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Abstract

Reasoning about program equivalence is one of the oldebtgmng in semantics. In recent years,
useful techniques have been developed, based on bisiondaind logical relations, for reasoning
about equivalence in the setting of increasingly realistiguages—Ilanguages nearly as complex as
ML or Haskell. Much of the recent work in this direction hassimered the interesting representation
independence principlemnabledby the use of local state, but it is also important to undecdstae
principles that powerful features like higher-order seatel control effectslisable This latter topic
has been broached extensively within the framework of gamestics, resulting in what Abramsky
dubbed the “semantic cube”: fully abstract game-semathigcacterizations of various axes in the
design space of ML-like languages. But when it comes to m@agaabout many actual examples,
game semantics does not yet supply a useful technique feingrequivalences.

In this paper, we marry the aspirations of the semantic coltiget powerful proof method aftep-
indexed Kripke logical relationBuilding on recent work of Ahmed, Dreyer, and Rossberg, efene
the first fully abstract logical relation for an ML-like langge with recursive types, abstract types,
general references and call/cc. We then show how, undeogwttal restrictions to the expressive
power of our language—namely, the restriction to first-oslate and/or the removal of call/cc—we
can enhance the proving power of our possible-worlds madebirespondingly orthogonal ways,
and we demonstrate this proving power on a range of intagesetiamples. Central to our story is the
use ofstate transition systeme model the way in which properties of local state evolveraivee.

1 Introduction

Reasoning about program equivalence is one of the oldebteggns in semantics, with
applications to program verification (“Is an optimized praxm equivalent to some refer-
ence implementation?”), compiler correctness (“Does @ianm transformation preserve
the semantics of the source program?”), representati@perience (“Can we modify the
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internal representation of an abstract data type withdettng the behavior of clients?”),
and more besides.

The canonical notion of program equivalence for many appibiois isobservationa(or
contextual equivalence (Morris, 1968). Two programs are observatigrequivalent if
no program context can distinguish them by getting them totexobservably different
input/output behavior. Reasoning about observationalatgnce directly is difficult, due
to the universal quantification over program contexts. @goently, there has been a huge
amount of work on developing useful models and logics foeobational equivalence, and
in recent years this line of work has scaled to handle inanghsrealistic languages—
languages nearly as complex as ML or Haskell, with featukesgeneral recursive types,
general (higher-order) mutable references, and firssdaatinuations.

The focus of much of this recent worke-g.,environmental bisimulations (Sumii &
Pierce, 2007; Koutavas & Wand, 2006; Sangiaal, 2011; Sumii, 2009), normal form
bisimulations (Stgvring & Lassen, 2007; Koutavas & Las2808), step-indexed Kripke
logical relations (Appel & McAllester, 2001; Ahmed, 2004h#edet al., 2009)—has been
on establishing some effective techniques for reasoniogtgrograms that actuallyse
the interesting, semantically complex features (stataticoations, etc.) of the languages
being modeled. For instance, most of the work on languagbsstéte concerns the various
kinds of representation independence principles tha¢ ahie to the use dbcal stateas
an abstraction mechanism.

But of course this is only part of the story. When featuresaal@ed to a language, they
also enrich the expressive power of prograomtexts Hence, programs that dwt use
those new features, and that are observationally equivialéme absence of those features,
might not be observationally equivalent in their presef@ge well-known example of this
is the loss of referential transparency in an impure languiag ML. Another shows up in
the work of Johann and Voigtlander (2006), who study theatieg impact that Haskell's
strictness operatateq has on the validity of short-cut fusion and other free-tleaos-
based program transformations. In our case, we are ingeréstelational reasoning about
statefulprograms, so we will be taking a language with some form ofabiet state as our
baseline. Nonetheless, we feel it is important not onlywdgthe kinds of local reasoning
principles that stateful programming canable but also to understand the principles that
powerful features like higher-order state and controlaffdisable

This latter topic has been broached extensively withintheméwork ofgame semantics
In the 1990s, Abramsky set forth a research programme (qubsdy undertaken by a
number of people) concerning what he called $kenantic cub€lLaird, 1997; Abramsky
et al, 1998; Murawski, 2005). The idea was to develop fully aledtgame-semantic char-
acterizations of various axes in the design space of MLiAkguages. For instance, the
absence of mutable state can be modeled by restricting gaateges to bénocentand
the absence of control operators can be modeled by restrigime strategies to beell-
bracketed These restrictions are orthogonal to one another and canrhposed to form
fully abstract models of languages with different combiorag of effects. Unfortunately,
when it comes to reasoning about many actual examples, gase-semantics models
do not yet supply a useful technique for proving programswedgnt, except in fairly
restricted languages (see Section 10 for further discajsio
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One possible reason for the comparative lack of attentiahtpahis issue in the setting
of relational reasoning is that some key techniques that baen developed for reasoning
about local state—notably, Pitts and Stark’s methodogal invariants (Pitts & Stark,
1998)—turn out to work just as well in a language with higbeder state and call/cc
as they do in the simpler setting (first-order state, no @brdperators) in which they
were originally proposed. Before one can observe the negiatipact of certain language
features on relational reasoning principles, one mustdiestlop a proof technique that
actuallyexploitsthe absence of those features!

