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k-Institut f�ur InformatikSaarbr�u
ken, GermanyAbstra
t. We present an automated method for proving the termina-tion of an unnested program loop by synthesizing linear ranking fun
-tions. The method is 
omplete. Namely, if a linear ranking fun
tion existsthen it will be dis
overed by our method. The method relies on the fa
tthat we 
an obtain the linear ranking fun
tions of the program loop asthe solutions of a system of linear inequalities that we derive from theprogram loop. The method is used as a subroutine in a method for prov-ing termination and other liveness properties of more general programsvia transition invariants; see [PR03℄.1 Introdu
tionThe veri�
ation of termination and other liveness properties of programs is adiÆ
ult problem. It requires the dis
overy of invariants and ranking fun
tionsto prove the termination of program loops.We present a 
omplete and eÆ
ient method for the synthesis of linear rankingfun
tions for unnested program loops whose guards and update statements uselinear arithmeti
 expressions. We have implemented the method. Preliminaryexperiments show that the method is eÆ
ient not only in theory but also inpra
ti
e.Roughly, the method works as follows. Given a program loop for whi
h wewant to �nd a linear ranking fun
tion, we 
onstru
t a 
orresponding systemof linear inequalities over rationals. As we show, the solutions of this systemen
ode the linear ranking fun
tions of the program loop. That is, we 
an 
he
kthe existen
e of a linear ranking fun
tion by 
onstraint solving. If it exists, alinear ranking fun
tion 
an be 
onstru
ted from a solution of the system oflinear inequalities, a solution that we obtain by 
onstraint solving. If the systemhas no solutions then (and only then) a linear ranking fun
tion does not exist.As a 
onsequen
e of our approa
h, one 
an use existing highly-optimized toolsfor linear programming as the engine in a 
omplete method (to our knowledgethe �rst) for the synthesis of linear ranking fun
tions.We admit unnested program loops with nondeterministi
 update statements.This is potentially useful to model read statements. It is stri
tly required in the
ontext where we employ our method, des
ribed next.In a work des
ribed elsewhere [PR03℄, we show that one 
an redu
e thetest of termination and other liveness properties (in the presen
e of fairness



assumptions) to the test of termination of unnested program loops. That is,we use the algorithm des
ribed in this paper as a subroutine in the softwaremodel 
he
king method for liveness properties via transition invariants proposedin [PR03℄. The experiments that we present in this paper stem from this 
ontext.2 Unnested Program LoopsWe formalize the notion of unnested program loops by a 
lass of programs thatare built using a single \while" statement and that satisfy the following 
ondi-tions:{ the loop 
ondition is a 
onjun
tion of atomi
 propositions,{ the loop body may only 
ontain update statements,{ all update statements are exe
uted simultaneously.We 
all this 
lass simple while programs. Pseudo-
ode notation for the programsof this 
lass is given below.while (Cond1 and : : : and Condm) doSimultaneous UpdatesodWe 
onsider the sub
lass of simple while programs built using linear arith-meti
 expressions over program variables.De�nition 1. A linear arithmeti
 simple while (LASW) program over the tupleof program variables x = (x1; : : : ; xn) is a simple while program su
h that:{ program variables have integer domain,{ every atomi
 proposition in the loop 
ondition is a linear inequality over(unprimed) program variables:
1x1 + � � �+ 
nxn � 
0;{ every update statement is a linear inequality over unprimed and primed pro-gram variables a01x01 + � � �+ a0nx0n � a1x1 + � � �+ anxn + a0:Note that we allow the left-hand side of an update statement to be a linearexpression over program variables, and that an update 
an be nondeterministi
,e.g., x0+y0 � x+2y�1. This is ne
essary, be
ause we use simple while programs,and LASW programs in parti
ular, to approximate the transitive 
losure of atransition relation (see Se
tion 4).We de�ne a program state to be a valuation of program variables. The setof all program states is 
alled the program domain. The transition relation de-noted by the loop body of an LASW program is the set of all pairs of programstates (s; s0) su
h that the state s satis�es the loop 
ondition, and (s; s0) satis�es2



