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A  SEMANTICS
Semantics of HOL

Types. The interpretation for the types corresponds directly to the usual representation of pairs, lists and
functions in set theory.

[B] £ {ff, tt}
[N] £ N
[list:] £ listp,
[r1 x 2] =[] x []
[r = ] £ [n] - [z]
Terms. The terms are given an interpretation with respect to a valuation p which is a partial function mapping

variables to elements in the interpretation of their type. Given p, we use the notation p[v/x] to denote the unique
extension of p such that if y = x then p[v/x](y) = v and, otherwise, p[v/x](y) = p(y).
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(x)p = p(x) Kt w)p = <t s (u ) (7 1), = 7 ((t),) (Ax : 71D, 2 A0 : [2]-0x) prgo, /o1
(chp = ¢ (Sthy =5 (D, (= udp = (t)p = (u)y

b, 2 {ouop if (1), = 0

(case t of [] > u;_ (W) MN if(t), =M= N

(letrec f x = t), = F where F is the unique solution of the fixpoint equation

Formulas. We assume that for predicate P of arity 71 X - - - X 7, we have an interpretation [P] € [r1] X - - - X [r,]
that satisfies the axioms for P. The interpretation of a formula is defined as follows:

(P(ts-- s t))p = ([tlps---.[talp) € [P]
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where we use the tilde (~) to distinguish between the (R)HOL connectives and the meta-level connectives.
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Soundness. We have the following result:

Theorem 2 (Soundness of set-theoretical semantics). IfT | ¥ + ¢, then for every valuation p =T, Ayew(¥),
implies (¢) .
Proor. By induction on the length of the derivation of T' | ¥ + ¢. ]

Semantics of UHOL
The intended meaning of a UHOL judgmentI' | ¥ +¢:7 | ¢ is:

forallp.st.p T, (A¥), implies (#),(q),/x

We have the following result:
Corollary 4 (Set-theoretical soundness and consistency of UHOL). IfT' | ¥ ¢ : o | ¢, then for every valuation
p ET, Ayew(¥), implies (¢) ys),/r- In particular, there is no proof of ' |0 + ¢ : o | L in UHOL.

Proor. It is a direct consequence of the embedding from UHOL into HOL and the soundness of HOL. ]

Semantics of RHOL
The intended meaning of a RHOL judgmentI' | ¥ty : 1y ~ £ : 72 | P is:

forall p.s.t.p |=T, Q/\ ¥), implies QQZSDp[(]tl[)p/n][ﬂtsz/rz]
We have the following result:
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Corollary 7 (Set-theoretical soundness and consistency of RHOL). IfT' | ¥+ t; : 0 ~ I2 : 02 | ¢, then for every
valuation p =T, Ay cy(¥), implies () 5(¢1,),/r,].[(2),,/r.)- In particular, there is no proof of T | 0+t : 0y ~ t3 :
oy | LforanyT.

Proor. It is a direct consequence of the embedding of RHOL into HOL and the soundness of HOL. ]

B ADDITIONAL RULES

For reasons of space, we have omitted some derivable and admissible rules in HOL, UHOL and RHOL. These are
useful to prove some theorems and examples. We now discuss the most interesting among them:

HOL
The following rules are derivable in HOL:
e A cut rule can be derived from [=] and [=Eg]:
I'¥Y,¢'+¢ T|¥r¢
F|Yro

CUT

o A rule for case analysis can be derived from [LIST]:

Irl:listy, T|¥I=[r¢ T,h:z,t:list; |V, I=h:tr¢
F'NYro¢

DESTR — LIST

e A rule for strong induction can be derived from [LIST]:

T+ @[[l/t] Toh:c,t:listy | ¥, Vu: list,.|ul < |t| = ¢[u/t] - $[h = t/t]
T [ ¥+ Vt:list,.¢

S —LIST

e A rule for (weak) double induction can be derived by applying [LIST] twice:

1Y Fg/LI /L]
T hy s 7, by 2 listy | Y, Lt /L][[1/] F LA = /1 ][[]/12]
L byt 1y ¢ listy, | W, @[]/ 1][t2/ 1] v @11/ L] [he = /1]
F, hl P T, 0t liStfz,hz P Ty, bt ]iSth | \If,glj)[tl/ll][tz/lg] F ¢[h1 I tl/ll][hz I tg/lz]
T | ¥+ Vlllqu

D - LIST

e A rule for strong double induction can be derived from [D-LIST]:

¥ Fg/L]/L]
T,hy 1ty listy | 9, Vmy.my| < |6] = ¢[ma/L][/L] F ¢lhy = t1/L][[]/12]
F, hg : Tg,tz : “Str2 | \P, Vm2.|m2| < |t2| = (]5[[]/[1][1712/[2] F ¢[[]/l1][l’l2 o tg/lz]
F,hl : T1,t1 : “Stﬁ,hg : Tg,tg : “StTZ |
¥, Vmimy.(Imil, Imzl) < (lh1 = t1], 1h = t2]) = ¢[mi/li][mz/l] v ¢lhy = t1/L][he = t2/1]
'Y+ Vlllzqs

S—-D-LIST

RHOL

The following version of the case rule is admissible:
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Fl\Pl—tliliStrl "tz:“StTZ |¢I/\(r1:0<:>r2:0)
T |¥,¢'[0/r]][0/r2] Fuy 0oy ~uz: 02| ¢
F'|Y+rov: N> ~vy: N> gy | Vayx.9"[Sx1/11][Sx2/12] = ¢P[r1 x1/11][12 X2 /12]

IF'|¥Yrcasetiof 0 > u;S > vy 01 ~casetr of 0 > uy; S vy 0 | @ NATCASEx
and the one sided version:
rl‘Pl—tliliStﬁ ~t220’z|¢l
LY, ¢'[0/r][ta/ro] Fus 01 ~ty: 02 | @
T | ¥+ U1 :N — o1~ Iy 09 | Vx1.¢’[5x1/r1] = ¢)[I’1 xl/rl]
NATCASE = —L

' Yrcasetjof O u;S— v 01~ 00| @

Notice that we can always recover the initial version of the rule by instantiating ¢" as t; = r; A t; = 3.

C PROOFS
Proof of Theorem 6

Theorem 6 (Equivalence with HOL). For every context I', simple types oy and o3, terms #; and ¢,, set of assertions
V¥ and assertion ¢, if ' + #; : o7 and I F £ : 0y, then the following are equivalent:

0r|‘1’|—t110'1~t220'2|¢
o I'| ¥+ @[t1/r1][t2/12]

Proor. The easier direction is the reverse implication. To prove it, one just notices that we can trivially apply
[SUB] instantiating ¢’ as a tautology that matches the structure of the types. For instance, for a base type N we
would use T, for an arrow type N — N we would use ¥x.L = T, and so on.

We now prove the direct implication by induction on the derivation of T' | ¥ + #; : 07 ~ 2 : 03 | ¢. Suppose the
last rule is:

Case. [VAR] (similarly, [NIL] and [PROJ])
The premise of the rule is already the judgment we want to prove.

O,xi:1,%: 0 |V, Ft:oy ~ty: 09 |
Case. [ABS] L 9 Lo 20| ¢

T | ¥+ Axl.tl 1T ™01~ AXg.tz Ty — 09 | Vxl,xz.g{)’ = gb[rl xl/rl][rg xz/rz]
By applying the induction hypothesis on the premise:
F, X1 :T1,X2 : Ty | \P,d)’ F ¢[t1/l‘1][t2/r2] (1)
By applying [=] on (1):
Loxpitnxz i | YR @ = o[t /r]tz/re]
By applying [¥] twice on (2):
T [YFVxix2.¢" = ¢t /r1][t2/12] 3)
Finally, by applying CONV on (3):
[ ¥ FVYxix.¢" = ¢[(Ax1.t1) x1/11][(Ax2.12) x2/12]
Proof for [ABS-L] (and [ABS-R]) is analogous.

TIYrt:ir =01~ — 0p | Vxg, x2.9" [x1/11][x2/12] = ¢[r1 x1/11][r2 x2/12]

T'|Yru:mg~upy:10 | ¢
Case. [APP] pn~winld

T | ¥+ tu o1 ~ taug 2 0o | dlur/x1][uz/x2]
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By applying the induction hypothesis on the premises we have:

LY F Vxixz.¢ [x1/r1][x2/12] = Plt1 x1/11][12 %2/ 72] (1)
and

LY+ ¢ [ur/r1][ua/r2] (2
By applying twice [Vg] to (1) with uy, uy:

Y F ¢ [ur/r1][uz/r2] = ¢lt wi/r1][t2 uz/12] (3)

and by applying [=] to (3) and (2):

L[ @[t /][t uz/12]

Proof for [APP-L] (and APP-R) is analogous, and it uses the UHOL embedding for the premise about the argument.
Proofs for [CONS] and [PAIR] are very similar as well.

F|Yrth:ioi~t:0p| ¢ T | 'Y FhoL ¢'[t1/11][t2/12] = @[t /r1][t2/12]

Case. [SUB
[ ] FI‘I‘I—t1:01~tz:02|¢

Applying the inductive hypothesis on the premises we have:
I [YF¢'[t1/r1][t2/r:]
and

LY F @' [ti/ri][t2/r2] = ¢lt1/r1][t2/12]
The proof is simply applying [=£].

F,xl :Il,xz ZIz,fl :Il i O',fz ZIZ — O3 | \P,(]S/,
Vmymy.(Imil, Imal) < (Ix11, Ix2]) = ¢'[mi/x1][ma/x2] =

dlmy/x1][mz/x2][fi mi/r1][f2 ma/r2] F

6120'1~€2102|¢

Def (f1,x1,e1) Def(fa, x2,€2)

Case. [LETREC]

I'|¥rletrec fix; =e : I} > oy ~letrec fox; =ex: L, = 03 |
Vx1x2.9" = Plr1 x1/11][r2 X2/12]

As an example, we prove the list and nat case, but for other datatypes the proof is similar. Applying the inductive
hypothesis on the premise we have:

L, L, ng, fi, fo | ¥,Vmimy.(Imyl, [mal) < (1111, |n2l) = ¢[fimi/r1][ fama/r2] v ¢ler/11][e2/T2]
By [V]] we derive:
LY rVY], fo, L, na.(Ymimy . (Imyl, Imal) < (1L, [n2]) = ¢l fimi/ri][foma/r2]) = dlei/ri]ex/T2]. (D)

We want to prove
L [¥FVling.¢[Fi li/r1][F2 na/r2]

where we use the abbreviations

F
F

letrec f1 x; = €

letrec f; x; = e

We will use strong double induction over natural numbers and lists. We need to prove four premises. Since we
can prove (®) from I', ¥, we can add it to the axioms:

(A) T |Y, @+ ¢[F; [1/r1][F2 0/r2]

(B) Iy, ty | ¥, @,Ymymi| < [t1] = $[F1 mi/r1][F2 0/12] + $[Fy1 (hy == t1)/11][F2 0/12]

