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1 Languages

1.1 HOS

1.1.1 Syntax & Dynamic Semantics

alb|mxXm|n = |Var|3ar| pa.T|refr

x|l {e1,e2) | el |e2 | Arit.e|eres| Aae | eT |

roll; e | unrolle | refe | e;:=ex | le | eg==ea | ...

I]c| (vi,ve) | \e:T.e | Aace | pack (11,v) as 72 | roll- v | ...

C)|C1|C2|Ae:m.C | Cex|er C|AaC|C 7|

pack (r1,C) as 1o | unpack C as {a, ) in e3 | unpack ey as («,z) in C' |
roll, C | unroll C |ref C | Ci=ex|e1:=C|IC|C==ey|e;==C| ...

T u=
(&4 =
pack (71,€e) as 72 | unpack e; as (o, ) in ey |
v =
C u= o] (C,e2) | (e,
K = o[ (K, e3) | (v1,

KY|K1|K2|Key | K| K|

pack (1, K) as 72 | unpack K as («, z) in ez |

roll, K |unroll K |ref K | K :=ea |y :=K |IK | K==e2 |11 ==K | ...
(h; K[(v1,v2).1]) = (h; K[v1])
(h; K[(v1,v2).2]) = (h; K[v2])
(h; K[(Az:7. €) v]) = (h; Kle[v/x]])
(h; K[(Aae) 7)) = (h; Kle[r/a]])
(h; K[unpack (pack (11,v) as 72) as (o, x) in €]) — (h; Kle[r1/a][v/z]])
(h; Kunroll (roll; v)]) — (h; K[v])
(h; K]ref v]) — (hW {l—v}; K[I]) (I ¢ dom(h))
(hi K[ = v]) o (Bl KO (i € dom(h))
(h; K[11]) = (h; K[v]) (h(l) = v)
<h; K[ll == lg]> — <h, K[tt]> (ll = lg)
<h; K[ll == 12]> — <h, K[fFD (ll 75 lg)
(hie) =k (Wie') L5 Tng,... hy,eo,. .., en (hojeo) = (hie) A (hiier) = (h'5e') A
Vi € {0, B 1} <hi; 6i> — <hi+1; 6i+1>
(hye) | <F &L T W K < kA (he) =¥ (1)
(hse) | &L 3k (hye) <k
1.1.2 Static Semantics

Heap typings X o= X Lr where fv(7) =0

Type environments A = -| A«

Term environments I' == - | T, z:i7



AT

fv(r) C A
AT
| S AT K <7
FR: (20T 7) ~ (3,A;T;7)
YA THFK =7
;. A;Tke: T
T el lltedx

AT Rz T S AT refr YA T He:b

YA Tker:mm ;AT Hes:m YA THe:m X1 YA TRe:m X1

S, AT F (e e9) i 11 X 7o ;. ATRHel:mn Y ATHe2:m
AT,z be:m YA Tker:mm -1 XA THe:n
S AT F A e — 1o YA T Fepes:m
A aT'kFe: T ;AT He:Vaor

AT Ace : Va. 1 ;AT Her:mmn/dl

;AT et mln/q] AT Rep:3amn SiA T, zmibes:mm AbT
5 AT F pack (11,e) as Ja. 12 : Ja. 12 Y A;T F unpack ey as (v, x) ineg : 7o
S AT Fe: tlpa.m/q] S: AT ke pat

AT Frollyy. - e pa.t Y AT Founroll e : 7lpa. 7/q]

;. A;Tke: T ;AT hHepirefr ;AT Heg: 7
Yo AT Hrefe:refr ;AT F ey i=eo :unit

YA T He:refr YA T FHeprefr S A; T Feg:refr
;AT Hle:r Y AT F ey == eg : bool

‘ FC:(3;A;T;7) ~ (XA 7))

YCY ACA TCIY
Fe: (A7)~ (XA TV 7)

FCO: (G A7) ~ (X5A5Tm) YA Feyim
F(Coez) s (S AT57) ~ (25451 X 12)




FCO:(ZA;T57) ~ (XA 1 X 12)

FC:(Z;A;T57) ~ (XA 1y X 12)
FC2:(Z0,T57) ~ (AT 79)

FC1: (A7) ~ (XA 7m)

FC:(5A;T;7) ~ (X5 AT 25 10)
FAzir. C: (30T 7) ~ (XA T 10 — 1)

FC:(5AT;7) ~ (XA 1 > 1) YA T Fea:n
FCey: (Z;A;T57) ~ (XA T;12)

FC:(Z;A0;T57) ~ (XA T 1) YA T ke :im— 7
Fe O (54,15 7) ~ (X5 A% T 72)

FC:(3A0;T57) ~ (X5 AT Va. )

FC: (50 T57) ~ (XA, ;T 1)
FC T (B0;T57) ~ (X5 A5T 1 /a])

FAa.C: (540, T57) ~ (X AT Va. 1)

FC:(ZA0;T57) ~ (XA, T o[ /o)
Fpack (r1,C) as Ja. 72 : (Z;A;T57) ~ (X5 AT Fa. 72)

FC:(ZA0;T57) ~ (X5A5T3.m) YA T ambFes:me Al
F unpack C as (o, z) ineg : (X; A;T57) ~ (XA T 1)

Y AT Fepidan FC:(BA T T) ~ (XA oV i) A'bm
F unpack ey as {a, z) in C: (Z; AT 1) ~ (35 A T 1)

FC:(ZA0;T57) ~ (X5 AT 1 [pa. 71 /a)
Frollya. -, C: (5;0;T57) ~ (X5 AT pov )
FCO:(ZA0;T57) ~ (XA, T pa )
Founroll C: (3;A;T57) ~ (X5 AL T 1 [pe. 1 /@)

FC: (S AT 7) ~ (5451 n)
Fref Cx (554515 7) ~ (55 A T ref )

FC:(Z;A0;T57) ~ (XA s vef ) XA T Feg:my
FC = ez (5A:157) ~ (25 AT unit)

S AT Fepirefy BEC:(ZA0;T7) ~ (XA 1)
Fep:=C:(3;A;T;7) ~ (X5 ATV, unit)




FC:(Z,A;T57) ~ (XA T ref 1)
FIC: (5 A7) ~ (XA T 1)

FC:(Z;AT57) ~ (X5A5T s ref 1) X5 AGT e :refn
FC==e3:(Z;A;T;7) ~ (X5 A’;TV; bool)

YA Fepirefry BC: (5 A;T7) ~ (XA T ref 1)
Fei==C:(Z;A;T;7) ~ (X5 A;TV; bool)

VireX. S;-Fh(l): T
Fh:X

AT R~ T

A TEy:T ;A THw:T
SiATHQ:- S ATy, oo TV, 7

1.1.3 Contextual and CIU Approximation

;AT Hep Setxea: T def AT kRe :TAS; AT Fey: TAVC, Y, 7/, I
FC:(SAT;7) ~ (X557 )AFR:X A
(h; Clex])d = (h; Cle2]) |

S5A; T ey Seiues: T Lof AT ke :TAS; AT Fey: T AV, v, K, X/ h.
O AANY sy DAY FK-0TASCY A RR:Y A
(h; K[oyei]) L = (h; K[0ye2]) |
1.1.4 Random Lemmas
Lemma 1. If 3;A;T' F K =+ 7, then 3;A; T, z:7 F K[z : 7/, for some 7.
Proof. By an easy induction on K.

Lemma 2. If - Cy: (X1;A1;T1;71) ~ (32; Ag; Ty 72) and
FCo i (823 A0 T972) ~ (B35 As; I's573), then = CoCh] : (B3 A3 15 7) ~ (33 Ag; I'g; 73).

Lemma 3. If ¥; C ¥ and + C: (X9; A;T57) ~ (X5 AT 77), then
FCO:(Z;A;T57) ~ (25 AT 7).



1.2 HOSE
HOSE is obtained from HOS by making the following extensions.

1.2.1 Syntax & Dynamic Semantics

T = ... |exn

e = ... | Cexn | raise; e | try e; with z.eg

v ou= ... | Cexn

C == ... | raise; C | try C with z.eq | try e; with 2.C

K == ... | raise; K | try K with z.e3
(h; Kraise, v]) — (h;raise, v) (K # e and K does not try)
(h; K1[try Kslraise, v] with z.e3]) — (h; Ki[ez[v/x]]) (K3 does not try)
(h; K1[try v with z.e3]) — (h; K1[v])

1.2.2 Static Semantics

AT kFe:T

Y AT F ceyn : €XN

YA T Fe:exn YA TkFe :7 S AT, zexnbeg: T
;AT Fraise, e: 7 Y AT Ftry ep with zeg @ 7

‘ FC: (A7) ~ (XA 7))

FC:(Z;A;T;7) ~ (X5 ATV exn)
Fraiser, C: (S0 T57) ~ (B AT )

FC:(ZA0;T57) ~ (AT 1) Y5AGT  zexnbeg:my
Ftry C with z.eq : (Z;A;T;7) ~ (X5 AT 1)

YA T RFepimn BC (AT T) ~ (XA T 2iexn; )
Ftry eq with z.C : (Z; A7) ~ (XA T 1)




1.3 HOSC
HOSC is obtained from HOS by making the following extensions.

1.3.1 Syntax & Dynamic Semantics

T = ... |contT
e == ... |cont; K | call/cc_(z. e) | throw, e; to ey
v u=...|cont, K
C == ... |call/cc_(x. C) | throw, C to ey | throw;, e; to C
K == ... |call/cc (x. K) | throw, K to ey | throw, v; to K
(h; Klcall/cc_(x. e)]) — (h; Kle[cont, K/x]])
!/

(h; K[throw, v to cont.. K']) < (h; K'[v])

1.3.2 Static Semantics

> A;Tke:r

S ATHFK -7
Y AT cont, K :contr

AT, zcontthe: T ;A THe 7 N;A;TFe:contt’
YA T Fcall/ec (z.€) : 7 ;AT throw, e’ toe: 1

‘ FC: (A7) ~ (XA 7))

FC:(30;T57) ~ (X5 AT zicont ;1)
Feall/cc, (z. C) : (85 A;T57) ~ (85 AT )

FC:(BAT57) ~ (B AT 1) B5ALT Fes: contry
Fthrow,, Ctoes: (Z;A;T57) ~ (X AT )

SSAT Fepim FC:(BA;T;7) ~ (X AT cont o)
F throw,, e; to C': (3; A7) ~ (X5 AT 1)




1.4 FOS
FOS is obtained from HOS by making the following changes to the syntax.

Tu=...|refb] ...
Y= | 50b

1.5 FOSE

FOSE is obtained by adding exceptions as in HOSE but at the same time restricting to first-order
state as in FOS.

1.6 FOSC

FOSC is obtained by adding call/cc as in HOSC but at the same time restricting to first-order
state as in FOS.
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2 Logical Relations

2.1 HOS
HeapAtom, ' {(W,hy,hs) | W € World,, }
HeapRel, %' {4 C HeapAtom,, | V(W, A1, ho) € 0. YW’ 3 W. (W', hy, ha) € ¥}
Island, % {t=1(5,0,0,4,H) | s € State A § C State® A ¢ C § A 6, p reflexive A
d, ¢ transitive A 4§ C State A H € State — HeapRel,, }
World, ' (W =(k, %1, %,w) | k <nAIm. w e Island"}
ContAtom,[r, 7] ' {(W,K1,K>) | W € World, AW.Sq; - F Ky + 1 AW.Sa; - F Ky + 15}
TermAtom, [r1, 7] = {(W,e1,es) | W € World, AW.S1; ;- F et : 1 AW.Sa; i F ez : o)
ValRel[r1, 72] def {r C TermAtom*® [, 7] | V(W,v1,v2) € . YW I W. (W', v1,v0) € 7}
SomeValRel % {R = (71, 72,7) | € ValRel[r1, 2]}
ety e % (el Lem]n)
(5,00, 6. H) | = (5,0, .4, | H])
|H|e % As.|H(s)|»
Wl € {(Wohy, ho) €7 | Wk <k}
s(k+1,%1, %0,w) 2 (k% %0, |w]k)
pp {(W,e1,e2) | Wk >0 = (bW, e1,e2) €1}
K, %0,%%,0) 3 (5,3, %w) 2 K<EkAS,DSAS, DS AW I |wle
oeently) D (seeestm) = m/>mAVYiE{L,...,m}. o, Dy
(s, 0,9 4", H') 3 (s,0,0,4,H) = (8, 4", H') = (8,0, 4, H) A (5,5') €6
(K, S0, S, w') DPP (k51,50 w) 9 B <EAY DS AT, DSy Aw IP W]k
ey th) TP (i) & m/ > m AV € {1, m}. o) P45 A
Vie{m+1,...,m'}. safe(s))
(s, 0,0, 4/, H') IP (5,0,0, 4, H) = (8, 4", H') = (6,0, 4, H) A (5,8) €
safe(TV) Ly e Ww. safe(r)
safe(r) f vy, (t.s,8) €t = s' ¢ 1.4
consistent (W) C e Ww. 1sery

Y@y E{(Wohi W h, ha Wh) | (Wohi,ha) € ¥ A (W, By) € ¢}

def

(hl,hg)ZW = Fh:WXELIAFh : W35 A

(Wk>0 = (oW, h1,he) € QW Waw(i). HWw(i).s))

11



V[alp
V[blp
V[ x ]p

V[ — 1]p

V[Va. 7]p

V[3a. 1]p

Vpa.t]p

Vref 7] p

Klr]p

Elrlp
Gl-le
GIT, z:7]p

D[]
D[A, ]

S[
S[x, 7]

AT ke Ziogea:T =

pla).r
{(W,v,v) € TermAtom[b, b]}
{(W, (v1,v]), (v2,v4)) € TermAtom|[p1 (7 X 7'), p2(T x 7')] |
(W, v1,v2) € V[7]lp A (W, v}, vh) € V[7']p}
{(W, Ax:71. e1, Axia. e2) € TermAtom[p1 (7" — 7), p2 (7 — 7)] |
VW v, v9. W W A (W v1,09) € V[ ]p =
(W' er[vr/x], ealva/]) € E[7]p}
{(W, Aa.er, Aa.ez) € TermAtom|p; (V. 7), p2 (V. 7)] |
VYW’ 3 W. V(r1,72,r) € SomeValRel.
(W', e1[m1/a], ea[ra/al]) € E[7]p, (11, T2,7)}
{(W, pack (11, v1) as 71, pack (12, ve) as 75) € TermAtom[p1 (3. 7), p2(3av. 7)] |
Ir. (11, 72,7) € SomeValRel A (W, v1,v2) € V[7]p, (11, 72,7) }
{(W,roll, vy, roll;, v2) € TermAtom[py (pa. 7), p2(pe. 7)) |
(W, v1,v2) € pV[r[pe. 7/a]] p}
{(W,11,12) € TermAtom[p (ref 7), p2(ref 7)] |
3i. YW’ 2 W. (I, 12) € bij(W' w(i).s) A
. Ww(i) HW w(i).s) =9 @
{(W, {l1—=v1}, {la—v2}) € HeapAtom | (W, v1,v2) € V[7]p}}

{(W,e1,e2) | Vhi, ho. (h1,ha) : W A (hijer) L <WF =
consistent(W) A (ha;e2) |}

{(W, K1, K3) € ContAtoml[p:(7), p2(7)] |
VW’ vy, v9. W TIPS W A (W v,09) € V[T]p =
(W', Ki[w], Ka[ve]) € O}

{(W, e1, e3) € TermAtom|[p1(7), p2(7)] |
VK1, K. (W, K1, K2) € K[r]p = (W, Ki[e1], Kales]) € O}

{(W,0) | W € World}
{(W, (v, 2= (v1,02))) | (W, ) € G[T]p A (W, v1,v2) € V[7]p}

{0}

{p,a—R | p € D[A] A R € SomeValRel}
World

S[E] N {W € World | (W,1,1) € V]ref r]0}

def SiATRe i TAS; AT ey TA

YW, p,v. W € S[E] A p € D[A] A (W,7) € G[T]p =
(W, pimier, payzez) € E[7]p

12



The bij() function (for extracting the bijection encoded in a state) can be defined as follows for
our examples (assuming State contains sets of language values):

bij(s) def | {(l1,12) | (l1,1l2) € s} if that is a partial bijection
ij(s) =
! 0 otherwise

2.2 HOSE

One addition and one change:

V[exn]p ef {(W,v,v) € TermAtom[exn, exn]}

def

’C[[T]]p = {(Wa Kla KQ) € ContAtom[m (T)v P2 (T)] |
VW' v1,v9. W JPUP W =
((W/,Ul,vz) S V[[Tﬂp — (W/,Kl[vl],KQ[UQ]) S O) A
(W' v1,v2) € V[exn]p = (W', Ki[raise,,r v1], Karaise,,r v2]) € O)}
2.3 HOSC
One addition and one change:
V[contr]p X {(W,cont, , K1, cont,,, Ks) | (W, Ky, K2) € K[r]p}
Island/, Lef {teIsland, | t.o =t d Ay =0}
2.4 FOS
A few simple changes:
HeapAtom,, def Heap x Heap
HeapRel,, def {¢ C HeapAtom,, }

(hi,ho) W € R Ry c WS A b hy: WSy AWk >0 = 3nb, .. p"lpd o Vel
hy=hlw- - wh" Ahy = hbw- - why AV e {1,.. . [Wwl}.
(i, hs) € Waw(5).H(W.w(j).5))

Y@y E {(hwhi haWhb) | (hi,ha) € A (W, hh) € '}
V]ref r]p = {(W,l1,12) € TermAtom|[p (ref 7), p2(ref 7)] |
3. YW IW. (I, 1z) € bij(W .w(i).s) A

Fp. W w(i).HW w(i).s) =9 ®
{{liv1}, {lo—~v2}) € HeapAtom | (vy,v2) € V[7]p}}

13



2.5 FOSE

Combine the corresponding adaptations.