1.1 Overview

In this paper, we marry the aspirations of Abramsky’s semaitbe to the powerful proof
method ofstep-indexed Kripke logical relationSpecifically, we show how to define a
fully abstract logical relation for an ML-like language Witecursive types, abstract types,
general references and call/cc. Then, we show how, undeoguohal restrictions to the
expressive power of our language—namely, the restrictiofir$t-order state and/or the
removal of call/lcc—we can enhance the proving power of oudehin correspondingly
orthogonal ways, and we demonstrate this power on a rangeesésting examples.

Our work builds closely on that of Ahmed, Dreyer, and Rosgh@009) (hereafter,
ADR), who gave the first logical relation for modeling a laage with both abstract types
and higher-order state. We take ADR as a starting point Isecthe concepts underlying
that model provide a rich framework in which to explore theéaut of various computa-
tional effects on relational reasoning. In particular, @ié&DR’s main contributions was
an extension of Pitts and Stark’s aforementioned “locaiiants” method with the ability
to establish properties about local state #natlveover time in some controlled fashion.
ADR exploited this ability in order to reason abagnerativgor state-dependepADTSs.

The central contribution of our present paper is to obsdraethe degree of freedom
with which local state properties may evolve depends dirext which particular effects
are present in the programming language under consideraticorder to expound this
observation, we first recast the ADR model in the more famiéams ofstate transition
systemgSection 3). The basic idea is that the “possible worlds"haf ADR model are
really state transition systems, wherein each state dtapotentially different property
about the heap, and the transitions between states comwolte heap properties are
allowed to evolve. Aside from being somewhat simpler tharReFormulation of possible
worlds (which relied on various non-standard anthroporiarpotions like “populations”
and “laws”), our formulation highlights the essential motiof astate transition which
plays a crucial role in our story.

Next, in Section 4, we explain how to extend the ADR model witpport for first-class
continuations via the well-studied techniquéairthogonality(akaT T-closure) (Krivine,
1994; Pitts & Stark, 1998). The technical details of thisesion are fairly straightforward,
with the use of biorthogonality turning out to be completefthogonal (no pun intended)
to the other advanced aspects of the ADR model. That saisl,ighio our knowledge
the first logical-relations model for a language with cadi/and state Moreover, a side
benefit of biorthogonality is that it renders our modbeith sound and complete.r.t.
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observational equivalence (unlike ADR’s, which was onlyrst)! Interestingly, nearly

all of the example program equivalences proved in the ADRepapntinue to hold in the
presence of call/cc, and their proofs carry over easily toppesent formulation. (There is
one odd exception, the “callback with lock” example, for efhthe ADR proof was very
fiddly andad hoc We investigate this example in great detail, as we desbelmy.)

The ADR paper also included several interesting examphstileir method wagnable
to handle. The unifying theme of these examples is that thlgyon thewell-bracketecha-
ture of computation-e.,the assumption that control flow follows a stack-like diticip—
an assumption that is only valid in tlsenceof call/cc. In Section 5, we consider two
simple but novel enhancements to our state-transitiotesysodel—private transitions
andinconsistent stateswhich are only sound in the absence of call/cc and whichecorr
spondingly enable us to prove all of ADR’s “well-bracketecmples”.

Conversely, in Section 6, we consider the additional reiaggpower gained by restrict-
ing the language to first-order state. We observe that tkisicBon enabledacktracking
within a state transition system, and we demonstrate thigywdf this feature on several
examples.

The above extensions to our basic state-transition-systedel are orthogonal to each
other, and can be used independently or in combination. @teble example of this is
ADR'’s “callback with lock” equivalence (mentioned abovai, equivalence that holdis
the presence of eithdrigher-order state or call/cc but not both. Using privaaesitions but
no backtracking, we can prove this equivalence in the presefhigher-order state but no
call/cc; and using backtracking but no private transitjoms can prove it in the presence
of call/cc but only first-order state. Yet another well-knmowxample, due originally to
O’Hearn (O’'Hearn & Reddy, 1995), is true orily the absence of bothigher-order state
and call/cc; hence, it should come as no surprise that ouelmeof of this example
(presented in detail in Section 9.2) involves all three af model’s new features working
in tandem.