(©) Ixp | ¥, ®,Ymy.Imy| < |x2] = ¢[Fy [1/11][F2 ma/r2] F ¢[F1 [1/r1][F2 (Sx2)/r2]
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(D) T by tr,x2 | ¥, @,Ymymy . (Imyl, Imz]) < (Thy = 1], 1Sx2]) =

$[F1 mi/r1][F2 ma/r2] v P[Fy (hy =2 t1)/11][F2 (Sx2)/12]
To prove them, we will instantiate the quantifiers in ® with the appropriate variables.
To prove (A), we instantiate ® at Fy, F, [], 0:

(Ymyimg.(Im4|, Im2l) < (111, 10]) = @¢[Fimy/r1][Fama/12]) = ¢lei/r1][ea/r2][[1/L1[0/n:][F1/ fil[Fa/ f2]

and, since (|my], |mz|) < (|[]l,10]) is trivially false, then

pler/r1][e2/r2][[1/L1[0/n][Fr/ fil[F2/ fo]
and by beta-expansion and [CONV]:
¢[F1 [1/r1][F2 0/r2]

To prove (B), we instantiate ® at Fy, Fy, hy :: £1,0
(Ymima.(Imyl, Imal) < (Ih1 = t1l, [0]) = $[Fim1/r1][Famz/r2]) = ¢ler/ri]lez/r2][h1 == t1/1L][0/n2][F1/ fil[F2/ f]
by beta-expansion:
(Ymima.(Imyl, Imal) < (Ih1 == t1l, [0]) = ¢[Fimy/r1][Famz/r2]) = ¢[F1 hy == t1/11][F2 0/12]
Since (|my], [m2|) < (|hy :: t1],0]) is only satisfied if |m;| < |t;| A my = 0, we can write it as:
(Ymima.(Imi| < |t1] A mg = 0) = $[Fimi/r1][Fama/12]) = $[F1 hy == t1/11][F2 0/12]

On the other hand, one of the antecedents of (B) is Ymy.|m;| < |t;] = ¢[F1 mq/r1][F2 0/r2], so by [=£] we prove
¢[F1 hy == t1/r1][F2 0/r;], which is the consequent of (B).

The proof of (C) is symmetrical to the proof of (B).

To prove (D), we instantiate ¢ at Fy, Fy, by = £1, Sxy

(Ymyma.(Imyl, Imal) < (1hy == 1], ISxz]) = ¢[Fimy/r1][Fama/12]) =
oler/r1][ez/ro][hy == t1/L][Sx2/n2][F1/ fillF2/ f2]

by beta-expansion:
(Ymima.(Imil, Imal) < (1hy = 1], [Sx2]) = G[Fimy/r1][Fama/r2]) = ¢[F1 by = t1/11][F2 (Sx2)/12]

One of the antecedents of (D) is exactly Vm;m,.(|my|, [mz2]) < (|hy =2 1], |Sxz|) = ¢[F1 mq/r1][F2 mz/rz], so by
[=E] we prove @[F; hy == t1/11][F2 (Sx2)/r2], which is the consequent of (D).
Proof of [LETREC-L] (and [LETREC-R]) is analogous, and uses simple strong induction.

T|YrL:listy ~L:list, =[] ©r=1[] FY.Lh=0L=Qrtw:o~u:0|¢
IF'NYro:n —list, = 01 ~vy: 1 — listy, = 0y |
Yhihotitp i =hi sty =L =hy ity = ¢)[r1 hy tl/rl][rz hy tz/rz]

Case. [CASE]
IF'NPrcaseljof [[u;_u_oviiog~caselbof [[ > uy_u_— o000 | ¢

We prove the rule for natural numbers. Applying the induction hypothesis to the premises of the rule, we have:
(A)F|‘I’I—t1=0(:)t2=0

B) T | ¥, t; =0,t5 =0+ Pp[ug/r1]{uy/17]

(O T Y FVxy,x2.t1 = Sx1 =t = Sx3 = P[vg x1/11][V2 X2/12]
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We want to prove:
['| ¥+ ¢[(case t; of 0+ uy;S > vy)/r1][(case ty of 0 > uy; S > v;)/13]
By applying [DESTR-NAT] twice, we get four premises:
(1) T| ¥,y =0, =0+ ¢[(case t; of 0 > uy;S + vy1)/r1][(case t; of 0 > uy; S > vy)/r2]
2) T,my | ¥, t; = 0,8, = Smy + ¢[(case t; of 0 — u1;S > vy)/r1][(case £, of 0 > uy; S > vy)/12]
(3) I,my | ¥, t; = Smy,t; =0+ ¢[(case t; of 0 — uy;S — v;)/r1][(case t; of 0 — uz; S — v;)/r2]
4) T,mq,my | ¥, t; = Smy,t; = Smy + P[(case t; of 0 — uy; S — vy)/r1][(case t of 0 > uy; S > vy)/13]
We can prove (2) and (3) by deriving a contradiction with [NC] and (A). After beta-reducing in (1) and (4) we
can easily derive them from (B) and (C) respectively.
Proof of [CASE-L] (and [CASE-R]) is analogous.

O
Proof of Lemma 10
Lemma 10 (Embedding lemma). Assume that:
oT |¥trt:oy]|¢
o |¥tiy:op| ¢
ThenT |Y Ft; 01 ~ tp : 09 | Plr1/r] A @' [r2/r].
Proor. By the embedding into HOL, we have:
o I'| ¥+ o[t:/r]
o T [ ¥+ ¢'[ta/r]
and by the [A;] rule,
T | ¥r@t/r] A ¢'[t2/1].
Finally, by undoing the embedding:
I'Yrty:oy~t:00] .
O

Proof of Theorem 11

Theorem 11. IfT' + ¢ : 7 is derivable in the refinement type system, then |I'| | [T'| F ¢ : |z| | Lz](r) is derivable
in UHOL.

Proor. By induction on the derivation:

Case.x:r,'+x:7
To prove : x : |z, |T| F Lz](x), [T] + x : || | Lz](r). Directly by [VAR].

I''x:7t+t:0o

"TrAxt:I(x:7).0
To prove: |T| | [T F Ax.t : [II(x : 7).0] | [H(x : 7).0](r).
Expanding the definitions:
IT| | IT] F Ax.t: |7] = o] | Vx.L7](x) = Lol(rx)
By induction hypothesis on the premise:
ITLx |zl L) Lol () F 2z fol | Lo)(r)
Directly by [ABS].

Case

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 21. Publication date: September 2017.
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Frt:I(x:7).0 Ttu:r

Case.
Trtu:olu/x]

To prove: |T'| | [T| +tu:|o[u/x]|| Lo[u/x]](r).
Expanding the definitions:

ITI LTI Ftes: ol | Lo)(r)[u/x]

By induction hypothesis on the premise:
ITIILE] Ft:fr] = o] | Vx.lz](x) = Lo](rx)
and

ITH LT Fucs ] | Lo )(r)

We get the result directly by [APP].

TFte:list, Ttu:o F'rov:z—-listy >0

Case.
IFtcasetof [[u;_=_+v:co

To prove: |T| | [T]Fcasetof [ u;_=_+v:]o|| Lo](r)
By induction hypothesis on the premises:
T | [T) - £ fliste] | Llist,](x), (1)
ITI [ [Tl Fu:ol| Lol(r), ()
and
IT|| IT]Fo:|t > list; > o] | Lz — list; = o](r) (3)
Expanding the definitions on (3) we get:
IT] | IT] Fo:lz| = [listy] = |o| | Vx.lz](x) = Vy.llist; [(y) = Lol(rxy) (4)

And from (1), (2) and (4) we apply [LISTCASE*] and we get the result. Notice that (2) and (4) are stronger than
the premises of the rule, so we will first need to apply [SUB] to weaken them

T'rr

I'+[]:list;

To prove: |T| | [T+ []: [list;] | Llist;](r)

Expanding the definitions: |T'| | [T']  [] : list|7 | All(r, x, [ 7](x))

And by the definition of All for the empty case, trivially All([], x, [7](x)), so we apply the [NIL] rule and we get
the result.

Case.

T'th:t Trit:list,
Trh:t:list,

To prove: |T'| | [T] F kot |list,| | Llist,](r).
Expanding the definitions: |T'| | [T'] F h :: t : listj7| | All(r, Ax.[ 7] (x)).
By induction hypothesis on the premises, we have:
ITI[LT] kel | Lr)(r)
and
ITI| LT k¢t : listyz) | All(r, Ax.[7](x)).
We complete the proof by the [CONS] rule and the definition of All in the inductive case.

Case.

'rr <o I'rt:r

Case.
T'tt:o

To prove: |T'| | [T] Ft:|o|]| Lal(r)
and, since |o| = |7], it is the same as writing

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 21. Publication date: September 2017.
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T LT ke el | Lol (r)

By induction hypothesis on the premises:
ITLx: |zl [ LL), L] (x) F Lo (x)

and

ITIILT] R eedzl ] Lr)(r)
The proof is completed by applying [=] to the first premise, and then [SUB].

Iox:r,f:U(y:{r:7|y<x}).oly/x]rt:o Def(f,x,t)
I'kletrecfx=1t:1I(x:7).0
To prove: |T'| | [T'] F letrec f x =t : |[Il(x : 7).0] | [II(x : 7).c](r)
By induction hypothesis on the premise:
ITLx = |zl, f = |zl = lo| | LT], L] (), Yy Lzl (y) Ay < x = Loly/x]]1(fy) -t : o] | Lal(r)
Directly by [LETREC].

Case.

Proof of Theorem 12

Theorem 12. If T + 7 < o is derivable in a refinement type system, then |['|,x : || | [T], Lz](x) + Lo](x) is
derivable in HOL.

We will use without proof the following results:
Lemma 21. IfT + 7 < ¢ in refinement types, then |7| = |o|.

Proor. By induction on the derivation. ]
Lemma 22. For every type 7 and expression e and variable x ¢ FV(z,e), [7](e) = [7](x)[e/x]

ProorF. By structural induction. m]
Now we proceed with the proof of the theorem.

Proor. By induction on the derivation:

T'rr
Case. ——
'rre<r

To show: |T'|,x : |z] | Lz](x) + Lz](x). Directly by [AX].

I'rn <n 'k <13

Case.
I'rp <13

To show: [T'f,x : |r1| | LT, L1 ](x) F L73](x).

By induction hypothesis on the premises,

T x « |zl [ LT), Lr) (%) B Lz ] (x)

and

ITlLx : |2l | LT, Lz2l (x) F L7s] (x).

We complete the proof by [CUT]. Notice that |7;| = |5z = |z3].

'k 11T
Case. — —
I' v listy, < listy,

To show: |I'|, x : |list,, | | [T, Llist, [(x) F Llists, ](r)

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 21. Publication date: September 2017.
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Expanding the definitions: |T'|, x : list|,, | [T, T+ T,
which is trivial.