2.6 FOSC

Combine the corresponding adaptations.

14



3 Properties

3.1 HOS
3.1.1 Basic Properties
Lemma 4.

1. >W JpPub Ty
Jpeb C 3

If W 3 W, then oW’ Jb>W.

Ll

It W’ 2P0 T, then oW/ JPU Ty
Lemma 5. V[r]p C E7]p
Proof.
e Suppose (W, v1,v2) € V[7]p, (W, K1, K2) € K[7]p, (h1,h2) : W, and {(hy; K1[v1]) <V,

e We need to show consistent(W) and (ho; K2[v2]) |, which follow from instantiating
(W, K1, Ks) € K[]p with W TP 17/,

Lemma 6 (Irrelevance). If fv(7) C dom(p) and p(a) = p'(a) for all « € dom(p), then

L VIrlp = VIrle,

2. Klrlp = Kllo.

3. E[r]p = E[7]0, and

4. [l = GIrlo'
Lemma 7.

1. W e S[X], then ¥ C W.E; and ¥ C W.3,.

2. If p e D[A], then - - p1 : Aand - F po : A.

3. If (W,~) € G[T]p, then W.Xq; ;-1 : ;1T and W.Xa; ;- F o @ pal.
Lemma 8.

1. If safe(WW), then consistent(W).

2. If W' JPU W and safe(W), then safe(WW’).
Proof.

1. Obvious from the definitions (state transitions are reflexive).

2. e Suppose there is W.w(j).s € Ww(j).4 for some j € {1,...,|Ww|}.

15



By definition of W’ JP"> W we then have W.w(j).s € W .w(j).4 and
(Ww(j).s, W.w(j).s) € W.w(j).p.

Hence the definition of Island implies W' .w(j).s € W.w'(j).4, which is in contradiction
with consistent(W’).

Say W'w=(df,...,¢,,) and Ww = (t1,...,tm).
Suppose j € {1,...,m'} and (/}.s,5) € i},
To show: s ¢ 1/.4
We distinguish whether or not the island in question was already present in W.
(a) Case je {m+1,...,m'}:

— Then safe(:}) by definition of Jpub,

— Instantiating this yields the claim.
(b) Case j € {1,...,m}:

— Then (¢5.5,(}.5) € tj.p and 1.0 = 1.

— Due to transitivity we have (¢;.s,5) € ¢j.¢.

— By assumption we know safe(t;).

— Instantiating this yields s ¢ ¢;.4.

3 — 7
— Since ¢;.4 = ¢j.4, we are done.

Lemma 9 (Transitivity and Reflexivity of J and Qp”b).

1. O is transitive and reflexive.

2. P ig transitive and reflexive.

Proof. Follows easily from the definitions (using the fact that state transitions are transitive and

reflexive).

O

Lemma 10 (Monotonicity).

1. EW 3 W and (W,v1,v2) € V[7]p, then (W', v1,v2) € V[7]p.

2. It W 3 W and W € S[X], then W’ € S[X].

A

Proof.

If W 3 W and (W,v) € G[[']p, then (W', ~) € G[T]p.

If W/ 3P W and (W, K1, K2) € K[7]p, then (W', K, K3) € K[7]p.
If W 3 W and (W, hq, hs) € ¢ € HeapRel, then (W', hy, h) € 9.

If (h1,he) : W and W.k > 0, then (hq, ho) : bW.

1. By induction on n and 7. Easy to verify.

2. Follows from (1).

16



3. Follows from (1).

S

. By definition.
5. By definition of HeapRel.

6. Follows from (5).

Lemma 11 (Substitution).
L VIrl(p, a(pr7’, p21', VI7'p)) = VIrl' /ellp
2. Klr[(p, = (pr7’, p21', V['lp)) = Kl[r[7' /ellp
3. Elrl(p, = (pr7’, pa7', V') = €77 /alp

Lemma 12. If (h;e;) <" implies (h;e}) |<W* and (h;e,) | implies (h;es) | for any h, then
(W, el,e5) € O implies (W, eq,e2) € O.

17



3.1.2 Soundness
Lemma 13 (Compatibility: Var). If z:7 € T, then ;AT F & Ziog 0 7.
Proof.

e Suppose W € S[X], p € D[A], and (W,~) € G[I']p.

o It suffices to show (W, p1y1, payex) € V[7]p-

e We know (W, 112, v2x) € V[1]p.

e By definition of TermAtom, v,z and vz contain no free type variables, so y1& = p1y12 and
V2T = pP272%.

O

Lemma 14 (Compatibility: Pair). If ;AT F eq Siog €2 : 7 and X5 AT F e3 Ziog €4 @ 7/, then
AT (e, e3) Siog (€2,€4) 1 T X T'.

Proof.

e This reduces to showing (W, K1[(vy, )], Ka[(v2, ®)]) € K[7']p for (W, K1, K>) € K[t x 7']p
and (W,v1,v2) € V[7]p.

So suppose W’ P W and (W', v3,v4) € V[7']p.

e To show: (W', Ki[(v1,v3)], Ka[{v2,v4)]) € O

This follows from instantiating (W, K1, K2) € K[ x 7']p, if we can show
(W', (v1,v3), (v2,v4)) € V[T x 7] p.

The latter follows from (W, v1,v2) € V[7]p and (W', vs,v4) € V[7']p with the help of mono-
tonicity (Lemma 10).

O

Lemma 15 (Compatibility: Fst (Snd analogously)). If X; A;T'F e1 Ziog €2 : 7 X 7/, then X; A; T -
61.1 jlog 62.1 L T.

Proof.
e This reduces to showing (W, K[e.1], K3[e.1]) € K[7 x 7']p for (W, K1, K2) € K[7]p.
e So suppose W’ JP W and (W, (v, v3), (v2,v4)) € V[T x 7]p.

e To show: (W', K1[{v1,v3).1], K2[(ve,v4).1]) € O

By Lemma 12 it suffices to show (W', K1[v1], Ka[vs]) € O.

Since (W', (v1,v3), (v2,v4)) € V[7 X 7']p implies (W', v1,v2) € V[7]p, this follows from in-
stantiating (W, K1, K2) € K[7]p.

O
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Lemma 16 (Compatibility: Abs). If ¥; A;T, 2:7" - e Ziog €2 : 7, then
AT F Azt €1 Siog Aot eg i 77— 7.

Proof.

Suppose W € S[X], p € D[A], and (W, ) € G[I']p.

It suffices to show (W, Az:p17’. p1y1e1, \e:pat’. payees) € V[ — 7]p.
So suppose W/ I W, (W', v1,v2) € V[']p and (W', K1, K2) € K[71]p.
To show: (W', Ki[(p1y1€1)[v1/2]], K2[(p2y2e2)[v2/2]]) € O

By definition of TermAtom, v; and vy contain no free type variables, so K1[(p1y1e1)[v1/z]] =
Ki[p1viei] and Ko[(payze2)[v2/z]] = Ka[payses] for o' i= v,z (v1, v2).

By monotonicity (Lemma 10) we have W’ € S[X] and (W', v) € G[T']p.
Consequently, (W’,~") € G[T', z:7'] p.

Instantiating the assumption then yields (W', p1yie1, paybes) € E[r]p, which in turn yields
the claim.

O

Lemma 17 (Compatibility: App). If 5;A;T - e1 Sieg ez : 7 — 7 and 3;A0;T F e3 Siog €4 1 7/,
then X; A;T'Fe1 es Siog €2 €4 1 7.

Proof.

This reduces to showing (W, Ki[v; e|, Ka[vg e]) € K[r']p for (W, K1, Ks) € K[r]p and
(W, v1,v2) € V[T' — 7]p.

So suppose W/ TP W and (W', vs,v4) € V[7']p.

To show: (W', K;[v1 vs], Kave v4]) € O

We know v1 = Az:my. €] and vo = Az:7o. €h.

By Lemma 12 it thus suffices to show (W', K1[e][vs/z]], Ka[eb[va/x]]) € O.
Instantiating (W, v1,v2) € V[1' — 7]p yields (W', e} [vs/x], e4lva/z]) € E[7]p-

It remains to show (W', K, K3) € K[7]p, which follows by monotonicity (Lemma 10) from
the assumption.

O
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Lemma 18 (Compatibility: Gen). If ¥; A, a;T' F €1 Ziog €2 1 7, then X; A;T F Acvey ZSiog Acves

Vo T.

Proof.

Suppose W € S[X], p € D[A], and (W,v) € G[I']p.
It suffices to show (W, Aa.p1y1e1, Aa.payzes) € V[Va. 7]p.

So suppose W/ 3 W, (71,72,7r) € SomeValRel, and (W', K1, K>) € K[r]p’, where p’ :=
ps = (T1, T2, 7).

To show: (W', Ki[(p1y1e1)[mi/e], Ka[(p212e2)[m2/0]]) € O
Note that

= Ki[(pimer)[r/a]] = Ki[pi7ie1] and

= Ka[(p2yae2)lr2/al] = Ka[phyzes].
It is easy to see that p’ € D[A, a].
By monotonicity (Lemma 10) we have W’ € S[X] and (W', ~) € G[I']p’.
Instantiating the assumption then yields (W', plyie1, phyees) € E[7]p'.
Instantiating this with (W', K1, K3) € K[7]p’ yields the claim.

o

Lemma 19 (Compatibility: Inst). If 3;A;T F e Sieg €2 @ Va7 and A F 7/, then ;AT F
e1 7 Zog €2 T 1 T[T /.

Proof.

This reduces to showing (W, K1[e p17'], Ka[e pa7']) € K[Va. 7]p for (W, K1, K2) € K[r[7"/a]]p.
So suppose W’ JP> W and (W', v1,v2) € V[Va. 7]p.

To show: (W', K1[v1 p17'], Ka[ve p27']) € O

We know v1 = Aa.ef and v = Aav.ef.

By Lemma 12 it thus suffices to show (W', Ki[e}[p17'/a]], Ka[eb[p2T'/a]]) € O.

Instantiating (W, v1,v2) € V[Va. 7]p with R := (p17/, po7', V[7']p) yields
(W', eip17’/al, e5[pa7’[al) € E[7] (p, = R).

By substitution (Lemma 11), (W, e\ [p17'/a], e4p27’/ar]) € E[7[7'/a]]p.
By monotonicity (Lemma 10), (W', K1, K2) € K[7[7" /o] p-

Instantiating (W', €| [p17'/al, eblp27'/a]) € E[7[7'/a]]p then yields the claim.
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Lemma 20 (Compatibility: Pack). If 3; A;T - e1 Siog €2 : 7[7' /], then
Y AT pack (77, e1) as 3a. 7 Siog pack (77, e2) as . 7 : v 7.

Proof.

This reduces to showing
(W, K [pack (p17', ®) as Ja. p17|, Ka[pack (p27', @) as Ja. po7]) € K[7[7'/a]]p for (W, K1, K3) €
K[3a. 7]p.

So suppose W’ P W and (W', vy, ve) € V[7[r"/a]]p.
To show: (W', Kq[pack {p17',v1) as . p17], Ka[pack {p27’,v2) as Ja. pa7]) € O

This follows from (W, K1, K3) € K[3a. 7]p, if we can show
(W', pack {p17',v1) as Jav. p17, pack {pa7’,v2) as Ja. p27) € V[ 7] p.

By monotonicity (Lemma 10) we know (W', v1,v2) € V[7[7'/a]]p-
By substitution (Lemma 11), (W', v1,v2) € V[7](p, o= (p17’, p27, V[7'] p))-
This implies the claim.

O

Lemma 21 (Compatibility: Unpack). EX; A; T e1 Siog €2 : Ja. Tand ;A ;T 27 - €3 Siog €4
7" and A+ 7/, then 3; A;T' - unpack e; as (o, z) in e3 Siog unpack e as (o, z) ineq : 7.

Proof.

Suppose W € S[X], p € D[A], (W, 7) € G[[']p, and (W, K1, K») € K[7']p.

To show: (W, K1[unpack pi1yie1 as {a,x) in p1yies], Ka[unpack payaes as («, ) in payeeq]) €
(@)

This follows from instantiating the first premise if we can show
(W, K1[unpack e as (o, z) in p1y1es], Ka[unpack e as (o, z) in payaeq]) € K3 7]p.

So suppose W’ JP> W and (W', v1,v2) € V[Ja. 7]p.
To show: (W', K;lunpack v as (@, x) in p1y1es], Ko[unpack vy as (o, z) in payzeq]) € O

We know v1 = pack (71,v]) as 71 and vy = pack (79,v}) as 74 with (W', v}, v}) € V[7]p/,
where p’ := p, (11, 72,7) (and thus p’ € D[A,a]) and r € ValRel.

gy Lemma 12 it thus suffices to show (W', Ki[(p171e3)[r1/a][v]/x]], K2[(p2y2eq)[2/a][vs/x]]) €

Let v/ := v, z— (v}, vh).
By monotonicity (Lemma 10), (W’',~) € G[I']p’, so (W',7') € G[T, z:7]p’.

Also by monotonicity (Lemma 10), W’ € S[X].
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e By definition of TermAtom, v} and v} contain no free type variables and hence
(p171es)[ri/a][vi/a] = pivies as well as (p2y2e4)[r2/al[vy/2] = phyzes.

e Instantiating the second premise yields (W', plvies, pyvses) € E[7']p’.

e Since (W', K1,K3) € K[7']p by monotonicity (Lemma 10) and o ¢ fv(7'), instantiating
(W', plvies, phvhes) € E[7']p’ yields the claim.

O

Lemma 22 (Compatibility: Roll). If £;A;T' F ey Ziog €2 : T[pe. 7/a], then
AT Frollug. -+ €1 Siog rollya. » €2 1 par. 7.

Proof.

e This reduces to showing (W, K1[roll .. p, -+ o], Ka[roll,o. 5,7 ®]) € K[7[na. 7/a]]p for
(W, K1, K2) € K[pa. m]p.

e So suppose W’ P I and (W', v1,v2) € V[r[ua.1/a]]p.

e To show: (W', K1[roll . p,7 v1], Ka[roll,a. por v2]) € O

This follows from (W, K1, K2) € K[ua. 7] p, if we can show
(W', roll e py 7 V1, 10llua. por v2) € V[pew. T]p.

If W.k > 0, then by monotonicity (Lemma 10) (W', v1,v2) € V[r[ua. 7/a]]p.

e Hence (W', v1,v2) € pV[1[uc. 7/a]]p, which implies the claim.

Lemma 23 (Compatibility: Unroll). If 3; A;T' F e1 Ziog €2 ¢ par. 7, then
;AT Founroll €1 Siog unroll es = Tlpa. 7/al.

Proof.

e This reduces to showing (W, K;[unroll o], Ks[unroll e]) € K[ua. 7] p for
(W, K1, K2) € K[r[ua. 7/a]]p.

e So suppose W’ JP W (W', v1,v2) € V[ua. 7]p, (h1,h2) : W', and
(h1; K1 [unroll 'Ul]>\l/<W’.k'

e To show: consistent(W’) and (hg; Ka[unroll vs]) .
e We know v1 = roll, v] and ve = roll, vy with (W', v],v5) € pV[r[pa. 7/a]]p.
e Note that

— (hy; K1[unroll v1]>L<W/'k <— <h1;K1[”1]>¢<W,'k71 and
~ (ha; Ks[unroll va]) | <= (ha; Ka[uh]) 1.

e By monotonicity (Lemma 10), (W', K1, K») € K[r[pa. 7/a]]p.

