/3/

Therefore from Lemma 5.13 we also get (°0c, k — i,%v;,"v;) € |7 o],

19. CF-ref:

Y U:T ke, : Labeled ¢/ 7~ e; U
YT Fnew es : CO L (ref £/ 7) ~ Ainl(new (e;))

re
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Also given is: (°0,n,d%, ") € |’ j@
To prove: (%0,n,new es 6%, A_.inl(new (e;)) ¢ € |C £ L (ref ¢/ 7) ajg

It means from Definition 5.9 that we need to prove

VH,, Hy.(n, Hs, Hy) lésé? AVi < n,%v.new eg 0° |}; v — A
JH/, *v.(Hg, A_inl(new (e;)) 6%) | (H/,tv) A (50,n — i,%v,tv) € [(C £ L (ref ¢' 7)) O'Je A
(n—i, Hy, H) 50

) B

This means that given some Hy, Hy s.t (n, Hs, Hy) > ®60 and given some i < n,°v s.t

new eg 6° |; Sv

From cg-val and fg-val we know that i = 0, v = new es; 6%, ‘v = A_inl(new (e;)) &,
Ht/ — Ht

And we need to prove

(%6, n, new es 6%, A_.inl(new (e;)) 8%) € | (C ¢ L (ref £/ 7)) O'J‘B/ A (n, Hs, Hy) 259

Since we already know (n, Hy, Hy) 539 from the context so we are left with proving
(*6,n, new e; 0%, A_inl(new (e;)) &%) € [(C £ L (vef ¢/ 7)) o|¥

From Definition 5.8 it means we need to prove
vsee g 807 H517 Ht17 i? SUI? k < n, B E B/'

(k, Hyr, Hiy) & (*00) A (Hat,new e 8°) U (H!, 50) Ni < k =

3H}, "' (Hu, (A-inl(new ¢,))() ') 4 (Hfy,"v')A3*0" 2 %00, 8 C 3".(k—i, H}y, H}y)
Fto" ty" =inl Lo A (50" k — i, 50" ") € | (ref £/ T) 0J€N

ﬁ» SN

This means we are given some 0, 3 *0, Hy1, Hy,i,%v", 0/, k < n, B C ' s.t

(k, Hy1, Hy1) L, n (Hy1,new (e5) 6%) I (H!,5v') Ni < k.

And we need to prove

3H,, "' (Hy, (A-inl(new €))() 6°) 4 (H},, ') A0 3%6,, 8' C© B".(k —i, H],, a0
I =inl WA (O k— 0,50, 1) € |(ref £ 1) o)l (F-NO)

From cg-ref we know that v’ = as and from fg-ref, fg-inl we know that ‘v’ = inl a.

IH:

(0c, k€5 0%, ¢, 8') € | (Labeled £/ 7) 0|5

It means from Definition 5.9 that we need to prove

VHso, Hyo.(k, Hso, Hy2) 6; 9o NVf < k,%vp.es 6° Jp *vp = )

3H,, 'on.(Hya,er 67) U (Hby,'wn) A (0, k — f,50n, ") € |(Labeled ¢ 7) o)t A (k —

/3)/
f> Hs2> Ht/2) > 806
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Instantiating Hgo with Hs; and Hio with Hy;. And since we know that (Hsp, new (es) 6%) sz
(H.,*v") therefore 3f <i <k <ns.tesd® s v,

Therefore we have
aHt/Q,t'Uh.(HtQ,et o (Ht’Q,tvh) A (50, k — f,5v, o) € | (Labeled ¢ 7) aj’g A (k —
foHa, HY) S50, (F-N1)

/

In order to prove (F-NO) we choose H};, as H/y U {a — ‘up}, ‘v as a, *0’ as *6,, where

50, = %6, U {as — (Labeled ¢' 7)}
And we choose (" as 3, where £, = 5 U{(as, a;)}
From cg-ref and fg-ref we also know that H;, = Hs1 U {as — *uvp,}

We need to prove

(a) (k— i, Hly, Hy) & 20,
From Definition 5.10 it suffices to prove that
e dom(®0,) C dom(H},):
Since dom(*6.) C dom(Hs1) (given that we have (k, Hs1, Hp1) 2 *0c)
And since we know that
50, = *0. U {as; — (Labeled ¢ 7)} and H!, = Hg U {as — vy}
Therefore we get dom(°6,,) C dom(H.;)
o B, C (dom(6y) x dom(H},)):
Since ' C (dom(%6,) x dom(Hy)) (given that we have (k, Hyy, Hyp) z 0c)
And since we know that R R
50, = %0, U {as — (Labeled ¢ 7)}, H/, = Hy U{a; — vy} and 8, = B U{(as, &)}
Therefore we get 3, C (dom(°6,,) x dom(H},))
o V(a1, ) € B (O, k —i — 1, Hly (@), Hfy (a2)) € [*0a(a) ]}
\V/(ala a2) S Bn
= (a1, a2) = (as, a): .
Since from (F-N1) we know that (%6, k — f,%up,'vy) € |(Labeled ¢ 7) |7
From Lemma 5.13 we get (50,,,k —i — 1,%vy,%vy,) € |(Labeled ¢/ T)J‘ﬁ/n
- <a/17 0/2) 7é (a/$7 a’t)

Since we have (k, Hs1, Hy1) g 50, therefore
from Definition 5.10 we get

(*6c, k — 1, H (1), Hn (a2)) € |*6c(ar) |7
From Lemma 5.13 we get )

(On, ke — i — 1, Hyy (a1), Hi (a2)) € [*6(ar) |7

(b) Tt = inl 0" A (0, k — i, 0", t0") € |(vef £ 7) o)

We choose ‘0" as tvy, from (F-N1), fg-inl and fg-ref we know that ‘v’ = inl tv,

In order to prove (%0, k —i,5v','0") € [(ref ¢ T) o] 6", from Definition 5.8 it suffices
to prove that
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50,,(as) = (Labeled £/ 7) A (as, as) € Bn

We get this by construction of *6,, and B

20. CF-deref:

XUk eg:ref 07~ e
Y, Ui;T'Hleg : CT L (Labeled £ 7) ~» A_inl(e;)

deref

Also given is: (°0,n,d%,6%) € |T O‘J@
To prove: (50,n,les 6%, A_.inl(e;) 6 € [(C T L (Labeled ¢ 7)) O'J%
It means from Definition 5.9 that we need to prove

VHs, Hy.(n, Hs, Hy) 559 AViI < n,%vles 0°l; Sv = )
JH] Yo (Hy, A_inl(eg) 0Y) | (HY,tv) A (30,n —i,%v,%v) € |(C T L (Labeled ¢ 7)) O'J€ A(n—

i\ Hy, H)) B %0

This means that given some Hy, H; s.t (n, Hs, Hy) @59 and given some ¢ < n s.t

les 6% 1; Sv

And we need to prove

3H],'v.(Hy, Ainl(e) 6%) U (H{,'0) A (*6,n —i,%v,'0) € [(C T L (Labeled £ 7)) o] A (n —
i, H, H) @SQ

From cg-val and fg-val we know that i = 0, v =les 6%, ‘v = A_.inl(e;) 6, H/ = H;

And we need to prove

50,n,%v,'v) € [(C T L (Labeled ¢ 7 O‘B/\ n,HS,Ht)g‘SG
v

Since we already know (n, Hy, H;) ésﬁ from the context so we are left with proving
(*0,n, e 8%, A_inl(e,) 8') € [(C T L (Labeled £ 7)) 0|0

From Definition 5.8 it means we need to prove

V20, 3 %6, 1, Hy i, "0, "', k <n, BT 3.

(k, Hyr, Hiy) & (%6,) A (Ha, les 6°) WoHL YN < k=

3H,, o' (Hyr, (Ainl(e0))() 00) b (Hfy, ') A 350" 2500, ' C B7.(k — i, HLy, ) & 50/ A

"ty =inl L A (50" k — 1,50, 'v") € | (Labeled £ T) O'J‘ﬁ///
This means we are given some %0, 30, Hyy, H, 1,50, "0, k < n, 3 C 3’ s.t
(k, Hyr, Hiy) & %00 A (Hoy, V(es) 8°) W (HIy,50') i < k.

And we need to prove
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a1

SH), ' (Hyr, (oinl(e))() 65 U (HYy, ') A 3507 3%0,, 8 C 3. (k — i, HYy, HL) > 50 A
3’ by = inl W A (50, k — i,%0','v") € |(Labeled £ 7) ¢]0  (F-DO)

IH:

(0c k05 0%, ¢, 8Y) € |(vef £ 1) 0|

It means from Definition 5.9 that we need to prove

VHso, Hya.(k, Hs2, Hy2) ﬁ;’ e NYf < k,%vp.e5 6° Iy vy, =

IHy, top.(Hiz, e 6°) U (HYy, top) A(50c, k— f, 5 vp, top) € | (ref £7) j A(k—f, Hso, H, ) 59

Instantiating Hgo with Hs; and Hyy with Hy. And since we know that (Hsp,les 6°) l}{
(H;,®v") therefore 3f <i <k <mns.tes 6° s v

Therefore we have

IHy, top.(Hiz, e 8°) U (HYy, top) A(50c, k— £, 5vp, top) € | (ref £7) j N(k—f, Hs1, H, ) 59
(F-D1)

In order to prove (F-D0) we choose Hy, as Hyjy, "v] as Hj(a) (where ‘v, = a; from fg-deref),
50" as %0, and we choose 3" as 3.

From cg-deref we also know that H/; = Hg

We need to prove

(a) (k—1, Hs, H, ) 80 A

Since from (F-D1) we have (k — f, Hsth/z) z °0. and since f < i threfore from
Lemma 5.15 we get (k — i, Hq1, H5) > 0,

(b) 30"t = inl Lo A (*6c, k — 1,0, '0") € | (Labeled £ 7) 0|2
Since from cg-deref and fg-deref we know that Sv, = as and ‘v, = .
Therefore from (F-D1) and from Definition 5.8 we know that
0. (as) = (Labeled £ 7) A (as, ar) € 3
Since from (F-D1) we know that (k — f, Hy1, H)) g *0. which means from Defini-
tion 5.10 we know that

(40,k — f — 1, Hy(as), Hly(a))) € |(Labeled £ 7) 0| (F-D2)

This means from Definition 5.8 we know that R
Iy, b Ha (as) = Lbe(3v;) A Hy(ap) = inl Loy A (50c, k — f — 1,%0;, ') € |7 UJ‘@

t t

We choose "o as

conjunct.

v; and we know that ‘v = H/,(a;) = inl ‘v;. This proves the first

Since from (F-D2) we have (°0,k — f — 1, Hy (a;), Hly(as)) € |(Labeled ¢ 7) o7
therefore from Lemma 5.13 we get

(*6,k — i — 1, Hy (as), Hjy(a1)) € | (Labeled € 7) 0|7
This proves the second conjunct.
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21. CF-assign:

YUl Feg :ref £/ 7~ ey Y:U:T F ey : Labeled £/ 7 ~~ e Ukl
S;UT Fesp i=eg2 : C L L unit ~ Ainl(ey := e42)

assign

Also given is: (°0,n,6%,6%) € |T JJ‘B/

To prove: (560,n, (es1 := es2) 0%, A_inl(ey := ep) 8¢ € [C £ L unit J%

It means from Definition 5.9 that we need to prove

VHs, Hy.(n, Hy, Hy) ESQ AVi < n,*v.(es1 :=es2) 6° |; v = )

JH], 'v.(H, A_inl(egy := e) 6) U (H/,'v) A (50,n — i,%v,'v) € |C £ L unit J?/ A (n —
i H H)E o0

This means that given some Hy, H; s.t (n, Hy, Hy) ésﬂ and given some i < 1, v 8.t
(es1:= es2) 6° {4 *v

And we need to prove

JH] Yo .(Hy, A_inl(eg := ep) 6Y) | (H/,'v) A (50,n — i,%v,'v) € |C £ L unit j€ A (n —
i, H,, H)) b %0

From cg-val and fg-val we know that i = 0, *v = (es1 := es2) 6%, 'v = A_inl(ey 1= eg2) &,
Ht/ == Ht

And we need to prove

(%0, m, (es1 := es2) 0%, A_.inl(es == ep) 6') € |[C £ L unit J€ A (n, Hs, Hy) 23

Since we already know (n, Hy, Hy) 556 from the context so we are left with proving
(%0, m, (es1 := es2) 0%, A_inl(es == ep) 6') € |C £ L unit J€

From Definition 5.8 it means we need to prove
V20 3 %0, Hy1, H, i, %0’ k <n, BT 5.

B’ .
(k, Hop, Hiy) > (50) A (Hgy, (es1 := es2) 6%) U (H!, 5o Y A i< b —

3H), ' (Hy, (Azinl(eq == e)() 61) 4 (H)y, ") A0 %6, 8" € B".(k — i, H]j,
SO/ A Ft" " =inl Lo A (50 k — i, 50" t") € Lunitj’?/”

)b
This means we are given some %0, 30, Ho1, Hn,i,%v', k <n,B C ' st

I )
(k, Hg1, Hn ) © %0 A (Hap, (51 = es2) 8%) 4 (H,,50") Ai < k.

And we need to prove
3H, 0 (Hy, (Ainl(e = e2)() 8Y)) U (Hfy, ") AN 390" 2%0., 8/ C 5.
(k— i, Iy, HY) & 50 AT 0 = inl W A (0 K — i, 50" 1) € [unit)d (F-S0)
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IH1:
(0o, e51 8%, e1 O1) € | (ref £/ 7))

It means from Definition 5.9 that we need to prove

VHaz, Hyo.(k, Hya, Ho) & 0. ANV < K, Sopres1 6° Uy Supy =

Py B/
31115127 t’Uhl-(Ht27 €t1 5t) U‘ (Ht,27 tUhl)/\(s‘967 k_fv SUh17 tUhl) € L(ref El T)J\B/ /\(k_fa HsQa HtIQ) >
50,
Instantiating Hgo with Hy; and Hys with Hyy. And since we know that (Hsp, es1 1= esa 0%) sz
(H/,*v") therefore 3f <i <k <ns.tesd® s vp.
Therefore we have

Py B/
3I{t,27 t'Uhl.(HtQ, €t1 5t) U’ (Ht,27 tvhl)/\(8967 k_fa 8Uh17 tUhl) € L(ref el T)J\B/ /\(k_fa Hsla HtIQ) >
50, (F-S1)

IH2:

(0c, k — f,es0 0% €12 01) € | (Labeled ¢/ 7)|%

It means from Definition 5.9 that we need to prove

WHs, Hys.(k, Hys, Hys) b %00 AL <k — [, ups.esn 6° I Supy = A

JH/5, topa.(Hys, ero 6°) U (Hfg,tvpa) A (50c,k — f — 1, %vpa, tope) € [(Labeled ¢/ T)Jg A (k —
f—1, Hg, Hf) g %0,

Instantiating Hgg with Hy; and Hys with H/,. And since we know that (Hyy, es1 1= €52 6%) sz
(H!,%v") therefore Al <i— f <k — f s.t esa 0% {1 Svpa.

Therefore we have

SHYy, tona.(His, e %) U (Hly, tona) A (0e,k — f — 1,5 vp2, tuna) € | (Labeled ¢ 7)) A (k —
f—1,Hg, Hf) ﬂbl 50, (F-S2)

In order to prove (F-S0) we choose H}; as Hisa; — tups], o as (), *0 as *6, and " as '

From cg-assign and fg-assign we also know that Svpo = as, tvpe = ay, H!, = Hg[as — Sup3]
and H/, = H/s[a; — tups]

We need to prove

(a) (k—i, Hly, H}) b 6,
From Definition 5.10 it suffices to prove that
e dom(°0.) C dom(H.):
Since dom(°6.) C dom(Hs) (given that we have (k, Hys1, Hyq) z 0.)

And since dom(Hg1) = dom(H.,) therefore we also get
dom(*0.) C dom(H.)
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o 3 C (dom(%6,) x dom(H]},)):
Since & C (dom(*0,) x dom(Hy)) (given that we have (k, Ha1, Hy) & *0,)
And since dom(Hy) C dom(H},) therefore we also have 3’ C (dom(®6.) x
dom(Hy,))
o V(a1 a) € B'.(Oe, b —i — 1, HY (1), Hy (02)) € [0 (a1)]):
V(a1, a2) € B
- (a‘la (12) = (aSv a’t): .
Since from (F-S2) we know that (50, k — f — 1, vpo, tupe) € | (Labeled ¢/ T)j€
From Lemma 5.13 we get (50, k — i — 1, vp2, vpo) € |(Labeled ¢/ T)J?//
- (a17 CI,Q) 7é (a87 Cbt)

Since we have (k, Hs1, Hy1) g 50, therefore
from Definition 5.10 we get

(0o, k — 1, Ha(ar), Hu(a2)) € [*0(a) |y,

From Lemma 5.13 we get A

(O, k=i = 1, Hoa (@), Ha(a2)) € [*0e(ar) |y

(b) Fo" v =inl Yo" A (50c, k — 0,50, T0") € LunitJ‘B/":
o

We choose ‘0" as () from (F-S1), fg-inl and fg-assign we know that ‘v’ = inl ()

To prove: (°0,,k —1,(),()) € Lunitj‘é/",
We get this directly from Definition 5.8

Lemma 5.17 (Subtyping). The following holds:
v, W, 0,7, 7.

LU r <7 ALEV o = |(ro)lC|( o)}
2.5V br<7TANLEV o = {(Ta)jg %

Proof. Proof of Statement (1)
Proof by induction on 7 <: 7/

1. CGsub-arrow:

Given:
E;\III—T{<:7'1 E;\IJI_T2<ZT£

E;\Il|—71—>7'2<:7'{—>7'£

To prove: |((11 — 72) U)J?/ C (g = 73) O-)Jé/

It suffices to prove: V(°0,n, \x.e;) € [((11 — 72) U)J‘B/. (50,n, \x.e;) € [ (1] — 75) U)J‘B/

This means that given some ®*6,n and A\z.e; s.t (°0,n, A\z.e;) € |((11 — 72) U)J‘ﬁ/

Therefore from Definition 5.8 we are given:
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v89/286731}7t7}7j <nl/ég/é/' N
(05,50, t0) € |1 aly = (0, j,eslv/al eiffv/a]) € | o] (S-A0)

And it suffices to prove: (°0,n,Az.e;) € |((1] — 75) U)j‘B/

Again from Definition 5.8 it suffices to prove:

v89/1 | 897svl7tvla k< TL,B C Bi

(01, kv, ton) € 7] o)y = (0], k,es[u/a], eiltmnfa)) € |74 o)

This means that given some *0 T 0, 5vy,tv, k < n, B C 3, s.t (50!, k,%v1,'0) € |7] o g
1 1 1 19]y

And we are required to prove: (301, k,es[*vi/z], ei[tv1/x]) € |74 o] %

IH: (7] 0))2 C [(m1 0) )5} (Statement (1))

[(r2 )% C (7§ o)) (Sub-A0, From Statement (2))

Instantiating (S-A0) with 56/, 5vy, tuy, k,Bi

Since (%67, k, vy, 'v1) € |7 JJ‘B/ therefore from IH1 we know that (°07, k,*vy, v1) € |7 UJ€
As a result we get

(0 K, es v /al, efvr /a]) € 7 o)

From (Sub-A0), we know that

(40, k, es[*u1 /), eqltvr /a]) € 7 o)

. CGsub-prod:

Given:
Uk <7 Uk <iTh

U kT X T <:T| X T

To prove: |((11 X T2) U)J?/ C [((r] x 13) U)Jé/

H1: [(r1 0)] | (71

H2: (2 0)] L(15 0)]

It suffices to prove:

v(507n7 (svhst)a (tvl?t’@)) € L((Tl XTQ) U)J\B/ (39’ n, (svl?sv2)7 (tvhth)) S L((T{ XTé) J)J\B/

é C )J€ (Statement (1))
€ C ‘B/ (Statement (1))

This means that given (50, n, (v1, 5v), (fv1,tm)) € [ ((11 X 2) U)J€

Therefore from Definition 5.8 we are given:

(50, n,%v, ') € |1y O'J(D; A (50,n, 59, ) € | 1o O’J‘B/ (S-P0)
And it suffices to prove: (56, (vy,%v2), (fvr, t)) € |((1] x 74) O’)JB

|4
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Again from Definition 5.8, it suffices to prove:

(*0,n,%v1, 1) € |11 o] A (0,0, 502, M) € |12 o]

Since from (S-P0) we know that (%0, n,%v1,'v1) € |7 O'J‘B/ therefore from TH1 we have
(*0,n,%v1,'w) € | o]f
Similarly since from (SiPO) we have (50,n, vy, 've) € |12 O'J‘B/ therefore from TH2 we get
(%0, m, w9, 10) € |74 O’J(J;

. CGsub-sum:

Given:
Uk <7 Uk <iTh

XUk 41 <:T{—|—T£

To prove: [((11 + 72) U)J?/ C [((r + 73) U)JxB/

H1: [(n 0)]7 C |(r] 0)]5 (Statement (1))
TH2: (2 0)Jy C (75 o)y,

It suffices to prove: V(%0,n,%v,'v) € |((11 + 72) a)j?,. (50,n,%v,%) € [((t] + 75) J)J‘B/

(Statement (1))

This means that given: (%0, n,%v,') € |((11 + 72) 0)]

And it suffices to prove: (°0,n,%v,'v) € |((1{ + 75) O')J‘ﬁ/

2 cases arise

(a) *v =inl *v; and 'v = inl to;:
From Definition 5.8 we are given:
(*0,n,%v, w) € |71 o)y (S-S0)
And we are required to prove that:
(80777‘7 Svi7tvi) € \_T{ JJ€'
From (S-S0) and IH1 we get
(40.n, %0, ') € | ol

(b) $v = inr Sv; and ‘v = inr tu;:

Symmetric reasoning

. SLIO*sub-forall:

Given:
Y,y U k1 <iTy

;U FVar <:Va.m

To prove: |((Va.1q) O‘)Jé C [(Va.m) UJ?/

It suffices to prove: V(°0,n, Aes, Aey) € [ ((Va.71) O‘)Jé. (°0,n, Aes, Aer) € | ((Vaum2) a)jé
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This means that given: (°0,n, Aeg, Aey) € |((Va.11) U)J€

Therefore from Definition 5.8 we are given:

VO D50,5 <n,l' € LAC B.CO, joes e € [nll'fa] 0P (SF0)

And it suffices to prove: (%60, n, Aes, Aey) € | ((Va.m2) O')J‘B/

Again from Definition 5.8, it suffices to prove:

V01 J %0k < n,l) € [,,B C Bg.(se’l,k, es,et) € |a[l)/a] JJ%

This means that given %0; 350,k < n,¢, € L,BC f3}

And we are required to prove: (°01,k,es,e;) € |12[l}/a] o] %

Instantiating (S-F0) with ®6, k,Z’l,ﬂAi we get

(0, k,es,e0) € [T1[; /o] o]

[(r1 (0 Ul €))% C [(ra (0 Ufa s €))% (Sub-FO, Statement (2))
From (Sub-F0), we know that
(401 k€5, e0) € [ma[0 /0] o)t

. SLIO*sub-constraint:

Given:
YUk = YU k1 <iTo

YUk =>m<icg=Ty

To prove: |((c1 = 11) O‘)J‘B/ C [((c2 = m)) O'J"B/

It suffices to prove: V(°0,n,ves,ve;) € |[((er = 11) O‘)J?/. (°0,n,ves,ver) € [((c2 =
m) o))y

This means that given: (°0,n,ves,ve;) € |((e1 = 71) a)j‘B/

Therefore from Definition 5.8 we are given:

LEco= V¢ I%,j< n,B C B’.(%”,j, es,er) € |1 O'Jﬂ; (S-C0)

And it suffices to prove: (°0,n,ves,ve;) € [((c2 = ) J)J€

Again from Definition 5.8, it suffices to prove:

LEco = V0 J%,k< n,B C Bi.(se’l,k,es,et) € |2 UJ%
This means that given £ = ¢o,%0} 30,k < n,3 C f3,

And we are required to prove:

(Saivk‘?esaet) € I_TZ JJ%
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since we know that co = ¢; and since L |= ¢z o therefore £ |= ¢; 0. Next we instantiate
(S-C0) with *6}, k, 3] to get

(50}, k,es,er) € |11 JJ%

U

(11 o)) C [ (r2 @) |23, (Sub-CO, Statement (2))
Therefore from (Sub-C0), we get

(01, K, earer) € |72 o)

. CGsub-label:

U kTr <7 e
¥; W |- Labeled ¢ 7 <: Labeled ¢’ 7/

To prove: |((Labeled £ 7) 0)]7. C | ((Labeled ¢'7') o) |2

IH: (7 U)Jé C (7 J)Jé (Statement (1))
It suffices to prove:

¥(*0,n,%v,'v) € |((Labeled £ 7) 0) |5 (*0,n,%v,'v) € |((Labeled £/ 7') o) |

This means that given some (°0,n,%v,%v) € |((Labeled ¢ 7) U)J‘Bf

Therefore from Definition 5.8 we are given:

I b Sy = Lbp(30") Atw = inl o' A (50, m, 50 ) € | T UJ‘B/ (S-L0)

And we are required to prove that

(*6,n,%v,'v) € | ((Labeled ¢ 7') ¢ |¢.