Tr{r:7| ¢}
'I“I-{r:rlqﬁ}ﬁf
To show: [Tl,x < |{r: 7 | ¢}l | Lir: 7 | $}(x) ¥ Lr)(x).
Expanding the definitions: [T|,x : {r: 7 | ¢}| | Lz](x) A d[x/r] + L7](x)
and now the proof is completed trivially by [Ag] and [AX].

Case

'rr <o Ir:tr¢
F'rr<{r:o| ¢}

To show: [T|,r: || + [T], Lz](r) F L{r: o | ¢}](r)
Expanding the definition: |T'|,r : |z]| | [T'], Lz](r) + Lo ](r) A ¢
By induction hypothesis on the premises we have:
ITLr: el | LT), Le)(r) F Lo)(r)
and:
ITLr: [zl [ LT], Lzl(r) F ¢
We complete the proof by applying the [Af] rule.

Case.

I'roy, <oy Ix:oby <1y

TFI(x:o07).11 <O(x: 02).12
To show: |T'|, f : [II(x : oy).7q| | LT], [TI(x : 01).71](f) F LT1(x : 02).72](f)
Expanding the definitions:
ITL, f : H(x : o1).m1] | LT, Vx.Lor](x) = Lri](fx) F Vx.Loz](x) = L72](fx)
By the rules [V;] and [=]] it suffices to prove:

Case

ITL f = H(x = 01).71l, x : [oa| | LT], Vx.Lo1](x) = L] (fx), Lo2](x) F L72](fx) (1)
On the other hand, by induction hypothesis on the premises:

ITl,x : loa| | LT, Loz](x) F Lo1](x) ()
and

T, x : ozl y = Iml | LT), Lo2J(x), Lzl (y) + Lr2)(y) ®3)
which we can weaken respectively to:

ITLx « ozl f : M(x : o1).7| | [T, Loz)(x), ¥x.Lo1](x) = L] (fx) F Lon](x) (4)
and

Tl x s loal,y « |ml, f + T(x 2 o1).71| | [T], Lozl (x), L) (y), Vx.Lor](x) = Lr](fx) + L72)(y) )
From (4), by doing a cut with its own premise Vx.| o1 |(x) = |71 ](fx), we derive:

Tl x : |ol, f : I(x : o1).7| | LT], Loz)(x), ¥x.Lo1 ) (x) = Lz ] (fx) F Lr ) (fx) (6)

From (5), by [=/] and [¥[] we can derive:

IT],x : ozl, f: [H(x : 01).11] | LT, Loal(x),, Vx.Lo1](x) = Lal(fx) + YVy.lml(y) = L2](y)

And by [Vg]

ITl,x : oz, f: (x : o1).71] | LT}, Lozl (x),, Vx.Lo1](x) = Ln](fx) b Lr](fx) = L] (fx) (7)
Finally, from (6) and (7) by [=£] we get:

ITl,x : oz, f: [(x : o1).71] | LT), Loz (x), Yx.Lo1](x) = Lzal(fx) F L72] (fx)

and by one last application of [=] we get what we wanted to prove.
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Proof of Theorem 13

Theorem 13 (Soundness of embedding of relational refinement types). IfT' + ¢; ~ t5 :: T, then |[T| | [[T]] + # :
IT| ~ t5 : |T| | | T]|(r1,12) Also, if T + T < U then [T, x1, x5 : |T| | [T|], | T |1, %2) F LU (1.%2)-

We can recover the lemma from the unary case:

Lemma 23. For every type 7, expressions t1, t; and variables xy, x; ¢ FV(z, t1, t2),

Lz l(t1, t2) = [z ]| (1, x2) [t1 /%1 ][22/ 2]

ProoF. Most cases are very similar to the unary case, so we will only show the most interesting ones:
T

Ir[]~[]:listy

To show: [T| | [T + [] : llistr] ~ [] : Mistz| | [[listr ||(r1, T2).

There are two options. If T is a unary type, we have to prove:

T LUT] - [ listrl ~ [0 ¢ listrl | Aseqr.z All(r, Ax.L2)(x))

And by the definition of All we can directly prove:

010+ AN([], Ax.Lt](x)) A AL([], Ax.L7](x))

If T is a relational type, we have to prove:

ITI | IT] F [0 : Mistr] ~ []: listr] | Al2(ry, 12, Axy.Axo. || T || (31, X2))

And by the definition of All2 we can directly prove:

0 | 0+ A112([], [],/‘lxl.AXZ.H_TJ_I (xl,xz))

Case.

Trhi~hy =T Trt ~tylisty
T+ ]’ll o~ hz g “StT

To show: |T| | ||T]| + hy == & ¢ |listy| ~ hy =2 82 ¢ |listy] | listr.
There are two options. If T is a unary type, we have to prove:
|T| I HFJJ F hl B “IStTl ~ hz Ny IlIStTl | /\,-E{l,z}All(ri,/lx.LTJ(x))
By induction hypothesis we have:
[T [ ([T & hy o IT] ~ hy = ta 2 IT| | NjeqraLT1(xs)
and
IPL(TL -ty s Hlistr] ~ g ¢ listr] | Aveqnz) Alltr, Ax.LT1(x))
And by the definition of All we can directly prove:
Nier2)LTI(hi) = Nieq2) All(ti, Ax.[T1(x)) = Aieqr,2) All(h; == i, Ax. [ T1(x))
So by the [CONS] rule, we prove the result. If T is a relational type, we have to prove:
ITI| [Tl F By 2ty : listp]| ~ kg = g < [listy| | All2(ry, T, Axg Axo. || T || (31, x2))
By induction hypothesis we have:
ICLLUT] - By IT]~ By 5t 2 1T [ T] (v, 2)
and
IT| | |IT] F ty : [listy| ~ #a = [listr| | Al2(ry, r2, Ax1.Axo. || T (31, X2))
And by the definition of All2 we can directly prove:
I_I_TH (h],hz) = AHZ(II, tz,).xl./le.l_l_Tﬂ (xl,xg)) = All(hl ZZ tl,hl i hg,/lxl.sz.[LTJJ (.X'],XZ))
So by the [CONS] rule, we prove the result.

Case.

C Trt ~ty:listy F'rthi=[let=]] FTru ~uy U I'tog ~vy (k= T). II(¢t = listy). U
ase.

TFtcasetjof [P up;__ o ~casebof [[Puy;_ = oy aU
To show:
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ITI | [T Fcaset; of [ > up;_ = _ >0 |U| ~casety of [] > ug;_ i _ > 1y |U| | [|[U]|(r1,12)

By induction hypothesis we have:

T[T rti=0 e t2=1[,

IO LUT] - wr : 1U] ~ w2 (0] | U] (re,7)

and

IFI | |lI‘JJ F oo T — [iSt’I‘ - U ~ vy : T — “StT - U | VhthH_TJ_I(hl,hg) = vtltz.ulistrﬂ(tl,tg) =
LU |(r1hyty, hatyrs)

By applying the [LISTCASE*] rule to the three premises we get the result.

FoxuT,f oy fy =T\ (y1,y2) < (x1,x2)}). Uly/x] Ft1 ~t2 = U
Fr(x=T).U Def (f1,x1,t1) Def (f2, x2, t2)

Irletrec fixg =t ~letrec fxa =t = (x=T).U

Case.

To show:

IT| | [T F letrec fi x1 =t : [H(x = T). U| ~ letrec fo x2 = &5 : |IL(x = T). U| | |[H(x :: T). U |(ry,12)
Expanding the definitions:

IT| | |IT] ¥ letrec fi 1 = t1 : |T| = |U| ~ letrec fo x3 = t5 : |T| = |U| | Vx1x2.|| T || (x1, x2) = ||[U]||(x1x1, r232)
By induction hypothesis on the premise:

|r|9x1’x2 : |T|a f‘lsf‘z : |T| - |U| | urﬂ’ |_|_Tﬂ(x1’x2)9vyls yZ(H_Tﬂ(yl9 yz)/\(yl’ yz) < (xl,xz)) = uUJ_‘(f‘lxh ﬁxz) -
ty Ul ~ tp : U] | U ]|(ry,12)
And we apply the [LETREC] rule to get the result.

Proof of Lemma 15
Lemma 15. If { Z aand 7 \, ¢, then + ¥x,y.(| 7], (x,y) = T) in HOL.

Proor. By induction on the derivation of 7 \ €.

cct

Te(r) ¢
Since ¢  a (given) and € C ¢’ (premise), it must be the case that ¢’ Z a. Hence, by definition, [T (7)]4(x,y) =
T.

Case.

TN\
Te(r) o C

We consider two cases:

Case.

If £’ £ a, then | Ty (7)]q(x,y) = T by definition.

If ¢ C a, then | Ty (7)la(x,y) = Lrla(x,y) by definition. By i.h. on the premise, we have |7],(x,y) = T.
Composing, [T (7)]a(x,y) = T.
71 N\ € o\ C
Case.
T X7 \

[I>

By ih. on the premises, we have |7;],(x,y) = T for i = 1,2 and all x,y. Therefore, |7; X 72]4(x,y)
Lt1la(mi(x), 11 (y)) A L2la(ma(x), mo(y)) = TAT = T.
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o N\ L
1o T N\

By i.h. on the premise, we have |72 ],(x,y) = T for all x, y. Hence, |71 — 72]4(x,y) £ (Yo, w. [11)a(v, W) =
l2la(x v,y w)) = Vo, w. [rlq(o,w) > T) = T.

Case.

O

Proof of Theorem 16

Theorem 16 (Soundness of embedding). IfT' + e : 7 in DCC, then for all a € {L,H}: |T| | [Tls F leli : |7] ~ el :
Izl | L7]a(r1,12).

Proor. By induction on the given derivation of T' + e : 7.

Case. ——
I'rtt:B

To show: [T| | [Tlgrtt:B~tt:B | (r; =ttAry =tt) V (r; = ff Ary = ff).
By rule TRUE, it suffices to show (tt = tt A tt = tt) V (tt = ff A tt = ff) in HOL, which is trivial.

I'te:B Tre:t Frep:t

Case.
Fl—caseeofttr—>et;ffr—>ef:1'

To show: [T'| | [T']s + (case |e|; of tt = [e|1;ff = lerl) = |7] ~ (case |el; of tt = es|o; ff = [eflo) : |7] |
L7la(r1,r2).

By ih. on the first premise:

ITITlaklel :B~lelz:B| (rn=ttAr, =t) vV (r; = ff Ary = ff)

By i.h. on the second premise:

ITHI LT la F lech = 1zl ~ leel2 < Izl | Lrla(r1,12)

By i.h. on the third premise:

ITH LT la F lefl < 1zl ~ leflz < Izl | L la(r1, 12)

Applying rule BOOLCASE to the past three statements yields the required result.

Case. —M8M8MM
Ix:tkx:1T

To show: |T'|,x1 : |7}, x2 ¢ || | [Tlas L7)a(x1,02) Fxy 2 |7] ~ %2 < |7] | L7]a(r, 12).
This follows immediately from rule VAR.