Instantiating this yields the claims.
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O

Lemma 24 (Compatibility: New). If X; AT F eg Ziog €2 @ 7, then 35 AT - ref eg Siog ref e -

ref 7.

Proof.

This reduces to showing (W, K [ref o], Ks[ref o]) € K[7]p for (W, K1, K2) € K[ref 7]p.
So suppose W' P W, (W, v1,v5) € V[r]p, (b1, ha) : W', and (hy; Ky [ref vi]) L <V"F,
To show: consistent(W”) and (hg; Ka[ref va]) ]

Note that
— (hy; Kqfref o)) LR = (hy W {ly—v1 ) K [11]) 1<% (where Iy fresh) and
— <h2, Kg[ref U2]>J, < <h2 (] {lgl—ﬂ}g}; K2[12]>\l/ (Where lo fresh).
Let o := ({(l1, o)}, 0%, 0%, 0, H), where H({{l1,12)}) = {(W", 1y, hg) | (W", 5 (1h), Wy(la)) €

VIrlp}-
Now let W := (W'.k,(W'.21,l1:p17), (W'.Sa, l2:paT), (w, 1)), so W Jpub 117/ Jpub 17,

Due to (W, K1, K3) € K[r]p it suffices to show (hy W {l1—v1}, ho W {lo—v2}) : W and
(W 11,1a) € V[ref ]p.

The latter holds by construction.

For the former note that from (hy,hs) : W' we know h; = hi W .- & h‘lw,'WI and hy =
hhw Wb el with 6W7, 1, h) € W w(j). H(W' w(j).s) for all j € {1,...,|W w|}.

By monotonicity (Lemma 10), this implies (5W”, Rk, h3) € W' .w(j).H(W'w(j).s) for all
je{l,...,[Ww|}.

And since W” = W’ W ¢, this in turn implies (bW, b, hl) € W w(5). H(W" w(j).s) for all
je{l,...,|W.wl}

It thus suffices to show (W, {l1—v1}, {la—v2}) € H({{l1,12)}), i-e., (bW v1,v2) € V[1]p.
This follows from (W', v1,v2) € V[7]p by monotonicity (Lemma 10).
o

Lemma 25 (Compatibility: Assign). If ;AT F €1 ZSiog €2 @ ref 7 and X, AT F e3 Siog €4 T,

then X;A;T e i=e3 3

log €2 1= €4 : unit.

~

Proof.

Suppose W € S[X], p € D[A], and (W,v) € G[I']p.
To show: (W, p1yie1 := piy1€s, pay2es := payaeq) € E[unit]p
So suppose (W, K1, K3) € K[unit]p, (h1,h) : W, and (hy; K1[p1yie1 := piyies]) L <VE.
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e Since instantiating the first assumption yields (W, p1yie1, payzea) € E[ref T]lp, it suffices to
show (W, K1[e := p1y1e3], Ka[® := payaeq]) € Kfref 7] p.

e Sosuppose W’ JP W, (W', v1,vs) € V[ref 7]p, (hy, hb) : W', and (hy; Ki[vy := piyies]) L<W'F.
e To show: consistent(W’) and (h}; Ka[va := payaeq]) )

e Using monotonicity (Lemma 10) and the second assumption, we get (W', p1yies, payees) €

Elr]p-
e Hence it suffices to show (W', Ki[vy := o], Ks[vg := e]) € K[7]p.
e So suppose W ZP W' (W vz, v4) € V[]p, (BY,hY) : W, and (hY; K1[vy = v3]) L <V F,
e To show: consistent(W") and (hY; Kalva := v4]) ]

e From (W' ,v1,v2) € V[ref t]p, W 2P W’ and (hY,hY) : W we know v; € dom(h}) and
vg € dom(hy).

e Consequently,

— (W Ki[or == o) LW = (1] [or—=s; Ko [()) <Y F1 and
— (hy; Kolva == va]) | <= (hg[va—va]; Ko[()]) -

e We know (W”, K1, K3) € K[unit]p by monotonicity (Lemma 10).
o We show (hf][v1—vs], hy[var—vy)) : W

— Due to (W', v1,v2) € V[ref ]p, W" JP® W' and (h,hY) : W", this boils down to
showing (bW vs,v4) € V[7]p.

— This follows from (W”,v3,v4) € V[7]p by monotonicity (Lemma 10).

e Since (W”,{),()) € V[unit]p, instantiating (W", K1, K2) € K[unit]p yields consistent(W")
and (R4 [ve—va]; Kao[()]) -

(]
Lemma 26 (Compatibility: Deref). If £; A;T' F e1 Ziog €2 @ ref 7, then X; AT leg Siog lea @ 7.
Proof.
e This reduces to showing (W, K;[le], Kz[le]) € K[ref 7]p for (W, K1, K3) € K[7]p.
e So suppose W’ JP W (W', vy, vq) € V[ref 7]p, (h1,ha) : W/, and (hy; Ki[lv1]) <V,
e To show: consistent(W’) and (ho; Ka[lvg]) |
e From (W', vy,v2) € V[ref 7]p and (hy, h2) : W’ we know v; € dom(h) and ve € dom(hz).
e Consequently,
— (h; Ko ) I = (s K[ (v1)]) <Y1 and
= (he; Kallua]) L <= (ho; Ka[ha(va)]) -
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e By monotonicity (Lemma 10), (hy, ha) : bW’.
e Due to (W, K1, K3) € K[7]p it suffices to show (bW, hi(v1), ha(v2)) € V[7]p.
e This follows from (W', v1,ve) € V[ref 7]p and (hq, he) : W',

O
Lemma 27 (Compatibility: Refeq). If X; A;T F €1 Siog €2 @ ref 7 and 3; A;T F e3 Siog €4 : ref 7/,
then 3;A;T F e; == e3 Ziog €2 == €4 : bool.
Proof.
e This reduces to showing (W, Ki[ly == e|,Ks[ls == e|) € K[ref']p for (W,K1,K3) €

Klbool]p and (W, 11,12) € V[ref 7] p.
o So suppose W’ P W, (W', l3,14) € V[ref 7'Jp, (h1,h2) : W', and (hy; Kyl == ls]) | <"+,
e To show: consistent(W’) and (ho; Ks[la == l4]) ]
e Assume [; = I3 (the other case is analogous):
e Then (hy; Ki[tt]) | <W' A1,
e By monotonicity (Lemma 10) we know (W', 11,12) € V[ref 7]p.
e Consequently there are 4, j such that:

1. (lh,l2) € bij(W'.w(i).s) and . .

. Ww(i). HW w(i).s) = @ {(W,{liv1}, {la—v2}) | (W, v1,0v2) € V[7]p}
2. (I3, l4) € bij(W'.w(j).s) and . -

. Ww().HW w(y).s) =9 @ {(W,{ls—vs}, {la—vs}) | (W,vs,v4) € V[7]p}

e Case i # j:

Since (hy, hg) : W/, this implies that {l;—wv;} and {ls—wv3} are disjoint and that {la—v2}
and {ly—v4} are disjoint.

Consequently, I1 # I3 and s # 4.

Therefore (hy; K1[ly == I3]) 1<V * implies (h1; K1[ff]) 1<% and (hy; Ko[lo == 14]) |
would be implied by (he; K>|ff])].

— The claims then follow from (W, K3, K3) € K[bool]p and (W', ff, ff) € V[bool]p.

e Casei=7j:

— Then (Iy,13) € bij(W'.w(7).s) and (I3,14) € bij(W’'.w(j).s) imply that either I; = I3 and
ZQ = l4, or ll }é lg and lQ }é l4.
— In the latter case we proceed as above.

— In the former case we proceed analogously, using (W', tt, tt) € V[bool]p.
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Theorem 1 (Fundamental Property). If 3;A;T'Fe: 7, then X;A;T'Fe Siog e: 7.

Proof. By induction on the typing derivation, in each case using the appropriate compatibility
lemma. O

Lemma 28 (Weakening). If 5;A;T' F e Sggez : Tand X C X, ACA, T CIV, A’ +T', then
AT Fep Diog et T

Lemma 29 (Congruency). If 5;A;T'F eq Siog €2 : 7and FC 1 (E;A;T;7) ~ (X5 ATV, 77), then
Y5 ALT F Cler] Siog Clea] - 7.

Proof. By induction on the structure of C', in each case using the corresponding compatibility
lemma. The case C' = e requires Lemma 28. O

In order to prove Lemma 31, we need to show a variant of the fundamental property that is
restricted to values, for which we define:
AT R g j{’jgl VoI T def YA TR 7 AN AT Eog i 7 AV, p, .
W e S[E]Ap e DIA]A (W,v) € G[T]p =
(W, p171v1, paryave) € V[r]p
Notice the use of the value relation V[7]p rather than the term relation E[7]p.
Lemma 30 (Fundamental Property for Values). If 3; A;T v : 7, then 3; A;T o j}’oaé v

Proof. By induction on the typing derivation, in each case using an easy-to-show variant of the
appropriate compatibility lemma. O

Lemma 31 (Wundertiite). If F h: X, then for any k there is W € S[X] such that W.k = k and
(h,h) : W and safe(W).

Proof. Say ¥ =1y:11,...,l,:7,. Construct W as follows:
o W= (kXX w)
® W= 1, Ll1,---sln
e uo:=((),0,0,0, \s. HeapAtom,,)
o ui:=({(;,1;)},0,0,0, H;) for j € {1,...,n}
o H;({{l:1;)}) == {(W' I, he) € HeapAtom,, | (W', b1 (1), ho(ly)) € V[7; 0} for j € {1,...,n}

Showing (h, h) : W reduces to showing (5W, h|giy, hly,y) € Hi({{j,15)}), i-e., GW, bl 3y, hlg,y) €
V[r;]0. This follows from the fundamental property for values (Lemma 30). O

Lemma 32 (Adequacy). If ¥;-;- Fe; Ziog €2 : 7 and F h: X and (hyer)], then (h;e2) .
Proof.

o Say (h;e1)d.

e By Lemma 31 there is W € S[X] with W.k = j + 1, (h, h) : W, and safe(W).
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Instantiating X; ;- F e1 Ziog €2 : 7 yields (W, eq, e2) € E[7]0.

It thus suffices to show (W, e, e) € K[7]0.
So suppose W' P W, (W', v1,v5) € V[r]#, (h1,ha) : W' and (ha;v1) | <",

e We need to show consistent(W”) and (hs;va) .

e The former follows from safe(1#') by Lemma 8 and the latter is immediate.

Theorem 2 (Soundness). If 3;A;T F ey Siog €2 : 7, then Z; AT F ey Zex et 7.
Proof.
e Suppose ;AT Fep: 7, 5 AT Fes: 7, HEC: (540, T57) ~ (X5+57), Hh:Y, and
{h; Clex]) L.
e By congruency (Lemma 29), ¥'; ;- F Cle1] Ziog Clea] : 7'
e By adequacy (Lemma 32), (h; Clez])|.

3.1.3 Completeness
Lemma 33. If X; A;T'F ey Seex €2 : 7, then 3 A; T F ey Seigea : 7.
Proof.
e Suppose
— AT ke,

AT e,

- Fd:A,

— X5 by Ol

- Yk K0T,

—yCcy,

— Fh:Y, and

— (h; K[oyei]) .
o To show: (h; K[dves]) |

Say A =aq,...,an, and §(o;) = 0 as well as T = x4y, ..., 27, and y(z;) = v;.

Let C" := (Aay. ... Ao Ax1:T1. . AZpiTp. @) 01 ... Oy U1 ... Uy and C = K[C'].

It is easy to see that = C": (X/; A;T;7) ~ (X555 07).
e By Lemma 2 then +C: (¥;A;T;7) ~ (X5 7') for some 7.
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e Hence FC: (Z;A;T;7) ~ (X/;++;7') by Lemma 3.
e Note that

= (ks K[6ver]) L <= (h;Cler]) | and
— (h; K[0ye2]) L <= (h; Cle2]) L.

e Consequently, the claim follows from ¥; A;T F e1 Seix €2 1 7.

Lemma 34. If 3;A;T F eq Zeiw €2 : 7, then X5 AT eq Ziog €2 1 7.
Proof.
e Suppose W € S[X], p € D[A], and (W,~) € G[I']p.
e To show: (W, p1y1e1, peyees) € E[T]p
e So suppose (W, K1, Ks) € K[7]p, (h1,h2) : W, and (hy; Ki[p1y1e1]) L <WVF.
e To show: consistent(W) and (ho; Ka[payaea]) |
e By Theorem 1 we know X; A;T' Feq Ziog €11 7.
e Instantiating this yields consistent(W) and (ha; K2[p2y2e1]) -
e Using our assumption, it suffices to show

1. -F pa: A and W.Xg; ;- F v2 @ poI', which follow by Lemma 7;
2. W.Xo; ;- F Ko + po7, which holds by definition of ContAtom;
3. X C W.X,, which follows by Lemma 7; and

4. F hy : W.3o, which holds by definition of HeapAtom.

Corollary 1 (Completeness). If X; A;T'F eq Seex €2 : 7, then ;AT F ey Siog €2 1 7.
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3.2

HOSE

Like for HOS, except for the following adaptations and additions:

3.2.1 Soundness

In each of the previous compatibility proofs and in the proof of the adequacy theorem, we need to
make the following extension: whenever we show that some tuple is in the continuation relation
K[7]p, we now—as dictated by its new definition—also have to deal with exceptions. In each case,
this is easily done since the code in question doesn’t catch them.

The additional compatibility lemmas are:

Lemma 35 (Compatibility: Raise). If 3; A;T'F e Siog €2 : exn, then
X AT F raiser €1 Zlog raiser eg @ 7.

Proof.

Suppose W € S[X], p € D[A], and (W,~) € G[[]p.

To show: (W, raise p1y1e1, raise payaes) € E[7]p

So suppse (W, K1, K3) € K[7] p.

To show: (W, K[raise p1y1e1], Karaise payaea]) € O

After instantiating the premise it suffices to show (W, K [raise o], K[raise o]) € K[exn]p.
So suppose (W', v1,v2) € V[exn]p for W’ Jpub W/,

To show: (W', K1lraise v1], K2[raise v2]) € O and
(W', Kq[raise (raise v1)], Kz[raise (raise v)]) € O

The former follows immediately from instantiating (W, K1, K3) € K[7]p.

The second part reduces by Lemma 12 to showing (W', K1]raise v;], Ks]raise v2]) € O, which
we just did.

O

Lemma 36 (Compatibility: Try). If 2;A;T - e1 Siog €2 @ 7 and X; AT, xiexn - e3 Siog €4 @ T,
then X; A;T'F try e with x.e3 Ziog try €2 with z.eq 1 7.

Proof.

Suppose W € S[X], p € D[A], and (W,~) € G[I']p.

To show: (W, try p1y1e1 with x.p1y1e3,try payaes with z.pav2e4) € E[7]p

So suppose (W, K1, K3) € K[7]p.

To show: (W, K [try p1y1e1 with z.p1y1e3], Kaltry payees with x.payseq]) € O

After instantiating the first premise it suffices to show (W, Ki[try e with z.p171e3], Kaltry e

with z.pay2e4]) € K[7]p.
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First suppose (W', v1,v2) € V[r]p for W’ Jpub 1/,

To show: (W', Kq[try v1 with .p1vy1e3], Ka[try va with x.payae4]) € O

By Lemma 12 it suffices to show (W', Ki[v1], K2[v2]) € O, which follows from in-
stantiating (W, K1, K2) € K[7]p.

Now suppose (W', v1,vs) € V[exn]p for W’ TP .

To show: (W', K;[try raise v1 with x.p1vy1e3], Ka[try raise va with x.pav2e4]) € O
This reduces to showing (W', K1[(p171e3)[vi/x]], Ka[(p2y2eq)[v2/x]]) € O

By definition of TermAtom, v; and vy contain no free type variables and hence
Kil(pimies)vi/a]] = Ki[p1vies] and Ka[(payzes)ve/z]] = Kalp2vses] for o =
v, o (v1, v2).

By monotonicity (Lemma 10) we have W’ € S[X] and (W’,v) € G[I']p.
Consequently, (W',~") € G, z:exn]p.

Instantiating the second premise then yields (W', p17es, p2vheq) € E[7]p-

Since W' JP¥ W, (W', K1, Ks) € K[7]p by monotonicity (Lemma 10).
Instantiating (W', p1y1es, payhes) € E[7]p then yields the claim.
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3.3

HOSC

Like for HOS, but with the following additions and adaptations.

3.3.1 Basic Properties

Lemma 37. J = Jpub

Lemma 38. For any W € World, safe(WW).

3.3.2 Soundness

Definition 1.

SIAT K Siep Ko +7 0 SiATHK =7 ASI AT F Ky +7 AVW, p, 7.

