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1 Syntax
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Unary types A ::= int | int[I ] | unit |
exec(L,U )

{P } ∃~γ.A {Q} |
exec(L,U )
∀i :: S. A |

exec(L,U )
A −→ A′ |

Arrayγ[I ] A | list[I ] A | A1 + A2 | C &A | C ⊃ A | ∃i :: S. A

Relational types τ ::= intr | unitr | int[I ] |
diff(D)

{P } ∃~γ.τ {Q} |
diff(D)
∀i ::S. τ |

diff(D)
τ−→ τ′ | Arrayγ[I ] τ |

U (A1, A2) | listα[I ] τ | äτ | τ1 +τ2 | C &τ | C ⊃ τ | ∃i :: S. τ

Index terms I ,L,U ,D,α,β ::= i | b | n | r | I1 + I2 | I1 ∗ I2 | I1 − I2 | max(I1, I2) | mi n(I1, I2)
| log2(I ) | bI c | dI e | {Ii }i∈K | β∪β | β\β | β∩β

Sort S ::=R |N | B | P | L
Terms t ::= x | n | r | () | λx.t | fix f (x).t | t1 t2 | let x = t1 in t2 | inl t | inr t

| case (t , x.t1, y.t2) |Λ.t | t [] | pack t | unpack t1 as x in t2 | celim t
| return t | let {x} = t1 in t2 | alloc t1 t2 | read t1 t2 | updt t1 t2 t3

Values v ::= n | l | r | () | λx.t | fix f (x).t | inl v | inr v |Λ.t | pack v
| return t | alloc t1 t2 | updt t1 t2 t3 | read t1 t2 | let {x} = t1 in t2

Unary Type Env. Ω ::=; |Ω, x : A

Relational Type Env. Γ ::=; | Γ, x : τ

Sort Env. ∆ ::=; | ∆, i :: S

Loc Env. Σ ::=; | Σ,γ :: L

Constraint C ::= I1 = I2 | I1 < I2 | ¬C | I1 ∈ I2

Constraint Env. Φ ::=> | C ∧Φ
Assertions P,Q ::= empty | γ→β | P ?Q | P ∪Q

Unary Heap H ::= [] | [l → z] | H1 ]H2

array z ::= [v1, . . . , vm]

n ∈N, r ∈R, x ∈V ar, i ∈ iV ar, γ ∈ i Loc, l ∈ dLoc

P [γ]
empty[γ] = ;

(γ′ →β)[γ] = β if γ= γ′
= ; otherwise

(P ?Q)[γ] = P [γ]if γ ∈ dom(P )
= Q[γ]if γ ∈ dom(Q)
= ; otherwise

(P tQ)[γ] = P [γ]∪Q[γ]iff γ ∈ dom(P )∩dom(Q)
= P [γ]if γ ∈ dom(P ),γ 6∈ dom(Q)
= Q[γ]if γ 6∈ dom(P ),γ ∈ dom(Q)
= ; if γ 6∈ dom(P ),γ 6∈ dom(Q)

Figure 1: Syntax of Values & Expressions
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t ; H ⇓c,k
p v ; H1

t ⇓c1,k1 v ′ v ′; H ⇓c2,k2
f v ; H ′

t ; H ⇓c1+c2,k1+k2
p v ; H ′ E-P

t ⇓c,k v

v ⇓0,0 v
E-V

t ⇓c,k v

inl t ⇓c,k inl v
E-INL

t ⇓c,k v

inr t ⇓c,k inr v
E-INR

t ⇓c1,k1 inl v t1[v/x] ⇓c2,k2 vr

case (t , x.t1, y.t2) ⇓c1+c2+ccase,k1+k2+1 vr

E-CASEL
t ⇓c1,k1 inr v t2[v/y] ⇓c2,k2 vr

case (t , x.t1, y.t2) ⇓c1+c2+ccase,k1+k2+1 vr

E-CASER

t1 ⇓c1,k1 λx.t ′ t2 ⇓c2,k2 v t ′[v/x] ⇓c3,k3 v1

t1 t2 ⇓c1+c2+c3+capp,k1+k2+k3+1 v1

E-A
t1 ⇓c1,k1 v t2/[v/x] ⇓c2,k2 v1

let x = t1 in t2 ⇓c1+c2+clt,k1+k2+1 v1

E-LT

t1 ⇓c1,k1 fix f x.t ′ t2 ⇓c2,k2 v t ′[fix f x.t ′/ f ][v/x] ⇓c3,k3 v1

t1 t2 ⇓c1+c2+c3+capp,k1+k2+k3+1 v1

E-F

t ; H ⇓c,k
f v ; H1

t ⇓c,k v

return t ; H ⇓c+cret,k+1
f v ; H

F-T

t1 ⇓c1,k1 v v ; H ⇓c2,k2
f v1; H1 t2[v1/x] ⇓c3,k3 v2 v2; H1 ⇓c4,k4

f v3; H2

let {x} = t1 in t2; H ⇓c1+c2+c3+c4+clet,k1+k2+k3+k4+1
f v3; H2

F-E

t1 ⇓c1,k1 l t2 ⇓c2,k2 n t3 ⇓c3,k3 v

updt t1 t2 t3; H ⇓c1+c2+c3+cupdate,k1+k2+k3+1

f (); H(l )[n] ← v
F-U

t1 ⇓c1,k1 l t2 ⇓c2,k2 n2 H(l )[n] = v

read t1 t2; H ⇓c1+c2+cread,k1+k2+1
f v ; H

F-R

t1 ⇓c1,k1 n t2 ⇓c2,k2 v z = [
n︷ ︸︸ ︷

v, . . . , v] l fresh

alloc t1 t2; H ⇓c1+c2+calloc,k1+k2+1
f l ; H , l → z

F-L

Figure 2: Operational Semantics: (1) standard, (2) forcing evaluation.
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|.|i∈{1,2} : Binarytype→Unarytype
|intr |i = int

|unitr |i = unit

|
diff(c)

{P } ∃~γ : τ {Q} |i =
exec(0,∞)

{|P |i } ∃~γ : |τ|i {|Q|i }

|
diff((c))
τ−→ τ′ |i =

exec(0,∞)
|τ|i −→ |τ′|i

|Arrayγ[I ] τ |
i

= Arrayγ[I ] |τ|i
|U A|i = Ai

|äτ|i = |τ|i
| listα[I ] τ |i = list[I ] |τ|i

|τ1 +τ2|i = |τ1|i +|τ2|i
|C &τ|i = C &|τ|i
|C ⊃ τ|i = C ⊃ |τ|i

|;|i = ;
|Γ, x : τ|i = |Γ|i , x : |τ|i

|Γ, x : τ, x : U (A1, A2)|i = |Γ|i , x : Ai

|empty|i = empty
|γn →βn |i = γn →N

Figure 3: Binary to unary type erasure

`∆

`; SENV-EMPTY
`∆ i ∈ iVar S ∈ Sort

`∆, i :: S
SENV-IV

Figure 4: sort environment well formedness

`Σ

`; LENV-EMPTY
`Σ γ ∈ iLoc

`Σ,γ :: L
LENV-LV

Figure 5: location environment well-formedness

Σ;∆` P w f

Σ;∆` empty w f
WF-AS-EMPTY

Σ;∆` γ :: L Σ;∆`β ::P

Σ;∆` γ→β w f
WF-AS-REFERTO

Σ;∆` P w f Σ;∆`Q w f

Σ;∆` P ∗Q w f
WF-AS-STAR

Figure 6: Assertion well-formedness
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∆`C w f

∆` I1 :: S ∆` I2 :: S S ∈ {N,R}

∆` I1 = I2 w f
WF-CS-EQ

∆` I1 :: S ∆` I2 :: S
S ∈ {N,R}

∆` I1 < I2 w f
WF-CS-LT

∆`C w f

∆`¬C w f
WF-CS-NEG

Figure 7: Constraint well-formedness

Σ;∆` I :: S

∆(i ) = S

Σ;∆` i :: S
I-VAR

Σ(γ) = L
Σ;∆` γ :: L

I-LOC
Σ;∆` b ::B

I-BOOL

Σ;∆` n ::N
I-NAT

Σ;∆` r ::R
I-REAL

Σ;∆` I1 ::N Σ;∆` I2 ::N ¦ ∈ {mi n,max,+,−,∗, }

Σ;∆` (I1 ¦ I2) ::N
I-BIN-N

Σ;∆` I1 ::R Σ;∆` I2 ::R ¦ ∈ {mi n,max,+,−,∗, }

Σ;∆` (I1 ¦ I2) ::R
I-BIN-R

Σ;∆` I ::R ◦ ∈ {b c,d e}

Σ;∆` (◦I ) ::N
I-UNARY-R

Σ;∆` I ::R

Σ;∆` log2(I ) ::R
I-LOG

Σ;∆` Ii :: N ∀i ∈ K ⊆N
Σ;∆` {Ii }i∈K :: P

I-NATSET
Σ;∆`β1 :: P Σ;∆`β2 :: P ¦ ∈ {∪,∩,/}

Σ;∆`β1 ¦β2 :: P
I-SET-OP

Figure 8: Sorting rules
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Σ;∆;Φ` A w f

Σ;∆;Φ`; w f
WF-A-OMEGA-EMPTYSET

Σ;∆;Φ`Ω w f Σ;∆;Φ` A w f

Σ;∆;Φ`Ω, x : A w f
WF-A-OMEGA

Σ;∆;Φ` uni t w f
WF-A-UNIT

Σ;∆;Φ` Int w f
WF-A-INT

Σ;∆` I ::N

Σ;∆;Φ` int[I ] w f
WF-A-INT-I

Σ;∆;Φ` A1 w f Σ;∆;Φ` A2 w f

Σ;∆;Φ` A1 + A2 w f
WF-A-SUM

Σ;∆;Φ` A w f Σ;∆` γ :: L
Σ;∆` L ::R Σ;∆`U ::R Σ;∆` P w f Σ,~γ :~L;∆`Q w f

Σ;∆;Φ`
exec(L,U )

{P } ∃~γ : A {Q} w f

WF-A-MONAD

Σ;∆;Φ` A w f Σ;∆;Φ` A′ w f Σ;∆` L ::R Σ;∆`U ::R

Σ;∆;Φ`
exec(L,U )

A −→ A′ w f

WF-A-ARROW

Σ;∆` γ :: L Σ;∆` I ::N Σ;∆;Φ` A w f

Σ;∆;Φ`Arrayγ[I ] A w f
WF-A-ARRAY

Σ; i :: S,∆;Φ` A w f Σ; i :: S,∆` L ::R Σ; i :: S,∆`U ::R

Σ;∆;Φ`
exec(L,U )
∀i :: S. A w f

WF-A-FORALL

Σ; i :: S,∆;Φ` A w f

Σ;∆;Φ`∃i :: S. A w f
WF-A-EXIST

∆` I ::N Σ;∆;Φ` A w f

Σ;∆;Φ` list[I ] A w f
WF-A-LIST

∆`C w f Σ;∆;Φ∧C ` A w f

Σ;∆;Φ`C &A w f
WF-A-C-AND

∆`C w f Σ;∆;Φ∧C ` A w f

Σ;∆;Φ`C ⊃ A w f
WF-A-C-IMPLY

Figure 9: Well-formedness of unary types
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Σ;∆;Φ` τ w f

Σ;∆;Φ`; w f
WF-R-GAMMA-EMPTYSET

Σ;∆;Φ` Γ w f Σ;∆;Φ` τ w f

Σ;∆;Φ` Γ, x : τ w f
WF-R-GAMMA

Σ;∆;Φ` unitr w f
WF-R-UNIT

Σ;∆;Φ` intr w f
WF-R-INT

Σ;∆;Φ` τ1 w f Σ;∆;Φ` τ2 w f

Σ;∆;Φ` τ1 +τ2 w f
WF-R-SUM

Σ;∆` P w f Σ;∆;Φ` τ w f Σ;∆,~γ :~L`Q w f Σ;∆` D ::R

Σ;∆;Φ`
diff(D)

{P } ∃~γ : τ {Q} w f

WF-R-MONAD

Σ;∆;Φ` τ w f Σ;∆;Φ` τ′ w f Σ;∆` D ::R

Σ;∆;Φ`
diff(D)

τ−→ τ′ w f

WF-R-ARROW

Σ; i :: S,∆;Φ` τ w f Σ; i :: S,∆` D ::R

Σ;∆;Φ`
diff(D)
∀i ::S. τ w f

WF-R-FORALL Σ; i :: S,∆;Φ` τ w f

Σ;∆;Φ`∃i :: S. τ w f
WF-R-EXIST

Σ;∆` γ :: L Σ;∆` I ::N Σ;∆;Φ` τ w f

Σ;∆;Φ`Arrayγ[I ] τ w f
WF-R-ARRAY

Σ;∆;Φ` A1 w f Σ;∆;Φ` A2 w f

Σ;∆;Φ`U (A1, A2) w f
WF-R-UA

Σ;∆`α ::N Σ;∆` I ::N Σ;∆;Φ` τ w f

Σ;∆;Φ` listα[I ] τ w f
WF-R-LIST

∆`C w f Σ;∆;Φ∧C ` τ w f

Σ;∆;Φ`C &τ w f
WF-R-C-AND

∆`C w f Σ;∆;Φ∧C ` τ w f

Σ;∆;Φ`C ⊃ τ w f
WF-R-C-IMPLY

Σ;∆;Φ` τ w f

Σ;∆;Φ`äτ w f
WF-R-SQUARE

Figure 10: Well-formedness of relational types

Ω` H w f

Ω` empt y w f
WF-H-EMPTY

Ω` H w f x 6∈ dom(H)

Ω` (H , x → k) w f
WF-H-UPDATE

Figure 11: Heap well-formedness
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Σ;∆;Φ;Ω`U
L t : A

Σ;∆;Φ;Ω`0
0 n : int

U-INT
Σ;∆;Φ;Ω`0

0 n : int[n]
U-I

Σ;∆;Φ;Ω , x : A `U
L t : B

Σ;∆;Φ;Ω`0
0 λx.t :

exec(L,U )
A −→ B

U-ABS

Ω(x) = A

Σ;∆;Φ;Ω`0
0 x : A

U-V

Σ;∆;Φ;Ω`U1
L1

t1 :
exec(L,U )
A −→ B Σ;∆;Φ;Ω`U2

L2
t2 : A

Σ;∆;Φ;Ω`U1+U2+U+Uapp

L1+L2+L+Lapp
t1 t2 : B

U-A

Σ;∆;Φ;Ω`U1
L1

t1 : A Σ;∆;Φ;Ω, x : A `U2
L2

t2 : B

Σ;∆;Φ;Ω`U1+U2+Ul t
L1+L2+Ll t

let x = t1 in t2 : B
U-LT

Σ;∆;Φ;Ω`0
0 () : unit

U-UNIT

Σ;∆;Φ;Ω`U
L t : A Σ;∆` P w f

Σ;∆;Φ;Ω`0
0 return t :

exec(L,U )
{P } ∃γ.A {P }

U-T

P = P1?P2

Σ;∆;Φ;Ω`U1
L1

t1 :
exec(L,U )

{P1} ∃~γ1 : A {Q1?Q2} Σ;∆, ~γ1;Φ;Ω, x : A `U2
L2

t2 :
exec(L′,U ′)

{Q1?P2} ∃~γ2 : B {Q}

Σ;∆;Φ;Ω`U1+U2+Ul
L1+L2+Ll

let {x} = t1 in t2 :
exec(L+L′,U+U ′)

{P } ∃~γ1, ~γ2 : B {Q?Q2}

U-E

Σ;∆;Φ;Ω`U1
L1

t1 : int[I ] Σ;∆;Φ;Ω`U2
L2

t2 : A Σ;∆` P w f

Σ;∆;Φ;Ω`0
0 alloc t1 t2 :

exec(L1+L2+La ,U1+U2+Ua )
{P } ∃γ :Arrayγ[I ] A {P ?γ→N}

U-L

Σ;∆;Φ;Ω`U1
L1

t1 : Arrayγ[I ] A

Σ;∆;Φ;Ω`U2
L2

t2 : int[I ′] Σ;∆;Φ;Ω`U3
L3

t3 : A ∆;ΦÍ I ′ ≤ I ∆;ΦÍ I ′ ∈β Σ;∆` P w f

Σ;∆;Φ;Ω`0
0 updt t1 t2 t3 :

exec(L1+L2+L3+Lu ,U1+U2+U3+Uu )
{P ?γ→β} ∃_ : unit {P ?γ→β}

U-U

Σ;∆;Φ;Ω`U1
L1

t1 : Arrayγ[I ] A Σ;∆;Φ;Ω`U2
L2

t2 : int[I ′] ∆;ΦÍ I ′ ≤ I Σ;∆` P w f

Σ;∆;Φ;Ω`0
0 read t1 t2 :

exec(L1+L2+Lr ,U1+U2+Ur )
{P } ∃_ : A {P }

U-R

Figure 12: Unary typing judgment, part (1)
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Σ;∆;Φ; x : A, f :
exec(L,U )
A −→ B ,Ω`U

L t : B

Σ;∆;Φ;Ω`0
0 fix f (x).t :

exec(L,U )
A −→ B

U-F Σ;∆;Φ;Ω`U
L t : A1 ∆;Σ;Φ` A2 w f

Σ;∆;Φ;Ω`U
L inl t : A1 + A2

U-INL

Σ;∆;Φ;Ω`U
L t : A2 ∆;Σ;Φ` A1 w f

Σ;∆;Φ;Ω`U
L inr t : A1 + A2

U-INR

Σ;∆;Φ;Ω`U1
L1

t : A1 + A2 Σ;∆;Φ; x : A1,Ω`U2
L2

t1 : A Σ;∆;Φ; y : A2,Ω`U2
L2

t2 : A

Σ;∆;Φ;Ω`U1+U2+Uc
L1+L2+Lc

case (t , x.t1, y.t2) : A
U-CASE

Σ;∆;Φ;Ω`U
L t : A Σ;∆ÍU ≤U ′ Σ;∆Í L′ ≤ L

Σ;∆;Φ;Ω`U ′
L′ t : A

COST-TRANS

Σ;∆;Φ;Ω`U
L t : A Σ;∆;Φ |= A v A′ Σ;∆ÍU ≤U ′ Σ;∆Í L′ ≤ L

Σ;∆;Φ;Ω`U ′
L′ t : A′ U-X

Σ; i :: S,∆;Φ;Ω`U
L t : A i ∉ F IV (Φ;Ω)

Σ;∆;Φ;Ω`0
0 Λ.t :

exec(L,U )
∀i :: S. A

U-LAM
Σ;∆;Φ;Ω`U1

L1
t :

exec(L2,U2)
∀i :: S. A Σ;∆` I :: S

Σ;∆;Φ;Ω`U1+U2
L1+L2

t [] : A{I /i }
U-IAPP

Σ;∆;Φ;Ω`U
L t : A{I /i } Σ;∆` I :: S

Σ;∆;Φ;Ω`U
L pack t : ∃i :: S. A

U-PACK

Σ;∆;Φ;Ω`U1
L1

t1 : ∃i :: S. A Σ; i :: S,∆;Φ;Ω`U2
L2

t2 : A2 i ∉ FV (Φ;Ω; A2,L2,U2)

Σ;∆;Φ;Ω`U1+U2
L1+L2

unpack t1 as x in t2 : A2

U-UNPACK

Σ;∆;Φ;Ω`U
L t : C ⊃ A Σ;∆;ΦÍC

Σ;∆;Φ;Ω`U
L celim t : A

U-CELIM
Σ;∆;Φ∧C ;Ω`U

L t : A

Σ;∆;Φ;Ω`U
L t : C ⊃ A

U-CIMPL

Σ;∆;Φ;Ω`U
L t : C &A1 Σ;∆;Φ∧C ; x : A1,Ω`U ′

L′ t : A2

Σ;∆;Φ;Γ`U+U ′
L+L′ clet t as x in t ′ : A2

U-ANDE

Σ;∆;Φ∧C ;Ω`U
L t : A Σ;∆;Φ∧¬C ;Ω`U

L t : A

Σ;∆;Φ;Ω`U
L t : A

U-SPLIT

Σ;∆;ΦÍ⊥ `Σ;∆;ΦÍΩ w f

Σ;∆;Φ;Ω`U
L t : C &A

U-CONTRA
Σ;∆;Φ∧C ;Ω`U

L t : A Σ;∆;ΦÍC

Σ;∆;Φ;Ω`U
L t : C &A

U-ANDI

Figure 13: Unary typing judgment, part (2)
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Σ;∆;Φ;Γ` t1 ª t2 . c : τ

Σ;∆;Φ;Γ` n ªn . 0 : intr
R-INT

Σ;∆;Φ;Γ` n ªn . 0 : intr [n]
R-I

Σ;∆;Φ;Γ` ()ª (). 0 : unitr
R-UNIT

Γ(x) = τ

Σ;∆;Φ;Γ` x ªx . 0 : τ
R-V

Σ;∆;Φ;Γ, x : τ` t1 ª t2 .D :σ

Σ;∆;Φ;Γ`λx.t1 ªλx.t2 . 0 :
diff(D)
τ−→σ

R-ABS

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 :
diff(D)
τ−→σ Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : τ

Σ;∆;Φ;Γ` t1 t2 ª t ′1 t ′2 .D +D1 +D2 :σ
R-APP

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : τ1 Σ;∆;Φ;Γ, x : τ1 ` t2 ª t ′2 .D2 : τ2

Σ;∆;Φ;Γ` let x = t1 in t2 ª let x = t ′1 in t ′2 .D1 +D2 : τ2
R-LT

Σ;∆;Φ; x : τ, f :
diff(D)
τ−→σ,Γ` t1 ª t2 .D :σ

Σ;∆;Φ;Γ`Fix f (x).t1 ªFix f (x).t2 .D :
diff(D)
τ−→σ

R-FIX

Σ;∆;Φ;Γ` t ª t ′ .D : τ1 Σ;∆;Φ` τ2 w f

Σ;∆;Φ;Γ` inl t ª inl t ′ .D : τ1 +τ2
R-INL

Σ;∆;Φ;Γ` t ª t ′ .D : τ2 Σ;∆;Φ` τ1 w f

Σ;∆;Φ;Γ` inr t ª inr t ′ .D : τ1 +τ2
R-INR

Σ;∆;Φ;Γ` t ª t ′ .D1 : τ1 +τ2

Σ;∆;Φ;Γ, x : τ1 ` t1 ª t ′1 .D2 : τ Σ;∆;Φ;Γ, y : τ2 ` t2 ª t ′2 .D2 : τ

Σ;∆;Φ;Γ` case (t , x.t1, y.t2)ª case (t ′, x.t ′1, y.t ′2).D1 +D2 : τ
R-CASE

Σ;∆;Φ; |Γ|1 `U1
L1

t1 : A1 Σ;∆;Φ; |Γ|2 `U2
L2

t2 : A2

Σ;∆;Φ;Γ` t1 ª t2 .U1 −L2 : U (A1, A2)
R-S

Σ;∆;Φ;Ω` t ª t .D : τ Σ;∆;Φ |= τv τ′ Σ;∆;ΦÍ D ≤ D ′

Σ;∆;Φ;Γ` t ª t .D ′ : τ′
R-EXEC

Σ;∆;Φ∧C ;Γ` t1 ª t2 .D : τ Σ;∆;Φ∧¬C ;Γ` t1 ª t2 .D : τ

Σ;∆;Φ;Γ` t1 ª t2 .D : τ
R-P

Σ;∆;Φ;Γ` t1 ª t2 .D : τ ∀x ∈ dom(Γ).Σ;∆;Φ |= Γ(x) väΓ(x)

Σ;∆;Φ;Γ` t1 ª t2 . 0 : τ
NC

Σ;∆;Φ;Γ` t1 ª t2 .D : τ{I /i } Σ;∆` I :: S

Σ;∆;Φ;Γ` pack t1 ªpack t2 .D : ∃i :: S.τ
R-PACK

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : ∃i :: S.τ1

Σ; i :: S,∆;Φ; x : τ1,Γ` t2 ª t ′2 .D1 +D2 : τ2 i 6∈ FV (Φ;Γ;τ2)

Σ;∆;Φ;Γ` unpack t1 as x in t2 ªunpack t ′1 as x in t ′2 .D1 +D2 : τ2
R-UNPACK

Figure 14: Relational typing judgment, part (1)
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Σ;∆;Φ;Γ` t1 ª t2 .D : τ Σ;∆` P w f

Σ;∆;Φ;Γ` return t1 ª return t2 . 0 :
diff(D)

{P } ∃_.τ {P }

R-T

P = P1?P2 Σ;∆;Φ;Γ` t1 ª t ′1 .D1 :
diff(D)

{P1} ∃~γ1.τ {Q1?Q2}

Σ;∆, ~γ1 :~L;Φ;Γ, x : τ` t2 ª t ′2 .D2 :
diff(D ′)

{Q1?P2} ∃~γ2.σ {Q}

Σ;∆;Φ;Γ` let {x} = t1 in t2 ª let {x} = t ′1 in t ′2 . 0 :
diff(D+D ′+D1+D2)

{P } ∃~γ1~γ2 :σ {Q?Q2}

R-LET

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : int[I ] Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : τ γ fresh Σ;∆` P w f

Σ;∆;Φ;Γ` alloc t1 t2 ªalloc t ′1 t ′2 . 0 :
diff(D1+D2)

{P } ∃γ. Arrayγ[I ] τ {P ?γ→N}

R-ALLOC

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : int[I ]
Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : äτ γ fresh Σ;∆` P w f

Σ;∆;Φ;Γ` alloc t1 t2 ªalloc t ′1 t ′2 . 0 :
diff(D1+D2)

{P } ∃γ. Arrayγ[I ] τ {P ?γ→;}

R-ALLOC-BOX

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ
Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : int[I ′] ∆;Φ |= I ′ ≤ I Σ;∆` P w f

Σ;∆;Φ;Γ` read t1 t2 ª read t ′1 t ′2 . 0 :
diff(D1+D2)

{P ?γ→β} ∃_.τ {P ?γ→β}

R-R

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ
Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : int[I ′] ∆;Φ |= I ′ ≤ I Σ;∆;ΦÍ I ′ 6∈β Σ;∆` P w f

Σ;∆;Φ;Γ` read t1 t2 ª read t ′1 t ′2 . 0 :
diff(D1+D2)

{P ?γ→β} ∃_.äτ {P ?γ→β}

R-RB

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ
Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : int[I ′] Σ;∆;Φ;Γ` t3 ª t ′3 .D3 : τ ∆;Φ |= I ′ ≤ I Σ;∆` P w f

Σ;∆;Φ;Γ` updt t1 t2 t3 ªupdt t ′1 t ′2 t ′3 . 0 :
diff(D1+D2+D3)

{P ?γ→β} ∃_ : unitr {P ?γ→β∪ {I ′}}

R-U

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : int[I ′]
Σ;∆;Φ;Γ` t3 ª t ′3 .D3 : äτ ∆;Φ |= I ′ ≤ I Σ;∆` P w f

Σ;∆;Φ;Γ` updt t1 t2 t3 ªupdt t ′1 t ′2 t ′3 . 0 :
diff(D1+D2+D3)

{P ?γ→β} ∃_ : unitr {P ?γ→β\ {I ′}}

R-UB

Figure 15: Relational typing judgment, part (2)
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Σ;∆;Φ;Γ` t1 ª t2 .D : τ i 6∈ FV (Φ;Γ)

Σ;∆;Φ;Γ`Λ t1 ªΛ t2 . 0 :
diff(D)
∀i ::S. τ

R-ILAM Σ;∆;Φ;Γ` t1 ª t2 .D :
diff(D ′)
∀i ::S. τ Σ;∆` I :: S

Σ;∆;Φ;Γ` t1 []ª t2 [].D +D ′[I /i ] : τ{I /i }
R-IAPP

Σ;∆;Φ;Γ` t1 ª t2 .D : C ⊃ τ Σ;∆;ΦÍC

Σ;∆;Φ;Γ` celim t1 ªcelim t2 . 0 : τ
R-CELIM

Σ;∆;Φ∧C ;Γ` t1 ª t2 .D : τ

Σ;∆;Φ;Γ` t1 ª t2 . 0 : C ⊃ τ
R-CIMPL

Σ;∆;Φ;Γ` t1 ª t2 .D : C &τ1 Σ;∆;Φ∧C ; x : τ1,Γ` t ′1 ª t ′2 .D ′ : τ2

Σ;∆;Φ;Γ` clet t1 as x in t ′1 ªclet t2 as x in t ′2 .D +D ′ : τ2
R-ANDE

Σ;∆;Φ∧C ;Γ` t1 ª t2 .D : τ Σ;∆;ΦÍC

Σ;∆;Φ;Γ` t1 ª t2 .D : C &τ
R-ANDI

Σ;∆;Φ; x : τ1, f :
diff(D)

τ1 −→ τ2,Γ, f : U (A1, A2) ` t1 ª t2 .D : τ2

Σ;∆;Φ; |Γ|1 `0
0 Fix f (x).t1 : A1 Σ;∆;Φ; |Γ|2 `0

0 Fix f (x).t2 : A2

Σ;∆;Φ;Γ`Fix f (x).t1 ªFix f (x).t2 .D :
diff(D)

τ1 −→ τ2

R-FIX-EXT

Σ;∆;Φ; |Γ|1 `U1
L1

t1 : A1 Σ;∆;Φ;Γ, x : U (A1, A1) ` t2 ª t ′2 .D2 : τ

Σ;∆;Φ;Γ` let x = t1 in t2 ª t ′2 .U1 +D2 + cl t : τ
R-LT-E

Σ;∆;Φ; |Γ|2 `U1
L1

t ′1 : A′
1 Σ;∆;Φ;Γ, x : U (A′

1, A′
1) ` t2 ª t ′2 .D2 : τ′

Σ;∆;Φ;Γ` t2 ª let x = t ′1 in t ′2 .D2 −L1 − cl t : τ′
R-E-LT

Σ;∆;Φ; |Γ|1 `U1
L1

t1 :
exec(L,U )

A1 −→ A2 Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : U (A1, A′
2)

Σ;∆;Φ;Γ` t1 t2 ª t ′2 .U1 +U +D2 + capp : U (A2, A′
2)

R-APP-E

Σ;∆;Φ; |Γ|2 `U1
L1

t ′1 :
exec(L,U )

A′
1 −→ A′

2 Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : U (A2, A′
1)

Σ;∆;Φ;Γ` t2 ª t ′1 t ′2 .D2 −L1 −L− capp : U (A2, A′
2)

R-E-APP

Σ;∆;Φ; |Γ|1 `U1
L1

t : A1 + A2

Σ;∆;Φ;Γ, x : U (A1, A1) ` t1 ª t ′ .D2 : τ Σ;∆;Φ;Γ, y : U (A2, A2) ` t2 ª t ′ .D2 : τ

Σ;∆;Φ;Γ` case (t , x.t1, y.t2)ª t ′ .U1 +D2 + ccase : τ
R-CASE-E

Σ;∆;Φ; |Γ|1 `U ′
1

L′
1

t ′ : A1 + A2

Σ;∆;Φ;Γ, x : U (A1, A1) ` t ª t ′1 .D2 : τ Σ;∆;Φ;Γ, y : U (A2, A2) ` t ª t ′2 .D2 : τ

Σ;∆;Φ;Γ` t ª case (t ′, x.t ′1, y.t ′2).D2 −L′
1 − ccase : τ

R-E-CASE

Σ;∆;Φ; |Γ|1 `U1
L1

t1 :
exec(L,U )

{P1} ∃~γ1 : A1 {Q1} dom(P ) = dom(P1) Σ;∆;Φ; |Γ|2 `U2
L2

t ′2 :
exec(L′,U ′)

{P2} ∃~γ1 : A′
1 {Q2}

Σ;∆;Φ;Γ, x : U (A1, A1) ` t2 ª t ′2 .D2 :
diff(D ′)

{P tP1} ∃~γ1.τ {Q}

Σ;∆;Φ;Γ` let {x} = t1 in t2 ª t ′2 .−L2 :
diff(U1+U+(D2+U2)+D ′+clet )

{P } ∃~γ1.τ {Q}

R-LET-E

Σ;∆;Φ; |Γ|2 `U1
L1

t ′1 :
exec(L,U )

{P1} ∃~γ1 : A′
1 {Q1} dom(P ) = dom(P1) Σ;∆;Φ; |Γ|1 `U2

L2
t2 :

exec(L′,U ′)
{P2} ∃~γ1 : A1 {Q2}

Σ;∆;Φ;Γ, x : U (A′
1, A′

1) ` t2 ª t ′2 .D2 :
diff(D ′)

{P tP1} ∃~γ1.τ′ {Q}

Σ;∆;Φ;Γ` t2 ª let {x} = t ′1 in t ′2 .U2 :
diff(D ′+(D2−L2)−L1−L−clet)

{P } ∃~γ1.τ′ {Q}

R-E-LET

Figure 16: Relational typing judgment, part (3)
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Σ;∆;Φ |= A1 v A2

Σ;∆;Φ |= A′
1 v A1 Σ;∆;Φ |= A2 v A′

2
Σ;∆;Φ |= L′≤L Σ;∆;Φ |=U≤U ′

Σ;∆;Φ |=
exec(L,U )

A1 −→ A2 v
exec(L′,U ′)
A′

1 −→ A′
2

S-A-EXEC

Σ; i :: S,∆;Φ |= A′ v A Σ; i :: S,∆;Φ |= L′≤L
Σ;∆;Φ |=U≤U ′ i ∉ FV (Φ)

Σ;∆;Φ |=
exec(L,U )
∀i :: S. A v

exec(L′,U ′)
∀i :: S. A′

S-A-FORALL

Σ;∆;Φ |= A v A′ Σ;∆;Φ |= L′≤L
Σ;∆;Φ |=U≤U ′ Σ;∆;Φ |= P⊆P ′ Σ, ~γ1;∆;Φ |=Q ′⊆Q Σ;∆;ΦÍ ~γ1 ⊆ ~γ2

Σ;∆;Φ |=
exec(L,U )

{P } ∃~γ1 : A {Q} v
exec(L′,U ′)

{P ′} ∃~γ2 : A′ {Q ′}

S-A-MONAD

Σ;∆;Φ |= A1 v A′
1 Σ;∆;Φ |= A2 v A′

2

Σ;∆;Φ |= A1 + A2 v A′
1 + A′

2

S-UM
Σ;∆;Φ |= A v A′ Σ;∆;Φ |= I=I ′

Σ;∆;Φ |=Arrayγ[I ] A vArrayγ[I ′] A′ S-A-ARRAY

Σ;∆;Φ |= A v A′ Σ;∆;Φ |= I=I ′

Σ;∆;Φ |= list[I ] A v list[I ′] A′ S-A-LIST
Σ; i :: S,∆;Φ |= A v A′ i ∉ FV (Φ)

Σ;∆;Φ |= ∃i :: S. A v∃i :: S. A′ S-A-EXIST

Figure 17: Unary subtyping rules, part (1)

Σ; f ∆;Φ |= A v A′ Σ;∆;Φ∧C |=C ′

Σ;∆;Φ |=C &A vC &A′ S-A-CAND
Σ;∆;Φ |= A v A′ Σ;∆;Φ∧C ′ |=C

Σ;∆;Φ |=C ⊃ A vC ⊃ A′ S-A-CIMPL

Σ;∆;Φ |= A v A
S-A-REFL

Σ;∆;Φ |= A1 v A2 Σ;∆;Φ |= A2 v A3

Σ;∆;Φ |= A1 v A3
S-A-TRAN

Figure 18: Unary subtyping rules, part (2)
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Σ;∆;Φ |= τ1 v τ2

Σ;∆;Φ |= intr väU (int, int)
S-R-INT-BOX

Σ;∆;Φ |= intr [I ] väU (int, int)
S-R-INT-I-BOX

Σ;∆;Φ |=äU (int, int) väintr
S-R-UINT-BOX

Σ;∆;Φ |= unit väunit
S-R-UNIT-BOX

Σ;∆;Φ |= τ′1 v τ1 Σ;∆;Φ |= τ2 v τ′2 Σ;∆;Φ |= c≤c ′

Σ;∆;Φ |= diff(c)
τ1 −→ τ2 v

diff(c ′)
τ′1 −→ τ′2

S-R-DIFF

Σ;∆;Φ |=ä(
diff(c)

τ1 −→ τ2) v
diff(0)

äτ1 −→äτ2

S-R-BOX-DIFF

Σ;∆;Φ |=U (
exec(L,U )

A1 −→ A2,
exec(L′,U ′)
A′

1 −→ A′
2) v

diff(U−L′)
U (A1, A′

1) −→U (A2, A′
2)

S-R-EXECDIFF

Σ; i :: S,∆;Φ |= τv τ′ Σ; i :: S,∆;Φ |= c≤c ′ i ∉ FV (Φ)

Σ;∆;Φ |=
diff(c)

∀i ::S. τv
diff(c ′)

∀i ::S. τ′1

S-R-FORALL-DIFF

Σ;∆;Φ |=ä(
diff(c)

∀i ::S. τ) v
diff(0)

∀i ::S. äτ
S-R-FORALL-BOX

Σ;∆;Φ |=U (unit,unit) v unit
S-R-UNIT

Σ;∆;Φ |=U (
exec(L,U )
∀i :: S. A,

exec(L′,U ′)
∀i :: S. A′) v

diff((U−L′))

∀i ::S. U (A, A′)

S-R-FORALL-U

Σ;∆;Φ |= τ1 v τ′1 Σ;∆;Φ |= τ2 v τ′2
Σ;∆;Φ |= τ1 +τ2 v τ′1 +τ′2

S-R-SUM
Σ;∆;Φ |=äτ1 +äτ2 vä(τ1 +τ2)

S-R-SUM-BOX

Σ; i :: S,∆;Φ |= τv τ′ i ∉ FV (Φ)

Σ;∆;Φ |= ∃i :: S. τv∃i :: S. τ′
S-R-EXIST

Σ;∆;Φ |= ∃i :: S. äτvä(∃i :: S. τ)
S-R-EXIST-BOX

Figure 19: Relational subtyping rules, part (1)
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∆;Φ |= τ1 v τ2