Ix:qgre:n
Case,. ——
F'rAxe:1y > 10

To show: |T| | [T]q F Axy.lely : |m1] = 72| ~ Axz.lelz : |z1] = |z2] | Vxr, x2. Lrida(x1, x2) = L72]a(r: x1, T2 X2).
By ih. on the premise: |T'|,xy : |71],x2 « [72] | [Ta, L7ala(x1,x2) F lely = [72] ~ lelz : 72| | L72]a(r1, T2).
Applying rule ABS immediately yields the required result.

l're:rp > 1 IF'te' :n

Case. y
I'ree : 1,y

To show: |T| | [Tlq F lely [e']1 : 72| ~ lelz [€']z : 72| | Lzz)a(ry, 12).

By ih. on the first premise:

[T | [Tla F el : |mal = 72l ~ lely : [l = |72l | Vo1, 2. L71]a(x1, X2) = [72]a(r1 x1,T2 X2)
By ih. on the second premise:
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ITI [ LT k1€l < lzal ~ [€']z < |zl | L71)a(r1, T2)
Applying rule APP immediately yields the required result.

’ 4

I're:r T're' :7

Case. y y
Tr{e,e')y:TXT

To show: |T| | [T'a + (lels, [e'[1) = 7] X /| ~ (lelz, [€’]2) = [z] X |T/] | Lzla(mi(r1), m1(12)) A LT Ja(m2(r1), 7m2(12)).
By i.h. on the first premise:

[T | [Tla Flely s Izl ~ lelz = 1] | Lrla(ry,12)

By i.h. on the second premise:

Tl [Tla bl s 1zl ~ eIz 2 171 | L7’ )a(r, 12)

The required result follows from the rule PAIR. We only need to show the third premise of the rule, i.e., the
following in HOL:

Vx1x2y1y2~|_TJa(x1,xz) = LT/Ja(yl,yz) = (LTJa(ﬂ1<X1,y1>, 7f1<xz,yz>) A LT'Ja(ﬂ2<x1,y1>, 7T2<x2,y2>))

Since 71(x1, y1) = x1, etc., this implication simplifies to:

Vx1x2y1Y2. L 7]a(x1, X2) = 77 ]a(y1, y2) = (Lrla(r, x2) A L7 1a(y1, y2))

which is an obvious tautology.

Tre:rx7’
Case. —
T'+m(e): T

To show: [I| | [Tla + mi(lel) : [z ~ mi(lel2) : [7] | L7]a(r1,12).

By i.h. on the premise:

ITH LT a Flely s [zl x '] ~ lelz = o] X |2'| | Lz]a(mi(r1), mi(r2)) A L' Ja (2 (r1), 72 (r2))
By rule SUB:

ITH LT la Flel = Izl X 12| ~ lelz : [z] X 2] | L7]a(m1(r1), 71 (r2))

By rule PROJ;, we get the required result.

T're:t
I'+ne(e) : Te(r)
To show: [T'| | [Tq + lely : 7] ~ lelz : || | LTe(7)]a(rs, 12).
By ih. on the premise: |T'| | [T]; + lely : |7] ~ lelz : |z] | Lzla(r1,12) (1)
If £ C a, then | Ty(7)|q(r1,12) = [7]a(r1,12), so the required result is the same as (1).
If £ Z a, then | T¢(7)]a(r1, 1) 2 T and the required result follows from rule SUB applied to (1).

Case

Tre:Te(r) Ix:tre : 7 (AN

T+ bind(e,x.e’) : 7’
To show: [T'| | [Ta F (Ax.le’]1) lely « |7'] ~ (Ax.|e’[2) lelz « 7] | L7"Ja(r1, T2).
By i.h. on the first premise:

Case.

ITI| [Tla + lel = Iz ~ lelz : I7] | LTe(7)la(r1, r2) (1)
By i.h. on the second premise:
Tl xy s |l x < |l | LD las LrJa(x1, x2) B le’|y < |2 ~ [€’lz = [77] | L7’ Ja(ry, T2) @)

We consider two cases:

Subcase. £ C a. Here, | T¢(7) ]a(r1,12) = [ 7]a(r1,12), so (1) can be rewritten to:

[T | [TlaFlely s Izl ~ lelz = 1] | Lr)a(ry, 12) 3)
Applying rule ABS to (2) yields:
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ITH| [Tla k Axple’ls o] = 127 ~ Axz.le’lz < |7] = 17/] | Ve LT ]a(x1, x2) = L77]a(r1 %1, 12 X2) (4)
Applying rule APP to (4) and (3) yields:

ITI | [Tla F (Ax1.1€"]h) lely = |7'] ~ (Axa.le’l2) lelz = |2 | L7"]a(T1, T2)

which is what we wanted to prove.

Subcase. ¢ Z a. Here, | T¢(7)]o(r1,12) 2 [7]a(r1,T2), s0 (1) can be rewritten to:

[Tl LT a & lely |zl ~lelz = [z] [ T (5)
Applying rule ABS to (2) yields:

ITI [ IT]a F Axrle’]s c 1zl = [2/] ~ Axz.le’lz : 1zl = |71 | Vorxz. LT ]a (e, x2) = [77]a(r1 X1, 12 X2)

By Lemma 15 applied to the subcase assumption ¢ [Z a and the premise 7’ \ £, we have |7/ ],(r1 x1,12 X3) = T.
So, by rule SUB:

IT| | [Tla b Axrle’lyc Izl = |2/ ~ Axz.le’la : 17| = [2/] | Voxrxa.[7la (1, %2) = T

Since (Vx1x2.17]q(x1,x2) = T) = T = (Vx1,x2.T = T), we can use SUB again to get:

IT| | LTlq F Axy.le’]y : |z] = |77 ~ Axa.le’]z : o] = |2/] | Vx, x. T =T (6)
Applying rule APP to (6) and (5) yields:

IT] | [Tla F (Ax1.1€"]) lels = |7/] ~ (Axa.le’]2) lelz = [2'] | T

which is the same as our goal since | 7”],(r1,12) = T.

Proof of Theorem 17
Theorem 17. If A;®; Q +; 1 : A, then: (|Q), A | @, Q] + (£) : (lAl)e | LAI&L(r)

Proor. By induction on the derivation of A; ®; Q l—i t : A. We will show few cases.

Case. 5
ADg; Q,x:Argx: A
We can conclude by the following derivation:

VAR
(121D, x = (1Al)o, A | @a, L), LA]o(x) F x 2 (JAl)o | LA]o(T)

AT

(121D, x : (lAl)o, A | @, LR, [Alo(x) FO:N[0<T <0 N
(121D, x = (1AIws A | g, LR, LALw (x) F (x,0) = (JAl)o X N | LAl (1) A 0 < 71 < 0

PAIR-L

where the additional proof conditions that is needed for the [PAIR-L] rule can be easily proved in HOL.

Case. —————
A;®g; Qg nint
Then we can conclude by the following derivation:

NaT NAT
(1Q1),A | @o, QI FN:N | T (1Q1),A | Pa, QI FO:N|0<T<0

(12, A | g, Q] F (n,0) : NXN |0 < mr <0

PAIR-L

where the additional proof conditions that is needed for the [PAIR-L] rule can be easily proved in HOL.

A®gx: AL QLA

0 exec(k, 1)
N Qg Qg Axt : Ay —— Ay

Case.
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By induction hypothesis we have (|Ql),x : (|A1l)o, A | @, [Q], LA1]o(x) F (2) : (lAz2])e | LAJf’l(r) and we can
conclude by the following derivation:
(121D, x : (1A1l)o. A | @, 12, LA1o(x) F (1) :
(14al)e | LA215 (r)
(120, A 1@, [Q] + Ax.(t) : (A1l)o — (1Azl)e |
Vx. [ Ao (x) = A5 (rx) (1Q1),A |, Q] F0:N|0<r<0
(121, A1 @, L] F (Ax.(2),0) : ((A1l)o = (lAz2l)e) XN | Vx.[A1]o(x) = LAZJS’I((ﬂ'lr)x) A0 < mr<0

ABS

PAIR-L

where the additional proof conditions that is needed for the [PAIR-L] rule can be easily proved in HOL.

1 exec(k, 1) j2
A; D, Q I—k1 Al — Ay A; Dy Q I-kz ty 1 Aq
Case : Li+lL+1+c -
.H - 1+h app .
A,':I)a, Q Fk1+kz+k+0upp ity : Ay

By induction hypothesis and unfolding some some definitions we have
(1Q1), A | @a, L] F (1] = ((IA1])o = ((1A2])0 X N)) X N |
Vh.[A1lo(h) = (lAz)o(m((mi(r))h)) Ak < mp((m(r))h) < 1) Aky < ma(r) <
and (|Q[), A | @g, LQ] F (t2) : (lA1l)o X N | LA1lo (1 (x)) A ka < 72(x) < . So, we can prove:
12D, A | @4, Q] Fletx = (1) inlety = (t2) inm(x) 71 (y) : (|A2])o X N |
|_A2Jv(ﬂ1(r)) ANk < 77.'2(1‘) <IA k1 < ﬂz(x) < ll A kz < nz(y)r < lz

This combined with the definition of the cost-passing translation (t; t,) = letx = (t;]) inlety = (t) inletz =
m1(x) m1(y) in (m1(2), m2(x) + m2(y) + 7m2(2) + capp) allows us to prove as required the following:

12U), A | @g, LQI F (t1 1) : (JA2l)o X N | LAg]o(m1(r)) Ak + ki + kz + capp < mo(r) S L+ 1+ Lo + capp.

Proof of Theorem 18

Theorem 18. If A;®;T +t; 6, S1: 7, then: |[T|,A | @,|IT] F (1)1 : (I7l)e ~ (t2)2 ¢ (Izl)e | (]2 (r1,12),
where (t;); is a copy of t; where each variable x is replaced by a variable x; for j € {1, 2}.

To prove Theorem 18, we need three lemmas.

LemmA C.1. Suppose A;® + wf.! Then, the following hold:

(1) A @+ Vxy. [[7]]o(x,y) = [Tlo(x) A [T]o(y)

@) A @ FVxy. [[7]lL(x,y) = [T1"(x) A LTLe ™ ()
Also, 3) |[T]] = Iflj A Ifzj where Ty and Ty are obtained by replacing each variable x in T with x; and xs,
respectively.

ProoF. (1) and (2) follow by a simultaneous induction on the given judgment. (3) follows immediately from (1).
O

LEMMA C.2. IfA;®,;T ey ©e; St in RelCost, then A ®:T ko' ei = T fori € {1,2} in RelCost.
Proor. By induction on the given derivation. ]

I This judgment simply means that 7 is well-formed in the context A; . It is defined in the original RelCost paper [Cigek et al. 2017].
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LEMMA C3. IfA;®@ |= 11 C 1o, then A; @ F Vxy. |71 |0 (x, y) = || 22]]o (x, ).
Proor. By induction on the given derivation of A; @ |= 71 E 7. |

Proor oF THEOREM 18. The proof is by induction on the given derivation of A; ®;T + t; © £ < k : 7. We show
only a few representative cases here.

i2S,A®Treoe St:t i ¢ FIV(®,;T)

diff
Case: A;®y;;THAeo Ae’ S0: Vi l(t S.T

To show: ||IT|l,A | @4, [T + (A_.(e)1,0) : N = (Izl)e) X N ~ (A_.(€)2,0) : (N - (Izl)e) X N | || Vi
S. 7%y, 12).