ea
h update statement. A tra
e is a sequen
e of states su
h that ea
h pair of
onse
utive states belongs to the transition relation of the loop body.We observe that the transition relation of a LASW program 
an be expressedby a system of inequalities over unprimed and primed program variables. Thetranslation pro
edure is straightforward. For the rest of this paper, we assumethat an LASW program over the tuple of program variables x = (x1; : : : ; xn)(treated as a 
olumn ve
tor) 
an be represented by the system(AA0)�xx0� � bof inequalities. We identify an LASW program with the 
orresponding systemof inequalities.Example 1. The following program loop with nondeterministi
 updateswhile (i� j � 1) do(i; j) := (i�Nat; j + Pos)odis represented by the following system of inequalities.�i+ j � �1�i+ i0 � 0j � j0 � �1Note that the relations between program variables denoted by the nondetermin-isti
 update statements i := i�Nat and j := j+Pos, where Nat and Pos standfor any nonnegative and positive integer number respe
tively, 
an be expressedby the inequalities i0 � i and j0 � j + 1.3 The AlgorithmWe say that a simple while program is terminating if the program domain iswell-founded by the transition relation of the loop body of the program, i.e.,if there is no in�nite sequen
e fsig1i=1 of program states su
h that ea
h pair(si; si+1), where i � 1, is an element of the transition relation.The following theorem allows us to use linear programming over rationalsto test the existen
e of a linear ranking fun
tion, and thus to test a suÆ
ient
ondition for termination of LASW programs. The 
orresponding algorithm isshown in Figure 1.Theorem 1. A linear arithmeti
 simple while program given by the system(AA0)� xx0� � b is terminating if there exist nonnegative ve
tors over rationals3



inputprogram (AA0)� xx0� � bbeginif exists rational-valued �1 and �2 su
h that�1; �2 � 0�1A0 = 0(�1 � �2)A = 0�2(A+A0) = 0�2b < 0then return(\Program Terminates")else return(\Linear ranking fun
tion does not exist")end.Given �1 and �2, solutions of the systems above, de�ner def= �2A0, Æ0 def= ��1b, and Æ def= ��2b. A linear rankingfun
tion � is de�ned by�(x) def= (rx if exists x0 su
h that (AA0)� xx0� � b;Æ0 � Æ otherwise:Fig. 1. Termination Test and Synthesis of Linear Ranking Fun
tions.�1 and �2 su
h that the following system is satis�able.�1A0 = 0 (1a)(�1 � �2)A = 0 (1b)�2(A+A0) = 0 (1
)�2b < 0 (1d)Proof. Let the pair of nonnegative (row) ve
tors �1 and �2 be a solution of thesystem (1a){(1d). For every x and x0 su
h that (AA0)� xx0� � b, by assumptionthat �1 � 0, we have �1(AA0)� xx0� � �1b. We 
arry out the following sequen
e oftransformations. �1(Ax+A0x0) � �1b�1Ax + �1A0x0 � �1b�1Ax � �1b by (1a)�2Ax � �1b by (1b)��2A0x � �1b by (1
)4