Most of the paper is presented in an informal, pedagogighd.dihdeed, one advantage
of our state transition systems is that they lend themsétvelean “visual” proof sketches.
In Section 7, we make our proof method formally precise arabg@mnt some of the key
metatheoretic results. We sketch some interesting pattseofproofs, but the full details
can be found in the companion technical appendix (Dreyat., 2012).

In Section 8, we consider how our Kripke logical relations affected by the addition
of exceptiongo the language. Unlike call/cc, exceptions do not impostirtions on our
state transition systems, but they do require us to accoumxiceptional behavior in our
proofs.

In Section 9, we work through the proofs of several challeggiquivalences that hold
in the presence or absence of different features, thus demating the power of the

1 It is important to note that the completeness result hasimptio do with the particular features
present in the language, and all to do with the use of biodhality. In particular, biorthogonality
gives us a uniform way of constructing fully abstract modelsall of the different languages
considered in this paper, regardless of whether they aoctll/cc, general references, etc. See
Section 10 for further discussion of this point.
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various extensions to our state-transition-system méoen more examples can be found
in (Dreyeret al, 2012).

Finally, in Section 10, we compare our methods to relatedkveord suggest some
directions for future work.

2 The Language(s) Under Consideration

In its unrestricted form, the language that we consider igadard polymorphic lambda
calculus with existential, pair, and iso-recursive typgsneral references (higher-order
state), and first-class continuations (call/cc). We cadl inguagedHOSC. Its syntax and
excerpts of its typing rules{A;I + e: 1) and call-by-value semanticgh{e) — (h’;€))
are given in Figure 1. Dots (...) in the syntax cover pringtoperations on base typles
such as addition and if-then-else. To ensure unique typangous constructs have explicit
type annotations, which we will typically omit if they are faticit from context. Evaluation
contextsK, injected into the term language \dant; K, represent first-class continuations.
They are a subset of general contet'terms with a hole”), which are not shown here,
but are standard. Their typing judgmentC : (X;A;T; 1) ~ (Z;4';T;T') basically says
that for anye with Z;A;I" - e: 7 we haveX’;A';T’ + C[g] : T'. The continuation typing
judgment; A; T+ K+ 1 says thaK is an evaluation context with a hole of typeFinally,
contextual (or observational) approximation, writlem\; I" - e; Z¢ix € : T, means that in
any well-typed program conteg, if Cle;] terminates, then so do&se,]. Contextual (or
observational) equivalence is then defined as approximatiboth directions.

By restrictingHOSC in two orthogonal ways, we obtain three fragments of interes

FOSC The result of restricting to first-order state. Concretilis means only permitting
reference typeef b, whereb represents base types like, bool, etc.

HOS The result of removing call/cé.e., dropping the typeont T and the corresponding
three term-level constructs.

FOS The result of making both of the above restrictions.
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T:i=a|b|uxn|nn—"Tn|Va.t|3a.7|ua.1|refT|contT

e i=x|l|(e,e) |el|e2|AxT.e|e1e |Na.e|eT | pack(T1,€) as T7 |
unpack e as (0,X) iney | roll; | unrolle|ref e| e :=e | le| e == ey | cont; K |
call/cc; (x. €) | throwr ejtoep | ...

K:i=e|(K,e)|(v,K) |K.1|K.2|Key|viK|KT]|pack(11,K)as 12|
unpack K as (a,x) in e | roll; K | unroll K [ ref K |K:=ey |v1 :=K [IK|K==gy |
vy ==K | throwr Kto e | throwr vy to K | ...

v = x| 1| {v1,v2) | AxT.e| Aa.e| pack (T1,V) as T | rolly v | contr K | ...

(h; K[ref v]) — (hw{l—v};K]I]) (I ¢ dom(h))
(h; K[l :=V]) — (h[l—=V];K[()]) (I € dom(h))
(h; K[H]) = (RiK[V]) (h(l) = v)
(i Klly ==12]) = (i K[tt]) (lh=12)
(h;Klg ==12]) <= (W Kff]) (Il1#12)
(h;K[call/cc, (x. €)]) — (h;K[e[contr K/X]])
{h;K[throw¢ Vto conty K’y < (h;K'[V])

Heap typings > = | X where (1) =0

Type environments A = - |A«

Term environments ' = - |I,xT

litez SATHe: T LATHe :refT ZATHe:T
AT HIreft AT Hrefe:reftT AT He ;=6 :unit
AT He:reft LATHe :refT ZATHe refT
AT Hle:t 2 AT ey ==ey:bool

Viite 2 -Fh(l): T
Fh:X

FK:(ZATT) ~ (AT T)
ZATHK=T

ZATHK=T
20T Fceconty K:contT

SATHE: T ZATHe:contT
S:A;T Fthrowr € toe: T

20T XcontTHe: T
AT Feall/cc  (x.€): T

def

= SATHe i TAZAT Fe :TAVC, Y, T h
FC:(ZATT)~ (255 T)AFhIEA
(hClew]) | = (hiClez]) |