Σ;∆;Φ |= τv τ′ Σ;∆;Φ |= I=I ′ Σ;∆;Φ |= γ=γ′
Σ;∆;Φ |=Arrayγ[I ] τvArrayγ′ [I ′] τ′

S-R-ARRAY

Σ;∆;Φ |= τv τ′ Σ;∆;Φ |= I=I ′ Σ;∆;Φ |=α≤α′

Σ;∆;Φ |= listα[I ] A v listα
′
[I ′] A′ S-R-LIST

Σ;∆;Φ |= A1 v A′
1 Σ;∆;Φ |= A2 v A′

2

Σ;∆;Φ |=U (A1, A2) vU (A′
1, A′

2)
S-R-UA

Σ;∆;Φ |= τv τ′ Σ;∆;Φ∧C |=C ′

Σ;∆;Φ |=C &τvC &τ′
S-R-C-AND

Σ;∆;Φ |=C &äτvä(C &τ)
S-R-C-AND-BOX

Σ;∆;Φ |=U (C ⊃ A,C ⊃ A′) vC ⊃U (A, A′)
S-R-CIMPL-U

Σ;∆;Φ |= τv τ′ Σ;∆;Φ∧C ′ |=C

Σ;∆;Φ |=C ⊃ τvC ⊃ τ′
S-R-C-IMPL

Σ;∆;Φ |=ä(C ⊃ τ) vC ⊃äτ S-R-C-IMPL-BOX
Σ;∆;Φ |= τv τ

S-R-REFL

Σ;∆;Φ |= τvU (|τ|1, |τ|2)
S-R-W

Σ;∆;Φ |=äτv τ
S-R-T

Σ;∆;Φ |= τ1 v τ2 Σ;∆;Φ |= τ2 v τ3

Σ;∆;Φ |= τ1 v τ3
S-R-TRAN

Σ;∆;Φ |= τv τ′ ∆;Φ |= c≤c ′ ∆;Φ |= P ′⊆P ∆;ΦÍ ~γ1 ⊆ ~γ2 Σ, ~γ1 :~L;∆;Φ |=Q⊆Q ′

Σ;∆;Φ |=
diff(c)

{P } ∃~γ1 : τ {Q} v
diff(c ′)

{P ′} ∃~γ2 : τ′ {Q ′}

S-RM

Σ;∆;Φ |=U (
exec(L,U )

{γi → Ti } ∃~γ′1 : A1 {Q1},
exec(L′,U ′)

{γi → T ′
i } ∃~γ′2 : A1 {Q2}) v

diff(U−L′)
{γi →βi } ∃~γ1, ~γ2 : U (A1, A2) {γi →βi ∪Ti ∪T ′

i }

S-RUM

P ⊆ P ′ ⇔ P = {γ1 →β1,γ2 →β2, . . . ,γn →βn}
P ′ = {γ1 →β′

1,γ2 →β′
2, . . . ,γn →β′

n}
∀i ∈ {1, . . . ,n}.βi ⊆β′

i

Figure 20: Relational subtyping rules, part (2)
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�int�g ,k = {n |n ∈N }

�unit�g ,k = { () }

�bool�g ,k = {b |b ∈B}

�int[I ]�g ,k = {n |I = n}

�Arrayγ[I ] A�g ,k = { l | I = n ∧ g (γ) = (l ,n, A)}

�
exec(L,U )
A −→ A′�g ,k = {fix f (x).t |∀k ′ < k,∀g ′ ⊇ g ,∀v.v ∈ �A�g ′,k ′ ⇒

t [v/x][fix f (x).t/ f ] ∈ �A′�E ,(L,U )
g ′,k ′ }

∪{λx.t |∀k ′ < k,∀g ′ ⊇ g ,∀v.v ∈ �A�g ′,k ′ ⇒ t [v/x] ∈ �A′�E ,(L,U )
g ′,k ′ }

�
exec(L,U )

{P } ∃~γ.A {Q}�g ,k =
{

v |∀g1 ⊇ g ,∀k1 ≤ k,∀k2 < k1,c,∀H .
(
H Íg1,k1 P ∧ v ; H ⇓c,k2

f

)
⇒∃g2 ⊇ g1, H1, v1,~γ.(v ; H ⇓c,k2

f v1; H1)∧L ≤ c ≤U ∧H1 Íg2,k1−k2 Q

∧v1 ∈ �A�g2,k1−k2 ∧
(
(∃n.P = {γ1 → T1, . . . ,γn → Tn}

∧∀i ∈ [1,n].g (γi ) = (li , A,m)) ⇒∀ j .(H [li ][ j ]) 6= H1[li ][ j ] ⇒ j ∈ Ti
)}

�
exec(L,U )
∀i :: S. A�g ,k = {Λ.t |∀I . ` I :: S . t ∈ �A[I /i ]�E ,(L[I /i ],U [I /i ])

g ,k−1 }

�∃i :: S. A �g ,k = {pack v |∃I . ` I :: S . v ∈ �A[I /i ]�g ,k−1}

�A1 + A2�g ,k = { inl v |v ∈ �A1�g ,k }
⋃

{ inr v |v ∈ �A2�g ,k }

�C ⊃ A�g ,k = { v | ÕC ∧ v ∈ �A�g ,k−1}

�C &A�g ,k = { v | ÍC ∧ v ∈ �A�g ,k−1}

�A�E ,(L,U )
g ,k = { t |∀v,∀k ′ ≤ k. t ⇓c,k ′

v⇒ v ∈ �A�g ,k−k ′ ∧L ≤ c ≤U }

�·�g ,k = {;}

�Ω, x : A�g ,k = {(σ[v/x]) |σ ∈ �Ω�g ,k ∧ v ∈ �A�g ,k }

where

H Íg ,k empt y iff true

H Íg ,k (γ→β) iff ∃l , A,n : g (γ) = (l , A,n)
∧(∀i ≤ n.

(
H [l ][i ]

) ∈ LAMg ,k−1
)

H Íg ,k (P ∗Q) iff ∃H ′, H ′′, g ′, g ′′ :(
H = H ′]H ′′)∧ (

g = g ′] g ′′)
∧(

H ′ Íg ′,k P
)∧ (

H ′′ Íg ′′,k Q
)

v ; H ⇓c,k
f , ∃v ′, H ′.v ; H ⇓c,k

f v ′; H ′

Figure 21: Unary interpretation of types
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Lintr MG ,k = { (n1,n2) |n1 = n2 }

Lunitr MG ,k = { ((), ()) }

Lintr [I ]MG ,k = { (n,n) | I = n }

LArrayγ[I ] τMG ,k = { (l1, l2) | I = n
∧

G(γ) = (l1, l2,τ,n)}

L
diff(D)

τ1 −→ τ2MG ,k = { (fix f (x).t1,fix f (x).t2) |∀G ′ ⊇G ,k ′ ≤ k −1, ∀v1, v2.(v1, v2) ∈ Lτ1MG ′,k ′

⇒ (t1[v1/x][fix f (x).t1/ f ], t2[v2/x][fix f (x).t2/ f ]) ∈ Lτ2ME ,D
G ′,k ′ }

∧∀ j .(fix f (x).t1 ∈ �
exec(0,∞)

|τ1|1 −→ |τ2|1�G|1, j )∧ (fix f (x).t2 ∈ �
exec(0,∞)

|τ1|2 −→ |τ2|2�G|2, j )

L
diff(D)

{P } ∃~γ.τ {Q}MG ,k =
{

(v1, v2) |∀G1 ⊇G ,k1 ≤ k,k2 < k1,k3,c1,c2, H1, H2.
(
(H1,H2) ÍG1,k1 P ∧ v1; H1 ⇓c1,k2

f

∧v2; H2 ⇓c2,k3
f

)
⇒∃G2 ⊇G1, H ′

1, H ′
2, v ′

1, v ′
2,c1,c2,~γ.(

v1; H1 ⇓c1,k2
f v′1;H′

1 ∧ v2;H2 ⇓c2,k3
f v′2;H′

2 ∧
(H′

1,H′
2) ÍG2,k1−k2

Q ∧ (v′1,v′2) ∈ LτMG2,k1−k2 ∧ c1 − c2 ≤ D
)}

LU (A1, A2)MG ,k = { (v1, v2) |∀k ′, v1 ∈ �A1�G|1,k ′ ∧ v2 ∈ �A2�G|2,k ′ }

L
diff(D)
∀i ::S. τMG ,k = { (Λ.t1,Λ.t2) |∀I . ` I :: S . (t1, t2) ∈ Lτ[I /i ]ME ,D[I /i ]

G ,k−1

∀ j .t1 ∈ �|τ|1�E ,(0,∞)
G|1, j ∧ t2 ∈ �|τ|2�E ,(0,∞)

G|2, j }

L∃i :: S. τ MG ,k = { (pack v1,pack v2) |∃I . ` I :: S . (v1, v2) ∈ Lτ[I /i ]MG ,k−1}

Lτ1 +τ2MG ,k = { (inl v1, inl v2) | (v1, v2) ∈ Lτ1MG ,k−1}
⋃

{ (inr v1, inr v2) | (v1, v2) ∈ Lτ2MG ,k−1}

LäτMG ,k = { (v, v) | (v, v) ∈ LτMG ,k }

LC ⊃ τMG ,k = { (v1, v2) | ÕC
∨

(v1, v2) ∈ LτMG ,k−1}

LC &τMG ,k = { (v1, v2) | ÍC ∧ (v1, v2) ∈ LτMG ,k−1}

LτME ,D
G ,k = { (t1, t2) |∀k1 ≤ k, v1 v2. (t1 ⇓c1,k1 v1 ∧ t2 ⇓c2,k2 v2) ⇒

(v1, v2) ∈ LτMG ,k−k1 ∧ c1 − c2 ≤ D}

L·MG ,k = {;}

LΓMG ,k = {(σ1,σ2) |∀x ∈ dom(Γ).∀τ.x : τ ∈ Γ.(σ1(x),σ2(x)) ∈ LτMG ,k }

where

(H1, H2) ÍG ,k empt y iff true

(H1, H2) ÍG ,k (γ 7→β) iff ∃l1, l2,τ,n : G(γ) = (l1, l2,τ,n)
∧(∀i ≤ n.

(
H1[l1][i ], H2[l2][i ]

) ∈ LτMG ,k−1
)

∧(∀i ≤ n.
(
H1[l1][i ] 6= H2[l2][i ] ⇒ i ∈β))

(H1, H2) ÍG ,k (P ∗Q) iff ∃H ′
1, H ′′

1 , H ′
2, H ′′

2 ,G ′,G ′′ :(
H1 = H ′

1 ]H ′′
1

)∧ (
H2 = H ′

2 ]H ′′
2

)∧ (
G =G ′]G ′′)

∧(
(H ′

1, H ′
2) ÍG ′,k P

)∧ (
(H ′′

1 , H ′′
2 ) ÍG ′′,k Q

)
G(γ) = (l1, l2,τ,n), G|1(γ) = (l1, |τ|1,n),G|2(γ) = (l2, |τ|2,n)

Figure 22: Relational interpretation of types
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2 Logical relation

We use λx.t as syntatic sugar for fix f (x).t when f does not show in t .

Lemma 1 (Monotonicity).

1. If k ′ ≤ k and G ⊆G ′, then LτMG ,k ⊆ LτMG ′,k ′ .

2. If k ′ ≤ k and g ⊆ g ′, then �A�g ,k ⊆ �A�g ′,k ′ .

3. If k ′ ≤ k and G ⊆G ′, then LτME ,D
G ,k ⊆ LτME ,D

G ′,k ′ .

4. If k ′ ≤ k and g ⊆ g ′, then�A�E ,(L,U )
g ,k ⊆ �A�E ,(L,U )

g ′,k ′ .

5. If k ′ ≤ k and G ⊆G ′, then LΓMG ,k ⊆ LΓMG ′,k ′

6. If k ′ ≤ k and g ⊆ g ′, then�Ω�g ,k ⊆ �Ω�g ′,k ′

Proof. (1,3) and (2,4) are proved simultaneously by induction on τ and induction hypothesis,(5,6) fol-
lows from (1,2).

Lemma 2 (Heap extension). If (H1, H2) ÍG ,k P , then for any H ′
1, H ′

2, (H1 ]H ′
1, H2 ]H ′

2) ÍG ,k P.

Proof. It is simply proved by case analysis on P.

Lemma 3 (Heap evaluation extension). If H ; t ⇓c,k
f H1; v, then for any H ′, H ]H ′; t ⇓c,k

f H1 ]H ′; v .

Proof. The proof is by induction on evaluation derivation on operation semantics.

Lemma 4 (Evaluation cost soundness).

1. If `U
L t : τ and t ⇓c v, then L ≤ c ≤U .

2. If `U
L t :

exec(L′,U ′)
{P } ∃γ : A {Q} and t ⇓c

p v, then L+L′ ≤ c ≤U +U ′.

3. If `U
L t : {P1}U1

L1
∃γ1 : {P2}U2

L2
∃γ2 : . . . {Q2}{Q1} and t ; H ⇓c1

p v1; H1 and H1; v1 ⇓c2
p v2; H2 etc, then

L+L1 +L2 + . . .Ln ≤ c1 + c2 +·· ·+cn ≤U +U1 +U2 +·· ·+Un .

4. If ` t1 ª t2 .D : τ and t1 ⇓c1
p v1 and t2 ⇓c2

p v2, then c1 − c2 ≤ D.

5. If ` t1 ª t2 .D :
diff(D ′)

{P } ∃γ : τ {Q} and t1 ⇓c1
p v1 and t2 ⇓c2

p v2, then c1 − c2 ≤ D +D ′.

6. If` t1 ª t2 .D : {P1}diff(D1)∃γ1 : {P2}diff(D2)∃γ2 : . . . {Q2}{Q1} and t ; H ⇓c1
p v1; H1 and v1; H1 ⇓c2

p v2; H2

then
c1 − c2 ≤ D +D1 +D2 . . .Dn .

Proof. (1) is directly proved from the definition of unary expression interpretation. If `U
L t : τ, then

t ∈ �τ�E ,(L,U )
G ,k , unfold the definition, we get : L ≤ c ≤U and t ⇓c v .

(2) t ∈ �
exec(L′,U ′)

{P } ∃γ : A {Q}�E ,(L,U )
G ,k , t ⇓c1 v ′ and v ′ ⇓c2

f v unfold the definition, we know c = c1+c2 and L ≤ c1 ≤U

and L′ ≤ c2 ≤U ′. It is proved.
(3) t ∈ �{P1}U1

L1
∃γ1 : {P2}U2

L2
∃γ2 : . . . {Q2}{Q1}�E ,(L,U )

G ,k . Unfold the definition, we can get : L+L1+L2+ . . .Ln ≤
c1 + c2 +·· ·+cn ≤U +U1 +U2 +·· ·+Un . This case is proved.
(4) From the fundamental theory, If ` t1 ª t2 .D : τ, we know closed terms (t1, t2) in the interpretation
of relational type τ, LτME ,D

G ,k , unfold the definition, c1 − c2 ≤ D is proved.
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(5) From the fundamental theory, If ` t1 ª t2 .D :
diff(D ′)

{P } ∃γ : τ {Q}, we know closed terms (t1, t2) in the

interpretation L
diff(D ′)

{P } ∃γ : τ {Q}ME ,D
G ,k , unfold the definition, c1 − c2 ≤ D +D ′ is proved.

(6) From the fundamental theory, If ` t1 ª t2 .D : {P1}diff(D1)∃γ1 : {P2}diff(D2)∃γ2 : . . . {Q2}{Q1}, we know
closed terms (t1, t2) in the interpretation of nested relational type τ, LτME ,D

G ,k , unfold the definition level
by level, c1 − c2 ≤ D +D1 +D2 · · ·+Dn is proved.

Lemma 5 (Well-formedness).

1. If ∆;Φ;Γ` t1 ª t2 .D : τ,then FV (t1) ⊆ dom(Γ) and FV (t2) ⊆ dom(Γ).

2. If ∆;Φ;Ω`U
L t : A, then FV (t ) ⊆ dom(Ω).

Proof. The proof is by induction on the typing derivations.

Lemma 6 (Value Projection).

1. If (v1, v2) ∈ LτMG ,k , then ∀k.v1 ∈ �|τ|1�G|1,k and v2 ∈ �|τ|2�G|2,k .

2. If (σ1,σ2) ∈ LΓMG ,k , then ∀k.σ1 ∈ L|Γ|1MG|1,k and σ2 ∈ L|Γ|2MG|2,k .

Proof. Proof of Statement (1) is by induction on LτMG ,k . Proof of Statement (2) follows by proof of (1).

Lemma 7 (Heap monotonicity).

1. If k ′ ≤ k and G ′ ⊇G, then (H1, H2) ÍG ,k P ⇒ (H1, H2) ÍG ′,k ′ P

2. If k ′ ≤ k and g ′ ⊇ g , then H Íg ,k P ⇒ H Íg ′,k ′ P

Proof. proof of statement (1)

Assume k ′ ≤ k and G ′ ⊇G , and we have

H1, H2 ÍG ,k P.

TS: H1, H2 ÍG ′,k ′ P
Unfold the definition of H ÍG ′,k ′ P
Do case analysis on P , there are three cases:

case 1: P=empty
It is vacuously true that H Íg ′,k ′ empty.

case 2: P= γ→β

From H1, H2 ÍG ,k γ→β, we know:

G(γ) = (l1, l2,τ,n) (1)

∀i ≤ n.(H1(l1)[i ], H2(l2)[i ]) ∈ LτMG ,k−1 (2)

∀i ≤ n.(H1(l1)[i ] 6= H2(l2)[i ]) ⇒ i ∈β (3)

We conclude that G ′(γ) = (l1, l2,τ,n) from assumption G ′ ⊇ G and ∀i ≤ n.H(l )[i ] ∈ LτMG ′,k ′ by
Lemma 1 on (2).
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case 3: P= P1?P2

Suppose ∃n.P = {γi →βi } for i ∈ [1, . . . ,n] .
Unfold the definition of H1, H2 ÍG ,k {γi →βi } for i ∈ [1, . . . ,n].
We know there exists H1 = (h1

1)] (h2
1)]·· ·] (hn

1 ) and H2 = (h1
2)] (h2

2)]·· ·](hn
2 ) and G =G1]G2]

·· ·]Gn

so that hi
1,hi

2 ÍGi ,k γi →βi for any i.
Since G ′ ⊇G , we know there exists G ′

i ⊇Gi s.t. G ′ =G ′
1 ]G ′

2 ]·· ·]G ′
n ∧∀i .G ′

i ⊇Gi

Use the conclusion of case 2, we know:
∀i ∈ [1,n].hi

1,hi
2 ÍG ′

i ,k ′ γi →βi .

proof of statement (2)
Assume k ′ ≤ k and g ′ ⊇ g , and we have

H Íg ,k P

. TS: H Íg ′,k ′ P
Unfold the definition of H Íg ′,k ′ P
Case analysis on P , there are three cases:

case 1: P=empty
It is vacuously true that H Íg ′,k ′ empty.

case 2: P= γ→β

From H Íg ,k γ, we know:

g (γ) = (l , A,n) (1)

∀i ≤ n.H(l )[i ] ∈ �A�g ,k−1 (2)

We conclude that g ′(γ) = (l , A,n) from assumption g ′ ⊇ g and ∀i ≤ n.H(l )[i ] ∈ �A�g ′,k ′ by Lemma
1 on (2).

case 3: P = P ∗Q
Assume p = {γi } for i ∈ [1, . . . ,n].
From the definition of H Íg ,k {γ1,γ2, . . . ,γn}, we know
∃H = (h1

1)] (h2
1)]·· ·] (hn

1 ) and g = g1 ] g2 ]·· ·] gn s.t. hi
1 Ígi ,k γi →βi for any i.

Since g ′ ⊇ g , we know: ∃g ′
1, g ′

2, . . . , g ′
n .g ′ = g ′

1 ] g ′
2 ]·· ·] g ′

n ∧∀i .g ′
i ⊇ gi .

By the conclusion of case 2. we know: hi
1 Íg ′

i ,k ′ γi for any i.

This completes the proof of statement (2).

Lemma 8 (Value interpretation containment).

1. If (v1, v2) ∈ LτMG ,k ,then (v1, v2) ∈ LτME ,0
G ,k

2. If v ∈ �A�g ,k , then ∀t ≥ 0.v ∈ �A�E ,(0,t )
g ,k

Proof. (1) Assume (v1, v2) ∈ LτMG ,k (*)
TS: (v1, v2) ∈ LτME ,0

G ,k

Following the definition of LτME ,0
G ,k , we get: v1 ⇓0 v1 and v1 ⇓0 v1 and 0−0 ≤ 0 and (v1, v2) ∈ LτMG ,k−0. This

completes the proof.

Proof. Assume v ∈ �A�g ,k (*)

TS: ∀t ≥ 0.v ∈ �A�E ,(0,t )
g ,k Following the definition of �A�E ,(0,t )

g ,k . We know v ⇓0 v and v ∈ �A�g ,k . This

completes the proof.
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Lemma 9 (Value evaluation). v ⇓0 v

Proof. By induction on the value term v.

Lemma 10 (heap projection). If (H1, H2) ÍG ,k γi → βi , i ∈ (1,n),then ∀T,T ′.H1 ÍG|1,k γi → Ti and
H2 ÍG|2,k γi → T ′

i

Proof. Suppose H1 = h1 ]h2 . . .hn and H2 = h′
1 ]h′

2 . . .h′
n

Unfold (hi ,h′
i ) ÍG ,k γi →βi

we know:

G(γ) = (l1, l2,τ,n) (1)

∀i ≤ n.(hi (l1)[i ],h′
i (l2)[i ]) ∈ LτMG ,k−1 (2)

From (1), we know:

G|1(γ) = (l1,γ,n) (3)

G|2(γ) = (l2,γ,n) (4)

From(2) and Lemma (Value projection) and ,we know:

∀i ≤ n.(H1(l1)[i ]) ∈ �|τ|1�G|1,k−1 (5)

∀i ≤ n.(H2(l1)[i ]) ∈ �|τ|2�G|2,k−1 (6)

Using (3)(5), (4)(6), this lemma is proved.

Lemma 11 (heap subtyping). If ` δ :∆ and Í δΦ and∆;ΦÍ P ⊆ P ′ and H1, H2 ÍG ,k δP, then H1, H2 ÍG ,k

δP ′.

Proof. Assume we have:
H1, H2 ÍG ,k δP

We want to show :
H1, H2 ÍG ,k δP ′

Suppose ∃n.δP = {γi →βi } for i ∈ [1, . . . ,n] .
Unfold the definition of H1, H2 ÍG ,k {γi →βi } for i ∈ [1, . . . ,n].
We know there exists H1 = (h1

1)](h2
1)]·· ·](hn

1 ) and H2 = (h1
2)](h2

2)]·· ·](hn
2 ) and G =G1]G2]·· ·]Gn

so that hi
1,hi

2 ÍGi ,k γi →βi for any i.
Unfold the definition of ∆;ΦÍ δP ⊆ δP ′, we know:

δP ′ = {γi →β′
i }, i ∈ [1, . . . ,n]

STS: ∀i ∈ [1, . . . ,n].∃xi
1, xi

2 ÍGi ,k] γi →β′
i where H1 = (x1

1)](x2
1)]·· ·](xn

1 ) and H2 = (x1
2)](x2

2)]·· ·](xn
2 )

Pick i.Choose xi
1 = hi

1 and xi
2 = hi

2
Unfold the definition of hi

1,hi
2 ÍGi ,k γi →βi .

we have: Gi (γi ) = (l i
1, l i

2,τi ,n) and ∀m ≤ n.(hi
1(l i

1[m]) 6= hi
2(l i

2)[m]) ⇒ m ∈βi

Since we know βi ⊆β′
i , we get:

∀i ∈ [1, . . . ,n].Gi (γi ) = (l i
1, l i

2,τi ,n)∧∀m ≤ n.(xi
1(m) 6= xi

2(m)) ⇒ m ∈β′
i

For any i ∈ [1, . . . ,n], choose xi
1 = hi

1 and xi
2 = hi

2, we know: xi
1, xi

2 ÍGi ,k γi →β′
i

We also know H1 = (x1
1)] (x2

1)]·· ·] (xn
1 ) and H2 = (x1

2)] (x2
2)]·· ·] (xn

2 ) from assumption.

This completes the proof of the lemma.
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Lemma 12 (Subtyping soundness). 1. If∆;Φ |= τv τ′ and` δ :∆ andÍΦδ and (v, v ′) ∈ LδτMG ,k , then
(v, v ′) ∈ Lδτ′MG ,k .

2. If ∆;Φ |= A v A′ and ` δ :∆ and ÍΦδ and (v) ∈ �δA�g ,k , then (v) ∈ �δA′�g ,k .

3. If ∆;Φ |= τv τ′ and ` δ :∆ and ÍΦδ and (t , t ′) ∈ LδτME ,D
G ,k and D ≤ D ′, then (t , t ′) ∈ Lδτ′ME ,D ′

G ,k .

4. If∆;Φ |= A v A′ and` δ :∆ andÍΦδ and t ∈ �δA�E ,(L,U )
g ,k and L′ ≤ L and U ≤U ′, then t ∈ �δA′�E ,(L′,U ′)

g ,k .

5. If ∆;Φ |= τv τ′ and ` δ :∆ and ÍΦδ and ∀i ∈ {1,2}. (v) ∈ �|δτ|i �G|i ,k , then v ∈ �|δτ′|i �G|i ,k .

6. If ∆;Φ |= τv τ′ and ` δ :∆ and ÍΦδ and ∀i ∈ {1,2}. (e) ∈ �|δτ|i �E ,(L,U )
G|i ,k and L′ ≤ L and U ≤U ′, then

e ∈ �|δτ′|i �E ,(L,U )
G|i ,k .

Proof Statements (1) and (2) (5) are by proven simultaneously by induction on the subtyping derivation.
(3),(4),(6) will be proved first.

Proof. Proof of statement (3) Assume that ∆;Φ |= τv τ′ and ` δ : ∆ and ÍΦδ and (t , t ′) ∈ LδτME ,D
G ,k and

D ≤ D ′.
TS: (t , t ′) ∈ Lδτ′ME ,D ′

G ,k .
Assume that

1. t ⇓s,c v

2. t ′ ⇓s′,c ′ v ′

3. s < k

Unfold the assumption (t , t ′) ∈ LδτME ,D
G ,k using assumption (1)(2)(3), we know

c − c ′ ≤ D (a)

(v, v ′) ∈ LδτMG ,k−s (b)

we conclude:
c − c ′ ≤ D ′ from assumption D ≤ D ′
By IH1 on (b), we know (v, v ′) ∈ Lδτ′MG ,k−s

Proof. Proof of statement (4) Assume ∆;Φ |= A v A′ and ` δ :∆ and ÍΦδ and e ∈ �δA�E ,(L,U )
g ,k and L′ ≤ L

and U ≤U ′
TS: t ∈ �δA�E ,(L,U )

g ,k
Assume:

1. t ⇓s,c

2. s < k

Unfold the assumption t ∈ �δA�E ,(L,U )
g ,k , we know:

L ≤ c ≤U (a)

v ∈ �δA�g ,k−s (b)

We conclude: L′ ≤ c ≤U ′ from assumption.
By IH2 with the first premise on (b), we get:v ∈ �δA′�g ,k−s

Proof. Proof of statement (6) Assume∆;Φ |= τv τ′ and` δ :∆ andÍΦδ and∀i ∈ {1,2}. (e) ∈ �|δτ|i �E ,(L,U )
G|i ,k

and L′ ≤ L and U ≤U ′
TS: t ∈ �|δτ′|i �E ,(L,U )

G|i ,k
Assume:
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1. t ⇓s,c

2. s < k

Unfold the assumption t ∈ �|δτ′|i �E ,(L,U )
G|i ,k , we know:

L ≤ c ≤U (a)

v ∈ �|δτ′|i �G|i ,k−s (b)

We conclude: L′ ≤ c ≤U ′ from assumption.
By IH5 with the first premise on (b), we get:v ∈ �|δτ′|i �G|i ,k−s

Proof of statement (1)
The proof is by induction on the subtyping derivation, we will detail some of the most interesting cases.
Case

Σ;∆;Φ |= τv τ′ ∆;Φ |= D≤D ′ ∆;Φ |= P ′⊆P Σ, ~γ1 :~L;∆;Φ |=Q⊆Q ′ Σ |= ~γ1 v ~γ2

Σ;∆;Φ |=
diff(D)

{P } ∃~γ1 : τ {Q} v
diff(D ′)

{P ′} ∃~γ2 : τ′ {Q ′}

S-RM

Assume δ such that ` δ :∆ and Í δΦ. Assume also that we have G ,k, v1, v2 such that

(v1, v2) ∈ L
diff(δD)

{δP } ∃~γ1 : δτ {δQ}MδG ,k (1)

We want to show

(v1, v2) ∈ L
diff(δD ′)

{δP ′} ∃~γ2 : δτ′ {δQ ′}MδG ,k (2)

By definition, consider G1 ⊇ δG ,k1 ≤ k,k2 < k, H1, H2 and assume

(H1, H2) ÍG1,k1 δP ′∧H1; v1 ↓k2
f ∧H2; v2 6⇑ f

Since ∆;Φ |= P ′ ⊆ P we also have (H1, H2) ÍG1,k1 δP .
Thus, by Equation (1) we have that there exist G2 ⊇G1, H ′

1, H ′
2, v ′

1, v ′
2,c1,c2 such that

v1; H1 ⇓c1,k2
f v ′

1; H ′
1 ∧ v2; H2 ⇓c2,k2

f v ′
2; H ′

2 ∧ (H ′
1, H ′

2) |=G2,k1−k2 δQ ∧ (v ′
1, v ′

2) ∈ LδτMG2,k1−k2 ∧ c1 − c2 ≤ δD

SinceΣ, ~γ1 :~L;∆;Φ |=Q ⊆Q ′ we also have (H ′
1, H ′

2) |=G2,k1−k2 δQ ′ by using Lemma 11 on (H ′
1, H ′

2) |=G2,k1−k2

δQ.
Additionally, from ∆;Φ |= τv τ′ and ∆;Φ |= D≤D ′
By IH on the first premise, we also get
(v ′

1, v ′
2) ∈ Lδτ′MG2,k1−k2 and c1 − c2 ≤ δD ′ respectively.

So we can derive Equation (2), and this completes the proof of case-sub-r-monad.

S-RUM

Σ;∆;Φ |=U (
exec(L,U )

{γi → Ti } ∃~γ′1 : A1 {Q1},
exec(L′,U ′)

{γi → T ′
i } ∃~γ′2 : A1 {Q2}) v

diff(U−L′)
{γi →βi } ∃~γ1, ~γ2 : U (A1, A2) {γi →βi ∪Ti ∪T ′

i }

Pick G,k,v,v’.
Assume ` δ :∆ and ÍΦδ, we have:

(v, v ′) ∈ LδU (
exec(L,U )

{γi → Ti } ∃~γ1 : A1 {Q1},
exec(L′,U ′)

{γi → T ′
i } ∃~γ1 : A2 {Q2})MG ,k (a)

TS: (v, v ′) ∈ Lδ
diff(U−L′)

{γi →βi } ∃~γ1, ~γ2 : U (A1, A2) {γi →βi ∪Ti ∪T ′
i }MG ,k

Unfold the definition of Lδ
diff(U−L′)

{γi →βi } ∃~γ1, ~γ2 : U (A1, A2) {γi →βi ∪Ti ∪T ′
i }MG ,k .
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Pick G ′ ⊇G ,k ′ ≤ k,k ′′ < k, H1, H2.
Assume

(H1, H2) ÍG ′,k ′ γi →βi (1)

H1; v ↓k ′′
f ∧H2; v ′ 6⇑ f (2)

STS:∃G ′′ ⊇G , H ′
1, H ′

2, v1, v ′
1

H1; v ⇓c1,k ′′
f H ′

1; v1 (3)

H2; v ′ ⇓c2
f H ′

2; v ′
1 (4)

H ′
1, H ′

2 ÍG ′′,k ′−k ′′ γi →βi ∪Ti ∪T ′
i (5)

(v1, v ′
1) ∈ LU (A1, A2)MG ′′,k ′−k ′′ (6)

From (a), unfold its definition of LδU (
exec(L,U )

{γi → Ti } ∃~γ1 : A1 {Q1},
exec(L′,U ′)

{γi → T ′
i } ∃~γ1 : A2 {Q2})MG ,k

∀k ′, v ∈ �
exec(L,U )

{γi → Ti } ∃~γ1 : A1 {Q1}�G|1,k ′ (b)

∀k ′, v ′ ∈ �
exec(L′,U ′)

{γi → T ′
i } ∃~γ2 : A2 {Q2}�G|2,k ′ (c)

Pick k’ as k.
Unfold its definition in (b).
Show we already got: G ′|1 ⊇ G|1 and k ′ ≤ k and k ′′ < k ′ and H1; v ↓k ′′

f and H1 ÍG ′|1,k ′ γi → Ti holds by

using Lemma (heap projection) on (1).
Derive from the definition, we know:
∃g ′′

1 ⊇G ′|1, H ′
1, v1.

H1; v ⇓c1,k ′′
f H ′

1; v1 (d)

H ′
1 Íg ′′

1 ,k ′−k ′′ Q1 (e)

v1 ∈ �A1�g ′′
1 ,k ′−k ′′ (f)

∀i .g ′
1(γi ) = (li , A,m) ⇒ H1(l )[n] 6= H ′

1(l )[n] ⇒ n ∈ Ti (*)

Unfold its definition in (c).
Show we already got: G ′|2 ⊇ G|2 and k ′ ≤ k and k ′′ < k ′ and H2; v ↓ f and H2 ÍG ′|2,k ′ γi → T ′

i holds by
using Lemma 10 (heap projection) on (1).
There are two cases for H2; v ↓ f ⇒ H2; v ↓k ′′

f :

1. H2; v ↓k1
f and k1 > k ′. Using Lemma 1, we get H2; v ↓k ′′

f

2. H2; v ↓k1
f and k1 ≤ k ′. We choose k ′′ = k1. we get H2; v ↓k ′′

f

Derive from the definition, we know:
∃g ′′

2 ⊇G ′|2, H ′
2, v ′

1.

H2; v ⇓c2,k ′′
f H ′

2; v ′
1 (g)

H ′
2 Íg ′′

2 ,k ′−k ′′ Q2 (h)

v ′
1 ∈ �A2�g ′′

2 ,k ′−k ′′ (i)

∀i .g ′
2(γi ) = (li , A,m) ⇒ H2(l )[n] 6= H ′

2(l )[n] ⇒ n ∈ T ′
i (**)

(3),(4) already proved.
STS1: H ′

1, H ′
2 ÍG ′′,k ′−k ′′ γi →βi ∪Ti ∪T ′

i
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From (e), we assume

H ′
1 = h1 ]h2 ] . . .hn (7)

H ′
2 = h′

1 ]h′
2 ] . . .h′

n (8)

From (*),(**), we know:
∀i ,n.(H1(li )[n] = (H2(li )[n]) ⇒ n 6∈βi , otherwise, n ∈βi .
for all the n not in βi , if H1(li )[n] 6= H ′

1(li )[n], then n ∈ Ti . Similarly, if H2(li )[n] 6= H ′
2(li )[n], then n ∈ T ′

i .
Unfold the definition of H ′

1, H ′
2 ÍG ,k γi →βi ∪Ti ∪T ′

i . ∀n.H ′
1(li )[n] 6= H ′

2(li )[n] ⇒ n ∈βi ∪Ti ∪T ′
i because

(1) at position n, values differs in H1, H2 means n in βi (2) at position n, value same in H1, H2. and differ
in H ′

1, H ′
2 means n must in Ti or T ′

i or both.
This completes the proof of case sub-r-u-monad

Proof of statement (2). Proof is by induction on the subtyping derivation.