From Definition 5.8 it suffices to prove

I B Sv = Lbp(5v') At =inl T’ A (50, m, 50, ) € |7/ O'J‘B/
We get this directly from (S-L0) and IH

. CGsub-CG:

U<t SO Clh YUkl Tl
E;\I’I—C51€QT<:C€’1 '27"

To prove: [((C 4 £ 7) 0)Jf C L(CH & 7) o))
It suffices to prove:

V(E0,n,5v,'v) € [((ClylaT) o )J€ (50, n,%v, ') € [((C ¢y £y 7") O')J"B;

This means that given (50, n,%v,'v) € [((C ¢y ly T) O’)J‘B/

Therefore from Definition 5.8 we are given:
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V40, 340, Hs, Hy,i,%0' k <m,BC f.

(k, Hy, H) > (*6.) A (Hy, o) U (H!50'Y ni < |k =
SH,, ' (Hy, () U (L, '0') A0 250, 3' C B".(k — i, HL, HY) S 50 A
i " =inl Lo A (50" k — i, 50" W) € |1 O'Jev” (S-Mo0)

And we are required to prove
(*0.m,%0,") € [((C 6 6, 7') )]y,

So again from Definition 5.8 we need to prove
V01 370, Hs1,Ht1,i1,sU{7k1 <n,BLC A

(ks Hyt, Hit) B (5001) A (o, *0) W (250 Ay < By =

EIHtll’t (Htla ”()) ll (Ht,bt ) A 389, 5061761 E Bi,'(kl - ilv Hsllv Htll) 5l>1 8‘9/ A

a1
Ftof ol =inl tof A (50" kg — iy, 50, t)) € [T O'J‘B/l

This means we are given some *6.; J %0, Hg1, Hp, i1, %0], k1 < n, BT ,81 s.t (kq, sl,Hﬂ)
(*0e1) A (Har,*vr) W (HL0) Ay < ey

And we need to prove

arn

3H],, ol (Hyr, bor ) U (HY, Po) A 320" 3901, By T BY (ke — iv, HYy, HYy) R
Ftol to] =inl Lo A (50, ky — iy, 50], b)) € |7 UJ?},

We instantiate (S-MO) with 6,1, Hy1, Hy1, i1, 0], k1, 3} we get
S/, (Hy, () b (B ') AT 3500, B C B (k — i, B 1Y) % 56/ A

Fto" B! =inl L A (50 k — i, %0, ") € |1 O'J‘B/”

IH: |(r o)) C (' 0)|2B" (Statement (1))

Since we have (3¢/,k —i,%v', ') € |1 O'J‘B/” therefore from TH we get (0, k —i,%0v/,t0") €
LT O_Jﬁ”

8. CGsub-base:

Trivial

Proof of Statement(2)
It suffice to prove that

V(50,n,es,et) € [(T J)J%. (°0,n,es,¢) € [(7/ U)Jg

This means that we are given (°6,n,es,et) € | (7 U)J%

From Definition 5.9 it means we have
VHs, Hy.(n, Hs, Hy) @59 AVi < n,v.es | v =
SH],'v.(Hyye) b (] P0) A (0,0 — i,5v,%0) € |7 0|0 A (n— i, Hy, H)E 0 (Sub-E0)
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And we need to prove
(*0.n,e5,e0) € L7 )]
From Definition 5.9 we need to prove

VHs, Htl.(n, Hg, Htl)ése AV <mn,*v.e5 U]’ Sy =

‘ . B
ElHtllatvl-(Htlaet) ll (Htllvtvl) A (59,71 - J?svlatvl) € I_T/ O—JI?/ A (n _]7H817Ht/1) >0

This further means that given Hgy, Hy s.t (n, Hs1, Hyy) g“”@. Also given some j < n,%v; s.t

€s U’j Suy
And it suffices to prove that

JH/,, bo.(Hy,er) b (Hfy o) A (S0,m — G, %oy, b)) € |7 aJ@ A (n—j, He, Hf) @ 50
Instantiating (Sub-EQ) with the given Hgy, Hjy and j < n,*v;. We get

JH], 'v.(Hp,eq) U (H Po) A (50, — j,Svy, M) € |7 JJ€ A (n—j, He, HY) g 50

Since we have (50,n — j,*vy,t0) € |7 UJ‘@ therefore from Statement(1l) we get (°6,n —
g, S, te) € |7 O‘J‘B/
O

Theorem 5.18 (Deriving CG NI via compilation). Ves, *v1, *va, Sv{, *v5, 1, no, HYy, H,.
let bool = (unit + unit).
x : Labeled T bool ey : C L L bool A
() & 5vy : Labeled T bool A () - 5wy : Labeled T bool A
(0, esl*v1/x]) Uy (Hy,0p) A
(0, es[*vz/a]) Uy (Hlp,"v3)
=
S,/

S,/ __
U ="

Proof. From the CG to FG translation we know that Je; s.t
x : Labeled T bool e,z : C L L bool ~ ¢

Similarly we also know that Jvy,tvy s.t
0 F %v; : Labeled T bool ~» tv; and 0 - Sy : Labeled T bool ~~ tuy (NI-0)

From type preservation theorem we know that

x ¢ ((unit 4 unit)™ + unit) T Fr e : (unit 5 ((unit + unit)* + unit)+)+
0 Fr toy 2 ((unit 4 unit)™ 4 unit) "

0 Fr o o ((unit 4 unit)t 4-unit) T (NI-1)

Since we have () - $v; : Labeled T bool ~ ‘v

And since *v; and ‘o; are closed terms (from given and NI-1)

Therefore from Theorem 5.16 we have (we choose n s.t n > n; and n > ng)
(0,n,%v1,%0;) € |Labeled T bool |2, (NI-2)

And therefore from Definition 5.12 and (NI-2) we have

(0,n, (x — *v1), (z = tv1)) € |2+ Labeled T bool |%,

From (NI-0) we know that z : Labeled T bool F es: C L L bool ~~ ¢
Therefore we can apply Theorem 5.16 to get

(0,n, es[*v /], etvr /2]) € [C L L bool | (NI-3.1)

Applying Definition 5.9 on (NI-3.1) we get
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VHso, Hyz.(n, Hso, Hg)é@ AVi < n.eg[*vi/z] |; Sv =

JH/,, 'v.(H2, er['v1/z]) b (Hfy, 'v) A (0,0 —i,%v,t0) € |[C L L booIJ‘B/ A (n — i, Hso, H}) é}

0
Instantiating with (), . From cg-val we know that i = 0 and Sv = e[ vy /z].

Therefore we have A
JH/y, 'v.(Hy2, er['vy /x]) U (Hfy, '0) A (0, n,50,%v) € |[C L L boolje A (n, Hso, Hs) @@

From translation and from (NI-1) we know that ‘v = e;[tv; /2] = A_.ep1 and therefore from
fg-val we have H/f, = 0)

Therefore we have
(0,n, es[*v1/x], A\ep) € [C L L bool|?,

Expanding (0, n, es[*v1/x], A_.ep1) € |[C L L boolj?/ using Definition 5.8 we get
Ve, 10, Hsg,Htg, i,%v" k <n,0 C B/
(k, Hsg,Ht?,) (%6e) A (Hgs, es[°v1/x]) I (Hs’l,s NN <k =
3HL, ", (His, (A-es)()) b (Hff,'o) A 36" 3 %6,, 8" T B".(k — i, H}y, Hj) >
inl Lo A (50" k — i, 5] T]") € {boolj@

ﬁl/
s/ t /l/t "
0’ A ol Lyl =

Instantiating with 0,0, 0, ny, v, n, we get

3, 0" (0, (A-e0a) ) ¥ (Hgp, o) A 30" 30,0 C B".(n —ny, Hly, Hf) >
inl tof” A (50", n — ny, Sv], to]") € LbooIJV (NI-3.2)

IBI/
sn! t//lt//_
0" A Ftof tof =

Elt //It | t ///

Since we have v = A (O n —ng, v, b)) € | (unit + unit)j?,”, therefore from
Definition 5.8 we know that 2 cases arise

e Syj = inl*v/; and "]’ = inl'v];:
And from Definition 5.8 we know that
sg/ So Lo 187
(*0,n — n1, *vj), "oy ) € Lunit]y,
which means *v/; = v/} = ()

/ t

e Syl = inrfv/; and ‘v’ = inrtv);:

Same reasomng as in the prev10us case

Thus no matter which case occurs we have $v] = tv}” (NI-3.3)

Similarly we can apply Theorem 5.16 with the other substitution to get
(0,n,es[fva/z], er[tva/z]) € |C L L booIJ@E (NI-4.1)

Applying Definition 5.9 on (NI-4.1) we get

VHgo, Hyo.(n, Hyo, Htg) lg DAV < n,Svs.es[*vo/x] i Svs — JH/,, 'vs.(Hyz, e[l /z])
(Hy, tos) A (0,1 — i, %05, '0,) € [C L L bool | A (n — i, Hya, Hly) &0

Instantiating with (), ). From cg-val we know that ¢ = 0 and *vs = eg[*vo/x].

Therefore we have

S, Moy (Hpp, e[t /7)) U (Hly, 'us) A (0,1, %05, '0s) € |C L L bool |9 A (n, Hyo, HY, ¥

0
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Also from (NI-1) and from translation we know that ‘v = e;['vo/x] = A_.ep2 and therefore
from fg-val we know that H/; = ()

Therefore we have
(0,n, es[*va/x], A\epg) € |C L L bool|?,

Expanding (0, n, es[*ve/z], Ax.epe) € [C L L boolj?/ using Definition 5.8 we get
V40, 3 @7H337Ht3, 3,50 k<n,0 C B'
(k, Hu, Hig) & (*0e) A (Hsg, es[Pmn/a]) W (Hly, o) ni < b =
SHfy, ", (Hiz, (A-er) () I (Hfy, "vf)) N30 2200, 8/ © B".(k — i, Hly, Hf3) >
inl Lo/ A (50" k — i, 50] toll’) € Lbooljf/ﬁ
Instantiating with 0,0, 0, ne, v, n, 0 we get
3Hf, "0, (A-er2) ) U (Hfy,"0§) A0 20,0 & 5".(n — ny, Hly, HY3) >
inl Lol A (50", n — ny, Svp, t)') € LbooIJV (NI-4.2)

IBII
89/ Elt'UN/ t // —

,8//
89/ Eltv//l t // —

a1
Since we have F'vl” vl = inl o)’ A (50',n — ny, S0}, 0l’) € Lboo|J€ , therefore from Defini-
tion 5.8 2 cases arise
S,/ t /// — nlta .
e “v, = inl*v), and = inl*vj,:
And from Definition 5.8 we know that
/ /
(50" ,n — ny, Sv)y, tuly) € LunltJ
3 t,/
which means *v), = *v/, = ()

e vl =inrSu/y and "vf = inrtv)y:

Same reasonlng as in the prev10us case

Thus no matter which case occurs we have $v} = vl (NI-4.3)

From CG to FG translation we know that Jfv;;.fv; = inl tv;; and similarly Ffv;o.fve = inl tujg

From (NI-1) since § F1 ‘v : (bool™ + unit) T therefore from CG-inl we know that § F1 ‘o :
bool*

And from CGsub-sum we know that 0 -+ tv;1 : bool "
Therefore we also have § - tv;; : bool T (NI-5.1)

Similarly we also have @ | tv;5 : bool " (NI-5.2)
Next, let ep = (Az : (boolt + unit) " .case(es(), y.y, z.tw)) (case(u, —.inl true, —.inl false)) :

bool*
where true = inl () and false = inr ()

We claim u : bool " | ez : bool*

To show this we give its typing derivation

P2.3:
FG-inl

w: bool", — | false : bool™
u: bool ", — F inl false : (bool* 4 unit)*

u: bool ", — k| inl false : (boolt + unit)"

FG-inl

FGSub-base
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P2.2:
FG-inl

u: bool ", — | true : bool*
w: bool ", — F inl true : (bool* + unit)*

u : bool ", — k| inl true : (bool* + unit) "

FG-inl
FGSub-base

P2.1:
w :bool " I u : bool !
P2:
P21 P22 P23 —
L | (bool™ + unit) ' N\, L
u : bool” k| (case(u, —.inl true, —.inl false)) : (bool™ + unit) "
P1.2:
n NI-1
w:bool”,z : (boolt + unit) " F e : (unit = (bool* + unit)4)+
FG-unit
u: bool ",z : (boolt + unit) T F1 () : unit
LELULC L L= (boolt + unit)t N\, L
T T T T L FG-app
w: bool',z : (bool~ + unit) ' k1 e4() : (bool™ + unit)
P1.1:
P1.2 FG-var
u: bool ",z : (bool™ + unit) T,y : bool* I y : bool*
T T T 5 T FG-var T
u : bool ',z : (bool™ + unit) ', z : unit - false : bool L = bool~ N\, L
T L PNT m T FG-case
u : bool' |z : (bool™ + unit) ' F case(e(),y.y,z."vp) : bool
P1:

P11
u: bool ",z : (boolt + unit) " F case(es(), .y, z."w) : bool*

u: bool” F| (Az : (boolt + unit) " .case(e;(), y.y, z.twp)) = ((boolt + unit) " 5 boolt)+

Main derivation:

Pl P2 -
LELUulC L L = bool™ N, L

u:bool” F; (Az : (bool™ 4 unit) ".case(es(), y.y, z.tw)) (case(u, —.inl true, —.inl false)) : bool*

FG-app

Assuming ep; () reduces in ng; steps in (NI-3.2) and epo() reduces in ng steps in (NI-4.2).
We instantiate Theorem 5.38 with er, ‘v;1, ‘vi2, ny1 +2,ni2 +2, HY|, H5 and L and therefore
from (NI-3.3) and (NI-4.3) we get ‘v = ‘o)’ and thus v = Sv}
O
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5.2 FG to CG translation
5.2.1 Type directed (direct) translation from FG to CG
Definition 5.19.

(b) = b

(unit) = unit

(mnsn) = (m)—=Ce L (n)

Va.(be, 7)) = Va.Cl. L (7)

e % 7)) = c¢c=>ClL(r)

(]7'1 X TQD = (]7'1[) X (]7’2[)

(1 + 72) = (n) + (=)

(ref AY) = ref £ (A)

(AY) = Labeled (¢) (A)
ForI'=x1 : 71,...,2y : Ty, define ([) = z1 : (71), ..., Zn : (7).

We use a coersion function defined as follows:

coerce_taint : Cpcl. 7 — Cpc L7  when 7/ = Labeled ¢, 7 and ¢, C 7.,
coerce taint = \z.toLabeled(bind(z, y.unlabel(y)))

FC-var

YUl e :irmhpex:T~retx
;Ui a1 by, e~ e

i FC-lam
0T by Azee s (11 -5 1)~ ret(Lb(Az.eq1))

Y, Uy e 7~ e
YT Fpe Aet (Vau(fe, 7)) ~ ret(Lb(Ae,))

FC-FI

ST Fpe €1 (Vau(be, 7))° ~ ec
FV({)Cx U pelUl T L[l /a] 0k Tl o] \ £

FG-FE
S50, T kpe e [ : 7[¢'/a] ~ coerce_taint(bind(e., a.bind(unlabel a, b.(b[]))))

U, g, e 7~ e

7 FG-CI
YU T hpeve: (¢ = 1) ~ ret(Lb(ve.))

E;\I’;FI_I,CEZ(C%T)ZWSC DIV N Uk peUl C 4L, Uk TN/

. . FG-CE
Y;W;I' Fpe € 1 7 ~» coerce_taint(bind(e., a.bind(unlabel a, b.(be))))
UL bpeert (T R
SiUiT Fpe ea 1 T~ €2 LECLUpecC Y, LETm N/
FC-app

YW T by €1 ez : 79~ coerce_taint(bind(e.1, a.bind(ec2, b.bind(unlabel a, c.(c )))))

YW T Fpeer i1~ e iU T Fpe €2 1 T2~ e
S W;T by (e1,e2) 1 (11 X T9)t ~» bind (e, a.bind(e, b.ret(Lb(a,b))))

FC-prod

E;\Ij;rl_pcel(T]_XTQ)eWCC L1\ /Y

FC-fst
;W T b fst(e) : 71 ~» coerce_taint(bind(e., a.bind(unlabel (a), b.ret(fst(b))))) °
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ST Fpe e (11 X 72)° ~ e L1\ ¢ FCoend
;W T Fpe snd(e) : 7o ~» coerce_taint(bind(e., a.bind(unlabel (a), b.ret(snd(b))))) o

YW T Fpe e~ e ]
- T - - FC-inl
;W T By inl(e) : (11 4+ m2)~ ~» bind(ec, a.ret(Lbinl(a)))

iUl Fpe e~ e )
- n - - FC-inr
;U T bpe inr(e) @ (71 + 72)~ ~> bind(e., a.ret(Lbinr(a)))

SWT Fpe et (114 )~ e
YUl w7y bper €1 1T v e YUl w1 bper €2 1 T~ e LT/

Y, W; T b case(e, z.eq,y.€2) : T ~» coerce_taint(bind(e., a.bind(unlabel a,b.case(b, z.ec1,y.€c2))))

FC-case

Uil Fpe e 7~ e LETX\, pc FCrof
-re
¥ W T Fpe new (e) : (ref ) ~» bind(e,, a.bind(new (a), b.ret(Lbb)))

E;\I/;Fl—pce:(refr)ewec LET< T LET N/
. . FC-deref
;W T Fpele : 7 ~» coerce_taint(bind(e., a.bind(unlabel a,b.!b)))

YW T Fpe g o (ref T)f ~ €el W bpeea i T v e TN\ (pcU L) FConssi
X;W; T ) €1 := ez : unit ~> bind(toLabeled(bind(ec1, a.bind(ec2, b.bind(unlabel a,c.c :=b)))), d.ret()) e

5.2.2 Type preservation for FG to CG translation

Theorem 5.20 (Type preservation: FG to CG). If ' ke e : 7 in FG then there exists €' such
that T' Fpe e 2 T~ € such that there is a derivation of (U) € : C pc L (7)) in CG.