Expand || Vi S.7]]%ry, 1) to || Vi
reduce to two proof obligations:

(A) IIT, A | @, [T]l F A_(e)1 : N = (Izl)e ~ A_.(e')2 : N = (Izl]e | [[Vi
B) IITIL,A | @, |ITFO:N~0:N|r—r; <0

(B) follows immediately by rule [ZERO]. To prove (A), expand || Vi ljlifJ:f:( g S.7]|u(r1,12) and apply rule [A]. We
p P pply
get three proof obligations.

R-ILAM

dif.f.(t)

1ff(t) dlff( )

S. 7o (m 11,71 T2) A mor; — 2 T2 < 0, and apply the rule [PAIR] to

dlff(t)S TJ_l (rl,rz

©) Tl A | Do, [IT] F A (e)s : N = (Iel)e ~ A_(e)2 : N = (Iel)e | Vi T 5. 710 (1)
exec(O )

O)ITILA | @g, |IT] FA_(e)1 : N = (Izl)e ~ A_.(e’)2 : N — (|z])e | Vi S.7]u(rs)
E)IITILA | @4, |IT]| FA_(e)1 : N = (Iz])e ~ A_.(€')2 : N > (Izl)e | Vz122. T = Vi.||t]|L(x; 21,12 22)

To prove (C), apply Lemma C.2 to the given derivation (not just the premise), obtaining a RelCost derivation
for A; @45 T + Ae = (Vi el g, 7). Applying Theorem 17 to this yields (), A | @4, [T] + (A_.(e),0) : (N —
(I7)e) XN | 1¥i ) §. 719 (r) in UHOL, which is the same as (T)), A | a, T] - (A_.(e), 0) : (N = (IFl]e) X
N | Vi execg?’w) S.T]y(m 1) AO < my 1 < oo. Applying rule [PROJ;], we get (T ), A | g, [T] - m1(A_.(e),0) : N —
(I71)e | LVi S.7T ], (r). By subject conversion, (T)), A | @4, [T] + A_.(e) : N — (]I?IDe | LVi exec(feo) S. 7] (r).
Renaming variables, we get (T);, A | @4, [T1] + A_.(e)1 : N — (I7])e | LVi exeelde) g 1o ().

Now note that by definition, ||T'|| 2 (T); and by Lemma C.1(3), IT] = IT,]. Hence we also get ||T||, A |
Du, T FA_(e)1 : N — (IT])e | LVi execg? <) S.7],(r). (C) follows immediately by rule [UHOL-L].

(D) has a similar proof.

To prove (E), apply the rule [ABS], getting the obligation:

”r”sAle,ZZ :N | (Da’ H_r_” F qul : (”TH)e ~ (]e,DZ : (”TH)E | Vi'”_TJJf:(rl’rZ)
Since z3,z, do not appear anywhere else, we can strengthen the context to remove them, thus reducing to:

(Tl A | g, [[T] F ()1 : (I7l)e ~ (€')2 : (Izl)e | Vi[lz]]}(r1,12)

Next, we transpose to HOL using Theorem 6. We get the obligation:

ITNl, A | @q, [IT]] ¥ Vi. [z ]c ((eDs, (e')2)

This is equivalent to:

TN, A2 S| @, [[T] F [I7l2((eDs, (e')2)
The last statement follows immediately from i.h. on the premise, followed by transposition to HOL using Theo-
rem 6.

exec(0, c0)

AN®yuTreoe<Sti:tT ¥x € dom(T). A;®, =T(x) C OT(x)
Case: ANOLT, T Qrece<0:07

NOCHANGE
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To show: ||IT[l, A | @4, [[T] + ()1 : (Izl)e ~ (eDz : (Izl)e | IO 7))%(xr1, 12).

Expanding the definition of |0 7 ||%, this is equivalent to:

ITHL A | @a, IT] (€)1 = (IzlDe ~ (eDz = (Izl)e | [[7]Jo(m1 r1, 2 12) A (1 11 = 1 12) A (T2 11 — 72 T2 < 0)
Using rule [A], we reduce this to two obligations:

A IITILA | @g, [Tl + ()1 : (Il)e ~ ()2 = QlzlDe | [[7]Jo (1 11, 72 T2)

B) ITIL A | @a, [T + (e)r = (IzlDe ~ (eDz = (Izl)e | (m1 11 = 71 12) A (T2 11 — M2 12 < 0)

By i.h. on the first premise,

ITIL A | @g, [[T]] - (e)1: (Irl)e ~ (eDz : AzlDe | L7l (m 11, 2 12) A (11 — 2 13 < 8)
By rule [SUB],

ITILA | @a, L] F (€)1 : (I7l)e ~ (e)z : (I7l)e | [z lJo (1 11, 72 12)

which is the same as (A).

To prove (B), apply Lemma C.3 to the second premise to get for every x € dom(T) that A | @, F ||T(x) || (x1, x2) =
IO T(x)],(x1, x2). Since [|OT(x) || (x1,x2) = x1 = x2 and from ||T|| we know that || T'(x) ||, (x1, x2), it follows
that ||IT||, A | @4, |[T]| + %1 = x2. Since this holds for every x € dom(T), it follows immediately that ||T||, A |
@4, IT|| + (e)1 = (e)2- By Theorem 6, |[T|l,A | @g, [IT]] + (e)1 : (Izl)e ~ (e)2 : (Izl)e | r1 = rz. (B) follows
immediately by rule [SUB].

O

D EXAMPLES

Factorial

This example shows that the two following implementations of factorial, with and without accumulator, are
equivalent:

fact; £ letrec fing =caseny of 0 = 1,5 > Ax1.5x1 * (f1 x1)

fact, letrec f> ny = Aacc.case ny of 0 — acc; S — Axs. fo x2 (Sxz * acc)

Our goal is to prove that:
O] 0+rfact; : N > N ~ facty : N > N - N | Vniny.ny = ny = Vace.(r; ny) * acc = ry ny acc

Since both programs do the same number of iterations, we can do synchronous reasoning for the recursion
at the head of the programs. However, the bodies of the functions have different types since fact; receives an
extra argument, the accumulator. Therefore, we will need a one-sided application of [ABS-R], before we can
go back to reasoning synchronously. We will then apply the [CASE] rule, knowing that both terms reduce to
the same branch, since n; = n,. On the zero branch, we will need to prove the trivial equality 1 * acc = acc. On
the successor branch, we will need to prove that Sx * (fact x) * acc = facty x; (Sx; * acc), knowing by induction
hypothesis that such a property holds for every m less that x.

Now we will expand on the details. We start the proof applying the [LETREC] rule, which has 2 premises:

(1) Both functions are well-defined

(2) n1 = n2,Vy1y2.(y1, y2) < (n1,n2) = y1 = y2 = VYace.(f1 y1) * acc = fo Yy, acc + case ny of 0 > 1;5

Ax1.8x1 * (fi x1) ~ Aacc.case ny of 0 = acc; S = Axz. fa x5 (Sxz * acc) | ny = ny = Yace.rq * acc = ry acc
We assume that the first premise is provable.
To prove the second premise, we start by applying ABS-R, which leaves the following proof obligation:

ny = ng, Yy1y2.(Y1, y2) < (n1,n2) = y1 = y2 = Yace.(f1 y1) * acc = f yp ace,ny = ny +
case ny of 0 > 1;S > Ax1.Sx1 * (f1 x1) ~ case nz of 0 > acc; S — Axy. fo x5 (Sxy * acc) | ry * acc =y
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Now we can apply [CASE], and we have 3 premises, where ¥ denotes the axioms of the previous judgment:
e¥in ~n|ri=0r,=0
e ¥ n =0,n,=0Fr1~acc|r;*acc=ry
o Wk Axy.Sx1 % (fi x1) ~ Axa.f2 x2 (Sxz * acc) | Vxyxz2.n; = Sx1 = np = Sxz = (1 x1) * acc = 1z x3
Premise 1 is a direct consequence of n; = n,. Premise 2 is a trivial arithmetic identity. To prove premise 3, we
first apply the ABS rule:
W, ny = Sx1,n2 = Sxz F Sx1 * (f1 x1) ~ f2 x2 (Sxz * acc) | r1 * acc =
and then by Theorem 6 we can finish the proof in HOL by deriving.
W, ny = Sx1,ny = Sxz F Sxy * (f1 x1) * acc = f x5 (Sx3 * acc)
From the premises we can first prove that (x, x;) < (ny, nz) so by the inductive hypothesis from the [LETREC]
rule, and the [=g] rule, we get
Yace.(f1 x1) * acc = f, x3 acc,
which we then instantiate with Sx; * acc to get
(f1 x1) * Sx1 * acc = fo x2 (Sx1 * acc).
On the other hand, from the hypotheses we also have x; = x3, so by [CONV] we finally prove

(f1 x1) * Sx1 * acc = f x2 (Sxz * acc)

List reversal

A related example for lists is the equivalence of reversal with and without accumulator. The structure of the
proof is the same as in the factorial example, but we will briefly show it to illustrate how the LISTCASE rule is
used. The functions are written:

letrec fi I; = case [y of [] = [];_:: _ > AhpAt.(fi 1) ++[x1]

letrec f; I, = Aacc.case I; of [] = acc;_ :: _ > Ahy. Aty . fo tp (hy 2 acc)

A
rev; =
A

revy
We want to prove they are related by the following judgment:
0] 0+Frevy : list; = list; ~ revy : list, — list; | Vi, Io.ly = I, = Yacc. (r; I;) + +acc =13 I acc

By the [LETREC] rule, we have to prove 2 premises:
(1) Both functions are well-defined.
(2) It = L,Vmimy.(Imy|, Imal) < (|l1], |l2]) = m; = my = Yacc.(fi my) + +acc = f my acc + case Ij of [] —
[;_ = _ = A At (A 1) ++[x1] ~ Aacc.case I of [] = acc;_ = _ > AhyAty.fo tp (hy : acc) |
Yacc. r; + +acc = ry acc
For the second premise, similarly as in factorial, we apply ABS-R. We have the following premise, where ¥
denotes the axioms in the previous judgment:
Y tcasely of [] = [I;_ = _ = AhAt.(fi 1) ++[x1] ~ case tp of [] > acc;_ 2 _ > Aha. Aty fo t2 (hy i ace) |
ry + +acc =r;
and then LISTCASE, which has three premises:
eVrh~Lin=[ern=]
e ¥ I, =[l,L=[]+][] ~acc|r++acc=r,
o ¥V Ahy Aty .(f1 1) ++4[x1] ~ Ahg Atz fo ty (B2 == acc) |
Yhitihotyly = hy oty 2 b =hy ity => 11 + +acc =1y

We complete the proof in a similar way as in the factorial example.
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Proof of Theorem 19