Z;A;FFelictxeziT|

Fig. 1. The LanguagelOSC
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3 A Model Based on State Transition Systems

The Ahmed-Dreyer-Rossberg (ADR) model (Ahnetdal., 2009), on which our model is
based, is a step-indexed Kripke logical relation for theyleageHOS. In this section, we
will briefly review what a step-indexed Kripke logical ratat is, what is interesting about
the ADR model, and how we can recast the essence of the ADRIrmotEms of state
transition systems

Step-Indexed Kripke Logical Relations Logical relations are one of the best-known
methods for local reasoning about equivalence (or, moresrgdly, approximation) in
higher-order, typed languages. The basic idea is to defeneghivalence or approximation
relation in question inductively over the type structuréhaf language, with each type con-
structor being interpreted by the logical connective toalihit corresponds. For instance,
two functions are logically related if relatedness of theigumentsmpliesrelatedness
of their results; two existential packages are logicalliates if thereexistsa relational
interpretation of their hidden type representations thatéserved by their operations; and
so forth.

In order to reason about equivalence in the presence of #tétecomes necessary to
place constraints on the heaps under which programs anea¢edl This is wher&ripke
logical relations come in. Kripke logical relations (P#t$Stark, 1998) are logical relations
indexed by apossible world W which codifies some set of heap constraints. Roughly
speakingg; is related toe, underW only if they behave “the same” when run under any
heapsh; andh; that satisfy the constraints &¥. When reasoning about programs that
maintain soméocal state, possible worlds allow us to impose whatever invégian the
local state we want, so long as we ensure that those invargaatpreserved by the code
that accesses the state.

To make things concrete, consider the following example:

T = (unit— unit) —int

er = letx=refLinAf.(f ();!x)

e = Af.(f{)1
We would like to show thag; ande, are observationally equivalent at typeThe reason,
intuitively, is obvious: the referenceis kept privateice.,it is never leaked to the context),
and since it is never modified by the function returneceyit will always pointto 1. To
prove this using Kripke logical relations, we would set ayptove that; ande, are related
under an arbitrary initial worlélV. So suppose we evaluate the two terms under hiegps
and h, that satisfyW. Since the evaluation af; results in the allocation of sonfeesh
memory location fok (i.e., x¢ dom(h;)), we know that the initial worlV cannot already
contain any constraints governing the contents.if it contained such a constrairtt
would have had to satisfy it, and henceould have to be in dofin;).) So we may extend
W with a newinvariant stating thak — 1 (i.e., X points to 1). It then remains to show
that the twoA -abstractions are logically related under this extendeddasi.e.,under the
assumption that — 1—which is straightforward.

Finally, step-indexedogical relations (Appel & McAllester, 2001; Ahmed, 2004¢xe

proposed (originally by Appel and McAllester) as a way toaat for semantically prob-
lematic features, such as general recursive types, whiad®ral interpretations are seem-
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ingly “cyclic” and thus difficult to define inductively. Thaléa is simply to stratify the
construction of the logical relation by a natural number ‘&ep index”), representing
roughly the number of steps of computation for which the paots in question behave in
arelated manner.

One of the key contributions of the ADR model was to combireerttachinery of step-
indexed logical relations with that of Kripke logical ratats in order to model higher-
order state. While the details of this construction areajimteresting, they are orthogonal
to the novel contributions of the model we present in thisgpaphdeed, our present
model follows ADR’s very closely in its use of step-indexitgyresolve circularities in
the construction, and so we refer the interested readeetADR paper for details.

ADR and State Transition SystemsThe other key contribution of the ADR model was to
provide an enhanced notion of possible world, which has thergtial to express properties
of local state thaevolveover time. To motivate this feature of ADR, consider a simple
variant of the example shown above, in which the first progeai replaced by

er = letx=refOinAf.(x:=1;f ();!x)

Here,x starts out pointing to 0, but if the function thet evaluates to is ever called,
will be set to 1 and will never change back to 0. In this case athly interesting invariant
one can prove aboutis that it points toeither O or 1, but this invariant is insufficient to
establish that after the call to the callbaickthe contents ot have not changed back to 0.
Pitts and Stark called this example the “awkward” exampiggR Stark, 1998), and they
could not prove it because their possible-worlds model sajyported heajmvariants

While the awkward example is clearly contrived, it is also mimal representative
of a useful class of programs in which changes to local stat@iroin some monotonic
fashion. As ADR showed, this includes well-knogeenerative{or state-dependepADTS,
in which the interpretation of an abstract type grows owveetin correspondence with
changes to some local state.