Proof. Proof by induction on the ~~ relation

1. FC-var:
FC-var
De:irthpex:T~reta
CG-
),z (r) =z : (1) vt CCret
(I),z: (7) Fret x: C pec L (7) e
2. FC-lam:

Dz:mby, e~ ea

I'Fpe Aze: (1 5 m9) L ~ ret(Lb(\z.eq1))

FC-lam

To=Cpc L ((m1 5 m9)Y) = C pc L Labeled L ((7y 5 72))

T; = C pc L Labeled L (1) — C ¢. L (m2)
Ty = Labeled L (r1) = C 4. L (m2)
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T1_1 = (]T1D —C Ee 1 GTQD
Tl.g = (C ge i (]TQD

P1:
P2
e r) F e s Thn
,x (T ec1 11
1 cl 1.2 CC-lam
(]F[) [ )\x.ecl . T1,1
Main derivation:
P1
CG-label

(]FD |_ (Lb()\$€cl)) . Tl.O

CGoret
(T) F ret(Lb(Az-ec1)) : T e

. FC-app:

Ff—pcel:(ﬁgm)éwed Fl_pcegi’i'lwecz EI—EUpcgﬁe ﬁl‘TQ\‘K

I' Fpe €1 €2 1 7o ~> coerce_taint(bind (e, a.bind(ec, b.bind(unlabel a,c.(c b)))))

C-app

Ty =C pe L ((11 %5 7)Y = C pe L Labeled £ (11 55 7))
Ty = C pc L Labeled ¢ (1) = C 4. L (m2)
T11 = Labeled ¢ (1) — C £, L (72)
Tio=CT/Ll(n)— Cl. L (m)

Tis = (n) = Cle L (m2)

Tiy=Cl, L (m)

Ti5=Cl. l(m)

Tig=Copct (]AZ"I)

T17 = C pc £ Labeled (¢;) (A)

T19 =C pc L Labeled ¢; (A)

T110 =Cpc L (r2)

T, =C pc L ()

T.4 = Labeled ¢; (A)

T3 =CTY (A)

Teo = C pe t; (A)

Te1 = C pe L Labeled ¢; (A)

Teo = C pe € Labeled ¢; (A)

Tc = TcO — Tcl
Pc2:
CG-var
(]FD,I’ : Tcan : Tc4 H y: Tc4
CG-unlabel
(T),x : Teo,y : Tea b unlabel(y) : Tes
Pcl:

CG-var

(), x:Teo b x: Ty
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PcO:
PO

LEICY
(T, z : Tep F bind(z, y.unlabel(y)) : Teo
(T), z : Teo - toLabeled(bind(x, y.unlabel(y))) : Te

Pcl Pc2
CG-bind

CG-tolabeled

Pc:

Pc0
(T) F Az.toLabeled(bind(x, y.unlabel(y))) : T,
(T) - coerce_taint : T,

CG-lam

P6:
CG-var
I),a:Tva,b:(m),c: ThgkEb:(m)
P5:
CG-var
(]PD,G, : Tl.lyb : Qﬁ[),c : TLg |— C: T1_3
P4:
P5 P6 ca
(]F[),a:Tl.l,b: (]TQD,C:TLgI_Cb:TLzl “app
CGSub-monad
(]FD,G : Tl.l,b : (]TQD,C : T1.3 F C b : T1.5
P3:
CG-var
(]FD,(I : Tl.l,b . (]7'1[) |_ a Tl.l
P2:
P3
CG-unlabel P4
(T),a:Th1,b: (1)) - unlabel a : T} 2 CCbind
(T),a:T11,b: (1) F bind(unlabel a,c.(c b)) : T1 6 o
P1:
TH2, Weakening P2
(]FD,(L : T1_1 |— €c - T2 CG bind
(T),a: Th.1 F bind(eco, b.bind(unlabel a,c.(¢c b))) : T16
PO:
T < GriVQIl7 Ty = A[i
LB AN/
By inversion
LELCY;
Main derivation:
—— [H1 P1
(L) e : T CG-bind
(T') F bind(ec1, a.bind(ec2, b.bind(unlabel a,c.(c b)))) : T1.7
CG-app

(T) F coerce_taint(bind(e.1, a.bind(eco, b.bind(unlabel a,c.(¢ b))))) : T1.9

(T) F coerce_taint(bind(ec1, a.bind(ec2, b.bind(unlabel a,c.(c b))))) : Th.10
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4. FC-FI:

Yoa; Uiy e 7~ e

T FC-FI
0T pe Ae: (Vo (e, 7))~ ~ ret(Lb(Ae.))

Ty = C pc L ((Va.(be, 7))t) = C pc L Labeled L ((Vau.(le, T)))
T) = C pc L (Labeled L (Va.C ¢, L (7))

T1.0 = Labeled L (Va.C 4. L (7))

T11 =Va.Cl. L (7)

P1:

IH

Y, ;0 () Foee: (7)

CG-lam
;U (D) F Aee s Tha

Main derivation:

P1
;U5 (0) F Lb(Aee) : T
;W5 (D) F ret(Lb(Ae.)) : Ty

CG-label

CG-ret,CG-sub

5. FC-FE:

YT Fpe e 0 (Vau(fe, 7))8 ~ e
FV({)Cx YUk peUl C L[l /a] Uk Tl o] \ ¢
ST bpe e [ 2 7[¢'/a] ~ coerce_taint(bind(e., a.bind(unlabel a,b.(b[]))))

FG-FE

Ty = C pc L ((Vo.(€e, 7)) = C pc L Labeled £ ((Vou.(€e, 7))
Ty = C pc L (Labeled ¢ (Va.C £, L (7))))
T11 = (Labeled ¢ (¥a.C £, L (7))

T19 = C pc L Labeled ¢;[¢' /] (A)[¢' /]
Ti10 = Cpc L (7[l'/a])

To=CT/{ (Va.Cl, L (7))

To1 =Va.Cl. L (1)

Tro = (Cle L (T))[¢'/a]

Tos =Cl[l'/a] L (7)[l'/a]

Ty = C pe £ (A%)[' /]

To5 = C pc £ Labeled (¢;[¢'/a]) (A)[¢' /]
T.4 = Labeled ¢; (A)

T3 =C T4 (A)

Teo = C pe ¢; (A)

Te1 = C pe L Labeled ¢; (A)
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Teo = C pec € Labeled ¢; (A)

Tc - TCO — Tcl
Pc2:
CG-var
S (0),z: Teo,y : Tea by = Tea
CG-unlabel
;U (D), 2 : Teo,y : Tea - unlabel(y) : Tes
Pcl:
CG-var
S0 (D), : Teo b2 Teg
PcO:
PO
Pcl Pc2 _
LELCY;

CG-bind

;05 (D), z - Tep F bind(x, y.unlabel(y)) : Tea
;05 (), z : Tep F toLabeled(bind(x, y.unlabel(y))) : Te1

CG-tolabeled

Pc:

PcO
;0 () F Azx.toLabeled(bind(x, y.unlabel(y))) : T,
;U () F coerce taint : T,

CG-lam

From Definition of coerce_taint

P4:
CG-FE
2; \I/; (]PD, a T1.17 b . Tg.l [ b[] : T2.3
P1:
P2
;U (), a: Tha b unlabel a : Th
. CG-bind
¥, W (T),a: T 1+ bind(unlabel a,b.(b]])) : T2.5
PO:
—— Given, 7 = A%
LB AN/
By inversion
LELTY;
Main derivation:
IH1 P1

S50 (D) Foee: Th
Pc - - CG-bind
;U () F (bind(ec, a.bind(unlabel a,b.(b[])))) : Tas
Y, U; (I') F coerce_taint(bind(e., a.bind(unlabel a,b.(b]])))) : Th.9

;U (I') F coerce_taint(bind(e., a.bind(unlabel a,b.(b]])))) : Th.10

CG-app

Lemma 5.24 and Def 5.19

. FC-CI:

X330,y e: 7~ e

7 FG-CI
S U T hpeve: (e = 1) ~ ret(Lb(ve,))

Ty =CopcL((c & 7)5) = Cpc L (Labeled L ((¢ & 7))
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Ty = C pe L (Labeled L (¢ = C 4. L (7))
Ty = Labeled L (¢= C . L (7))
Ti1=c=>Cl L (]TD

P1:
P2
S0, () F oot ()
U, ¢ eq: (T
c CG-CI

S0 (T) Fvee : T
Main derivation:

P1

CG-label

;05 (D) F Lb(vee) : Tho
;05 (D) F ret(Lb(vee)) : Ty

CG-ret,CG-sub

. FC-CE:

ST hpee:(c S r)fme,  SiUbe  SiUkpeUlTl 307N
Y; W' Fpe € 0 7 ~» coerce_taint(bind(e., a.bind(unlabel a, b.(be))))

FG-CE

To=Cpc L ((c L 7)) = C pc L Labeled ¢ ((c L 7))
T =C pc L (Labeled ¢ (¢ = C ¢, L (7))
Ty 1 = (Labeled ¢ (¢ = C 4. L (7))

T19 =C pc L Labeled ¢; (A)

T110=C pc L (7)
To=CT/l(c=Cl. L (7))
To1=c=Cl L (1)

Too=Cl. L (7)

To4s=Copct (]AZ"I)

Ts5 = C pc £ Labeled (¢;) (A)

T.4 = Labeled ¢; (A)

Te3=CTY (A)

Teo = C pc t; (A)

T.1 = C pc L Labeled ¢; (A)

T.o = C pc ¢ Labeled ¢; (A)

Tc = TcO — Tcl
Pc2:
CG-var
X, (]FD,{L‘ : TcOyy T F y: Tes
CG-unlabel
;U (D), 2 : Teo,y : Tea - unlabel(y) : Tes
Pcl:

CG-var

S0 (D), : Teo b2 2 Teg
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PcO:
PO

LELCY
YU (D), : Teo = bind(x, y.unlabel(y)) : Teo
;W5 (1), z : Tep - toLabeled(bind(x, y.unlabel(y))) : Te1

Pcl Pc2
CG-bind

CG-tolabeled

Pc:

PcO
;0 (T) F Azx.toLabeled(bind(x, y.unlabel(y))) : T,
¥, U; (I') F coerce_taint : T,

CG-lam

From Definition of coerce_taint

P4:
CG-CE
S50 (0),a:Tha,b:To - be:Tho
P1:
P2
;05 (), a: Th.a F unlabel a : Ty
; CG-bind
;U5 (), a: Th.1 F bind(unlabel a, b.(be)) : Ty 5
PO:
———— Given, » = At
LE AN/
By inversion
LELTY;

Main derivation:

IH1 P1
S0 (D) Foee: Ty
Pc - - CG-bind
;W () F bind(e., a.bind(unlabel a,b.(be))) : T 5
;U () F coerce_taint(bind(e., a.bind(unlabel a,b.(be)))) : T1 9

;U (I') F coerce_taint(bind(e,, a.bind(unlabel a,b.(be)))) : T1.10

CG-app
Definition 5.19

. FC-prod:

Iipeer 111~ ea ['pe e2 1m0~ ec
T e (e1,62) ¢ (11 X 72)* ~ bind(ec1, a.bind(ec, b.ret(Lb(a, b))))

FC-prod

Ty =C pc L ((11 x 72)%)

Ty = C pc L Labeled L ((71 x 72))
T3 = C pc L Labeled L (71) x (m2)
T51 = Labeled L (1)) x (m2)

Ty =Cpc L (n)

T5 = C pc L (m)

P4:
CG-var

(T)ya:(m),b: (m) Fa: ()
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P3:

P2:

CG-prod

qro,a:qnbb (r DHmb) 1) x () CG-label
b

(7
7o) F Lb(a,b) : T51

)
(] 1), b : (m2) F ret(Lb(a, b)) : T CG-ret

P1:

IH2 P2
(]I‘[),a . (]7'1[) F €2 © T5

[T),a: (m - bind(ew, bret(Lb(a,0))  T5

Main derivation:

— [H1 P1
() Feen: Ty

(T) F bind(eo1, a.bind(ee, boret(Lb(a, b)) : T
(T) + bind(ec1, a.bind(eco, b.ret(Lb(a,b)))) : Th

CG-bind

Definition 5.19

. FC-fst:

Fl—pce:(ﬁXTg)zwec LT/
I' ke fst(e) : 71 ~» coerce_taint(bind(e., a.bind(unlabel (a), b.ret(fst(b)))))

FC-fst

T, =C pc L (n1)

Ty =C pc L (11 x )%)

To1 = C pc L Labeled ¢ ((11 X 72))
To9 = C pc L Labeled ¢ (1)) x (72)
Ty3 = Labeled ¢ (71) x (m2)

To.q = (1) x (72)

Tos =C T L (1) x (72)

T3 =C T/ ()

T31=Cpct (1)

Ts2 = C pc £ (A%)

T33 = C pc ¢ Labeled ¢; (A)

T35 = C pc L Labeled ¢; (A)

Ts36 = C pc L (A%)

T.q = Labeled ¢; (A)

Ts=CT ¥ (A)

Teo = C pe ¢; (A)

T.1 = C pc L Labeled ¢; (A)
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Teo = C pec € Labeled ¢; (A)

Tc = TCO — Tcl
Pg:
Y A Given, 71 = A%
L AN/
By inversion
LELTY;
Pc2:
CG-var
(]PD,LE : Tcan : Tc4 - y: Tc4
CG-unlabel
(T),x : Teo,y : Tea F unlabel(y) : Tes
Pcl:
CG-var
(]FD,.T : TCO |— xX T(;O
PcO:
Pg
Pcl Pc2 _
LELCY;
CG-bind

(T), x : Teo F bind(x, y.unlabel(y)) : Teo

- CG-tolabeled
(), x : Teo F toLabeled(bind(z, y.unlabel(y))) : Te

Pc:

Pc0
(T) = Ax.toLabeled(bind(z, y.unlabel(y))) : T,
(T') F coerce_taint : T,

CG-lam

From Definition of coerce_taint

P2:
CG-var
(T),a:Tos3,b:Toatb:Toy
CG-fst
(T),a:To3,b:Toqt fst(b) : (11) CCoret
(T),a: Tos,b: Toq - ret(fst(h)) : Ty e
P1:
CG-unlabel P2
(T),a: Tos F unlabel (a) : Ty 5 CC-bind
(T), a : Tos F bind(unlabel (a), bret(fst(0))) : Tox
PO:
Co @ 722 CG-bind

(T) F bind(e., a.bind(unlabel (a),b.ret(fst(b)))) : T5.1
(T) F bind(e., a.bind(unlabel (a), b.ret(fst(b)))) : T5.2
(T) + bind(e., a.bind(unlabel (a), b.ret(fst(b)))) : T5.3

Definition 5.19

Main derivation:

Pc PO
(T') F coerce_taint(bind(e., a.bind(unlabel (a),b.ret(fst(b))))) : T5.5
(T') F coerce_taint(bind(e,, a.bind(unlabel (a),b.ret(fst(b))))) : T5.6
() F coerce_taint(bind(e., a.bind(unlabel (a),b.ret(fst(b))))) : T3

CG-app
Definition 5.19
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10. FC-snd:

Fl_pcei(T1XT2)éM->€c LT\ /
I' ke snd(e) : 9 ~» coerce_taint(bind(e., a.bind(unlabel (a), b.ret(snd(b)))))

FC-snd

Ty =Cpc L (m2)

Ty =C pc L (11 x 1))

T51 = C pc L Labeled ¢ (71 x 72))
T59 = C pc L Labeled ¢ (1)) x (72)
T35 = Labeled ¢ (1)) x (m2)

To4 = (1)) % (72)

Th5 =CT L () x (r2)

T3 =CT{ (m)

T51=C pct (m2)

Ts2 = C pc £ (A%)

T35 = C pc £ Labeled ¢; (A)

T35 = C pc L Labeled ¢; (A)

Ts6 = C pc L (A%)

T.4 = Labeled ¢; (A)

Tes=CT ¥ (A)

Teo = C pe ¢; (A)

Te1 = C pe L Labeled ¢; (A)

Teo = C pe € Labeled ¢; (A)

Tc = TcO — Tcl
Pg:
Al < Given, T2 = Aei
L AN/
By inversion
LELTY;
Pc2:
CG-var
(]FD,.’I} : TCan : TC4 + y: Tc4
CG-unlabel
(T),z: Teo,y : Tea b unlabel(y) : Tes
Pcl:
CG-var
(]FD,(E : TcO Fa: Tco
PcO:
Py
Pcl Pc2 -
L ): LY
CG-bind

(T), x : Tep F bind(x, y.unlabel(y)) : Teo

- CG-tolabeled
(), x : Teo F toLabeled(bind(z, y.unlabel(y))) : Te

480



11.

Pc:

Pc0
(T) + Az.toLabeled(bind(z, y.unlabel(y))) : T¢
(T) - coerce_taint : T,

CG-lam

From Definition of coerce_taint

P2:
CG-var
(]PD,G, : Tg'g,b : T2.4 |— b : T2_4
CG-snd
QFD, a T2.3, b: T2_4 [ snd(b) : GTQD CGrot
(C),a: Tos,b: Tos - ret(snd(b)) : Ts e
P1:
CG-unlabel P2
(]FD,(Z : T2.3 F unlabel (a) : T2‘5 CG-bind
(D), a : Tos - bind(unlabel (a), bret(snd(b))) : T51
PO:
Co @ 22 CG-bind

(T) F bind(e., a.bind(unlabel (a),b.ret(snd(b)))) : T31
() F bind(e., a.bind(unlabel (a),b.ret(snd(b)))) : T5.2
(T') F bind(ec, a.bind(unlabel (a),b.ret(snd(b)))) : 133

Definition 5.19

Main derivation:

Pc PO
(I') F coerce_taint(bind(e,, a.bind(unlabel (a),b.ret(snd(b))))) : T55
(T') F coerce_taint(bind(e,, a.bind(unlabel (a),b.ret(snd(b))))) : T56

CG-app

Definition 5.19

(T) F coerce_taint(bind(e., a.bind(unlabel (a),b.ret(snd(b))))) : T}
FC-inl:

Dipee:m~ e

Ly () (11 + 72) = bind(e,, aret(Lbinl(@))
Ty =Cpc L ((r1+7)%)
Ti1 =C pc L Labeled L ((11 + 7))
Tio =C pe L Labeled L (7)) + (72)
T3 = Labeled L (1)) + (72)
T =Cpc L (n)
P1:

(T)ya: () Fa:(n) CGvar CCuinl
(), a: (mi) Finl(a) : (m1) + (72) - CC-label
(T),a: () F Lbinl(a) : Ty.3 CG-ret

(1), a: (1) F ret(Lbinl(a)) : T1.2
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12.

13.

Main derivation:

—— IH P1
(]FD F €t TQ

(') F bind(ec, a.ret(Lbinl(a))) : Th.2
(T) F bind(e., a.ret(Lbinl(a))) : T}

CG-bind
Definition 5.19

FC-inr:
'k c € > €Ec
| p f 7-2. € : FC-inr
I' Fpe inr(e) : (11 4+ 72)~ ~» bind(e., a.ret(Lbinr(a)))
Ty =C pc L (11 +m)7%)
Ti1=C pc L Labeled L (1 +72))
Ti2 =C pc L Labeled L (1) + (72)
T3 = Labeled L (1) + (72)
P1:
CG-var
(]F 7@:(]7'2[)|—a:(]7'2[) CGeinr
(L), a: (m2) Finr(a) : (1) + (72 CG-label
T).a: (7s) - Lbinr(a) : T
(T, a: (r2) inr(a) : T3 CG-ret

(), a: (m) - ret(Lbinr(a)) : T1.2
Main derivation:

— IH P1
() Fec: Ty

(T) F bind(e., a.ret(Lbinr(a))) : Th.2
(T) F bind(e., a.ret(Lbinr(a))) : Ty

CG-bind

Definition 5.19

FC-case:

F'Fpee:(n —l—Tg)E ~ €

Lox:mbpeeer 1 7~ eq Loz bper e 1 7~ eco LETN/

I' b case(e, xz.e1,y.e2) : T ~» coerce_taint(bind(e., a.bind(unlabel a, b.case(b, z.e.1,y.ex2))))

T =C pc L (7)
Ty =C pc L ((r + 7))

Ty, = C pc L Labeled ¢ (1 + 72)
Ty = C pc L Labeled ¢ ((1) + (72))
Ty3 = Labeled £ ((71) + (72))

Tou =CTL((m) + (7))

Tos = (]T1[)+(]T2D
T35 =C (pcU ) L (7)
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Ty =C (pcu ) ¢ (1)

Ts = C (pc) £ (A%)

T5.1 = C (pc) £ Labeled ¢; (A)
T53 = C (pc) (L) Labeled ¢; (A)
Ts.4 = C (pe) (1) (A%)

T.4 = Labeled ¢; (A)

T3 =C T (A)

Teo = C pe ¢; (A)

T.1 = C pc L Labeled ¢; (A)

Teo = C pe € Labeled ¢; (A)

Tc = TcO — Tcl
Pg:
— Given, 7 = A%
LAY N/
By inversion
LELCY;
Pc2:
CG-var
(]FD7$ : TCan : Tc4 F y: Tc4
CG-unlabel
(T),x : Teo,y : Tea F unlabel(y) : Tes
Pcl:
CG-var
(]F[),x . TcO Fa: TC()
PcO:
Pg
Pcl Pc2 _
LELCY;

CG-bind

(T), 2 : Ty F bind(x, y.unlabel(y)) : Teo

. CG-tolabeled
(T),x : Teo + toLabeled(bind(z, y.unlabel(y))) : Te1

Pc:

Pc0
(T) = Az.toLabeled(bind(z, y.unlabel(y))) : T,
(T') F coerce_taint : T,

CG-lam

From Definition of coerce_taint

P2:
CG-var

(T),a:T53,b:Tostb:Tos

TH2, Weakening
(]F[),CL : T2_3,b : T2.5,33 : QT1D [ €e1 - Tg

TH3, Weakening
(]F[),a : T2_3,b : T2_5,y : QTQD |— €2 L Tg

CG-case
(T),a:To3,b:TosF case(b,x.ec1,y.ec2) : T3
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14.

P1:
CG-unlabel P2

(]FD,CL : T2_3 F unlabel a : T2.4

- CG-bind
(T'), a : T3 F bind(unlabel a, b.case(b, x.ec1,y.€c2)) : T3 CChosub
(T), a : T3 F bind(unlabel a, b.case(b, x.ec1,y.€.2)) : Ty =
PO:
_ AN CG-bind
(T) F bind(e., a.bind(unlabel a,b.case(b, z.e.1,y.€2))) : T
P0.2:
PO
- - Definition 5.19
(T') F bind(e., a.bind(unlabel a,b.case(b, z.e.1,y.€2))) : T51
PO.1:

Pc P0.2

(T') F coerce_taint(bind(e,, a.bind(unlabel a,b.case(b, x.ec1,y.€:2)))) : T3
- - Definition 5.19
(T) F coerce_taint(bind(e., a.bind(unlabel a,b.case(b, x.e.1,y.€2))))T5.4

Main derivation:

PO.1
(T) F coerce_taint(bind(e., a.bind(unlabel a,b.case(b, z.e.1,y.€c2)))) : Th

FC-ref:

Fhpee:m~ e LT\ pc

T - - FC-ref
I' Fpe new (e) : (ref )= ~~ bind(e., a.bind(new (a), b.ret(Lbb)))

Ty = C pc L ((ref 7)1

Ti1=C pc L ((ref Al)L)

Ti2 = C pc L Labeled L ((ref A%))
T13=C pc L Labeled L ref ¢; (A)
Ty =C pc L (1)

To1 = C pc L (A%)

Ty9 = C pc L Labeled ¢; (A)

T5.3 = Labeled ¢; (A)

T4 =C pc L ref ¢; (A)

To5 = ref ¢; (A)

T551 = Labeled L ref ¢; (A)

P2:
CG-var

(]F[)g,,a :To3,b:Tos5Fb:Thy
(]FDB-',, a T2.3, b: T2_5 F Lbb : T2.51
(]FDE” a . Tg'g, b: T2.5 [ ret(Lbb) : T1‘3

CG-label

CG-ret
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15.