∆;Φ |= A v A′

∆;Φ |= L′≤L ∆;Φ |=U≤U ′ ∆;Φ |= P⊆P ′ Σ, ~γ1;∆;Φ |=Q ′⊆Q ~γ1 ⊆ ~γ2

Σ;∆;Φ |=
exec(L,U )

{P } ∃~γ1 : A {Q} v
exec(L′,U ′)

{P ′} ∃~γ2 : A′ {Q ′}

S-A-MONAD

Pick g,k,v.
Assume ` δ :∆ and ÍΦδ, we know

v ∈
exec(L,U )

{P } ∃~γ1 : A {Q} (a)

TS:

v ∈
exec(L′,U ′)

{P ′} ∃~γ2 : A′ {Q ′} (b)

Unfold the definition of
exec(L,U )

{P } ∃~γ1 : A {Q}, we pick g ′ ⊇ g ,k ′ ≤ k,k ′′ < k ′, H
Assume

H Íg ′,k ′ P (1)

H ; v ↓k ′′
f (2)

We know: ∃g ′′ ⊇ g , H ′, v1

H ; v ⇓c1,k ′′
f H ′; v1 (3)

H ′ Íg ′′,k ′−k ′′ Q (4)

v1 ∈ �A�g ′′,k ′−k ′′ (5)

P = γi → Ti ⇒∀i .g ′′(γi ) = (li , A,m) ⇒ H(li )[n] 6= H ′(li )[n] ⇒ n ∈ Ti (*)

Pick g ′′, H ′, v1.
By IH 2 on the first premise ∆;Φ |= A v A′ with (5), we know:

v1 ∈ �A′�g ′′,k ′−k ′′ (6)

TS: v ∈
exec(L′,U ′)

{P ′} ∃~γ2 : A′ {Q ′}, unfold its definition.
we know: H Íg ′,k ′ P ′ from (1) and P ⊇ P ′ because P and P’ have the same γi . together with (2)
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STS:

H ; v ⇓c1,k ′′
f H ′; v1 (c)

H ′ Íg ′′,k ′−k ′′ Q ′ (d)

v1 ∈ �A′�g ′′,k ′−k ′′ (e)

P ′ = γi → T ′
i ⇒∀i .g ′

1(γi ) = (li , A,m) ⇒ H(li )[n] 6= H ′(li )[n] ⇒ n ∈ T ′
i (**)

(c) is proved by assumption (3).
(e) is proved by (6).
(d) is proved by (4) and Q ′ ⊇Q (**) is proved by (*). Because P ⊇ P ′ ⇒∀i .Ti ⊇ T ′

i . For all the n in Ti , it is
also in T ′

i This completes the proof of sub-A-monad.‘

Proof of statement (5). Proof is by induction on the subtyping derivation. We will prove i=1, the proof
of i=2 is similar

S-RUM

Σ;∆;Φ |=U (
exec(L,U )

{γi → Ti } ∃~γ′1 : A1 {Q1},
exec(L′,U ′)

{γi → T ′
i } ∃~γ′2 : A1 {Q2}) v

diff(U−L′)
{γi →βi } ∃~γ1, ~γ2 : U (A1, A2) {γi →βi ∪Ti ∪T ′

i }

Assume that ` δ :∆ and ÍΦδ. we have

v ∈ �|δU (
exec(L,U )

{γi → Ti } ∃~γ1 : A1 {Q1},
exec(L′,U ′)

{γi → T ′
i } ∃~γ1 : A2 {Q2})|i �|G|i ,k (a)

TS:

v ∈ �|δ
diff(U−L′)

{γi →βi } ∃~γ1, ~γ2 : U (A1, A2) {γi →βi ∪Ti ∪T ′
i } |i �|G|i ,k (b)

Choose i=1.
From (a), we know:

v ∈ �δ
exec(L,U )

{γi → Ti } ∃~γ1 : A1 {Q1}�|G|1,k (c)

From (b),
STS:

v ∈ �|δ
exec(0,∞)

{γi →βi } ∃~γ1, ~γ2 : A1 {γi →βi ∪Ti ∪T ′
i }�|G|1,k (d)

Assume g ′ ⊇G|1,k ′ ≤ k,k ′′ < k ′. we assume

H Íg ′,k ′ γi →N (1)

H ; v ↓k ′′
f (2)

STS: ∃g ′′ ⊇ g ′, H ′, v ′

H ; v ⇓k ′′,c1
f H ′; v ′ (3)

H ′ Íg ′′,k ′−k ′′ γi →N (4)

v ′ ∈ �A1�g ′′,k ′−k ′′ (5)

P ′ = γi →N⇒∀i .g ′
1(γi ) = (li , A,m) ⇒ H(li )[n] 6= H ′(li )[n] ⇒ n ∈ N (**)
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From (c), unfold its definition, we know (2) and H Íg ′,k ′ γi → Ti holds from (1). Then we get:
∃g ′′ ⊇ g ′, H ′, v ′

H ; v ⇓k ′′,c1
f H ′; v ′ (e)

H ′ Íg ′′,k ′−k ′′ Q1 (f)

v ′ ∈ �A1�g ′′,k ′−k ′′ (g)

P = γi → Ti ⇒∀i .g ′
1(γi ) = (li , A,m) ⇒ H(li )[n] 6= H ′(li )[n] ⇒ n ∈ Ti (**)

(3) is proved by (e). (4) is proved by (f) because Q1 contains at least as many γi as its precondition
γi → Ti . (*) is proved by (**) because Ti ⊇N This completes the proof of this case.

Σ;∆;Φ |= τv τ′ ∆;Φ |= D≤D ′ ∆;Φ |= P ′⊆P Σ, ~γ1 :~L;∆;Φ |=Q⊆Q ′ Σ |= ~γ1 v ~γ2

Σ;∆;Φ |=
diff(D)

{P } ∃~γ1 : τ {Q} v
diff(D ′)

{P ′} ∃~γ2 : τ′ {Q ′}

S-RM

Assume that ` δ :∆ and ÍΦδ.
we have

v ∈ �|
diff((c))

{P } ∃~γ1 : τ {Q} |i �|G|i ,k (a)

TS:

v ∈ �|δ
diff((c ′))

{P ′} ∃~γ2 : τ′ {Q ′} |i �|G|i ,k (b)

Choose i=1.
From (a), we know:

v ∈ �δ
exec(0,∞)

{|P |1} ∃~γ1 : |τ|1 {|Q|1}�|G|1,k (c)

From (c),STS:

v ∈ �δ
exec(0,∞)

{|P ′|1} ∃~γ2 : |τ′|1 {|Q ′|1}�|G|1,k (d)

From P ′ ⊇ P and Q ⊇Q ′, we know |P |1 = |P ′|1 ∧|Q|1 = |Q ′|1 It is trivially proved.
This completes the proof of case sub-r-monad.

Theorem 2.1 (Fundamental Theorem).

1. If Σ;∆;Φ;Γ ` t1 ª t2 .D : τ and ` δ : ∆ and Í δΦ and (σ1,σ2) ∈ LδΓMG ,k , then (δσ1t1,δσ2t2) ∈
LδτME ,(δD)

G ,k .

2. If Σ;∆;Φ;Ω`U
L t : A and ` δ :∆ and Í δΦ and there existsΩ′. s.t. FV (t ) ⊆ dom(Ω′) andΩ′ ⊆Ω and

σ ∈ LδΩ′Mg ,k , then (δσt ) ∈ �δA�E ,(δL,δU )
g ,k .

3. If Σ;∆;Φ;Γ ` t1 ª t2 .D : τ and ` δ : ∆ and Í δΦ, then for i ∈ {1,2}. if there exists Γ′i s.t. FV(ti )

⊆ dom(Γ′i ) and Γ′i ⊆ Γ and σi ∈ �|δΓ′i |i �G|i ,k , then δσi ti ∈ �|δτi |�E ,(0,∞)
G|i ,k .

Corollary 2.1.1. If ∀k.• ` t1 ª t2 . n : τ, then (t1, t2) ∈ LτME
G ,k .

Proof of statement (1). if Σ;∆;Φ;Γ ` t1 ª t2 .D : τ and ` δ : ∆ and Í δΦ and (σ1,σ2) ∈ LδΓMG ,k then
(t1δσ1, t2δσ2) ∈ LδτME

G ,k .
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Proof by induction on typing derivation:

CASE
Σ;∆;Φ; x : τ1, f :

diff(D)
τ1 −→ τ2,Γ` t1 ª t2 .D : τ2

Σ;∆;Φ;Γ`Fix f (x).t1 ªFix f (x).t2 . 0 :
diff(D)

τ1 −→ τ2

FIX

Assume that ` δ :∆ and ÍΦδ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1fix f (x).t1,δσ2fix f (x).t2) ∈ Lδ(
diff(D)

τ1 −→ τ2)ME ,D
G ,k

By unfolding the definition and the fact that fix f (x).t1 and fix f (x).t2 are values

STS: (δσ1fix f (x).t1,δσ2fix f (x).t2) ∈ L
diff((δD))

δτ1 −→ δτ2MG ,k

Set F = δσ1fix f (x).t1,F ′ = δσ2fix f (x).t2,
We want to prove a general statement

∀m ≤ k. (F,F ′) ∈ L
diff(δD)

δτ1 −→ δτ2MG ,m

by sub-induction on m, there are two cases to show.

subcase 1: m=0
Unfold the definition of function type interpretation, there are two parts to show:

subsubcase 1: ∀k ′ < m.(v1, v2) ∈ Lτ1MG ,k ′ ⇒ . . .
k ′ ≤−1, it is vacuous by definition.

subsubcase 2: STS: ∀ j .F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1, j ∧F ′ ∈ �
exec(0,∞)

|δτ1|2 −→ |δτ2|2�G|2, j

Pick j.

1. STS 1: F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1, j

We prove the more general statement

∀m′ ≤ j .F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1,m′ (2.1)

By subinduction on m’.
There are two csases:

1.1. m’=0.

Unfold the definition of �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1,m′ , there is no non-negative k ′ < m′(0),
it is vacuously true.

1.2. m’=m”+1.
By sub-IH on m”

F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1,m′′ (2.2)

STS: F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1,m′

Unfold the definition of �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1,m′′+1.
Pick j ′′ < m′′+1, g ′ ⊇G|1 and assume that v ∈ �|δτ1|1�g ′, j ′′ .

STS: δσ1t1[v/x][fix f (x).t1/ f ] ∈ �|τ2|1�E ,(0,∞)
g ′, j ′′

This follows by IH 3 on the premise instantiated with

σ1[v/x][fix f (x).t1/ f ] ∈ �δ(x : |τ1|1, f :
exec(0,∞)

|δτ1|1 −→ |δτ2|1, |Γ1|)�g ′, j ′′ which holds because

i. FV (t1) ⊆ dom(x : τ1, f :
diff(D)

τ1 −→ τ2,Γ) using Lemma 5.

ii. σ1 ∈ �|δΓ|1�g ′, j ′′ by Lemma 6 and then Lemma 1.

iii. v ∈ �|δτ1|1�g ′, j ′′ from the assumption.
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iv. F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�g ′, j ′′ by Lemma 1 on (3.2).

2. STS 2: F ′ ∈ �
exec(0,∞)

|δτ1|2 −→ |δτ2|2�G|2, j

Its proof is similar with STS 1.

subcase 2: m = m′+1 ≤ k
By the definition of function types, there are two parts to show:

subsubcase 1: ∀k ′ < m.(v1, v2) ∈ Lτ1MG ,k ⇒ . . .
Assume G ′ ⊇G ,k ′ ≤ (m −1). Pick v1, v2 s.t. (v1, v2) ∈ Lδτ1MG ′,k ′ .

STS: (t1[v1/x][fix f (x).t1/ f ], t2[v2/x][fix f (x).t2/ f ]) ∈ Lδτ2ME ,(δD)
G ′,k ′

By IH on premise instantiated with σ′
1 = σ1[v1/x][fix f (x).t1/ f ],σ′

2 = σ2[v2/x][fix f (x).t2/ f ]

and (σ′
1,σ′

2) ∈ L(Γ, x : τ, f :
diff(D)

τ1 −→ τ2)δMG ′,k ′ which holds because

1. (σ1,σ2) ∈ LδΓMG ′,k ′ by assumption and Lemma 1.

2. (v1, v2) ∈ LτMG ′,k ′ from assumption

3. (F1,F2) ∈ Lδ(τ1 → τ2)MG ′,k ′ from sub-IH (F1,F2) ∈ Lδ(
diff(D)

τ1 −→ τ2)MG ,m′ and Lemma 1 (k ′ <
m′,G ′ ⊇G)

subsubcase 2: ∀ j .F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1, j ∧F ′ ∈ �
exec(0,∞)

|δτ1|2 −→ |δτ2|2�G|2, j

which is already proved above

This completes the proof of this case.

CASE

Σ;∆;Φ; x : τ1, f :
diff(D)

τ1 −→ τ2,Γ, f : U (A1, A2) ` t1 ª t2 .D : τ2

Σ;∆;Φ; |Γ|1 `0
0 Fix f (x).t1 : A1 Σ;∆;Φ; |Γ|2 `0

0 Fix f (x).t2 : A2

Σ;∆;Φ;Γ`Fix f (x).t1 ªFix f (x).t2 .D :
diff(D)

τ1 −→ τ2

R-FIX-EXT

Assume that ` δ :∆ and ÍΦδ and (σ1,σ2) ∈ LδΓMG ,k .

TS: (fix f (x).t1δσ1,fix f (x).t2δσ2) ∈ Lδ(
diff(D)

τ1 −→ τ2)ME ,D
G ,k

By unfolding the definition and the fact that fix f (x).t1 and fix f (x).t2 are values

STS: (fix f (x).t1δσ1,fix f (x).t2δσ2) ∈ L
diff(δD)

δτ1 −→ δτ2MG ,k

Set F = fix f (x).t1δσ1,F ′ = fix f (x).t2δσ2,
We want to prove a general statement

∀m ≤ k. (F,F ′) ∈ L
diff((δD))

δτ1 −→ δτ2MG ,m

by sub-induction on m, there are two cases to show.

subcase 1: m=0
Unfold the definition of function type interpretation, there are two parts to show:

subsubcase 1: ∀k ′ < m.(v1, v2) ∈ Lτ1MG ,k ′ ⇒ . . .
k ′ ≤−1, it is vacuous by definition.

subsubcase 2: STS: ∀ j .F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1, j ∧F ′ ∈ �
exec(0,∞)

|δτ1|2 −→ |δτ2|2�G|2, j

Pick j.
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1. STS 1: F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1, j

We prove the more general statement

∀m′ ≤ j .F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1,m′ (2.3)

By subinduction on m’.
There are two csases:

1.1. m’=0.

Unfold the definition of �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1,m′ , there is no non-negative k ′ < 0(m′),
it is vacuously true.

1.2. m’=m”+1.
By sub-IH on m”

F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1,m′′ (2.4)

STS: F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1,m′

Unfold the definition of �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1,m′′+1.
Pick j ′′ < m′′+1, g ′ ⊇G|1 and assume that v ∈ �|δτ1|1�g ′, j ′′ .

STS: δσ1t1[v/x][fix f (x).t1/ f ] ∈ �|τ2|1�E ,(0,∞)
g ′, j ′′

This follows by IH 3 on the premise instantiated with

σ1[v/x][fix f (x).t1/ f ] ∈ �δ|(x : τ1, f :
diff(D)

δτ1 −→ δτ2, f : U (A1, A2),Γ1)|1�g ′, j ′′ ⇒
σ1[v/x][fix f (x).t1/ f ] ∈ �δ(x : |τ1|1, f : A1, |Γ1|1)�g ′, j ′′ which holds because

i. FV (t1) ⊆ dom(x : τ1, f :
diff(D)

τ1 −→ τ2, f : U (A1, A2),Γ) using Lemma 5.

ii. σ1 ∈ �|δΓ|1�g ′, j ′′ by Lemma 6 and then Lemma 1.

iii. v ∈ �|δτ1|1�g ′, j ′′ from assumption.

iv. F ∈ �δA1�g ′, j ′′ by IH2 on the second premise of FIX-EXT instantiated with Ω′ =
|Γ|1 to show F ∈ �δA1�G|1,k . Then use Lemma 1 .

2. STS 2: F ′ ∈ �
exec(0,∞)

|δτ1|2 −→ |δτ2|2�G|2, j

Its proof is similar with STS 1.

subcase 2: m = m′+1 ≤ k
By the definition of function types, there are two parts to show:

subsubcase 1: ∀k ′ < m.(v1, v2) ∈ Lτ1MG ,k ⇒ . . .
Assume G ′ ⊇G ,k ′ ≤ (m −1). Pick v1, v2 s.t. (v1, v2) ∈ Lδτ1MG ′,k ′ .

STS: (t1[v1/x][fix f (x).t1/ f ], t2[v2/x][fix f (x).t2/ f ]) ∈ Lδτ2ME ,(δD)
G ′,k ′

By IH on premise instantiated with σ′
1 = σ1[v1/x][fix f (x).t1/ f ],σ′

2 = σ2[v2/x][fix f (x).t2/ f ]

and (σ′
1,σ′

2) ∈ L(Γ, x : τ, f :
diff(D)

τ1 −→ τ2, f : U (A1, A2) )δMG ′,k ′ which holds because

1. (σ1,σ2) ∈ LδΓMG ′,k ′ by assumption and Lemma 1.

2. (v1, v2) ∈ LτMG ′,k ′ from assumption

3. (F1,F2) ∈ Lδ(τ1 → τ2)MG ′,k ′ from sub-IH (F1,F2) ∈ Lδ(
diff(D)

τ1 −→ τ2)MG ,m′ and Lemma 1 (k ′ <
m′,G ′ ⊇G)

4. (F1,F2) ∈ LU (A1, A2)MG ′,k . STS:∀n, i ∈ {1,2}.Fi ∈ LAi MG|i ,n . By Lemma 6, we know∀k.σi ∈
Lδ|Γ|i Mg ,k , it is proved by IH2 on the second and third premises respectively.

subsubcase 2: ∀ j .F ∈ �
exec(0,∞)

|δτ1|1 −→ |δτ2|1�G|1, j ∧F ′ ∈ �
exec(0,∞)

|δτ1|2 −→ |δτ2|2�G|2, j

which is already proved above
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This proof is the same as case Fix.

CASE
Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : int[I ] Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : τ γ fresh Σ;∆` P w f

Σ;∆;Φ;Γ` alloc t1 t2 ªalloc t ′1 t ′2 . 0 :
diff(D1+D2)

{P } ∃γ. Arrayγ[I ] τ {P ?γ→N}

R-ALLOC

Assume that ` δ :∆ and ÍΦδ and (σ1,σ2) ∈ LδΓMG ,k

TS:
(
δσ1(alloc t1 t2), (δσ2(alloc t ′1 t ′2)

) ∈ L
diff(D1+D2)

{P } ∃~γ. Arrayγ[I ] τ {P ?γ→N}ME ,0
G ,k

By unfolding the definition of LτME
G ,k

STS:
(
δσ1(alloc t1 t2), (δσ2(alloc t ′1 t ′2)

) ∈ L
diff(D1+D2)

{P } ∃γ. Arrayγ[I ] τ {P ?γ→N}MG ,k

Unfold the definition of L
diff(D1+D2)

{P } ∃γ. Arrayγ[I ] τ {P ?γ→N}MG ,k .

Pick G
′ ⊇G , H1, H2,k ′ ≤ k,k ′′ < k ′,k ′′′.

Assume

δσ1(alloc t1 t2); H1 ⇓k ′′
f (1)

δσ2(alloc t ′1 t ′2); H2 ⇓k ′′′
f (2)

Because t1,t2 are sub terms of δσ alloc t1 t2, t ′1,t ′2 are sub terms of δσ alloc t ′1 t ′2
From (1)(2), we get

δσ1t1 ⇓k1
f ∧δσ1t2 ⇓k2

f (3)

δσ2t ′1 ⇓ f ∧δσ2t ′2 ⇓ f (4)

From (3),(4), we get:

∃v1, v2,k1,k2.δσ1t1 ⇓k1,c1 v1 ∧δσ1t2 ⇓k2,c2 v2 ∧k ′′ = k1 +k2 +1∧ c = c1 + c2 + cal loc (a)

∃v ′
1, v ′

2.k ′
1,k ′

2.δσ2t ′1 ⇓k ′
1,c ′1 v ′

1 ∧δσ2t ′2 ⇓k ′
2,c ′2 v ′

2 ∧k ′′′ = k ′
1 +k ′

2 +1∧ c ′ = c ′1 + c ′2 + cal loc (b)

From (a),(b) and the evaluation rules E-alloc we get:

∃l .(alloc t1 t2)δσ; H1 ⇓k ′′,c
f l ; H1, l → [v2, . . . v2] (c)

∃l ′.(alloc t ′1 t ′2)δσ; H2 ⇓K ′′′,c ′
f l ′; H2, l ′ → [v ′

2, . . . v ′
2] (d)

By IH on the first premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′′using lemma 1, we get:

(δσ1t1,δσ2t ′1) ∈ Lintr [I ]ME ,D1
G ′,k ′′ (*)

Unfold the definition of Lintr [I ]ME
G ′,k ′′ and using (a) and k1 ≤ k ′′, we know:

(v1, v ′
1) ∈ Lintr [I ]MG ′,k ′′−k1 ⇒ v1 = v ′

1 = I ∧ c1 − c ′1 ≤ D1 ih1

By IH on the second premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′−k1 using lemma 1, we get:

(δσ1t2,δσ2t ′2) ∈ LτME ,D2
G ′,k ′−k1

(**)

Unfold the definition of (**) and using (a), (b) and k2 ≤ k ′−k1, we know

(v2, v ′
2) ∈ LτMG ′,k ′−k1−k2 = LτMG ′,k ′−k ′′+1 ∧ c2 − c ′2 ≤ D2 ih2

33



Let us assume:

G ′′ =G ′[r → (l , l ′,τ, I )] (e)

H ′
1 = H1, l → [v2, v2, . . . , v2] (f)

H ′
2 = H2, l ′ → [v ′

2, v ′
2, . . . , v ′

2] (g)

we want to show 3 cases.

TS1 (l , l ′) ∈ LArrayγ[I ] τMG ′′,k ′−k ′′
it is proved by unfolding the definition and using the assumption (e).

TS2 (H ′
1, H ′

2) ÍG ′′,k ′−k ′′ P ?γ→N

G ′′(γ) = (l , l ′,τ, I ), H ′′
1 = l → [v2, v2, . . . , v2], H ′′

2 = l ′ → [v ′
2, v ′

2, . . . , v ′
2]

STS1 ∀i ≤ I , (H ′′
1 (l )[i ], H ′′

2 (l ′)[i ]) ∈ LτMG ′′,k ′−k ′′−1

It is proved by using ih2 and Lemma 1.

STS2 ∀i ≤ I , H ′
1(l )[i ] 6= H ′′

2 (l ′)[i ] → i ∈β=N
it is trivial

TS3 c − c ′ ≤ (D1 +D2) from ih1 and ih2.

This proof is complete.

CASE

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : int[I ]
Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : äτ γ fresh Σ;∆` P w f

Σ;∆;Φ;Γ` alloc t1 t2 ªalloc t ′1 t ′2 . 0 :
diff(D1+D2)

{P } ∃γ. Arrayγ[I ] äτ {P ?γ→;}

R-ALLOC-BOX

Assume that ` δ :∆ and ÍΦδ and (σ1,σ2) ∈ LδΓMG ,k

TS:
(
δσ1(alloc t1 t2), (δσ2(alloc t ′1 t ′2)

) ∈ L
diff(D1+D2)

{P } ∃~γ. Arrayγ[I ] τ {P ?γ→;}ME ,0
G ,k

By unfolding the definition of LτME
G ,k

STS:
(
δσ1(alloc t1 t2), (δσ2(alloc t ′1 t ′2)

) ∈ L
diff(D1+D2)

{P } ∃γ. Arrayγ[I ] τ {P ?γ→;}MG ,k

Unfold the definition of L
diff(D1+D2)

{P } ∃γ. Arrayγ[I ] τ {P ?γ→;}MG ,k .

Pick G
′ ⊇G , H1, H2,k ′ ≤ k,k ′′ < k ′,k ′′′.

Assume

δσ1(alloc t1 t2); H1 ⇓k ′′
f (1)

δσ2(alloc t ′1 t ′2); H2 ⇓k ′′′
f (2)

Because t1,t2 are sub terms of δσ alloc t1 t2, t ′1,t ′2 are sub terms of δσ alloc t ′1 t ′2
From (1)(2), we get

δσ1t1 ⇓k1
f ∧δσ1t2 ⇓k2

f (3)

δσ2t ′1 ⇓ f ∧δσ2t ′2 ⇓ f (4)

From (3),(4), we get:

∃v1, v2,k1,k2.δσ1t1 ⇓k1,c1 v1 ∧δσ1t2 ⇓k2,c2 v2 ∧k ′′ = k1 +k2 +1∧ c = c1 + c2 + cal loc (a)

∃v ′
1, v ′

2.k ′
1,k ′

2.δσ2t ′1 ⇓k ′
1,c ′1 v ′

1 ∧δσ2t ′2 ⇓k ′
2,c ′2 v ′

2 ∧k ′′′ = k ′
1 +k ′

2 +1∧ c ′ = c ′1 + c ′2 + cal loc (b)

From (a),(b) and evaluation rules we get:

∃l .(alloc t1 t2)δσ; H1 ⇓k ′′,c
f l ; H1, l → [v2, . . . v2] (c)

∃l ′.(alloc t ′1 t ′2)δσ; H2 ⇓c ′
f l ′; H2, l ′ → [v ′

2, . . . v ′
2] (d)
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By IH on the first premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′′using lemma 1, we get:

(δσ1t1,δσ2t ′1) ∈ Lintr [I ]ME ,D1
G ′,k ′′ (*)

Unfold the definition of Lintr [I ]ME
G ′,k ′′ and using (a) and k1 ≤ k ′′, we know:

(v1, v ′
1) ∈ Lintr [I ]MG ′,k ′′−k1 ⇒ v1 = v ′

1 = I ∧ c1 − c ′1 ≤ D1 ih1

By IH on the second premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′−k1 using lemma 1, we get:

(δσ1t2,δσ2t ′2) ∈ LτME ,D2
G ′,k ′−k1

(**)

Unfold the definition of (**) and using (a), (b) and k2 ≤ k ′−k1, we know

(v2, v ′
2) ∈ LäτMG ′,k ′−k1−k2 = LäτMG ′,k ′−k ′′+1 ∧ c2 − c ′2 ≤ D2 ⇒ v2 = v ′

2 ih2

Let us assume:

G ′′ =G ′[r → (l , l ′,τ, I )] (e)

H ′
1 = H1, l → [v2, v2, . . . , v2] (f)

H ′
2 = H2, l ′ → [v ′

2, v ′
2, . . . , v ′

2] (g)

we want to show 3 cases.

TS1 (l , l ′) ∈ LArrayγ[I ] τMG ′′,k ′−k ′′
it is proved by unfolding the definition and using the assumption (e).

TS2 (H ′
1, H ′

2) ÍG ′′,k ′−k ′′ P ?γ→;
G ′′(γ) = (l , l ′,τ, I ), H ′′

1 = l → [v2, v2, . . . , v2], H ′′
2 = l ′ → [v ′

2, v ′
2, . . . , v ′

2]

STS1 ∀i ≤ I , (H ′′
1 (l )[i ], H ′′

2 (l ′)[i ]) ∈ LτMG ′′,k ′−k ′′−1

It is proved by using ih2 and Lemma 1.

STS2 ∀i ≤ I , H ′
1(l )[i ] 6= H ′′

2 (l ′)[i ] → i ∈;
We know that ∀i ≤ I .H1(l )[i ] = v2, H ′

1(l ′)[i ] = v ′
2 and v2 = v ′

2 from ih2. We can not find any i
that make H ′

1(l )[i ] 6= H ′′
2 (l ′)[i ] hold. It is proved.

TS3 c − c ′ ≤ (D1 +D2) from ih1 and ih2.

This proof is complete.

CASE
Σ;∆;Φ;Γ` t1 ª t2 .D1 :

diff(D)
τ1 −→ τ2 Σ;∆;Φ;Γ` u1 ªu2 .D2 : τ1

Σ;∆;Φ;Γ` t1 u1 ª t2 u2 .D +D1 +D2 : τ2
R-APP

Assume that ` δ :∆ and ÍΦδ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(t1 u1), (δσ2(t2 u2)) ∈ Lδτ2ME ,(D+D1+D2)
G ,k .

Pick k ′ ≤ k, v1, v2.
Assume

δσ1(t1 u1) ⇓c,k ′
v1 ∧δσ2(t2 u2) ⇓c ′ v2 (a)

STS: (v1,v2) ∈ Lδτ2MG ,k−k ′ ∧ c − c ′ ≤ (D +D1 +D2).
From (a) and the evaluation rule R-App, we know:

∃ . . . .(δσ1t1) ⇓k1,c1 fix f (x).t ′1 ∧ (δσ1u1) ⇓k ′
1,c ′1 v ′

1∧
t ′1[fix f (x).t ′1/ f ][v ′

1/x] ⇓k ′′
1 ,c ′′1 v1 ∧k ′ = k1 +k ′

1 +k ′′
1 +1∧ c = c1 + c ′1 + c ′′1 + capp (1)

∃ . . . .(δσ2t2) ⇓c2 fix f (x).t ′2 ∧ (δσ2u2) ⇓c ′2 v ′
2 ∧ t ′2[fix f (x).t ′2/ f ][v ′

2/x] ⇓c ′′2 v2 ∧ c = c2 + c ′2 + c ′′2 + capp (2)
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By IH on the first premise instantiated with (σ1,σ2) ∈ LδΓMG ,k , we get:

(δσ1t1,δσ2t2) ∈ L
diff(D)

δτ1 −→ δτ2ME ,D1
G ,k (b)

By IH on the second premise instantiated with (σ1,σ2) ∈ LδΓMG ,k , we get:

(δσ1u1,δσ2u2) ∈ Lδτ1ME ,D2
G ,k (c)

Unfold the definition of (b), because k1 < k, from (1),(1), we get:

(fix f (x).t ′1,fix f (x).t ′2) ∈ L
diff(D)

δτ1 −→ δτ2MG ,k−k1 ∧ c1 − c2 ≤ D1 (3)

Unfold the definition of (c), because k ′
1 < k, from (1),(1), we get:

(v ′
1, v ′

2) ∈ Lδτ1MG ,k−k ′
1
∧ c1 − c2 ≤ D1 (4)

We want to show (v1,v2) ∈ Lδτ2MG ,k−k ′,D and c ′′1 − c ′′2 ≤ D .
Considering both the third statements in (1),(2), it is suffice to show:
STS: (t ′1[fix f (x).t ′1/ f ][v ′

1/x], t ′2[fix f (x).t ′2/ f ][v ′
2/x]) ∈ LσME

G ,k−k ′+k ′′
1

Use Lemma 1 on (3) with k −k ′+k ′′
1 ≤ k −k1. we get:

(fix f (x).t ′1,fix f (x).t ′2) ∈ L
diff(D)

δτ1 −→ δτ2MG ,k−k ′+k ′′
1

(5)

Unfold (5).
Because G ⊇G and (k −k ′+k ′′

1 ) ≤ k −k1 −1
By using Lemma 1 on (4) and (k −k ′+k ′′

1 ) ≤ k −k ′
1, we get :

(v ′
1, v ′

2) ∈ Lδτ1MG ,k−k ′+k ′′
1

(6)

Using (6), we know:

(t ′1[fix f (x).t ′1/ f ][v ′
1/x], t ′2[fix f (x).t ′2/ f ][v ′

2/x]) ∈ Lδτ2ME ,D
G ,k−k ′+k ′′

1
(7)

Unfold (7) and we know: c ′′1 − c ′′2 ≤ D

This completes the proof of case r-app.

CASE

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ
Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : int[I ′] ∆ |= I ′ ≤ I Σ;∆` P w f

Σ;∆;Φ;Γ` read t1 t2 ª read t ′1 t ′2 . 0 :
diff(D1+D2)

{P ?γ→β} ∃_.τ {P ?γ→β}

R-R

Assume that ` δ :∆ and ÍΦδ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(read t1 t2),δσ2(read t ′1 t ′2)) ∈ Lδ
diff(D1+D2)

{P ?γ→β} ∃_.τ {P ?γ→β}ME ,0
G ,k

Because read t1 t2 is value.

STS: (δσ1(read t1 t2),δσ2(read t ′1 t ′2)) ∈ Lδ
diff(D1+D2)

{P ?γ→β} ∃_.τ {P ?γ→β}MG ,k

Unfold the definition of Lδ
diff(D1+D2)

{P ?γ→β} ∃_.τ {P ?γ→β}MG ,k .

Pick G
′ ⊇G , H1, H2,k ′ ≤ k,k ′′ < k ′,k ′′′.

Assume

(H1, H2) ÍG ′,k ′ P ?γ→β (1)

δσ1(read t1 t2); H1 ⇓k ′′
f (2)

δσ2(read t ′1 t ′2); H2 ⇓k ′′
f (3)
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Because t1,t2 are sub terms of read t1 t2, t ′1,t ′2 are sub terms of read t ′1 t ′2
From (2)(3), we get

δσ1t1 ⇓k1
f ∧δσ1t2 ⇓k2

f (4)

δσ2t ′1 ⇓
k ′

1
f ∧δσ2t ′2 ⇓

k ′
2

f (5)

From (4),(5), we get:

∃l ,n,k1,k2.δσ1t1 ⇓k1,c1 l ∧δσ1t2 ⇓k2,c ′1 n ∧k ′′ = k1 +k2 +1∧ c = c1 + c ′1 + cr ead (a)

∃l ′,n′,k ′
1,k ′

2.δσ2t ′1 ⇓k ′
1,c2 l ′∧δσ2t ′2 ⇓k ′

2,c ′2 n′∧k ′′′ = k ′
1 +k ′

2 +1∧ c ′ = c2 + c ′2 + cr ead (b)

From (a),(b) and the evaluation rule we get:

∃v.δσ1(read t1 t2); H1 ⇓k ′′,c
f v ; H1 ∧H1(l )[n] = v (c)

∃v ′.δσ2(read t ′1 t ′2); H2 ⇓k ′′′,c ′
f v ′; H2 ∧H2(l ′)[n′] = v ′ (d)

By IH on the first premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′ by lemma 1. we get:

(δσ1t1,δσ2t ′1) ∈ LArrayγ[I ] δτME ,D1
G ′,k ′ (6)

Unfold (6), since k1 ≤ k ′ and δσ1t1 ⇓k1 l and δσ2t ′1 ⇓ l ′ , we know

(l , l ′) ∈ LArrayγ[I ] δτMG ′,k ′−k1 ∧ c1 − c2 ≤ D1 (e)

From (e), we know :
G ′(γ) = (l , l ′,τ, I ) (7)

By IH on the second premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′ by lemma 1. we get:

(δσ1t2,δσ2t ′2) ∈ Lδintr [I ′]ME
G ′,k ′ (8)

Unfold (8), since k2 ≤ k ′ ,we know

(n,n′) ∈ Lintr [I ′]MG ′,k ′−k2 ⇒ n = n′ = I ′∧ c ′1 − c ′2 ≤ D2 (f)

Let us assume:

G ′ =G ′ (g)

STS1: (H1, H2) ÍG ′,k ′−k ′′ P ?γ→β

By Lemma 7 and (1),this is proved.

STS2: (v, v ′) ∈ LτMG ′,k ′−k ′′
from (c),(d). we know H1(l )[n] = v and H2(l ′)[n′] = v ′
based on (e) and (f), we know
Unfold (1), we know:
∀i ≤ n, (H1(l )(i ), H2(l ′)(i )) ∈ LτMG ′,k ′−1

s.t we know
(H1(l )[n], H2(l ′)[n′]) ∈ LτMG ′,k ′−1

Because k ′−k ′′ ≤ k ′−1,
By Lemma 1, We get: (v, v ′) ∈ LτMG ′,k ′−k ′′

STS3: c − c ′ ≤ D1 +D2, which is proved by (e),(f).
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This completes the proof of case read.

CASE

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ
Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : int[I ′] Σ;∆ |= I ′ ≤ I Σ;∆;ΦÍ I ′ 6∈β Σ;∆` P w f

Σ;∆;Φ;Γ` read t1 t2 ª read t ′1 t ′2 . 0 :
diff(D1+D2)

{P ?γ→β} ∃_.äτ {P ?γ→β}

R-RB

Assume that ` δ :∆ and ÍΦδ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(read t1 t2),δσ2(read t ′1 t ′2)) ∈ Lδ
diff(D1+D2)

{P ?γ→β} ∃_.τ {P ?γ→β}ME ,0
G ,k,

Because read t1 t2 is value.

STS: (δσ1(read t1 t2),δσ2(read t ′1 t ′2)) ∈ Lδ
diff(D1+D2)

{P ?γ→β} ∃_.τ {P ?γ→β}MG ,k

Unfold the definition of Lδ
diff(D1+D2)

{P ?γ→β} ∃_.τ {P ?γ→β}MG ,k .

Pick G
′ ⊇G , H1, H2,k ′ ≤ k,k ′′ < k ′,k ′′′.

Assume

(H1, H2) ÍG ′,k ′ P ?γ→β (1)

δσ1(read t1 t2); H1 ⇓k ′′
f (2)

δσ2(read t ′1 t ′2); H2 ⇓k ′′
f (3)

Because t1,t2 are sub terms of read t1 t2, t ′1,t ′2 are sub terms of read t ′1 t ′2
From (2)(3), we get

δσ1t1 ⇓k1
f ∧δσ1t2 ⇓k2

f (4)

δσ2t ′1 ⇓
k ′

1
f ∧δσ2t ′2 ⇓

k ′
2

f (5)

From (4),(5), we get:

∃l ,n,k1,k2.δσ1t1 ⇓k1,c1 l ∧δσ1t2 ⇓k2,c ′1 n ∧k ′′ = k1 +k2 +1∧ c = c1 + c ′1 + cr ead (a)

∃l ′,n′,k ′
1,k ′

2.δσ2t ′1 ⇓k ′
1,c2 l ′∧δσ2t ′2 ⇓k ′

2,c ′2 n′∧k ′′′ = k ′
1 +k ′

2 +1∧ c ′ = c2 + c ′2 + cr ead (b)

From (a),(b) and evaluation rules we get:

∃v. H1;δσ1(read t1 t2) ⇓k ′′,c
f v ; H1 ∧H1(l )[n] = v (c)

∃v ′. H2;δσ2(read t ′1 t ′2) ⇓k ′′′,c ′
f v ′; H2 ∧H2(l ′)[n′] = v ′ (d)

By IH on the first premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′ by lemma 1. we get:

(δσ1t1,δσ2t ′1) ∈ LArrayγ[I ] δτME ,D1
G ′,k ′, (6)

Unfold (6), since k1 ≤ k ′ and δσ1t1 ⇓k1 l and δσ2t ′1 ⇓ l ′ , we know

(l , l ′) ∈ LArrayγ[I ] δτMG ′,k ′−k1 ∧ c1 − c2 ≤ D1 (e)

From (e), we know :
G ′(γ) = (l , l ′,τ, I ) (7)

By IH on the second premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′ by lemma 1. we get:

(δσ1t2,δσ2t ′2) ∈ Lδintr [I ′]ME
G ′,k ′ (8)
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Unfold (8), since k2 ≤ k ′ ,we know

(n,n′) ∈ Lintr [I ′]MG ′,k ′−k2 ⇒ n = n′ = I ′∧ c ′1 − c ′2 ≤ D2 (f)

Let us assume:

G ′ =G ′ (g)

STS1: (H1, H2) ÍG ′,k ′−k ′′ P ?γ→β

By Lemma 7 and (1),this is proved.

STS2: (v, v ′) ∈ LäτMG ′,k ′−k ′′
from (c),(d). we know H1(l )[n] = v and H2(l ′)[n′] = v ′
based on (e) and (f), we know
Unfold (1), we know:
∀i ≤ n, (H1(l )(i ), H2(l ′)(i )) ∈ LτMG ′,k ′−1

s.t we know
(H1(l )[n], H2(l ′)[n′]) ∈ LτMG ′,k ′−1

Because k ′−k ′′ ≤ k ′−1,
By Lemma 1, We get: (v, v ′) ∈ LτMG ′,k ′−k ′′ ,consider the premise i 6∈ β, we know v = v ′, so that we
prove (v, v ′) ∈ LäτMG ′,k ′−k ′′ .