Theorem 19. I,1 : listy,n1,n2 : N, g1, : N > N | =lh,ny =ny,g1 =¢go
map (take Iy ny) g; : listy ~ take (map I, g2) ny : listy | ry = 12

We will use without proof two unary lemmas:
Lemma 24. e | e + take : listy —» N — listy | Vin.|r [ n| = min(n, |l])
Lemma 25. e | e - map : listy » (N — N) — listyy | VIf.|r I f| = |l
Now we proceed with the proof of the theorem

Proor. We want to prove
Iy =lp,ny = na, g1 = go + map (takely ny) g1 ~ take (maply g2) na | r1 E raAlrg| = min(ny, |l [)Alrz| = min(ng, |L])
where ry C r; is the prefix ordering and is defined as an inductive predicate:
VIL[1E! VYhhilb.hCh=h:L Ch:l
By the helping lemmas and Lemma 10, it suffices to prove just the first conjunct:
Iy = l,ny = ny, g1 = go + map (take Iy ny) g1 ~ take (map I, g2) ny | r1 1
The derivation begins by applying the APP-R rule. We get the following judgment on nj:
L =h,ny =ng,g1 =gaFny |t > |take I; ny| (1)

and a main premise:

Iy = l,ny = ng,g1 = go + map (take Iy ny) g1 ~ take (map I, g2) | Vx2.x2 = |take ly n1| = r1 E (12 x2)  (2)

Notice that we have chosen the premise x; > |take l; n;| because we are trying to prove r; C (r; x3), which is
only true if we take a larger prefix on the right than on the left. The judgment (1) is easily proven from the fact
that |take Iy nq| = min(ny, |l1|) < n; = n,, which we get from the lemmas. To prove (2) we first apply APP-L with
a trivial condition g; = g, on g;. Then we apply APP and we have two premises:

(A) Y+ takelyny ~maply go | 11 Ty, 13
(B) ¥ + map ~ take | Vmimy.my Ty, my = (Vg1.91 = g2 = Vxz.x2 2 [my| = (r;y my g1) C (12 m3 x3))
where C, is defined as an inductive predicate parametrized by g:
VI.[]E4 1 Vhiyl, .y Ty ly = h [ By (gh) = L,
We first show how to prove (A). We start by applying APP with a trivial condition for the arguments to get:
Y + take Iy ~ map l; | Vx19,.(r1 x1) Ty, (12 92)
We then apply APP, which has two premises, one of them equating I; and I,. The other one is:
Y+ take ~ map | Ymimy.my = my = Vx19,.(r1 my x1) Eg, (r2 my go)
To complete this branch of the proof, we apply LETREC. We need to prove the following premise:
Y, my = mg,Vkiky.(k1, kz) < (my,mp) = ki = ky = Vx195.(f1 k1 x1) By, (f2 k2 92) +
Any.ey ~ Aga.ez | Vx192.(r1 x1) Cy, (12 g2)
Where ey, e; abbreviate the bodies of the functions:
er £ casem; of [] - []
t_ > Ahgtj.case x;of 0[]
;S Ayrhy s ittyr

s

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 21. Publication date: September 2017.



A Relational Logic for Higher-Order Programs (Additional material) « 21:21

e, & casemyof [ - []
s _ /U'lztz gz hz (fz tz gz)
If we apply ABS we get a premise:
Y, my = my, Vkika.(ki, ko) < (my,mz) = ki =k = Vx192.(fi k1 x1) By, (fokaga) Feg ~ex |11 Cp 1y
And now we can apply a synchronous CASE rule, since we have a premise m; = my. This yields 3 proof
obligations, where ¥’ is the set of axioms in the previous judgment:
ANY+rm~mn=[]ern=]]
A2) ¥ F[]~[lIriEfr
(A3) N2 Ahltl.case X1 of 0 > [],S [ Ayl'hl i fl 1y ~
Ahaty (g2 h2) = (f2 ta g2) | Yhitihota.my = hy ity = my = hy = 1y = (11 hy t1) Ty, (12 ho 1)
Premises (A.1) and (A.2) are trivial. To prove (A.3) we first apply ABS twice:
‘I”,ml = hl b, my = hz it Iy F case ng of 0 > [],S = Ayl.hl o fl 5] Yy ~ (92 hz) o (ﬁ 9 92) I I Egz iy
Next, we apply CASE-L, which has the following two premises:
A3Q) ¥, my=hy=ty,myg=hyte,n =0F[] ~ (g2 h2) = (fat2g2) I E gz )
(A3 11) \I/, my = h1 o tl,mz = h,g o l’z + /1y1 l’l] o fl tl Yy ~ (gz hz) fz l’z gz | \/yl.nl = Sy1 = (1‘1 yl) Egz iy
Premise (A.3.i) can be directly derived in HOL from the definition of E,. To prove (A.3.ii) we need to make use
of our inductive hypothesis:
Vklkz.(kl,kz) < (ml, mz) = k1 = kz = Vxlgg.(fl kl xl) Egz (ﬁ kz gz)

In particular, from the premises m; = hy :: t; and my = hy = t; we can deduce (t1,1) < (my, my). Addi-

tionally, from the premise m; = mj; we prove t; = t,. Therefore, from the inductive hypothesis we derive

Vx192 (fi 1 x1) Cy, (f2 t2 g2), and by definition of C4,, and the fact that h; = hy, for every y we can prove
:(fit1y) Ty, (g2 h2) = f2 t2. By Theorem 6, we can prove (A.3.ii).

We will now show how to prove (B) :
Y + map ~ take | Vmyma.my Ty, my = (¥g1.g1 = g2 = Vx2.%2 > |my| = (r; my g1) E (r2 my x3))

On this branch we will also use LETREC. We have to prove a premise:

Y, D F Agr.e; ~ Axz.e1 | Vg1.91 = g2 = Yxp.x2 = [my| = (11 91) T (r2 x2)
where
my By, my,
Vkiky.(k1,kz) < (my,my) = ki Eg, kz = (Vg1.91 = g2 = Vx2.x2 > |k1| = (11 k1 91) E (12 k2 x2))
We start by applying ABS. Our goal is to prove:

=

case my of [] — []

[  Ahyty.case x;0f 0[] | Cry
S (g Ayg hg fz tg Y2

Notice that we have a-renamed the variables to have the appropriate subscript. Now we want to apply a CASE
rule, but the lists over which we are matching are not necessarily of the same length. Therefore, we use the
asynchronous LISTCASE-A rule. We have to prove four premises:
(B.1) ¥,®,x2 > [mil,g1 =gy =[l.mp =[] F [ ~[] |11 E
(B.2) ¥, ®,x2 > |myl,g1 = goomy = [ F [] ~

Ahaty.case x3 of 0 = [1;S = Ays.hy =t fo ta yo | Vhgta.my = hy it = 11 £ (12 by 1)

case my of [] —

¥, o, - ~
X2 2 |mil. g1 = g o Ahit(g by) = (fi t g1)
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(B3) ¥, @,x2 > [mil, g1 = g2,mz =[] F Ahit1.(g1 h1) = (fit1 g1) ~ [ | Yhitimy = hy ity = (r1 b 1) Er2
(B4) ‘II,Q),XZ > |m1|,gl =g+ Ahltl.(gl hl) I (fl t 91) ~
Ahaty.case x; of 0= [;S = Ayz.hy : 22 yo |
Vhltlhztz.ml = l’l] th > my= hl > (1‘1 h1 tl) cC (1‘2 hz l'z)
Premises (B.1) and (B.2) are trivially derived from the definition of the C predicate. To prove premise (B.3) we
see that we have premises m; Cg, my, my = [], and m; = hy :: tp, from which we can derive a contradiction.
It remains to prove (B.4). To do so, we apply ABS twice and then NATCASE-R, which has two premises:

(B.4i) ¥, D, > |mil, g1 =go,mi =hy ity my=hy b, x2 =0k (g1 ) = (fitign) ~[] I 11 E 12
(B.4ii) ¥, ®,x, > |myl,g1 =go,my =hy t,mag=hy sty k(g1 hy) = (fiti g1) ~Ayz.ha = fa b ya |
Yyz.x = Sy, = 11 C (12 2)
To prove (B.4.i) we derive a contradiction between the premises. From x, = 0 and the premise x; > |m;| we
derive m; = [] and, together with m; = hy :: t; we arrive at a contradiction by applying NC.
To prove (B.4.ii) we need to use the induction hypothesis. From m; = hy :: t;, my = hy :: t; we can prove that
[t1] < |mq] and |t;] < |my], so we can do a CUT with the i.h. and derive:

ty Egz ty = (Vglgl =g = VXZ.XZ > |t1| = (fl ty 91) C (fz Iy Xz))

By assumption, m; Ty, my, so t; Ty, t2. Moreover, also by assumption g; = g, and Sy, = x2 > |[my| = S|t1], so
Y, > |t1]. So if we instantiate the i.h. with g; and y,, and apply CUT again, we can prove:

(it191) E (fat2 y2)

On the other hand, since h; = t; Ty, h :: 13, then (by elimination of Cg,) we can derive g1h; = h; and by definition
of C, (g1 h1) = (fi t1 g1) E h2 = (f2 t2 y2). So we can apply Theorem 6 and prove (B.4.ii). This ends the proof. O
mi

Proof of Theorem 20

Theorem 20. Let 7 £ listyy — listy. Then, | ® + isort : 7 ~ isort : 7 | Vx; xy. (sorted(x1) A |x1| = |xz]) =
(11 x1) < 72(12 X2).

We need two straightforward lemmas in UHOL. The lemmas state that sorting preserves the length and
minimum element of a list.

Lemma 26. Let 7 £ listy — listyy. Then, (1) e | o F insert : N — 7 | VxL|m(rx )] = 1+ |l], and

(2) o | @ Fisort: 7 | Yx. |m(r x)| = |x].

Lemma 27. Let 7 £ listyy — listy. Then, (1) @ | ® F insert : N — 7 | Vx I. Imin(m (r x 1)) = min(x, Imin(l)), and
(2) o | @ +isort : 7 | Yx. Imin(x;(r x)) = Imin(x).