W e S[E]Ap e DIA] A (W,7) €G[T]p =
(W, p171 K1, p2y2K2) € K[7]p

Lemma 39 (Compatibility: Cont). If 3;A; T F Ky Ziog Ko + 7, then
Y, AT F cont, K1 Ziog cont, Ko @ contT.

Proof.

Suppose W € S[X], p € D[A], and (W,~) € G[[]p.
To show: (W, cont,, - p171 K1, contp, - pay2Ks) € V[cont ]p
It suffices to show (W, p17y1 K1, pay2K2) € K[7]p.

This follows immediately from instantiating the assumption.

Lemma 40 (Compatibility: Call/cc). If 3; A;T', z:cont 7 - €1 Siog €2 @ 7, then
AT Fcall/ec (2. e1) Ziog call/cc_(z. e) @ 7.

Proof.

Suppose W € S[X], p € D[A], (W, 7) € G[I']p, and (W, K1, K>») € K[7]p.
To show: (W, Ki[call/cc, , (z. pimier)], Kafcall/cc, (z. pavy2e2)]) € O
By Lemma 12 it suffices to show (W, K1[(p171€1)[K1/x]], K2[(p2y2e2)[K2/x]]) € O.

Since (W, K1, K3) € K[r]p implies (W,cont K;,cont K3) € V[cont7]p, we get (W,+') €
G[T, z:cont 7] p for ' = ~, z—(cont K71, cont K3).

Instantiating the assumption now yields (W, p1vyie1, paybea) € E[7]p
Hence (W, Ki[p171e1], Ka[pavzea]) € O.

By definition of ContAtom, K; and K> contain no free type variables. Consequently, p1yie1 =
(p1y1€1)[K1/2] and payzes = (p2y2e2)[K2/a).
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Lemma 41 (Compatibility: Throw). If 3; A;T' F e; Sieg €2 @ 7 and Z; AT Feg 3

O

~

log €4 : CONt T/,

then X; A;I' F throw; e1 to es Ziog throw, ex to ey @ 7.

Proof.

e This reduces to showing (W, Ki[throw,, . v1 to e], Ks[throw,,; vs to e]) € K[cont7']p for
(W, K1, Ko) € K[7]p and (W, v1,v2) € V[7']p.

e So suppose W’ TP I and (W', K3, K4) € K[7']p.

e To show: (W', Ki[throw,, » v1 to cont K3], Ka[throw,,, vs to cont K4]) € O

e By Lemma 12 it suffices to show (W', K3[v1], K4[v2]) € O.

By monotonicity (Lemma 10) we know (W', v1,v2) € V[7']p.

e Hence instantiating (W', K3, K4) € K[7']p yields the claim.

Theorem 3 (Fundamental Property).
1IN A T Fe: 7, then 5, AT e Zipg e 7.
2. XS, ATE K =7, then 3 AT F K Ziog K = 7.

Proof. By mutual induction on |e| and |K|, where these size functions are defined in a straight-
forward way such that |K| = |K[z]| < |cont, K]|.

1. In each case we use the appropriate compatibility lemma. The induction hypothesis is needed
for e = cont K:

By inversion we know 7 = cont7’ and ¥; A;T = K + 7/,
Since | K| < |cont K|, part (2) of the induction hypothesis yields 3; A;T'F K Ziog K+17'.

The claim then follows by the compatibility lemma for cont.

Suppose W € S[X], p € D[A], and (W,~) € G[I']p.

To show: (W, p1m1 K, p2v2K) € K[7]p

So suppose W' P W (W’ vy, v9) € V[r]p, (h1,ha) : W', and (hy; pryn K [v1]) J<W'F.
To show: (ha; paveK[ve]) |

By Lemma 1, there is 7/ such that ¥; A; T 27 - K] : 7.

Since |K[z]| = | K|, we have X; A;T', x:7 F Kz] Ziog K[z] : 7/ by part (1).

Using monotonicity (Lemma 10), it is easy to see that W’ € S[X] and (W',4') €
GIT, z:7]p for v := v, z—(v1, v2).

Instantiating ¥; AT, a7 F K(z] Ziog Kz @ 7/ thus yields (W', p1y1 K|z], p2v5 K|[z]) €
El ' p-

Note that ¥4 K[z] = 71 K[v1] and v K [x] = v Kvs].

It is easy to see that (W' e, e) € K[r']p.

Instantiating (W', p1vy1 K[z, p2v5 K [z]) € E[7']p then yields the claim.
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3.4 FOS

Like for HOS except that the compatibility lemmas for reference constructs and the construction
of a canonical safe world become simpler, because heap relations are no longer world-indexed.

3.5 FOSE

The above adaptations for first-order state and exceptions are orthogonal and can easily be com-
bined.

3.6 FOSC

The above adaptations for first-order state and continuations are orthogonal and can easily be
combined.
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4 Examples

Note: for convenience we often write HeapAtom when we actually mean HeapAtom,,, for an n that
is clear from context.

4.1 HOS

4.1.1 Deferred Divergence 1
7 = ((unit = unit) — unit) — unit
er = letxz =ref ffinlet y = ref ffin

Af:(unit — unit) — unit. f (Az:unit. if lz = ff then y := tt else L);
if ly = ff then z := tt else L
ez = Af:(unit — unit) — unit. f (Az:unit. 1)

This equivalence does not hold in the presence of call/cc. Here is a distinguishing context C":
call/cc (k. o (Ag.throw g () to k))

It is easy to verify that C[e;] terminates, while C[es] doesn’t.
Furthermore, e; and ey are not equivalent in HOSE (or even FOSE). Here is a distinguishing
context C:
letg= e in
let f=(Ag’.¢" ();raise c) in
try g f with _.()

It is easy to verify that C[e;] yields (), while Cles] diverges.

The programs are, however, equivalent in HOS, which we prove by showing that each logically
approximates the other.
We first show -;-;- F e1 Ziog €2 1 ((unit — unit) — unit) — unit:

e This reduces to showing (W, e1, e2) € E[((unit — unit) — unit) — unit]@, where W e S[-].

e So suppose (W, K1, K3) € K[((unit — unit) — unit) — unit]@, (hq, ko) : W, and
(hy; Kiled]) L=

e To show: consistent(W) and (hso; Kaea]) |

(h1; K1le1]) 4<% implies (hy W {l—ff} & {1,—fF}; K [o1[l/2][l, /y]]) L <V*, where v; is the
function value in e; and I, I, are distinct and fresh.

o Let
— H((i,5)) := {(W,hy, hy) € HeapAtom | h1(lz) = i A hi(ly) = 5}
- H(<27.77 —>) = H(<Zvj>)

@ = {((ff, ff, 0, (tt, fF)), ((ff, fF, 1), (tt, fF)), ((fF, fF, 1), (ff, tt))}*
0 := (p W {((ff, f,0), (ff,ff, 1)) })*

— 15 = (8,0, {{ff,tt)}, H)
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— Wy := W[ := W.XE4,1,:bool, l:bool][w := W.w, t4]

The island represents the following ST'S:

Note that safe(s o)) and thus Weg g oy JPub Iy,

Furthermore, using monotonicity (Lemma 10), it is easy to see that (h1W{l,—ff }W{l,—ff}, he) :
Wit .0y -

Consequently, if we can show (W g 0y, v1[lz/2][ly /9], e2) € V[((unit — unit) — unit) — unit],
then the claims follow from instantiating (W, K1, K2) € K[((unit — unit) — unit) — unit](.

So suppose W' I Wi g0y and (W', Ag. €, Ag. €5) € V[(unit — unit) — unit]0, (W', K7, K3) €
Kunit]®, (BY, hb) : W', and (hy; K{[E[l/2][l,/y][\g- €,/ f]]) <7 *, where &) is the body of
V1.

To show: consistent(W”) and (hh; K5[(Ag. e5) (Az. L)Y 4

(hi; K{[éille /2 [l /y)[Ag- €4/ fI) L= * implies (A K{[ef]) =", where ef = (¢} [Az.if U, =
ff then [, := tt else L /g];if 1, = ff then [, := tt else ).

Notation: we write W/ to mean the world obtained from W' by setting our island’s current
state to s.

Ifw' = W{ffﬂffﬂ()), then let W' := W<Iff-,ff-,1>; otherwise let W' := W"'.

It is easy to see that w JW'.

We now show (VI/7’, ej[Az.if ll, = ff then [, := tt else L/g], eb[Az. L/g]) € Eunit](:

Since (W', Ag. €], Ag. €5) € V[(unit — unit) — unit]0, it suffices to show (ﬁ/\’, Az if U, =
ff then [, := tt else L, A\z. L) € V[unit — unit])0.

So suppose W’ 3 W7, (W" K{, K4) € K[unit]®, and (A, hY) : W".

— We show that (hY; K}[if I, = ff then I, := tt else 1])J<""¥ is impossible.

— Case W' € {W{&)HM,W&&“)}:
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*

Then (hY,h5) : W implies hY(l,) = ff.
Consequently, (h{; Ky [I/fl Il = ff then I, := tt else L])|<""¥ would imply
(R [ty —tt]s K (O L= F.
It is easy to see that Wi JPUb I and, using monotonicity (Lemma 10), that
(h[ly—tt], hy) - W(%F,tt)'
Since also (Wig .y, (), () € V[unit]d, instantiating (W", K7, K3) € K[unit]0 then
yields consistent(W ).
— Case W" = W g
x Then (hY,hY)) : W implies h{(l,) = tt.
* Consequently, (hY; K{[if ll, = ff then [, := tt else L]) 1.

*

*

*

e We now show (1/1/7’, K{[e;if I, = ff then [, := tt else L], K}) € K[unit]0:

Suppose W P W7 (hY hY) : W, and (h!/; K|[();if I, = ff then [, := tt else 1]) [ <W"k,
To show: consistent(W") and (hY; K3[()]) |
Observe that hf{(l,) must be ff and therefore W" € {Wig ¢ 1), Wi, ¢ }.

— Also, this means that (h”[lp—tt]; K][()]) 1<V .

— It is easy to see that (hY[lo—tt], h) : W ¢ and that W ¢ Jpub Wi JpPub Ty,

— Also, (W, v, (), () € V[unit]0.

— Hence, instantiating (W', K1, K3) € K[unit]0 yields consistent(W, ¢ ) and (h3; K3[()]) .
— The former implies consistent(W").

e Using monotonicity (Lemma 10), we easily get (h), h}) : W".

e Instantiating (W, e} [Az.if ll, = ff then [, := tt else L/g],eb[Nz. L/g]) € E[unit]d thus yields
consistent(W”) and (hf; Ki[eh[Az. L/g]]) .

e The former implies consistent(W’) and the latter implies (h}; K5[(Ag. €5) (Az. L)])].

We show ;5 Fea Ziog €11 7.
e This reduces to showing (W, ez, e1) € E[((unit — unit) — unit) — unit]@, where W € S[-].
e So suppose (W, K1, K5) € K[7]0, (h1,h2) : W, and (hy; K;les]) | <WF.
e To show: consistent(W) and (ho; Ka[e1]) |

Observe that (ho; Kale1]) 4 if (he W {lp—=ff} W {{,—ff}; Kale1[le/x][ly/y]]) 4, where €71 is the
function value in e; and [, any free location.

o Let

— H({)) := {(W, h1, ha) € HeapAtom | hy(l,) = ff A L, € dom(hs)}
— 0= ((),0%,0%,0,H)
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— W = W[y := W.5y, lp:bool, I,,:bool] [w := W.w, ]
The island represents the following ST'S:

e Note that W JP® W and (hy, ho & {ly—ff} & {I,—f}) : W
e Because of (W, K1, K3) € K[7]0 it thus suffices to show (W, es, élls/x|[ly/y]) € V[r]0.

e So suppose W' I W, (W', f1, f2) € V[L(unit—> unit) — unit]@, (W', K1, K}) € K[unit]0,
(hh, hy) = W', and (h; KG[f1 (A L)]) <7+

o To show: (hh; Kj[fa (A\_.if U, = ff then I, := tt else L);if 1, = ff then [, := tt else L]) | and
consistent(W’)

o We show (W', f1 (A_. L), fo (A_.if I, = ff then [, := ttelse L)) € E[unit]?:
— Since (W', f1, f2) € V[(unit — unit) — unit])@, it suffices to show
(W', (A L), (\-.if Uy = ff then [, := tt else L)) € V[unit — unit]0.
— This holds trivially, because (hY; K{'[L]) diverges for any h{ and K7

e We show (W', K/, K)|e;if Il, = ff then [, := tt else L]) € K[unit](:

— So suppose W ZPU W’ (hY, hY) : W, and (h; K}[()]) <V F.

— To show: consistent(W") and (hy; K}[if 1, = ff then [, := ttelse L])]

From (hY,hY) : W we know h4(l,) = ff.

Therefore, (hy; K5[if 1, then L else ()]) | if (RS [lp—>tt]; K5[()]) 1.

— Note that (hY,hY) : W implies (h{, hj [l —tt]) : W".

— The claims thus follow from instantiating (W', K1, K%) € K[unit]@ with (W",(),()) €
V]unit]0.

e Combining these yields the claims.

4.1.2 Well-Bracketed State Changes

e1 = letx=refOin
Afwunit = unit. (x :=0; f ;2 :=1;f (); o)
ez = Afiunit — unit. (f (O; f (); 1)

It is easy to see that e; and es are not equivalent in HOSC (or even FOSC). In particular,
here is a distinguishing context C:

let g = o inlet b =ref ff in
let f = (A_.if !bthen call/cc (k. g (A-.throw () to k))
else b :=tt) in

gf

37



Exploiting its ability to capture the continuation K of the second call to f, the context C is able
to set x back to 0 and then immediately throw control back to K. It is easy to verify that C[eq]
yields 0, while C[eg] yields 1.

It is also easy to see that e; and es are not equivalent in HOSE (or even FOSE). In particular,
here is a distinguishing context C:

letg= e in

let fo = (A_.raise ¢) in

let z = ref ttin

let f1 = (A-.if lz then x := ff else try g f2 with _.()) in

gf

It is easy to verify that C[e;] yields 0, while C[es] yields 1.

The programs are, however, equivalent in HOS, which we prove by showing that each logically
approximates the other (here we only give one direction, the reverse is proven analogously).
We show ;-5 F e1 Ziog €2 ¢ (unit — unit) — int:

This reduces to showing (W, eq, e2) € E[(unit — unit) — int]@, where W € S[-].
So suppose (W, K1, K») € K[(unit — unit) — int]0, (h1,h2) : W, and (hy; Kq[e1]) L <W*.
To show: consistent(W) and (hso; Kalea]) |

(h1; Kile1]) L<W* implies (hy W {l,—0}; K1[é1]) L <W*, where [, is fresh and
€1 := \f. (lac =0;f <>7lm =1f <>> 'lm)

Let
— H(i) == {(W,h1, h2) € HeapAtom | hq(l,) = i}
- ={0,D}
— 0= (pu{(1,0)})"
— 15 = (s5,8,¢,0, H)
— Wy = W[W.E = WSy, Ltint] [Waw := W, 1]

The island represents the following ST'S:

—
V\__,/

It is easy to see that Wy JIPU> W and, using monotonicity (Lemma 10), that (hqW{l,+0}, hs) :
Wo.

Hence by instantiating (W, K1, K3) € K[(unit — unit) — int]®, it suffices to show (Wy, €1, e2) €
V[ (unit — unit) — int]0.

So suppose W' 3 Wy and (W', Az.€f,Az.e}) € V]unit — unit]d, (W', K1, K}) € K[int],
(R, k%) - W' and (hy; Ki[61 [z e) /f]]) <" %, where €1 is the body of é].
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To show: consistent(W’) and (h; K465’ [A\z. €5/ f]]) |, where &’ is the body of es
(h; K (61 [Nz e /SN F tmplies (R [1o—0]; K [(e4[()/2): L == 15 (A= €h) (5 M) ) L=0

Notation: we write W/ to mean the world obtained from W’ by setting our island’s current
state to s.

It is easy to see that W 3 W’ and that consistent(W}) would imply consistent(WW").

Since (Wg, (), ()) € V[unit]d, instantiating (W', Ag. €1, Az. e5) € V[unit — unit]d yields
(W, €110/ 2], e5[()/2]) € Eunit]0.

It is easy to see, using monotonicity (Lemma 10), that (h}[l,—0], k) : W}.

Since (hly; K5[é3'[Nz. €/ f]]) 4 would follow from (h ’[(e’2[<>/z] (Az.eh) (); 1)) 4, it therefore
suffices to show (W, K{[(e;1, :==1;(Az.¢€]) (); !lx)] L(e; (Az.eh) (); 1)]) € K[unit]0.