P1:
CG-new P2

(]PD@’Q : T23 F new (a) : T2.4
(]F[)ﬂ,,a T53 = bind(new (a),b.ret(Lbb)) : T} 3

CG-bind

Main derivation:

IH P1

(]FDEI Fec:Ta2
(]I‘[) = I bind(e., a.bind(new (a), b.ret(Lbb))) : T 3
(T DB’ t bind(e., a.bind(new (a), b.ret(Lbb))) : T}

CG-bind

Definition 5.19

FC-deref:
Fl—pce:(refT)ﬁwec LHT<: T LT\t
. - FC-deref
I' Fpele : 7~ coerce_taint(bind(e., a.bind(unlabel a, b.10)))
=Cpc L (7)

Ti1 = C pe L (A%)

Ti2 = C pc L Labeled ¢, (A')

Ty = C pc L ((ref 7))

Tp1 = C pc L Labeled ¢ ((ref 7))
Ty = C pc L Labeled £ ((ref A%))
T3 =C pc L Labeled ¢ (ref ¢; (A))
T4 = Labeled ¢ (ref ¢; (A))

Tos =C T L (ref £; (A))

The = ref ¢; (A)

To7=CT L (Labeled ¢; (A))

Trg = C T ¢ (Labeled ¢ (A'))

Ts9 = C pc £ (Labeled ¢ (A'))

T.4 = Labeled ¢; (A)

Tes=CT ¥ (A)

Teo = C pc ¢; (A)

T.1 = C pc L Labeled ¢; (A)

Teo = C pc ¢ Labeled ¢; (A)

Tc - TCO — Tcl
Pg:

——— Given, 7’ = At

LB AN/

By inversion
LELCY;
Pc2:
)2 Ty T by T o
ST Y- :
YAl Y- et CG-unlabel

(T),x : Teo,y : Tea b unlabel(y) : Tes

485



16.

Pcl:

CG-var
(]F[),x : TcO Fa: TCO
Pc0:
Pg
Pcl Pc2 _—
LELCY
. CG-bind
(T), 2 : T F bind(x, y.unlabel(y)) : Teo
. CG-tolabeled
(T),x : Tpo + toLabeled(bind(z, y.unlabel(y))) : Te1
Pc:

Pc0
(T) F Az.toLabeled(bind(z, y.unlabel(y))) : T,
(T') F coerce taint : T,

CG-lam

From Definition of coerce_taint

P2:
CG-
(T),a:To4,b:TostHb:Tog var CCdoref
-dere
(]FD, a . T2.4, b . T2'6 |—'b : T2,7
CG-sub, L 5.21
(]FD, a T2.4, b : T2.6 I_'b : Tglg St e
P1:
CG-unlabel P2
(T),a: T4 F unlabel a: Ty 5 B CC-bind
-bin
(T),a: T4 b bind(unlabel a,b.1b) : Th g
PO:
_ P1
(]FI) |_ [ T2.3 CG-bind
-D1
() F bind(ec, a.bind(unlabel a,b.1b)) : Th 9
Main derivation:
Pc PO
CG-app

() F coerce_taint(bind(e., a.bind(unlabel a,b.10))) : T2
(T) F coerce_taint(bind(e., a.bind(unlabel a,b.1b))) : T} 1

Definition 5.19

FC-assign:

I'Fpeeq o (ref T)E ~3 e Fhpeex: T~ eq TN (pcU )

I'Fpe €1 := e 1 unit ~
bind(toLabeled(bind(e.1, a.bind(ec2, b.bind(unlabel a, c.c := b)))), d.ret())

FC-assign

T) = C pc L (unit)

Ti11 = C pc L unit

Ty = C pc L ((ref 7)9)

T51 = C pc L Labeled ¢ ((ref 7))
Ty = C pc L Labeled £ ((ref A%))

486



T3 = C pc L Labeled ¢ ref ¢; (A)
Ty.4 = Labeled ¢ ref ¢; (A)
Tos =C T () ref £; (A)
The = ref ¢; (A)

To7 =C (pcUl) L unit
To71 = C (pc U L) L unit
Tos = C pc (£) unit

T59 = C pc L Labeled £ unit
T3 =C pc L (7)

T31 = C pc L (A%)

T39 = C pc L Labeled ¢; (A)
T3.3 = Labeled ¢; (A)

P4
CG-var
(]FD, a T2.4, b : T3.3, C: T2.6 I— C: T2.6
P5:
CG-var
(]FD, a 772.47 b : ,T3.37 C: T2.6 }— b : T3.3
P3:
Given
LETN (pcUl)
P4 P5 By inversion
LF (pcUl) T Y
CG-assign
(]F[),a : T2.4, b . T3.3,C . TQ.G |_ C = b : T2.7
CGsub-monad
(]FD,(Z : T2.4, b : T3.3, C: T2.6 F C = b : T2.71
P2:
CG-unlabel P3
(]FD,(Z : T2.4, b: T3_3 F unlabel a : T2.5
: CG-bind
(T),a:To4,b:T53F bind(unlabel a,c.c:=b): Ty g
P1:
(]F[) T T TH2 P2
y @t . : .
A CG-bind
(T), a: To.4 F bind(eco, b.bind(unlabel a,c.c :=b))) : Ta g
PO:
€el -
: b2 CG-bind
(T)  bind(ec1,a.bind(ec2, b.bind(unlabel a,c.c :=10))) : Tag
PO.1:

PO
(T) + toLabeled(bind(e,1, a.bind(eco, b.bind(unlabel a, c.c :=b)))) : Tao

Main derivation:
P0.1

(T),d : Labeled £ unit & ret() : Th.1

CG-toLabeled

(T) + bind(toLabeled(bind(e,1, a.bind(ec2, b.bind(unlabel a, c.c :=b)))),d.ret()) : 11 1

487



Lemma 5.21 (Subtyping - Type preservation). VX; W.

The following holds:
1. V7,7
S0k r<it7 = %0 F () <: ()
2. VA A
ST A< A = X0 (A) <: (A)

Proof. Proof by simultaneous induction on 7 <: 7 and A <: A

Proof of statement (1)
Let 7 = A and 7/ = A2

By inversion

P2:
m Given | |
By inversion P1
XUk A <Ay
50 (A1) <: ((A2D)
P1:
W Given
XU E 0 Tl
Main derivation:
P1 P2

Y; U+ Labeled ¢; ((A1)) <: Labeled ¢ ((A2))

TH(2) on Ay <: Ag

CGsub-labeled

S50k (AT) <: (AD)

Proof of statement (2)
We proceed by cases on A <: A

1. FGsub-base:

—C
;UkFb<:b

G-refl

;W - (b) <: (b)

2. FGsub-ref:

CG-refl

YW ref 4; (A) <:ref ¢; (A)

YWk (ref A%) <: (ref A%)

3. FGsub-prod:
P1:

YU b7 X T <7 X T

Given

XU kmn <:T{

By inversion

Y0k () <: (7))
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Definition 5.19

IH(1) on 7 <: 74



P2:

y - Given
MU ETI X7 <iT) X Ty

XU R < Té
Y0k () <: (74)

By inversion

TH(1) on 7o <: 74

Main derivation:

P1 P2
U () x (m2) <: () x ()
B0k (X 7o) <: (] X T3)

CGsub-prod
Definition 5.19

. FGsub-sum:
P1:
; - Given
SV EFEm A<+ ] .
7 By inversion
YUk <im IH(1) .
onT <:T
0k () <: () ! !
P2:
; ;- Given
SO FEm+m<iTt+n

By inversion

XU E <t Té
Uk () <: ()

TH(1) on 75 <: 74

Main derivation:

P1 P2
S W () + () <: (1) + (72
DUk + 7o) < g+ )

CGsub-prod
Definition 5.19

. FGsub-arrow:

Ty = (r1) > Cl. L (m)
To= () > C 4 L ()
P2:

Given

£ 2,
DIV o o 47’2<:7’{47’é

Uk <:Té

By inversion, Weakening

Given

!’

E;\IIFTlgTQCT{gTé
UL,
;W ECle L (r) <:CL L ()

By inversion, Weakening

TH(1), CGsub-monad

P1:

Given

E;\Ifl—T1gT2 <:T{g75
E;\Pl—T{ <7
Y0k () <: (1)

By inversion, Weakening

TH(1)
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Main derivation:

P1 P2
Definition 5.19

/

YUk (n L ) <: (7 g 75)

6. FGsub-forall:
P1:

Given

S0 Va.(le, T) <: Va.(l,7)
Yo UkFr<i7
Y, a5V F (1) <: ()

By inversion

TH(1)

Given

YU FVa.(le, 7) <: Va.(l, ")
S,a; 0 - C A,
S, a; - Cle L (r) <:CL, L ()

By inversion

CGsub-monad

Main derivation:

P1
YU FVa.Cl, L (7) <:Va.C £, L ()
50 F (V. (be, 7)) <: (Vo (€L, 7))

Definition 5.19

7. FGsub-constraint:
P1:

Given

!/

E;llll—ci$7<:c’i37'
E;\III—T<:T’
0k (7) <: ()

Given

By inversion

TH(1)

’

E;\I/}—c£$7<:c’i37'
SV C 4,
S;UECl L () <:CL L ()

By inversion

CGsub-monad

PO:

Given

U

V4
Z;\IJI—C£37‘<:C':">7"
LUk = ¢

By inversion

Main derivation:
PO P1
YiUbke=Cle L(r)<:d=Cl L ()
E;\I’F(]C%TD <: (]c’i?T'[)

Definition 5.19

8. FGsub-unit:

CGsub-unit

;U unit <: unit
;W F (unit) <: (unit)

Definition 5.19
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Lemma 5.22 (FG ~» CG: Preservation of well-formedness). Forall ¥, ¥ the following hold:
1.V7. 559 7 WF = X;UF (1) WF
2.VA. S, U FAWEF = ;9 F (A) WF

Proof. Proof by simulataneous induction on the W F relation of FG
Proof of statement (1)

Let 7 = A?

IH(2) on A

By inversion

S0k (A) WF FV({) ex

i CG-wif-labeled
Y; U + Labeled ¢ (A) WF

Proof of statement (2)
We proceed by case analyzing the last rule of given W F judgment.

1. FG-wif-base:
——  CG-wif-base
XU HbWF
2. FG-wif-unit:
. CG-wil-unit
;U unit WFE
3. FG-wil-arrow:
PO:
TH(1 — Bvi i
2, g (]7_2[) WF ( ) on 7o FV(Ee) ey Yy 1nversion
CG-wif-monad
Ea\Ill_(CfeJ— qTQD WEF
Main derivation:
TH(1 PO
SUT () wE W onm
CG-wil-arrow
Wk () = Cle L (m)) WF
4. FG-wit-prod:
IH(1) on 7y TH(1) on 7
50 (n) WF S Uk (r) WF
CG-wff-prod
;U k() x () WF
5. FG-wif-sum:
IH(1) on 7 TH(1) on 7
LU () WE S0 F (o) WF
CG-wff-prod

S;U k() + (re) WF
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6. FG-wil-ref:
Let 7 = A?

By inversion By inversion

FV(A) = 0 FV({) =0
FV((A)) = 0

S Uk ref 0 (A) WF

Lemma 5.23

CG-wif-ref

7. FG-wit-forall:

TH(1) on 7 By inversion

S0 F (1) WF FV(l.) € ZU{a}
Y, ;0 -Cl. L (1) WF
5,0 F Va.Cl, L (7)) WF

CG-wif-monad

CG-wfl-forall

8. FG-wil-constraint:

TH(1) on 7 ————— By inversion
YU, ek (r) WF FV(l) e X

;U c-Cle L (1) WF
Y, Ubke=Cl. L (1) WF

CG-wif-monad
CG-wif-constraint

O
Lemma 5.23 (FG ~» CG: Free variable lemma). V7,A. The following hold

1. FV((r)) C FV(r)
2. FV((A)) C FV(A)

Proof. Proof by simultaneous induction on 7 and A
Proof for (1)
Let 7 = A%
FV((A%))
Labeled ¢; (A))  Definition 5.19
;) UFEV((A))
;) UFV(A) IH(2) on A
Al)
Proof for (2)

FV(
FV(
FV(
FV(

1N

FV(b) Definition 5.19
b)

2. A =unit:

FV((unit))

FV(unit) Definition 5.19
FV (unit)

Nl
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FV((r1 = 7))
= FV((r) = Cl. L (m)) Definition 5.19
= FV((n)) UFV(Ll) UFV((n))
C FV(m)UFV(l) UFV(m) IH(1) on 71 and 7
= FV(n Y T2)

Definition 5.19

1) UFV(12) IH(1) on 7 and 7

FV(GTl—i—Tg[))

EFV((r1) + (72)) Definition 5.19
EGHD) FV((2))
FV(

V(m) UFV(m) IH(1) on 7 and 7

FV(Qref 7il)
FV(ref ¢; (Ai)) Definition 5.19
( ) V(G i
(ref Af 0

FV(ref 7’1)

i

7. A=Va.(le,Ti):

FV (Va.(le, 1i)))
V(Va.C l. L (r))  Definition 5.19

(
FV(
E e) UFV((m))
(

= FV
C FV(l.) UFV(r) IH(1) on 7;
= FV(Va.(le, 7))
8. A=c é? TP
FV((c L 7i))
= FV(c)UFV(C /. L (7)) Definition 5.19
= FV(c)UFV(l) UFV((m:))
C FV(e)UFV(l) UFV(r) IH(1) on 7;
= FV(c L i)

O]

Lemma 5.24 (FG ~~ CG: Substitution lemma). V7,A s.t =7 WF and - A WF. The following
hold
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1. (rfe/a] =
2. (A)[t/a] =

((r[¢/a]))
(Al¢/al)

Proof. Proof by simultaneous induction on 7 and A

Proof for (1)
Let 7 = Aei
(Aol
(Labeled ¢; (A))[¢/]
(Labeled £;[¢/ ) (A)[¢/a])
('—abe|ed Li[t/ o] (A[¢/al))
(Ale/a]t /o)

(Afe/a)
Proof for (2)

((unit))[£/a]
(unit)[4/a]

(umt)
(unit)
(

(unit)

71 X 7)) [£/a]
[e/a] x (r2)[¢/al)
1[0/ ) x (72[€/al))
1/ ] x m2[t/al))

71 X TQ)[E/CY]D

5 A=m1+ 7o:

({71 + 72))[€/a]

E 1)/l + (ma)[£/al)
(

(

AAQQQ

({7
((7
((7
(

Tilt/a] + malt/a]))

(
(r
EIT 1/ a]) + (m2[¢/a))
(1 +72)[¢/a])

Definition 5.19

IH(2) on A

Definition 5.19

Definition 5.19

Definition 5.19

IH(1) on 71 and 7o

Definition 5.19
IH(1) on 71 and m

Definition 5.19
IH(1) on 7 and 72
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6. A =ref 75
Let 7, = Aei

- =
=
D
=
A
A S——
S—
~
=
L,

e/l Definition 5.19
i) Lemma 5.22
ef Af) since - ref 7; WF

7. A=Va.(le,T):

((Va.(le, 7)) [¢/

(Va.C le L (mi))[¢/ ] Definition 5.19
(Va.C Le[t/a] L (r)[¢/c])

E]Va Cl.[t)a) L (m[t/a))) IH(1) on 7;

(

(Ve (€e[t/a], 7:[6/a))))
(Veu.(be, 7)) [¢/al)
c % Tt
((c 5 7))t/a]
(c=Cl. L())[¢/a] Definition 5.19
ct/a] = (C Le[t/a] L (r)[e/])
cll/a]l = (CLft/a] L (7[¢/a])) IH(1) on 7
= ((c & m)[e/a))

*
>
I

5.2.3 Model for FG to CG translation

Definition 5.25 (65 extends *0y). 61 C %0y =
Va € 391.391( =7 — 892( ) T

) =
Definition 5.26 (3 extends 3;). f1 C (B £
V(a1 az) € Br.(ar, ag) € Ba
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Definition 5.27 (Unary value relation).

b2 2 (%0, m,%v,'0) | *v € [b] Atv € [b] A v =t}

unit]) 2 {(0,m, %0, ) | *v € [unit] A v € [unit]}

mxmly & {C0m, (o, cw), (o, ') | )
(50, m,%v, ') € Lﬁj@ A (50,m, v, ) € LTQJ‘B/}

|71 +ng€ 2 {(%0,m,inl *v,inl tv) | (50, m,%v,'v) € L7'1J€} U
{(*9,m,inr *v,inr tv) | (50, m,%v,tv) € LTgJ@}

|71 L 72|\ £ {(°0,m, \x.es, A\x.ep) |

V0" 350,50, 0,5 < m,B C 6’ (°0', 4, %v, v) e Lﬁjé/ =
(50", 4, es[v /], eiltv/a)) € |72 ) 5}
{(sgvmv A687A6t) |

Vi 300,5 <m, BT 0 € L0V, ] eser) € L7100l

[I>

Ver.(be, 7) |5

lc é} TJ"B; £ {(°0, m,ves,vey) |

LEc= V0%, j< m,B C B'.(SQ',j, €s,6t) € LTJ%/}
[ref 71 2 {(*0,m, a5, ar) | *0(as) =7 A (“a,"a) € B}
[AY]Y 2 {(*0,m,*v,Lb(*n)) | (*0,m, v, %) € [A]{}

Definition 5.28 (Unary expression relation).

7% 2 {Comene) |
VH,, Hy.(n, He, H) 5 %0 AVi < n,%0.(Hy, e5) Ui (H!,*v) —>
3H/ tv.(Hy,e0) W (HYto) A0 30,5 2 B.(n—i, H., H ) L sg
NGO n —i,%v, M) € LTJ?,,}

Definition 5.29 (Unary heap well formedness).

(n, Hy, Hy) 559 £ dom(°0) C dom(Hs)A
B C (dom(°0) x dom(H;))A

Y(a1, a2) € B.(0,n — 1, Hy(a1), Hy(a2)) € [°0(a1) |y,
Definition 5.30 (Value substitution). §° : Var — Val, 6* : Var — Val

Definition 5.31 (Unary interpretation of T').

LFJ@ 2 {(*0,n,6%,8") | dom(T') C dom(5°) A dom(I') € dom (5Y)A
Vo € dom(T).(%6,n,6%(x), 64 (x)) € LF($)J€}

5.2.4 Soundness proof for FG to CG translation
Lemma 5.32 (Monotonicity). V*0,%¢',n,%v,tv,n', 8, 5.

1. YA. (%6,n,%v,%) € LAJ@ NOCT 0 NBE S Al <n = (50,n/,%0,"0) € LAJ‘B,/
2. V1. (*0,n,%v,') € LTJ‘B/ ANOC0 NBE B A/ <n = (30',n,%v,t0) € \_TJ‘B//
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Proof. Proof by simultaneous induction on A and 7
Proof of statement (1)
We case analyze A in the last step

1. Case b:
(%0, n,%v,v) € LbJ€ ANSOC S0 ABC B An/ <n
To prove:
(#6',n’,%v,"v) € |b]?

Since (6, n,%v,%v) € Lbj’é therefore from Definition 5.27 we know that $v € [b] Afv € [b]
and *v = v

Therefore from Definition 5.27 we get the desired

2. Case unit:

Given:

(*0,n,%v,v) € Lunitj‘ﬂ, ANOC 9 ABC B Anl <n
To prove:
(50", n',%v,tv) € Lunitjg

Since (%0, n,%v,'v) € LunitJ@ therefore from Definition 5.27 we know that v € [unit]Atv €
[unit]

Therefore from Definition 5.27 we get the desired

3. Case 11 X To:
(*0,m,%v, ') € |1y x ngé ANOCTS0 ABC B Al <n
To prove:
(¢, n',5v,') € 11 % TQJ‘B//
From Definition 5.27 we know that *v = (Svy,%1y) and ‘v = (‘oy, fug).
We also know that (°0,n,%vy, ;) € LnJ‘B, and (%0, n, 5wy, vy) € LTQJ‘B/
IH1: (5¢',n,5v, ) € |_T1J€ (From Statement (2))
IH2: (50", 1/, 5w, ) € LTQJ‘B,/ (From Statement (2))
Therefore from Definition 5.27, IH1 and TH2 we get

(0020, 0) € [n x )y
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4. Case 1| + To:

(*0,n,%v,') € |1 + TQJ€ ANOT 0 ABC B Al <n

To prove:

ar

(50, 0/, Sv, ') € |1y +ng€
From Definition 5.27 two cases arise

(a) Sv =inl(*v') and ‘v = inl(*v'):
IH: (50", n',%v",1') € I_T1J€/ (From Statement (2))
Therefore from Definition 5.27 and IH we get
(30, n/ Sv, ') € |11 + TQJ‘B//

(b) v =inr(®v') and ‘v = inr(*v’):

Symmetric reasosning as in the previous case

5. Case 11 g To:

(%0, n,%v,') € |1 Y T2J€ AOT 0 NBC B Al <n

To prove:

(0", n',%v,') € | L TgJ"B/I

From Definition 5.27 we know that

$p is of the form Az.es (for some e,) and v is of the form \z.e; (for some e;) s.t
V0" 350, 5v,tuy, § < n,B C Bi.(f@’,j,svl,tvl) € |_7‘1J‘B/1 _—

(0 oeslo/al elv/a]) € [mlg (A0)

Similarly from Definition 5.27 we are required to prove

WO 50, S, ty, k< !, B E B0 kS, ) € (] =
(0", k,esl*va/a], o[ va/2]) € |72

This means we are given some

S0 350 Swy,tug, k </, BT B st (50", k, 5w, vy € Lﬁjffu
and we are required to prove

(50", b, es[* o], exl'vs/a]) € [72)

Instantiating (A0) with 50", Suy, tvg, k, 3 since

59" 150’ 259, k <n' <nand BT B C B therefore we get

(50", b, es[*va/a], eiltvo/a]) € [72)
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6. Case Va.(le,T):

Given:
(%0,n,%v,v) € LVa.(Ee,T)J‘B/ ANOT 0 ABC B Al <n
To prove:
(50, n' Sv, ') € Woz.(ﬂe,v')h@,
From Definition 5.27 we know that
Sp is of the form Aeg (for some es) and ‘v is of the form Ae; (for some e;) s.t
Vo0 350,50, by, j < n, BT B0 € L0, j,esier) € [7[0)a]]s (FO)
Similarly from Definition 5.27 we are required to prove
Vo0 350, Svy, tun k <!, ' T B, 0" € L.(0" k,es er) € [T /a] )
This means we are given some
sg" - 50/751)2’15”271,6 < n/’B/ C B//jg// el
and we are required to prove
(50", earer) € |7[" /0]y
Instantiating (FO) with 56", Suvy, Ty, k, 5", ¢" since
59" 3¢’ %0, k <n' <n and B C B’ C B” therefore we get
(50", earer) € |7[" /0]y
7. Case c éﬁ T:
(*0,n,%v, ') € |c L TJ@ ANOCT 0 ABC B An/ <n
To prove:
sl ., s, t 4 B/
(¢, n' *v,'v) € e = 1]}
From Definition 5.27 we know that
Sv is of the form ve, (for some e;) and ‘v is of the form ve; (for some e;) s.t
Vo0 350,50, v, j <n, BEBLLIEc = (30, ],es,e) € LTJ% (C0)
Similarly from Definition 5.27 we are required to prove
V0" 350 Suy, tug k<!, B EBLEc = (50" k,es, ) € LTJ%N
This means we are given some
SO 350 Sug,tug, k <n!, ' T B st Li=c
and we are required to prove

(0" k,ese) € |72
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Instantiating (C0) with 56", Suy, tuy, k, 5 since
59" 150’ 250, k <n' <nand BC B C B therefore we get
(50" k,ere) € [ 7]}

8. Case ref T:

(*0,n,%v, ') € |ref TJ‘B/ A0 ABC B A’ <n

To prove:

(50, n', Sv, ') € |ref TJ@I

From Definition 5.27 we know that v = a, and v = ;. We also know that
0(as) =7 A (as, @) € B

From Definition 5.27, Definition 5.25 and Definition 5.26 we get

B/
(50,0’ Sv, ') € |ref T

Proof of Statement (2)
Let 7 = A"

(%0, n,%v,'v) € LAZUJé ANOCS9 ANBT B Al <n
From Definition 5.27 we know that .