STS3: c − c ′ ≤ D1 +D2, which is proved by (e),(f).

This completes the proof of case read-box.

CASE

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : int[I ′]
Σ;∆;Φ;Γ` t3 ª t ′3 .D3 : τ ∆;Φ |= I ′ ≤ I Σ;∆` P w f

Σ;∆;Φ;Γ` updt t1 t2 t3 ªupdt t ′1 t ′2 t ′3 . 0 :
diff(D1+D2+D3)

{P ?γ→β} ∃_ : unitr {P ?γ→β∪ {I ′}}

R-U

Assume that ` δ :∆ and ÍΦδ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(updt t1 t2 t3),δσ2(updt t ′1 t ′2 t ′3)) ∈ L
diff(D1+D2)

{γ→β} ∃_.unit {γ→β∪ {I ′}}ME ,0
G ,k

Because updt t1 t2 t3 is value.

STS: (δσ1(updt t1 t2 t3),δσ2(updt t ′1 t ′2 t ′3)) ∈ L
diff(D1+D2)

{γ→β} ∃_.unit {γ→β∪ {I ′}}MG ,k

Unfold the definition of L
diff(D1+D2)

{γ→β} ∃_.unit {γ→β∪ {I ′}}MG ,k .

Pick G
′ ⊇G , H1, H2,k ′ ≤ k,k ′′ < k ′,k ′′′.

Assume

(H1, H2) ÍG ′,k ′ P ?γ→β∧H1 = Hp1 ]Hl1 ∧Hl1 = l → [v, . . . , v]

∧H2 = Hp2 ]Hl2 ∧Hl2 = l ′ → [v ′, . . . , v ′] (1)

δσ1(updt t1 t2 t3); H1 ⇓k ′′
f (2)

δσ2(updt t ′1 t ′2 t ′3); H2 ⇓k ′′′
f (3)

Because t1,t2,t3 are sub terms of updt t1 t2 t3, t ′1,t ′2, t ′3 are sub terms of updt t ′1 t ′2 t ′3
From (2)(3), we get

δσ1t1 ⇓k1
f ∧δσ1t2 ⇓k2

f ∧δσ1t3 ⇓k3
f (4)

δσ2t ′1 ⇓
k ′

1
f ∧δσ2t ′2 ⇓

k ′
2

f ∧δσ2t ′3 ⇓
k ′

3
f (5)
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From (4),(5), we get:

∃l ,n, v,k1,k2,k3.δσ1t1 ⇓k1,c1 l ∧δσ1t2 ⇓k2,c ′1 n ∧δσ1t3 ⇓k3,c ′′1 v∧
k ′′ = k1 +k2 +k3 +1∧ c = c1 + c ′1 + c ′′1 + cupd ate (a)

∃l ′,n′, v ′,k ′
1,k ′

2,k ′
3.δσ2t ′1 ⇓k ′

1,c2 l ′∧δσ2t ′2 ⇓k ′
2,c ′2 n′∧δσ2t ′3 ⇓k ′

3,c ′′2 v ′∧ c ′ = c2 + c ′2 + c ′′2 + cupd ate (b)

From evaluation rule: E-Update-F and (a)(b), we know:

updt t1 t2 t3; H1 ⇓k ′′,c (); H1(l )[n] ← v (c)

updt t ′1 t ′2 t ′3; H2 ⇓k ′′′,c ′ (); H2(l ′)[n′] ← v ′ (d)

By IH on first premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′ by lemma 1. We get:

(δσ1t1,δσ2t ′1) ∈ LArrayγ[I ] δτME ,D1
G ′,k ′ (6)

Similarly, By IH on the second premise and third premise, we get

(δσ1t2,δσ2t ′2) ∈ Lintr [I ]ME ,D2
G ′,k ′ (7)

(δσ1t3,δσ2t ′3) ∈ LτME ,D3
G ′,k ′ (8)

From (6),(7),(8), we know:

(l , l ′) ∈ LArrayγ[I ] τMG ′,k ′−k1 ⇒G ′(γ) = (l , l ′,τ, I )∧ c1 − c2 ≤ D1 (e)

(n,n′) ∈ Lintr [I ]MG ,k ′−k2 ⇒ n = n′ = I ∧ c ′1 − c ′2 ≤ D2 (f)

(v, v ′) ∈ LτMG ′,k ′−k3 ∧ c ′′1 − c ′′2 ≤ D3 (g)

Let us assume:

G ′′ =G ′ (9)

H ′
1 = H1(l )[n] ← v ∧H ′

2 = H2(l ′)[n′] ← v ′ (10)

STS1: (H ′
1, H ′

2) ÍG ′,k ′−k ′′ P ?γ→β∪ {I ′}
Unfold (1) and consider (e), we know

∀i ≤ I .(Hl1(l )[i ], Hl2(l ′)[i ]) ∈ LτMG ′,k ′−1 (11)

∀i ≤ I .(Hl1(l )[i ] 6= Hl2(l ′)[i ]) ⇒ i ∈β (12)

Since (e), we need to prove two sub cases.

subgoal 1: ∀i ≤ I .(H ′
l 1(l )[i ], H ′

l2(l ′)[i ]) ∈ LτMG ′,k ′−k ′′
when i=n,
we prove (H ′

l1(l )[i ], H ′
l2(l ′)[i ]) ∈ LτMG ′,k ′−k3 from (g) and (10), and then use lemma 1.

when i 6= n,
proved by using lemma 1 on (11)

subgoal 2: ∀i ≤ I .(H ′
l1(l )[i ] 6= H ′

l2(l ′)[i ]) ⇒ i ∈β∪ {I ′}
when i=n,
n ∈ {I ′} from (f) ⇒ n ∈β∪ {I ′}
when i 6= n,
proved by using lemma 1 on (12)

STS2:
(
(), ()

) ∈ Lunitr MG ′,k ′−k ′′
It is proved by unfolding the definition.
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STS3 c − c ′ ≤ D1 +D2 +D3.
It is proved by (e),(f),(g).

This completes the proof of case update.

CASE

∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ ∆;Φ;Γ` t2 ª t ′2 .D2 : int[I ′]
∆;Φ;Γ` t3 ª t ′3 .D3 : äτ ∆;Φ |= I ′ ≤ I Σ;∆` P w f

∆;Φ;Γ` updt t1 t2 t3 ªupdt t ′1 t ′2 t ′3 . 0 :
diff(D1+D2+D3)

{P ?γ→β} ∃_ : unitr {P ?γ→β\ {I ′}}

R-UB

Assume that ` δ :∆ and ÍΦδ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(updt t1 t2 t3),δσ2(updt t ′1 t ′2 t ′3)) ∈ L
diff(D1+D2+D3)

{P ?γ→β} ∃_.unit {P ?γ→β\ {I ′}}ME ,0
G ,k

Because updt t1 t2 t3 is value.

STS: (δσ1(updt t1 t2 t3),δσ2(updt t ′1 t ′2 t ′3)) ∈ L
diff(D1+D2+D3)

{P ?γ→β} ∃_.unit {P ?γ→β/{I ′}}MG ,k

Unfold the definition of L
diff(D1+D2+D3)

{P ?γ→β} ∃_.unit {P ?γ→β\ {I ′}}MG ,k .

Pick G
′ ⊇G , H1, H2,k ′ ≤ k,k ′′ < k ′,k ′′′.

Assume

(H1, H2) ÍG ′,k ′ P ?γ→β∧H1 = Hp1 ]Hl 1 ∧Hl1 = l → [v, . . . , v]

∧H2 = Hp2 ]Hl2 ∧Hl2 = l ′ → [v ′, . . . , v ′] (1)

δσ1(updt t1 t2 t3); H1 ⇓k ′′
f (2)

δσ2(updt t ′1 t ′2 t ′3); H2 ⇓k ′′′
f (3)

Because t1,t2,t3 are sub terms of updt t1 t2 t3, t ′1,t ′2, t ′3 are sub terms of updt t ′1 t ′2 t ′3
From (2)(3), we get

δσ1t1 ⇓k1
f ∧δσ1t2 ⇓k2

f ∧δσ1t3 ⇓k3
f (4)

δσ2t ′1 ⇓
k ′

1
f ∧δσ2t ′2 ⇓

k ′
2

f ∧δσ2t ′3 ⇓
k ′

3
f (5)

From (4),(5), we get:

∃l ,n, v,k1,k2,k3.δσ1t1 ⇓k1,c1 l ∧δσ1t2 ⇓k2,c ′1 n ∧δσ1t3 ⇓k3,c ′′1 v∧
k ′′ = k1 +k2 +k3 +1∧ c = c1 + c ′1 + c ′′1 + cupd ate (a)

∃l ′,n′, v ′,k ′
1,k ′

2,k ′
3.δσ2t ′1 ⇓k ′

1,c2 l ′∧δσ2t ′2 ⇓k ′
2,c ′2 n′∧δσ2t ′3 ⇓k ′

3,c ′′2 v ′∧ c ′ = c2 + c ′2 + c ′′2 + cupd ate (b)

From evaluation rule: E-Update-F and (a)(b), we know:

updt t1 t2 t3; H1 ⇓k ′′,c (); H1(l )[n] ← v (c)

updt t ′1 t ′2 t ′3; H2 ⇓k ′′′,c ′ (); H2(l ′)[n′] ← v ′ (d)

By IH on first premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′ by lemma 1. We get:

(δσ1t1,δσ2t ′1) ∈ LArrayγ[I ] δτME ,D1
G ′,k ′ (6)

Similarly, By IH on the second premise and third premise, we get

(δσ1t2,δσ2t ′2) ∈ Lδintr [I ]ME ,D2
G ′,k ′ (7)

(δσ1t3,δσ2t ′3) ∈ LäδτME ,D3
G ′,k ′ (8)
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From (6),(7),(8), we know:

(l , l ′) ∈ LArrayγ[I ] τMG ′,k ′−k1 ⇒G ′(γ) = (l , l ′,τ, I )∧ c1 − c2 ≤ D1 (e)

(n,n′) ∈ Lintr [I ]MG ,k ′−k2 ⇒ n = n′ = I ∧ c ′1 − c ′2 ≤ D2 (f)

v = v ′∧ (v, v ′) ∈ LτMG ′,k ′−k3 c ′′1 − c ′′2 ≤ D3 (g)

Let us assume:

G ′′ =G ′ (9)

H ′
1 = H1(l )[n] ← v ∧H ′

2 = H2(l ′)[n′] ← v ′ (10)

STS1: (H ′
1, H ′

2) ÍG ′,k ′−k ′′ P ?γ→β/{I ′}
Unfold (1) and consider (e), we know

∀i ≤ I .(Hl1(l )[i ], Hl2(l ′)[i ]) ∈ LδτMG ′,k ′−1 (11)

∀i ≤ I .(Hl 1(l )[i ] 6= Hl 2(l ′)[i ]) ⇒ i ∈β (12)

Since (e), we need to prove two sub cases.

subgoal 1: ∀i ≤ I .(H ′
l1(l )[i ], H ′

l2(l ′)[i ]) ∈ LτMG ′,k ′−k ′′
when i=n,
we prove (H ′

l1(l )[i ], H ′
l2(l ′)[i ]) ∈ LτMG ′,k ′−k3 from (g) and (10), and then use lemma 1.

when i 6= n,
proved by using lemma 1 on (11)

subgoal 2: ∀i ≤ I .(H ′
l1(l )[i ] 6= H ′

l2(l ′)[i ]) ⇒ i ∈β/{I ′}
when i=n,
H ′

1(l )[i ] = H ′
2(l )[i ], it is trivially proved. when i 6= n,

proved by using lemma 1 on (12)

STS2:
(
(), ()

) ∈ Lunitr MG ′,k ′−k ′′
It is proved by unfolding the definition.

STS3 c − c ′ ≤ D1 +D2 +D3.
It is proved by (e),(f),(g).

This completes the proof of case update-box.

CASE
Σ;∆;Φ;Γ` t1 ª t2 .D : τ

Σ;∆;Φ;Γ` return t1 ª return t2 . 0 :
diff(D)

{P } ∃_.τ {P }

R-T

Assume that ` δ :∆ and ÍΦδ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(return t1),δσ2(return t2)) ∈ L
diff(D)

{P } ∃_.τ {P }ME ,0
G ,k

Because return t is value,

STS: (δσ1(return t1),δσ2(return t2)) ∈ L
diff(D)

{P } ∃_.τ {P }MG ,k

Unfold the definition of L
diff(D)

{P } ∃_.τ {P }MG ,k .

Pick G
′ ⊇G , H1, H2,k ′ ≤ k,k ′′ < k ′,k ′′′.

Assume

(H1, H2) ÍG ′,k ′ P (1)

δσ1(return t1); H1 ⇓k ′′
f (2)

δσ2(return t2); H2 ⇓k ′′′
f (3)
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Because t1 is the subterm of return t1 , From (2)(3), We know:

δσ1t1 ⇓k1 (4)

δσ2t2 ⇓k ′′′
f (5)

From (4),(5), we know:

∃v1,k1,δσ1t1 ⇓k1,c1 v1 ∧k ′′ = k1 +1∧ c = c1 + cr et (a)

∃v2,k ′
1,δσ2t2 ⇓k ′

1,c2 v2 ∧k ′′′ = k ′
1 +1∧ c ′ = c2 + cr et (b)

From (a),(b) and the evaluation rule R-ret:

H1;return t1⇓k ′′,c
f v1; H1 (c)

H2;return t2⇓k ′′′,c ′
f v2; H2 (d)

By IH on the premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′ by lemma 1. We get:

(δσ1t1,δσ2t2) ∈ LδτME ,D
G ′,k ′ (6)

Unfold (6), we get:

(v1, v2) ∈ LδτMG ′,k ′−k1 (7)

Let us assume:

G ′′ =G ′ (8)

H ′
1 = H ′

1 ∧H ′
2 = H ′

2 ← v ′ (9)

STS1: (H ′
1, H ′

2) ÍG ′,k ′−k ′′ P
it is trivially true.

STS2:
(
v1, v2

) ∈ LτMG ′,k ′−k ′′
It is proved by (7) using Lemma 1.

STS3: c − c ′ ≤ D which is proved from (a),(b)

This completes the proof of case r-ret.

CASE

P = P1?P2 ∆;Φ;Γ` t1 ª t2 .D1 :
diff(D)

{P1} ∃~γ1.τ1 {Q1?Q2}

∆, ~γ1 :~L;Φ;Γ, x : τ1 ` t ′1 ª t ′2 .D2 :
diff(D ′)

{Q1?P2} ∃~γ2.τ2 {Q}

∆;Φ;Γ` let {x} = t1 in t ′1 ª let {x} = t2 in t ′2 . 0 :
diff(D1+D2+D+D ′)

{P } ∃~γ1~γ2 : τ2 {Q?Q2}

R-LET

Assume that ` δ :∆ and Í δΦ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(let {x} = t1 in t ′1),δσ2(let {x} = t2 in t ′2)) ∈ Lδ
diff(D+D ′)

{P } ∃~γ1~γ2 : τ2 {Q?Q2}ME ,(D1+D2)
G ,k

Because let {x} = t1 in t ′1 is value.

STS: (δσ1(let {x} = t1 in t ′1),δσ2(let {x} = t2 in t ′2)) ∈ Lδ
diff(D+D ′)

{P } ∃~γ1~γ2 : τ2 {Q?Q2}MG ,k

Unfold the definition of Lδ
diff(D+D ′)

{P } ∃~γ1~γ2 : τ2 {Q?Q2}MG ,k .

Pick G
′ ⊇G , H1, H2,k ′ ≤ k,k ′′ < k ′,k ′′′.

Assume

(H1, H2) ÍG ′,k ′ P (1)

δσ1(let {x} = t1 in t ′1); H1 ⇓k ′′
f (2)

δσ2(let {x} = t2 in t ′2); H2 ⇓k ′′′
f (3)
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Because t1 is the subterm of let {x} = t1 in t ′1 , From (2) ,we know:

∃v1, v ′
1, v ′′

1 , v ′′′
1 ,k1,k2,k3,k4, H ′

1, H ′′
1 .δσ1t1 ⇓k1,c1 v1 ∧ v1; H1 ⇓k2,c ′1

f v ′
1; H ′

1

δσ1t ′1[v ′
1/x] ⇓k3,c3 v ′′

1 ∧ v ′′
1 ; H ′

1 ⇓k4,c4
f v ′′′

1 ; H ′′
1 ∧k ′′ = k1 +k2 +k3 +k4 +1∧ c = c1 + c2 + c3 + c4 + clet (a)

Similarly, from (3) , we get:

∃v2, v ′
2, v ′′

2 , v ′′′
2 ,k ′

1,k ′
2,k ′

3,k ′
4, H ′

2, H ′′
2 . δσ1t2 ⇓k ′

1,c2 v2 and v2; H2 ⇓k ′
2,c ′2

f v ′
2; H ′

2 and

δσ1t ′2[v ′
2/x] ⇓k ′

3,c ′′2 v ′′
2 and v ′′

2 ; H ′
2 ⇓

k ′
4,c ′′′2

f v ′′′
2 ; H ′′

2 ∧k ′′ = k ′
1 +k ′

2 +k ′
3 +k ′

4 +1∧ c ′ = c2 + c ′2 + c ′′2 + c ′′′2 + clet

(b)

From evaluation rule: E-Let-F and (a)(b), we know:

∃Ha , Hc , H ′
a , H1Q1, H1Q2, H1Q , s.t .H1 = Ha ]Hc ∧ v1; Ha ⇓ f v ′

1; H ′
a ∧H ′

a = H1Q1 ]H1Q2

∧v ′′
1 ; H1Q1 ]Hc ⇓ f v ′′′

1 ; H1Q ∧H ′′
1 = H1Q ]H1Q2 (c)

∃Ha , Hc , H ′
a , H1Q1, H1Q2, H1Q , s.t .H1 = Ha ]Hc ∧ v1; Ha ⇓ f v ′

1; H ′
a ∧H ′

a = H1Q1 ]H1Q2

∧v ′′
1 ; H1Q1 ]Hc ⇓ f v ′′′

1 ; H1Q ∧H ′′
1 = H1Q ]H1Q2 (d)

From (1) : (H1, H2) ÍG ′,k ′ P1?P2 , we assume that

∃Ga ,Gb : (H1 = Ha ]Hc ) and (H2 = Hb ]Hd )

(G ′ =Ga ]Gc ) and (Ha , Hb) ÍGa ,k ′ P1 and (Hc , Hd ) ÍGc ,k ′ P2 (*)

STS1: (H ′′
1 , H ′′

2 ) ÍG ′′,k ′−k ′′ Q?Q2

STS2: (v ′′′
1 , v ′′′

2 ) ∈ Lτ2MG ′′,k ′−k ′′
STS3: c − c ′ ≤ (D1 +D2 +D +D ′)

By IH on the second premise instantiated with (σ1,σ2) ∈ LδΓMG ′,k ′ , we know:

(δσ1t1,δσ2t2) ∈ L
diff(D)

{P1} ∃~γ1.τ {Q1?Q2}ME ,D1
G ′,k ′ (4)

Unfold the definition of L
diff(D)

{P1} ∃~γ1.τ {Q1?Q2}ME ,D1
G ′,k ′ ,use (a), we get:

(v1, v2) ∈ L
diff(D)

{P1} ∃~γ1.τ1 {Q1?Q2}MG ′,k ′−k1 ∧ c1 − c2 ≤ D1 (e)

To unfold (e), we choose: k f ≤ k ′−k1 and k ′
f < k f and G f ⊇G ′ and Ha ]Hc ,Hb ]Hd and (1),(a),(b).

We have
(Ha , Hb) ÍG f ,k f

P1 ∧ v1; Ha ⇓ f ∧v2; Hb ⇓ f

Unfold the definition, we get:

v1; Ha ⇓c ′1
f v ′

1; H ′
a ∧ v2; Hb ⇓c ′2

f v ′
2; H ′

b ∧H ′
a , H ′

b ÍQ1?Q2

(v ′
1, v ′

2) ∈ Lτ1MG ′,k ′−k1 ∧ c ′1 − c ′2 ≤ D (k)

By IH on the third premise, we know:

(δσ1v ′′
1 ,δσ2v ′′

2 ) ∈ L
diff(D ′)

{Q1?P2} ∃~γ1.τ {Q}ME ,D2
G ′,k ′ (5)

Unfold the definition of L
diff(D)

{Q1?P2} ∃~γ1.τ2 {Q}ME ,D2
G ′,k ′ ,use (a), we get:

(v1, v2) ∈ L
diff(D ′)

{Q1?P2} ∃~γ1.τ2 {Q}MG ′,k ′−k1 ∧ c ′′1 − c ′′2 ≤ D2 (f)
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We have
(H ′

a , H ′
b) ÍG f ,k f

Q1?Q2 ⇒ H1Q1, H2Q1 ÍQ1 ∧H1Q2, H2Q2 ÍQ2 ∧Hc , Hd Í P2

H1Q1 ]Hc ; v ′′′
1 ⇓ f ∧H2Q1 ]Hd ; v ′′′

2 ⇓ f

Unfold the definition (f), we get:

H1Q1 ]Hc ; v ′′′
1 ⇓c ′′′1

f H1Q ; v ′′′′
1 ∧H2Q1 ]Hd ; v ′′′

2 ⇓c ′′′2
f H2Q ; v ′′′

2 ∧H1Q , H2Q ÍQ

(v ′′′
1 , v ′′′

2 ) ∈ Lτ2MG ′,k ′−k1 ∧ c ′′′1 − c ′′′2 ≤ D ′ (g)

STS1: Use Lemma 2, we know that H1Q ]H1Q2, H2Q ]H2Q2 ÍQ?Q2, which proves the
STS2: it is proved from (g).
STS3: it is proved from (e),(k),(f),(g).

This completes the proof of let case.

CASE
∆;Φ; |Γ|1 `U1

L1
t1 : A1 ∆;Φ; |Γ|2 `U2

L2
t2 : A2

∆;Φ;Γ` t1 ª t2 .U1 −L2 : U (A1, A2)
R-S

Assume that ` δ :∆ and Í δΦ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(t1),δσ2(t2)) ∈ LδU (A1, A2)ME ,(δ(U1−L2)
G ,k,δ(U1−L2)

Unfold the definition.
Assume:

(a) δσ1t1 ⇓k1,c v1

(b) δσ2t2 ⇓k2,c ′ v2

(c) k1 < k

TS 1: (v1, v2) ∈ LU (δA1,δA2)MG ,k−k1

TS 2: c − c ′ ≤U1 −L2

We prove TS 1 first.
Unfold its definition,
STS: ∀k ′.v1 ∈ LδA1MG|1,k ′ and v2 ∈ LδA2MG|2,k ′
Pick k’.
By IH 2 on the first premise using

1. FV (t1) ⊆ dom(δ|Γ|1) using Lemma 5.

2. Í δΦ

3. ∀k.σ1 ∈ Lδ|Γ|1MG|1,k

We get:

∀k.δσ1t1 ∈ �δA1�E ,(δL1,δU1)
G|1,k (1)

Unfold the definition of (1), choose k = k1 +k ′. we know

v1 ∈ �δA1�G|1,k ′ ∧δL1 ≤ c ≤ δU1 (a)

By IH 2 on the second premise using

1. FV (t2) ⊆ dom(δ|Γ|2) using Lemma 5.
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2. Í δΦ

3. ∀k.σ2 ∈ Lδ|Γ|2MG|2,k

We get:

∀k.δσ2t2 ∈ �δA2�E ,(δL2,δU2)
G|2,k (2)

Unfold the definition of (1), choose k = k2 +k ′. we know

v2 ∈ �δA2�G|2,k ′ ∧δL2 ≤ c ′ ≤ δU2 (b)

(a),(b) finished the proof of STS1.
(a),(b) finished the proof of STS2.

This completes the proof of switch case.

CASE
∆;Φ; |Γ|1 `U1

L1
t1 :

exec(L,U )
A1 −→ A2 ∆;Φ;Γ` t2 ª t ′2 .D2 : U (A1, A′

2)

∆;Φ;Γ` t1 t2 ª t ′2 .U1 +U +D2 + capp : U (A2, A′
2)

R-APP-E

Assume that ` δ :∆ and Í δΦ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(t1 t2),δσ2(t ′2)) ∈ LδU (A2, A′
2)ME ,δ(U1+U+D2+capp )

G ,k .

Following the definition of LδU (A2, A′
2)ME ,δ(U1+U+D2+capp )

G ,k , assume that:

δσ1t1 ⇓c1,k1 fix f x.t ′ (?) δσ1t2 ⇓c2,k2 v2 (¦) t ′[fix f x.t ′/ f ][v2/x] ⇓c3,k3 vr (♠)

(δσ1t1) (δσ1t2) ⇓c1+c2+c3+capp,k1+k2+k3+1 vr

E-F

and δσ2(t ′2) ⇓c ′,k ′
v ′ (¦¦) and k1 +k2 +k3 +1 < k.

TS1: c1 + c2 + c3 + capp − c ′ ≤ δ(U1 +U +D2 + capp )
TS2: (vr , v ′) ∈ LδU (A2, A′

2)MG ,k−(k1+k2+k3+1).
Frist show the second statement.
By unrolling the definition of LδU (A2, A′

2)MG ,k−(k1+k2+k3+1),
STS: ∀ j .vr ∈ �δA2�|G|1, j ∧ v ′ ∈ �δA′

2�|G|2, j .
Pick j.
By IH 2 on the first premise using

1. FV (t1) ⊆ dom(δ|Γ|1) using Lemma 5.

2. Í δΦ

3. ∀k.σ1 ∈ Lδ|Γ|1MG|1,k

we get

∀k.δσ1t1 ∈ �δ(
exec(L,U )

A1 −→ A2)�E ,(δL1,δU1)
G|1,k (1)

Instantiating (1) with X = j +k1 +k3 +1, we get

δσ1t1 ∈ �δ(
exec(L,U )

A1 −→ A2)�E ,(δL1,δU1)
G|1,X (2)

Following the definition, we get:

δσ1t1 ⇓c1,k1 fix f x.t ′ and fix f x.t ′ ∈ �δ(
exec(L,U )

A1 −→ A2)�G|1,X−k1 (a) and δL1 < c1 < δU1 (e).
By IH on the second premise, we get:

(δσ1t2,δσ2t ′2) ∈ LδU (A1, A′
2)ME ,δ(D2)

G ,k
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Unfold the defintion, by (¦) and (¦¦), we get :
c2 − c ′ ≤ δD2 ( f ) and (v2, v ′) ∈ LδU (A1, A′

2)MG ,k−k2 (b)
From (b), we know : ∀k.v2 ∈ �δA1�G|1,k ∧ v ′ ∈ �δA2�G|2,k .

Instantiate k with X −k1 −1, we get:

v2 ∈ �δA1�G|1,X−k1−1 (3)

v ′ ∈ �δA2�G|2,X−k1−1 (4)

Unfold (a), we get:
t ′[fix f x.t ′/ f ][v2/x] ∈ �δA2�E ,δ(L,U )

G|1,X−k1−1 (c)

Unfold (c) using (♠), we get :
vr ∈ �δA2�G|1,X−k1−k3−1 (h)

δL ≤ c3 ≤ δU (g )

STS1 is proved by (e), ( f ), (g ).
STS2 is proved by (h) and (3) using Lemma 1.

CASE
∆;Φ; |Γ|2 `U1

L1
t ′1 :

exec(L,U )

A′
1 −→ A′

2 ∆;Φ;Γ` t2 ª t ′2 .D2 : U (A2, A′
1)

∆;Φ;Γ` t2 ª t ′1 t ′2 .D2 −L1 −L− capp : U (A2, A′
2)

R-E-APP

Assume that ` δ :∆ and Í δΦ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(t2),δσ2(t ′1 t ′2)) ∈ LδU (A2, A′
2)ME ,δ(D2−L1−L−capp )

G ,k .

Following the definition of LδU (A2, A′
2)ME ,δ(D2−L1−L−capp )

G ,k , assume that:

δσ2t ′1 ⇓c ′1,k ′
1 fix f x.t ′ (?) δσ2t ′2 ⇓c ′2,k ′

2 v ′
2 (¦) t ′[fix f x.t ′/ f ][v ′

2/x] ⇓c ′3,k ′
3 v ′

r (♠)

(δσ2t ′1) (δσ2t ′2) ⇓c ′1+c ′2+c ′3+capp,k ′
1+k ′

2+k ′
3+1 v ′

r

E-F

and δσ1t2 ⇓c1,k1 vr (¦¦) and k1 < k.

TS1: c1 − (c ′1 + c ′2 + c ′3 + capp) ≤ δ(D2 −U1 −U − capp )

TS2: (vr , v ′
r ) ∈ LδU (A2, A′

2)MG ,k−k1 .
Frist show the second statement.
By unrolling the definition of LδU (A2, A′

2)MG ,k−k1 ,
STS: ∀ j .vr ∈ �δA2�|G|1, j ∧ v ′

r ∈ �δA′
2�|G|2, j .

Pick j.
By IH 2 on the first premise using

1. FV (t ′1) ⊆ dom(δ|Γ|2) using Lemma 5.

2. Í δΦ

3. ∀k.σ2 ∈ Lδ|Γ|2MG|2,k

we get

∀k.δσ2t ′1 ∈ �δ(
exec(L,U )

A′
1 −→ A′

2)�E ,(δL1,δU1)
G|2,k (1)

Instantiating (1) with X = j +k ′
1 +k ′

3 +1, we get

δσ2t ′1 ∈ �δ(
exec(L,U )

A′
1 −→ A′

2)�E ,(δL1,δU1)
G|2,X (2)
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Following the definition, we get:

δσ2t ′1 ⇓c ′1,k ′
1 fix f x.t ′ and fix f x.t ′ ∈ �δ(

exec(L,U )
A′

1 −→ A′
2)�G|2,X−k ′

1
(a) and δL1 < c ′1 < δU1 (e).

By IH on the second premise, we get:

(δσ1t2,δσ2t ′2) ∈ LδU (A2, A′
1)ME ,δ(D2)

G ,k

Unfold the defintion, by (¦) and (¦¦), we get :
c1 − c ′2 ≤ δD2 ( f ) and (vr , v ′

2) ∈ LδU (A2, A′
1)MG ,k−k1 (b)

From (b), we know : ∀k.vr ∈ �δA2�G|1,k ∧ v ′
2 ∈ �δA′

1�G|2,k .
Instantiate k with X −k ′

1 −1, we get:

vr ∈ �δA2�G|1,X−k ′
1−1 (3)

v ′
2 ∈ �δA′

1�G|2,X−k ′
1−1 (4)

Unfold (a), we get:
t ′[fix f x.t ′/ f ][v ′

2/x] ∈ �δA′
2�E ,δ(L,U )

G|2,X−k ′
1−1

(c)

Unfold (c) using (♠), we get :
v ′

r ∈ �δA′
2�G|2,X−k ′

1−k ′
3−1 (h)

δL ≤ c ′3 ≤ δU (g )

STS1 is proved by (e), ( f ), (g ).
STS2 is proved by (h) and (4) using Lemma 1.

Σ;∆;Φ; |Γ|1 `U1
L1

t1 : A1 Σ;∆;Φ;Γ, x : U (A1, A1) ` t2 ª t ′2 .D2 : τ

Σ;∆;Φ;Γ` let x = t1 in t2 ª t ′2 .U1 +D2 + cl t : τ
R-LT-E

Assume that ` δ :∆ and Í δΦ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(let x = t1 in t2),δσ2(t ′2)) ∈ LδτME ,δ(D2+U1+cl t )
G ,k .

Following the definition of LδτME ,δ(D2+U1+cl t )
G ,k , assume that:

δσ1t1 ⇓c1,k1 v1 (?) δσ1t2[v1/x] ⇓cr ,kr vr (♠)

let x = δσ1t1 in δσ1t2 ⇓c1+cr +clt,k1+kr +1 vr

E-LET

and δσ2t ′2 ⇓c ′,k ′
v ′ (¦¦) .

STS1: (vr , v ′) ∈ LδτMG ,k−(k1+kr +1).

STS2: c1 + cr + cl t − c ′ ≤ δ(D2 +U1 + cl t .
To prove :

∀k.v1 ∈ �δA1�|G|1,k

Proof. Pick k. IH2 on the first premise.

1. FV (t1) ⊆ |δΓ|1 using Lemma 5.

2. σ1 ∈ L|δΓ|1M|G|1,k+δU1+1 by Lemma 6 using assumptions.

We get: σ1t1 ∈ �δA1�E ,(δL1,δU1)
|G|1,k+δU1+1.

Unfold the defintion, we know: δL1 ≤ c1 ≤ δU1 (a) and v1 ∈ �δA1�|G|1,k+δu1+1−c1 .
So, we know: v1 ∈ �δA1�|G|1,k by Lemma 1. ■

IH on the second premise using
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1. (σ1[v1/x],σ2[v1/x]) ∈ LδΓ, x : U (δA1,δA1)MG ,k using

1.1. (σ1,σ2) ∈ LδΓMG ,k

1.2. (v1, v1) ∈ LU (δA1,δA1)MG ,k

we get:

(δσ1[v1/x]t2,δσ2[v1/x]t ′2) ∈ LδτME ,δD2
G ,k

Since x does not occur free in t ′2, we have : (δσ1[v1/x]t2,δσ2t ′2) ∈ LδτME ,δD2
G ,k .

Unfold the defintion, we have:
cr − c ′1 ≤ δD2 (b)

(vr , v ′) ∈ LδτMG ,k−kr (c)

STS1 is proved by using Lemma 1 on (c) because k − (k1 +kr +1) < k −kr .
STS2 is proved by (a) and (b).

This completes the proof of case R-lt-e.

CASE

Σ;∆;Φ; |Γ|1 `U1
L1

t : A1 + A2

Σ;∆;Φ;Γ, x : U (A1, A1) ` t1 ª t ′ .D2 : τ Σ;∆;Φ;Γ, y : U (A2, A2) ` t2 ª t ′ .D2 : τ

Σ;∆;Φ;Γ` case (t , x.t1, y.t2)ª t ′ .U1 +D2 + ccase : τ
R-CASE-E

Assume that ` δ :∆ and Í δΦ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1( case (t , x.t1, y.t2)),δσ2(t ′)) ∈ LδτME ,δ(D2+U1+ccase )
G ,k .

Following the definition of LδτME ,δ(D2+U1+ccase )
G ,k , assume that:

δσ1 case (t , x.t1, y.t2) ⇓C ,K vr and δσ2t ′ ⇓c ′,k ′
v ′ (¦¦) and C < k.

STS1: (vr , v ′) ∈ LδτMG ,k−K .

STS2: C − c ′ ≤ δ(D2 +U1 + ccase .

To prove :
∀k.v1 ∈ �δA1�|G|1,k

Depending on what δσ1t evaluates to, there are two cases.

Subcase1:
δσ1t ⇓c1,k1 inlv1 (?) δσ1t1[v1/x] ⇓cr ,kr vr (♠)

δσ1 case (t , x.t1, y.t2) ⇓c1+cr +ccase,k1+kr +1 vr

CASE-INL

To prove: ∀k.(inlv1) ∈ LδA1 +δA2MG ,k .

Proof. Pick k. IH2 on the first premise.

1. FV (t ) ⊆ |δΓ|1 using Lemma 5.

2. σ1 ∈ L|δΓ|1M|G|1,k+δU1+1 by Lemma 6 using assumptions.

We get: σ1t ∈ �δA1 +δA2�E ,(δL1,δU1)
|G|1,k+δU1+1.

Unfold the defintion, we know: δσ1t ⇓c1,k1 inlv1 andδL1 ≤ c1 ≤ δU1 (a) and inlv1 ∈ �δA1 +δA2�|G|1,k+δu1+1−c1 .
So, we know: inlv1 ∈ �δA1 +δA2�|G|1,k by Lemma 1. ■

IH on the second premise using
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1. (σ1[v1/x],σ2[v1/x]) ∈ LδΓ, x : U (δA1,δA1)MG ,k using

1.1. (σ1,σ2) ∈ LδΓMG ,k

1.2. (v1, v1) ∈ LU (δA1,δA1)MG ,k

we get:

(δσ1[v1/x]t1,δσ2[v1/x]t ′) ∈ LδτME ,δD2
G ,k

Since x does not occur free in t ′, we have : (δσ1[v1/x]t1,δσ2t ′) ∈ LδτME ,δD2
G ,k .

Unfold its defintion, we get:

cr − c ′1 ≤ δD2 (b)

(vr , v ′) ∈ LδτMG ,k−kr (c)

STS1 is proved by using Lemma 1 on (c) because k − (k1 +kr +1) < k −kr .
STS2 is proved by (a) and (b).

Subcase 2:
δσ1t ⇓c1,k1 inrv1 (?) δσ1t2[v1/x] ⇓cr ,kr vr (♠)

δσ1 case (t , x.t1, y.t2) ⇓c1+cr +ccase,k1+kr +1 vr

CASE-INR

Prove similarily : ∀k.(inrv1) ∈ LδA1 +δA2MG ,k .
IH on the third premise using

1. (σ1[v1/x],σ2[v1/x]) ∈ LδΓ, x : U (δA1,δA1)MG ,k using

1.1. (σ1,σ2) ∈ LδΓMG ,k

1.2. (v1, v1) ∈ LU (δA1,δA1)MG ,k

we get:

(δσ1[v1/x]t2,δσ2[v1/x]t ′) ∈ LδτME ,δD2
G ,k

Since x does not occur free in t ′, we have : (δσ1[v1/x]t2,δσ2t ′) ∈ LδτME ,δD2
G ,k .

Unfold its defintion, we get:

cr − c ′1 ≤ δD2 (b)

(vr , v ′) ∈ LδτMG ,k−kr (c)

STS1 is proved by using Lemma 1 on (c) because k − (k1 +kr +1) < k −kr .
STS2 is proved by (a) and (b).