So suppose W 2P Wy (b, hYy) : W, and (B Kj[((); 1 == 15 (Az.€}) ()5 1,)]) J<W"F
To show: consistent(W”) and (h5; K5[((); (Az.€5) (); 1)1

(A5 K1[(05 Lo o= 15 (A2 €q) ()3 )] 4= F implies (h{ [Lo—1]; K{[(e1[()/2]; W) L=
It is easy to see that W{" JPub 1/,

Smce ( 150, () € V][unit]®, instantiating (W', Az. €], Az. €5) € V]unit — unit]( yields
(W [<>/Z]7€’2[<>/Z]) € Eunit].

It is easy to see, using monotonicity (Lemma 10), that (h{[lz—1], hY) : W',
Also, consistent(W;") would imply consistent(W").

Since (hY; K5[((); (Az.€5) ();1)]) L would be implied by (hf5; K5[(e5[()/2];1)]) |, it therefore
suffices to show (W{', K1[(e;!l;)], K}[(e;1)]) € K[unit]d.

So suppose W 998 W, (A, hg') : W', and (h{'s KG[(():10,)]) 1<

To show: consistent(W”) and (h4’; K5[((); )]) |

Note that W' 3P W' and (R}",hY') : W' imply hy’(l,) = 1.

Hence (ks KL[((); )]y 4<% implies ('; K{[1]) L<W""*.

We know W Jpub W JPub 177 and (W', 1,1) € V[int]0.

Therefore, instantiating (W', K1, K}) € K[int]® yields consistent(W") and (h}'; K5[1])].
The latter implies (h5’; K5[((); 1)]) 4.
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Here is a higher-level explanation of the proof:

To show e; and ey related, suppose given some world and a pair of heaps h1 and hy satisfying
this world. Then e; allocates a new location [, extending h; to hj. We extend our world with a
new island, as in the picture, and it is clear that the resulting world Wy JP'*-extends the old world,
and that i} and ho satisfy Wy. Thus it suffices to show that the functions returned by e; and ey are
related in this new world Wy. To this end, suppose we are given any world W’ that J-extends Wy,
heaps hf{ and h} satisfying W', and functions f; and f; related in W’. Notice that in W’ our island
can be in either the left or the right state and we do not know which! We then have to show that
el =(x:=0;f1 ();x:=1;f1 ();!z) and e} = (f2 (); f2 (); 1) are related computations in world W’.
Let us write W/ to mean the world obtained from W’ by setting our island’s current state to s (i.e.,
0 if the left state, 1 is the right state). Notice that Wy is a J-extension of W’ — here we crucially
use that we have edges both from the left to the right and vice versa. Now, since €} assign 0 to z, it
means that we get heaps h{[l, — 0] and h} which are related in W{]. Moreover, since f1 and f3 are
functions related in W’ and WJ 23 W', we also have that there exists a future world W" JPub 1/
such that f; and f2 take arguments and heaps related in W} to values and heaps related in W”.
Now we then have to show that e/ = (z :=1; f1 ();!2) and e = (f2 (); 1) are related computations
in world W”. We proceed as above, and get, after the assignment x := 1 in e/ that the resulting
heaps are related in W7’ (i.e., the world obtained from W” by setting our island’s current state to
1). Then we call f; and f> respectively, and we get that there exists a future world W"’ JpPub /77
(note the JPU?, not ). Since it is an extension via public edges only, we know that our island is
still in state 1 (the state on the right) and thus we find that e} returns 1 when looking up the value
of z, just as ef, and hence they are related, as required.

4.1.3 Local State Release 1

7 = ((unit — unit) — unit) — refint
er = Af:(unit — unit) — unit.let z = ref 0 in
let y =ref Oin

let z =ref Oin
£ (A_unit.if lx =0 then y ;=1 else z := 1);
if ly =0thenz:=1lelse (z:=1;2:=1);

z
ez = Af:(unit — unit) — unit.let z = ref 0 in
f (Azunit. z := 1);
z

We show ;5 Fe1 Ziog €21 7.
e This reduces to showing (Wy, e1,e2) € V[7]0, where W, € S[-].

e So suppose W 3 Wy, (W, f1, f2) € V[(unit — unit) — unit]d, (W, K1, Ka) € K[refint]d,
(h1,h2) : W, and (hq; Ki[e1[f1/f]]) 4<%, where é] is the body of e;.

e To show: consistent(W) and (ha; Ka[éa[f2/f]]) 4, where €3 is the body of ey

o (h; Ka[&[fr/ f1)) L<WF implies (hy; K1[é1])4<"*, where:

40



— hy = by W {10} W {l,—0} & {IL—0}

—é1:=f1 (\.if ll; = 0then [, :=lelse I} :=1);
if 11, =0 then [, := 1 else (I} := 151, := 1);
I

— Iz, ly, I} are distinct and fresh

Similarly, (ho; Ka[é3[fa/f1]) L if (ha; Ka[3]) |, where:

— hy = h[I2-50]
—ép:=fo (A 12:=1);
12

— 12 is fresh

— H(1) := {(W,hy, hy) € HeapAtom | hy(ly) = h1(ly) = hy(I1) = ha(12) = 0}
H(2) := {(W,hy,hy) € HeapAtom | hy(Io) = hi(IL) = 0 A by (1) = ha(12) = 1}
- 3:={(I},2)}
— H(3) := {(W,h1,h2) € HeapAtom | hi(l;) = 1A hi(ly) =n Ay (L) = hy(12) = m}
={(1,2)}
= (pw{(1,3),(2,3)})"
— 15:=(5,0,0,0,H)
— Wy := W[y := W.Eq, Lpzint, [ysint, [Lint][Se := W.5s, [Ziint][w := Ww, t4]

I
SRS

The island represents the following ST'S:

————
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e It is easy to see that W7 J W and, using monotonicity (Lemma 10), that (EI,E;) s WL
e We show (Wi, fi (A_.if Il = O then [, :=lelse I} := 1), fo (A\_.12 := 1)) € E[unit]0:
— Since (W, f1, f2) € V[(unit — unit) — unit]®, it suffices to show
(W1, (A_.if U, = 0 then (I :=0;1, := 1) else I} := 1), (A_.[2 := 1)) € V[unit — unit]0.
— So suppose W’/ 3 Wy, (W', K/, K%) € Kunit]@, (b}, k%) : W', and (h}; K{[if I, =
0 then I, := 1 else [} := 1]) | <W" k.
— To show: consistent(W’) and (h; K4[I? := 1]} ], i.e., (hh[12—1]; K5[()]) J
— Case W' e {W{,W3}:
% Then (R, hb) : W’ implies ) (l;) = 0 and thus (k4 [l,—1]; K7[()]) <%,
x It is easy to see that W5 2P® W’ and, using monotonicity (Lemma 10), that
(Ry [ly—=1], RY[121]) : W3,
* Also, consistent(W3) would imply consistent(W’).
* Since (W3, (), ()) € V[unit]d, the claims then follow from instantiating (W', K|, K}) €
K[unit]®.
Case W' = W;:
% Then (Y, hb) : W' implies h(l;) = 1 and thus (B} [I2—1]; K{[()]) L <WF.
x It is easy to see that (h)[Il—1], R4[121]) : W'.
* Since (W', (), ()) € V[unit], the claims then follow from instantiating (W', K1, K}) €
K[unit]0.

It is obvious that consistent(WW;) would imply consistent(1V).

Hence it suffices to show (W1, K1 [e;if !l = 0 then [, := 1 else (I} :=1;1, := 1);11], K>[e;12]) €
K[unit]0.

e So suppose W’ TP Ty (k) hb) : W', and
(h}; K1[();if 1, = O then [, := 1 else (I} := 1;1, := 1);11]) J<W k.

To show: consistent(W’) and (hb; Ka[();12]) 1, i.e., (hb; Ka[l2]) 1

Case W' = W7:

— Then (b}, hb) : W’ implies 2} (l,) = 0 and thus (k) [l,—1]; K [11]) L <W" k.

— It is easy to see that W; 3 W' and, using monotonicity (Lemma 10), that
(P [lo—=1], hy) - W,

— Is is also easy to see that W] 2P** W, JP'® I and that consistent(W}) would imply
consistent(W”).

— The claims then follow from instantiating (W, K1, K2) € K[refint], if we can show
(W}, 11,12) € V[refint]0.
— The latter is easy to verify, because bij(3) = {(I1,1?)}.

o Case W' =W3:
— Then (b}, hb) : W’ implies ) (l,) = 1 and thus (b [IL—=1][lo—1]; K [11]) J<W" k.
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— It is easy to see that W; 3 W' and, using monotonicity (Lemma 10), that
(hA[1=1] [l 1], hY) - W

— Is is also easy to see that W] 2P** W, JP'® I and that consistent(W}]) would imply
consistent(W’).

— The claims then follow from instantiating (W, K1, K2) € K[refint](), if we can show
(W' 1L12) € V[ref int]0.

3220 %2
— The latter is easy to verify, because bij(3) = {(I1,1?)}.

zr7'z

e Case W' = Wsl: impossible, because there is no public transition from states 1 to 3
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4.2 HOSE
4.2.1 Deferred Divergence 2

7 = ((unit = unit) — unit) — unit
er = letxz =ref ffinlet y = ref ffin
Af:(unit — unit) — unit. try f (Az:unit. if lz = ff then y :=tt else 1)
with z.(if ly = ff then 2 := tt else L; raise, );
if ly = ff then z := tt else L
ez = Af:(unit — unit) — unit. f (Az:unit. 1)

The programs are equivalent in HOSE, which we prove by showing that each logically approx-
imates the other.
We first show -;-;- F e1 Ziog €2 1 ((unit — unit) — unit) — unit:

e This reduces to showing (W, e1, e2) € E[((unit — unit) — unit) — unit]@, where W e S[-].

e So suppose (W, K1, K3) € K[((unit — unit) — unit) — unit]®, (hy, ha) : W, and
(hy; Kiled]) L=

To show: consistent(W) and (hso; Kalea]) |

(h1; Kile1]) 4<% implies (hy W {l—ff} & {1,—fF}; K [v1[l/2][l, /y]]) L <V*, where v; is the
function value in e; and I, [, are distinct and fresh.

e Let
— H((i,j)) = {(W,h1,hs) € HeapAtom | ha(L,) = i A ha(ly) = j}
- H(<27.77 —>) = H(<Zvj>)

o = {({(ff, fF,0), (tt, fF)), ((ff, ff, 1), (tt, fF)), ((fF,fF, 1), (ff, tt))}*

0 = (W {({ff,ff,0), (ff, ff, 1)) })*

— 15 := (8,0, 9, {(ff,tt)}, H)

— Wy := W[ := W.E4,1,:bool, l:bool][w := W.w, t4]

The island represents the following ST'S:

44



Note that safe(s ,0y) and thus Weg g oy JPub Iy,

Furthermore, using monotonicity (Lemma 10), it is easy to see that (h1W{l,—ff }&{l,—ff}, he) :
Wit 5,0y -

e Consequently, if we can show (Wi 4,0y, v1[l2/%][ly /y], e2) € V[((unit — unit) — unit) — unit]0,
then the claims follow from instantiating (W, K1, K3) € K[((unit — unit) — unit) — unit]0.

e So suppose W’ 3 Wig 4,0y and (W', Ag. €], Ag. e5) € V[(unit — unit) — unit]0, (W', K1, K3) €
Kunit]®, (B}, hb) : W', and (hy; K}[E[l/2][l,/y][\g- €,/ f]]) LW F, where &) is the body of
V1.

To show: consistent(W”) and (hh; K5[(Ag. e5) (Az. L)]){

(hl; Kilella/x][ly /yl[Ag- e'l/f]]>¢<w/'k implies (h}; K} [e'l’]>¢<W/'k, where ef = (e} [Az.if I, =
ff then [, := tt else L /g];if 1, = ff then [, := tt else L).

Notation: we write W/ to mean the world obtained from W’ by setting our island’s current
state to s.

o If W' = W{ffﬂffﬂ()), then let W/ := W<Iff.,ff.,1>; otherwise let TV := W',
e It is easy to see that w JW'.

We now show (VI/7’, e [Az.if ll, = ff then [, := tt else L/g], e4[Az. L/g]) € Eunit](:

— Since (W', Ag. €], Ag. €5) € V[(unit — unit) — unit]?, it suffices to show (ﬁ/\’, Az if l, =
ff then [, := tt else L, Az. L) € V[unit — unit]0.
— So suppose W’ 3 W7, (W" K{, KY) € K[unit]®, and (A, hY) : W".
— We show that (h; K{'[if I, = ff then [, := tt else 1])}<"W"* is impossible.
— Case W' ¢ {W(Iéf.,ff.,lww(léf.,tt)}:
*x Then (hY,hY)) : W implies h{(l,) = ff.
s Consequently, (h?; K//[if I, = ff then [, := tt else 1])|<""¥ would imply
(Y [y =t KON <5
x It is easy to see that W{& ) JPUb W and, using monotonicity (Lemma 10), that
(W [ly—=tt] b)) - Wi -
* Since also (Wig .y, (), () € V[unit]d, instantiating (W”, K7, K3) € K[unit]0 then
yields consistent(Wi ., ).
— Case W = W g
*x Then (hY,hY)) : W implies h{(l,) = tt.
* Consequently, (hY; K{[if ll; = ff then [,, := tt else _L])*.
e We now show (W,K{[try o with z.(if 1, = ff then [, := tt else L;raise z);if 1, =
ff then [, := tt else 1], K3) € K[unit]0:
1. — First suppose W*” P T/, (hi,hy) « W and (hY; Kiftry () with z.(if 1, =
ff then I, := tt else L;raise 2);if !, = ff then [, := tt else 1]) | <W"k.
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To show: consistent(W") and (h5; K5[()]) ]

Note that (h{; Ki[try () with z.(if 1, = ff then [, := tt else L;raise z);if !, =
ff then I, := tt else 1]) L <""* implies (hY; K| [if !l, = ff then I, := tt else L])|<W"F.
Observe that kY (l,) must be ff and therefore W"” € {W<’§F7fr71>, W{t’t)m}.

Also, this means that (b} [l—tt]; Kj[()]) L <W"F,

It is easy to see that (hy[lo—tt], hy) : W ¢ and that W ¢ Jpub Wit Jpub 7,
Also, (Wi 5 (), () € V][unit]).

Hence, instantiating (W', K1, K}) € K[unit] yields both consistent (W, &) and
(s K5O -

The former implies consistent(W").

Now suppose W Jpue [i/7, (W, v1,v2) € V[exn]0, (hY,hY) : W and

(h; Ki[try raise v1 with z.(if !, = ff then [, := tt else L;raise z);if !, =
ff then [, := tt else 1]) | <W"F,

To show: consistent(W") and (h3; raise va) ]

Note that

(RY; K1 [(if !, = ff then I, := tt else L;raise v1);if !l = ff then I, := tt else L]) | <"k
implies (R} [l,—tt]; K/ [raise v1]) L<W"* and h/(1,) = ff.

The latter means W" = Wi, ¢ or W' = Wi ¢ .

In any case it is easy to see that W{{tm JPub I,

Also, (R [la=tt], hy) : Wi -

By monotonicity (Lemma 10), (W}, ¢, v1,v2) € V[exn]0.

Finally, consistent(W ¢ ) would imply consistent(W").

The claims then follow from instantiating (W', K1, K3) € K[unit]0.

e Using monotonicity (Lemma 10), we easily get (h},h5) : W”.

e Instantiating (W, e} [Az.if ll, = ff then [, := tt else L/g],eb[Nz. L/g]) € E[unit]d thus yields

consistent(W") and (hf; Ki[eh[Az. L/g]]) .

e The former implies consistent(W’) and the latter implies (hb; K5[(Ag. e€5) (Az. L)) 4.

We show ;- Fea Ziog €11 7.

e This reduces to showing (W, ez, e1) € E[((unit — unit) — unit) — unit]@, where W € S[-].

So suppose (W, K1, Ks) € K[7]0, (h1,h2) : W, and (hq; K;[ea]) L <WF.
To show: consistent(WW) and (hg; Kale1])d

Observe that (ho; Kaoler]) | if (ho W {lp—=ff} W {{,—ff}; Kolé1[ls/2][l,/y]]) |, where € is the
function value in e; and [, any free location.