Fty.lv = Lb(*v;) and (560, n, 5v, ;) € L/—\J€

To prove:

(50", n',%v, ) € LAZHJKE//

This means from Definition 5.27 we need to prove
(50", n' Sv,ty) € LAJ?/,

IH: (50", n',5v,'y;) € LAJ"B,I (From Statement (1))
Therefore we get the desired directly from IH.

Lemma 5.33 (Unary monotonicity for I'). V0, 0'.8,T,n,n', 3,03 )
(0,n,6°,6) € [T An/ <n A0 ANBCH — (0,0/,6°6') € T

Proof. Given: (6,n,5%,6%) € LFJ?/ An <nASOCS9 ANBC A
To prove: (8/,n/,6%,6%) € LFJ@I

From Definition 5.31 it is given that A
dom(T) C dom(56%) A dom(T) C dom(8) AVz; € dom(T).(50,n, 6%(x;), 0% (z;)) € LF(wz)j‘B,

And again from Definition 5.31 we are required to prove that

dom(T') C dom(6%) A dom(T') C dom(8') AVz; € dom(T).(50",n/, 6% (x;), 6% (2;)) € LF(wZ)Jg
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o dom(T") C dom(5%) A dom(T') C dom(d?):

Given

o Va; € dom(T).(°0, 0/, 6% (), 6" () € |T(w) -
Since we know that Vz; € dom(T).(°0, n, 8*(x;), 6 (;)) € LF(:J;,)je (given)
Therefore from Lemma 5.32 we get

Va; € dom(D).(5¢", 0, 6%(x;), 08 (z;)) € LF(Z’Z)J\@/

Lemma 5.34 (Unary monotonicity for H). V*0, Hy, H;, n,n',B.
(n, Hy, H)B 50 Al <n — (n/, Hy, Hy) b0

Proof. Given: (n, Hy, Hy) 29 An <n
To prove: (n', H, Hy) ﬁb 50

From Definition 5.29 it is given that X
dom(®0) C dom(Hg) A B C (dom(®0) x dom(H;)) AV (a1, a2) € 5.(°0,n — 1, Hs(ay), Hi(a2)) €

1°6(a) |},

And again from Definition 5.29 we are required to prove that
dom(%0) C dom(Hg) A3 C (dom(°0) x dom(H)) AV(a1, a2) € B.(°0,n" — 1, Hs(a1), H(az)) €

[0(a) 7

e dom(®0) C dom(Hg):
Given

e 3C (dom(®0) x dom(Hy)):
Given

o Y(ar, a2) € B.(50,1" — 1, Hy(a1), Hy(az)) € [*0(a)]}-
Since we know that V(ay, az) € 3.(°6,n — 1, Hy(a1), Hy(az)) € Lsﬂ(a)J‘B/ (given)
Therefore from Lemma 5.32 we get

V(ar, a3) € B.(50,0' — 1, Hy(ar), Hy(ap)) € [*6(a)]?

Lemma 5.35 (Coercion lemma). VH e, v.
(H,e) Y. (H',Lby) =
(H,coerce_taint ) |}/ (H’,Lbv)

Proof. Given: (H,e) |}/ (H',Lbv)
To prove: (H,coerce_taint ¢) |}/ (H’,Lbv)

From Definition of coerce_taintand cg-app it suffices to prove that
(H , toLabeled(bind(e, y.unlabel(y)))) * (H’, Lbv)
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From cg-tolabeled it suffices to prove that
(H, bind(e, y.unlabel(y))) I/ (H', v)

From cg-bind it suffices to prove that
1. (H,e) 4! (H], v):
We are given that (H,e) I}/ (H’,v) therefore we have H] = H" and v{ = Lbw

2. (H{,unlabel(y)[v/y]) Vo(H v):
It sufffices to prove that

(H', unlabel(Lbv)) L (H', v):
We get this directly from cg-unlabel

Theorem 5.36 (Fundamental theorem). VX, U, T' 7, es,et,pc,ﬁ,és,ét,a,sﬁ,n,ﬁ.
YW bpees : 7~ e A
LEY oA (%0,n,66) €|l aje
e N
(50,n,es 6%, e &) € |T O'J%

Proof. Proof by induction on the ~- relation

1. FC-var:

FC-var

Dx:thkpeo:T~retax

Also given is: (°0,n,8%,6%) € [(TU{x — 7}) O'J‘B/
To prove: (30,n,x §° ret(x) &%) € |1 aj’g
From Definition 5.28 it suffices to prove that

VH,, Hy.(n, Hy, H) B %0 AV < n,%0.(Hy, @ 6%) U (H.,*v) —>

3/, tv.(Hy, vet(z) 61 U (H!,'v) A0 320, 3 3 B.(n — i, H!, H)) & 6" A

. ﬁ’
(50’ ,n—i,%v,%v) € |1 oly

This means given some Hs, Hy s.t (n, H, Ht)g‘*ﬂ. Also given some i < n,*v s.t (Hg, x 6°) {;
(H;,*v)
From fg-val we know that i = 0, v = x §°. Also from cg-ret we know that ‘v = x §* and
Ht/ = Ht

And we are required to prove
3¢/ 250, ' T B.(n, HL, H)) & 56" A (0 n, %0, 0) € |7 o) (F-V0)

We choose *4’ as *6 and B’ as B
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(a) (n, Hs, Hy) 2 5p: Given

(b) (*0,n,%v,tv) € | O'J‘B/l
Since we are given (°0,n, 6%, 5t) € [(Tu{z—T1}) UJ‘B/, therefore from Definition 5.31
we get (50, n,%v,tv) € |7 UJ€

2. FC-lam:

Diz:mby, es:m~ e

I'Fpe Azees @ (1 5 79)+ ~ ret(LbAz.e;)

FC-lam

Also given is: (°0,n,6%,0%) € LFJ‘B/

To prove: (30,n, (Az.es) 6%, ret(LbAz.e;) 8') € [ (1 L o)t UJ%

From Definition 5.28 it suffices to prove

VH,, Hy.(n, Hy, Hy) b %0 AVi < n,%0.(Hy, (\acs) 6°) U (H,%0) —>
JH],'v.(Hy, ret(Lb(Az.e;))) &) U (H!,'v) A

30' 350, 2 B.(n — i, HL, H) S 50 A (50,0 —i,50,%0) € [(n 5 72) - o)

This means that given some Hy, H; s.t (n, Hy, Hy) é‘*@ and given some i < n,*v s.t
(Hs, (Az.€5) 6%) i (H.,%v)

From fg-val we know that *v = (Az.es) 0%, H = Hs and i = 0. Also from cg-ret, cg-label
and cg-FI we know that H/ = H; and ‘v = (Lb(A\z.e;)) &°

It suffices to prove that
3¢ 250, 2 B.(n, Hy, H) > 0" A (0,0, ') € (11 %5 m) - o)

We choose *¢' as *0 and /3 as f3

(a) (n, Hs, Hy) ESQ: Given
(b) (*0,m, Az.es 6%, Lb(Az.er) 8) € | (r1 55 7o) o]0
From Definition 5.27 it suffices to prove that
(50,n, A\x.es 0%, (A\z.er) 6%) € [ (1 L T2) O'J‘B/
Again from Definition 5.27 it suffices to prove that
Vo0 30, Svg,tvg, j < m, B C B'-(39'7j7svglatvd) €[n UJ\B// =
(0',j esl"vafa] il vafa] &) € |7 o)

This further means that given ¢’ 3 %0,%vg,%vg,j < n, 8 C 3 st (50,7, 5va, 'vg) €
o)y

And we a re required to prove
ar

(50, j, es[*va/x] 6%, eltva/a] 61) € |72 0| (F-LO)
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Since we are given (¢, 7, %vy,%v) € |7 aJﬁ ,, therefore from Definition 5.31 and
Lemma 5.33 we have

(*6',4,6° U{x > “0g}, 6" U {z = 'g}) € [(TU{z = 7}) a)i.
Therefore from IH we get
(50", j,es 0° U{x = Svg}, e St U{z = tug}) € |2 Jj'g

We get (F-LO0) directly from IH

3. FC-app:

Fl—pcesl:(ﬁgm)gweﬂ I Fpe eso i T~ e LELUpcC 4, LETN\/

' Fpe €s1 €s2 : T2 ~» coerce_taint(bind(es1, a.bind(eso, b.bind(unlabel a, c.c b))))

Also given is: (56,n,0%,0%) € LFJ‘B/
To prove:

(%6, n, (es1 es2) 6%, coerce_taint(bind(es1, a.bind(esa, b.bind(unlabel a, c.c b)))) &) € |7 ajf;
This means from Definition 5.28 it suffices to prove

VH,, Hy.(n, Hs, Hy) 250 AVi < n,%v.(Hs, (es1 es2) 0%) i (H.,%v) =
JH/,'v.(Hy, coerce_taint(bind(es, a.bind(es, b.bind(unlabel a,c.c b)))) o) |/ (H/,'v) A

3¢/ 250, 3 Bu(n—i, H, H)) & 50" A (0, — i, %0, ') € |3 0|5

This further means that given some H, H; s.t (n, Hy, Hy) 539 and given some ¢ < n,*v s.t
(Hs, (es1 es2) 0%) 4 (Hsfvsﬂ)

And we need to prove

JH/,'v.(Hy, coerce_taint(bind(es1, a.bind(es, b.bind(unlabel a,c.c b)))) §) |/ (H/, tv) A
359" 220, ' 2 B.(n— i, HL, H) B 50’ A (6',n— i,%0,'0) € | o) (F-A0)

IH1:

(50,n,es1 6%, e1 ') € [ (71 & T2)¢ O'Jg

This means from Definition 5.28 we have

VHer, o (n, Hor, Hn) 520 AV <%0 (Hr,ear) b (B Po) =
3HY oy (Hy,en) W (HYy, tor) A3265 296,81 3 B.(n — 4, HYy, HYy) % 01 A
(50;,n — j, v, o) € [(1 5 ) o)

We instantiate with Hy, H;. And since we know that (Hs, (es1 es2) 6°) }; (H.,*v) therefore
El] <t <nst (Hsl,esl) ‘Uj (Hsll,svl).

This means we have
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a1

. R . B
JH/ by (Hp s en) U (Htllzt/ul) A0, 350,58, 3 B.(n — j,H, H)) > 0 A (50, n —
g, ot € [(m 55 )t UJ€1 (F-A1.0)
Since we know that (0],n — j,%v1,tv) € [(1 =Y )¢ o] ’f} therefore from Definition 5.27
we know that vy = Lb(*v;) s.t
(%07, m — 3, %v1, 'v;) € [(11 LY T2) UJ@i (F-A1.1)
From Definition 5.27 we know that *v; = Az.e/, and ‘v; = \z.¢} s.t
VSG'{QSGQ,SU’,%’,Z<(:n—j),ﬁ} C By )
(07,1, 1) € |m o)yt = (0,1 e[ [a], e[ fa]) € o o] (F-Al)

TH2:

(%07,m — j,esa 6%, e O') € |1 UJ%

This means from Definition 5.28 we have

VHso, Hya.(n — j, Hsa, Hy2) l[ii S0 ANVE <n—j,%0n.(Hs, es2 0°) | (Hly, *10) =
3H, o (Hiz, er2) I (I}’Ttlzat@‘;t) NF05 3207, 85 3 Br.(n—j—k, Hly, Ht’2)%89§ A (P05,m —
j—k,Sv,tw) € |n UJ%

We instantiate with H!;, H/;,. And since we know that (Hs,(es1 es2) 0°) Ui (H., ®v)
therefore Ik <i—j <n—js.t (Hy,es 0%) b (Hly, *v2).

S
This means we have
R R Je2
EHtIQ,t’l}Q.(HtQ, 6t2) Uf (HtIQ,t’UQ) A 3895 Q 59/1,55 Q Bi(n —j — k, Hslz, HtIQ) l>2 Seé A (39'2,71 —
j— k,s’Ug,t'Ug) c {7'1 O’J‘/é;é (F—AQ)

We instantiate (F-A1) with 6] as 6}, Sv as 5wy, 0" as tvy, [ as n — j — k and Bi’ as Bé
Therefore we get

(0 n — = ks chlPuaa], el o /a]) € |72 o)

From Definition 5.28 we have

VHg, Hy.(n — j — k, Hg, Hy) % 0y ANVa <n—j—k v.(Hs, e[ v /x]) i (Hg, v3) =
IHy, tug.(Hy, ej[tog /) W (Hl, tos) A 3505 3364, 35 O ).

(n—j—k—a,H;, Hf) %’ S0L A (505,mn —j — k —a,%v3,'vs) € |2 O‘Jéé

Instantiating with Hly, H/5. since we know that (Hg, (es1 es2) 6°) i (HZ,°v) therefore
Ja<i—j—k<n—j—kst (H e 5v/x] 6% Vo (Hls, %v3)

s27 s

Therefore we have
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EIHt/Ent7’3~(Hta elt[t@/x]) Uf (Htlsvtv?)) A 350& 3 80/2751/’) = Bé

Jex 3
(n—j—k—a,H, Hf) 5 595 A (P05, n—j —k —a, Su3,t03) € |12 O'J€§ (F-A3)
Let m = /—\gi7 since 1o \ £ therefore £ C ¢; and

(*05,n—j—k—a,v3,'v3) € |72 UJ@‘;’
Therefore from Definition 5.27 we know that

(*04,n —j — k- a,*vs, Lbluy;) € |1 o]y (F-A3.1)

In order to prove (F-A0) we choose H/ as H/; and ‘v as Lb(*vs;). We need to prove:

(a) (Hy,coerce taint(bind(e, a.bind(esw, b.bind(unlabel a, c.c b)))) 6*) |/ (H/;, Lb(*vs;)):

From Lemma 5.35 it suffices to prove that
(Hy, bind(es1, a.bind(es2, b.bind(unlabel a, c.c b))) 6*) {/ (Hf5,Lb (*vs))
From cg-bind it further suffices to show that
o (Hyen 6') I/ (Hfy, o)
We get this directly from (F-A1.0)
e (H/,,bind(es2, b.bind(unlabel a,c.c b))[tv1/a] 6%) I/ (H/5,Lb(tvs;)):
From cg-bind it suffices to prove that
— (Hpy, ez 6% U (Hpp, 'v):
We get this directly from (F-A2)
— (H/,, bind(unlabel a, c.c b)[fvy/a][tva/b]6%) I/ (H5, Lb(*v3:)):
From cg-bind again it suffices to prove
* (Hy, (unlabel a)[tvy/a] 6*) U (Hlzy, vin):
Since from (F-A1.1) we know that 3v;.tv; = Lb(*;)
Therefore from cg-unlabel and (F-A1) we know that H/;; = H/, and ‘v =

Ly, = \z.€}

(e 0)['w/b]['vi2/c] 6°) I Tvpan:
It suffices to prove that
(Az.ep) fvg %)  Pogan

From cg-app we know that
Lo = ej['ve /2] o
* (Hjy,"va1) U (Hjs, Lb("vs;)):
From (F-A3) and (F-A3.1) we get the desired
(b) 3°¢' 30,3 2 B.(n — i, H, H)) o 50" A (0, n — i, v, "0) € |7 o)

We choose °0" as °05 and ' as 5. From fg-app we know that i = j +k +a+ 1,
Sv = vz and H] = H!5. Also from the termination proof (previous point) we know
that H/ = H/5 and v = Lb (*13)
We get (n — i, H!, H) 250’ from (F-A3) and Lemma 5.34
Since ‘v = Lb(*v3) therefore from Definition 5.27 it suffices to prove that
(0h,n—j—k—a—1%,") € |n UJ%

We get this directly from (F-A3) and Lemma 5.32
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4. FC-FI:

Y, WDy, e5: T~ e
0T Fpe Aeg (Vo (€e, 7))~ ret(Lb(Aey))

FC-FI

Also given is: (°0,n,d%,6") € LFJ€
To prove: (0,n, (Aes) 6%, ret(LbAey) 8%) € |(Vo.(be, 7))* o5
From Definition 5.28 it suffices to prove

VH57 Ht-(n; Hs, Ht) 550 AV < n, S’U'(H87 (Aes) 53) U'z (Hs/,s’l)) N
SH{'v.(Hy, ret(Lb(Aer))) 6%) 47 (H]."v) A

359/ 350, 3 Bu(n— i, H, H) & 56" A (0 n — i, 0, ') € [(Vau(be, 7)) " o2

This means that given some Hg, H; s.t (n, Hs, Hy) gsﬁ and given some i < n, v s.t
(H87 (Aes) 53) llz (Hs/787))

From fg-val we know that *v = (Aey) 6%, H. = Hs and ¢ = 0. Also from cg-ret, cg-label
and cg-val we know that H/ = H; and ‘v = (Lb(Ae;)) &°

It suffices to prove that
30/ 250, 4 3 B.(n, Hy, ) > 50" A (50, m, %0, 0) € | (Vo (be, 7)) * o]

We choose %6 as 0 and 3 as f3

(a) (n, Hg, Hy) 539: Given
(b) (*6,n, Aes 6%, Lb(Ae;) 8) € [ (Va.(be, 7))L o2
From Definition 5.27 it suffices to prove that
(%6, n, Aey 8%, (Aey) 0Y) € [(Vau(Le, 7)) o]0
Again from Definition 5.27 it suffices to prove that
Vo0 350,504, 'vg, j < n, BE B0 € L0, j,es 6% e, 6) € T[] ajg
This further means that given ¢’ 36, %vy,'vg,j <n,BC 3,0 € L
And we are required to prove
(50, j,es 0%, e, ) € [7[¢/a] o) (F-F0)
We get (F-F0) directly from IH

5. FC-FE:

S,UT Fpe et (‘v’a.(ﬁe,T))é ~ et
FV({)Cx YUk pelUl C L[l /a] Uk Tl o] (¢

/ . : . FG-FE
;W T Fpe s [ T[¢/a] ~» coerce_taint(bind(es, a.bind(unlabel a, b.(]]))))
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Also given is: (56,n,0%,0%) € LI‘J?/
To prove:
(%0, m, (es []) 6%, coerce_taint(bind(et, a.bind(unlabel a,b.(b]])))) §') € [7[¢'/a] UJ%

This means from Definition 5.28 it suffices to prove

VH,, Hy.(n, Hy, Hy) B %0 AVi < n,%0.(Hy, (es []) 8°) Vs (H,50) —> A
HHt’,tv.(Ht,coerce _taint(bind(e;, a.bind(unlabel a, b.(6]])))) 6*) I/ (H/,*v)AT*0' 30,5 3

Bu(n— i, HIH) B 6" A (6", n —i,%0,t0) € |7]¢'/a] o7

This further means that given some Hy, H; s.t (n, Hy, H;) > g 39 and given some ¢ < n,*v s.t
(Hs, (es []) %) $i (H, ")

And we need to prove

JH],'v.(Hy, coerce _taint(bind(e;, a.bind(unlabel a, b.(b]])))) 6¢) 4 (H/,tv)AT0’ 250, 3
Bn—i, HH) B 6" A (6,0 —i,%0,t0) € |7[¢'/a] 0|f  (F-FO)

IH:

(*0,n, es 0%, ¢, 6Y) € |(Ya.(be, 7))t o |
This means from Definition 5.28 we have

VHer, Hy-(n, Her, Hn) 520 AV <%0y (Hr, ) Yy (Hly*0) =

3H, o (Hye) W (HY b)) A 3200 350, 8, 3 Bu(n — j, HYy, HYy) SS&’I A

(= 1.5, ') € (Vo (e ) o)

We instantiate with Hj, H;. And since we know that (Hj, (es []) 6°) Ui (H.,*v) therefore
Jj <i<n,H st (Hs,es) | (HL, ).