CASE

Σ;∆;Φ; |Γ|1 `U1
L1

t1 :
exec(L,U )

{P1} ∃~γ1 : A1 {Q1} Σ;∆;Φ; |Γ|2 `U2
L2

t ′2 :
exec(L′,U ′)

{P2} ∃~γ1 : A′
1 {Q2}

Σ;∆;Φ;Γ, x : U (A1, A1) ` t2 ª t ′2 .D2 :
diff(D ′)

{P tP1} ∃~γ1.τ {Q} dom(P ) = dom(P1)

Σ;∆;Φ;Γ` let {x} = t1 in t2 ª t ′2 .−L2 :
diff(U1+U+(D2+U2)+D ′+clet )

{P } ∃~γ1.τ {Q}

R-LET-E

Assume that ` δ :∆ and Í δΦ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(let {x} = t1 in t2),δσ2(t ′2)) ∈ Lδ(
diff(−L2)

{P } ∃~γ1.τ {Q})ME ,δ(U1+U+(D2+U2)+D ′+cl et )
G ,k .

Assume
let {x} = t1 in t2 ⇓0,0 let {x} = t1 in t2
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and δσ2t ′2 ⇓c ′1,k ′
1 v ′

1.
Unfold the definition, STS1: 0− c ′1 ≤−(δL2)
By IH2 on the second premise, we get: δL2 ≤ c ′1 ≤ δU2, which proves STS1.

STS2: (δσ1(let {x} = t1 in t2), v ′
1) ∈ Lδ(

diff(U1+U+(D2+U2)+D ′+clet )
{P } ∃~γ1.τ {Q} )MG ,k .

Unfold its defintion, assume : G ⊇G ,k ′ < k,k2 < k ′.H1, H ′
1 ÍG ,k ′ P and

let {x} = δσ1t1 in δσ1t2; H1 ⇓c2,k2
f vl et ; H2 (a)

and
v ′

1; H ′
1 ⇓

c ′2,k ′
2

f v ′
2; H ′

2 (b)

STS1:
(H2, H ′

2) ÍG ,k ′−k2 Q

STS2:
(vl et , v ′

2) ∈ LδτMG ,k ′−k2

STS3:
c2 − c ′2 ≤ δ((D2 +U2)+D ′+U +U1 + clet )

IH2 on the first premise, we get: δσ1t1 ∈ Lδ(
exec(L,U )

{P1} ∃~γ1 : A1 {Q1})ME ,δ(L1,U1)
|G|1,k (c).

Unfold (c), we assume δσ1t1 ⇓ca ,ka v , we get : v ∈ Lδ(
exec(L,U )

{P1} ∃~γ1 : A1 {Q1})M|G|1,k−ka (d) and δL1 ≤ ca ≤
δU1 (e).
Unfold (d), pick k1 ≤ k −ka . assume H1 Í|G|1,k1 P1,

we know: v ; H1 ⇓c3,k3
f v2; H3 and H3 Í|G|1,k1−k3 Q1 and va ∈ LAM|G|1,k1−k3 ∧δL ≤ c3 ≤ δU ( f )

and ∃n.P1 = {γ1 → T1, . . .γn → Tn}∧∀i ∈ [1,n].|G|1(γi ) = (li , A,m) =⇒ ∀ j .H1[li ][ j ] 6= H3[li ][ j ] =⇒ j ∈
Ti (z).
From (f), we know : (σ1[va/x],σ2[va/x]) ∈ Lδ(Γ, x : U (A, A))MG ,k (h).

IH on the third premise instantiated with (h), we get:

(δσ1[va/x](t2),δσ2[va/x](t ′2)) ∈ Lδ(
diff(D ′)

{P tP1} ∃~γ1.τ {Q})ME ,δ(D2)
G ,k (i )

Unfold (i), assume : δσ1[va/x]t2 ⇓c4,k4 v4 and δσ2[va/x]t ′2 ⇓c ′1,k ′
1 v ′

1.

we get: (v4, v ′
1) ∈ Lδ(

diff(D ′)
{P tP1} ∃~γ1.τ {Q})MG ,k ( j ) and c4 − c ′1 ≤ δD2 (k).

Unfold (j), we assume :Pick k6 = k ′−ka −k3 −k4 −1 ≤ k −k4.
We first show the conclusion: (H3, H ′

1) ÍG ,k6 P tP1 (♣) .

Proof. We have the assuption (z) and the assumption H1, H ′
1 ÍG ,k P .

Unfold (♣), we need to prove :
∀γ ∈ dom(P )∪dom(P1).∃l1, l2,τ,n.G(γ) = (l1, l2,τ,n)∧∀i < n.H3[γ][i ] 6= H ′

1[γ][i ] =⇒ i ∈ (PtP1)[γ]. (?)
Unfold the definition of H1, H ′

1 ÍG ,k P , we know:
∀γ ∈ dom(P ).∃l1, l2,τ,n.G(γ) = (l1, l2,τ,n)∧∀i < n.H1[γ][i ] 6= H ′

1[γ][i ] =⇒ i ∈ (P )[γ]. (♥)
From the premise dom(P ) = dom(P1), there is only one case:

1. γ ∈ dom(P ),γ ∈ dom(P1)
From (♥), we know
∀γ ∈ dom(P )∩dom(P1).∃l1, l2,τ,n.G(γ) = (l1, l2,τ,n)∧∀i < n.H1[γ][i ] 6= H ′

1[γ][i ] =⇒ i ∈ (P )[γ],
which means H1 and H ′

1 differ at most at indices in P [γ], also means∀i < n.i 6∈ P [γ] =⇒ H1[γ][i ] =
H ′

1[γ][i ].
From (z), we also know that ∀γ ∈ dom(P1),∀i < n.H1[γ][i ] 6= H3[γ][i ] =⇒ i ∈ P1[γ], which means
H1 and H3 differ at most at all the indices in P1[γ].
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So we know H3 and H ′
1 differ at most at indices appear in P or P1, which is ∀γ ∈ (dom(P ) ∩

dom(P1)).∃l1, l2,τ,n.G(γ) = (l1, l2,τ,n)∧∀i < n.H1[γ][i ] 6= H ′
1[γ][i ] =⇒ i ∈ P [γ]∨ i ∈ P1[γ].

This subcase is proved because i ∈ P [γ]∨ i ∈ P1[γ] =⇒ i ∈ P [γ]∪P1[γ] =⇒ (P tP1)[γ].

Also assume v4; H3 ⇓c5,k5
f v5; H2 and v ′

1; H ′
1 ⇓

c ′2,k ′
2

f v ′
2; H ′

2.

We get: H2, H ′
2 ÍG ,k6−k5 Q (l ) and (v5, v ′

2) ∈ LδτMG ,k6−k5 (m) and c5 − c ′2 ≤ δD ′ (n)

From the forcing evaluation rule

δt1 ⇓ca ,ka v v ; H1 ⇓c3,k3
f va ; H3 t2[va/x] ⇓c4,k4 v4 v4; H3 ⇓c5,k5

f v5; H2

let {x} = t1 in t2; H1 ⇓ca+c3+c4+c5+clet,ka+k3+k4+k5+1
f v5; H2

F-E

STS1 is proved by (l).
STS2 is proved by (m) using Lemma 1.
STS3 : c2 − c ′2 = ca + c3 + c4 + c5 + clet − c ′2 ≤ δ(U +U1 +D ′+ (D2 +U2)+ clet) by (e),(k),(n), (f).

CASE

Σ;∆;Φ; |Γ|2 `U1
L1

t ′1 :
exec(L,U )

{P1} ∃~γ1 : A′
1 {Q1} Σ;∆;Φ; |Γ|1 `U2

L2
t2 :

exec(L′,U ′)
{P2} ∃~γ1 : A1 {Q2}

Σ;∆;Φ;Γ, x : U (A′
1, A′

1) ` t2 ª t ′2 .D2 :
diff(D ′)

{P tP1} ∃~γ1.τ′ {Q} dom(P ) = dom(P1)

Σ;∆;Φ;Γ` t2 ª let {x} = t ′1 in t ′2 .U2 :
diff(D ′+(D2−L2)−L1−L−clet)

{P } ∃~γ1.τ′ {Q}

R-E-LET

Assume that ` δ :∆ and Í δΦ and (σ1,σ2) ∈ LδΓMG ,k

TS: (δσ1(t2),δσ2(let {x} = t ′1 in t ′2)) ∈ Lδ(
diff(D ′+(D2−L2)−L1−L−clet)

{P } ∃~γ1.τ′ {Q} )ME ,δ(U2)
G ,k .

Assume
δσ2(let {x} = t ′1 in t ′2) ⇓0,0 let {x} = δσ2t ′1 in δσ2t ′2

and δσ1t2 ⇓c1,k1 v1.
Unfold the definition, STS1: c1 −0 ≤ δU2 .
By IH2 on the second premise, we get: δL2 ≤ c1 ≤ δU2, which proves STS1.

STS2: (v1,δσ2(let {x} = t ′1 in t ′2)) ∈ Lδ(
diff(D ′+(D2−L2)−L1−L−clet)

{P } ∃~γ1.τ {Q} )MG ,k .
Unfold its defintion, assume : G ⊇G ,k ′ < k,k2 < k ′.H1, H ′

1 ÍG ,k ′ P and

let {x} = δσ2t ′1 in δσ2t ′2; H ′
1 ⇓

c ′2,k ′
2

f v ′
l et ; H ′

2 (a)

and
v1; H1 ⇓c2,k2

f v2; H2 (b)

STS1:
(H2, H ′

2) ÍG ,k ′−k2 Q

STS2:
(v2, v ′

l et ) ∈ LδτMG ,k ′−k2

STS3:
c2 − c ′2 ≤ δ(D ′+ (D2 −L2)−L1 −L− clet)

IH2 on the first premise, we get: δσ2t ′1 ∈ Lδ(
exec(L,U )

{P1} ∃~γ1 : A′
1 {Q1})ME ,δ(L1,U1)

|G|2,k (c).

Unfold (c), we assume δσ1t ′1 ⇓c ′a ,k ′
a v ′, we get : v ′ ∈ Lδ(

exec(L,U )
{P1} ∃~γ1 : A′

1 {Q1})M|G|2,k−k ′
a

(d) and δL1 ≤ c ′a ≤
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δU1 (e).

Unfold (d), assume : pick k1 ≤ k −k ′
a . H ′

1 Í|G|2,k1 P1 and v ′; H ′
1 ⇓

c ′3,k ′
3

f v ′
a ; H ′

3 and H ′
3 Í|G|2,k1−k ′

3
Q1 and

v ′
a ∈ LA′

1M|G|2,k1−k ′
3
∧δL ≤ c ′3 ≤ δU ( f ).

From (f), we know : (σ1[v ′
a/x],σ2[v ′

a/x]) ∈ Lδ(Γ, x : U (A′
1, A′

1))MG ,k (h).

IH on the third premise instantiated with (h), we get:

(δσ1[v ′
a/x](t2),δσ2[v ′

a/x](t ′2)) ∈ Lδ(
diff(D ′)

{P ∪P1} ∃~γ1.τ′ {Q})ME ,δ(D2)
G ,k (i )

. Unfold (i), assume : δσ1[v ′
a/x]t2 ⇓c1,k1 v1 and δσ2[v ′

a/x]t ′2 ⇓c ′4,k ′
4 v ′

4.

we get: (v1, v ′
4) ∈ Lδ(

diff(D ′)
{P ∪P1} ∃~γ1.τ′ {Q})MG ,k ( j ) and c1 − c ′4 ≤ δD2 (k).

Unfold (j), we assume :Pick k6 = k ′−k4 −1 ≤ k −k ′
4..

We prove (H1, H ′
3) ÍG ,k6 P tP1 in a similar way in the previous case.

Also assume v ′
4; H ′

3 ⇓
c ′5,k ′

5
f v ′

5; H ′
2 and v1; H1 ⇓c2,k2

f v2; H2.

We get: H2, H ′
2 ÍG ,k6−k5 Q (l ) and (v2, v ′

5) ∈ Lδτ′MG ,k6−k5 (m) and c2 − c ′5 ≤ δD ′ (n)

From the forcing evaluation rule

δt ′1 ⇓c ′a ,k ′
a v ′ v ′; H ′

1 ⇓
c ′3,k ′

3
f v ′

a ; H ′
3 t ′2[v ′

a/x] ⇓c ′4,k ′
4 v ′

4
v ′

4; H ′
3 ⇓

c ′5,k ′
5

f v ′
5; H ′

2

let {x} = t ′1 in t ′2; H ′
1 ⇓

c ′a+c ′3+c ′4+c ′5+clet,k ′
a+k ′

3+k ′
4+k ′

5+1
f v ′

5; H ′
2

F-E

STS1 is proved by (l).
STS2 is proved by (m) using Lemma 1.
STS3 : c2 − c ′2 = c2 − c ′a − c ′3 − c ′4 − c ′5 − clet ≤ δ(D ′+ (D2 −L2)−L1 −L− clet) by (e),(k),(n), (f).
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Proof of statement (2) if ∆;Φ;Ω`U
L t : A and ` δ :∆ and Í δΦ and there exists Ω′. s.t. FV (t ) ⊆ dom(Ω′)

andΩ′ ⊆Ω and (σ) ∈ LδΩ′Mg ,k . Then, (δσt ) ∈ LAME ,(δL,δU )
g ,k

Proof by induction on typing derivation:

CASE
ξ;∆;Φ; x : A, f :

exec(L,U )
A −→ B ,Ω`U

L t : B

∆;Φ;Ω`0
0 fix f (x).t :

exec(L,U )
A −→ B

U-F

Assume that ` δ :∆ and Í δΦ and there existsΩ′. s.t. FV (t ) ⊆ dom(Ω′) andΩ′ ⊆Ω and (σ) ∈ LδΩ′Mg ,k

TS: (δσfix f (x).t ) ∈ �δ
exec(L,U )
A −→ B�E ,(0,0)

g ,k
Because fix f (x).e is value.

STS: (δσfix f (x).t ) ∈ �δ
exec(L,U )
A −→ B�g ,k

We prove the more general statement

∀k ′ ≤ k.δσ(fix f (x).t ) ∈ �
exec(L,U )

δA −→ δB�g ,k (1)

by sub-induction on k’. There are two cases:

subcase 1: k’=0
there is no non-negative k such that k ≤ 0, the goal is vacuously true.

subcase 2: k ′ = k ′′+1 ≤ k
By sub-IH, we know:

δσ(fix f (x).t ) ∈ �
exec(L,U )

δA −→ δB�g ,k ′′ (2)

STS: (fix f (x).δσe) ∈ �
exec(L,U )

δA −→ δB�g ,k ′′+1

Pick j < k”+1 and assume that v ∈ �δA�g , j

STS: σ[v/x][fix f (x).e/ f ]) ∈ �δB�E ,(δL,δU )
g , j

This follows by IH on the premise instantiated with

1. FV(e) ⊆ dom(x : A, f :
exec(L,U )
A −→ B ,Ω′) from Lemma (well-formness) and (x : A, f :

exec(L,U )
A −→ B ,Ω′) ⊆

(x : A, f :
exec(L,U )
A −→ B ,Ω)

2. (σ[v/x][fix f (x).t/ f ]) ∈ �δ(x : A, f :
exec(L,U )
A −→ B ,Ω′)�g , j which holds because

2.1. σ ∈ �δΩ′�g , j by Lemma downward closure and j < k ′′+1 ≤ k

2.2. v ∈ �A�g , j from assumption

2.3. (δσfix f (x).e) ∈ �
exec(L,U )

δA −→ δB�g , j from Lemma 1 on (2).

This completes the proof of unary fix case.

CASE
Σ;∆;Φ;Ω`U1

L1
t1 : int[I ] Σ;∆;Φ;Ω`U2

L2
t2 : A Σ;∆` P w f

Σ;∆;Φ;Ω`0
0 alloc t1 t2 :

exec(L1+L2+La ,U1+U2+Ua )
{P } ∃γ :Arrayγ[I ] A {P ?γ→N}

U-ALLOC

Assume that ` δ :∆ and Í δΦ and there existsΩ′. s.t. FV (t ) ⊆ dom(Ω′) andΩ′ ⊆Ω and (σ) ∈ LδΩ′Mg ,k

TS: (δσ alloc t1 t2) ∈ �
exec(L1+L2+La ,U1+U2+Ua )

{P } ∃γ :Arrayγ[I ] A {Pγ→N}�E ,(0,0)
g ,k

Because alloc t1 t2 is value.

STS: (δσ alloc t1 t2) ∈ �
exec(L1+L2+La ,U1+U2+Ua )

{P } ∃γ :Arrayγ[I ] A {Pγ→N}�g ,k
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Unfold the definition of �
exec(L1+L2+La ,U1+U2+Ua )

{P } ∃γ :Arrayγ[I ] A {Pγ→N}�g ,k .
Pick g ′ ⊇ g , k ′ ≤ k, k ′′ < k ′ and H.
Assume H Íg ′,k ′ P and H ;alloc t1 t2⇓k ′′

From H ;alloc t1 t2↓k ′′
, because t1,t2 are sub terms of δσ alloc t1 t2,we get

δσt1 ⇓k1
f ∧δσt2 ⇓k2

f (1)

From (1) , we get:

∃v1, v2,k1,k2.δσt1 ⇓k1,c1 v1 ∧δσt2 ⇓k2,c ′1 v2 ∧k ′′ = k1 +k2 +1∧ c = c1 + c ′1 + cal loc (a)

From (a) and evaluation rules we get:

∃l .H , (alloc t1 t2)δσ ⇓k ′′,c
f l ; H [l → [v2, . . . v2] (b)

By IH on the first premise instantiated with σ ∈ �δΩ′�g ,k ′′using lemma 1 and FV (t1) ⊆ dom(Ω′) and
Ω′ ⊆Ω, we get:

(δσt1) ∈ �intr [I ]�E ,(δL1,δU1)
g ′,k ′′ (*)

Unfold the definition of �int[I ]�E ,(δL1,δU1)
g ′,k ′′ and using (a) and k1 ≤ k ′′, we know:

(v1) ∈ �int[I ]�G ′,k ′′−k1 ⇒ v1 = I ∧δL1 ≤ c1 ≤ δU1 IH1

By IH on the second premise instantiated with (σ) ∈ �δΓ�g ′,k ′−k1 using lemma 1 and FV (t2) ⊆ dom(Ω′)
andΩ′ ⊆Ω, we get:

(δσt2) ∈ �δA�E ,(δL2,δU2)
g ′,k ′−k1

(**)

Unfold the definition of (**) and using (a), (b) and k2 ≤ k ′−k1, we know

(v2) ∈ �δA�g ′,k ′−k1−k2 = �δA�g ′,k ′−k ′′+1 ∧δL2 ≤ c ′1 ≤ δU2 IH2

Let us assume:

g ′′ = g ′[r → (l , A, I )] (c)

H ′ = H ,
[
l → [v2, v2, . . . , v2]

]
(d)

we want to show 4 cases.

TS1 (l ) ∈ �Arrayγ[I ] A�g ′′,k ′−k ′′
it is proved by unfolding the definition and using the assumption (c).

TS2 (H ′) Íg ′′,k ′−k ′′ p?γ→N

we know that g ′′(γ) = (l , A, I ), H ′ = H ]Hl ∧Hl = l → [v2, v2, . . . , v2]

STS1 ∀i ≤ I , (Hl (l )[i ] ∈ �A�g ′′,k ′−k ′′−1

It is proved by using IH2 and Lemma 1.

TS3 δ(L1 +L2 +La) ≤ c ≤ δ(U1 +U2 +Ua)
It is proved by IH1 and IH2 and δLa ≤ cal loc ≤ δUa .

TS4 ∃n.P = {γ1 → T1, . . . ,γn → Tn}∧∀i ∈ [1,n].g (γi ) = (li , A,m) ⇒∀ j .(H [li ][ j ]) 6= H ′[li ][ j ] ⇒ j ∈ Ti

}
Because new allocated γ is not in P, so for all the γi , it is not changed.

This proof is complete for case alloc.
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Σ;∆;Φ;Ω`U1
L1

t1 : Arrayγ[I ] A Σ;∆;Φ;Ω`U2
L2

t2 : int[I ′] Í I ′ ≤ I Σ;∆` P w f

Σ;∆;Φ;Ω`0
0 read t1 t2 :

exec(L1+L2+Lr ,U1+U2+Ur )
{P } ∃_ : A {P }

U-R

Assume that ` δ :∆ and Í δΦ and there existsΩ′. s.t. FV (t ) ⊆ dom(Ω′) andΩ′ ⊆Ω and (σ) ∈ LδΩ′Mg ,k

TS: (δσ read t1 t2) ∈ �
exec(L1+L2+Lr ,U1+U2+Ur )

{P } ∃_ : A {P } �E ,(0,0)
g ,k

Because read t1 t2 is value.

STS: (δσ read t1 t2) ∈ �
exec(L1+L2+Lr ,U1+U2+Ur )

{P } ∃_ : A {P } �g ,k

Unfold the definition of �
exec(L1+L2+Lr ,U1+U2+Ur )

{P } ∃_ : A {P } �g ,k .
Pick g ′ ⊇ g , k ′ ≤ k, k ′′ < k ′ and H.
Assume H Íg ′,k ′ γ and H ;read t1 t2⇓k ′′

From H ;read t1 t2⇓k ′′
, because t1,t2 are sub terms of δσ read t1 t2,we get

δσt1 ⇓k1
f ∧δσt2 ⇓k2

f (1)

From (1) , we get:

∃l ,n, v,k1,k2.δσt1 ⇓k1,c1 l ∧δσt2 ⇓k2,c ′1 n ∧k ′′ = k1 +k2 +1∧ c = c1 + c ′1 + cr ead ∧H(l )[n] = v (a)

From (a) and evaluation rules we get:

H ;δσ(read t1 t2) ⇓k ′′,c
f H ; v (b)

By IH on the first premise instantiated with (σ) ∈ �δΩ′�g ′,k ′ by lemma 1 and FV (t1) ⊆ dom(Ω′) and
Ω′ ⊆Ω. we get:

(δσt1) ∈ �Arrayγ[I ] A�E ,δ(L1,U1)
g ′,k ′ (6)

Unfold (6), since k1 ≤ k ′ and δσ1t1 ⇓k1,c1 l , we know

l ∈ �Arrayγ[I ] A�g ′,k ′−k1 ∧δL1 ≤ c1 ≤ δU1 (e)

From (e), we know :
g ′(γ) = (l , A, I ) (7)

By IH on the second premise instantiated with (σ) ∈ �δΩ′�g ′,k ′ by lemma 1 and FV (t2) ⊆ dom(Ω′) and
Ω′ ⊆Ω. we get:

(δσ1t ′2) ∈ �int[I ′]�E ,δ(L2,U2)
g ′,k ′ (8)

Unfold (8), since k2 ≤ k ′ ,we know

n ∈ �int[I ′]�g ′,k ′−k2 ⇒ n = I ′∧δL2 ≤ c ′1 ≤ δU2 (f)

Let us assume:

g ′ = g ′ (g)

STS1: H Íg ′,k ′−k ′′ P
proved by assumption H Íg ′,k ′ P

STS2: (v) ∈ �A�g ′,k ′−k ′′
from (a). we know H1(l )[n] = v
From H Íg ′,k ′−k ′′ γ we know:
∀i ≤ n, (H1(l )(i )) ∈ �A�g ′,k ′−1

s.t we know
(H1(l )[n]) ∈ �A�g ′,k ′−1

Because k ′−k ′′ ≤ k ′−1,
By Lemma 1, We get: (v) ∈ �A�g ′,k ′−k ′′
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STS3: δ(L1 +L2 +Lr ) ≤ c ≤ δ(U1 +U2 +Ur )
by the fact that δLr ≤ cr ead ≤ δUr , it is proved by (e)(f).

STS4: ∃n.P = {γ1 → T1, . . . ,γn → Tn}∧∀i ∈ [1,n].g (γi ) = (li , A,m) ⇒∀ j .(H [li ][ j ]) 6= H ′[li ][ j ] ⇒ j ∈ Ti

H is not changed, H=H’. it is trivially true.

This completes the proof of case read.

Σ;∆;Φ;Ω`U1
L1

t1 : Array[I ] A

Σ;∆;Φ;Ω`U2
L2

t2 : int[I ′] Σ;∆;Φ;Ω`U3
L3

t3 : A ∆;ΦÍ I ′ ≤ I Σ;∆;` P w f

Σ;∆;Φ;Ω`0
0 updt t1 t2 t3 :

exec(L1+L2+L3+Lu ,U1+U2+U3+Uu )
{P ?γ→β} ∃_ : unit {P ?γ→β}

U-U

Assume that ` δ :∆ and Í δΦ and there existsΩ′. s.t. FV (t ) ⊆ dom(Ω′) andΩ′ ⊆Ω and (σ) ∈ LδΩ′Mg ,k

TS: (δσ updt t1 t2 t3) ∈ �
exec(L1+L2+L3+Lu ,U1+U2+U3+Uu )

{P ?γ→β} ∃_ : unit {P ?γ→β}�E ,(0,0)
g ,k

Because read t1 t2 is value.

STS: (δσ updt t1 t2 t3) ∈ �
exec(L1+L2+L3+Lu ,U1+U2+U3+Uu )

{P ?γ→β} ∃_ : unit {P ?γ→β}�g ,k

Unfold the definition of �
exec(L1+L2+L3+Lu ,U1+U2+U3+Uu )

{P ?γ→β} ∃_ : unit {P ?γ→β}�g ,k .
Pick g ′ ⊇ g , k ′ ≤ k, k ′′ < k ′ and H.
Assume H Íg ′,k ′ P ?γ→β and H ;updt t1 t2 t3⇓k ′′

H = Hp ]Hl ∧Hp Í P ∧Hl Í γ→β

From H ;updt t1 t2 t3⇓k ′′
, because t1,t2 are sub terms of δσ updt t1 t2 t3,we get

δσt1 ⇓k1
f ∧δσt2 ⇓k2

f ∧δσt3 ↓k3
f (1)

From (1), we get:

∃l ,n, v,k1,k2,k3.δσt1 ⇓k1,c1 l ∧δσt2 ⇓k2,c ′1 n ∧δσt3 ⇓k3,c ′′1 v∧
k ′′ = k1 +k2 +k3 +1∧ c = c1 + c ′1 + c ′′1 + cupd ate (a)

From (a) and evaluation rules we get:

H ;δσ(updt t1 t2 t3) ⇓k ′′,c
f H [l ][n] ← v ; () (b)

By IH on first premise instantiated with (σ) ∈ �δΩ′�g ′,k ′ by lemma 1 and FV (t2) ⊆ dom(Ω′) and Ω′ ⊆Ω.
We get:

(δσt1) ∈ �Arrayγ[I ] A�E ,δ(L1,U1)
G ′,k ′ (2)

Similarly, By IH on the second premise and third premise, we get

(δσt2) ∈ �int[I ]�E ,δ(L2,U2)
g ′,k ′ (3)

(δσt3) ∈ �A�E ,δ(L3,U3)
g ′,k ′ (4)

From (2),(3),(4), we know:

l ∈ �Arrayγ[I ] A�g ′,k ′−k1 ⇒ g ′(γ) = (l , A, I )∧δL1 ≤ c1 ≤ δU1 (c)

n ∈ �int[I ]�g ,k ′−k2 ⇒ n = I ∧δL2 ≤ c ′1 ≤ δU2 (d)

v ∈ �A�g ′,k ′−k3 ∧δL3 ≤ c ′′1 ≤ δU3 (e)

Let us assume:

g ′′ = g ′ (5)

H ′
1 = H(l )[n] ← v = Hp +Hl (l )[n] ← v ∧H ′

l = Hl (l )[n] ← v (6)
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STS1: (H ′
1) Íg ′,k ′−k ′′ P ?γ→β

Unfold H Íg ′,k ′ P ?γ→β and consider (c), we know

∀i ≤ I .(Hl (l )[i ]) ∈ LAMg ′,k ′−1 (7)

we need to prove:

subgoal 1: ∀i ≤ I .(H ′
l (l )[i ] ∈ �A�g ′,k ′−k ′′

when i=n,
we prove (H ′

l (l )[i ]) ∈ �A�g ′,k ′−k3 from (e) and (6), and then use lemma 1.
when i 6= n,
proved by using lemma 1 on (7)

STS2:
(
()

) ∈ �unit�g ′,k ′−k ′′
It is proved by unfolding the definition.

STS3: δ(L1 +L2 +L3 +Lu) ≤ c ≤ δ(U1 +U2 +U3 +Uu)
by the fact that δLu ≤ cupd ate ≤ δUu , it is proved by (c)(d)(e).

STS4: ∃n.P = {γ1 → T1, . . . ,γn → Tn}∧∀i ∈ [1,n].g (γi ) = (li , A,m) ⇒∀ j .(H [li ][ j ]) 6= H ′[li ][ j ] ⇒ j ∈ Ti

Because H ′
1 = H(l )[n] ← v = Hp +Hl (l )[n] ← v ∧H ′

l = Hl (l )[n] ← v , When li 6= l , H(li ) = H ′(li ), it
is true. When li = l , only at position n so that H(l )[n] 6= H(l )[n], we need to show n 6∈ β, which is
the assumption from the rule.

This completes the proof of case unary update.

CASE
Σ;∆;Φ;Ω`U

L t : A ∆;Φ;Ω` p w f

Σ;∆;Φ;Ω`0
0 return t :

exec(L,U )
{P } ∃γ.A {P }

U-T

Assume that ` δ :∆ and Í δΦ and there existsΩ′. s.t. FV (t ) ⊆ dom(Ω′) andΩ′ ⊆Ω and (σ) ∈ LδΩ′Mg ,k

TS: (δσ return t ) ∈ �
exec(L,U )

{P } ∃γ.A {P }�E ,(0,0)
g ,k

Because return t is value.

STS: (δσ return t ) ∈ �
exec(L,U )

{P } ∃γ.A {P }�g ,k

Unfold the definition of �
exec(L,U )

{P } ∃γ.A {P }�g ,k .

Pick g
′ ⊇ g , H1,k ′ ≤ k,k ′′ < k ′.

Assume

H1 Íg ′,k ′ P (1)

H1;δσ(return t ) ⇓k ′′
f (2)

Because t is the subterm of return t , From (2), We know:

δσ1t ⇓k ′′
(3)

(2.5)

From (3), we know:

∃v1,k1,δσ1t ⇓k1,c1 v1 ∧k ′′ = k1 +1∧ c = c1 + cr et (a)

From (a) and the evaluation rule U-ret:

∃H ′
1.H1;return t⇓k ′′,c

f v1; H ′
1 (b)
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By IH on the premise instantiated with (σ) ∈ �δΩ′�g ′,k ′ by lemma 1. We get:

(δσt1) ∈ �δA�E ,δ(L,U )
G ′,k ′ (5)

Unfold (5), we get:

v1 ∈ LδAMg ′,k ′−k1 ∧δL1 ≤ c1 ≤ δU1 (6)

Let us assume:

g ′′ = g ′ (7)

H ′
1 = H ′

1 (8)

STS1: H ′
1 Íg ′,k ′−k ′′ P

it is from assumption by using lemma 1.

STS2: v1 ∈ LτMg ′,k ′−k ′′
It is proved by (6) using Lemma 1.

STS3: δL ≤ c ≤ δU which is proved from (6)

STS4: ∃n.P = {γ1 → T1, . . . ,γn → Tn}∧∀i ∈ [1,n].g (γi ) = (li , A,m) ⇒∀ j .(H [li ][ j ]) 6= H ′[li ][ j ] ⇒ j ∈ Ti

H is not changed, it is trivial true.

This completes the proof of case unary return.

P = P1?P2

Σ;∆;Φ;Ω`U1
L1

t :
exec(L,U )

{P1} ∃~γ1 : A {Q1?Q2} Σ;∆, ~γ1;Φ;Ω, x : A `U2
L2

u :
exec(L′,U ′)

{Q1?P2} ∃~γ2 : B {Q}

Σ;∆;Φ;Ω`U1+U2+Ul
L1+L2+Ll

let {x} = t in u :
exec(L+L′,U+U ′)

{P } ∃~γ1, ~γ2 : B {Q?Q2}

U-E

Assume that` δ :∆ andÍ δΦ and there existsΩ′. s.t. FV (t ) ⊆ dom(Ω′) andΩ′ ⊆Ω and (σ) ∈ LδΩ′Mg ,k

TS: (δσ1(let {x} = t1 in t ′1)) ∈ Lδ
exec(L+L′,U+U ′)

{P } ∃~γ1, ~γ2 : B {Q?Q2}M(E ,(U1+U2,L1+L2))
g ,k

Unfold the definition .
Pick g

′ ⊇ g , H1,k ′ ≤ k,k ′′ < k ′.
Assume

H1 ÍG ′,k ′ P (1)

H1;δσ1(let {x} = t1 in t ′1) ⇓k ′′
f (2)

Because t1 is the subterm of let {x} = t1 in t ′1 , From (2) and Lemma ??, We know:

∃v1, v ′
1, v ′′

1 , v ′′′
1 ,k1,k2,k3,k4, H ′

1, H ′′
1 . δσ1t1 ⇓k1,c1 v1 and H1; v1 ⇓k2,c2

f H ′
1; v ′

1 and

δσ1t ′1[v ′
1/x] ⇓k3,c3 v ′′

1 and H ′
1; v ′′

1 ⇓k4,c4
f H ′′

1 ; v ′′′
1 and

k ′′ = k1 +k2 +k3 +k4 +1∧ c = c1 + c2 + c3 + c4 + clet (a)

From evaluation rule: E-Let-F and (a)(b), we know:

∃Ha , Hc , H ′
a , H1Q1, H1Q2, H1Q , s.t .H1 = Ha ]Hc ∧ v1; Ha ⇓ f v ′

1; H ′
a ∧H ′

a = H1Q1 ]H1Q2

∧v ′′
1 ; H1Q1 ]Hc ⇓ f v ′′′

1 ; H1Q ∧H ′′
1 = H1Q ]H1Q2 (c)

From (1) : H Íg ′,k ′ P1?P2 , we assume that

∃ga , gb : (H1 = Ha ]Hc )

(g ′ = ga ] gc ) and (Ha) Íga ,k ′ P1 and (Hc ) Ígc ,k ′ P2 (*)
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STS1: (H ′′
1 ) Íg ′′,k ′−k ′′ Q?Q2

STS2: (v ′′′
1 ) ∈ LBMG ′′,k ′−k ′′

STS3: (L+L′) ≤ c f ≤ (U +U ′)∧L1 +L2 +Ll et ≤ cp ≤U1 +U2 +Ulet

ST4: P = γi →βi∀i .g ′′(γi ) = (li ,m, A) → H1(li )[n] 6= H ′′
1 (li )[n] ⇒ n ∈βi

By IH on the second premise instantiated with (σ1) ∈ LδΩMg ′,k ′ , we know:

(δσ1t1) ∈ L
exec(L,U )

{P1} ∃~γ1 : A {Q1?Q2}ME ,(L1,U1)
g ′,k ′ (4)

Unfold the definition ,use (a), we get:

(v1) ∈ L
exec(L,U )

{P1} ∃~γ1 : A {Q1?Q2}Mg ′,k ′ ∧L1 ≤ c1 ≤U1 ∧P1 = γi →βi ⇒
∀i .g ′′(γi ) = (li ,m, A) → H1(li )[n] 6= H ′

1(li )[n] ⇒ n ∈βi (e)

To unfold (e), we choose: k f ≤ k ′−k1 and k ′
f < k f and g f ⊇ g ′ and (1),(a).

We have
(Ha Íg f ,k f

P1 ∧Ha ; v1 ⇓ f ∧Hb ; v2 ⇓ f

Unfold the definition, we get:
Ha ; v1 ⇓c2

f H ′
a ; v ′

1 ∧H ′
a ÍQ1?Q2

(v ′
1) ∈ LAMg ′,k ′−k1 ∧L ≤ c2 ≤U (k)

By IH on the third premise, we know:

(δσ1v ′′
1 ) ∈ L

execD ′
{Q1?P2} ∃~γ1.B {Q}ME ,D2

G ′,k ′ (5)

Unfold the definition, we get:

v1 ∈ L
exec(L′,U ′)

{Q1?P2} ∃~γ1.τ2 {Q}Mg ′,k ′−k1 ∧ l2 ≤ c3 ≤U2 ∧Q1 ]P2 = γi →βi

⇒∀i .g ′′(γi ) = (li ,m, A) → H ′
1(li )[n] 6= H ′′

1 (li )[n] ⇒ n ∈βi (f)

We have
(H ′

a) Íg f ,k f
Q1?Q2 ⇒ H1Q1 ÍQ1 ∧H1Q2 ÍQ2 ∧Hc Í P2

H1Q1 ]Hc ; v ′′′
1 ⇓ f

Unfold the definition (f), we get:

H1Q1 ]Hc ; v ′′′
1 ⇓c4

f H1Q ; v ′′′′
1 ∧H1Q ÍQ

(v ′′′
1 ) ∈ LBMg ′,k ′−k1 ∧L′ ≤ c4 ≤U ′ (g)

STS1: Use Lemma 2, we know that H1Q ]H1Q2 ÍQ?Q2, which proves STS1.
STS2: it is proved from (g).
STS3: it is proved from (e),(k),(f),(g) and c = c f + cp .∧ c f = c2 + c4

STS4: from (e),(f), we know all the n in P will appear in P1 or Q1 ]P2. It is proved.
This completes the proof of Unary let.
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Proof of statement (3) if ∆;Φ;Γ ` t1 ª t2 .D : τ and ` δ : ∆ and Í δΦ. Then for i ∈ {1,2}. if there exists
Γ′i s.t. FV(ei ) ⊆ dom(Γ′i ),Γ′i ⊆ Γ and (σi ) ∈ �|δΓ′i |i �G|i ,k , then δσi ei ∈ �|δτ|i �E ,(0,∞)

G|i ,k
Because it is similar for the two case, we only show the case when i=1.