— H(()) := {(W, 1, ha) € HeapAtom | hy(l,) = ff AL, € dom(hs)}
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- L= (<>7@*7@*7@7H)
— W = W[Sy := W.5y, lp:bool, I,,:bool] [w := W.w, ]

The island represents the following ST'S:

e Note that W JP® W and (hy, ho & {lo—ff} & {I,—fF}) : W.
e Because of (W, K1, K2) € K[[7]0 it thus suffices to show (/V[7, es, €1l /x][ly/y]) € V][r]0.
e So suppose W/ I W, (W', f1, f2) € V[L(unit—> unit) — unit]@, (W', K1, K}) € K[unit]0,
(R, ) : W', and (hi; K{[fi (A D)) L<7-
o To show: consistent(W') and (hf; Kiftry fo (Az.if I, = ff then [, := tt else L) with z.(if !,
ff then [, := tt else L; raise z);if 1, = ff then [, := ttelse L])]
o We show (W', f1 (A_. L), fo (A_.if I, = ff then [, := ttelse L)) € E[unit]?:
— Since (W', f1, f2) € V[(unit — unit) — unit])0, it suffices to show
(W', (A= L), (A= if Ny = ff then I, := tt else L)) € V[unit — unit])).
— This holds trivially, because (hY; K7'[L]) diverges for any A} and K7

o We show (W', Ki,Kjltry e with z.(if [, = ff then I, := tt else L;raise z);if 1, =
ff then [, := tt else L]) € K[unit]0:

1. — So first suppose W P W' (B, hY) : W, and (hy; K;[()]) J<W"*.
— To show: consistent(W") and (h4; Kjjtry () with z.(if I, = ff then [, :=tt
else L;raise 2);if 1, = ff then [, :=ttelse L])]
— From (hY, hY) : W we know hj(l,) = ff.
— Therefore, (hy; Kstry () with z.(if 1, = ff then [, := tt else L;raise z);if !, =
ff then I, := ttelse L)) ] if (h5[ly—tt]; K5[()]) 4
— Note that (hY,hY) : W implies (hY, hy [l —tt]) : W".
— The claims thus follow from instantiating (W', K1, K5) € K[unit]d with (W",{),()) €
V[unit])0.
2. — Now suppose W” JPUb W' (W" vy, v2) € V[exn], (R}, hY) : W" and
(WY K/ [raise v1]) | <V
— To show: consistent(W") and (h5; K}[try raise vy with z.(if 1, = ff then [, := tt
else L;raise z);if 1, = ff then [, :=ttelse L])| < W".E.
— From (hY, hY) : W we know h4(l,) = ff.
— Hence,
(hYy; K5[(if !, = ff then [, := tt else L; raise vy); if !l, = ff then [, := tt else L]) | <W"¥
if (hf[lptt]; Kb[raise vy]) L<W" k.
— Note that (hY,h%) : W implies (hY, hi[l—tt]) : W,
— The claims thus follow from instantiating (W', K1, K%) € K[unit]0.

e Combining these yields the claims.
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4.2.2 Callback With Lock

C = letb=refttin
let z =ref O in
(Af:unit — unit.if 1b then (b := ff; e; b := tt) else (),

Az:unit. lz)
er. = CIf (;x:=lz+1]
ea = Clletn=lzinf (;z:=n+1]

Here is a context that is able to distinguish e; and es using call/cc:

let (inc,poll) = e in
call/cc (ko. let r = ref kg in
let b = ref ttin
let g = (A_.call/cc(k. r:=k)) in
let h = (A_. b := ff;throw () to I7) in
inc g; (if 1b then inc h else ());if poll () = 2 then () else L)

When it calls the increment method f the second time, the callback jumps back to its continuation
during f’s first run. In that continuation, n (on the right) is still bound to 0, although z points to
1 now. It is easy to verify that C’[e1] terminates, but C’[es] does not.

In the absence of call/cc but presence of exceptions, the programs are equivalent.
We show - -;- €1 Siog €2 : ((unit — unit) — unit) x (unit — int):

e This reduces to showing (W, e1,e3) € E[((unit — unit) — unit) x (unit — int)]0, where W €
S[ -

e So suppose (W, K1, K3) € K[((unit — unit) — unit) x (unit — int)]0, (h1,he) : W, and
(has Ky ea]) L<1F.

e To show: consistent(W) and (ha; Kalea]) |

o (hy; Ki[e1]) L<"* implies <E;K1[v1]>¢<wk, where

— 1= (vf,0),

— vf = Nfif Uy then (Iy := ff; f ()51 == Uy + 1;1p := tt) else (),
— v =2 M,

— hy == hy W {ly>tt} W {I,—01}, and

— Iy, 1, are fresh and distinct.

o Similarly, (ho; Kalea]) | if (ha; Ka[va]) |, where

— vz = (v3,03),

— vd = Mf.if Uy then (I :=ffilet n =, in f ();l, :==n+ 151, := tt) else (),
— v3 = A\z.l,, and

— hl = ho W {lp—tt} W {l,—0}.
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o Let

H({0,1)) := {(W, h1, h2) € HeapAtom | hy(ly) = ha(ly) = 0 A hi(ly) = ha(le) = i}
@ = {((tt,9), (tt,i+ 1)) | i € N}*

0 := (W {({tt, ), (ff,i)) | i € N} w {((ff,4), (tt, s+ 1)) | i € N})*

— 15:=(5,0,0,0,H)

— Wy = W[Ey := W.E4, lp:bool, I,:int][w := W.w, 4]

The island represents the following STS:

e It is easy to see that Wi o PP IV and, using monotonicity (Lemma 10), that (a,ﬁ;) :
W(tt,O)'

e It thus suffices to show (Wi 0y, v1,v2) € V[((unit = unit) — unit) x (unit — int)], which
splits into two parts.

o We show (W o), 01, v3) € V[(unit — unit) — unit]0:

— Suppose W' I Wi 0y, (W', Ay. e3, Ay. eq) € V[unit — unit]d, (W', K7, K3) € K[unit]0,
(W, hly) : W, and (B); K} [if Wy then (I := F; (Ay. es) O ly := Up+1; 1 = tt) else ()]) L <V,

— To show: consistent(W') and (hf; K5[if 1l then (I := ff;let n =, in (Ay. eq) (); 1z := n+
151, :=tt) else (]} |

— Notation: we write W/ to denote the world obtained from W' by setting our island’s
current state to s.

— Case W' =W/

(tt,2

* Then (h{, hb) : W’ implies b} (ly) = h5(ly) = tt and h)(l,) = h4(l,) = i.

s« Hence (h); K}[if I then (I := ff; (\y. e3) ();lp := Uy + 151 := tt) else ()]) [<V'*
implies (R} [ly—ff); K1lea[() /y); (\y- €3) ()il i= o + 151 = t2)) () L<W"F

* Similarly,
(hby; K4[if 1y then (Ip := ff;let n =1, in (Ay.eq) );lp :=n+ 11, := tt) else ()]) | if
(W [lp—=ff]; Khlea[()/y; L =i 4 151y := tt)) .

) for some 1:
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x It is easy to see that W(/ff 3 3P W' and, using monotonicity (Lemma 10), that
(R [l fF], By [Ly—FF]) = Wi .

* Also, con51stent(W< ;y) would imply consistent(W’).

 Since (W, (), () € V[unit]d and thus (Wi . es[()/yl ea[()/y]) € E[unit]0, it
suffices to sho Wi ays Kilosle == a4+ 111y := tt], Kp[esly =i + 151, = tt]) €
K[unit] 0.

+ First suppose W P W/e . (b, hg) : W, and (h; K{[(); Ly = Wp 150y = te]) 4=V 5

* To show: consistent(W") and (hy; K[(); 1, := 1+ 1;1p := tt]) |

* Note that the only public successor of (ff, ) is (ff, ¢) itself and therefore W" = W<’§f7i>.

s Hence (hY,h4) : W implies h//(l,) = i and thus (h [l (i4+1)][ly—tt]; K] [O]) LV F.

* Note that (hy; K5[();ly := i+ 1;1p := tt]) | if (R [lo— (0 + 1)][lp—tt]; KL[O)]) 4

* It is easy to see, using monotonicity (Lemma 10), that W{ét 1) Jpub W{tt 1) Jpub
w. "
* Furthermore, using (hY,hy) : W", W{{t i1y = W and monotonicity (Lemma 10)

it is easy to see that (hY[lo—(i + 1)][lott], A [lo—=> (i + D][lo—=tt]) : Wik, .
* Also, consistent(W, ; ,,y) would imply consistent(W").
* Since (Wi, 14y, (), () € V[unit]d, the claims therefore follow from instantiating
(W', K1, K}) € K[unit]@.
+ Now suppose W' P W/, s and (W, v, v5) € V[exn]0.
x To show: (W, K{[raise v];ly := Uy +1;1p := tt], K)[raise vh; 1, := i+ 151 :=tt]) € O
* By Lemma 12 it suffices to show (W", K{[raise v}], K}[raise v}]) € O, which follows
from instantiating (W', K1, K%) € K[unit]0.
— Case W' = Wy ., for some i:
x Then (R}, hy) : W’ implies b (lp) = h5H(lp) = ff and h)(l;) = hh(1,) = 1.
s« Hence (h); K}[if I then (I := ff; (\y. e3) ();lp := Uy + 1;1 := tt) else ()]) L<W'*
implies (h}; K[()]) 4"
« Similarly, (hb; K4[if U, then (I := ff;let n =, in (A\y.eq) ()5l := n+1;1, :=tt) else O]) ]
if (ha; K5[01) -
* Since (W', (), ()) € V[unit]( the claims then follow from (W', K1, K3) € K[unit]0.

o We show (W o), 03, v3) € V[unit — int]0:

— Suppose W' 3 Wy, (W', K7, K3) € K[int]0, (R}, hb) : W', and (hf; K{[,]) 4 <W"*
— To show: consistent(W') and (h; K5[1]) |

— From (A}, h%) : W’ and the way we constructed our island we know h}(l,) = h4(l,) = 4,
for some 1.

— Hence (h; K{[11,])4<""* implies (h; K{[i]) }<W"F.
— Similarly, (hy; K5[!]) ] if (hh; Kali]) L.

— Since (W’,i,i) € V[int]d the claims then follow from instantiating (W', K1, K}) €
K[int]0.
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4.2.3 Higher-Order Profiling
p = Mf.letc=ref0in Az.(c:=le+1;f ), lc)

p is a higher-order function that takes a function f and returns a tracked version of it, i.e., a
function that behaves like f except that each time it is called a local counter is incremented by 1.
p also returns a function for reading the current value of that counter.

Establishing the equivalence of the following two programs can be seen as a partial correctness
proof of the profiling operation:

e1 = Af.Ag.da.let(g,g")=pgin(fg'sg (;ag’ig” ()
ez = A.Ag.dalet (¢'.g")=pgin(fgs9(;agsg” )+1)

The proof goes as follows. We construct an island consisting of two states. The first one,
asserting that the counter has the same value on both sides, has a private transition to the second.
The second asserts that the value of the counter is larger by 1 on the left side than on the right
side.

Initially, we are in the first state (¢ points to 0 on both sides). When f returns, we know that
we are still in that state, because there is no public transition leading anywhere else. (Of course
¢ might have increased by now, but if so, then by the same amount on both sides: the only way
f can touch the counter is by running its argument.) Now we call the tracked version of g on the
left side and the original g on the right side, thus incrementing the counter only on the left side.
Accordingly, we have to move along the private transition to the second state. Then a is called and,
since there is no other state reachable from here, ¢ will still point to a number larger by one on the
left than on the right side when a returns. Consequently, ¢’ () on the left will yield the same value
as ¢’ () + 1 on the right.

Formally, we show
oo Fer Diog €2 1 ((unit — unit) — unit) — (unit — unit) — ((unit — unit) — unit) — int.

e This reduces to showing
(W, e1,e2) € V[((unit — unit) — unit) — (unit — unit) — ((unit — unit) — unit) — int]0,
where W € S[].

e This boils down to showing (W, e}, e5) € E[int]@, where
~WaW,

ey:=let(g,g") =pagrin(f1 g9 (a1 99" (),

—ey:=let(g,g") =pg2in(f2g'92 (sa2 919" () +1),

— (W, f1, f2) € V[(unit — unit) — unit]0,

— (W, g1, 92) € V[unit — unit]d, and

— (W,a1,a2) € V[(unit — unit) — unit]d.

e So suppose (W, K1, K2) € K[int]0, (h1,h2) : W, and (hy; K1lej]) L <WF.
e To show: consistent(W) and (ha; Ka[e5]) |

o (hy; Ki[e}]) 1< implies (hn; Kilf1 g559} (a1 gh; (A1) O]) 4<W*, where
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— Ry = hy W {110},
— g =Xx.(ly ;=11 +1;¢1 z), and
— [y is fresh.

e Similarly, (hg; Ka[e5]) | if (71; Ks[fa g5 92 (); a2 g5; (A= l2) () + 1]) |, where

— hy = hy W {lo—0},
— gh=xx.(la:=1la+1;92 ), and
— [y is fresh.

o Let

— H(n) = {(W,h1,h2) € HeapAtom | hy(l1) = ha(l2) + n}
— ls = (Sv {(Oa 1)}*5 Q]*a @7 H)
- W, = W[El = W.El,ll:int][Eg = VV.Eg,lg:int][w = Ww,bs]

The island represents the following ST'S:

>

e It is easy to see that Wy JP“ W and, using monotonicity (Lemma 10), that (a, E) : Wa.
e We show (W, f1 g4, f2 g5) € Eunit]0:

— Since (W, f1, f2) € V[(unit — unit) — unit], it suffices to show

(Wo, g1, 95) € V]unit — unit]0.

— So suppose W’ 3 W, (W’,Ki,,Ké) € K[unit]®, (b}, hs) : W, and
(R K[l =11+ 191 () 4=F
To show: consistent(W') and (hf; K[l := 2+ 1592 Q)4
(B Kl =t Ty (1) 1< mplies (A [l () + 1) Kflgr (1) 1<
— Similarly, (hb; K[la := s + 1;g2 O]) 4 if (Rb[la—h5(12) + 1]; K5[g2 ()]) -

— Incrementing both counters by one preserves either invariant and hence it is easy to see
that (RY[li—=h) (1) + 1], h[la—hh (1) + 1]) : WL

— It therefore suffices to show (W', g1 (), g2 () € E[unit]d, which follows from (W, g1, g2) €
V[unit = unit]® and (W', (), ()) € V[unit]0.
e It thus suffices to show (Wy, K1[e; 9] ;a1 gi; (A1) ()], Ka[e;92 ()5az gh; (A V) () +1]) €
K[unit]0.
e So first suppose W’ 2P Wy, (B}, hh) : W', and (b} K1[(): ¢} (sa1 g); (A=) (O]) 1<k,
which implies (h}; Ki[g1 (a1 ¢5; (A1) O LWk, where by := hf[ly—h) (1) + 1].
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— To show: consistent(W’) and
(ho; Ka[(); 92 ()5 a2 g5 (A= N2) () + 1)1, d.e., (ha; Kalga ();a2 g3; (A= 2) () + 1)1

— Notation: we write W/ for the world obtained from W’ by setting the current state of
our island to s.

— Note that W] J W".
— Using (h}, h%) : W’ and monotonicity (Lemma 10), it is then easy to see that (ﬁ{, hb)
— From (W, g1, g2) € V[unit — unit]® and (W], (), (}) € V[unit]® we get (W], g1 (), 92 () €
Eunit] 0.
— Furthermore, it is obvious that consistent(W7) would imply consistent(W”).
— It thus suffices to show (Wi, Ki[e;a1 ¢1; (A1) ()], Ka[e;az gh; (A la) () +1]) €
K[unit])0.
— So first suppose W P W/, (hY hY) : W”, and (B} K1[(); a1 gh; (A= y) (O]) LWk,
i.e., (W5 Kilar gi; (A= 1) QD47 k.
* To show: consistent(W") and
(hy; Ka[(); az gb; (A= M) () +1]) L, d.e., (h5; Kalag gg; (A= Ml2) () + 1]) .
* Following the proof of (Wy, f1 g1, f2 g5) € E[unit]d above, we can easily show
(W, a1 g},a2 gb) € EJunit]d.
* It thus suffices to show (W’ Ki[e; (A_.ll1) ()], Ka[e; (A_.ll2) () + 1]) € K[unit].
x So first suppose W JPU W, (R, hy") : W, and (h’; K1[(); (A= 1) ()]) L<W"5.
- To show: consistent(W"") and (hl)’"; K3[(); (A\-.U2) () +1])
- From (RY", hY') : W' and W"" JPu W' we know hY’(I1) = n+1 and hy'(l3) =

for some n.
- Hence (R}; K1[(); (0o 1y) O LW implies (R}'; Ky[n 4 1]) | <W""F,
- Similarly (hy"; Ka[(); (A= o) () + 1]) L if (hy'; Ka[n + 1]) .
- Tt is easy to see that W' = W{" ZJrPu W Qp”b Wi Jpub 7.
- Since (W, n+ 1,n+ 1) € V[int]0, the claims then follow from instantiating
(W, K1, Ka) € K[int]0.
* Now suppose W 2P W and (W vy, v2) € V[exn]).
- To show: (W', Ki[raise vi; (A1) ()], Ka[raise vo; (A o) () +1]) € O
- By Lemma 12 it suffices to show (W', Ki[raise v1], Ka[raise vq]) € O.
- Since W’ JP® W we know W/ 2JP® W and thus W Jpub /.
- The claim then follows from instantiating (W, K1, K2) € K[int].
— Now suppose W” P W/ and (W”,v1,v2) € V[exn]).
* To show: (W, Ki[raise v1;a; gi; (A= l1) ()], Ka[raise va;aa gh; (A=) () +1]) € O
* By Lemma 12 it suffices to show (W, K[raise v1], Ka[raise v3]) € O.
% Since W' JPU W we know W, JPU W and thus W JPub 1Y,
* The claim then follows from instantiating (W, K1, K2) € K[int]0.

e Now suppose W’ 2P Wy and (W', v1,v2) € V]exn]0.
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— To show: (W', Kiraise v1;g] ();a1 gi; (A1) ()], Ka[raise ve; g2 ();as gh; (A la) () +
1) eO

— By Lemma 12 it suffices to show (W', K1[raise v1], Ka[raise v3]) € O.