This means we have

) oy () W (HL bor) A 3900 390,30 2 B(n — 4, B HL) 2000 A (50,0 —
Jotut) € [(Vau(le, 7)) o) (F-FL0)

Since we know that (0,1 — 7, *v1,'v1) € [ (V. (le, 7))* UJ€i therefore from Definition 5.27
we know that vy = Lb(*v;) s.t

(*6),n — j, v, ) € (Vo (le, 7)) o)t (F-FL1)

From Definition 5.27 we know that *v; = Ael, and ‘v; = Ae} s.t

VU 35041 < (n— ), B, T BU 0" € L0 1,el ) € [7[¢"/a] o]y (F-F1)

78

Therefore we instantiate (F-F1) with 67 as 6}, [ as (n —j — 1), 3/ as 3] and ¢’ as /'
Therefore we get

508



(0, n—j—1.¢, €€ 7]l /o] o]

From Definition 5.28 we have
B/

VH,, Hy.(n — j — 1, Hy, Hy) & %00 AVa < n— j — 1,%v.(Hy, €}) o (Hly, *v5) =
JH/,, bvg.(Hy, e}) I (Hly, tog) A 356 356}, 55 3 55,

B; 3
(n—7—1—a,Hy, Hy) B 05 A (0),n—j5—1—a,%v, ) € |7[l'/a] O'J‘%
Since we know that (Hs, (es []) 0°) {; (H.,®v) therefore 3k = i — j — 1 s.t (Hs1,€l) Jg
(H.y,%v2). We know that k =i—j—1 < n—j—1. Therefore instantiating with H/,, H/;, k
we get

IHy, tug.(H}y,ep) W (Hly, Pv2) A 305 3 89/2735 = Bé

B4 3
(n _j —1- k: HSIQ> HtIQ) [>2 89/2 A (Seé7n _j —1- a,sU27tv2) € LT[E’/O(] UJ\B/Z (F'F3)
Let 7[¢'/a] = A%, since 7[f' /o] \, ¢ therefore £ C ¢; and

(0 n —j— 1 — k,“u, w) € [7[¢'/] o)i?
Therefore from Definition 5.27 we know that

(*05,m — j — 1 —k,*u,Lblvy) € |7[' /] JJ% (F-F3.1)

In order to prove (F-F0) we choose H/ as H/, and ‘v as Lb(*v2;). We need to prove:

(a) (Hy,coerce taint(bind(e;,a.bind(unlabel a,b.(b[])))) 0%) {/ (Hy, Lb(tvg;)):

From Lemma 5.35 it suffices to prove that
(Hy, bind (e, a.bind(unlabel a, b.(b]]))) 6*) 4/ (Hly, Lb (*ug;))
From cg-bind it further suffices to show that
o (Hyeo 0Y) U (Hl, twy):
We get this directly from (F-F1.0)
e (H/,,bind(unlabel a,b.(b]]))[*vi/a] 6*) U/ (H/y, Lb(*vy;)):
From cg-bind it suffices to prove that
— (H/, (unlabel a)[tvy /a] 6¢) I/ (H/\y, o)
Since from (F-F1.1) we know that J'v;.fv; = Lb(*v;)

Therefore from cg-unlabel and (F-F1) we know that H/;; = H/; and ‘vp =
t /

= (b D'vr2/b] 0°) & Pupan:
It suffices to prove that

((Aep) [] 69 4 vz
From cg-FE and cg-val we know that
t,Ut21 — e/ 5t
t
— (Hjy, o) Y (Hfy, Lb(*v2;)):
From (F-F3) we get the desired
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(b) 30 250, 2 Bu(n—i, HL H) 2 6" A (6, n— i, 50, %) € |7[¢'/a] o).
We choose *6" as 6, and B as ,6’2. From fg-FE we know that i = j+k+1, v = %1y and
H! = H/,. Also from the termination proof (previous point) we know that H/ = H/,
and ‘v = Lb (‘uy;)
We get (n — 4, H., H, ) 50’ from (F-F3) and Lemma 5.34
Since ‘v = ‘v = Lb(*vy;) therefore from Definition 5.27 it suffices to prove that
(Seéa n _.] - k - 1’5,02715,02) € LT[E//Q] O-J\‘i'é
We get this directly from (F-F3) and Lemma 5.32

6. FC-CIL:

XU, by, e 0 T~ ey

7 FG-CI
ST Fpeves: (¢ =% 7)F ~ ret(Lb(vey))

Also given is: (°0,n,6%,0%) € LFJ€
To prove: (%0,n, (ves) 6%, ret(Lbvey) 6%) € |(c L )+ JJ%
From Definition 5.28 it suffices to prove

VH,, Hy.(n, Hy, Hy) B %0 AVi < n,*0.(H,, (ves) 6°) Ui (H!,*v) —>
JH], tv.(Hy, ret(Lb(vey))) o%) % (Ht’,t ) A

39" 390, 4" 2 B.(n — i, H, HY) B 6" A (61— i, %0, ') € | (Vau(le, )" o)

This means that given some Hy, H; s.t (n, Hs, Ht) 59 and given some i < 1, v 8.t
(HS7 (1/65) 58) % (Hslﬂsv)

From fg-val we know that v = (ves) 6°, H = Hs and i = 0. Also from cg-ret, cg-label
and cg-val we know that H/ = H; and v = (Lb(ve;)) 6°

It suffices to prove that

39" 390, F' 3 f.(n, Hy, Hy) & 56" A (50,0, %0, ') € | (Vor.(be, 7)) )P

We choose %6’ as 0 and /3 as f3

(a) (n, Hs, Hy) > 59 Given
(b) (°0,m,ves 6%, Lb(ve;) &%) € |(c & )t o]0
From Definition 5.27 it suffices to prove that
(50, n,ves 6%, (vey) 6') € [(c L T) UJ?/
Again from Definition 5.27 it suffices to prove that
VeSO 350,504, g, <n, BE B .LIEc = (50, j,es 05,¢, 8) € |7 ajg

This further means that given 3¢’ 350, 5vg,%v4,j <n,BC B st L= ¢ =
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And we are required to prove

(50 j,es 0%,e; 8Y) € | T aj’g (F-C0)
We get (F-CO0) directly from TH

7. FC-CE:

Z;\P;Fl—pce:(c%ﬂewet ;U ke XUk peUlC 4, YUk TN/

. . FG-CE
Y;W;I' Fpe € @1 7~ coerce_taint(bind(es, a.bind(unlabel a,b.(be))))

Also given is: (°0,n, 6%, 0%) € LFJ€

To prove:

(%0, n, (es ®) §°, coerce_taint(bind(ey, a.bind(unlabel a,b.(be)))) &%) € |7 UJ%

This means from Definition 5.28 it suffices to prove

H, Hy.(n, Hyy Hy) 50 A Vi < n,5v.(Hy, (5 ®) 0%) Ui (H!,*v) = )
JH/,'v.(Hy, coerce_taint(bind(e;, a.bind(unlabel a, b.(be)))) 6*) |/ (H/,'v)AF*¢' T3 %0, 5 3
B.(n—i, H!, H)) /g SN (50", n —i,%v,') € |7 ajél

This further means that given some Hs, Hy s.t (n, Hs, Hy) @59 and given some i < n,*v s.t
(Hs, (es @) 0%) 4i (Hy, ")

And we need to prove
JH/,'v.(H,, coerce_taint(bind(e;, a.bind(unlabel a, b.(be)))) 6%) U/ (H/,tv)AT0’ 250,33

Bun—i, HLH) %0 A (0 n—i0t) e |rol’  (F-CO)

IH:

' .
(*O,n,es 6°, ¢ 5t) €lle = T)g UJ’%
This means from Definition 5.28 we have

VHe, Ho (. Hat, Hi) 50 AV < oy (Hane) by () Pon) =

JH,, for.(H, er) Y (Hfy,'vi) AF°0) 2 59»31 - B(” — Jy Hgy, Hyy) @ 01 A

(0 n—j, %o, w) € (e & ) o)

We instantiate with Hs, H;. And since we know that (Hy, (es o) 6°) ;i (H.,*v) therefore
Jj <i<n,H st (Hs,es) | (HL,0).

This means we have

By

3H, o .(Haer) W (HY b)) A 305 350,38, 3 Bu(n — §, HY HY) > 500 A (0,0 —

N sl
j ot € (e % p)f ol (F-CL0)
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Since we know that (56}, n — j,%v, ') € [(c L )¢ O'J/‘ﬁ;i therefore from Definition 5.27
we know that vty = Lb(*v;) s.t
(501,n — j,%v1,'v) € |(c L ) O'J‘ﬁ/i (F-C1.1)

From Definition 5.27 we know that Sv; = ve/, and 'v; = ve} s.t

Ve0) 060,10 < (n—j), B, C By, 0" € L.CO L el e) € [r ol (F-C1)

Therefore we instantiate (F-C1) with 6/ as 0},  as (n —j — 1), 3/ as (3} and ¢’ as /.
Therefore we get

COn—j—1,e,e) e |ral

PR

From Definition 5.28 we have
B/

VHy, Hy.(n—j— 1, Hy, Hy) ¥ 00 AVa < n—j —1,%0.(Hy, ) Vo (Hly,*v2) =>
HHtIQ’tUQ'(Htveg Uf (Ht/27tv2> A Elsﬁé = Seé,ﬁé - Bé

e 3
(n—j—1—a,Hy Hy) 5505 A(0)n—j—1—a,w,tn)c|r aj‘ﬁf
Since we know that (Hs, (es o) 0°) {; (H!,®v) therefore Ik = i — j — 1 s.t (Hg1,€l) Jg
(H.y,%v2). We know that k =i—j—1 < n—j—1. Therefore instantiating with H/,, H/,, k
we get

SHY, oo (Y, ) U (Hly, o) A 30604 2964, 4 3

ﬁ ar
(n—j—1—k, H,, H) S SOLA (50h,n —j—1—a,®w,tvw) € |1 UJ€2 (F-C3)
Let 7 = Ag", since 7 \ £ therefore ¢ C ¢; and
(*0hn—j—1 -k v, 'v) € |7 o)?
Therefore from Definition 5.27 we know that

(0hn—j—1 -k, w,Lbloy) € |7 oli?  (F-C3.1)

In order to prove (F-CO0) we choose H/ as H/, and *v as Lb(*vy;). We need to prove:

(a) (Hy,coerce_taint(bind(e;,a.bind(unlabel a,b.(be)))) 6*) I/ (H/y, Lb(*vy;)):

From Lemma 5.35 it suffices to prove that
(Hy, bind(e¢, a.bind(unlabel a,b.(be))) 6*) |/ (H/y, Lb (*ug;))

From cg-bind it further suffices to show that
o (Hy e 0') U/ (Hfy,'v):
We get this directly from (F-C1.0)
e (H/,,bind(unlabel a,b.(be))['v1/a] 6*) U/ (Hly, Lb(*vy)):
From cg-bind it suffices to prove that
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— (H/y, (unlabel @)[*v; /a] 6%) I/ (H/jq, o)
Since from (F-C1.1) we know that J'v;.'vy = Lb(*v;)
Therefore from cg-unlabel and (F-C1) we know that H/;; = H/; and ‘ug =

Ly, = ve),

- ((® ‘)[tvt2/b] 5t) U opon:
It suffices to prove that
((vep) o 5t) Ut

From cg-CE and cg-val we know that
bopgr = e} o

- (Hy, tU?l) Uf (Hjy, Lb<tv2i)):
From (F-C3) we get the desired

(b) 3°¢' 36,3 2 B.(n —i, HL, H)) o 56" A (0, n — i, %, ") € |7 0|2
We choose *6 as 6, and B as Bé From fg-CE we know that i = j+k+1, v = Sy and
H! = H/,. Also from the termination proof (previous point) we know that H/ = H,
and v = Lb (‘uy;)
We get (n — i, H., H) 2 50’ from (F-C3) and Lemma 5.34
Since ‘v = vy = Lb(*vy;) therefore from Definition 5.27 it suffices to prove that
(464 n—j—k— 1,70, "w) € |7 oy

We get this directly from (F-C3) and Lemma 5.32

8. FC-prod:

FFPC €51 - T1 ~ €41 Fl—pc €59 1 T9 ~ €42
T ke (es1,€s2) 1 (11 X 72)T ~ bind (e, a.bind (e, b.ret(Lb(a, b))))

prod

Also given is: (56,n,0%,0%) € LI’J’@

To prove: (°0,n, (es1,es2) 0%, (bind(es1, a.bind(es, b.ret(Lb(a, b))))) 6t) € | (11 x 2)* aj’g

This means from Definition 5.28 we need to prove

VH,, Ht.(n, H, Ht) IQSH AVi < n,’v, SUQ.(HS, (651, 632)) s (Hs/, (8’1}1, 3’1)2)) :>A .
3H], 'v.(Hy, (bind(es1, a.bind(es2, b.ret(Lb(a, b))))) 6°) I/ (H/,'v) A3*0' 30,5 3 B.

(n—i, H, H) B 50 A (8 — i, (50, *0s), (o, Pa)) € (1 % 7o)~ o)
This means that given some Hs, Hy s.t (n, Hy, Hy) é 5¢. Also given some i < n, vy, vy 8.t
(Hs, (es1,es2)) Vi (Hy, (Pvr, v2))

And we need to prove
JH/,'v.(H;, (bind(eq, a.bind(eg, b.ret(Lb(a, b))))) &) I (H/,'v) A 350’ 250,53’ 3 3.
(n—i, H!, H) & 50 A (0 — i, (v, *w), T0) € |(m x ) - o) (F-PO)

IH1:
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(*0,n, es1 0%, €1 0t) € |1y 0|7

This means from Definition 5.28 we need to prove

B .
VHg, Hﬂ.(n, Hyq, Htl) >S5 /\Vj < n,svl.(HslA, €s1 ESS) U]‘ (Hsll,svl) —
aHtllat’UL(ch etl) Uf (Htllvtvl) A 359/ g 897 Bi g 5

U

6/
(n—j, H HY) S 500 A (50,0 — %0, t) € | o))

Instantiating with Hg, Hy and since we know that (Hy, (es1,€s2)) {i (H., (Sv1,°v2)) therefore
3] <1 <mnst (Hsl,esl 55) Uj (Hsll,s’ul)

Therefore we have
3Iftllatvl'(]yﬂ: etl) Uf (Htllatvl) A 359/1 g 897 Bi g B

/

6 Al
(n—j, H!y, HY) S 50, A (30,,n — j,%v, ty)) € |71 o |0] (F-P1)

TH2:

(01, n — j,esz 6%, €12 0') € |72 UJ%

This means from Definition 5.28 we need to prove

VHgo, Hip.(n, He, Ht2)£59/1 ANVEk <n _jvsvl-£H82a?52 ) (Hly,%v1) =
JH, tvr . (Higy e2) W (Hpy, tor) A 3504 350, 85 3 B,

. B ,
(n—j =k, Hly, Hby) & 505 A (0],n— j — k%, ") € |72 07

Instantiating with H/;, H}; and since we know that (Hg, (es1,€s2)) i (H., (*vi,°v2)) there-

sl

fore 3k <i—j <n—jst (Hsa,es 6°) b (Hly, %w)

Therefore we have

SHjy,'or.(Hea, er2) W (Hiy,"v2) A 3°65 2207, 65 3 5.

B4 3
(n—j — k, Hly, Hi) B 50) A (0h,n — § — k59, ') € |72 0]} (F-P2)

In order to prove (F-P0) we choose H; as H/, and ‘v as Lb(*vy, vy)

(a) (Hy, (bind(es,a.bind (e, b.ret(Lb(a,b))))) 8°) I/ (Hly, Lb(tor, twr)):
From cg-bind it suffices to prove that
[ ] (Ht,eﬂ 5t) Uf (Ht/bptvtbl):
From (F-P1) we know that H),; = H/, and ‘v ="y
e (H/,,bind(es2,b.ret(Lb(a,b)))[*vi/a] 6*) U (Hly, Lb(tvr,tun)):
From cg-bind it suffices to prove that
— (Hpy, e 61 W (H}yg» " vup2):
From (F-P2) we know that H},, = H/, and "vpy = "y
— (Hfy, ret(Lb(a,b))["v1/a]['v2/b] 6') 47 (Hfy, Lb(*v1, w)):
We get this from cg-ret, (F-P1) and (F-P2)
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(b) 30/ 30,3 3 B.(n— i, HL, H) B 50/ A (0, — i, vy, *w), o) € (m x m)* o)
We choose *0' as *0% and /' as 3} and since from fg-prod i = j+k+ 1 and H, = H.,.
Therefore from (F-P2) and Lemma 5.34 we get
(n— i, H!, HYy) b 50/

In order to prove (0, n — i, (Svy, %), tv) € [ (11 x 1)+ O'J‘B//
From Definition 5.27 it suffices to prove
Ftvito = Lb(tvy) A (50, n — i, (Pv1,5w2), ') € [(11 X T2) UJ"b;é

Since ‘v = Lb(*vy,'vs) therefore we get the desired from (F-P1), (F-P2), Defini-
tion 5.27 and Lemma 5.32

9. FC-fst:

I‘ches:(ﬁxm)éwet L7 N\ /

fst
I' Fpe fst(es) : 71 ~» coerce_taint(bind(es, a.bind(unlabel (a), b.ret(fst(b))))) ;

Also given is: (56,n,0%,0%) € LFJ‘B,
To prove: (°0,n,fst(es) 0%, coerce_taint(bind(e;, a.bind(unlabel (a),b.ret(fst(b))))) 8 €

Rl

This means from Definition 5.28 we need to prove

VH,, Hy.(n, Hy, H) b %0 AVi < n,v.(H,, fst(es)) bi (H!,*v) —>

JH/, 'v.(Hy, coerce_taint(bind(es, a.bind(unlabel (a), b.ret(fst(b)))))) 4/ (H/,*v) A
359’ 30,3 3 B.(n—i, H., H)) IB> SN (50", n —i,%v, ') € |7 UJ?/,

. . B . .
This means that given some Hg, H; s.t (n, Hy, Hy) 59, Also given some i < n,%v s.t

(Hs, fst(es)) Ui (H,*v)
We need to prove

JH/,'v.(Hy, coerce_taint(bind(es, a.bind(unlabel (a), b.ret(fst(b)))))) I/ (H/,*v) A
30 20,4 2 u(n— i, HLH) S 50 A (0,n— i, %0, tv) € |7 o)) (F-FO)

IH:

(*0,n,e5 8%, e 8') € [(11 x ™)’ oy
This means from Definition 5.28 we have

VH,1, H.(n, Hyr, Hi) B2 AV < 1, 5oy (Hp, e5) U (HYy, S0p) =
SH), o (Hiy e 1) U (H Por) A 390, 350, 30 3 B,

!

ﬁ ar
(n—j,H., H})) S SO A (504,m — 4,5u, ) € [(1 X Tg)é UJ€1

Instantiating with Hs, H, and since we know that (Hy,fst(es)) {; (H.,%v) therefore 3j <
i<mnst (Hses)dj (H,, wn)
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This means we have
3H),, . (Hyyer 6) 30 (HYy P ) A0 30, 31 2 5.

/!

B ar
(n—j, Hly, HY) ' 500 A (0,,n — j,%v, ty) € [(11 x 72)¢ o)t (F-F1)

Since we know that (0}, n — j,%v, ) € | (11 x 7)* UJ?} therefore from Definition 5.27
we know that v, = Lb(*v;) s.t

(0, n — %0, ') € (11 x ™) o]y (F-F1.1)

From Definition 5.27 we know that *v; = (*v;1, *v2) and by, = (t'l]ﬂ,t/l)ig) st
(°01,n — j,%vir, ') € |1 UJ€1 (F-F1.2)

Let 71 = Afi, since 11 \( ¢ therefore £ C ¢; and

(*01,n — j,vir, o) € [AT ]}

Therefore from Definition 5.27 we know that

(°01,n — j,*vir, Lblun) € LAljf} (F-F1.3)
In order to prove (F-F0) we choose H/ as H/; and 'v as ‘v;; (= Lb'v;11) as we need to prove

(a) (Hy,coerce taint(bind(e;,a.bind(unlabel (a),b.ret(fst(b)))))) I/ (H;, Lbtvi11):
From Lemma 5.35 it suffices to prove that
(Hy, bind(e;, a.bind(unlabel (a), b.ret(fst(b))))) I (H/},Lb (*vi11))
From cg-bind it suffices to prove that
o (Hi e ') W (Hfyy, vpn):
From (F-F1) we know that H/;; = H/, and ‘w11 = 'v; = Lb(*v;)
e (H/,,bind(unlabel (a),b.ret(fst(b)))[*v1/a] 8*) I/ (H];, Lbtviy):
Again from cg-bind it suffices to prove that
— (H}y,unlabel (a)[tv/a] 6%) U/ (Hfyy, tuon):
Since ‘v; = Lb(*v;1, v;2) from (F-F1.1) and (F-F1.2) therefore we get the
desired from cg-unlabel
So, Hix = Hf; and *vo1 = ("1, "viz)
— (Hfy, ret(fst(b))[(“vir, vi2) /0] 6°) U (Hfy, Lb via1):
We get the desired from cg-fst and cg-ret and (F-F1.3)

(b) 3¢ 350, 3 Bu(n— i, HL, HL) B 50/ A (0, n — i, v, bo) € 1))
We choose *¢’ as *¢} and 3’ as (;. And from fg-fst we know that i = j + 1 and
H! = H!, therefore from (F-F1) and Lemma 5.34 we get

B/
(n—i, H Y, H,) > *0,

sl

Since from fg-fst we know that *v = Sv;; therefore from (F-F1.2) and Lemma 5.32 we
get

ar
(50’,n — i,svﬂ,tvﬂ) S L7_1 UJ‘B/I

10. FC-snd:

Symmetric reasoning as in the FC-fst case
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11. FC-inl:

IEpee:rm~ e
T ke inl(es) @ (11 + 79)" ~ bind(ey, a.ret(Lbinl(a)))

inl

Also given is: (°0,n,6%,0%) € LFJ"B/
To prove: (°0,n,inl(es) 6%, bind(es, a.ret(Lbinl(a)))d') € | (11 + m2)* ajg
This means from Definition 5.28 we have

VH,, Hy.(n, Hy, H) B %0 AVi < n,%0.(Hy,inl(es)) Vs (H!,%0) —

JH/,tv.(Hy, bind(et,a ret(Lbinl(a))) 6*) U/ (H/,'v) A3%0' 30,5’ 3 B.
(n— i, H, H) S 50" A (0,0 — i, %0, ') € |7 0|2

This means that we are given some Hy, H; s.t (n, Hy, Ht) 50 Also given some i < n,*v
s.t (Hs,inl(es)) U; (H., *v)
And we need to prove

JH/,'v.(Hy, bind(eq, a.ret(Lbinl(a)))6t) I/ (H/,*v) N30’ O3
(n—i, H, H) %50 A (8 — i, %0, M) € [(ry + o)~ o2 (F-ILO)

IH:

(50,n,es 0%, O') € |1 JJ%

This means from Definition 5.28 we need to prove

B .
\V/Hsl,Htl.(n, HslaHtl)Dse/\vJ < nasvl-(Hslyes )*U] ( sl ’U ) -

EIHtII?tvl‘(Htla et)A‘U’f (Htll,tvl) A 389/ ; 89,81 g B

(n—j,HY, HY) DlSQ’/\ (%0',n — j,%v, ') € |1 UJ‘B}

Instantiating with Hs, Hy and since we know that (Hg,inl(es)) |} (H.,*v) therefore 3j <
i <nst(Hses 6% U (Hy,%v)

Therefore we have
3H), o (Hyyen) W (HY for) A3%0) 3°0, 81 2 5.