ADR'’s solution was to generalize possible worlds’ notiotitegap constraint” to express
heap properties that change in a controlled fashion. We calerstand their possible
worlds as essentiallgtate transition systemsvhere each state determines a particular
heap property, and where the transitions determine howehp property may evolve. For
instance, in the case of the awkward example, ADR would sgrethe heap constraint
onx via the following state transition system (STS):

SanS
Initially, x points to 0, and then it is set to 1. Since the call to the cekifaoccurs when we
are in thex — 1 state, we know it must return in the same state since tha@tinsition
out of that state. Correspondingly, it is necessary to diswshat thex — 1 state is really
final—i.e.,if the function to whiche; evaluates is called in that state, it will not chandse
contents again—nbut this is obvious.

In ADR, states are called “populations” and state transifigstems are called “laws”,
but the power of their possible worlds is very similar to tb&tour STS’s (as we have
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described them thus far), and most of their proofs are sttfigvardly presentable in
terms of STS’s. That said, the two models are not identicapdrticular, there is one
example we are aware of, the “callback with lock” exampleattis provable in ADR’s
model but not in our basic STS model. As we will see shortlgrérare good reasons why
this example is not provable in our basic STS model, and itiGe6.1, we will show how
to extend our STS’s in order to prove this very example in ahmsimpler, cleaner way
than ADR’s model does.

4 Biorthogonality, Call/cc, and Full Abstraction

One point on which different formulations of Kripke logia&lations differ is the precise
formulation of the logical relation faerms The ADR model employs a “direct-style” term
relation, which can be described informally as follows: ti@omse; ande; are logically
related under worldlV iff whenever they are evaluated in initial hedpsandh, satisfying
W, they either both diverge or they both converge to machimdigorations(h’;v,) and

(h; v2) such thahjandh), satisfyW’ andv; andv; are logically related values undéf’,
whereW’ is some*future world” of W. (By “future world”, we mean thatV’ extendsV/
with new constraints about freshly allocated pieces of #aphand/or the heap constraints
of W may have evolved to different heap constraint®haccording to the STS's iW.)
We call this a direct-style term relation because it invelegaluating the termdirectly to
values and then showing relatedness of those values in adgare fvorld.

An alternative approach, first employed in the logical fiefsg setting by Pitts and
Stark (1998) but subsequently adopted by several otkeegs(Johann, 2003; Bohr, 2007;
Benton & Hur, 2009)), is what one might call a “CPS” term rigat although it is more
commonly known as #iorthogonal(or T T-closed) term relation. The idea is to define
two terms to be related under wokld if they co-terminate (both converge or both diverge)
when evaluated under heaps that satisfyand under continuations;Kand K, related
under W. The latter (continuation relatedness) is then defined tamtleat, for any future
world W' of W, the continuation&; andK, co-terminate when applied (under heaps that
satisfyW’) to valuesthat are related und®Y’. In this way, the logical relation for values is
lifted to a logical relation for terms by a kind of CPS transio

The main arguable advantage of the direct-style term cglas that its definition is
perhaps more intuitive, corresponding closely to the pskaftches of the sort that we
will present informally in the sections that follow. Thatiain any language for which
a direct-style relation is sound, it is typically possibdestart instead with a biorthogonal
relation and then prove a direct-style proof principle-g-,Pitts and Stark’s “principle of
local invariants” (Pitts & Stark, 1998)—as a corollary.

The advantages of the biorthogonal approach are clearst, Eautomagically renders
the logical relatiorcompletewith respect to observational equivalence, largely ireetipe
of the particular features in the language under consiergActually, it is not so magi-
cal: T T-closure is essentially a kind of closure under observatieguivalence.) Second,
and perhaps more importantly, the biorthogonal approaglest¢o handle languages with
first-class continuations, such as 61®@SC andFOSC, which the direct-style doesn't. The
reason for this is simple: the direct-style approach is eolynd if the evaluation of terms
is independenof the continuation under which they are evaluated. If theg behavior
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is context-dependent, then it does not suffice to considsr to-termination under the
empty continuation, which is effectively what the direttls term relation does. Rather,
it becomes necessary to consider co-termination of whagrams (terms together with
their continuations), as the biorthogonal relation does.

Thus, in this paper we adopt the biorthogonal approach. &iadbles us to easily adapt
all the proofs from the ADR paper (save for one) to also workaftanguage with call/cc.
(The one exception is the “callback with lock” equivalenadich simply doesn’t hold
in the presence of call/cc.) Additionally, we can prove gglénces involving programs
that manipulatédothcall/cc and higher-order state. One well-known challeggirample
of such an equivalence is the correctness of Friedman anddsagncoding of call/cc
via “one-shot” continuations (continuations that can dmdyinvoked once) (Friedman &
Haynes, 1985; Stgvring & Lassen, 2007). The basic idea oétizeding is to model an
unrestricted continuation using a private (local) ref tiedit contains a one-shot continua-
tion. Every time the continuation is invoked, the ref celujgdated with a fresh one-shot
continuation. With biorthogonal logical relations, thepf of this example is completely
straightforward, employing just a simple invariant on théesgte ref cell. As far as we
know, though, this proof is novel. Full details are given gcon 9.