— Since W’ P W this follows from instantiating (W, K1, K2) € K[int]0.

4.2.4 Single Return
(unit — unit) — int
A letz=ref Oinlety =ref Oin
f iz =lyy =1Lk
ea = Afletz=refOinlety =ref Oin
f iz =lyy =2

ﬂ
|

€1

The programs are not equivalent in HOSC as the following context C' demonstrates:

letg= e in
call/cc (ko. let r = ref kg in
let b = ref ttin
let f = (A.call/cc(k. r:=k))in
letx =g fin
if !b then b := ff; throw () to !r else x)

It is easy to verify that C[e;] yields 1, while C[es] yields yields 2.
They are, however, equivalent in HOSE. We show -; ;- F e1 Zjog €2 : 7. The other direction is
analogous.

e This reduces to showing (Wy, e1,e2) € V[7]0, where Wy € S[-].

e So suppose W I Wy, (W,v1,v2) € V[unit — unit]d, (W, K1, K3) € K[int]@, (h1, h2) : W, and
(hy; K1[ej[vr/ f]]) 4<™* (where €] is the body of e;).

To show: (ha; Kalehlva/ f]]) 4 and consistent(W) (where e is the body of es)

(ho; K1 (e [or /1)) 4<%+ implies (hy; Ko [or ()11

sy =l = ;L) L<WF ) where Tn= hi ¥
{11—0} W {1, —0}.

Similarly, (ho; Kaeh[va/ f1]) 4 if (ha; Koa[vs ()12 := 1212 == 2;12]) |, where hy = how {20}
{12—0} and 2,12 are fresh.

Yy
o Let
— H(ff) := {(W,hy, h2) € HeapAtom | hy(I}) = ha(i2) = 0}
— H(tt) == {(W,h1, ha) € HeapAtom | hy(1) = ho(12) = 0}
— = 0*

—0:= (W {(ff,tt)})*
— 15:=(5,0,0,0,H)
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- W,

= W[y := WXy, [y:int, 1:int] [y = W.Xg, 2:int, I2:int][w 1= W.w, 1]

The island represents the following ST'S:

____§

Note that Wg ZJPub W,

e Using monotonicity (Lemma 10), it is thus easy to see that (a, ﬁ;) s W

Furthermore, consistent(W) would imply consistent(W).

We show (W, v1 (), v2 () € E[unit]0:

— This follows easily from (W,v1,v2) € V]unit — unit]@, using monotonicity (Lemma 10)
and Lemma 12.

1. -

We show (Wi, Ki[e; 1) :=1}; 1) = 1;111], Kole; 12 := 11212 := 2;1I2]) € K[unit]):

Suppose W' JPU Wi and (W', vy, v4) € V][exn].

'(Ig’o show: (W', Ki[raise vi; 1y = U}; 1} := 1;111], Ko[raise vh; I3 := 11212 := 2;112]) €
By Lemma 12 it suffices to show (W', K[raise v1], Kz[raise v}]) € O.

This follows from (W, K1, K») € K[int]0.

Now instead suppose W' JP> Wi, (hi, hy) : W', (hy; K [l} =10 15 = 1 1Y) | <W'-k
To show: consistent(W’) and (hy; Ko[lZ := 12;12 := 2;112]) |

Note that (], h5) : W’ and W' 3P Wi imply Aj(l}) = 0.

Hence (hf; K1 (1L = 1111} := 1;01]) L<""F implies (A} [11—0][11—1]; K1 [0]) <"k
Also, (hy; Ko[l3 := 12 12 == 2;112]) | if (Rb[12—0][12—0]; K2[0]) .

Let WY, be obtained from W' by setting the current state of our island to tt.

Note that W/, 2P W.

Since (WY,0,0) € V[int]d, (W, K1, K2) € K[int]0 then yields (W, K1[0], K2[0]) €
0.

Since also (R} [13—0][l;—1], hy[12—0][I2—0]) : W, the claims then follow from in-
stantiating this.

e Putting all this together then yields the claims.
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4.3 HOSC
4.3.1 Omne-Shot Continuations

Ta (= conta — «

callccl = AaAf:7,.letb=ref ttin
call/cc,, (.
f (cont,, (let y = o inif b then (b := ff; throwni: y to x) else Lynit)))

fix f(x). e = Ay.(unrollv) vy where v =roll (Az. (Af. Ax.e) (Ay.unroll z z y)) for y, z ¢ fv(e)

G& = fix g(f). let z = callecl o (Az:contav. (r := z; f (cont, (throwyeix @ to!r)))) in
callecl a0 (Az:contav. g (A_:cont a. throwy,ir @ to 2))

callec’ = AaAfi7,.let r = ref (cont, @) in G f
callee = Aafirg.call/cc, (z. f x)
We show -5+ - I callcc Zjoq callec” : Vo 7 — a.

e This reduces to showing (Wy, callec, callec’) € V[Va. 7, — a]@, where Wy € S[-].
e So suppose Wi J Wy and (71, 72,7) € SomeValRel.

o To show: (Wi, Af.call/cc (z. f x),A\f.let r = ref (cont o) in G2 f) € V[r, — a]p, where
p = o> (71, T2, T)

e So Suppose W J W, (VV7 fluf?) € V[[Ta]]pu (VV7 KluKQ) € K:[[aﬂpu (h17h2) : W, and
(hy; Kycall/cc(z. fi x)]) <V,

e To show: (ho; Ks[let r = ref (cont e) in G2 fo]) |
° <h1;K1[Ca”/CC (:v fl LL‘)]>\L<W]€ implies <h1;K1[f1 (cont Kl)]>\L<Wk

e Similarly, (hg; Kslet r = ref (cont e) in GI* f3]) | if <E;, Ks[fa (cont (throw e to !1))]) |,
where

— K := Ks[let z = o incallccl 72 (A\z.G}? (A-. throw z to 2))]
— ¢; :=cont (let y = o inif !l then (I := ff; throw y to cont K) else L)
— hy = ho W {l,sey, } W {lpstt)
— and [, [, are distinct and fresh.
o Let
— H(()) = {(W,hy, h2) € HeapAtom | 31 € dom(hs). ha(l,) = e A ha(l) = tt}
— L= <>7@*7@*7@7H)
= W[Es := W.Es, l,:cont 7o, lp:bool][w := (Ww, )]

=)
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It is easy to see that W 2P T and, using monotonicity (Lemma 10), that (hl,ﬁg) W

Since (/V[7, K1, K3) € K[a]p by monotonicity (Lemma 10), it then suffices to show
(W, f1 (cont K1), fa (cont (throw e to li,))) € E[a]p.

Since (W, f1, f2) € V[1a]p, this reduces to showing (/V[7,cont K, cont (throw e toll,.)) €
V[cont a]p.

So suppose W’ P T, (W’ v}, vh) € V][a]p, (W, hb) : W', and (h}; Ky[v}]) }<W'F.
To show: (hb;throw vj to 1) ]
From (h}, k%) : W' we know that h5(l.) = e; and h5(1) = tt, for some [.

Hence (hy;throw vy to ;) | if (ho[l—ff]; Kafcallecl 7o (Az. G7* (A-.throw v) to 2))]) | if
(b [l—=ff][lp—epr | W {I'—=tt}; Ka[vh]) |, where I is fresh.

Let W := W/[Xq := W'.Xs,l":bool].

It is easy to see that W” JPY W’ and, using monotonicity (Lemma 10), that
(W, W[t [l—ep ] W {l'—tt}) - WL

Also by monotonicity (Lemma 10) we know (W, v}, v5) € V]a]p.

Hence, using W” 2JP> W and instantiating (W, K1, K2) € K[a]p yields the claim.

4.3.2 Local State Release 2

e1r = letx=ref0in

let b=ffin

((A_.b:=tt;z), (\y. y == z andalso !b))
es = letx=ref0in

(A1), (Ay.y == 2))

We show -;-;- €1 Siog €2 : (unit — refint) x (ref int — bool):

This reduces to showing (W, e, ez) € E[(unit — ref int) x (ref int — bool)], where W € S[-].

So suppose (W, K1, K3) € K[(unit — ref int) x (ref int — bool)]@, (h1, he) : W, and
(ha; Kifea]) L<1VF.

To show: consistent(WW) and (hg; Ka[ea]) |
(ha; Kyfex]) L<"* implies (hy; K1[(v1, v3)]) 1<%, where

— = hy W {IL—0} W {ly—ff},
— V] = ()\_ lb = tt7l;)7
— v3 := (\y.y == [} andalso !I},), and

— 11, 1, are fresh and distinct.
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o Similarly, (ha; Kalea]) | if (ha; Ka[(va, v4)]) |, where

—

— hy:=ho W {l%’—)O},

— Vg = ()\_ 1325),
— vy = (\y.y ==12), and
— 12 is fresh.

x

— H(1) := {(W,h1,h2) € HeapAtom | hy(ly) = ff A Tn. hy(IL) = n = ho(I2)}
— 2= {(i;, 1)}

— H(2) := {(W,h1,h2) € HeapAtom | hy(ly) = tt A In. ha(1}) = n = ha(12)}
—={2)}

—d:=¢

— 15:=(5,0,0,0,H)

— Wy = WXy = W.Eq, 1L:int, [p:bool] [Zg := W.5s, [2:int][w := W.w, 1]

The island represents the following ST'S:

e It is easy to see that W, JP'® TV and, using monotonicity (Lemma 10), that (}/L:,}/L;) : Wh.
e Also, consistent(W7) would imply consistent(W).

o It thus suffices to show (W1, (v1,v3), (v, v4)) € V[(unit — refint) x (ref int — bool)]@, which
splits into two parts.

e We show (W1, v1,v2) € V]unit — ref int]0:

— Suppose W' J Wy, (W’,lKi,Ké) € K[refint]0, (h},hb) : W', and
(B Kl = e ) L

— To show: consistent(W’) and (h; K4[12]) |

— (s K[l o=t 12]) LY implies (b [ly—>tt]; K7 [1]) L<F.

Let W’ be the world obtained from W~ by setting our island’s current state to 2.

It is easy to see that W PP W' and, using monotonicity (Lemma 10), that
(b [lp—tt], hb) = W,
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Also, consistent(ﬁ/\’ ) would imply consistent(W’).

Since (ﬁ/\’, K1, K}) € K[ref int]0, it therefore remains to show (ﬁ/\’, 11,12) € V[refint]0.
So suppose W' 3 W

Notice that bij(W" .w(p).s) = bij(V?’.w(p).s) =bij(2) = bij({{1L,2)}) = {(1L,12)}.

x)'x xr'x

Furthermore:

W" w(p).HW".w(p).s)

{(W, h1,h2) € HeapAtom | hy(ly) = b A Jn. ha(11) = n = ha(i2)}
{(W,ﬁ;,ﬁ;) € HeapAtom | ;Lvl(lb) =bAIlL ¢ dom(a) NI ¢ dom(iL\;)}
{(W, {Iz>n1}, {I2-n2}) € HeapAtom | ny = no}
(
(

®

[, v, ) € HeapAtom | (1) = b A 13 ¢ dom(in) A 12 ¢ dom()}
R{(W, {I =1}, {I2—v5}) € HeapAtom | (W, vy,v5) € V[int]0}

o We show (W1, v3,v4) € V]refint — bool](:

Suppose 17 3 W1, (W', lo) € V]refint, (W', K1, K4) € Klrefint]0, (1, bt : ",
and (h}; K/[l; == I} andalso !;]) | <W"-F.

To show: consistent(W’) and (hh; Kb[lo == 12])]

We know (I1,l2) € bij(W'.w(i).s) for some ¢ such that W' .w(i).H(W’'.w(i).s) “talks
about” ;.

Case l; =1} or Iy = [2:

* Since (b}, hb) : W', i must be p and W’ .w(p).s must be 2.

EIEEE S

Hence I; = [} and Iy = [2 and A} () = tt.

Consequently, (h}; K/[l; == I} andalso !I;]) | <W"* implies (h}; K/[tt]) } <",
Similarly, (h; K3ll, == 12]) | if (hf; K3[tt]) |

Since (W', tt, tt) € V[bool], the claims now follow from instantiating (W', K1, K}) €
K[ref int]0.

Case I # 1L and Iy # [2:
% Then (h; K[} == I} andalso 1)) | <""-* implies (h}; K/[ff]) | <V *.
x Similarly, (h; Kb[lo == 12]) | if (hb; K5[ff]) .
* Since (W' ff,ff) € V[bool])d, the claims now follow from instantiating (W', K1, K}) €

K[ref int]0.

A higher-level explanation:

To show e; and e, related, we observe that after the allocations of local references b, z1, and

T2, the expressions e; and es return a pair of functions. We install an island describing how the
local state evolves in the two expressions; as shown in the picture above. Intuitively, the left state
describes the local state before the context calls the function of type unit to ref int, whereas the
state on the right describes the local state after the context has called that function. In both states,
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the n is existentially quantified; i.e., there should exists an n such that x1 on the left stores n and
29 on the right stores n. Finally, the arrow connecting z; and x2 in the state on the right depicts
the bijection between locations on the left and the right in this state, capturing the intuition that
in this state (after having called the function of type unit to ref int) the context may know the
location 1, respectively xo, (since they are returned by the function of type unit to ref int).

Then we have to show that the pair of functions returned by e; and e, are related. Since functions
should work in all future worlds, we have to consider both states for both of the functions.

For the functions of type unit to ref int, in the left hand state: Given related values and related
heaps, we immediately see that we end up with heaps and values that are related in the future
world given by the state on the right (so there does indeed exist a future world in which the values
and heaps returned by the functions are related). In particular, we use the fact that the functions
return x; and x5 which are indeed in bijective correspondence in the state on the right, as required
for relatedness at the reference type ref int.

For the functions of type unit to ref int, in the right hand state: Given related values and heaps,
it is clear that we also get related values heaps satisfying the same state.

For the functions of type ref int to bool, in either the left hand state or the right hand side
state: Given related values [; and Iy and heaps, we case analyze on the related values. Observe
first, that since [; and Iy are related there must be some island at which [y and ls are in bijective
correspondence. Now, if [y = x1 or [y = x3: Then the island must the one depicted in the picture,
in the right hand state, and hence we have both [; = 7 and ls = x5 and thus both functions will
return true. Finally, if [ # x1 and ly # x4, then both functions return false.

4.3.3 Twin Abstraction

7 = Fa.36. (unit = @) x (unit = 8) X (a x § — bool)
er = letx =ref 0in pack (int,pack (int, (A_.z :=lz + 1; !z,
Aoz = x4+ 1,
Ap.p.1=p.2)))
ea = let x =ref 0in pack (int, pack {int, (A_.x := lx + 1; !z,
A=z +1;x,
Ap.f£)))
The proof is analogous to ADR’s. We only show the construction of the island.
ls = (5755 907®5H)
6 = {(s,¢) | Im. m=max ({0} W {n | Ji € {1,2}. (i,n) € s})A
Jje{1,2}. s =sw{{(j,m+1)}}
p =0
H(s) = {(W,hy,ha) € HeapAtom | I3m. m = max ({0} w{n | i € {1,2}. (i,n) € s}) A
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The island represents the following infinite STS (here only showing the first three levels):
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4.4

FOS

4.4.1 Deferred Divergence 3

7 = ((unit = unit) — unit) — unit
er = lety =refffin
Af:(unit = unit) — unit. f (Az:unit. y := tt);
if ly then L else ()
ez = Af:(unit = unit) — unit. f (Az:unit. 1)

We show -; ;- F ea Ziog €1 : 7 (the other, more difficult direction is presented in the paper).