A/

(n—j,H., H)) l>1 SO0 A (507, m — 7,%v1, o)) € |1 aj‘ﬁ/i (F-IL1)

In order to prove (F-IL0O) we choose H{ as H/; and 'v as (Lb inl(*v1)) and we need to prove:

(a) (Hy,bind(es, a.ret(Lbinl(a))) 6*) IF (H/;, (Lb inl(*vy))):
From cg-bind it suffices to prove that
L. (Htvet )Uf ( t11» vﬂl):
From (F-IL1) we know that H/;; = H/; and ‘v;11 = "oy

ii. (H/j,ret(Lbinl(a))[tvi/a] 6%) I (H/;, (Lb inl(*vy))):
From cg-ret and (F-IL1)
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12.

13.

(b) 30/ 30,3 3 B.(n — i, H, HY) B 20/ A (0", n— i, v, ') € |(r1 + 1) " o]0
We choose *0" as *0] and (' as (]. Since from fg-inl we know that i = j + 1 and
H! = H!, therefore from (F-IL1) and Lemma 5.34 we get

/

B
(n—1i, H,, H,) > *0,

sl»
Now we need to prove (*¢',n —i,%v,'v) € [ (11 + )+ UJ‘@/

Since *v = inl *v; and ‘v = Lb(inl(*vy)) therefore from Definition 5.27 it suffices to
prove that

(50’ ,n —i,inl Svy,inl toy) € (11 + 72) UJ‘B/I

Since from (F-IL1) we know that (°6,n — j,%v, %) € |1 ajel
Therefore from Lemma 5.32 and Definition 5.27 we get
(30" ;n—1i,%v,t) € [(11 + ) O'J"é;

FC-inr:

Symmetric reasoning as in the FC-inl case

FC-case:

y4
Phpees: (14 1) ~ e
Lox:m bpaseest i 7~ en Lox 1 bpee €s2 T~ e LETN\/

case
I' by case(es, x.€51,Y.€52) : T ~» coerce_taint(bind(e;, a.bind(unlabel a,b.case(b, x.e:1,y.€2))))

Also given is: (°0,n,6%,6%) € |T O'J‘B/

To prove:

(50, n, case(es, T.€51,y.€52) 0°, coerce_taint(bind (e, a.bind(unlabel a, b.case(b, z.€;1,y.€12)))) 6°) €
r ol

This means from Definition 5.28 we need to prove

VH,, Hy.(n, Hs, Hy) 256 AVi < n,%v.(Hy, case(es, x.es1,y.€52) 0°) i (HL,"v) =
JH/, 'v.(Hy;, coerce_taint(bind(e;, a.bind(unlabel a, b.case(b, z.e;1, y.€2)))) 6°) 4/ (H/, tv)A

350/ 350, 3 Bu(n— i, H, H)) & 0" A (0, — i, %0, ') € |7 0|
This means we are given some Hs, H; s.t (n, H, Hy) Vliﬁ 59. Also given some i < n,%v s.t
(Hs, case(es, x.€51,y.€52) 0%) ; (H.,%v)

And we need to prove
JH/, v.(Hy, coerce_taint(bind(es, a.bind(unlabel a, b.case(b, z.e;1, y.€2)))) 6°) 4/ (H!, tv)A

350/ 350, 4 3 Bu(n— i, H, H)) & 50 A (0, —i,50,t0) € |7 0]} (F-C0)
IH1:
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(0,n,e5 8% e, 0') € (11 + 1)’ 0]
This means from Definition 5.28 we have

5 .
VHslaHtl (n Hslthl) seAv] <mn, 7}1 (H817€S) U] ( sl 'Ul) —
JH/, P (Hyy, e 01) W (HYy, to)) A 350, 390, 8, 3 5.

/

(n— 3. Hly, Hy) 550, A (0, — .o, ) € 7 oy
Instantiating with Hs, H; and since we know that (Hs,case(es, z.es1,y.€52) 0°) {i (H,*v)
therefore 35 < i < n s.t (Hg,es) | (Hlp,*v1)

Therefore we have
IH,, tor.(Hi,ep 60) U (Hy, Por) A 390, 3560, 3 3 6.

/

(n—j, H,, H) i S0, A (50, n — j,5v, b)) € |(r1 + 1) o) (F-C1)

Since from (F-C1) we have (*0},n — j,%vi,'v1) € | (11 + 72)° J'Bl therefore from Defini-
tion 5.27 we know that

Ftotoy = Lb(tw) A (507, n — 4,%v, ) € [(T1 + 72) ajel (F-C1.1)
2 cases arise

(a) *v; = inl(*v;1) and ‘v; = inl(tv;):
Also from Lemma 5.33 and Definition 5.31 we know that
(0 n — 3,6°U{z = S0}, 8 U {z = tun}) € (T, {o > S }) )
IH2:
(301,n — jes1 6° U{x — Su1},en 88 U{z — toq}) € 7 JJ%
This means from Deﬁr}ition 5.28 we have
VHso, Hia.(n, Hsa, Htg)@SG’l/\Vk < n—j,%v.(Hgo, es1 6°U{x — Suv1}) llj (HLy, %) =
JH/y, tvo.(Hyo, e41 68 U{z = tuip }) U (H/y, o) A3%04 3 50’1,62 2 Bl.
(n—j—k,H., H) ﬁl>é S04 A (505, n — j — k,5ve, ') € |T O'J'éé
Instantiating with H/;, H/, and since we know that (Hy, case(es, . 631 y.es2) 0°U{x —

Su }) 4 (H.,®v) therefore 3k <i—j <n—js.t (H., es) di (HLy, %v2)

S
Therefore we have

3H/y, " vo.(Hya, €41 6" U{xH tor}) W (Hy, toe) A 3905 3564, 85 3 35,
(n—j —k, Hy, Hj) 2 O A 0y, — j— k, g, twn) € |7 0]} (F-C2)
Let 7 = A% and since we know that 7 N\ ¢ therefore we have £ C ¢;

Since we have (°04,n — j — k,%ve,'w) € |T UJ€é
Therefore from Definition 5.27 we Ahave

(*0h,n — j — k, Sy, Lbtuy,) € [AG ]2 (F-C2.1)

In order to prove (F-C0) we choose H/ as H/, and 'v as ‘vy = Lb'wy;

And we need to prove:
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i. (Hy,coerce taint(bind(e;, a.bind(unlabel a, b.case(b, x.e41,y.€12)))) 6°) I (Hy, Lblug;):
From Lemma 5.35 it suffices to prove that
(Hy, (bind(ey, a-bind(unlabel a, b.case(b, z.¢;1,y.¢12)))) ) I (Hy, Lblwy;)
From cg-bind it suffices to prove that
o (Hier 6% U1 (Hfyy, om):
From (F-C1) we know that H/;; = H/; and "v1 = 'y
e (H/,,bind(unlabel a,b.case(b, x.es1,y.e2))[' 1 /a] 6*) UF (Hy, Lbtwy;):
From cg-bind it suffices to prove that
— (Hfy, (unlabel a)[*v1/a] 6°) U (H{py, "vior):
Since from (F-C1.1) we know that ‘v; = Lb(*v;) therefore from cg-unlabel
we know that

— (case(b, x.e1,y-er2)[L0;/b]6) | Lupaa:
Since we know that in this case ‘v; = inl(*v;1)
Therefore from cg-case we know that ‘vi00 = e[t vi1 /2] 6

— (Hfy en['vin /2] 8') I (Hfy, Lb'ua):
From (F-C2) and (F-C2.1) we get the desired
ii. 3%’ 30,5 3 B.(n—i, H!, H)) Lsgp (50',n —i,%v,'v) € |7 ajelz
We choose *¢” as *6) and 3’ as 3. Since from fg-case we know that i = j + k + 1
and H] = H/, therefore from (F-C2) and Lemma 5.34 we get
B/
(n — i, Hy, Hy) > °05
Now we need to prove (05, n —i,%v,%v) € |1 ajf/é
Since *v = vy and ‘v = 'y and since from (F-C2) we know that
(O m —j — kS, ) € |7 o}
Therefore from Lemma 5.32 and Definition 5.27 we get
(04, n — i, %09, ") € |7 0 ]?
(b) *v; = inr(®v;1) and ‘v = inr(tv;1):

Symmetric reasoning as in the previous case

14. FC-ref:

Dhpees: 7~ e LT\, pc
T e new (eg) : (ref 7) ~» bind(e;, a.bind(new (a), b.ret(Lbb)))

ref

Also given is: (°0,n,6%,0%) € LFJ‘B/
To prove: (*6,n,new (es) 6%, bind(es, a.bind(new (a), b.ret(Lbb)) 6¢) 6¢) € [ (ref 7)* aj%
This means from Definition 5.28 we have

VH,, Hy.(n, Hy, Hy) 50 AVi < n,50.(Hy new (eg) 0%) Ui (HL*v) —
3H/,*v.(Hy, bind(eq, a.bind(new (a), b.ret(Lbb))) 6*) U/ (H/,tv) A 3¢’ 350, 3 5.

(n—i, H, H) & 50 A (0 — i, %0, ™) € |(ref 7)- o)
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This means that given some Hs, Hy s.t (n, Hs, Hy) > ’B 5¢. Also given some i < n,*v s.t
(Hs,new (es) 6%) J; (H.,%v).

And we are required to prove
JH!,'v.(Hy, bind(et, a.bind(new (a), b.ret(Lbb))) 6*) I/ (H/,'v) A3%0' 30,3 3 3.
(n—i, B, H) % 50 A (6", n — i, %0, ) € | (ref 7)* ol (F-RO)

IH:

(%0, m,es 6% e, OY) € | T O’J’%
This means from Definition 5.28 we have

B .
VHsl,Htl (7’L HslaHtl) SGAVJ <mn, Sv1. (Hslyes )uj ( sla ) =
3H,, tor.(Hi,ep 60) U (Hy, Por) A 396, 3%, 8 3 6.

/

(n— Hsl,H’)DSG’l/\(S on— g5, tey) € |7 JJ‘B}

Instantiating with Hg, H; and since we know that (Hs, new (es) 6%) {; (H.,*v) therefore we
know that 3j < n s.t (Hs,es 0%) |; (Hlq,%v1).

Therefore we have
JH],, vy .(Hy, er & ) U (H/, o) AN3°0) 356 ﬁl J ﬁ

(n =, By, 1) B 00 A COLn— oo o) € Lr ol (PRI
In order to prove (F-R0) we choose H/ as H{U{a; — "v1}, 'v = Lb(a), *0 as *0)U{as — 7}
and (" as B U {(as, ar)}

And we need to prove:

(a) (Hy,bind(es, a.bind(new (a),b.ret(Lb b))) 6¢) I}/ (H/,'v):
From cg-bind it suffices to prove that
o (Hyer 0') U7 (Hfyp, on):
From (F-R1) we know that H/;; = H/; and fv;; =tv
e (H/,,bind(new (a),b.ret(Lb b))[‘v/a] &%) U/ (H/,tv):
From cg-bind it suffices to prove that
i. (H/;,new (a)[tv1/a] 6%) I (H!, 'um):
From cg-new we know that H/ = H/; U {a; > ‘v } and ‘v = &
ii. (H{U{a; > o1}, ret(Lbb))[tvi/a)[ar/b] 6°) I (H,tw):
From cg-ret we know that H/ = H/; U{a; + 'v1} and ‘v, = Lb(a;)

(b) 3¢’ 350, 3 B.(n — i, H!, H)) Lo (0 ,n —1i,°v,'v) € | (refr)* UJ‘B//:
From (F-R1) we know that (n — j, H,;, H};) Bbi ¢1 and since H; = H!, U{as — ®v},
H! = H, U{aq — v}, 50’ = 0] U {as — T}
Therefore from Definition 5.29 and Lemma 5.34 we get (n — i, H/, ) 5«9’
To prove: (*6',n —1,%v,'v) € |(ref 7)* UJ‘B/,

Since we know that v = as and ‘v = Lb a; therefore we need to prove
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(6',n — i, ag, Lb(ay)) € |(ref 7)* o |0
From Definition 5.27 it suffices to prove that
(*0',n — i, a5, ;) € | (ref 7) o]

Again from Definition 5.27 it suffices to prove that
*0'(as) =7 A (as, a0) € '
We get this by construction

15. FC-deref:

Fl—pces:(refT)Ewet LHT<:7 L7\ /

; - - - deref
I' Fpeles : 7'~ coerce_taint(bind(e¢, a.bind(unlabel a,b.!b)))

Also given is: (56,n,d6%,0%) € LFJ‘B/

To prove: (%0,n,le 6%, coerce_taint(bind(es, a.bind(unlabel a, b.10)))d') € |7/ ajg

This means from Definition 5.28 we need to prove

VHs, Hy.(n, Hs, Hy) 559 AYi < n,%v.(Hs,les) i (H,, *v) =

JH],'v.(Hy, coerce _taint(bind(e;, a.bind(unlabel a,b.16)))) \/ (H/,'v) A3%¢' 30,3 3 5.
(n—1, H,, H, ) 50’ A GO n—i, 50, M) € |7 JJ@I

This means that we are given some Hs, H; s.t (n, Hs, Hy) @ 5¢. Also given some i < n,%v
s.t (Hs,les) Ui (H.,%v)
And we need to prove

JH],'v.(Hy, coerce _taint(bind(e;, a.bind(unlabel a,b.16)))) I/ (H/,tv) A3%¢' 3 50,3’ 3 3.
(n— i, H,H)) % %0/ A (*0',n —i,%0,'0) € |7 o). (F-DRO)

IH:

(%0, n,es 6%, ¢4 6') € | (ref 7)* O'J%
This means from Definition 5.28 we need to prove

B .
VHs, Hy. (TL Hsl,Htl) 89/\Vj < n,svl.(Hsl,es) UJ ( s1 Ul) -
E|Ht1, v.(He, et 0 )Uf (Htll,tvl) 30, 2 °0 ﬁl | 5

/

(n—j, H'\, HYy) e S0, A (0], m — j,5v, twy) € | (ref 7)¢ 0|01

Instantiating with Hs, H; and since we know that (Hy,!es) {}; (H.,v) therefore 3j < n s.t
(Hshes) U; ( sl?sv)

Therefore we have
JH/, o1 (Hy,ep 60) U (HJy, Por) A 356, 3560, 3] 3 6.

/

(n— j, Hly, Hly) B 50 A (6),n — j, 01, '0y) € [(ref 7)0 0)F  (F-DR1)
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From (F-DR1) we have (*0},n — j, vy, tvy) € | (ref 7)° oj@i

From Definition 5.27 we have

ooy = Lb(ty) A (*0),n — j,*vy,tu) € |(ref 7) 0|0} (F-DRL1)

From Definition 5.27 we know that sv; = as and ‘v; = a4

*0f(as) =7 A(as, 1) € 3;  (F-DR1.2)

Since we are given that (n, Hs, Hy) 559 therefore from Definition 5.29 we know that

(0,1 — 1, Hy(as), H(ar)) € |*0(as) ]y
which means we have
(°0,n — 1, Hy(as), H(a)) € |7 Uj@

From Lemma 5.37 we know that

(Sevn - 17Hs(as)7Ht(azt)) S LT’ O'J’é

Let 7/ = A’ since 7/ \ ¢ therefore £ C ¢;

Let vy = Hy(a;) therefore from Definition 5.27 we have
(*6,n — 1, Hy(as),Lbuy) € |7/ 0|}, (F-DR1.3)

In order to prove (F-DRO) we choose H/ as H{, and *v as H/,(a;) = vy = Lbuy,

(a) (H;, coerce taint(bind(es,a.bind(unlabel a,b.10))) &) |/ (H/;, Lbu,):

From Lemma 5.35 it suffices to prove that
(Hy, (bind(et, a.bind(unlabel a,b.16))) &) |/ (H};,Lbuv,;)
From cg-bind it suffices to prove
i (Hy e 0Y) W (Hq, ton):
From (F-DR1) we know that H/;; = H/; and ‘v ="y
ii. (H/,bind(unlabel a,b.!b)[tvy/a]6?) |/ (H/},Lbuy):
From cg-bind it suffices to prove that
A. (H/, (unlabel a)[tvy/a] 6%) U (Hlyy, tvor):
From (F-DR1.1) we know that ‘v; = Lb(‘4;)
Therefore from cg-unlabel we know that Hfy, = H/, and ‘v = tu;
B. (HY, ()[tor fal /] 8) 47 (Hfy, Lbuy):
We get the desired from CG-deref, (F-DR1.2) and (F-DR1.3)

(b) 3¢ 250, 8 3 B.(n— i, H, HY) & 50 A (0", — i, %0, Lbug) € |7 0|2
We choose *¢ as *0] and [’ as 5]
B/
Therefore from (F-DR1) we get (n — j, H';, H,) > *6} and snce i = j + 1 therefore

U

B
from Lemma 5.34 we get (n — i, H/,, H)) > *6]
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Since from (F-DR1.2) we know that (as, a;) € B and *#(as) = 7. Also from (F-

1

DR1) we have (n — j, H.;, H};) > 50’. Therefore from Definition 5.28 we have (n —

sl
j— 1, Hg (as), Htﬁ(at)) [0 (a) 3!
Since i = j + 1, *01(as) =7 Hs/l( s) = v and H/\ (a) = 'v, = Lbuy,
fv) €

1§

Therefore we get (°0',n
from (F-DR1.3) and Lemma 5.32

16. FC-assign:

I' Fpe es1 : (ref T)K ~ 4] I'Fpe esa i T~ e LETN (pcU?)

[ Fpe es1 := eg2 1 unit ~»
bind(toLabeled(bind(e;1, a.bind(es2, b.bind(unlabel a, c.c :=b)))), d.ret())

assign

Also given is: (°0,n,d%,6") € LFJ€
To prove:

(50,7, (es1 := es2) 6%, bind(toLabeled(bind(e;1, a.bind(eso, b.bind(unlabel a, c.c := b)))), d.ret()) §') €
Lunitj%

This means from Definition 5.28 we are required to prove

VH& Ht'(na HSa Ht) @SO A VZ < n, SU‘(HS? (681 = 682) 58) ‘U’Z (Hs/? SU) =
JH]/,'v.(Hy, bind(toLabeled(bind(e;1, a. bind(etg,b bind(unlabel a, c.c := b)))),d.ret()) §*) |/

(H/,'v) AN3%¢' 30,3 3 B.(n — i, H!, H, ) 5«9’ A GO n—i, 50, M) € Lunitj‘ﬁ//
This means that given some Hs, Hy s.t (n, Hs, Hy) > ﬁ 50. Also given some i < n,*v s.t
(HS7 (651 = 652) 58) % (Hsfvs'U)

And we need to prove
JH]/,'v.(Hy, bind(toLabeled(bind (e, a. bind(etg,b bind(unlabel a,c.c :=b)))),d.ret()) §t) |.f

(B, ') A30' 36,3 3 B.(n—i, B, H) % 50/ A (6", —i,%0,t0) € [unit)?  (F-ANO)

IH1:
(*0,m, es1 6%, e 0') € |(refr)l o|%

This means from Definition 5.28 we are required to prove

\V/HS].aHtl (n HslaHtl) SQAVJ <nmn, Svr. (Hsla?sl 0° )‘U] ( 317 ) —
ElHﬂ, vl.(Ht17et1 ot ) U,f (Htll, 1}1) AN 350,1 _ 59,,81 - ﬁ

A/

(n—j, H,, HY) 7 S0, A (0, m — j,5v, twy) € | (ref 7)¢ o]

Instantiating with Hs, H; and since we know that (Hs, (es1 := es2) 6°) i (H.,*v) therefore
Jj <n st (He,es1 6°) 5 (H.,%01)

Therefore we have
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3H), Mo (Hosen 60 U (Hy,to) A 3000 390,81 3 5.

6 ar
(n—j, Hy, HY) 'S 500 A (00,0 — §, v, toy) € [(ref 7)o |01 (F-AN1)

Since from (F-AN1) we know that (*6},n — j,%v1,'v) € [(ref 7)° UJ‘B} therefore from
Definition 5.27 we have

Fuptoy = Lb(ter) A (0, — j,%01, ') € |(ref 7) 0] (F-ANL1)

From Definition 5.27 this further means that

0" (as) = 7 A (as, ar) € 3} where Sv; = a, and tv; = a4 (F-AN1.2)

IH2:
(0, — j,esn 0% e 01) € |7 0|

This means from Definition 5.28 we are required to prove

B/
\V/HSQa HtQ-(na H82a Ht?) [>1 893 A Vk <n-— ja 81}2'(1{82, 652 65) ‘U’k: (H5/23 SUQ) —
3I_ItIQ')tIUQ~(1yt27 €2 6t) Uf (Ht/27tv2) A 3505 ; 50/1755 ; 51
B4
>

(n—j — &, Hly, HY) S 504 A (565, n — j — k,5vs, ') € |7 0|12

Instantiating with H/;, H/; and since we know that (Hs, (es2 := es2) 6°) {; (H.,*v) therefore
Jk <n—jst (Hs,es2 0°) i (Hly, S12)

Therefore we have
IHy, tva.(Hiz, ern 61) U (Hyy,tvo) A 3°0% 3204, By 3 ).