From the assumption �2 � 0 follows �2(AA0)� xx0� � �2b. Then, we 
ontinue with�2(Ax+A0x0) � �2b�2Ax + �2A0x0 � �2b��2A0x+ �2A0x0 � �2b by (1
)We de�ne r def= �2A0, Æ0 def= ��1b, and Æ def= ��2b. Then, we have rx � Æ0 andrx0 � rx�Æ for all x and x0 su
h that (AA0)� xx0� � b. Due to (1d) we have Æ > 0.We de�ne a fun
tion � as shown in Figure 1. Any program tra
e indu
es astri
tly des
ending sequen
e of values under � that is bounded from below, andthe di�eren
e between two 
onse
utive values is at least Æ. Sin
e no su
h in�nitesequen
e exists, the program is terminating. utThe theorem above states a suÆ
ient 
ondition for termination. We observethat if the 
ondition applies then a linear ranking fun
tion, i.e., a linear arith-meti
 expression over program variables whi
h maps program states into a well-founded domain, exists. The following theorem states that our termination testis 
omplete for the programs with linear ranking fun
tions.Theorem 2. If there exists a linear ranking fun
tion for the linear arithmeti
simple while program with nonempty transition relation then the termination
ondition of Theorem 1 applies.Proof. Let the ve
tor r together with the 
onstants Æ0 and Æ > 0 de�ne a linearranking fun
tion. Then, for all pairs x and x0 su
h that (AA0)� xx0� � b we haverx � Æ0 and rx0 � rx � Æ.By the non-emptiness of the transition relation, the system (AA0)� xx0� � bhas at least one solution. Hen
e, we 
an apply the `aÆne' form of Farkas' lemma(in [S
h86℄), from whi
h follows that there exists Æ00 and Æ0 su
h that Æ00 � Æ0,Æ0 � Æ, and ea
h of the inequalities �rx � �Æ00 and �rx + rx0 � �Æ0 is anonnegative linear 
ombination of the inequalities of the system (AA0)�xx0� � b.This means that there exist nonnegative rational-valued ve
tors �1 and �2 su
hthat �1(AA0)� xx0� = �rx�1b = �Æ00and �2(AA0)� xx0� = �rx+ rx0�2b = �Æ0:After multipli
ation and simpli�
ation we obtain�1A = �r �1A0 = 0�2A = �r �2A0 = r;from whi
h equations (1a){(1
) follow dire
tly. Sin
e Æ0 � Æ > 0, we have �2b < 0,i.e., the equation (1d) holds. ut5



The following 
orollary is an immediate 
onsequen
e of Theorems 1 and 2.Corollary 1. Existen
e of linear ranking fun
tions for linear arithmeti
 simplewhile programs with nonempty transition relation is de
idable in polynomial time.Not every LASW program has a linear ranking fun
tion (see the followingexample).Example 2. Consider the following program.while (x � 0) dox := �2x+ 10odThe program is terminating, but it does not have a linear ranking fun
tion.For termination proof 
onsider the following ranking fun
tion into the domainf0; : : : ; 3g well-founded by the less-than relation <.�(x) def= 8>>><>>>:1 if x 2 f0; 1; 2g;2 if x 2 f4; 5g;3 if x = 3;0 otherwise:It 
an be easily tested that the system (1a){(1d) is not satis�able for the LASWprogram 0��1 02 1�2 �11A�xx0� � 0� 010�101A :By Theorem 2, this implies that no linear ranking fun
tion exists for the programabove. utThe following example illustrates an appli
ation of the algorithm based on The-orem 1.Example 3. We prove termination of the LASW program from Example 1. Theprogram translates to the system (AA0)�xx0� � b, where:A def= 0��1 1�1 00 11A ; A0 def= 0�0 01 00 �11A ;x def= �ij� ; b def= 0��10�11A :6