CASE
∆;Φ; x : τ1, f :

diff(D)
τ1 −→ τ2,Γ` t1 ª t2 .D : τ2

∆;Φ;Γ`Fix f (x).t1 ªFix f (x).t2 . 0 :
diff(D)

τ1 −→ τ2

R-FIX

Assume that ÍΦδ and there exists Γ′ s.t. FV(fix f (x).t1) ⊆ dom(Γ′),Γ′ ⊆ Γ and σ ∈ �|δΓ′|1�G|1,k

TS: (fix f (x).δσt1) ∈ �(
exec(0,∞)

|δτ1|1 −→ |δτ2|1)�E ,(0,∞)
G|1,k

By Lemma 31,STS: (fix f (x).δσt1) ∈ �(
exec(0,∞)

|δτ1|1 −→ |δτ2|1)�G|1,k

We prove the more general statement:

∀m′ ≤ k.(fix f (x).δσt1) ∈ �(
exec(0,∞)

|δτ1|1 −→ |δτ2|1)�G|1,m (1)

By subinduction on m’. There are two cases.

subcase 1: m′ = 0.
there is no non-negative k’ < 0, it is vacuously true.

subcase 2: m′ = m′′+1 ≤ k

By sub-IH: (fix f (x).δσt1) ∈ �(
exec(0,∞)

|δτ1|1 −→ |δτ2|1)�G|1,m′′

STS: (fix f (x).δσt1) ∈ �(
exec(0,∞)

|δτ1|1 −→ |δτ2|1)�G|1,m′′+1

Unfold the definition. Pick j ≤ m′′+1, g ′ ⊇G|1.
Assume v ∈ �|δτ1|1�g ′, j

STS: δσt1[v/x][fix f (x).t1/ f ] ∈ �|δτ2|1�E ,(0,∞)
g ′, j

By IH 3 on the premise instantiated withσ[v/x][fix f (x).t1/ f ] ∈ �δ(x : |τ1|1, f :
exec(0,∞)

|δτ1|1 −→ |δτ2|1, |Γ′|)�g ′, j

which holds because

1. σ ∈ �|δΓ′|1)�g ′, j by Lemma 1.

2. v ∈ �|τ1|1�g ′, j from assumption.

3. fix f (x).t1 ∈ �
exec(0,∞)

|τ1|1 −→ |τ2|1�g ′, j by Lemma 1 on the sub-IH conclusion.

and these premises: FV (t1) ⊆ dom(x : τ1, f :
diff(D)

τ1 −→ τ2,Γ′) and x : τ1, f :
diff(D)

τ1 −→ τ2,Γ′ ⊆ x : τ1, f :
diff(D)

τ1 −→ τ2

,Γ

This proof is complete.

CASE
Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : int[I ] ∆;Φ;Γ` t2 ª t ′2 .D2 : τ γ fresh

∆;Φ;Γ` alloc t1 t2 ªalloc t ′1 t ′2 . 0 :
diff(D1+D2)

{P } ∃γ. Arrayγ[I ] τ {P ?γ→N}

ALLOC

Assume that ÍΦδ and there exists Γ′ s.t. FV(alloc t1 t2) ⊆ dom(Γ′),Γ′ ⊆ Γ and σ ∈ �|δΓ′|1�G|1,k

TS: δσ alloc t1 t2∈ �|δ(
exec(0,∞)

{|P |1} ∃γ. Arrayγ[I ] |τ|1 {|P |1?γ→N})|1�E ,(0,∞)
G|1,k

STS: δσ alloc t1 t2∈ �|δ(
exec(0,∞)

{|P |1} ∃γ. Arrayγ[I ] |τ|1 {|P |1?γ→N})|1�G|1,k

Unfold the definition.
Pick g ′ ⊇G|1,k ′ ≤ k,k ′′ < k ′ and assume H Íg ′,k ′ |P |1 and H ;alloc t1 t2⇓k ′′

f
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STS: H ; v ⇓k ′′,c
f v ′, H ′ and 0 ≤ c ≤∞ and H ′ Íg ′′,k ′−k ′′ γ and v ′ ∈ �Arrayγ[I ] |τ|1�g ′′,k ′−k ′′

From H ;alloc t1 t2⇓k ′′
, because t1,t2 are sub terms of δσ alloc t1 t2,we get

δσt1 ⇓k1
f ∧δσt2 ⇓k2

f (1)

From (1), we get:

∃v1, v2,k1,k2.δσt1 ⇓k1,c1 v1 ∧δσt2 ⇓k2,c ′1 v2 ∧k ′′ = k1 +k2 +1∧ c = c1 + c ′1 + cal loc (a)

From (a) and evaluation rules we get:

∃l .H , (alloc t1 t2)δσ ⇓k ′′,c
f l ; H [l → [v2, . . . v2] (b)

By IH 3 on the first premise instantiated with σ ∈ �|δΓ′|1�g ,k ′′using lemma 1 and FV (t1) ⊆ dom(Γ′) and
Γ′ ⊆ Γ, we get:

(δσt1) ∈ �|δintr [I ]|1�E ,(0,∞)
g ′,k ′′ (*)

Unfold the definition of �int[I ]�E ,(0,∞)
g ′,k ′′ and using (a) and k1 ≤ k ′′, we know:

(v1) ∈ �int[I ]�G ′,k ′′−k1 ⇒ v1 = I ∧0 ≤ c1 ≤∞ IH1

By IH 3 on the second premise instantiated with (σ) ∈ �|δΓ′|1�g ′,k ′−k1 using lemma 1 and FV (t2) ⊆
dom(|Γ′|1) and Γ′ ⊆ Γ, we get:

(δσt2) ∈ �|δτ|1�E ,(0,∞)
g ′,k ′−k1

(**)

Unfold the definition of (**) and using (a), (b) and k2 ≤ k ′−k1, we know

(v2) ∈ �|δτ|1�g ′,k ′−k1−k2 = �|δτ|1�g ′,k ′−k ′′+1 ∧0 ≤ c ′1 ≤∞ IH2

Let us assume:

g ′′ = g ′[γ→ (l , |τ|1, I )] (c)

H ′
1 = H1,

[
l → [v2, v2, . . . , v2]

]
(d)

we want to show 2 cases.

TS1 (v ′ = l ) ∈ �Arrayγ[I ] |τ|1�g ′′,k ′−k ′′
it is proved by unfolding the definition and using the assumption (c).

TS2 (H ′
1) Íg ′′,k ′−k ′′ |P |1?γ→N

we know that g ′′(γ) = (l , |τ|1, I ) , H ′
1 = H1 ]Hl ∧Hl = l → [v2, . . . , v2], H1 Í |P |1 from assumption.

STS1 ∀i ≤ I , (Hl (l )[i ] ∈ �A�g ′′,k ′−k ′′−1

It is proved by using IH2 and Lemma 1.

TS3 0 ≤ c ≤∞
It is proved by IH1 and IH2 and 0 ≤ cal loc ≤∞.

TS4: ∃n.|P |1 = {γ1 → T1, . . . ,γn → Tn}∧∀i ∈ [1,n].g (γi ) = (li , A,m) ⇒∀ j .(H [li ][ j ]) 6= H ′[li ][ j ] ⇒ j ∈ Ti

Because γ not in |P |1. For all γi , H,H’ is the same.

This proof is complete.

CASE

∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ
Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : intr [I ′] ∆;Φ |= I ′ ≤ I

Σ;∆;Φ;Γ` read t1 t2 ª read t ′1 t ′2 . 0 :
diff(D1+D2)

{P } ∃_.τ {P }

R-READ
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Assume that ÍΦδ and there exists Γ′ s.t. FV(read t1 t2) ⊆ dom(Γ′),Γ′ ⊆ Γ and σ ∈ �|δΓ′|1�G|1,k

TS: δσ read t1 t2∈ �|δ(
exec(0,∞)

{|P |1} ∃_.|τ|1 {|P |1})|1�E ,(0,∞)
G|1,k

STS: δσ alloc t1 t2∈ �|δ(
exec(0,∞)

{|P |1} ∃_.|τ|1 {|P |1})|1�G|1,k

Unfold the definition.
Pick g ′ ⊇G|1,k ′ ≤ k,k ′′ < k ′ and assume H Íg ′,k ′ |P |1 and H ;read t1 t2⇓k ′′

f

STS: H ;read t1 t2⇓k ′′,c
f v ′, H ′ and 0 ≤ c ≤∞ and H ′ Íg ′′,k ′−k ′′ γ and v ′ ∈ �|τ|1�g ′′,k ′−k ′′

From H ;read t1 t2⇓k ′′
, because t1,t2 are sub terms of δσ read t1 t2,we get

δσt1 ⇓k1
f ∧δσt2 ⇓k2

f (1)

From (1), we get:

∃l ,n, v,k1,k2.δσt1 ⇓k1,c1 l ∧δσt2 ⇓k2,c ′1 n ∧k ′′ = k1 +k2 +1∧ c = c1 + c ′1 + cr ead ∧H(l )[n] = v (a)

From (a) and evaluation rules we get:

H ;δσ(read t1 t2) ⇓k ′′,c
f H ; v (b)

By IH 3 on the first premise instantiated with σ ∈ �|δΓ′|1�g ,k ′′using lemma 1 and FV (t1) ⊆ dom(Γ′) and
Γ′ ⊆ Γ, we get:

(δσt1) ∈ �Arrayγ[I ] |τ|1�E ,(0,∞)
g ′,k ′ (6)

Unfold (6), since k1 ≤ k ′ and δσ1t1 ⇓k1,c1 l , we know

l ∈ �Arrayγ[I ] |τ|1�g ′,k ′−k1 ∧0 ≤ c1 ≤∞ (e)

From (e), we know :
g ′(γ) = (l , |τ|1, I ) (7)

By IH 3 on the first premise instantiated with σ ∈ �|δΓ′|1�g ,k ′′using lemma 1 and FV (t2) ⊆ dom(Γ′) and
Γ′ ⊆ Γ, we get:

(δσ1t ′2) ∈ �int[I ′]�E ,(0,∞)
g ′,k ′ (8)

Unfold (8), since k2 ≤ k ′ ,we know

n ∈ �int[I ′]�g ′,k ′−k2 ⇒ n = I ′∧0 ≤ c ′1 ≤∞ (f)

Let us assume:

g ′ = g ′ (g)

STS1: H Íg ′,k ′−k ′′ |P |1
proved by Lemma 1 on assumption H Íg ′,k ′ |P |1

STS2: (v ′ = v) ∈ �|τ|1�g ′,k ′−k ′′
from (a). we know H1(l )[n] = v
From H Íg ′,k ′−k ′′ γ we know:
∀i ≤ n, (H1(l )(i )) ∈ �A�g ′,k ′−1

s.t we know
(H1(l )[n]) ∈ �A�g ′,k ′−1

Because k ′−k ′′ ≤ k ′−1,
By Lemma 1, We get: v ∈ �A�g ′,k ′−k ′′

STS3: 0 ≤ c ≤∞
by the fact that 0 ≤ cr ead ≤∞, it is proved by (e)(f).
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STS4: ∃n.|P |1 = {γ1 → T1, . . . ,γn → Tn}∧∀i ∈ [1,n].g (γi ) = (li , A,m) ⇒∀ j .(H [li ][ j ]) 6= H ′[li ][ j ] ⇒ j ∈ Ti

H is not changed , it is trivially true.

This completes the proof of case read.

CASE

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ
Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : int[I ′] ∆;Φ |= I ′ ≤ I ∆;Φ |= I ′ ∈β

Σ;∆;Φ;Γ` read t1 t2 ª read t ′1 t ′2 . 0 :
diff(D1+D2)

{γ→β} ∃_.äτ {γ→β}

R-RB

The proof is same as case read above.

CASE

Σ;∆;Φ;Γ` t1 ª t ′1 .D1 : Arrayγ[I ] τ
Σ;∆;Φ;Γ` t2 ª t ′2 .D2 : int[I ′] Σ;∆;Φ;Γ` t3 ª t ′3 .D3 : τ ∆;Φ |= I ′ ≤ I

Σ;∆;Φ;Γ` updt t1 t2 t3 ªupdt t ′1 t ′2 t ′3 . 0 :
diff(D1+D2+D3)

{P ?γ→β} ∃_ : unitr {P ?γ→β∪ {I ′}}

R-U

Assume that ÍΦδ and there exists Γ′ s.t. FV(updt t1 t2 t3) ⊆ dom(Γ′),Γ′ ⊆ Γ and σ ∈ �|δΓ′|1�G|1,k

TS: δσ updt t1 t2 t3∈ �|δ(
exec(0,∞)

{|P |1?γ→N} ∃_.|unitr |1 {|P |1?γ→N})|1�E ,(0,∞)
G|1,k

STS: δσ updt t1 t2 t3∈ �|δ(
exec(0,∞)

{|P |1?γ→N} ∃_.|unitr |1 {|P |1?γ→N})|1�G|1,k

Unfold the definition.
Pick g ′ ⊇G|1,k ′ ≤ k,k ′′ < k ′ and assume H Íg ′,k ′ |P |i ?γ→N and H ;updt t1 t2 t3↓k ′′

f

STS: H ;updt t1 t2 t3⇓k ′′,c
f v ′, H ′ and 0 ≤ c ≤∞ and H ′ Íg ′′,k ′−k ′′ γ and v ′ ∈ �|unitr |1�g ′′,k ′−k ′′

From H ;updt t1 t2 t3⇓k ′′
, because t1,t2 are sub terms of δσ updt t1 t2 t3,we get

δσt1 ⇓k1
f ∧δσt2 ⇓k2

f ∧δσt3 ⇓k3
f (1)

From (1), we get:

∃l ,n, v,k1,k2,k3.δσt1 ⇓k1,c1 l ∧δσt2 ⇓k2,c ′1 n ∧δσt3 ⇓k3,c ′′1 v∧
k ′′ = k1 +k2 +k3 +1∧ c = c1 + c ′1 + c ′′1 + cupd ate (a)

From (a) and evaluation rules we get:

H ;δσ(updt t1 t2 t3) ⇓k ′′,c
f H [l ][n] ← v ; () (b)

By IH 3 on the first premise instantiated with σ ∈ �|δΓ′|1�g ,k ′′using lemma 1 and FV (t2) ⊆ dom(Γ′) and
Γ′ ⊆ Γ, we get:

(δσt1) ∈ �Arrayγ[I ] |τ|1�E ,(0,∞)
G ′,k ′ (2)

Similarly, By IH 3 on the second premise and third premise, we get

(δσt2) ∈ �|int[I ]|1�E ,(0,∞)
g ′,k ′ (3)

(δσt3) ∈ �|τ|1�E ,(0,∞)
g ′,k ′ (4)

From (2),(3),(4), we know:

l ∈ �Arrayγ[I ] A�g ′,k ′−k1 ⇒ g ′(γ) = (l , A, I )∧0 ≤ c1 ≤∞ (c)

n ∈ �int[I ]�g ,k ′−k2 ⇒ n = I ∧0 ≤ c ′1 ≤∞ (d)

v ∈ �A�g ′,k ′−k3 ∧0 ≤ c ′′1 ≤∞ (e)

Let us assume:

g ′′ = g ′ (5)

H ′
1 = H(l )[n] ← v (6)
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STS1: (H ′
1) Íg ′,k ′−k ′′ |P |1?γ→N

H1 = Hp ]Hl , H ′
1 = Hp ]Hl (l ) ← v

From assumption H1 Í |P |1?γ→N

STS: H ′
l = Hl (l ) ← v Í γ→N, which is proved by the assumption that Hl Í γ→N

STS2:
(
()

) ∈ �unit�g ′,k ′−k ′′
It is proved by unfolding the definition.

STS3: 0 ≤ c ≤∞
by the fact that δLu ≤ cupd ate ≤ δUu , it is proved by (c)(d)(e).

STS4: ∃n.|P |i?γ→N= {γ1 → T1, . . . ,γn → Tn}∧∀i ∈ [1,n].g (γi ) = (li , A,m) ⇒∀ j .(H [li ][ j ]) 6= H ′[li ][ j ] ⇒
j ∈ Ti

When li 6= l , the heap is not changed. it is true;
When li = l , H(l )[n] 6= H ′(l )[n], To show n ∈β, which the premise in the typing rule.

This completes the proof of case unary update.

CASE
Σ;∆;Φ;Γ` t1 ª t2 .D : τ

Σ;∆;Φ;Γ` return t1 ª return t2 . 0 :
diff(D)

{P } ∃_.τ {P }

R-T

Assume that ÍΦδ and there exists Γ′ s.t. FV(return t1) ⊆ dom(Γ′),Γ′ ⊆ Γ and σ ∈ �|δΓ′|1�G|1,k

TS: δσ return t1∈ �|δ(
exec(0,∞)

{|P |1} ∃_.|τ|1 {|P |1})|1�E ,(0,∞)
G|1,k

STS: δσ return t1∈ �|δ(
exec(0,∞)

{|P |1} ∃_.|τ|1 {|P |1})|1�G|1,k

Unfold the definition.
Pick g ′ ⊇G|1,k ′ ≤ k,k ′′ < k ′ and assume H Íg ′,k ′ |P |1 and H ;return t1⇓k ′′

f

STS: H ;return t1⇓k ′′,c
f v ′, H ′ and 0 ≤ c ≤∞ and H ′ Íg ′′,k ′−k ′′ γ and v ′ ∈ �|τ|1�g ′′,k ′−k ′′

Because t1 is the subterm of return t1 ,we know:

δσ1t1 ⇓k ′′
(3)

(2.6)

From (3), we know:

∃v1,k1,δσ1t1 ⇓k1,c1 v1 ∧k ′′ = k1 +1∧ c = c1 + cr et (a)

From (a),(b) and the evaluation rule R-ret:

H1;return t1⇓k ′′,c
f v1; H1 (b)

By IH 3 on the first premise instantiated with σ ∈ �|δΓ′|1�g ,k ′′using lemma 1 and FV (t2) ⊆ dom(Γ′) and
Γ′ ⊆ Γ, we get:

(δσt1) ∈ �|δτ|1�E ,(0,∞)
G ′,k ′ (5)

Unfold (5), we get:

v1 ∈ LδAMg ′,k ′−k1 ∧0 ≤ c1 ≤∞ (6)

Let us assume:

g ′′ = g ′ (7)

H ′
1 = H1 (8)

STS1: H1 Íg ′,k ′−k ′′ |P |1
It is proved by the assumption on Lemma (monotonicity).
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STS2: (v1) ∈ L|τ|1Mg ′,k ′−k ′′
It is proved by (6) using Lemma 1.

STS3: 0 ≤ c ≤∞ which is proved from (6)

STS4: ∃n.|P |1 = {γ1 → T1, . . . ,γn → Tn}∧∀i ∈ [1,n].g (γi ) = (li , A,m) ⇒∀ j .(H [li ][ j ]) 6= H ′[li ][ j ] ⇒ j ∈ Ti

H is not changed, it is true.

This completes the proof of case unary return.
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3 Example revisited

3.1 InPlaceMap

Example 1: In Place Map

InPlaceMap= fix map ( f ).λa.λk.λn.
if k ≤ n then

(
let {x} = (

read a k
)
in

let{_} = (
updt a k ( f x)

)
in

(
(celim (map f )) a (k +1)n

)
else return()

As a first example we want to prove

` InPlaceMap :
∀L.∀U :N.(

exec(L,U )
A −→ A′) −→∀n :N. ∀i :N. ∀γ : L.

(i ≤ n) ⊃ (
Arrayγ[n] A −→ int[i ] −→

exec((L+cr +cu )∗(n−i ),(U+cr +cu )∗(n−i ))
{γ→N} ∃_.unit {γ→N}

)
where cr is the cost for one reading operation and cu denotes the cost for one updating operation.//

` InPlaceMapª InPlaceMap. 0 :
∀r.ä(

diff(r )
τ−→ τ) −→∀n, i :N. ∀γ : ref. ∀β :P.

(i ≤ n) ⊃ (
Arrayγ[n] τ−→ int[i ] −→

diff((|β∩[i ,n]|∗r ))
{γ→β} ∃_.unit {γ→β}

)

` InPlaceMapª InPlaceMap. 0 :
∀r.(

diff(r )
τ−→ τ) −→∀n, i :N. ∀γ : ref. ∀β :P. (i ≤ n) ⊃(

Arrayγ[n] τ−→ int[i ] −→
diff(((n−i )∗r ))

{γ→β} ∃_.unit {γ→β∪ [i ,n]}
)

Let us call M the following term: (
celim(map f ) a (k +1)n

)
and call T the following term:(

let {x} = (
read a k

)
in let{_} = (

updt a i ( f x)
)

in (celim(map f ) a (k +1)n
))

and call Z the following term:

let{_} = (
updt a i ( f x)

)
in

(
celim(map f ) a (k +1)n

)
and set V as:

if k < n,then T else (return ())

Before we discussing the two types, we can apply simple rules first to make the relational type easy to
read. We apply R−i Lam and R−abs several times. Before we start to derivate the relational type of part
V , We apply relational rule R−Ci mpl to introduce the constraint i ≤ n into the constraint environment
Φ.

Type 1: Same function We have two possible cases, one is that position I ∈ β which means the values
in the two arrays of two runs may be different, the other case is I 6∈β, which means in index I, the
values are the same in the two arrays:

Before we go to the two cases, we will first apply R-split. We need to show two cases and their
types, with different constraint environmentΦ∧ i ∈β andΦ∧ i 6∈β respectively.
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Case 1: different values from read,Φ∧ i ∈β

∆;Φ;Γ` a ªa . 0 : Arrayγ[n] τ ∆;Φ;Γ` k ªk . 0 : int[i ]
∆;Φ |= i ≤ n ∆;` empty w f

∆;Φ;Γ` read a k ª read a k . 0 :
diff(0)

{γ→β} ∃_.τ {γ→β}

R-R

and

∆;Φ;Γ` a ªa . 0 : Arrayγ[n] τ ∆;Φ;Γ` k ªk . 0 : int[i ]
∆;Φ;Γ, x : τ` f x ª f x . r : τ ∆;Φ |= i ≤ n ∆;` empty w f

∆;Φ;Γ` updt a k ( f x)ªupdt a k ( f x). 0 :
diff(r )

{γ→β} ∃_ : unitr {γ→β∪ {i }}

R-U

where ∆= n :N, i :N,r :R
Σ= γ : L
Φ= i ≤ n

Γ = a :Arrayγ[n] τ,k : int[i ], f : ä(
diff((r ))
τ−→ τ),map : ä(

diff((r ))
τ−→ τ)

diff(0)−→ ∀n :N. ∀i :N. ∀γ : L. (i ≤

n) ⊃ (
Arrayγ[n] τ−→ int[i ] −→ int[n] −→

diff(|β∩[i ,n]|∗r )
{γ→β} unit {γ→β}

)
.

Because at position i, a1[i ] 6= a2[i ],s.t. β∪ {i } =β.
We will show:

S-RM

∆;Φ |=
diff(0)

{γ→β} ∃_ : unitr {γ→β} v
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ` return ()ª return (). 0 :
diff(0)

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ` return ()ª return (). 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

R-EXEC

∆;Φ;Γ` k < n ªk < n . 0 : unit+unit ∆;Φ;Γ` T ª T . 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ, {x : τ} `V ªV . 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

R-CASE

Using R-Let rules, we get

P2 = empty ∆;Φ;Γ` read a k ª read a k . 0 :
diff(0)

{γ→β} ∃_ : int {γ→β}

∆;Φ;Γ` Z ªZ . 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ, {x : int} ` T ªT . 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

R-LET

P2 = empty ∆;Φ;Γ` updt a k ( f x)ªupdt a k ( f x). 0 :
diff(r )

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ` M ªM . 0 :
diff(|β∩[i+1,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ` Z ªZ . 0 :
diff(|β∩[i+1,n]|∗r+r )

{γ→β} ∃_ : unitr {γ→β}

R-LET

Because i in β, we know: |β∩ [i +1,n]|∗ r + r = |β∩ [i ,n]| and β∪ {i } =β.
We want to show the typing of M. By applying R-IApp (when instantiating ∀i , we use i+1)
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and R-App(when instantiating λ.k, we use k+1), we can easily get

R-CELIM

∆;ΦÍ i +1 ≤ n ∆;ΦΓ` ((map f )
)ª ((map f )

)
. 0 :

(i +1 ≤ n) ⊃ (
Arrayγ[n] τ−→ int[i +1] −→ int[n] −→

diff(|β∩[i+1,n]|∗r )
{γ→β} ∃_ : unit {γ→β}

)
∆;Φ;Γ` (celim(map f )

)ª (celim(map f )
)
. 0 :

Arrayγ[n] τ→ int[i +1] → int[n] →
diff(|β∩[i+1,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ` (celim(map f ) a (k +1)n
)ª (celim(map f ) a (k +1)n

)
. 0 :

diff(|β∩[i+1,n]|∗r )
{γ→β} ∃_ : unitr {γ→β}

Case 2: the same value from read,Φ∧ i 6∈β
∆;Φ;Γ` a ªa . 0 : Arrayγ[n] τ

∆;Φ;Γ` k ªk . 0 : int[i ] ∆;Φ |= i ≤ n ∆;ΦÍ i 6∈β

∆;Φ;Γ` read a k ª read a k . 0 :
diff(0)

{γ→β} ∃_.äτ {γ→β}

R-RB

and

∆;Φ;Γ` a ªa . 0 : Arrayγ[n] τ ∆;Φ;Γ` k ªk . 0 : int[i ]

∆;Φ |=ä(
diff((r ))
τ−→ τ) v

diff((0))
äτ−→äτ S-R-BOX-DIFF

∆;Φ` f ª f . 0 :
diff((0))

äτ−→äτ
∆;Φ;Γx : äτ` f x ª f x . 0 : äτ ∆;Φ |= i ≤ n

∆;Φ;Γ,` updt a k ( f x)ªupdt a k ( f x). 0 :
diff(0)

{γ→β} ∃_ : unitr {γ→β/{i }}

R-UB

where ∆= n :N, i :N,r :R
Σ= γ : L
Φ= i ≤ n

Γ = a :Arrayγ[n] τ,k : int[i ], f : ä(
diff((r ))
τ−→ τ),map : ä(

diff((r ))
τ−→ τ)

diff(0)−→ ∀n :N. ∀i :N. ∀γ,β : . (i ≤

n) ⊃ (
Arrayγ[n] τ−→ int[i ] −→ int[n] −→∃β.

diff(|β∩[i ,n]|∗r )
{γ→β} unit {γ→β}

)
.

Because at position i, a1[i ] 6= a2[i ],s.t. β∪ {i } =β.

Using R-Let rules, we get

P2 = empty ∆;Φ;Γ` read a k ª read a k . 0 :
diff(0)

{γ→β} ∃_ : int {γ→β}

∆;Φ;Γ` Z ªZ . 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ, {x : int} ` T ªT . 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

R-LET

P2 = empty ∆;Φ;Γ` updt a k ( f x)ªupdt a k ( f x). 0 :
diff(0)

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ` M ªM . 0 :
diff(|β∩[i+1,n]|∗r )

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ` Z ªZ . 0 :
diff(|S∩[i+1,n]|∗r+0)

{γ→β} ∃_ : unitr {γ→β}

R-LET

Because i not in β, we know: |β∩ [i +1,n]|∗ r +0 = |β∩ [i ,n]| .
The type of M is the same as we showed in previous case.
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Type 2: Different functions :

` InPlaceMapª InPlaceMap. 0 :
∀r :N.(

diff((r ))
τ−→ τ) −→∀n :N. ∀i :N. ∀γ : L. ∀β :P.

(i ≤ n) ⊃ (
Arrayγ[n] τ−→ int[i ] −→

diff(((n−i )∗r ))
{γ→β} unit {γ→β∪ [i ,n]}

)
Let start with read and update from index k.

∆;Φ;Γ` a ªa . 0 : Arrayγ[n] τ
∆;Φ;Γ` k ªk . 0 : int[i ] ∆;Φ |= i ≤ n ∆;` empty w f

∆;Φ;Γ` read a k ª read a k . 0 :
diff(0)

{γ→β} ∃_.τ {γ→β}

R-R

and

∆;Φ;Γ` a ªa . 0 : Arrayγ[n] τ
∆;Φ;Γ` k ªk . 0 : int[i ] ∆;Φ;Γ, x : τ` f x ª f x . r : τ ∆;Φ |= i ≤ n ∆;` empty w f

∆;Φ;Γ` updt a k ( f x)ªupdt a k ( f x). 0 :
diff(r )

{γ→β} ∃_ : unitr {γ→β∪ {i }}

R-U

where ∆= n :N, i :N,r :R
Σ= γ : L
Φ= i ≤ n

Γ= a :Arrayγ[n] τ,k : int[i ], f : (
diff((r ))
τ−→ τ),

map : (
diff((r ))
τ−→ τ) →∀n, i ,γ,β.(i ≤ n) ⊃ (

Arrayγ[n] τ→ int[i ] → int[n]
diff((n−i )∗r )

{γ→β} unit {γ→β∪ [i ,n]}
)
.

We will show:

S-RM

|=
diff(0)

{γ→β} ∃_ : unitr {γ→β} v
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β∪ [i ,n]}

∆;Φ;Γ` return ()ª return (). 0 :
diff(0)

{γ→β} ∃_ : unitr {γ→β}

∆;Φ;Γ` return ()ª return (). 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β∪ [i ,n]}

R-EXEC

∆;Φ;Γ` k < n ªk < n . 0 : unit+unit ∆;Φ;Γ` T ª T . 0 :
diff(|β∩[i ,n]|∗r )

{γ→ S} ∃_ : unitr {γ→β∪ [i ,n]}

∆;Φ;Γ, {x : τ} `V ªV . 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β∪ [i ,n]}

R-CASE

Using R-Let rules,instantiate P1 with {γ→β} and P2 = empty,Q = {γ→β∪ [i ,n]}, we get

∆;Φ;Γ` read a k ª read a k . 0 :
diff(0)

{γ→β} ∃_ : int {γ→β}

∆;Φ;Γ` Z ªZ . 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β∪ [i ,n]}

∆;Φ;Γ, {x : int} ` T ªT . 0 :
diff(|β∩[i ,n]|∗r )

{γ→β} ∃_ : unitr {γ→β∪ [i ,n]}

R-LET

Because we know: (β∪ {i })∩ [i +1,n] =β∩ [i +1,n] and β∪ {i }∪ [i +1,n] =β∪ [i ,n] .
Using R-Let rules,instantiate P1 with {γ→ β} and P2 = empty,Q1 = {γ→ β∪ {i }},Q2 = empty,Q =
{γ→β∪ {i }∪ [i +1,n]}, we get

∆;Φ;Γ` updt a k ( f x)ªupdt a k ( f x). 0 :
diff(r )

{γ→β} ∃_ : unitr {γ→β∪ {i }}

∆;Φ;Γ` M ªM . 0 :
diff(|(β∪{i })∩[i+1,n]|∗r )

{γ→β∪ {i }} ∃_ : unitr {γ→β∪ {i }∪ [i +1,n]}

∆;Φ;Γ` Z ªZ . 0 :
diff(|β∩[i+1,n]|∗r+r )

{γ→ S} ∃_ : unitr {γ→β∪ [i ,n]}

R-LET
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We want to show the typing of M. By applying R − I App, instantiating β with β∪ {i } and i with
i +1. Then apply R − App (instantiating k with k +1) several times, we can easily get

∆;Φ;Γ` (celim(map f ) a (k +1)n
)ª (celim(map f ) a (k +1)n

)
. 0 :

diff(|β∩[i+1,n]|∗r )
{γ→β∪ {i }} ∃_ : unitr {γ→β∪ [i ,n]}

When apply R −Celi m, We also check the constraint i +1 ≤ n.
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3.2 MergeSort

copy = �x cp (_).Λ.Λ.Λ.Λ.Λ.λx.λy.λl .λu.

if l ≤ u then

let {a} = (
read x l

)
in

let{_} = (
updt y l a

)
in(

celim(cp() [] [] [] [] []) x y (l +1)u
)

else return()

Type 1: copy S ∩ [l ,u] =;

` copyªcopy . 0 :

∀n,L,U ,γ1,γ2,S,S′. L ≤U ≤ n ∧S′∩ [L,U ] =;⊃
Arrayγ1

[n] U (int, int)→Arrayγ2
[n] U (int, int)

→ int[L] → int[U ] →
diff(0)

{γ1 → S,γ2 → S′} ∃_.unit {γ1 → S,γ2 →N}

Type 2: copy S ∩ [l ,u] 6= ;

` copyªcopy . 0 :
∀n,L,U ,γ1,γ2,S. L ≤U ≤ n ⊃Arrayγ1

[n] U (int, int)→Arrayγ2
[n] U (int, int)

→ int[L] → int[U ] →
diff(0)

{γ1 → S,γ2 →N} ∃_.unit {γ1 → S ∪ [L,U ],γ2 →N}
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mergelp =fix mg (_).λ.(k : int[K ]).λa :Arrayγ1
[n] int .

λls : int[i ],λle : int[ j ],λrs : int[m],λre : int[u].λb :Arrayγ2
[n] int .

if ls < le then

if rs < re then

let {x} = (read a ls ) in

let {y} = (read a rs ) in

ifx < y then(
let {_} = (updt b k x) in(

(celimmg () (k +1)) a (ls +1) le rs re b
))

else(
let {_} = (updt b k y) in(

(celimmg () (k +1)) a ls le (rs +1)re , b
))

else(
let{x} = (read a ls ) in

let{_} = (updt b k x) in(
(celimmg () (k +1)) a (ls +1) le rs re b

))
else

ifrs < re(
let{x} = (read a rs ) in

let{_} = (updt b k x) in(
(celimmg () (k +1)) a ls le (rs +1)re b

))
else (return())

`mergelp :
∀n, ls , le ,rs ,re ,K ,γ,γ′.ls ≤ le ≤ rs ≤ re ≤ n ⊃ unitr → int[K ] →Arrayγ[n] int→ int[ls ] →
int[le ] → int[rs ] → int[re ] →Arrayγ′ [n] int→

exec(U ,L)
{γ→;,γ′ → [K ,re ]} ∃_.unit {γ,γ′}

L = (cr + cr + cu)∗mi n(le − ls ,re − rs )+ (cr + cu)∗max(le − lr ,re −es )
U = (cr + cr + cu)∗ ((le − ls )+ (re − rs ))

In mergelp, we have 4 positions in the input array, ls , le indicating the left part of the array, rs ,re for
right part. we need to merge the two part, which means total (le − ls ) elements for left part of the input
array and (re − rs ) elements for right part. In the body of mer g el p , for every element to be merged and
added to the buffer array, there are two possible different branches: in one branch (if ls < le ∧ rs < re ,
which means we still have elements waiting to be merged in both left and right parts), the cost will be
cr + cr + cu , cr for the cost of read from the input array, cu for the cost of updating the buffer array. in
the other branch, (either ls < le or rs < re , we need to only merge one part into buffer array), the cost is
cr + cu .

For the L, the minimal possible cost is that we run out the shorter part (mi n(le − ls ,re −rs )) with the
cost of cr +cr +cu first and then merge the rest part with the cost of cr +cu . For the maximal cost, merge
all the elements with the cost of cr +cr +cu . If we consider the cost for update as 1 unit cost and cost for
read is 1 unit cost, cr + cr + cu = 3,cr + cu = 2.
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Type 1: mergeLp S ∩ [K ,re ] =;

`mergelp ªmergelp . 0 :

∀n, ls , le ,rs ,re ,K ,γ,γ′.ls ≤ le ≤ rs ≤ re ≤ n ∧S ∩ [K ,re ] =;
⊃ unitr → int[K ] →Arrayγ[n] U (int, int)→ int[ls ] → int[le ] → int[rs ]
→ int[re ] →Arrayγ′ [n] U (int, int)

→
diff(0)

{γ→ S,γ′ →N} ∃_.unit {γ→ S,γ′ →N\ [l ,u]}

Because in the range [K ,re ], all the values in the two arrays are exact the same, the two programs
will go to the same branch for every step.
In the read rule, i equals to either ls or rs .

∆;Φ;Γ` a ªa . 0 : Arrayγ[n] τ
∆;Φ;Γ` ls [rs ]ª ls [rs ]. 0 : int[i ] ∆;Φ |= i ≤ n ∆;Φ` empty w f

∆;Φ;Γ` read a ls [rs ]ª read a ls [rs ]. 0 :
diff(0)

{γ→ S} ∃_.τ {γ→ S}

R-R

and

∆;Φ;Γ` b ªb . 0 : Arrayγ′ [n] τ
∆;Φ;Γ` k ªk . 0 : int[i ] ∆;Φ;Γ, x : τ` x ªx . 0 : int ∆;Φ |= i ≤ n ∆;Φ` empty w f

∆;Φ;Γ` updt b k x[y]ªupdt b k x[y]. 0 :
diff(0)

{γ′ → N } ∃_ : unitr {γ′ → N ∪ [i ]}

R-U

Using R-Case for two times, we have four similar cases, we will have a look at one of them.

∆;Φ;Γ` (celim(mg ())k +1 a (ls +1) le rs rs ª (celim(mg ())k +1 a (ls +1) le rs rs . 0 :

Its type is
diff(0)

{γ→ S,γ′ → N } ∃_ : unitr {γ→ S,γ′ → N } . By applying R−Celi m to check the constraint
and then applying R − I app and R − App for several times.

Type 2: mergeLp S ∩ [K ,re ] 6= ;
Because if S ∩ [K ,re ] 6= ;, mer g el p in the two runs are likely to go into different branches at any
step, We will use R-S to handle this cases because the two runs are likely to go to different branches
in every step.