Proor oF THEOREM 20. We prove the theorem using LETREC. We actually show the following stronger theo-
rem, which yields a stronger induction hypothesis in the proof.

o | e tisort: T ~isort: T |Vx;xy. (sorted(x;) A |x1| = |x2]) =
(7m9(r1 x1) < (13 X2)) A (17 X1 = isort x1) A (rg x3 = isort x3)

Let 1 denote the inductive hypothesis:

L2 Ymy my. (Imyl, Imal) < (Ix1], Ix2]) = (sorted(my) A [my] = |ms))
= my(isort; my) < my(isorty my) A (isort; my = isort my) A (isort; my = isort my)
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and e denote the body of the function isort:

e £ case [ of [] ~ ([],0);
i _ > Aht. lets=isortt
lets” = insert h (71 s) in
(my 8, (2 5) + (72 87))
By LETREC, it suffices to prove the following (we omit simple types for easier reading; they play no essential
role in the proof).
Ty Ty < T2 T2

isorty, isorts, x1, x5 | sorted(xy), |x1| = |x2|, t v e[isort;/isort][x1/l] ~ e[isorty/isort][x2/I] || A ry =isort x

A Iy = isort x5

Following the structure of e, we next apply the rule LISTCASE. This yields the following two main proof
obligations, corresponding to the two case branches (the third proof obligation, x; = [] © x; = [] follows
immediately from the assumption |x;| = |x3]).

isorty, isorty, x1, x2 | sorted(x1), [x1] = |xal, 1, %1 = x2 = [ + ([],0) ~ ([],0) | (1)
(1 11 < My 13) A (11 = isort x1) A (ry = isort x3)

isorty, isorts,

X1 %0 o by Bt | let s = isort; iy let s = isorty ty Ty Ty < Ty Iy
e e t lets’ =insert hy (r;s)in ~ lets’ = insert hy (my s)in | Arp =isort x; (2)
sorted(xy), |x1| = |x2], 1, , ) , p .
Xp=hy oty = hy o by (m1 8", (72 8) + (72 57)) (1 87, (72 8) + (712 87)) A 1y = isort x;
(1) is immediate: By Theorem 6, it suffices to show that (72([],0) < 7m2([],0)) A (([],0) = isort x1) A (([],0) =
isort xz). Since x; = x; = [] by assumption here, this is equivalent to (72([],0) < m([],0)) A (([1,0) =

isort [1) A (([],0) = isort []), which is trivial by direct computation.

To prove (2), we expand the outermost occurrences of let in both to function applications using the definition
let x = e; in e; 2 (Ax.e;) e;. Applying the rules APP and ABS, it suffices to prove the following for any ¢ of our
choice.

sorted(x1), |x1| = |x2,
Lxy=hyst,x,=hy ity

isorty, isorts, x1, X2, hy, t1, ha, t b oisort; ty ~ isorty ty gb (3)

isorty, isorty, X1, X2,

h’t,h’t,sas . . . Mgy <My T

b e 2 0 2_' let s” = insert hy (711 $1) in let s” = insert hy (71 s) in 271 =722
sorted(x1), bl = Ixal, 1, + (71 87, (73 1) + (712 7)) T (s, s2) + (2 87)) ATy =isortxy (4)
x1=hutxp=hyuty PeoA 2 1o 2 A Tz = isort xp
Pls1/r1][s2/12]

We choose ¢ as follows:
¢ =2 myry < My ATy = isort(ty) ATy = isort(ty) A |y 11| = |7y 13 A lmin(ty) = Imin(; 1)

Proof of (3): By Theorem 6, it suffices to prove the following five statements in HOL under the context of (3).
These statements correspond to the five conjuncts of ¢.

mp(isort;y t1) < mp(isorty ty) (5)
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isort; t; = isort t; (6)

isort; ty = isort t, (7)

|m1(isorty t1)| = |mi(isort, t2)] ®)

Imin(¢;) = Imin(m (isort; t1)) )

(5)—(7) follow from the induction hypothesis / instantiated with m; := t;, my := t,. Note that because x; = h; = 14
and x; = hy :: tz, we can prove (in HOL) that (|t1], [t2]) < (|x1l, |x2]). Since, |x1| = |x2|, %1 = by = ty and xp = hy == 1y,
we can also prove that |t;| = |;|. Finally, from the axiomatic definition of sorted and the assumption sorted(x;)

it follows that sorted(t;). These together allow us to instantiate the i.h. 1 and immediately derive (5)—(7).

To prove (8), we use (6) and (7), which reduces (8) to | (isort t;)| = |m(isort t;)|. To prove this, we apply
Theorem 3 to Lemma 26, yielding Vx. |z (isort x)| = |x|. Hence, we can further reduce our goal to proving
[t1] = |t2], which we already did above.

To prove (9), we use (6), which reduces (9) to Imin(¢;) = Imin(ry(isort t;)). This follows immediately from
Theorem 3 applied to Lemma 27.

This proves (3).

Proof of (4): We expand the definition of let and apply the rules APP and ABS to reduce (4) to proving the
following for any ¢’.

sorted(x1), |x1] =[x/,
L,x1 = hy b, x0 = hy it by, + oinsert hy (my s1) ~ insert hy (71 s2)

¢[31/r1][52/r2]

isorty, isorty, X1, X2,
h1, t1, ha, ta, 81, 82

¢’ (10)

isorty, isorty, X1, Xa,

hl, tl, hz, t2, S1, 52, S{, Sé |
sorted(xy), |x1| = |x2],
Lx;=hy st xa=hy ity
Pls1/r1][s2/12],
¢'[s]/11][s/r2]

We pick the following ¢’:

Ty I < Ty Ty
A1y =isortx; (11)
A Iy = isort x3

Fo(my sy, (2 s1) + (2 8])) ~ (1 85, (2 82) + (72 53))

¢ & myry < w1y ATy = insert by (my 51) ATy = insert hy (71 sp)
Proof of (10): We start by applying Theorem 6. This yields three subgoals in HOL, corresponding to the three
conjuncts in ¢’:

my(insert hy (711 51)) < ma(insert hy (77 s2)) (12)
insert hy (71 s1) = insert hy (711 s1) (13)
insert hy (71 s3) = insert hy (71 s3) (14)
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(13) and (14) are trivial, so we only have to prove (12). Since s; = isort t; and s; = isort t, are conjuncts in the
assumption @[s;/r1][s2/r2], (12) is equivalent to:

mp(insert hy (my(isort t1))) < ma(insert hy (7 (isort t3))) (15)

To prove this, we split cases on the shapes of 7 (isort t;) and 7 (isort t;). From the conjuncts in @[s;/r1][s2/r2],
it follows immediately that | (isort ¢1)| = | (isort £2)|. Hence, only two cases apply:

Case: 7 (isort t;) = my (isort t2) = [].In this case, by direct computation, 7z, (insert by (1 (isort t1))) = mz(insert hy []) =
75 ([h1],0) = 0. Similarly, and m,(insert hy (71 (isort t3))) = 0. So, the result follows trivially.

Case: my(isort t1) = h] = t] and m(isort tp) = hy = t;. We first argue that h; < h{. Note that from the second
and fifth conjuncts in @[s;/r1][s2/12], it follows that Imin(t;) = Imin(s; (isort t)). Since 7y (isort t;) = h] :: t], we
further get Imin(t;) = Imin(m(isort t;)) = Imin(h] :: t{) = min(h], Imin(¢;)) < h]. Finally, from the axiomatic
definition of sorted(x;) and x; = h; :: t;, we derive h; < Imin(t;). Combining, we get h; < Imin(t;) < h].

Next, my(insert hy (7 (isort t1))) = my(insert hy (h] :: ). Expanding the definition of insert and using h; < h,
we immediately get my(insert hy (m(isort t1))) = mp(insert hy (h] = t])) = mo(hy = h] = t],1) = 1. On the
other hand, it is fairly easy to prove (by case analyzing the result of h, < h;) that my(insert hy (7 (isort t3))) =
my(insert hy (hy :: t;)) > 1. Hence, my(insert by (i (isort t1))) = 1 < my(insert hy (7 (isort £2))).

This proves (15) and, hence, (12) and (10).

Proof of (11): By Theorem 6, it suffices to show the following in HOL, under the assumptions of (11):

77y 87, (72 s1) + (72 87)) < ma(omy 85, (72 $2) + (72 85)) (16)
(71 87, (2 81) + (712 57)) = isort x; (17)
(71 55, (712 $2) + (72 7)) = isort xz (18)

By computation, (16) is equivalent to (13 s1) + (2 57) < (2 52) + (72 5;). Using the definition of ¢, it is easy
to see that 7, s; < 7 sz is a conjunct in the assumption ¢[s;/r;][sz/r2]. Similarly, using the definition of ¢/,
7y 8] < 7y sy is a conjunct in the assumption ¢’[s;/r1][s;/r2]. (16) follows immediately from these.

To prove (17), note that since x; = hy = t;, expanding the definition of isort, we get

isort x; = (i (insert hy (i (isort t1))), mz(isort t1) + my(insert hy (7 (isort t1))))

Matching with the left side of (17), it suffices to show that s; = insert hy (7 (isort t;)) and s; = isort t;. These are
immediate: s; = isort ¢; is a conjunct in the assumption ¢[s;/r1][s2/r2], while s| = insert hy (7 (isort t;)) follows
trivially from this and the conjunct s{ = insert hy (71 s1) in ¢'[s]/r1][s;/r2]. This proves (17).

The proof of (18) is similar to that of (17).
This proves (11) and, hence, (4). O

E FULL RHOL RULES
The full set of RHOL rules is in the following figures:
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Ooxy1:t,x2:12 | ¥, 9 bl o ~ta:00 | ¢

ABS
T|¥FAxyty i1 > 01 ~ Axp.ty 1 72 = 02 | Yx1,x2.¢" = ¢[r1 x1/11][r2 x2/12]

T|¥rti:ir = o1 ~t:1 = oz | Va,x2.9 [x1/r1][x2/r2] = ¢[r1 x1/r1][r2 x2/12]
r|‘I’I—u1:T1~u2:T2|¢>/

APP
T | ¥ tiug o1 ~ taup = 02 | Plur/x1][uz/x2]
F|‘I’|—t1:N~t2:N|¢’
T | ¥ FhoL ¢[0/r1][0/r2] T | ¥ FyoL Vx1xe¢’[x1/r1][x2/12] = $[Sx1/11][Sx2/12]
T'|Yr0:N~0:N|¢ ZERO I'¥YrSt;:N~Stp:N| ¢
T'|¥*r J : T+ : T'|¥*r tt tt
| Plx1/r1][x2/12] x1: 01 RELJ AN | ¥ FroL @ltt/r1][tt/r2] TRUE
r|\PI-X1:O'1~xg10'2|¢ r|‘I’I—t't:B~tt:B|¢
'Y+ ff ff 'Y+
| 'Y FhoL @[ff/r1][ff/r2] FALSE | HOL ¢[[]/r1][F]/r2] NIL
T|Yrff:B~ff:B|¢ T |YF[]:listg, ~[]:listg, | ¢
r|‘I’I—h1:O'1~h2:O'2|(]5/ F|‘I"I-t1:[istgl ~t2:list02 |(]5//
T | FHoL Vxixey1y2.¢ [x1/r1][x2/r2] = ¢ [y1/r1]ly2/r2] = $lx1 == y1/r1][x2 == ya/12] ONS

T |Wrhyty:listy ~hy ity listg, | ¢

T|¥Yrty:ior~t:02| ¢ T ¥ru ity ~ug: 12 | @
T | ¥ FHoL Vxixay1y2.¢' [x1/r1][x2/r2] = ¢”'[y1/r1]ly2/r2] = ¢[{xr, y1)/r1][{x2, y2)/r2]
[ |¥r(t,up) o X1 ~({t,ug) o2 X2 | ¢