Let �1 = (�01; �02; �03) and �2 = (�001 ; �002 ; �003). The system (1a){(1d) is feasible, ithas the following solutions: �02 = �03 = �001 = 0;�01 = �002 = �003 ;�01; �002 ; �003 > 0:Sin
e the system is feasible the program is terminating. We 
onstru
t a linearranking fun
tion following the algorithm in Figure 1. We de�ne r def= �2A0,Æ0 def= ��1b, and Æ def= ��2b, and obtain r = (�01 ��01), Æ0 = Æ = �01. Taking�01 = 1 we obtain the following ranking fun
tion.�(i; j) = (i� j if i� j � 1;0 otherwise:4 Appli
ation to General ProgramsIn this se
tion we illustrate how our method for proving termination of programloops 
an be used in the software model 
he
king method for liveness propertiesvia transition invariants proposed in [PR03℄. That method applies to general-purpose programs (imperative, 
on
urrent, . . . ); it is di�erent from other ap-proa
hes to spe
ial 
lasses of in�nite-state systems, e.g. [BS99℄. We then provideexperimental results obtained by applying the transition invariants approa
h forproving termination of singular value de
omposition program.Software model 
he
king for liveness properties is a new approa
h for the au-tomated veri�
ation of liveness properties of in�nite-state systems by the 
om-putation of transition invariants. A transition invariant is an over-approximationof the transitive 
losure of the transition relation of the system. The presenta-tion of a transition invariant as nothing but a �nite set of unnested programloops. One 
an 
hara
terize the validity of a liveness property via the existen
eof transition invariants [PR03℄. Namely, the liveness property is valid if ea
h ofthe unnested program loops is terminating.That is, the general method for the veri�
ation of liveness properties de-s
ribed in [PR03℄ is parameterized by an algorithm that tests whether ea
hunnested program loop in the transition invariant is terminating. i.e., a pro
e-dure implementing a termination test for simple while programs.Proving termination of simple while programs built using linear arithmeti
expressions is required for the veri�
ation of a large 
lass of software systems,e.g., liveness properties for mutual ex
lusion proto
ols (bakery, ti
ket), termi-nation proofs of imperative programs (sorting algorithms, numeri
al algorithmsdealing with matri
es).4.1 Sorting ProgramThis example illustrates the approa
h from [PR03℄ and the role of simple whileprograms. 7



We 
onsider the program shown in Figure 2 implementing a sorting algo-rithm. For legibility, we 
on
entrate on the skeleton shown on the right, whi
hint n,i,j,A[n℄;i=n;l1: while (i>=0) {j=0;l2: while (j<=i-1) {if (A[j℄>=A[j+1℄)swap(A[j℄,A[j+1℄);j=j+1;}i=i-1;}
l1: if (i>=0) j=0;l2: if (i-j>=1) {j=j+1;goto l2;} else {i=i-1;goto l1;}Fig. 2. Sorting program and its skeleton.
onsists of the statements st1, st2, st3.l1: if (i>=0) f (i,j):=(i,0); goto l2; g /* st1 */l2: if (i-j>=1) f (i,j):=(i,j+1); goto l2; g /* st2 */l2: if (i-j<1) f (i,j):=(i-1,j); goto l1; g /* st3 */We read, for example, the �rst program statement as: if the 
urrent programlo
ation is labeled by l1 and the \if" 
ondition is satis�ed then update thevariables a

ording to the update expressions and 
hange the 
urrent label la-bel to l2. Note that the updates are performed simultaneously (\
on
urrent"assignments in [Dij76℄).Ea
h of the `simple' programs below must be read as a one-line program.l1: if (true) f (i,j):=(Any,Any); goto l2; g /* a1 */l2: if (true) f (i,j):=(Any,Any); goto l1; g /* a2 */l1: if (i>=0) f (i,j):=(i-Pos,Any); goto l1; g /* a3 */l2: if (i>=0) f (i,j):=(i-Pos,Any); goto l2; g /* a4 */l2: if (i-j>=1) f (i,j):=(i-Nat,j+Pos); goto l2; g /* a5 */Note the nondeterministi
 update expressions, e.g., after exe
ution of i:=Anythe value of variable i 
ould by any integer, the update i:=i-Pos de
rementsthe value of i by at least one.We noti
e that st1 is approximated by a1, st2 by a5 and st3 by a2. Thismeans that every transition indu
ed by exe
ution of the statement st1 
analso be a
hieved exe
uting a single step of a1. In fa
t, every sequen
e of pro-gram statements is approximated by one of a1, . . . , a5. We say that the setfa1; : : : ; a5g is a transition invariant in our terminology.8