∆;Φ; |Γ|1 `0
0 mergelp ()k a ls le rs re b :

exec(L,U )

{γ→;,γ′ → [K ,re ]} ∃_ : unit {γ,γ′}

∆;Φ; |Γ|2 `0
0 mergelp ()k a ls le rs re b :

exec(L,U )

{γ→;,γ′ → [K ,re ]} ∃_ : unit {γ,γ′}
∆;Φ;Γ`mergelp ()k a ls le rs re b ªmergelp ()k a ls le rs re b . 0 :

U (
exec(L,U )

{γ→;,γ′ → [K ,re ]} ∃_ : unit {γ,γ′},
exec(L,U )

{γ→;,γ′ → [K ,re ]} ∃_ : unit {γ,γ′})

R-S

and we know from S-RUM.

|=U (
exec(L,U )

{γ,γ′ → [K ,re ]} ∃_ : unit {γ,γ′},
exec(L,U )

{γ,γ′ → [L,U ]} ∃_ : unit {γ,γ′}) v
diff(U−L)

{γ→ S,γ′ → S′} ∃_ : unitr {γ→ S,γ′ → S′∪ [K ,re ]}

`mergelp ªmergelp . 0 :

∀n, ls , le ,rs ,re ,K ,γ,γ′.ls ≤ le ≤ rs ≤ re ≤ n ⊃ unitr → int[K ] →Arrayγ[n] U (int, int)
→ int[ls ] → int[le ] → int[rs ] → int[re ] →Arrayγ′ [n] U (int, int)

→
diff((U−L))

{γ→ S,γ′ →N} ∃_.unit {γ→ S,γ′ →N∪ [K ,re ]}
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Function merge

merge=λa.λb.λl .λu.λmi d .

let {_} = (
cel i m (mer g el p () l ) a l mi d mi d +1 u b

)
in

(cel i m copy l ) a b u
)
.

Type 1: merge S ∩ [K ,re ] =;→ S ∩ [l ,u] =;

`mergeªmerge. 0 :
∀n, l ,m,u,γ,γ′,S.l ≤ m ≤ u ≤ n ∧S ∩ [l ,u] =;⊃Arrayγ[n] U (int, int)→
Arrayγ′ [n] U (int, int)→ int[l ] → int[m] → int[u] →

diff(0)
{γ→ S,γ′ →N} ∃_.unit {γ→ S,γ′ →N}

R-LET

` cel i m mer g el p l a l m (m +1) u b ª cel i m mer g el p l a l m (m +1) u b . 0 :
diff(0)

{γ→ S,γ′ →N} ∃_.unit {γ→ S,γ′ →N\ [l ,u]}

∆;Φ;Γ` celim copy l a b u ªcelim copy l a b u . 0 :
diff(0)

{γ→ S,γ′ →N\ [l ,u]} ∃_.unit {γ→ S,γ′ →N\ [l ,u]}

∆;Φ;Γ`merge a b l m u ªmerge a b l m u . 0 :
diff(0)

{γ→ S,γ′ →N} ∃_.unit {γ→ S,γ′ →N}

we know: |=N/[l ,u] vN, By S-RM, we can get the post condition of mer g e to be

{γ→ S,γ′ →N}

Type 2:merge S ∩ [K ,re ] 6= ;→ S ∩ [l ,u] 6= ;

`mergeªmerge. 0 :
∀n, l ,m,u,γ,γ′,S.l ≤ m ≤ u ≤ n ⊃Arrayγ[n] U (int, int)→Arrayγ′ [n] U (int, int)→ int[l ] →
int[m] → int[u] →

diff(max(m−l ,u−(m+1))
{γ→ S,γ′ →N} ∃_.unit {γ→ S ∪ [l ,u],γ′ →N}

R-LET

∆;Φ;Γ` celim mergelp l a l m (m +1) u b ªcelim mergelp l a l m (m +1) u b . 0 :
diff(max(m−l ,u−(m+1))

{γ→ S,γ′ →N} ∃_.unit {γ→ S,γ′ →N∪ [l ,u]}

∆;Φ;Γ` celim copy l a b u ªcelim copy l a b u . 0 :
diff(0)

{γ→ S,γ′ →N} ∃_.unit {γ→ S ∪ [l ,u],γ′ →N}

∆;Φ;Γ`merge a b l m u ªmerge a b l m u . 0 :
diff(max(m−l ,u−(m+1))

{γ→ S,γ′ →N} ∃_.unit {γ→ S ∪ [l ,u],γ′ →N}

msort

msort= fix sort (a :Arrayγ1
[n] τ)b :Arrayγ2

[n] τ .λl .λu.

if(l ≥ u) then(
return()

)
else

(
let _ = (

cel i m (sor t ) a b l (l +b(u − l )/2c)
)

in

let _ = (
cel i m (sor t ) a b (l +b(u − l )/2c+1) u

)
in(

cel i m mer g e a b l (l +b(u − l )/2c) u
))

` msort :
∀n, l ,u,γ,γ′.l ≤ u ≤ n ⊃Arrayγ[n] int

→ int[l ] → int[u] →Arrayγ′ [n] int→
exec(0,(u−l )∗l og (u−l ))

{γ→ [l ,u],γ′ → [l ,u]} ∃_.unit {γ,γ′}
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Let us call M the following term:

celim mer g e a b l (l +b(u − l )/2c) u

and call S1 the following term:
celim (sor t ) a b l l +b(u − l )/2c

and call S2 the following term:

celim (sor t ) a b l +b(u − l )/2c+1 u

and call Z the following term:
let_ = S1 in let _ = S2 in M

and set V as:
if l = u,then (return ())else Z

Type 1: msort S ∩ [l ,u] =;

`msortªmsort. 0 :
∀n, l ,u,γ,γ′ :N,S.l ≤ u ≤ n ∧S ∩ [l ,u] =;⊃Arrayγ[n] U (int, int)→ int[l ] → int[u]

→Arrayγ′ [n] U (int, int)→
diff(0)

{γ→ S,γ′ →N} ∃_.unit {γ→ S,γ′ →N}

∆;Φ;Γ` S2ªS2. 0 :
diff(0)

{γ→ S,γ→N} ∃_ : unitr {γ→ S,γ→N}

∆;Φ;Γ` M ªM . 0 :
diff(0)

{γ→ S,γ→N} ∃_ : unitr {γ→ S,γ→N} P2 = empty

∆;Φ;Γ` let_ = S2 i n M ª let_ = S2 i nM . 0 :
diff(0)

{γ→ S,γ→N} ∃_ : unitr {γ→ S,γ→N}

R-LET

∆;Φ;Γ` S1ªS1. 0 :
diff(0)

{γ→ S,γ→N} ∃_ : unitr {γ→ S,γ→N} P2 = empty

∆;Φ;Γ` Z ªZ . 0 :
diff(0)

{γ→ S,γ→N} ∃_ : unitr {γ→ S,γ→N}

R-LET

∆;Φ;Γ` l = u ª l = u . 0 : unit+unit

∆;Φ;Γ` return ()ª return (). 0 :
diff(0)

{γ→ S,γ→N} ∃_ : unitr {γ→ S,γ→N}

∆;Φ;Γ`V ªV . 0 :
diff(0)

{γ→ S,γ→N} ∃_ : unitr {γ→ S,γ→N}

R-CASE

Type 2: msort S ∩ [l ,u] 6= ;

`msortªmsort. 0 :
∀n, l ,u,γ,γ′ :N,S.l ≤ u ≤ n ⊃Arrayγ[n] U (int, int)→ int[l ] → int[u]

→Arrayγ′ [n] U (int, int)→
diff(Q(u−l+1,|S∩[l ,u]|))

{γ→ S,γ′ →N} ∃_.unit {γ→ S ∪ [l ,u],γ′ →N}

where
Q(n,α) =ΣH

i=0h(d2i−1e).mi n(α,2H−i ), H = dlog2(n)e

S-RM

|=
diff(0)

{γ→ S,γ′ →N} ∃_ : unitr {γ→ S,γ′ →N} v
diff(Q(u−l+1,|S∩[l ,u]|))

{γ→ S,γ′ →N} ∃_ : unitr {γ→ S ∪ [l ,u],γ′ →N}

∆;Φ;Γ` return ()ª return (). 0 :
diff(0)

{γ→ S,γ′ →N} ∃_ : unitr {γ→ S ∪ [l ,u],γ′ →N}

∆;Φ;Γ` return ()ª return (). 0 :
diff(Q(u−l+1,|S∩[l ,u]|))

{γ→ S,γ′ →N} ∃_ : unitr {γ→ S ∪ [l ,u],γ′ →N}

R-EXEC

∆;Φ;Γ` l = u ª l = u . 0 : unit+unit

∆;Φ;Γ` Z ªZ . 0 :
diff(Q(u−l+1,|S∩[l ,u]|))

{γ→ S,γ′ →N} ∃_ : unitr {γ→ S ∪ [l ,u],γ′ →N}

∆;Φ;Γ`V ªV . 0 :
diff(Q(u−l+1,|S∩[l ,u]|))

{γ→ S,γ′ →N} ∃_ : unitr {γ→ S ∪ [l ,u],γ′ →N}

R-CASE
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P2 = empty

∆;Φ;Γ` S2ªS2. 0 :
diff(Q(u−l−b(u−l )/2c,|S∩[l+b(u−l )/2c+1,u]|)

{γ→ S ∪ [l ,b(u − l )/2c],γ→N} ∃_ : unitr {γ→ S ∪ [l ,u],γ→N}

∆;Φ;Γ` M ªM . 0 :
diff(max((l+b(u−l )/2c)−l ,u−((l+b(u−l )/2c)+1))

{γ→ S ∪ [l ,u],γ→N} ∃_ : unitr {γ→ S ∪ [l ,u],γ→N}

∆;Φ;Γ` let_ = S2 i n M ª let_ = S2 i nM . 0 :
diff(Q(u−l−b(u−l )/2c,|S∩[l+b(u−l )/2c+1,u]|+(u−l ))

{γ→ S ∪ [l ,b(u − l )/2c],γ→N} ∃_ : unitr {γ→ S ∪ [l ,u],γ→N}

R-LET

P2 = empty ∆;Φ;Γ` S1ªS1. 0 :
diff(Q(b(u−l )/2c+1,|S∩[l ,l+b(u−l )/2c]|)

{γ→ S,γ→N} ∃_ : unitr {γ→ S ∪ [l ,b(u − l )/2c],γ→N}

∆;Φ;Γ` Z ªZ . 0 :
diff(Q(u−l+1,|S∩[l ,u]|)

{γ→ S,γ→N} ∃_ : unitr {γ→ S ∪ [l ,u],γ→N}

R-LET

If we simplify the relative cost for M , it is max((b(u− l )/2c),u− l − (b(u− l )/2c)+1) = du−l
2 e. Let us

look at the simplified version of msort:

msor t (i n, l ,u,bu f ) = msor t (i n, l , l +bu−l
2 c,bu f );

msor t (i n, l +bu−l
2 c+1,u,bu f );

mer g e(i n, l , l +bu−l
2 c+1,u,bu f ).

To show : Q(bu−l
2 c+1, |S ∩ [l , l +bu−l

2 c]|)+
Q(u − l −bu−l

2 c, |S ∩ [l +bu−l
2 c+1,u]|)+du−l

2 e
≤Q(u − l +1, |S ∩ [l ,u]|)
Let us simplify the inequality with n=l-u, α= |S ∩ [l , l +bu−l

2 c and β= |S ∩ [l +bu−l
2 c+1,u]|:

dn
2 e + Q(bn

2 c,α) + Q(dn
2 e,β) ≤ Q(n, α+β), it is arithmetically tautology

α+β 6= 0 because S ∩ [l ,u] 6= ;
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3.3 Naive String Search

Description: Given a long text string S :Arrayγ1
[N ] int and a shorter substring W :Arrayγ2

[M ] int to be
searched in S. There is an int array P :Arrayγ3

[N ] int which will store the matching result (1 as match,
0 as mismatch ) for the same index as the text string. For example, for index 1, there is a match with W
from index 1 in the text string S and P [1] = 1.

Helper function
Helper function will do the match process for one index m in s and update p[m], i will start from 0 till
the length of w (Q) if the prefix matches.

search= �x f (_).Λ.Λ.Λ.Λ.Λ.Λ.Λ.λs.λw.λm.λi .λlw .λp.

let {a} =read s (m + i ) in

let {b} =read w i in

if (i +1) == lw then

if a == b then . . . (1)

updt p m 1

else

updt p m 0

else

if a == b then . . . (2)

celim ( f () [] [] [] [] [] [] []) w m (i +1) lw p

else

updt p m 0

` search :

unit →∀γ1,γ2,γ3 : L.∀I , M ,Q, N :N.(I <Q < N ∧M + I < N ) ⊃Arrayγ1
[N ] int→

Arrayγ2
[Q] int→ int[M ] → int[I ] → int[Q] →Arrayγ3

[N ] int→
exec(cu+r,(Q−I )∗r+cu )

{γ1 →;,γ2 →;,γ3 → {M }} ∃_.unit {γ1 →;,γ2 →;,γ3 → {M }}

Notice, one thing to mention is that in the unary type, in the precondition, γ3 → {M }, it means before
helper is executed, it can only touch position M in p.

Where r is the cost of two reads and cu is the cost for update, w has length Q, s,p have length N .

` searchª search. 0 :

unitr →∀γ1,γ2,γ3 : L.∀I , M ,Q, N :N.∀β2,β3.(I <Q < N ∧M + I < N ) ⊂Arrayγ1
[N ] int

→Arrayγ2
[Q] int→ int[M ] → int[I ] → int[N ] → int[Q] →Arrayγ3

[N ] int→
diff((Q−1−mi n(M I N (β2∩[I ,∞)),Q−1))∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}

where M I N (bet a : set ) return the minimum element in the set bet a.
First, we will apply rule R-Fix-Ext.

Set σ = unit →∀γ1, · · ·
diff((Q−1−mi n(M I N (β2∩[I ,∞)),Q−1))∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}.

Set A1 = A2 = unit →∀γ1γ2,γ3 : L.∀I , M ,Q, N :N.(I <Q < N ∧M + I < N ) ⊃Arrayγ1
[N ] int→

Arrayγ2
[Q] int→ int[M ] → int[I ] → int[Q] →Arrayγ3

[N ] int→
exec(cu ,(Q−I−1)∗r+cu )

{γ3 → {M }} ∃_.unit {γ3 → {M }} .
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Set Γ= _ : unit, f :
diff(0)

unit −→σ, f U (A1, A2)

Γ`Λ. . . .λs. . . . .ªΛ. . . . .λs. . . . .. 0 :σ
|Γ|1 `0

0 Fix f (_).Λ. . . . .λs. . . . : A1 |Γ|2 `0
0 Fix f (_).Λ. . . . .λs. . . . : A2

Γ`Fix f (_).Λ. . . .ªFix f (_).Λ. . . .. 0 :
diff(0)

unit −→σ

R-FIX-EXT

We first show how do we get the unary type A1.

Set A1 = unit → B1. So B1 =∀γ1γ2,γ3 : L. . . . .

SetΩ= |Γ|1 = _ : unit, f : A1.

unary type

First, we apply U-fix rule.

Ω`0
0 Λ. . . . .λS. . . . : B1

Ω`0
0 Fix f (_).Λ. . . . : A1

U-FIX

Then, we apply rule U-ILam several times to introduce new index term into sort environment ∆.

Set ∆= γ1 : L,γ2 : L,γ2 : L, I :N, M :N, N :N,Q :N.

To introduce the constraint, apply U-CIMPL.Φ= (I <Q < N ∧M + I < N ).

Apply U-Abs several times to eliminate all the lambdas, we introduce variables into the unary con-
text, Ω = s :Arrayγ1

[N ] int, w :Arrayγ2
[Q] int,m : int[M ], i : int[I ], lw : int[Q], p :Arrayγ3

[N ] int . we will
show:

{γ3 → {M }} = {γ3 → {M }}?empty `0
0read s (m + i ):

exec(cr ,cr )
{γ3 → {M }} ∃_.int {γ3 → {M }}

∆;Φ; a : int,Ω`0
0 let {b} =read b (i ) · · · :

exec(cr +cu ,cr +(Q−I−1)∗r+cu )
{γ3 → {M }} ∃_.int {γ3 → {M }}

∆;Φ;Ω` let {a} =read s (m + i ) . . . :
exec(cu+r,(Q−I )∗r+cu )

{γ3 → {M }} ∃_.unit {γ3 → {M }}

U-LET

We apply U-Let again to introduce b into the unary environment. SetΩ′ = a : int,b : int,Ω.

We need to show the unary type of the first if term.

∆;Φ;Ω′ `0
0 if (a == b)(1) :

exec(cu ,(Q−I−1)∗r+cu )
{γ3 → {M }} ∃_.int {γ3 →N}

∆;Φ;Ω′ `0
0 if (a == b)(2) :

exec(cu ,(Q−I−1)∗r+cu )
{γ3 → {M }} ∃_.int {γ3 → {M }} `0

0 i +1 == lw : bool

∆;Φ;Ω′ `0
0 if (i +1) == lw thenif(a == b)(1)elseif(a == b)(2) :

exec(cu ,(Q−I−1)∗r+cu )
{γ3 → {M }} ∃_.int {γ3 → {M }}

U-CASE
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For if (2):

∆;Φ;Ω′ `0
0 celim ( f () [] [] [] [] [] [] []) w m (i +1) lw p :

exec(cu ,(Q−I−1)∗r+cu )
{γ3 → {M }} ∃_.int {γ3 → {M }}

∆;Φ;Ω′ `0
0 updt p m 0:

exec(cu ,(Q−I−1)∗r+cu )
{γ3 → {M }} ∃_.int {γ3 → {M }} `0

0 a == b : bool

∆;Φ;Ω′ `0
0 if (a == b)thencelim ( f () [] [] [] [] [] [] []) w m (i +1) lw p

else updt p m 0:
exec(cu ,(Q−I−1)∗r+cu )

{γ3 → {M }} ∃_.int {γ3 → {M }}

U-CASE

By applying U-app, U-Iapp, U-celim, we get the type for celim ( f () [] [] [] [] [] [] []) w m (i + 1) lw p is
exec(cu ,(Q−I−1)∗r+cu )

{γ3 → {M }} ∃_.int {γ3 → {M }}. Along with the constraint I +1 <Q < N ∧M + I +1 < N .

For the other branch, the term updt p m 0. We use U-X and subtyping rule S-A-MONAD.

∆;Φ;Ω′ `0
0updt p m 0:

exec(cu ,cu )
{γ3 → {M }} ∃_.int {γ3 → {M }}

∆;ΦÍ
exec(cu ,cu )

{γ3 → {M }} ∃_.int {γ3 → {M }}v
exec(cu ,(Q−I−1)∗r+cu )

{γ3 → {M }} ∃_.int {γ3 → {M }} ∆Í 0 ≤ 0 ∆Í 0 ≤ 0

∆;Φ;Ω′ `0
0updt p m 0:

exec(cu ,(Q−I−1)∗r+cu )
{γ3 → {M }} ∃_.int {γ3 → {M }}

U-EXEC

For if (1), it is similar by using U-exec and subtyping rule S-A-MONAD to make its type consistent
with if (2).

Relational type
There are two cases we need to consider for relational types. We first apply some simple relational rules
R-ILAM and R-ABS. Subscription 1 and 2 are used for the two runs. We apply R-CIMPL to introduce the
constraints into the constraint environmentΦ.

Set Z as the body of the function helper. where C = (I <Q < N ∧M + I < N ) and

τ=
diff((Q−1−mi n(M I N (β2∩[I ,∞)),Q−1))∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}.

To show the type of part Z, we will use the rule R-SPLIT first.

Σ;∆;Φ∧C ∧ I 6∈β2;Γ` Z ªZ . 0 : τ . . . (C ase 1)
Σ;∆;Φ∧C ∧ I ∈β2;Γ` Z ªZ . 0 : τ . . . (C ase 2)

Σ;∆;Φ∧C ;Γ` Z ªZ . 0 : τ
R-SPLIT

Case 1 I 6∈β2

Because I 6∈β2 ⇒ b1 = b2. We know a1 = a2,m1 = m2 and i1 = i2. The two runs will go to the same
path„ in the rest part of the proof, we thinkΦ′ =Φ∧ (I <Q < N ∧M + I < N )∧ i 6∈β2

After two reads, we will reach a if conditional.

R-READ

∆;Φ′;Γ` a ªa . 0 : Arrayγ[n] τ
∆;Φ′;Γ` k ªk . 0 : int[i ] ∆;Φ′ |= i ≤ n ∆;` empty w f

∆;Φ′;Γ` read S (m + i )ª read S (m + i ). 0 :
diff(0)

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.int {γ1 →;,γ2 →β2,γ3 →β3}

Set R as the outer if if(i +1 == lw )then (1) else (2).
Set V as let b =read W i in R.
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∆;Φ` i +1 == lw ª i +1 == lw . 0 : unit+unit

∆;Φ;Γ` (1)ª (1). 0 :
diff((Q−1−mi n(M I N (β2∩[I ,∞)),Q−1))∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}

∆;Φ;Γ` (2)ª (2). 0 :
diff((Q−1−mi n(M I N (β2∩[I ,∞)),Q−1))∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}

∆;Φ;Γ` R ªR . 0 :
diff((Q−1−mi n(M I N (β2∩[I ,∞)),Q−1))∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}

R-CASE

∆;Φ;Γ` read W i ª read W i . 0 :
diff(0)

{γ2 →β2} ∃_ : int {γ2 →β2} P2 = empty

∆;Φ;Γ`V ªV . 0 :
diff((Q−1−mi n(M I N (β2∩[I ,∞)),Q−1))∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}

R-LET

∆;Φ;Γ` read S (m + i )ª read S (m + i ). 0 :
diff(0)

{γ1 →;} ∃_ : int {γ1 →;} P2 = empty

∆;Φ;Γ` Z ªZ . 0 :
diff((Q−1−mi n(M I N (β2∩[I ,∞)),Q−1))∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}

R-LET

(a) The relative cost for (1) is 0, because the cost of update is the same. We use sub-typing rule
S-RM to make the types of two branches consistent.

(b)The relative cost of (2) depends on its first branch , which is a recursive call of the f func-
tion. We know that the relative cost is (Q − 1−mi n(M I N (β2 ∩ [I ,∞)),Q − 1))∗ r by using rela-
tional typing rules R-APP and R-Iapp . Because we already know i 6∈ β, it is easy to infer that
M I N (β2 ∩ [I ,∞)) = M I N (β2 ∩ [I +1,∞)).

Case 2 I ∈β2.
When i ∈ β2, b1 may not be the same as b2, which means the two runs may go to different
branches when reaching the if conditional. So we will switch to unary typing. From R-S, we know

the relative cost of helper is (Q−I−1)∗r , the type is still
diff((Q−1−mi n(M I N (β2∩[I ,∞)),Q−1))∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}.
Because i ∈β2, (Q −1−mi n(M I N (β2 ∩ [I ,∞)),Q −1)) = (Q − I −1).

We get the unary type of function helper from the context |Γ| and apply U-IAPP and U-APP to get
the unary type of the body:

exec(cu ,(Q−I−1)∗r+cu )
{γ3 → {M }} ∃_.unit {γ3 → {M }}

By applying unary subtyping rule S-UM, we know the following unary typing used in R-S.

∆;Φ; |Γ|1 `0
0 (1) :

exec(cu ,(Q−I−1)∗r+cu )
{γ3 → {M }} ∃_.unit {γ3 → {M }}

∆;Φ; |Γ|2 `0
0 (1) :

exec(cu ,(Q−I−1)∗r+cu )
{γ3 → {M }} ∃_.unit {γ3 → {M }}

∆;Φ;Γ` (1)ª (1). 0 : U (
exec(cu ,(Q−I−1)∗r+cu )

{γ3 → {M }} ∃_.unit {γ3 → {M }},
exec(cu ,(Q−I−1)∗r+cu )

{γ3 → {M }} ∃_.unit {γ3 → {M }})

R-S

|=U (
exec(cu ,(Q−I−1)∗r+cu )

{γ3 → {M }} ∃_.unit {γ3 → {M }},
exec(cu ,(Q−I−1)∗r+cu )

{γ3 → {M }} ∃_.unit {γ3 → {M }}) v
diff((Q−I−1)∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.U (unit,unit) {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}

By subtyping rule S-R-UNIT, we get the relational type.
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NSS function

NSS= �x F (S). λW.λm.λls .λlw .λP.

if (m + lw ) ≤ ls then

let {_} = (celim searchS W m 0 ls lw P ) in

F (S)W (m +1) ls lw P

else

return ()

`NSSªNSS. 0 :

∀M .∀γ1,γ2,γ3 : L.∀Q, N :N.(Q ≤ N ∧M +Q ≤ N ) ⊂Arrayγ1
[N ] int→

Arrayγ2
[Q] int→ int[M ] → int[N ] → int[Q] →Arrayγ3

[N ] int→
diff((Q−1−mi n(M I N (β2∩[0,∞),Q−1))∗r∗(N−M−Q))

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ [M , N ]}

For the type of NSS, we first apply R-FIX. Then we apply R-ILAM and R-ABS multiple times. Then after
we introduce the constraints (Q ≤ N ∧M +Q ≤ N ) into the constraint environment Φ, the cost comes
from the first branch.
Set K as (celim helper S W m 0 ls lw P )
Set Q as F (S)W (m +1) ls lw P .

Set X as let _ = (celim helper S W m 0 ls lw P ) in
F (S)W (m +1) ls lw P .

R-LET

{γ1 →;,γ2 →β2,γ3 →β3} = {γ1 →;,γ2 →β2,γ3 →β3}∗empty

∆;Φ;Γ` K ªK . 0 :
diff((Q−1−mi n(M I N (β2∩[0,∞),Q−1))∗r )

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }}

∆;Φ;Γ`Q ªQ . 0 :
diff((Q−1−mi n(M I N (β2∩[0,∞),Q−1))∗r∗(N−(M+1)−Q))

{γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ {M }∪ [M +1, N ]}

∆;Φ;Γ` X ªX . 0 :
diff((Q−1−mi n(M I N (β2∩[0,∞),Q−1))∗r∗(N−M−Q))

{γ1 →;,γ2 →β2,γ3 →β3} ∃_.unit {γ1 →;,γ2 →β2,γ3 →β3 ∪ [M , N ]}
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3.4 Boolean Or

BoolOr = �x f (_).Λ.Λ.Λ.Λ.λs. λm.λls .

if m < ls then

let {a} =read s m in

if a then

return tr ue

else

(celim f()[][][][]) s (m +1) ls

else

return f al se

` BoolOr :

unit →∀γ1 : L.∀M , N :N.(M ≤ N ) ⊃Arrayγ1
[N ] bool→

int[M ] → int[N ] →
exec(3,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;}

`BoolOrªBoolOr. 0 :

unitr →∀γ1 : L.∀M , N :N.∀β1.(M ≤ N ) ⊃Arrayγ1
[N ] U (bool,bool)

→ int[M ] → int[N ] →
diff((N−1−mi n(M I N (β1∩[M ,∞)),N ))∗3+1)

{γ1 →β1} ∃_.U (bool,bool) {γ1 →β1}

For the relational type, we show the type derivation on case analysis using R-Split rule.

Set Z as the body of the function. where C = (M ≤ N ) and τ=
diff((N−1−mi n(M I N (β1∩[M ,∞),N ))∗3+1)

{γ1 →β1} ∃_.U (bool,bool) {γ1 →β1}.

To show the type of part Z, we will use the rule R-SPLIT first.

Σ;∆;Φ∧C ∧M 6∈β1;Γ` Z ªZ . 0 : τ . . . (C ase 1)
Σ;∆;Φ∧C ∧M ∈β1;Γ` Z ªZ . 0 : τ . . . (C ase 2)

Σ;∆;Φ∧C ;Γ` Z ªZ . 0 : τ
R-SPLIT

Case 1 M 6∈β1

Because M 6∈β1. We know the two runs will go to the same path and we use relational typing rules
to obtain the relational type of the body Z. After applying the rule R-Case, we need to show the
type of the two branches respectively. Set the first branch as (1), the second (return false) as (2).

∆;Φ` a ªa . 0 : unit+unit ∆;Φ;Γ` (1)ª (1). 0 :
diff((N−1−mi n(M I N (β1∩[M ,∞)),N ))∗3+1)

{γ1 →β1} ∃_.U (bool,bool) {γ1 →β1}

∆;Φ;Γ` (2)ª (2). 0 :
diff((N−1−mi n(M I N (β1∩[M ,∞)),N ))∗3+1)

{γ1 →β1} ∃_.U (bool,bool) {γ1 →β1}

∆;Φ;Γ` Z ªZ . 0 :
diff((N−1−mi n(M I N (β1∩[M ,∞)),N ))∗3+1)

{γ1 →β1} ∃_.U (bool,bool) {γ1 →β1}

R-CASE

(a) The relative cost for (2) is 0, because return false causes no relative cost. We use sub-typing
rule S-RM to make the types of two branches consistent.

(b)The relative cost of (1) depends on its second branch , which is a recursive call of the f function.
We know that the relative cost is (N −mi n(M I N (β1 ∩ [M ,∞)), N ))∗ r by using relational typing
rules R-APP and R-Iapp . Because we already know M 6∈ β1, it is easy to infer that M I N (β1 ∩
[M ,∞)) = M I N (β1 ∩ [M +1,∞)).
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Case 2 M ∈β1.
When M ∈β1, the two runs may go to different branches when reaching the if conditional. So we
will switch to unary typing. From R-S, we know the relative cost of the function is (N−M−1)∗3+1,

the type is still
diff((N−1−mi n(M I N (β1∩[M ,∞),N ))∗3+1)

{γ1 →β1} ∃_.U (bool,bool) {γ1 →β1} for the reason that under the assumption of
M ∈β1, (N −1−mi n(M I N (β1 ∩ [M ,∞)), N )) = (N −1−M).

We get the unary type of function body from the context |Γ| and apply U-IAPP and U-APP to get
the unary type of the body:

exec(3,(N−M)∗3+1)
{γ1 →;} ∃_.bool {γ1 →;}

By applying unary subtyping rule S-UM, we know the following unary typing used in R-S.

∆;Φ; |Γ|1 `0
0 (1) :

exec(3,(N−M)∗3+1)
{γ1 →;} ∃_.bool {γ1 →;} ∆;Φ; |Γ|2 `0

0 (1) :
exec(3,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;}

∆;Φ;Γ` (1)ª (1). 0 : U (
exec(3,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;},
exec(3,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;})

R-S

|=U (
exec(3,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;},
exec(3,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;}) v
diff((N−1−M)∗3+1)

{γ1 →β1} ∃_.U (bool,bool) {γ1 →β1}
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3.5 Boolean Or, two implementations

We have two implementaions for the above Boolean or functions.//

�xBoolOr1 (_).Λ.Λ.Λ.Λ.λs. λm.λls .

if m < ls then

let {a} =read s m in

if a then

return tr ue

else

(celim BoolOr1()[][][][]) s (m +1) ls

else

return f al se

The unary type of BoolOr1 as follows.

` BoolOr1 :
unit →∀γ1 : L.∀M , N :N.(M ≤ N ) ⊃Arrayγ1

[N ] bool→
int[M ] → int[N ] →

exec(3,(N−M)∗3+1
{γ1 →;} ∃_.bool {γ1 →;}

The following BoolOr2 is another implenmentation of BoolOr.

�xBoolOr2 (_).Λ.Λ.Λ.Λ.λs. λm.λls .

if m < ls then

let {a} =read s m in

if (celim BoolOr2()[][][][]) s (m +1) ls ) then

return tr ue

else

return a

else

return f al se

With its unary type presented below.

` BoolOr2 :

unit →∀γ1 : L.∀M , N :N.(M ≤ N ) ⊃Arrayγ1
[N ] bool→

int[M ] → int[N ] →
exec(3∗(N−M)+1,3∗(N−M)+1)

{γ1 →;} ∃_.bool {γ1 →;}

We can obtain the relational type with relative cost 0.

`BoolOr1ªBoolOr2. 0 :
unitr →∀γ1 : L.∀M , N :N.∀β1.(M ≤ N ) ⊃U (Arrayγ1

[N ] bool,Arrayγ1
[N ] bool)

→U (int[M ], int[M ]) →U (int[N ], int[N ]) →
diff(0)

{γ1 →β1} ∃_.U (bool,bool) {γ1 →β1}

The derivation mainly relies on the switch rules.

∆;Φ; |Γ|1 `0
0 BoolOr1 : A →

exec(3,(N−M)∗3+1)
{γ1 →;} ∃_.bool {γ1 →;}

∆;Φ; |Γ|2 `0
0 BoolOr2 : A →

exec((N−M)∗3+1,(N−M)∗3+1)
{γ1 →;} ∃_.bool {γ1 →;}

∆;Φ;Γ`BoolOr1ªBoolOr2. 0 :

U (A →
exec(3,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;}, A →
exec((N−M)∗3+1,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;})

R-S
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We set A to be unit →∀γ1 : L.∀M , N :N.(M ≤ N ) ⊃Arrayγ1
[N ] bool→ int[M ] → int[N ] →.

We set A1 to be
exec(3,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;} . set A2 to be
exec((N−M)∗3+1,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;}.
We set τ to be unitr →∀γ1 : L.∀M , N :N.∀β1.(M ≤ N ) ⊃U (Arrayγ1

[N ] bool,Arrayγ1
[N ] bool) →U (int[M ], int[M ]) →

U (int[N ], int[N ]).

We set τ′ to be
diff(0)

{γ1 →β1} ∃_.U (bool,bool) {γ1 →β1}.
Use the subtyping rules S-R-FORALL-U, S-R-CIMPL-U and S-R-EXECDIFF, we can show that

|=U (A → A1, A → A2) v τ→U (A1, A2)

Next, using the monadic sutyping S-RUM, we can show that

|=U (
exec(3,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;},
exec((N−M)∗3+1,(N−M)∗3+1)

{γ1 →;} ∃_.bool {γ1 →;}) v
diff(0)

{γ1 →β1} ∃_.U (bool,bool) {γ1 →β1}

Finally, using the ruele R-EXEC, we can derive the relational type shown above.
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3.6 Insertion sort

�x ISort (_).Λ.Λ.Λ.Λ.λs.λi .λls .

if i < ls then

let {a} =read s i in

let {b} = celim(i nser t () [] [] [] [] []) s a 0 i in

celim(ISort() [] [] [] [])s(i +1)ls

else

return ()

` ISort :

unit →∀γ1 : L.∀N , I :N.(I ≤ N ) ⊃Arrayγ1
[N ] int→

int[I ] → int[N ] →
exec( (N+1)∗(N+2)−(I+1)∗(I+2)

2 ,(2N+1)∗(N+1)−(2I+3)∗(I+1))

{γ1 →N} ∃_.unit {γ1 →N}

where minimal cost obtained when the array is already sorted in the ascending order and the maximal
cost corresponds to a sorted array in the descending order.

` ISortª ISort. 0 :

unitr →∀γ1 : L.∀N , I :N.∀β1.(I ≤ N ) ⊃Arrayγ1
[N ] int

→ int[I ] → int[N ] →
diff( N∗(N+1)−k∗(k+1)

2 )

{γ1 →β1} ∃_.unitr {γ1 →N}

where k = max(I ,mi n(M I N (β1), N )).
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�x insert (_).Λ.Λ.Λ.Λ.Λ.λs.λa.λi d x.λi .

let {b} =read s i d x in

if a ≥ b then

celim(i nser t () [] [] [] [] []) s a (i d x +1) i

else

let _ = celim(shift () [] [] [] []) s i d x (i −1) in

updt s i d x a

` insert :

unit →∀γ1 : L.∀N , A, I D X , I :N.(I D X ≤ N ∧ I ≤ N ) ⊃Arrayγ1
[N ] int→

int → int[I D X ] → int[I ] →
exec(I−I D X+1,2∗(I−I D X )+2)

{γ1 →N} ∃_.unit {γ1 →N}

where the minimal cost consists of one update operation and (I-IDX) times read operations when the
value ’a’ inserted is already the biggest element in the sequence ranging from [idx, i]. the maximal
cost consists of 2*(I-IDX) coming from shift and one read and update operation in addition when the
inserted value ’a’ is the smallest element in the sequence.

` insertª insert. 0 :

unitr →∀γ1 : L.∀N , A, I D X , I :N.∀β1.(I D X ≤ N ∧ I ≤ N ∧β1 ∩ [I D X , I ] =;)
⊃Arrayγ1

[N ] int→ int[M ] → int[N ] →
diff(0)

{γ1 →β1} ∃_.unitr {γ1 →β1}

The relational cost of insert function is 0 when the premise β1∩ [I D X , I ] =; holds, which means in the
range [IDX, I], the elements of arrays on the two runs are exactly the same. Considering we are inserting
the same value ’a’ (s[I]), it always goes into the same path and hence incurs no relative cost.
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�x shift (_).Λ.Λ.Λ.Λ.λs.λi d x.λi .

if i d x ≤ i then

let {c} =read s i in

let {_} =updt s i +1 c in

celim (shift () [] [] [] [] ) s i d x (i −1)

else

return ()

` shift :

unit →∀γ1 : L.∀N , I D X , I :N.(I D X ≤ I ∧ I < N ) ⊃Arrayγ1
[N ] int→

int[I D X ] → int[I ] →
exec(2∗(I−I D X+1),2∗(I D X−I+1)
{γ1 →N} ∃_.unit {γ1 →N}

where cost 2 comes from one read and one update operation.

` shiftª shift. 0 :

unitr →∀γ1 : L.∀N , I D X , I :N.(I D X ≤ I ∧ I < N ) ⊃Arrayγ1
[N ] int

→ int[I D X ] → int[I ] →
diff(0)

{γ1 →β1} ∃_.unitr {γ1 →β1 ∪ [I D]}
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Let us look at the derivation of the relational type of ISort.

�x ISort (_).Λ.Λ.Λ.Λ.λs.λi .λls .

if i < ls then

let {a} =read s i in

let {b} = celim(i nser t () [] [] [] [] []) s a 0 i in

celim(ISort() [] [] [] [])s(i +1)ls

else

return ()

` ISort :
unit →∀γ1 : L.∀N , I :N.(I ≤ N ) ⊃Arrayγ1

[N ] int→

int[I ] → int[N ] →
exec( (N+1)∗(N+2)−(I+1)∗(I+2)

2 ,(2N+1)∗(N+1)−(2I+3)∗(I+1))

{γ1 →N} ∃_.unit {γ1 →N}

` ISortª ISort. 0 :
unitr →∀γ1 : L.∀N , I :N.∀β1.(I ≤ N ) ⊃Arrayγ1

[N ] int

→ int[I ] → int[N ] →
diff( N∗(N+1)−k∗(k+1)

2 )

{γ1 →β1} ∃_.unitr {γ1 →N}

where k = max(I ,mi n(M I N (β1), N )).