This reduces to showing (W, ez, e1) € E[((unit — unit) — unit) — unit](, where W € S[].
So suppose (W, Kl,KQ) S IC[[T]]@, (hl, hg) : W, and <h,1;K1 [62]>J,<W'k.
To show: consistent(W) and (ho; Kale1]) |

Observe that (he; Kaoleq]) ] if (he W {I,—ff}; Kaléi[ly/y]]), where é is the body of e; and I,
any free location.

Let

- H(() = {(;Lvljb\;) € HeapAtom | ﬁ;(lu) = ff}
— 0= ((),0%,0%,0,H)
W= W[Es := W.Xs, l,:bool][w := W.w, (]

The island represents the following ST'S:

Note that W JP® W and (hy, hy W {I,—>fF}) : W.
Because of (W, K1, K»2) € K[7]0 it thus suffices to show (/V[7, ez, €1[ly/y]) € V[r]0.

So suppose W' I W, (W', f1, f2) € V[(unit — unit) — unit]@, (W', K1, K}) € K[unit]0,
(W) = W7, and (s K4 [ (0 L)<,

To show: consistent(W’) and (hy; Kj[fa (A_. 1y := tt);if 1, then L else ()]) |
We show (W', f1 (A\-. L), fa (A1, :=tt)) € Efunit]d:

— Since (W', f1, f2) € V[(unit — unit) — unit])@, it suffices to show
(W', (A= L), (A= 1y := tt)) € V[unit — unit]0.

— This holds trivially, because (h{; K7'[]) diverges for any h{ and K7
We show (W', K1, K} [e;if !l then L else ()]) € K[unit]0:

= So suppose IV I W7, (ki hg) : W, and (hf; Ki[()4<""*.
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To show: consistent(W") and (h4; K4[if 1, then L else ()]) ]

— From (hY, hy) : W we know h4(l,) = ff.

— Therefore, (h4; K4[if 1, then L else ()]) | if (hy; K5[()]) -

— The claims thus follow from instantiating (W', K1, K%) € K[unit]® with (W”, (), {)) €
V[unit] .

Combining these yields the claims.
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4.5 FOSC

4.5.1 Callback With Lock

C = letb=ref ttin
let z = ref O in
(Af:unit — unit.if !b then (b := ff; ;b := tt) else (),

Az:unit. lx)
er. = CIf (jx:=lz+1]
ea = Clletn=lzinf ();z:=n+1]

We already showed that e; approximates es in the higher-order-state setting without control.
This proof had to use private transitions, because the approximation does not hold in the presence
of control. In the first-order-state setting, however, the approximation does hold in the presence of
control—see the following proof, which does not make use of private transitions.

We show ;-5 - F e1 Ziog €2 : ((unit — unit) — unit) x (unit — int):

e This reduces to showing (W, e, e3) € E[((unit — unit) — unit) X (unit — int)]@, where W €
S[ -

e So suppose (W, K1, K3) € K[[((unit — unit) — unit) X (unit — int)]0, (h1, he) : W, and
(has Ky [ea]) L<1F.

e To show: consistent(W) and (ha; Kalea]) |

o (hy; Ki[e1]) 1< implies <f/LI;K1 [v1]) L W% where
— vy := (v}, v}),
— vf = Nfif U then (I :=ff; f ()51 == Uy + 1;1p := tt) else (),
— v = A2 M,
— hy == by W {lyott} W {I,—0}, and
— Iy, I, are fresh and distinct.
o Similarly, (hy; Kalea]) | if (ha; Ka[va]) |, where
— g 1= (v, v3),
— vd = Af.if lly then (Iy := ff;let n =, in f ();lp :=n+ 1;1, == tt) else (),
— v3 = A\z.l,, and
— hly = ho W {lp—tt} W {l,—0}.
o Let

— H({0,1)) := {(h1, ha) € HeapAtom | h1(ly) = ha(ly) = 0 A hy(ly) = ha(ly) = i}
— = {((tt, i), {tt,e + 1)) | i € N}*

— &= (oW {({tt,q), (ff, 1)) | i € N} w {((ff,4), (tt,i + 1)) | i € N})*

— 15:=(5,0,0,0,H)
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— W, := W[W.E, := W.Eq, lp:unit, l:int] [Ww := W, i)

The island represents the following ST'S:

“
“
“

o It is easy to see that Wi o) JPub 17 and (a, ﬁ;) : W0 -

e It thus suffices to show (Wi oy, v1,v2) € V[((unit = unit) = unit) x (unit — int)], which
splits into two parts.

o We show (W 0y, v1,v3) € V[(unit — unit) — unit]0:

— Suppose W' 3 W oy, (W', Ay. e3, Ay. eq) € V]unit — unit]@, (W', K{, K3) € K[unit]0,
(Wi, hly) : W', and (B); K} [if I, then (I, := ; (Ay. es) O3 lp := Up+1; 1 == tt) else ()]) | <V,

— To show: consistent(W') and (hf; K4if 1y then (I := ff;let n =, in (Ay. eq) (); 1l := n+
11 :=tt) else (]) 1

— Notation: we write W/ to denote the world obtained from W' by setting our island’s

current state to s.

— Case W' = W,

x Then (R}, hy) : W’ implies A} (lp) = hb(lp) = tt and b} (l,,) = hh(l,) = i.

« Hence (h); K}[if Wl then (I := ff; (\y. e3) ();lp := Uy + 151 := tt) else ()]) [<V'*
implies (R} [lo—ff]; K/ [es[()/y]; Ay e3) O3 le = p + 151 := tt)) () LW,

« Similarly, (hb; K5[if 1, then (I := ff;let n =y in (Ay.eq) ;1 := n+1;1, = tt) else (]) ]
if (WS [lp—=ff]; Khlea[()/y); le =3 4 151 :=tt)) .

* It is easy to see that Wy . I W' and (R [ly—ff], B [ly—FF]) : Wig .

* Also, consistent(Wy ) would imply consistent(W’).

* Since (Wig o0, (), () € V[unit]d and thus (Wi . es[()/y],es[()/y]) € Eunit]0, it
suffices to show (W o, Ki[e:ly == lo + 131y := tt], Kj[ely o= i+ 150 = tt]) €
K[unit]®.

* Sosuppose W’ 2P Wi, (b, hy) : W, and (hY; K{[(); Lo := o+ 151 = tt]) <V R,

* To show: consistent(W") and (h; Ki[(); 1, := 1+ 1;1p := tt]) ]

* Note that the only public successor of (ff, i) is (ff, 4) itself and therefore W" = Wi ...

) for some i:
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<W".k

x Hence (hY, hY) : W" implies b (I;) = i and thus (h] [l,—(i+1)][lp—tt]; K1[O])

* Note that (hy; K5[();ly := i+ 1;1p := tt]) | if (R [lo— (0 + 1)][lp—tt]; KL[O]) 4

x It is easy to see that W{ét)iH) Jpub W(/tt,i+1) —pub 7

* Furthermore, using (hY, hY) : W it is easy to see that (hY[lz+—(i+1)][lp—tt], S [lo— (i+
Dlll—t]) Wi

* Also, consistent(W, ; ,,y) would imply consistent(W").

 Since (Wi ;1qy, (), () € V[unit]d, the claims therefore follow from instantiating

(W', K1, K}5) € K[unit]0.
— Case W’ = W, for some i:

x Then (R}, hy) : W’ implies b (lp) = h4H(lp) = ff and b} (l;) = hy(l,) = 1.
« Hence (h); K|[if I then (I := ff; (\y. e3) ();lp := Uy + 11 := tt) else ()]) L<W'*
implies (hy; K{[()]) 4<""*.
« Similarly, (hb; K4[if U, then (I := ff;let n = U, in (Ay.eq) ()51l := n+1;1, == tt) else (]) ]
if (ho; K5[01) -
x Since (W', (), ()) € V[unit]® the claims then follow from (W', K|, K3) € K[unit]0.
o We show (W o), %, v3) € V[unit — int]0:

~ Suppose W' 3 Wieqy, (W, K{, K4) € K], (b, h4) : W, and (hf: K1) 1<
— To show: consistent(W') and (hh; K5[1]) |

— From (h), h%) : W’ and the way we constructed our island we know h}(l,) = h(l,) = 1,
for some 1.

— Hence (hy; K{[1,]) <" implies (hy; K{[i]) <"+,
— Similarly, (hy; K3[1]) 4 if (hy; K3 i) |

— Since (W’,i,i) € V[int]0 the claims then follow from instantiating (W', K, K}) €
K[int]0.

4.5.2 Higher-Order Profiling

p = Af.letec=ref0in (Az.(c:=le+1;f ), lc)
er = A.Ag da.let (¢,¢g")=pgin(fg'sg ();agsg” ()
e2 = A.Ag dalet (¢,g")=pgin(fgs9(;ag;g" ()+1)

Formally, we show
e Fer Diog €2 1 ((unit — unit) — unit) — (unit — unit) — ((unit — unit) — unit) — int.

e This reduces to showing
(W, e1,e2) € V[((unit = unit) — unit) — (unit — unit) — ((unit — unit) — unit) — int]d,
where W € S[].

e This boils down to showing (W, e}, e5) € E[int]@, where

- WaWw,
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—eyi=let(g,g") =pgiin(fr 959 (a1 959" (),
—ey:=let (¢, g") =pg2in(f29'592 ();az2 919" () +1),
— (W, f1, f2) € V[(unit — unit) — unit])d,
— (W, g1, 92) € V[unit — unit]d, and
— (W, a1,a2) € V[(unit — unit) — unit]d.
So suppose (W, K1, K3) € K[int]0, (h1,hs2) : W, and (hy; K1[e}]) }<"F.
To show: (ha; Kale5])
(ho Kaleq]) 4" implies (s Kalfy 97597 (501 g3 (A= W) O]) 4<WF, where
— Ty = hy W {110},
— g =Xx.(ly ;=11 +1;¢1 2), and
— [y is fresh.
Similarly, (ha; Kale]) | if (ha; Ka[f2 ghi g2 ()i a2 ghi (A= ll2) () + 1]) |, where

- ﬁ; = ho W {ZQHO},
gh = Ax. (I3 := s + 1; g2 ), and

l9 is fresh.
Let

— H(n) := {(h1, ha) € HeapAtom | h1(ly) = ha(lo) +n}
- ls 1= (57®*,®*,@7H)
- W, = W[El = W.El,ll:int][Eg = VV.Eg,lg:int][w = Ww,bs]
It is easy to see that Wy JP'® W and (a, ﬁ;) : Wo.
We show (W, f1 g1, f2 g5) € E[unit]d:
— Since (W, f1, f2) € V[(unit — unit) — unit]®, it suffices to show
(Wo, g1, g5) € V[unit — unit](.
— So suppose W/ 3 Wy, (W', K1, K3) € Klunit]@, (h1, hs) : W', and
(W Kill o=+ Lign ()70
— To show: (hf; Ki[lo : =12+ 1592 ()]} 4
(B Kl =t Ty () 1< mplies (A [l () + 1) K{lgr () 1<
Similarly, (hb; Kj[la := s 4+ 1592 )4 if (RS[la—hb(12) + 1]; Kblg2 (0]) -

Incrementing both counters by one preserves the invariant imposed by our island and
hence it is easy to see that (h}[li—h](l1) + 1], Ry[la—h5(12) + 1]) : W'

— It therefore suffices to show (W', g1 (), g2 () € E[unit]d, which follows from (W, g1, g2) €
V[unit = unit]® and (W', (), ()) € V[unit]0.
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It thus suffices to show (Wo, K1[e; g1 ();a1 g1; (A1) (], Ka[e; g2 ;a2 gh; (A Ma) ) +1]) €
K[unit]0.

So suppose W’ 3P0 Wy, (hy, hb) : W7, and (W; Kq[()s g} (a1 gh; (A=) (O] 1<W'*, which
implies (h]; K1[g1 ();a1 g o) O LW, where B} == hh[ly—h, (1)) +1].

To show: (ha; Ka[(); g2 (); a2 g3; (A= N2) () + 1)), dce., (hh; Kalga (); a2 g5 (A= 2) () +1])
Let W] be the world obtained from W’ by replacing our island ¢y with ¢;.

Note that we do not have W] J W’. But because we are in the first-order setting, (h}, k) : W{
nevertheless follows from (h], h%) : W'.

It is easy to see that W] J W, though.

From (W, g1,g2) € V[unit — unit]d and (W7, (), {)) € V[unit]® we get (W{,g1 (),g2 ()) €
Eunit]0.

It thus suffices to show (W7, K1[e;a1 gi; (A= 11) ()], Ka[e; az gh; (A= l2) () + 1]) € K[unit]d.

So suppose W' 2% W/, (hY,hg) : W", and (Ws Ki[(sar gh: O tly) O]) 1<V, e,
7k

(hf; Kalax gis (A= 1n) O I<7F.
To show: (hy); Ka[(); a2 gh; (A l2) () + 1)), i.e., (hY; Kalaz gb; (A= M2) () + 1]) 4.

Following the proof of (W, f1 g1, f2 g5) € E[unit]d above, we can easily show (W, a1 g}, az g5) €
Eunit]0.

It thus suffices to show (W Ky[e; (A1) ()], Ka[e; (A ll2) () +1]) € K[unit]0.

So suppose TV P9 VW, (R, hiy) - W, and (Y5 K (05 (0 ) () <77,

To show: (hf)'; Ko[(); (A1) () + 1))

From (hY}',hY") : W' and W' TP W' we know h/’(l1) = n+1 and hy'(l3) = n, for some n.
Hence (B3 K1[(); (A= 1) OD <"k implies (B3 Kq[n +1]) [ <W""k,

Similarly (hy'; K2[(); (A= 12) () + 1)) L if (h5"; Ka[n + 1]) |

It is easy to see that W' = W JPub J¥/}" Jpub |1/ Jpub 1/,

Since (W, n+ 1,n+ 1) € V[int]d, the claims then follow from instantiating (W, K1, K3) €
K[int])0.
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4.5.3 Irreversible State Change
er = M.etz=refttinf (A.z =)=t . lx

€2 Ao f (A ) Aot

The two programs are not equivalent in HOS, as the following context demonstrates:

C = letg= e in
let y = ref (A_. () in
let f=(Ag.y:=¢)in
let f"=g fin
ly (s f" O

It is easy to see that Cle;| yields ff, while Cles] yields tt.
The two programs are, however, equivalent in FOSC. We show
o5+ Fe1 Diog €2 ¢ (unit — unit) — unit:

e This reduces to showing (W, e1, e2) € V[(unit — unit) — unit]0,
where W € S[].

e So suppose W I W, (W, f1, f2) € V]unit — unit]@, (W, K1, K2) € K[unit]@, (h1, h2) : W, and
(hi; Kyllet o = ref ttin fi (A2 = ff); 2 == tt; A_. l2]) <k,

e To show: (ho; Ka[fa (A= ()); A tt]) ]

o (hy;Kiletx =ref ttin f1 (\_.x = ff); 2 = tt; \_. 12]) L<W* implies
(W Ky [f1 Aol o= )51y o=t AL L)) L% where B = hy w {I,—tt}.

o Let

— H(()) := HeapAtom
—v:=((),07,0%,0,H)
— W= WI[E; := W.Eq, lp:unit — unit]fw := Ww, (]

o It is easy to see that W’ JP“> W and that (h},ha) : W'.
o We show (W', f1 (Al :=1F), fa (A= ())) € E[unit]d:

— Since (W, f1, f2) € V[unit — unit]@, it suffices to show
(W' Ay =1, AL () € V]unit — unit]0.

— Since our island does not impose any constraints on [, this is obvious.
e It thus suffices to show (W', Ki[e;1, :=tt; A\_. 1], Ko[e; A_. tt]) € K[unit]0.
e So suppose W P W’ (hY hY) : W, and (hY; K1[(); 1y = tt; A Ng]) LW F,
e To show: (hy; Ka[(); A_. tt]) ]
e Note that (h); K1[(); 1y := tt; Ao ,]) LW F implies (BY [lp—stt]; Ky [\ 1)) L<W7 k.
e Furthermore, (hf; Ko[(); A_. tt]) | if (hY; Ko[A_. tt]) .
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Let

- H'(()) == {(levljbvz) € HeapAtom | ﬁvl(lm) = tt}
== ((),0%,0%,0,H")
— W"" be the world obtained from W by replacing our previously installed island ¢ with

V.

It is easy to see that W'’ JPU W and (h{[l.—tt], hY) : W'
Because our island ¢/ enforces [, < tt, it is obvious that (W', A_. [, A_. tt) € V[unit — bool].

Instantiating (W, K1, K2) € K[unit]d now yields the claim.
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