B 3
(n—j—k,Hy Hy) S 0, A (00— — k') € |7 o] (F-AN2)

In order to prove (F-ANO) we choose H/ as H/s[a; — S, ‘v as ()

We need to prove

(a) (Hy,bind(toLabeled(bind(es1, a.bind(es, b.bind(unlabel a, c.c := b)))), d.ret()) 6*) I/ (H/,tv):
From cg-bind it suffices to prove that
- (H;, toLabeled(bind(es1, a.bind(es2, b.bind(unlabel a, c.c := b)))) 6*) /' (H, tvr):

From cg-toLabeled it suffices to prove that
(Hy, bind(es1, a.bind(eso, b.bind(unlabel a, c.c := b)))8) |/ (Hp, tory)
where tvp = Lblup;
From cg-bind it further suffices to prove that:
o (Hyen 6 IV (Hlyy, tu):
From (F-AN1) we know that H/;; = H/| and ‘v = oy
e (H/,,bind(es, b.bind(unlabel a, c.c := b))[*vi/a] §') I (H/}y, tor12):
From cg-bind it suffices to prove
— (Hfy, ez 6°) W (Hfyz, ' on):
From (F-AN2) we know that H/,3; = H/, and ‘v;13 = ‘oo
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— (H};,bind(unlabel a, c.c := b)[tvy /a][tva/b] 6°) U/ (H/, v19):
From cg-bind it suffices to prove that
x (H/;,unlabel a[tvy /a][tva/b] 6°) U/ (Hly, tugar):
From (F-AN1.1) we know that
bop = Lb(*v;) A (307, n — 4,501, to;) € |(ref T) UJ?}
Therefore from cg-unlabel we know that H/y, = H/; and fvo; = tv; = o
« (Hjy, (c:=b)[ i /a]['oa /0] vi/c] ') 4 (H{, v):
From cg-assign we know that H/ = H/,[a; — Tv2] and tvy10 = ()
Since ‘vp10 = tvp; = () therefore ‘vr = Lb()
- (Hp,ret()[Por/d)) 6) 7 (H, ()):
From cg-ret and cg-val

(b) 36/ 2°0,8' 2 B.(n — i, HL, H}) /é SO N (O, n—i, %0, ) € 7ol
We choose *¢ as *6), and [ as 3,
B/
In order to prove (n — i, H., H}) © *6} it suffices to prove

e dom(°0,) C dom(H.):
B/
Since from (F-AN2) we know that (n — j — k, Hly, H},) & 0} therefore from
Definition 5.29 we get dom(°6),) C dom(H))
o 3 C (dom(*64) x dom(H})):
B/
Since from (F-AN2) we know that (n — j — k, Hly, H},) © 0} therefore from
Definition 5.29 we get
Py C (dom(*03) x dom(H;))
o V(ar, ) € B.(*0p,n — i — 1, Hi(a), H}(a2)) € [*0y(an) ]y
V(al, a2) S 6é
— m = a5 and a1 = @ A
: sp/ ; s t By
Since from (F-AN2) we know that (°05,n —j — k,%va, ") € |1 0}/
Also from (F-AN1.2) and Definition 5.25 we know that *05(a1) = 7
Therefore from Lemma 5.32 we get
(504, n —i—1,%w, ) € |1 UJ@Q
— a1 # as and a1 # o
B/
From (F-AN2) since we know that (n — j — k, H., Hl,) & 0% therefore from
Definition 5.29 we get )
(64m— G —k— 1, Hy(m), Hip(a2) € *Bh(ar) }y?
Since i = j + k + 1 therefore from Lemma 5.32 we get
(64 m—i— 1, Hy(m), Hip(02) € [Bh(ar) Jy?
— a1 = as and a1 # a:
This case cannot arise
— a1 # as and a1 = a:
This case cannot arise )
And in order to prove (5¢,n —i,%v,%) € Lunitjg
Since we know that v = () and *v = () therefore from Definition 5.27 we get (°6’,n —

i,%v,') € Lunitjf//
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Lemma 5.37 (Subtyping lemma). The following holds:
VS, 0, L, B.

1. VA, A

(0) W EANALET o = [(A0)]] € LN o))y

2. V71, 7.
() BT < ALEY e = (o)) Sl o)l
(0) SUET<TALEV e = (T o)) C (T )i

Proof. Proof by simultaneous induction on A <: A" and 7 <: 7/
Proof of statement 1(a)
We analyse the different cases of A <: A’ in the last step:

1. FGsub-arrow:

Given:
EI—T{<:71 EI—TQ<:Té EI—EIEEKQ

J 7 FGsub-arrow
LT ST <i1 5T

To prove: |((1 5 7) )]0 C (7] 5 75) 0)|{

H1: (7] 0)|2 C |(n1 0)% (Statement 2(a))
It suffices to prove: V(°0,m, \z.es, ()\:U.ef)) € ((m L T2) O')J(j/.
(50, m, M., (Aaer)) € [(r] 5 4) o) |

This means that given some °6, m and Az.es, (Az.e;) s.t

(°0,m, \x.es, (Az.er)) € [ (11 L 72) a)j‘ﬁ/

Therefore from Definition 5.27 we are given:

Vo0, 350, %1, o, j <m, B E B0, 4,5 n, ) € | oy =
(0. d.esl /o] 8% el /o] ) € 2 0)) (SLO)

And it suffices to prove: (°0,m, \z.es, (A\x.et)) € |((7{ 5 75) O')J‘B/
Again from Definition 5.27, it suffices to prove:

W0y 320, %0, s, k <, B T Bh.(%0), k, Pun, ) € |7 oyt =
(6%, k, es[*va /] 6%, exftva/a] 6Y) € |74 o |32 (S-L1)

This means that given 505 3 50, 5wy, vy, k < m, § C B s.t (505, k, " vy, tw) € |

And we need to prove
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(0, &, e5[va/x] 8%, e[t va /] 8) € |74 o )22 (S-L2)

Instantiating (S-L0) with 56%,5vy,'v, k, 35, Since we have (50}, k,%vy,'0) € |7 JJ‘B/é
therefore from IH1 we also have

(05, K, "2, ') € [ o)y
Therefore we get

(%64, k, es[*v2 /7] 6%, exltva/a] 8) € |z 0|20
IH2: [ (12 0)]% C (7 0))% (Statement 2(b))

Finally using TH2 we get

(%03, k, es[*va/a] 6%, er['va/2] &) € |73 0 g

. FGsub-forall:

Given:
YUk <imy E,a;‘l’l—ﬁlegﬁe

FGsub-forall
350 FVa.(be, 1) <: Va.(lL,2) Pubriora

To prove: |(Va.(le, 1) a)j‘é/ C [(Va.(lL,72) U)J‘B/

It suffices to prove: V(°6,m, Aes, (Aer)) € | (Vo (e, 1) U)J‘B/.

(*6,m, Aes, (Aey)) € | (Vo (£, 1) )7,

This means that given some *0, m and Aes, (Ae;) s.t

(50, m, Aes, (Aey)) € [ (Vor.(Ce, 1) o) |5

Therefore from Definition 5.27 we are given:

Vo0, 350,5 <m, BT B 0 € L.(50, e 8% ¢, ) € |T1[0 /0] o) (S-FO)

And it suffices to prove: (°0,m, Aeg, (Aey)) € |(Va.(LL, T2) a)j‘ﬂ/
Again from Definition 5.27, it suffices to prove:

Vo0, 350,k < m, B C B, by € L.(500 k,es 0%, e, 0Y) € |mally/a] o] (S-F1)

This means that given *0, J %0,k < m, 3 C Bé,ﬁé eL

And we need to prove

(505, k,es 6%, e, 6%) € |mallh/a] o) (S-F2)

Instantiating (S-F0) with *6%, k, BAQ,E’Q we get

(50, k. es 0%, e, 0') € |ma[lh/a] o)

IH: [(r[th/a] o)) C [(72lth/a] o)) (Statement 2(b))
Finally using TH we get the desired.
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3. FGsub-constraint:

Given:

YUk e = YUk <imy Z;\Pf—ﬁégﬁe

FGsub-constraint

Z’
XUk i%7’1 <ip =T

To prove: |(c; éﬁ T1) JJ‘B/ C | (e i/% T2) O'J‘B/

It suffices to prove: V(°0,m,ves, (ve)) € (a1 L 1) UJ‘B/.
1 :
(*0,m, ves, (vey)) € |(c2 = 72) o]y

This means that given some °6,m and ves, (ve;) s.t

(50, m, ves, (vey)) € [(c1 % ) o0

Therefore from Definition 5.27 we are given:

VO 350, <m, BT BLIEci = (0. jes 0% e 0 € |malst  (S-CO)

Z/

And it suffices to prove: (°0,m,ves, (ve;)) € |(ca = T2) JJ?/

Again from Definition 5.27, it suffices to prove:

Vo0, 350,k <m, BT BLLI=cy = (O kes 05e 01) € [y ol (S-C)

This means that given *05 J %0,k < m, 3 C Bé st LE e

And we need to prove

(50}, k,es 6%, et &) € |12 UJ% (S-C2)

Instantiating (S-C0) with *6}, k, 3, and since we know that £ |= ¢y 0 = ¢; o therefore
we get

2

(50}, kes 8%, ¢ 0Y) € |1 0|2

IH: | (7 U)J% C (m G)J% (Statement 2(b))
Finally using TH we get the desired.
4. FGsub-prod:

Given:
LET <7 LTy <:T)

FGsub-prod

LET X1 <:T] XT)

To prove: |((r1 x 1) 0)}0 € [(] x ) 0)]?

H1: (11 0)|2 C (] o) (Statement 2(a))

B
%
IH2: [(72 a)j‘é/ C () a)j‘ﬂ/ (Statement 2(a))
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It suffices to prove:

V(Se,mz<51}1,81]2),(tvl,tvg)) S I_((Tl X 7'2) U)J‘B/ (Se,m, (Svl,svg),(tvl,tvg)) S I_((T{ X
) o)y

This means that given some *6,n and vy, *w, fvy, fvg 5.t

(*0,m, (1, *w), (o1, '2)) € [((11 % 72) )7,

Therefore from Definition 5.27 we are given:

(50, m,%v1,'v1) € |1 UJé A (50,m,5ve, ) € [ 7o O’Jxﬁ/ (S-P0)

And it suffices to prove: (50, m, (v, %w2), (*v1,%w)) € [((7] x 74) J)J€

Again from Definition 5.27, it suffices to prove:

(#0,m. v, 'v) € |7 o]0 A (0, m. 5w, ') € |7h o)l (SP1)

Since from (S-P0) we know that (°0,m,%v,'v) € |7 O’Jﬁ‘; therefore from IH1 we have

(*6,m, *v1,'w) € |7} o5

Similarly since we have (50, m, *v9, ‘v9) € |72 O‘J€ from (S-P0) therefore from TH2 we have

(Seamasv%th) € LTé O—Je

. FGsub-sum:

Given:
LET <7 LT <:T)

LT +m <:T{+T§

FGsub-sum

To prove: |((m1 +72) o) |0 € [((7] +73) o)I¢)

IH1: (11 0)|2 C |(r] 0)% (Statement 2(a))
v v

IH2: [(12 o)y C | (75 o)y (Statement 2(a))

This means that given: (50, n,%v,%v) € |((11 + 72) O')J‘B/
And it suffices to prove: (%6,n,*v,tv) € |((r] +73) 0)]
2 cases arise
(a) *v =inl *v; and tv = inl ty;:

From Definition 5.27 we are given:

(#0,n, %0, 0) € |1 o)l (S-S0)

And we are required to prove that:

(%0, m, Sv;, b)) € 7] O‘J‘é/

From (S-S0) and IH1 get this
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(b) v =inr *v; and ‘v = inr tu;:

Symmetric reasoning as in the previous case
6. FGsub-ref:

Given:
FGsub-ref

Lref 7 <:ref 7

To prove: |((ref 7) 0)|% C [((ref 7) o) |0

It suffices to prove: Y(°0,n, as, a;) € | ((ref 7) O')J’é. (°0,n, as, ar) € |((ref 7) 0)] A

We get this directly from Definition 5.27
7. FGsub-base:

Given:

— FGsub-base
LEb<:b

To prove: [((b))J5 € [((b))]F

Directly from Definition 5.27

8. FGsub-unit:

Given:
FGsub-unit

L F unit <: unit
To prove: | ((unit)) |9 C |((unit)) S

Directly from Definition 5.27

Proof of statement 2(a)
Given:

LECCY LEA< A

7 777 FGsub-label
LAY <A

To prove: |[((A“))]y € [(A"")]y:
This means from Definition 5.27 we need to prove

(50,0, %0, Lb('y;)) € |AC]2.(0,n, % v, Lb(*n;)) € [A%" |0

This means that given (°0,n,%v,Lb(*v;)) € LAZ/J‘B/
From Definition 5.27 it further means that we are given
(*6,n,%v,'v;) € |Al%. (S-LBO)

And we need to prove X

(*6,n, %, Lb(*v;)) € |A""]Y

Again from Definition 5.27 it suffices to prove that
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(*0,n,%v,ty;) € {A’J

Since ¢ C ¢ and A" <: A” therefore from TH (Statement 1(a)) and (S-LBO) we get the
desired

Proof of statement 2(b)

Given: LF 71 <: 7 R

To prove: |(T o) % C [( O')J%

This means we need to prove that A
V(0,n,es,e) € (T 0)]5. (0,n,es,e) € (7 o))

This means given (0,n,es,e;) € | (T a)j%

This means from Deﬁnition 5.28 we have

VHs, Hy.(n, Hs, Hy) > 59/\Vz < n,sv. (Hs,es) Vi (H.,%v) =
JH/], tv.(Hy, e;) uf (H/,'v) N3¢’ 36,3 3 3.

(n— i, H, H) & 50/ A (9 n—i,%0,0) € |7 o) (S-EO)
And it suffices to prove that (°6,n,es,e;) € [ (77 U)Jg

Again from Definition 5.28 it means we need to prove

B .
\V/Hslu Htl‘(na H817 Htl) > 50 A vj < n, s’Ul.A(Hsl, es) ‘U] ( sl» Ul) —
ElHt,ptvl‘(Htla et) Uf (Ht,ptvl) A 3593 - 597/61 3 B.

/

(n—j, Hsfl,Ht’I) 59’ A0y n — g, %0, ) € |7 UJ?}

03,3 . .

This means that given some Hgy, Hyy s.t (n, He1, Hyp) QDB 59. Also given some j < n,®v; s.t
(Hs1,es) Uj ( sl» Svr)

And we need to prove . .

EIHtIDtIUl'(ch et) ‘U’f (Htllatvl) A 359/1 g 89751 g /6

B l

(n—j, Hy, HY) B 500 A (00— j,%w, o) € |7 o)t (S-E1)

Instantiating (S-EO0) with Hgy, Hy and with J»*v1. Then we get

ElHt/,t (Ht7€t) ‘Uf (Htlvt ) 359/:59 B/le

(n— g, By B S 500 A (6, m — "o, tor) € |7 o))

Since we have 7 <: 7'. Therefore from IH (Statement 2(a)) we get
EIHt,17t/U].‘(Ht17 et) ‘U’f (Htll,tv]_) A 389/1 g 89’ ﬁi ; ﬁ

(n_]aHslaH/ ) 89/ ( ]7 ’Ul,t’Ul) € LT/ O-J?/i

Theorem 5.38 (Deriving FG NI via compilation). Ves, *v1, Sva, n1,no, Hly, Hly, L.
Let bool = (unit + unit)
z :bool " | e, : bool™ A
Ok, Sv :bool” A G| Suvs:bool” A
(0, es[vi/a]) bn, (Hy,*vi) A
(@,65[ UQ/‘T]) *Unz (Hsl2ﬂs l) N
_—

S,/ _ S,/
U ="
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Proof. From the FG to CG translation we know that Je; s.t
x : bool " es : bool ~ ¢;
Similarly we also know that Jvi,tws s.t
O F v, : bool ~ oy and 0+ Svy : bool T ~o oy (NI-0)

From type preservation theorem (choosing o = 8 = L ) we know that
x : Labeled T bool Fe; : C L L Labeled L bool

OFty :C L L Labeled T bool

O Ftvy:C L L Labeled T bool  (NI-1)

Since we have () - Svl bool T ~ tyy

And since *v; and ‘v; are closed terms (from given and NI-1)
Therefore from Theorem 5.36 we have (we choose n > n; and n > ng)
(0,7, %v1, v1) € |bool " | (NI-2)

Therefore from Definition 5.28 we have

VH,, Hy.(n, Hy, H) B O AYi < n,5v.(Hy, *vr) Ui (H.,*v) —>
3H, fos. (Htatvl) W (H, o) A3 30,630
(n—1i, H,, Ht) 59’ NGO n—i, %0, ) € LbooITJé,

Instantiating with (), ) and from fg-val we know that H! = H; = ), v = Sv;. Therefore we
have R
EIHtlut’Ull (Ht,t'U]_) ‘U’f (Htlvtvll) /\ 350/ g ®7/Bl ;

(n, B, H)) % 56" A (%0, n, %op, ony) € [bool |7 (NL-2.1)
From Definition 5.27 we know that .
V1 = Lb(ti}in) A (59/,71,5111,'51)1'11) S L(unit + unit)j‘ﬂ//
Again from Definition 5.27 we know that
Either a) $v; = inl() and *v;11 = inl() or b)*v; = inr() and tv;11; = inr()
But in either case we have that () F ‘v;11 : (unit + unit) (NI-2.2)

As a result we have () - tv;; : Labeled T (unit + unit) (NI-2.3)
We give it typing derivation

NI-2.2
0 F ‘v;1q : (unit + unit) ( )

0 - Lb(*v;11) : Labeled T (unit + unit)

From Definition 5.31 and (NI-2.1) we know that
0,n, (z = 5w01), (x — to)) € |2 — booITJe,
Therefore we can apply Theorem 5.36 to get

(0, n, es[*vr /2], it o1 /2]) € |bool- |5 (NI-2.4)
From Definition 5.28 we get

VH,, Hy.(n, Hy, Hy) & 0 AV < n, 50!’ (H,, eq vy fa]) Ui (L, 50ff) —>
ElHtllth (Htvet[ Ull/m]) Uf (Htllvt ) /\ 3°0" 20, 5” ﬁ

(n—i Hsthtll) 59' A GO n—i, 50 b)) € Lboolﬂv

Instantiating with 0, 0, n1, *v; we get
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SHY ol (Hyeqton f2]) W (), of) A 3500 350,37 2 B,
(n =, By ) S 50 A (0 —ny, "o, ")) € [boolt | (NL2.5)

Since we have (°¢',n — n1,*v],*}) € |bool | [‘3/” therefore from Definition 5.27 we have
Ftui " = Lb(tvin) A (50", n —ny, Sv], b)) € Lbooljﬁ

Since (°0',n — ny, %0}, v;1) € | (unit + unlt)Jf/” therefore from Definition 5.27 two cases arise

[ SU{ =inl SUZ'H and tvﬂ = in|t1)i11:
From Definition 5.27 we have
(89,, n—ni, v, t'l)in) € Lunitj 6”

which means we have *v;11 = tvi1g

/
e Sy =inr fy;q and tv;; = inrfypg:

Symmetric reasoning as in the previous case

So no matter which case arise we have %v] = 2

Similarly with other substitution we have (0, n, 5w, ‘ue) € LbooITJQE (NI-3)
Therefore from De%nition 5.28 we have
VH;, Ht.(n, H, Ht) >OAV< n, S/U.(HS,fUQ) U4 (HS/, S’U) -
E|Ht/,t’l}22 (Ht,t’l}g) U,f (Ht,,tUQQ) A0 3 @, ﬁ/ 0.
(n— i, HI H) & 50/ A (0, n — i, %0, o) € |bool T |2
Instantiating with (), ) and from fg-val we know that H! = H; = ), v = Sv;. Therefore we
have R
HHt',tvm (Hy,bop) Y (HY,Pva2) AF0" 20,8 20
(n, H', H)) % 30/ A (56/, 1, *vr, *an) € |bool T 9 (NI-3.1)
From Definition 5.27 we know that N
t’UQ = Lb(tvigg) A (50’,71,31)1,%7;22) S {(unit + unit)J€
Again from Definition 5.27 we know that
Either a) $vy = inl() and *v;29 = inl() or b)*vy = inr() and tv;29 = inr()
But in either case we have that () F ‘v;99 : (unit + unit) (NI-3.2)

As a result we have () - ugy : Labeled T (unit + unit) (NI-3.3)
We give it typing derivation

NI-3.2
0 F ‘099 : (unit + unit) ( )

0 F Lb(*vig2) : Labeled T (unit + unit)

From Definition 5.31 and (NI-3.1) we know that
(0,m, (z = 1), (x> tugr)) € |2 — booITJe,

Therefore we can apply Theorem 5.36 to get
(0,n, es[5v/x], e[tz /2]) € |bool |2 (NI-3.4)

From Definition 5.28 we get
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VH,, Hy.(n, Ho, Hy) & 0 AV < n, 5ull.(H,, eg o /a]) Ui (Hly,*0ff) —>
EIHt’Q,tv (Ht:et[ U22/x]) Uf (Ht/27tU ) /\ 3%¢" 30, ﬁ” 5
(n— i, Hly) HL) o 500 A (50— 1,50l tall) € bool* |

Instantiating with 0, 0, na, *v} we get ) )

E]Ht/Q,t’U (Hy, e[tvoa/x]) U (Ht’z,tvé’) A0 3%6,8" 3 5.
(n— o, HL HY) S 507 A (50, m— o, "), tal)) € [boolt )5 (NL-3.5)

Since we have (°¢,n — na, *v},'vy) € |boolt | 6// therefore from Definition 5.27 we have
Ftvtvf = Lb(tvie) A (0", n — na, v}, tuin) € Lboolj@ﬂ

Since (°0',n — ng, 5v}, tvia) € | (unit + unit)J‘ﬁfu therefore from Definition 5.27 two cases arise

[ ] 1}2 inl 8 Vi22 and t’UZ'Q = in|t1}i22:
From Definition 5.27 we have
/ t 1B
(°0’,n — no, *vin2, "vin2) € unit]y;
which means we have *vj99 = tv;99
° vl inr ;99 and tve = inrfvige:

Symmetric reasoning as in the previous case

So no matter which case arise we have *v} = Evin

We know that () - *vy; : Labeled T bool (NI-2.3)
Also we have () - tvyy : Labeled T bool (NI-3.3)
Let er = bind(eq, y.unlabel(y))

We show that x : Labeled T bool - er : C L L bool by giving a typing derivation
P2:

CG-var
x : Labeled T bool,y : Labeled L bool |-y : Labeled L bool

CG-unlabel
x : Labeled T bool,y : Labeled L bool - unlabel(y) : C L L bool

P1:

From (NI-1)
x : Labeled T bool - ¢e; : C L L Labeled L bool

Main derivation:

P1 P2
x : Labeled T bool - bind(et, y.unlabel(y)) : C L L bool

Say e;['v11/x] reduces in ny; steps in (NI—2.5) and et [%22 /x| reduces in ngs steps in (NI-3.5)
We instantiate Theorem 5.18 With er, torr, togg, Uzl, v,z,ﬂﬂ + 2, n9 + 2, H};, Hf, and from

(NI-2.5) and (NI-3.5) we have ‘v;; = ‘v;5 and thus Sv] = v}
]
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