T|Yrt:op X1~ 109 X1 | ¢[mi(ry)/ri][mi(rz)/r2]
T |YFmi(t):o1~mi(tz) 02| ¢

PROJ;

SuUCC

Fig. 1. Core two-sided rules
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T|¥Yrtyior~t:op| @’ T|¥rpoL ¢'[t1/r1]t2/r2] = Plt1/r1][t2/12]

F|‘I’l—t1:0'1~t2:0'2|¢ SUB

r|q/’|-t110'2~t210'2|¢ FI‘I"Ft1:02~t2:oz|¢’
FI\I”I-tlZCTQ"’tz!0'2|¢/\¢/

Al

LY, ¢'[ti/r][tz/r2] Ftiioa ~ 2 i 00 | @
I‘|“P/i—t110'2~t220'2|¢/$§[)

DYkt o | ¢lr/ri][tz/r2]
F|\Pf—t150'1"‘t210'1|(/l)

UHOL - L

Fig. 2. Structural rules
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Tox1:711 |V, ¢ vt1:01 ~ta:00 | @
FT'NYrAx1.t1:711 @01 ~ 1y :09 | Vx1.¢' = ¢[I‘1 x1/11]

ABS-L

DY+ttt = oy ~ug:op| Va9 [xi/r1] = @lry x1/r1]
F'NY¢rup:op |¢/

APP-L
T | Yk tuy 01 ~uy: op | ¢[u1/x1]
T+ity:o09 T|¥Yrt:N~ty:oo| @
T |'¥ +hoL ¢[0/r1][t2/r2] T | ¥ rHoL Vx1x2¢’[x1/11][x2/12] = $[Sx1/11][x2/12] )
CIYrFO:N~ity:op| ZERO-L F|¥rSt:N~ty:op|d suce-
T|¥r tt/r1][t2/r TFty: o T|¥r ff/r1][ty/1: Tkty: o
| ¥ FoL Plit/r1][t2/r2] 2192 oUE L | ¥ FoL PLff/r1][t2/12] 2102 Looe L
FYrtt:B~tr:00|¢ F|Yrff:B~tr:0o0]|¢
x1/r1] €Y 1y ¢ FV T'tty:o INR A r1][t2 /1 T'tty:o
Plx1/r1] 2 (#) 202 ot | S0/ 11[2/ 2] 2:00
I'¥Yrxi:01~t2:021¢ r|\I’F[]:|IStO-1~t2:02|¢
T|¥+rhyiop~ty:op| ¢ LYt :listg, ~t2:00|@”
[ 'Y FhoL Yxixzys ¢’ [x1/r1][xz2/r2] = ¢ [y1/r1][x2/r2] = @lx1 = y1/r1][x2 /2]
- CONS-L
T|¥Wrhyty:listgy, ~ta:02] ¢
r|‘1’|—t110'1~t210'2|¢' r|‘1’|—u1:T1~t220'2|¢”
T | ¥ FyoL Yx1xey1.¢’[x1/r1][x2/r2] = ¢" [y1/r1][x2/r2] = ¢[{x1, y1)/r1][x2/r2] PAIRLL

T Yr{(t,u1):01X11~t:02]| ¢

T|¥+t:o1 X1 ~t2:02 | Plmi(r)/r1]
T|Yrm(ty):o1~ta:02| ¢

PROJ;-L

Fig. 3. Core one-sided rules
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FI‘I’Ftl:B~t2:B|(r1=tt/\r2=tt)v(r1:ff/\r2:ff)
Fl‘P,tlztt,tgztti—ul:01~u2:0'2|¢
r|‘{’,t1=ff,t2=ﬁ:|-’01:(71""()2:0'2'45

I'|¥tcaset) of tt > ug;ff > vy : 01 ~casey of tt > up;ff > vy 1 0p | @ BOOLCASE

F'¥Yrt;:N~H:N|jrp=09r,=0
F|‘I’,t1:0,t2=0|—u1:al~u2:0'2IqS
FI\I/FUIZN—)O'l"‘UzIN—)O'Z|VX1X2.t1=lez>t2=SXZ=>¢[r1 xl/rl][rz)('z/l'z]

IF'|Prcasetjof 0 > u;; S vy 07 ~caset of 0 > up; S vy : 07 | @ NATCASE
T |YFt:listy, ~tp:listy, |11 =[] ©r2=1[]
FN¥t=[lt=[ru:0o1~uy:021¢
IF'NYro:n —list, = 01 ~vy: 1 — listy, = 0y |
Vhlhzlllz.tl =h1 b ll = Iy =h2 i lz =>¢[r1 hl ll/rl][rz h2 lg/rz]
LISTCASE
I'|Prcasetyof [ up;__+ ooy ~casehof [[uy_=_v:00| ¢
Fig. 4. Synchronous case rules
Fl—tlzB
Fl‘l’,tlzttl—ul:0'1~t2:0'2|¢
I“|‘I/,t1=ffk01:01~tz:02|¢
I'|¥Yrcasetyoftt > upff > v 01~ 0y | @ BOOLCASE —L
1"I—t1:N
r|\P,t1=0FU110l~t2102|¢
IF'N¥Yrov:N—o>o ~t:0p | Vxi.t; = Sx; = ¢[r1 x1/11]
I'Vrcasetjof 0> u;S—> v 01 ~t 100 | @ NATCASE - L
Fl—tlzlistT
FN¥,t=[lru:o1~tr:00| ¢
1"|‘I’I—vl:1'—> “StT — 01~ 10y |Vhlll.t1 =h1 b l1 =>¢[r1 hl ll/l'l]
LISTCASE — L

I'|Yrcasetyof [[up;;_uw_Pv:oi~t:os| @

Fig. 5. One-sided case rules
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T|YrH:B~6:B|T
F|‘I’,t1=tt,t2=ttl—u1:0'1~u2:02|¢>
Fl‘I/,tlitt,tzzttl—01:0'1~u2:agIg{)
MY hu=thty#ttru :o1~v2:02| ¢
Fl‘y,tl:/:tt,tzittl-’()l!O'lN’UzSO'z|¢

I'|¥rcasetyof tt > up;ff > vy 10y ~casetp of tt > up;ff > vy 100 | @ BBCASE - A
IF'N¥Yrt;:B~t,:N| T
FI‘P,tl=tt,t2:0Fu1:crl~u2:crg|¢
Fl\I‘,tlitt,t2=0|—vl:0'1~u2:0'2|¢
'Y, ti=ttru;:01 ~0v2: N = 0y | Vxp.t2 = Sxp = P[rs x2/13]
TV, #ttk v 01~ : N > 0y | Vxp.ly = Sxp = ¢[r2 x2/2]
BNCASE — A

I'|¥Yrcasety of tt > up;ff > vy 10y ~caset, of 0> uy;SH v 102 | @

F'NYrt;:B~ty:listy, | T
I, h=tt=[rtu:0o1~u:021|¢
MYttt =[Jrvi:o1~up: 12 = list;, > 02 | ¢
'Y, t;=ttru; : 0y ~Z)2ZT2—>]iStT2 — oy | Yholy.ty = hy lg=>¢[l‘2 hy lg/rz]
F|“P,t1 ittl—l)120'1~7)211'2—>[i$tr2 —>O’2|thl2.t2=hg o 12:>¢[I'2 hg lz/rg]

IF'|¥rcasetyof tt > up;ff> v 01 ~casebof [ up;_ i _vr:iop| ¢ BLCASE - A

' ¥Yrt;: N~ :N|T
Fl‘I’,t1=0,t2=0|-u1:61~u2:02|¢)
I ¥ t=0r0 :N—>o0~uy:o0y | Vx1.t; = Sx; = Py x1/11]
T Y, t1=0Fu;:01 ~v2: N> 0y | Vx3.2 = Sxp = P[rs x2/13]
T|¥Pro:Noo~v: N> gy | Vx1x2.8; = Sx1 =ty = Sxp = @[] x1/11][12 %2/12]

IF'|¥Yrcasetjof 0 > u;;S > vy 01 ~caset, of 0> ug; S > vy : 03 | @ NNCASE —A
T|Wrt:listy, ~ty:listy, | T
FI‘I’,tI:[],tzz[]ku1:01~u2:02|¢
'Yt = [] i I S B d “St-[1 — 01 ~Uy: 0y | Yhyli.ty = hy = ll = d)[rl h] 11/1'1]
F''¥Y,ty=[ru:0 = list, - 01 ~vy: 1 = list, = oz |
th.tz = h2 b lz = ¢[r2 hz 12/1'2]
I'NYro:n = listy, =01 ~vy: 15 = listy, = 03 |
Vhlhzlllz.tl = hl b ll =t = hz b lg = ¢[I‘1 h1 ll/rl][l‘z hz lz/l‘z]
LLCASE — A

I'N¥rcasetyof [J uy;__vy:ioy~casetrof [ ug__vp:op | ¢

Fig. 6. Asynchronous case rules (selected)
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F|‘I’|—t1:N~t2:N|¢’/\r1=()@r2=0
T|Y¥,¢'[0/r][0/r2] Fuy:0o1 ~us oo | ¢
T¥Yro: N> o ~0: N> oy | Vxyxg.@d'[Sx1/r1][Sx2/12] = ¢lry x1/11][12 X2/12]

IF'|¥Yrcasetiof 0 > u;;S vy 01 ~casetr of 0 > uy; S vy 0 | @ NATCASEx
F|‘I’l—t1:|istﬁ "'tz!]iSth |¢’/\r1=[]c>r2=[]
LY ¢'[[)/mllll/rlrurior~uz 02| ¢
F'NYro:im > listy, = 01 ~vy: 15 = listy, = 03 |
Yhiholily.¢'[hy = L/1q][hg = L/1o] = @1y by L /11][x2 by L/Ts]
LISTCASE=*

I'|¥Yrcasetjof [[uy;_=_ovi:op~casethrof [P uy;__Puv:op| ¢

Fig. 7. Alternative case rules

Def (f1,x1,e1) Def(fa, x2, €2)
F,x1 :Il,xz : Iz,ﬁ IIl g O',fz ZIZ — 02 | \P,QZS,,
Vmymy.(Imql, Ima|) < (Ix1l, [x2]) = ¢'[my/x1][mz2/x2] = $lmy/x1][me/x][ fi mi/r1][fo ma/r2] +
€1ZO'1~€2!O'2|¢

I'| ¥Fletrec fxy =€ : 1y = o ~letrec foxy =ep: 1, > 03 | Yx1x2.¢" = @[y x1/11][rz x2/12] LETREC
Def (f1,x1,e€1)
Ix;:h,fi:[ >0 |Y,¢,
VYmy.mi| < |x1| = ¢'[mi/x1] = ¢[mi/xi][ma/x2][fi mi/ri][tz2/r2] F €1 i1 ~ta 202 | @
LETREC — L

r I ¥+ letI'CCf] x; =e :lj >0y ~1t): oo | Vx1.¢’ = gZS[l‘l xl/rl]

where I, I, € {N, list;}

Fig. 8. Recursion rules
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