We first apply the fix-ext rule to store the unary information of ISort into the context. After several
application of R-ILam and R-Abs rules as well as the rule R-CImpl, we introduce the index variables,
variables and the constraint to the left side of the typing judgment. We will focus on the relational type
of the body of the function ISort.

Set Z as the body of the function. where C = (I ≤ N ) and

τ=
diff( N∗(N+1)−k∗(k+1)

2 )

{γ1 →β1} ∃_.unitr {γ1 →N}.

To show the type of part Z, we will use the rule R-SPLIT first.

Σ;∆;Φ∧C ∧β1 ∩ [0, I ] =;;Γ` Z ªZ . 0 : τ . . . (C ase 1)
Σ;∆;Φ∧C ∧β1 ∩ [0, I ] 6= ;;Γ` Z ªZ . 0 : τ . . . (C ase 2)

Σ;∆;Φ∧C ;Γ` Z ªZ . 0 : τ
R-SPLIT

Case 1 β1 ∩ [0, I ] =;
We know the two runs will go to the same path and we use relational typing rules to obtain the
relational type of the body Z. After applying the rule R-Case, we need to show the type of the two
branches respectively. Set the first branch as (1), the second (return ()) as (2),Φ′ to be the updated
constraint environment.

∆;Φ′ ` i < ls ª i < ls . 0 : unit+unit ∆;Φ′;Γ` (1)ª (1). 0 : τ ∆;Φ′;Γ` (2)ª (2). 0 : τ

∆;Φ′;Γ` Z ªZ . 0 : τ
R-CASE

(a) The relative cost for (2) is 0, return () as a unit operation causes no relative cost. We use sub-
typing rule S-RM to make the types of two branches consistent.
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(b)The relative cost of (1) depends on the insert function as well as the recursive call of ISort.

Set (3) as let b = celim(i nser t () [] [] [] [] []) s a 0 i in

celim(I Sor t () [] [] [] [])s(i +1)ls

∆;Φ′;Γ` i nser t . . .ª i nser t . . .. 0 :
diff(0)

{γ1 →β1} ∃_.unitr {γ1 →β1}
∆;Φ′;Γ` I Sor t . . .ª I Sor t . . .. 0 : τ[k/k ′]

∆;Φ′;Γ` (3)ª (3). 0 : τ
R-LET

where k ′ = max(I +1,mi n(M I N (β1), N )).
Because in this case, we know that β1 ∩ [0, I ] =;⇒ k = k ′, and the relative cost of insert is 0 and
the relative cost of (3) comes from the recursive call. Because we already know k ′ = k, it is easy to
infer that τ[k/k ′] = τ.

Case 2 β1 ∩ [0, I ] 6= ;.
The two runs may go to different branches when inserting one element into the array. So we will
switch to unary typing.

We show the unary type of (3) first:

∆;Φ;Ω`c1
c1

i nser t · · · :
exec(I+1,2I+2)

{γ1 →N} ∃_.unit {γ1 →N}

∆;Φ;Ω`c2
c2

I Sor t · · · :
exec( (N+1)∗(N+2)−(I+2)∗(I+3)

2 ,(2N+1)∗(N+1)−(2I+5)∗(I+2))

{γ1 →N} ∃_.unit {γ1 →N}

∆;Φ;Ω`c1+c2+1
c1+c2+1 (3) :

exec( (N+1)∗(N+2)−(I+1)∗(I+2)
2 ,(2N+1)∗(N+1)−(2I+3)∗(I+1))

{γ1 →N} ∃_.unit {γ1 →N}

U-LET

From R-S, we know the relative cost of the function ISort is N∗(N+1)−I∗(I+1)
2 . Because we know that

β1 ∩ [0, I ] 6= ;⇒ k = I , the type is still
diff( N∗(N+1)−k∗(k+1)

2 )

{γ1 →β1} ∃_.unitr {γ1 →N} .

By applying unary subtyping rule S-UM, we know the following unary typing used in R-S.

∆;Φ; |Γ|1 `c1+c2+1
c1+c2+1 (3) :

exec( (N+1)∗(N+2)−(I+1)∗(I+2)
2 ,(2N+1)∗(N+1)−(2I+3)∗(I+1))

{γ1 →N} ∃_.unit {γ1 →N}

∆;Φ; |Γ|2 `c1+c2+1
c1+c2+1 (3) :

exec( (N+1)∗(N+2)−(I+1)∗(I+2)
2 ,(2N+1)∗(N+1)−(2I+3)∗(I+1))

{γ1 →N} ∃_.unit {γ1 →N}

∆;Φ;Γ` (3)ª (3). 0 :

U (
exec( (N+1)∗(N+2)−(I+1)∗(I+2)

2 ,(2N+1)∗(N+1)−(2I+3)∗(I+1))

{γ1 →N} ∃_.unit {γ1 →N} ,
exec( (N+1)∗(N+2)−(I+1)∗(I+2)

2 ,(2N+1)∗(N+1)−(2I+3)∗(I+1))

{γ1 →N} ∃_.unit {γ1 →N} )

R-S

|=U (
exec( (N+1)∗(N+2)−(I+1)∗(I+2)

2 ,(2N+1)∗(N+1)−(2I+3)∗(I+1))

{γ1 →N} ∃_.unit {γ1 →N} ,
exec( (N+1)∗(N+2)−(I+1)∗(I+2)

2 ,(2N+1)∗(N+1)−(2I+3)∗(I+1))

{γ1 →N} ∃_.unit {γ1 →N} ) v

diff( N∗(N+1)−I∗(I+1)
2 )

{γ1 →β1} ∃_.unitr {γ1 →N}
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3.7 Cooley Tukey FFT algorithm

�x sp (_).Λ.Λ.Λ.Λ.Λ.Λ.λx.λn.λi .λy.λpr.

if i < (n/2) then

let {a} =read x (pr +2∗ i ) in

let {b} =read x (pr +2∗ i +1) in

let {_} =updt y (pr + i ) a in

let {_} =updt y (pr + i +n/2) b in

celim(sp() [] [] [] [] [] []) x n (i +1) y pr

else

return ()

` sp :
unit →∀γ1,γ2 : L.∀M , N , I ,PR :N.(I ≤ (M/2)∧ (M +PR) < N ) ⊃Arrayγ1

[N ] int→
int[M ] → int[I ] →Arrayγ2

[N ] int→ int[PR] →
exec(4∗(M/2−I ),4∗(M/2−I ))

{γ1 →N,γ2 →N} ∃_.unit {γ1 →N,γ2 →N}

` spª sp. 0 :

unitr →∀γ1γ2 : L.∀M , N , I ,PR :N.∀β1.(I ≤ (M/2)∧ (M +PR) < N )
⊃Arrayγ1

[N ] U (int, int)→ int[M ] → int[I ] →Arrayγ2
[N ] U (int, int)

→ int[PR] →
diff(0)

{γ1 →β1,γ2 →N} ∃_.unitr {γ1 →N,γ2 →N}
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�x cp (_).Λ.Λ.Λ.Λ.Λ.λx.λy.λl .λu.

if l ≤ u then

let {a} = (
read x l

)
in

let{_} = (
updt y l a

)
in(

celim(cp() [] [] [] [] []) x y (l +1)u
)

else return()

` cp :

unit →∀γ1,γ2.∀L,U , N .(L ≤U ≤ N ) ⊃Arrayγ1
[N ] int→Arrayγ2

[N ] int→
int[L] → int[U ] →

exec(2∗(U−L+1),2∗(U−L+1))
{γ1 →N,γ2 →N} ∃_.unit {γ1 →N,γ2 →N}

` cpªcp. 0 :
unitr →∀γ1,γ2,β1.∀L,U , N .(L ≤U ≤ N ) ⊃Arrayγ1

[N ] U (int, int)→Arrayγ2
[N ] U (int, int)

→ int[L] → int[U ] →
diff(0)

{γ1 →β1,γ2 →N} ∃_.unitr {γ1 →N,γ2 →N}

separate

�x separate (_).Λ.Λ.Λ.Λ.Λ.λx.λn.λy.λpr.

let _ = celim(sp() [] [] [] [] [] []) x n 0 y pr in

celim(cp() [] [] [] [] []) y x pr (n +pr )

` separate :
unit →∀γ1,γ2.∀M , N ,PR.(M +PR < N ) ⊃Arrayγ1

[N ] int→
int[M ] →Arrayγ2

[N ] int→ int[PR] →
exec(4∗M ,4∗M)

{γ1 →N,γ2 →N} ∃_.unit {γ1 →N,γ2 →N}

` separateª separate. 0 :

unitr →∀γ1,γ2,β1.∀M , N ,PR.(M +PR < N ) ⊃Arrayγ1
[N ] U (int, int)→

int[M ] →Arrayγ2
[N ] U (int, int)→ int[PR] →

diff(0)
{γ1 →β1,γ2 →N} ∃_.unitr {γ1 →N,γ2 →N}
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�x loop (_).Λ.Λ.Λ.Λ.Λ.λk.λn.λx.λpr.

if k < (n/2) then

let {e} =read x (k +pr ) in

let {o} =read x (k +pr +n/2) in

let w = e−2∗PI∗k/n in

let {_} =updt x (k +pr ) (e +w ∗o) in

let {_} =updt x (k +pr +n/2) (e −w ∗o) in

celim(loop() [] [] [] [] []) (k +1) n x pr

else

return ()

` loop :
unit →∀γ1.∀K , M , N ,PR.(PR +M < N ) ⊃ int[K ] → int[M ] →Arrayγ1

[N ] int→
int[PR] →

exec(4∗(M−K ),4∗(M−K ))
{γ1 →N} ∃_.unit {γ1 →N}

` loopª loop. 0 :
unitr →∀γ1,β1.∀K , M , N ,PR.(PR +M < N ) ⊃ int[K ] → int[M ] →
Arrayγ1

[N ] U (int, int)→ int[PR] →
diff(0)

{γ1 →β1} ∃_.unitr {γ1 →N}
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�x FFT (_).Λ.Λ.Λ.Λ.Λ.λx.λy.λn.λpr.

if 2 ≤ n then

let {_} = celim(separate () [] [] [] [] []) x n y pr in

let {_} = celim(FFT () [] [] [] [] []) x y (n/2) pr in

let {_} = celim(FFT () [] [] [] [] []) x y (n/2)(pr +n/2) in

celim(loop() [] [] [] [] []) 0 n x pr

else

return ()

` FFT :
unit →∀γ1,γ2.∀M , N ,PR.(PR +M < N ) ⊃Arrayγ1

[N ] int→Arrayγ2
[N ] int→

int[M ] → int[PR] →
exec(8∗M∗log(M),8∗M∗log(M))

{γ1 →N,γ2 →N,} ∃_.unit {γ1 →N,γ2 →N,}

`FFTªFFT. 0 :
unitr →∀γ1,γ2,β1.∀M , N ,PR.(PR +M < N ) ⊃Arrayγ1

[N ] U (int, int)→
Arrayγ2

[N ] U (int, int)→ int[M ] → int[PR] →
diff(0)

{γ1 →β1,γ2 →N} ∃_.unitr {γ1 →N,γ2 →N}
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3.8 Square and multiply (SAM)

This examples implements the square and multiply algorithm for the positive power of the a number. It
bases on the observation that xm = (x2)

m
2 if m is even and xm = x ∗ (x2)

m
2 if m is odd.

�x sam ().Λ.Λ.Λ.Λ.Λ.Λ.λx.λa.λi .λn.

if i ≤ (n −1) then

let {b} =read a i in

let {r } = celim(sam () [] [] [] [] [] []) x a (i +1) n in

return(func x b r )

else

if x = 0 return1

return x

where func is a function which depends on the value of b (1 or 0), returns the result x∗1 if b = 1, returns
1 otherwise. The relatonal type is derived by split the cases on the assumption I ∈ β and on the two
cases, func will generates different costs based on the assumption whether I ∈β or not.

` samª sam. 0 :
unitr →∀γ1.∀I , N , X ,β.(I < N ) ⊃ int[X ] →Arrayγ1

[N ] U (bool,bool)→
int[I ] → int[N ] →

diff(β∩[I ,N ])
{γ1 →β} ∃_.U (int) {γ1 →β}

function func

�x func (x).λr.λb.

ifb then

return x ∗ r ∗ r

else

returnr ∗ r

` funcª func. 0 : U (int) →U (int) →
diff(0)

intr −→U (int)

` funcª func. 0 : U (int) →U (int) →
diff(1)

U (int) −→U (int)
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3.9 Constant-time comparison

�x comp ().λl1.λl2.λi .λn.

ifi < n then

let {a} =read l1 i in

let {b} =read l2 i in

returnboolAnd
(
celim(comp()[][][])l1 l2 (i +1) n,eq(a,b)

)
else

return tr ue

where function boolAnd has the type (U (bool) × U (bool)
diff(0)−→ U (bool), and eq has type (U (int) × U (int)

diff(0)−→ U (bool)
.

` compªcomp. 0 :
unitr →∀γ1,γ2.∀I , N ,β1,β2.(I ≥ 0) ⊃Arrayγ1

[N ] U (int, int)→Arrayγ2
[N ] U (int, int)→

int[I ] → int[N ] →
diff(0)

{γ1 →β1,γ2 →β2} ∃_.U (bool) {γ1 →β1,γ2 →β2}

When we assume the two arrays has the same length N , start comparing the two arrays from the
same index i on the two runs. No relative cost is generated because the execution paths across the two
runs are the same.
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4 Bidirectional type checking

Terms t ::= x | l | n | r | () |Λ.t | t [] | λx.t | t u | return t | let {x} = t in t1 |
alloc t t | updt t t t | read t t | inl t | inr t | case (t , x.t1, y.t2) |
pack t | fix f (x).t | unpack t1 as x in t2 | celim t

switch t | NC t | split t with C | contra t | (t : τ,D) | (t : A,L,U ) | FIXEXT t with U (A1, A2)

Values v ::= n | l | r | () | λx.t |Λ.t | return t | alloc t t | updt t t t | read t t |
inl v | inr v | let {x} = t in t1 | pack v |Λ.t | fix f (x).t

Figure 23: Syntax of values and expressions in the bidirectional type checking version
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Σ;∆;ψa ;Φa ;Γ` t1 ª t2 ↓ τ,D ⇒Φ Under the location environment Σ, the index variable environment

∆, the existential variable context Ψa , the current constraint environment Φa , the relational typing
context Γ, terms t1 and t2 check against the input relational type τ and the relative cost D and generates
the constraintΦ.

Σ;∆;ψa ;Φa ;Γ` t1 ª t2 ↑ τ⇒ [ψ],D ,Φ Under the location environment Σ, the index variable en-

vironment ∆, the existential variable contextΨa , the current constraint environmentΦa , the relational
typing context Γ, terms t1 and t2 synthesize the output relational type τ and the output relative cost D
and generates the constraintΦwith all the new generated variables in ψ.

Σ;∆;ψa ;Φa ;Ω` t ↓ A,L,U ⇒Φ Under the location environment Σ, the index variable environ-

ment ∆, the existential variable context Ψa , the current constraint environment Φa , the unary typing
context Ω, term t checks against the input unary type A and its upper bound and lower bound of the
execution cost specified by L and U , and generates the constraintΦ.

Σ;∆;ψa ;Φa ;Ω` t ↑ A ⇒ [ψ],L,U ,Φ Under the location environment Σ, the index variable envi-

ronment ∆, the existential variable context Ψa , the current constraint environment Φa , the unary
typing contextΩ, terms t synthesizes the output unary type τ and the its upper bound and lower bound
of the execution cost and generates the constraintΦwith all the new generated variables in ψ.

Σ;∆;Ψa ;Φa |=A A1 v A2 ⇒Φ Under the location environment Σ, the index variable environment
∆, the existential variable context Ψa , the current constraint environment Φa , checks whether A1 is
subtype of A2 and generates constraintsΦ

Σ;∆;Ψa ;Φa |= τ1 ≡ τ2 ⇒Φ Under the location environment Σ, the index variable environment
∆, the existential variable context Ψa , the current constraint environment Φa , checks whether τ1 is
equivalent to τ2 and generates constraintsΦ

Figure 24: Bidirectional algorithmic typing judgment explanation
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constant integer n

Σ;∆;ψa ;Φa ;Ω` n ↑ int ⇒ [.],0,0,> alg-u-n-↑ Σ;∆;ψa ;Φa ;Γ` nªn ↑ intr ⇒ [.],0,> alg-r-n-↑

fix

Σ;∆;ψa ;Φa ; f : A1
exec(L′,U ′)−−−−−−−→ A2, x : A1,Ω` e ↓ A2,L′,U ′ ⇒Φ

Σ;∆;ψa ;Φa ;Ω` fix f (x).e ↓ A1
exec(L′,U ′)−−−−−−−→ A2,L,U ⇒Φ∧L

.= 0∧0
.=U

alg-u-fix-↓

Σ;∆;ψa ;Φa ; f : τ1
diff(t ′)−−−−→ τ2, x : τ1,Γ` t ª t ′ ↓ τ2,D ′ ⇒Φ

Σ;∆;ψa ;Φa ;Γ` fix f (x).t ªfix f (x).t ′ ↓ τ1
diff(D ′)−−−−−→ τ2,D ⇒Φ∧0

.= D
alg-r-fix-↓

variable x

Ω(x) = A

∆;ψa ;Φa ;Ω` x ↑ A ⇒ [.],0,0,> alg-u-var-↑ Γ(x) = τ

∆;ψa ;Φa ;Γ` x ªx ↑ τ⇒ [.],0,> alg-r-var-↑

switch

∆;ψa ;Φa ; |Γ| ` t1 ↑ A ⇒ [ψ1],_,U1,Φ1 ∆;ψa ;Φa ; |Γ| ` t2 ↑ A ⇒ [ψ2],L2,_,Φ2

∆;ψa ;Φa ;Γ` switch t1 ªswitch t2 ↑U A ⇒ [ψ1,ψ2],U1 −L2,Φ1 ∧Φ2
alg-r-switch↑

L1,U1,L2,U2 ∈ fresh(R)
∆;U1,L1,ψa ;Φa ; |Γ| ` t1 ↓ A,L1,U1 ⇒Φ1 ∆;U2,L2,ψa ;Φa ; |Γ| ` t2 ↓ A,L2,U2 ⇒Φ2

Σ;∆;ψa ;Φa ;Γ` switch t1 ªswitch t2 ↓ D,U A ⇒∃L1,U1 ::R.(Φ1 ∧∃L2,U2 ::R.Φ2 ∧U1 −L2
.= D)

alg-r-switch↓

split

Σ;∆;ψa ;C ∧Φa ;Ω` t1 ↓ A,L,U ⇒Φ1

Σ;∆;ψa ;¬C ∧Φa ;Ω` t1 ↓ A,L,U ⇒Φ2 ∆`C wf

Σ;∆;ψa ;Φa ;Ω` split (t1) with C ↓ A,L,U ⇒C →Φ1 ∧¬C →Φ2
alg-u-split↓

Σ;∆;ψa ;C ∧Φa ;Γ` t1 ª t ′1 ↓ τ,D ⇒Φ1

Σ;∆;ψa ;¬C ∧Φa ;Γ` t1 ª t ′1 ↓ τ,D ⇒Φ2 ∆`C wf

Σ;∆;ψa ;Φa ;Γ` split (t1) with C ªsplit (t ′1) with C ↓ τ,D ⇒C →Φ1 ∧¬C →Φ2
alg-r-split↓

contra

Σ;∆;ψa ;Φa |=⊥
Σ;∆;ψa ;Φa ;Ω` contra t ↓ A,L,U ⇒> alg-u-contra↓

Σ;∆;ψa ;Φa |=⊥
Σ;∆;ψa ;Φa ;Γ` contra t ªcontra t ′ ↓ τ,D ⇒> alg-r-contra↓

Figure 25: Bidirectional algorithmic typing rules, part 1
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↑↓

Σ;∆;ψa ;Φa ;Ω` t ↑ A′ ⇒ [ψ],L′,U ′,Φ1 Σ;∆;ψ,ψa ;Φa |=A A′ v A ⇒Φ2

Σ;∆;ψa ;Φa ;Ω` t ↓ A,L,U ⇒∃(ψ).Φ1 ∧Φ2 ∧L′≤L∧U ≤U ′ alg-↑↓

Σ;∆;ψa ;Φa ;Γ` t ª t ′ ↑ τ′ ⇒ [ψ],D ′,Φ1 ∆;ψ,ψa ;Φa |= τ′ ≡ τ⇒Φ2

Σ;∆;ψa ;Φa ;Γ` t ª t ′ ↓ τ,D ⇒∃(ψ).Φ1 ∧Φ2 ∧D ′≤D
alg-r-↑↓

annotation

Σ;∆;ψa ;Φa ;Ω` t ↓ A,L,U ⇒Φ ∆;Φa `A A wf FIV(A,L,U ) ∈∆
Σ;∆;ψa ;Φa ;Ω` (t : A,L,U ) ↑ A ⇒ [·],L,U ,Φ

alg-u-anno-↑

Σ;∆;ψa ;Φa ;Γ` t ª t ′ ↓ τ,D ⇒Φ ∆;Φa ` τ wf FIV(τ,D) ∈∆
Σ;∆;ψa ;Φa ;Γ` (t : τ,D)ª (t ′ : τ,D) ↑ τ⇒ [·],D ,Φ

alg-r-anno-↑

Figure 26: Bidirectional algorithmic typing rules, part 2

Alloc algo

∆` k1, t1,k2, t2 ∈ fresh(R)
Σ;∆;k1, t1,ψa ;Φa ;Ω` e1 ↓ int[I ],k1, t1 ⇒Φ1 Σ;∆;k2, t2,ψa ;Φa ;Ω` e2 ↓ A,k2, t2 ⇒Φ2

Φ=Φ2 ∧ t1 + t2 + ta
.= t ∧k1 +k2 +ka

.= k γ fresh Σ;∆` P w f

Σ;∆;ψa ;Φa ;Ω` alloce1 e2 ↓
exec(k,t )

{P } ∃γ :Arrayγ[I ] A {P ?γ→N},0,0 ⇒∃k1, t1 ::R.(Φ1 ∧∃k2, t2 ::R.Φ)

alg-u-alc-↓

D1,D2 ∈ fresh(R) Σ;∆;D1,ψa ;Φa ;Γ` e1 ªe ′1 ↓ int[I ],D1 ⇒Φ1 Σ;∆;D2,ψa ;Φa ;Γ` e2 ªe ′2 ↓ τ,D2 ⇒Φ2

Φ=Φ2 ∧D1 +D2
.= D Σ` γ fresh Σ;∆` P w f

Σ;∆;ψa ;Φa ;Γ` alloce1 e2 ªalloce ′1 e ′2 ↓
diff(D)

{P } ∃γ. Arrayγ[I ] τ {P ?γ→N},0 ⇒∃D1 ::R.Φ1 ∧ (∃D2 ::R.Φ)

alg-r-alc-↓

D1,D2 ∈ fresh(R) Σ;∆;D1,ψa ;Φa ;Γ` e1 ªe ′1 ↓ int[I ],D1 ⇒Φ1 Σ;∆;D2,ψa ;Φa ;Γ` e2 ªe ′2 ↓ äτ,D2 ⇒Φ2

Φ=Φ2 ∧D1 +D2
.= D γ fresh Σ;∆` P w f

Σ;∆;ψa ;Φa ;Γ` allocb e1 e2 ªallocb e ′1 e ′2 ↓
diff(D)

{P } ∃γ. Arrayγ[I ] τ {P ?γ→;},0 ⇒∃D1 ::R.Φ1 ∧ (∃D2 ::R.Φ)

alg-r-alcB-↓

Figure 27: Bidirectional algorithm-typing rules (alloc)
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Read algo

∆;ψa ;Φa ;Ω` e1 ↑ Arrayγ[I ] A ⇒ [ψ1],k1, t1,Φ1 ∆;ψ1,ψa ;Φa ;Ω` e2 ↑ int[I ′] ⇒ [ψ2],k2, t2,Φ2

∆;ψa ;Φa Í I ′≤ I Φ=Φ2 ∧k1 +k2 + cr
.= k ∧ t1 + t2 + cr

.= t P = P ′?γ→ _ Σ;∆` P w f

∆;ψa ;Φa ;Ω` read e1 e2 ↓
exec(k,t )

{P } ∃_ : A {P },0,0 ⇒∃(ψ1).(Φ1 ∧ (∃(ψ2).Φ))

alg-u-read-↓

∆;ψa ;Φa ;Γ` e1 ªe ′1 ↑ Arrayγ[I ] τ⇒ [ψ1],D1,Φ1 ∆;ψ1,ψa ;Φa ;Γ` e2 ªe ′2 ↑ int[I ′] ⇒ [ψ2],D2,Φ2

P = P ′?γ→ _ ∆;ψa ;Φa Í I ′≤ I Φ=Φ2 ∧D1 +D2
.= D Σ;∆` P w f

∆;ψa ;Φa ;Γ` read e1 e2 ª read e ′1 e ′2 ↓
diff(D)

{P } ∃_.τ {P },0 ⇒∃(ψ1).Φ1 ∧ (∃(ψ2).Φ)

alg-r-read-↓

∆;ψa ;Φa ;Γ` e1 ªe ′1 ↑ Arrayγ[I ] τ⇒ [ψ1],D1,Φ1 ∆;ψ1,ψa ;Φa ;Γ` e2 ªe ′2 ↑ int[I ′] ⇒ [ψ2],D2,Φ2

P = P ′?γ→β ∆;ψa ;Φa Í I ′≤ I ∧¬(I ′ ∈β) Φ=Φ2 ∧D1 +D2
.= D Σ;∆` P w f

∆;ψa ;Φa ;Γ` readb e1 e2 ª readb e ′1 e ′2 ↓
diff(D)

{P } ∃_.τ {P },0 ⇒∃(ψ1).Φ1 ∧ (∃(ψ2).Φ)

alg-r-readB-↓

Figure 28: Bidirectional algorithm-typing rules (read)

Update algo

∆;ψa ;Φa ;Ω` e1 ↑ Arrayγ[I ] A ⇒ [ψ1],k1, t1,Φ1 ∆;ψ1,ψa ;Φa ;Ω` e2 ↑ int[I ′] ⇒ [ψ2],k2, t2,Φ2

∆;ψa ;Φa Í I ′≤ I ∧ I ′ ∈β k3, t3 ∈ fresh(R) ∆;k3, t3,ψ2,ψ1,ψa ;Φa ;Ω` e3 ↓ A,k3, t3 ⇒Φ3

Φ=Φ3 ∧k1 +k2 +k3 + cr
.= k ∧ t1 + t2 + t3 + cr

.= t P = P ′?γ→β Σ;∆` P ′ w f

∆;ψa ;Φa ;Ω` update e1 e2 e3 ↓
exec(k,t )

{P } ∃_ : unit {P },0,0 ⇒∃(ψ1).(Φ1 ∧ (∃(ψ2).(Φ2 ∧∃k3, t3 ::R.Φ)))

alg-u-updt-↓

∆;ψa ;Φa ;Γ` e1 ªe ′1 ↑ Arrayγ[I ] τ⇒ [ψ1],D1,Φ1 ∆;ψ1,ψa ;Φa ;Γ` e2 ªe ′2 ↑ int[I ′] ⇒ [ψ2],D2,Φ2

∆;ψa ;Φa Í I ′≤ I ∧β′ =β∪ {I ′} D3 ∈ fresh(R) ∆;D3,ψ2,ψ1,ψa ;Φa ;Γ` e3 ªe ′3 ↓ τ,D3 ⇒Φ3

P = P ′?γ→β Q = P ′?γ→β′ Φ=Φ2 ∧D1 +D2 +D3
.= D Σ;∆` P ′ w f

∆;ψa ;Φa ;Γ` update e1 e2 e3 ªupdate e ′1 e ′2 e ′3 ↓
diff(D)

{P } ∃_.unit {Q},0 ⇒∃(ψ1).(Φ1 ∧ (∃(ψ2).(Φ2 ∧∃D3 ::R.Φ))

alg-r-updt-↓

∆;ψa ;Φa ;Γ` e1 ªe ′1 ↑ Arrayγ[I ] τ⇒ [ψ1],D1,Φ1 ∆;ψ1,ψa ;Φa ;Γ` e2 ªe ′2 ↑ int[I ′] ⇒ [ψ2],D2,Φ2

∆;ψa ;Φa Í I ′≤ I ∧β′ =β/{I ′} D3 ∈ fresh(R) ∆;D3,ψ2,ψ1,ψa ;Φa ;Γ` e3 ªe ′3 ↓ äτ,D3 ⇒Φ3

P = P ′?γ→β Q = P ′?γ→β′ Φ=Φ2 ∧D1 +D2 +D3
.= D Σ;∆` P ′ w f

∆;ψa ;Φa ;Γ` updateb e1 e2 e3 ªupdateb e ′1 e ′2 e ′3 ↓
diff(D)

{P } ∃_.unit {Q},0 ⇒∃(ψ1).(Φ1 ∧ (∃(ψ2).(Φ2 ∧∃D3 ::R.Φ))

alg-r-updtB-↓

Figure 29: Bidirectional algorithm-typing rules (update)
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Let algo

∆;ψa ;Φa ;Ω` e1 ↑
exec(k,t )

{P } ∃~γ1 : A1 {P ′} ⇒ [ψ1],k1, t1,Φ1

k2, t2 ∈ fresh(R) ∆;k2, t2,ψ1,ψa ;Φa ;Ω` e2 ↓
exec(k ′,t ′)

{P ′} ∃~γ2 : A2 {Q},k2, t2 ⇒Φ2

Φ=Φ2 ∧k1 +k2 + cl
.= K ∧ t1 + t2 + cl

.= T ∧k +k ′ .= k ′′∧ t + t ′ .= t ′′

∆;ψa ;Φa ;Ω` letm{x} = e1 in e2 ↓
exec(k ′′,t ′′)

{P } ∃_ : A2 {Q},K ,T ⇒∃(ψ1).Φ1 ∧ (∃k2, t2 ::R.Φ)

alg-u-let-↓

∆;ψa ;Φa ;Γ` e1 ªe ′1 ↑
diff(D)

{P } ∃~γ1 : τ1 {P ′} ⇒ [ψ1],D1,Φ1 D2 ∈ fresh(R)

∆;D2,ψ1,ψa ;Φa ;Γ` e2 ªe ′2 ↓
diff(D ′)

{P ′} ∃~γ2 : τ2 {Q},D2 ⇒Φ2 Φ=Φ2 ∧D1 +D2
.= D3 ∧D +D ′ .= D ′′

∆;ψa ;Φa ;Γ` let {x} = e1 in e2 ª let {x} = e ′1 in e ′2 ↓
diff(D ′′)

{P } ∃_.τ2 {Q},D3 ⇒∃(ψ1).(Φ1 ∧ (∃D2 ::R.Φ)

alg-r-let-↓

∆;ψa ;Φa ;Ω` e1 ↑
exec(k,t )

{P } ∃~γ1 : A1 {P ′} ⇒ [ψ1],k1, t1,Φ1

∆;ψ1,ψa ;Φa ;Ω` e2 ↑
exec(k ′,t ′)

{Q ′} ∃~γ2 : A2 {Q} ⇒ [ψ2],k2, t2,Φ2 P ′ =Q ′

∆;ψa ;Φa ;Ω` letm{x} = e1 in e2 ↑
exec(k+k ′,t+t ′)

{P } ∃_ : A2 {Q} ⇒ [ψ1,ψ2],k1 +k2 + cl , t1 + t2 + cl ,Φ1 ∧Φ2

alg-u-let-↑

∆;ψa ;Φa ;Γ` e1 ªe ′1 ↑
diff(D)

{P } ∃~γ1 : τ1 {P ′} ⇒ [ψ1],D1,Φ1

∆;ψ1,ψa ;Φa ;Γ` e2 ªe ′2 ↑
diff(D ′)

{Q ′} ∃~γ2 : τ2 {Q} ⇒ [ψ2],D2,Φ2 Q ′ = P ′

∆;ψa ;Φa ;Γ` letm{x} = e1 in e2 ª letm{x} = e ′1 in e ′2 ↑
diff(D+D ′)

{P } ∃_.τ2 {Q} ⇒ [ψ1,ψ2],D1 +D2,Φ1 ∧Φ2

alg-r-let-↑

Figure 30: Bidirectional algorithm-typing rules (let)

Return algo

k, t ∈ fresh(R) ∆;k, t ,ψa ;Φa ;Ω` e ↓ A,k, t ⇒Φ

∆;ψa ;Φa ;Ω` returne ↓
exec(k,t )

{P } ∃_ : A2 {P },0,0 ⇒∃k, t ::R.Φ

alg-u-ret-↓

D ∈ fresh(R) ∆;D,ψa ;Φa ;Γ` e ªe ′ ↓ τ,D ⇒Φ

∆;ψa ;Φa ;Γ` returne ª returne ′ ↓
diff(D)

{P } ∃_.τ {P },0 ⇒∃D ::R.Φ

alg-r-ret-↓

Figure 31: Bidirectional algorithmic typing rules (return)
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Algorithmic Reltional subtyping

Σ;∆;ψa ;Φa |= intr [I ] ≡ intr [I ′] ⇒ I
.= I ′

alg-r-int-I

Σ;∆;ψa ;Φa |= τ≡ τ′ ⇒Φ ΣÍ γ= γ′

Σ;∆;ψa ;Φa |=Arrayγ[I ] τ≡Arrayγ′ [I ′] τ′⇒ I
.= I ′∧Φ alg-r-array

Σ;∆;ψa ;Φa |= τ≡ τ′ ⇒Φ1

Σ;∆;ψa ;Φa |= P ′ ≡ P ⇒Φ2 Σ;∆;ψa ;Φa |=Q ≡Q ′ ⇒Φ3 ΣÍ ~γ1 = ~γ2

Σ;∆;ψa ;Φa |=
diff(D)

{P } ∃~γ1 : τ {Q}≡
diff(D)

{P ′} ∃~γ2 : τ′ {Q ′}⇒ D
.= D ′∧Φ1 ∧Φ2 ∧Φ3

alg-r-monad

Σ;∆;ψa ;Φa |= τ1 ≡ τ′1 ⇒Φ1 Σ;∆;ψa ;Φa |= τ2 ≡ τ′2 ⇒Φ2

Σ;∆;ψa ;Φa |= diff(D)
τ1 −→ τ2≡

diff(D ′)
τ′1 −→ τ′2⇒ D

.= D ′∧Φ1 ∧Φ2

alg-r-fun

Σ;∆;ψa ;Φa |= P ≡ P ′ ⇒Φ

Σ;∆;ψa ;Φa |= P ?γ→β1 ≡ P ′?γ→β2 ⇒Φ∧β1
.=β2

alg-r-predicate

Σ;∆;ψa ;Φa |=;≡;⇒> alg-r-predicate-empty

Figure 32: Bidirectional relational algorithmic subtyping rules

Algo Unary subtyping

Σ;∆;ψa ;Φa |=A A′
1 v A1 ⇒Φ1 Σ;∆;ψa ;Φa |=A A2 v A′

2 ⇒Φ2

Σ;∆;ψa ;Φa |=A
exec(L,U )

A1 −→ A2v
exec(L′,U ′)
A′

1 −→ A′
2⇒Φ1 ∧Φ2 ∧L′ < L∧U <U ′

alg-u-fun

Σ;∆;ψa ;Φa |=A A v A′ ⇒Φ1

Σ;∆;ψa ;Φa |=A P ′ v P ⇒Φ2 Σ;∆;ψa ;Φa |=A Q vQ ′ ⇒Φ3 ΣÍ ~γ1 v ~γ2

Σ;∆;ψa ;Φa |=A
exec(k,t )

{P } ∃~γ1 : A {Q}v
exec(k ′,t ′)

{P ′} ∃~γ2 : A′ {Q ′}⇒Φ1 ∧k ′≤k ∧ t ≤ t ′
alg-u-monad

Σ;∆;ψa ;Φa |=A P v P ′ ⇒Φ

Σ;∆;ψa ;Φa |=A P ?γ→β1 v P ′?γ→β2 ⇒Φ∧β1 vβ2

alg-u-predicate

Figure 33: Bidirectional unary algorithmic subtyping rules
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5 Experimental Evaluation

Benchmark LOC # TYP typechecking
time

SMT
time

# ESF

map(1) 19 3 0.665s 1.056s 0
map(2) 12 2 0.959s 1.092s 1
boolOr 48 8 1.540s 3.424s 3
seperate 36 8 1.470s 2.152s 0
loop 23 5 1.189s 2.133s 0
FFT 66 17 2.542s 4.279s 0
Search 62 10 3.668s 10.871s 3
NSS 94 12 4.007s 14.173s 3
shift 14 3 0.796s 1.375s 0
insert 22 6 0.993s 2.964s 0
iSort 134 12 2.723s 16.042s 3
merge(1) 29 8 2.218s 1.242s 0
merge(2) 64 11 3.216s 0.359s 2
sam 19 4 1.004s 0.103s 1
comp 20 3 1.206s 0.127s 0

Table 1: Experimental results of the type checker

Benchmark LOC # TYP typechecking time SMT time
map 13 2 0.494s 5.632s

merge 24 8 1.528s 11.937s
NSS 24 2 1.028s 5.632s

boolOr 13 2 0.499s 0.044s
insert 17 3 0.375s 0.039s
iSort 11 3 0.280s 0.034s
shift 12 2 0.489s 0.045s

Table 2: Unary experiments

105


	Syntax
	Logical relation
	Example revisited
	InPlaceMap
	 MergeSort
	 Naive String Search
	 Boolean Or 
	 Boolean Or, two implementations 
	 Insertion sort 
	Cooley Tukey FFT algorithm
	 Square and multiply (SAM)
	 Constant-time comparison

	Bidirectional type checking
	Experimental Evaluation