Itis worth noting that, although the kinds of example pragsave focus on in this paper
do not involve abstract or recursive types, a number of th&@ARamples do. Therefore,
in the new models we present in this paper, we will includepsupfor these features, in
order to demonstrate clearly that our various extensioriedcdADR model are perfectly
“backward-compatible” with them.

5 Reasoning in the Absence of Call/cc

In this section, we examine some reasoning principles tiearabledoy removing call/cc
from our language.
Consider this variant of the “awkward” example (from ADR):

T = (unit— unit) —int
et = letx=refOin

Af.(x:=0;f (;x:=1;f ();!%)
e = Af.(f{;f (1)

What has changed is that now the callback is run twice, arg,ithe first call tof is
preceded by the assignmenbab 0, not 1.

Itis easy to see th@ ande, are not equivalentilOSC (or evenFOSC). In particular,
here is a distinguishing conte&t

letg= e inletb=ref ffin
let f = (A_.if Ibthen call/cc (k. g (A_.throw () to k))
elseb:=tt)in
gf
Exploiting its ability to capture the continuatidof the second call td, the contexC is
able to se back to 0 and then immediately throw control backtdt is easy to verify
thatCle;] yields 0, whileC[e;] yields 1.
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In the absence of call/cc, however, computations are “iweltketed”. Here, this means
that whenevex is set to 0, it will eventually be set to 1—no matter what thébaek
function does. Consequently, it seems intuitively cleat these programs are equivalent
in HOS (andFOS), but how do we prove it? The STS model we have developed so far
will clearly not do the job, precisely because that modebisipatiblewith call/cc and this
example is not. So the question remains: how can we augmepitiver of our STS’s so
that they take advantage of well-bracketing?

To see how to answer this question, let's see what goes wfang iry to give an STS
for our well-bracketed equivalence. First, recall the SF8nt Section 3) that we used in
order to prove the original awkward example. To see why tfiS & insufficient for our
present purposes, suppose the function value resultimg é@luatinge;—call it vi—is
applied in thex — 1 state? The first thing that happens is thais set to 0. However,
as there is no transition from the— 1 state to thex — 0O state, there is no way we can
continue the proof. So how about adding that transition?

—

\—/
While adding the transition from<— 1 tox < 0 clears the first hurdle, it also erects a new
one: according to the STS, it is now possible that, after #wmisd call tof, we end up
in the left state—even though this situationpinting to O after that call) cannot actually
arise in reality. And indeed, i could point to 0 at that point, our proof would be doomed.

In summary, while we would like to add this transition, wecalgant to keep the context
from using it. This is wherg@rivate transitionscome in.

5.1 Private Transitions

Private transitions are a new class of transitions in ouegtansition systems, separate
from the ordinary transitions that we have seen so far (anithwive henceforth call
public transition$. The basic idea is very simple: when reasoning about ttatethess
of terms, we must show that—when viewexensionally—they appear only to be making
public transitions, and correspondingly we may assumethigatontext only makes public
transitions as well. Internally, howevewjthin a computation, we may make use of both
public and private transitions.

Concretely, we can use the following STS to prove our runmixgmplé (where the
dashed arrow denotes a private transition):

=
“_//

First, if vy is called in the starting state— 1, the presence of the private transition allows
us to “lawfully” transition fromx < 1 tox < 0. Second, we know that, because we are in

When proving functions logically related, we must consitfer possibility that they are invoked

in an arbitrary “future” world—-e., a world where our STS may be in any state that is reachable
from its initial state. This ensuresonotonicityof the logical relation (Theorem 1, Section 7.1).

3 A detailed formal proof of this equivalence is given in Sentd.
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thex — 1 state before the second callftand there is no public transition from there to any
other state, we must still be in that same state whesturns. Hence we know thapoints

to 1 at that point, as desired. Lastly, although the body;ofakes a private transition
internally (when called in starting state— 1), it appears extensionally to make a public
transition, since its final stat& (-~ 1) is obviously publicly accessible from whichever state
was the initial one.

Private transitions let us prove not only this example, e geveral others from the
literature that hold exclusively in the absence of callincl(ding Pitts and Stark’s “higher-
order profiling” example (Pitts & Stark, 1998)—see Sectiofo®details). The intuitive
reason why private transitions “don’t work” with call/cctisat, in the presence of call/cc,
every time we pass control to the context may be the last!&fbeg, the requirement that
the extensional behavior of a term must appear like a putditsttion would essentially
imply that every internal transition must be public as well.