For example, every sequen
e of program statements that leads from l2 tol2 is approximated by a4 if it passes through l1, and by a5 otherwise. Thefollowing table assigns to ea
h `simple' program the set of sequen
es of programstatements that it approximates. All non-assigned sequen
es are not feasible.a1 st1(st2jst3st1)�a2 (st2jst3st1)�st3a3 st1(st2jst3st1)�st3a4 (st2jst3st1)�st3st1(st2jst3st1)�a5 st2+A

ording to the formal development in [PR03℄, the transition invariantabove is `strong enough' to prove termination, whi
h means: ea
h of its `sim-ple' programs, viewed in isolation, is terminating.Termination is obvious for `simple' programs that do not refer to a loop in the
ontrol 
ow graph, like the `simple' programs a1 and a2. The `simple' programsof the form ln: if (
ond) f updates; goto ln; gtranslate to a while loopln: while (
ond) f updates; g:The `simple' programs that translate to a while loop are in fa
t simple whileprograms whose termination proofs we study in this paper.Next, we des
ribe an appli
ation of the transition invariants method withtermination test in Figure 1 as a subroutine for 
he
king whether a transitioninvariant is strong enough. We prove termination of a program implementingsingular value de
omposition algorithm.4.2 Program with Unbounded NondeterminismWe 
onsider the program shown in Figure 3. It has a nondeterministi
 
hoi
eat the lo
ation labeled by l. The value of the variable y is 
hosen nondeter-ministi
ally in the �rst bran
h. Termination proof for this program requires alexi
ographi
 ranking fun
tion. The program translates to the statements st1and st2:l: if (x>=0) f (x,y):=(x-1,Any); goto l; g /* st1 */l: if (y>=0) f (x,y):=(x,y-1); goto l; g /* st2 */The transition invariant 
omputed by our tool 
onsists of the following `sim-ple' programs.l: if (x>=0) f (x,y):=(x-Pos,Any); goto l; g /* a1 */l: if (y>=0) f (x,y):=(Any,y-Pos); goto l; g /* a2 */9



int x, y;l: if (*) {if (x>=0) {x--; read(y);}} else {if (y>=0) y--;}goto l: lif (x>=0) f x--; read(y); g
if (y>=0) y--;Fig. 3. Program with unbounded nondeterminism.Both `simple' programs, viewed in isolation, are terminating. Hen
e, the programwith unbounded nondeterminism, shown in Figure 3 is terminating.4.3 Singular Value De
omposition ProgramWe 
onsidered an algorithm for 
onstru
ting the singular value de
omposition(SVD) of a matrix. SVD is a set of te
hniques for dealing with sets of equations ormatri
es that are either singular or numeri
ally very 
lose to singular [PTVF92℄.A matrix A is singular if it does not have a matrix inverse A�1 su
h that AA�1 =I , where I is the identity matrix.Singular value de
omposition of the matrix A whose number of rows m isgreater or equal to its number of 
olumns n is of the formA = UWV T ;where U is an m� n 
olumn-orthogonal matrix, W is an n� n diagonal matrixwith positive or zero elements (
alled singular values), and the transpose matrixof an n�n orthogonal matrix V . Orthogonality of the matri
es U and V meansthat their 
olumns are orthogonal, i.e.,UTU = V V T = I:The SVD de
omposition always exists, and is unique up to permutation of the
olumns of U , elements of W and 
olumns of V , or taking linear 
ombinations ofany 
olumns of U and V whose 
orresponding elements of W are exa
tly equal.SVD 
an be used in numeri
ally diÆ
ult 
ases for solving sets of equations,
onstru
ting an orthogonal basis of a ve
tor spa
e, or for matrix approxima-tion [PTVF92℄.We proved termination of a program implementing the SVD algorithm basedon a routine des
ribed in [GVL96℄. The program was taken from [PTVF92℄. Itis written in C and 
ontains 163 lines of 
ode with 42 loops in the 
ontrol-
owgraph, nested up to 4 levels. 10