The “Callback with Lock” Example Here is another equivalence (from ADR) that holds
in HOS but not inHOSC. Interestingly, this example was provable in the origin&IRA
model, but only through some complex step-index hackerg pitoof we are about to
sketch is much cleaner and easier to understand.

Consider the following two encodings of a counter objechwito methods: amcre-
mentfunction that also takes a callback argument, which it imgland goll function
that returns the current counter value.

= ((unit — unit) — unit) X (unit — int)
= CIf ();x:=1x+1]
= Clletn=1Ixinf ();x:=n+1]
let b=ref ttinlet X=ref Oin
(Af.if Ibthenb:=ff;e;b:=ttelse (),
A Ix)

og e -

Note that in the second program the countés dereferencetieforethe callback is exe-
cuted, and in the first program it is dereferenedt@r. In both programs, a Boolean lock
b guards the increment of the counter, thereby enforcingrthrating the callback will not
result in any change to the counter.

It is not hard to construct a context that exploits the coratiam of call/cc and higher-
order state in order to distinguish ande,. The basic idea is to pass the increment method
a callback that captures its current continuation and sttiret in a ref cell so it can be
invoked later. The definition of this distinguishing corttappears in Section 9.1.

In the absence of call/cc, however, the two programs arevalpmt. To prove this, we
employ the infinite STS shown in Figure 2.

For each numbarthere are two states: one (the “unlocked” state) sayinditpatnts to
tt andx points ton in both programs, and another (the “locked” state) sayiaghipoints
to ff andx points ton in both programs. It is thus easy to see that the two poll nuxtiaoe
related (they return the same number). To show the incremetttods related, suppose
they are executed in a state wherpoints to somem andb points tott (the other case
whereb < ff is trivial). Before invoking the callbacly is set toff and, in the second
program, is bound tom. Accordingly, we move “downwards” in our STS to the locked
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“‘ o

Fig. 2. STS for the “Callback with Lock” Example HHOS

state and can then cdil Because that state does not have any other public sucsgasor
will still be there if and whenf returns—indeed, this is the essence of what it means to
be a “locked” state. In the first programjs then incremented,e., set tom+ 1. In the
second programny is set ton+ 1= m+ 1. Finally, b is set back tat and we thus move
to the matching private successbr<( tt, x < m+ 1) in the STS. Since this is a public
successor of the initial statb - tt, x — m), our extensional transition appears public and
we are done.

It is worth noting that the STS in Figure 2 is actually more€gise” than necessary for
proving the desired program equivalence. In particulartie purpose of proving; and
& equivalent, it would suffice to collapse all states in whichs tt holds down to a single
state, in which case there would exist private transitioosifevery state to every other state
but (as before) no public transitions going from dny- ff states to the lonk — tt state.
However, the added precision of the STS in Figure 2 would @uitically useful if one
were to extend the objects defineddayande, with a third methodtestmonotesting the
monotonicityof state change ig; ande,—i.e.,the way that the integer pointed to kpnly
increases over time. For exampée,might definetestmongof typeunit — unit — bool,
as

A_lety=IXinA_Ix>y
ande, might definetestmonas
A_Att

Starting in a state where< n holds, these two implementations fstmonacare only
logically related if we know that, in all (privately or publy accessible) future states,
will point to an integer no less tham The STS in Figure 2 guarantees this property by
omitting any transitions (public or private) fror¥— nto x < m states, wheren< n.

5.2 Inconsistent States

While private transitions are clearly a useful extensioatoSTS model, there is one kind
of “well-bracketed example” we are aware of that privatasiions alone are insufficient
to account for. We are referring to the “deferred divergémsample, presented by ADR
as an example they could not handle. The original versiorhisf @quivalence, due to
O’Hearn (O’'Hearn & Reddy, 1995), was presented in the gptifidealized Algol, and it
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does not hold in the presence of higher-order state. (Wewiilsider a variant of O’'Hearn’s
example later on, in Section 6.) Here, we consider a versidheoequivalence thatoes
hold inHOS, based on the one in Bohr’s thesis (Bohr, 2007):

T = ((unit — unit) — unit) — unit
e = letx=refffinlety=ref ffin
Af.f (A_if IXthen L elsey:=tt);
if lythen 1 else x:=tt
e = Af.f(A_1)

Intuitively, the explanation why; ande, are equivalent goes as follows. The functions
returned by both programs take a higher-order callblaals an argument and apply it to
a thunk. In the case @b, if that thunk argumentX_. L, where_L is a divergent term) is
ever applied, either during the call foor at some point in the futuree(g.,if the thunk
were stored byf in a ref cell and then called later), then the program wilkche diverge.
Now, e; implements the same divergence behavior, but in a rathekgveay. It maintains
two private flags< andy, initially set toff. If the thunk that it passes tbis appliedduring
the call tof, then the thunk’s body will not immediately diverge (as ie ttase 0&,), but
rather merely sef to tt. Then, if and wherf returnsge; will check if y points tott and, if
so, diverge. If the thunk was not applied during the calf tahene; will set x to tt, thus
ensuring that any future attempt to apply the thunk will dieeas well.