We used our transition invariant generator to 
ompute a transition invariantfor the SVD program. Proving the transition invariant to be strong enoughrequired testing termination of 219 LASW programs.We applied our implementation of the algorithm on Figure 1, whi
h wasdone in SICStus Prolog [Lab01℄ using the built-in 
onstraint solver for lineararithmeti
 [Hol95℄. Proving termination required 800 ms on a 2.6 GHz Xeon
omputer running Linux, whi
h is in average 3.6 ms per ea
h LASW program.5 Related WorkThe veri�
ation of termination and other liveness properties of programs re-quires the dis
overy of invariants as well as of ranking fun
tions to provethe termination of program loops. Here, we relate our work not to methodsfor the automated dis
overy of invariants (see e.g. [Kar76,CH78,BBM97℄), butto the more 
losely related topi
 of methods for the automated synthesis ofranking fun
tions, a topi
 that has re
eived in
reasing attention in the lastyears [GCGL02,CS01,DGG00,Mes96,MN01,CS02,SG91℄.As a �rst general remark, a major di�eren
e between our work and all theothers lies in the fa
t that we obtain a 
ompleteness result.A heuristi
-based approa
h for dis
overy of ranking fun
tions is des
ribedin [DGG00℄. It inspe
ts the program sour
e 
ode for ranking fun
tion 
andidates.This method restri
ted to programs where the ranking fun
tion is exhibitedalready in the sour
e 
ode.The algorithm in [CS01℄ extra
ts a linear ranking fun
tion of an unnestedprogram loop by manipulating polyhedral 
ones; these represent the transitionrelation of the loop and the loop invariant. Their approa
h depends on thestrength of the invariant generator, whi
h they 
all in a subroutine to proposebounded linear arithmeti
 expression. The algorithm requires exponential spa
ein the worst 
ase. A generalization of that algorithm des
ribed in [CS02℄ forprograms with 
omplex 
ontrol stru
tures dete
ts linear ranking fun
tions forstrongly 
onne
ted 
omponents in the 
ontrol-
ow graph of more general pro-grams. In both 
ases the algorithm is restri
ted to bounded nondeterminism.Moreover, it 
annot handle loops with non-monotoni
 de
rease, su
h as in while(x>=0) fx=x+1; x=x-1;g.The method for dis
overy of nonnegative linear 
ombinations of bound ar-gument sizes for proving termination of logi
 programs in [SG91℄ relies on auto-mati
ally inferred inter-argument 
onstraints. The duality theory of linear pro-gramming is applied to dis
over 
ombinations that de
rease during top-downexe
ution of re
ursive rules; the determined 
ombinations are bounded frombelow sin
e argument sizes are always positive. This method was applied forinferring termination of 
onstraint logi
 programs [Mes96℄, and in systems forinferring termination of logi
 programs [MN01,GCGL02℄. Carried over into the
ontext of imperative program loops, the inferen
e of inter-argument 
onstraints
orresponds to 
alls to the invariant generator, as in [CS01℄; the same restri
tionsas mentioned above apply. 11



6 Con
lusionWe have presented the to our knowledge �rst 
omplete algorithm for the synthe-sis of linear ranking fun
tions for a small but natural and well-motivated 
lassof programs, namely, unnested program loops built using linear arithmeti
 ex-pressions (LASW programs). The method is guaranteed to �nd a linear rankingfun
tion, and therefore to prove termination, if a linear ranking fun
tion exists.The existen
e of a linear ranking fun
tion for an LASW program is equivalent tothe satis�ability of the system of linear inequalities derived from the program.The termination 
he
k for LASW programs is a subroutine in the auto-mated method for the veri�
ation of termination and other liveness propertiesof general-purpose programs via the 
omputation of transition invariants [PR03℄.We have implemented the proposed algorithm using an eÆ
ient implemen-tation of a solver for linear programming over rationals [Hol95℄. We applied ourimplementation to prove termination of a singular value de
omposition program,whi
h required termination proofs for 219 LASW programs. This and other ex-periments indi
ate the pra
ti
al potention of the algorithm.Considering future work, we would like to �nd a 
hara
terization of LASWprograms that do always have linear ranking fun
tions, i.e., for whi
h our al-gorithm de
ides termination. Another dire
tion of work is to handle unnestedprogram loops built using expressions other than linear arithmeti
.A
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