As in the previous examples, note that this equivalence doelsold in the presence of
call/cc. Here is a distinguishing context:

call/cc (k. @ (Ag.throw g () tok))

To prove the equivalence IHOS, we can split the proof into two directions of approxi-
mation. Proving that, approximates, is actually very easy because (1) itis trivial to show
thatA _. | approximates the thunk thet passes td, and (2) if a progrant|e;] terminates
(which is the assumption of observational approximatithvenCle;] must in fact maintain
the invariant thay — ff, and using that invariant the proof is totally straightfare.

In contrast, the other direction of approximation seemssttdiance impossible to prove
using logical relations. The issue is that we have to showtti@thunks passed to the
callback f are relatedj.e., that A_.if Ix then L else y := tt approximatesA .. |, which
obviously isfalsesince, when applied (as they may be) in a state wk@m@ints toff, the
first converges while the second diverges.

To solve this conundrum, we do the blindingly obvious thimdpich is to introduce
falsehoodinto our model! Specifically, we extend our STS'’s witttonsistent statesn
which we can prove false things, such as that a terminatingpetation approximates a
divergent one. How, one may ask, can this possibly work? dée is as follows: when we
enter an inconsistent state, we effectively shift the pmofien from the logical relation
for terms to the logical relation farontinuations That is, while it becomes very easy to
prove that two terms are related in an inconsistent stategdbmes veryard to prove
that two continuation¥; andK, are related in such a state—in most cases, we will be
forced to prove thaK; diverges. Thus, while inconsistent states do allow a lichiied of
falsehood inside an approximation proof, we can only emt&r them if weknowthat the
continuation of the term on the left-hand side of the appr@tion will diverge anyway.
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Fig. 3. STS for a Variant of the “Deferred Divergence” Exaepl

Concretely, to show that; approximates,, we construct the STS given in Figure 3,
where the diamond indicates an inconsistent state: For thment, ignore the top-left
state (we explain it below). In the proof, we wish to show tteg thunks passed to the
callbackf are logically related in the top-right state, which reqgsisaowing that they are
related in any state accessible from it. Fortunately, thisasy. If the thunks are called in
the bottom-left state, then they both diverge. If they alkedan the top-right or bottom-
right state, then thelse-branch is executed (in the first program) and we move to éyr st
in) the bottom-right state—since this state is inconsistie proof is trivially done.

Dually, we must show that the continuations of the callbguiiaations are also related
in any state (publicly) accessible from the top-right orighé continuations are invoked
in the top-right or the bottom-left state, they will seto tt, thereby transitioning to the
bottom-left. If, on the other hand, they are invoked in theoimsistent bottom-right state,
then we are required to show that the first one diverges, wisithnately it will sincey
points tott.

Now about the top-left state, whose heap constraint is ickrib the one in the top-right
state: the reason for including this state has to do with dnass of the logical relation. In
order to ensure soundness, we require that when an STSa#ledsh the possible world,
it may not contain any inconsistent states thatpanglicly accessible from its starting state.
We say in this case that the starting statsafe (Without this safety restriction, it would
be easy to show, for instance, thagapproximatesf in any worldW by simply adding an
STS toW with a single inconsistent state.)

To circumvent this restriction, we use the top-left stateasstarting state and connect
it to the top-right state by a private transition. (In the @itahe first step before invoking
the callbacks is to transition into the top-right state.jslib fine so long as the extensional
behavior of the functions we are relating makes a publicsiteom, and here it does—if
they are invoked in the top-left state, then either theymjgeor they return control in the
bottom-left state, which is publicly accessible from thp-teft.

6 Reasoning With First-Order State

In this section, we consider an orthogonal restriction ®odhe examined in the previous
section. Instead of removing call/cc from the language twhapens if we restrict state to
be first-order? What new reasoning principles are enablghibyestriction?
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e od

Fig. 4. STS for the “Callback with Lock” Example FOSC

6.1 Backtracking

Recall the “callback with lock” example from Section 5.1,ielhwe proved equivalent in
HOS. As it turns out, that equivalence also holdH®SC. Of course, we won't be able
to prove that using thelOSC model since the equivalence doesn’t holdHi©®SC. But let
us see what exactly goes wrong if we try. First of all, redadl tise of private transitions
in our earlier proof. Due to call/cc, we cannot use any peednsitions this time. Clearly,
making them public is not an option, so what if we just droprthentirely? In the resulting
STS, shown in Figure 4, we still know that running the callbeca locked statel— ff,

x — m) will leave us in the very same state if and when it returnswelger, without any
outgoing (private) transition from that state, it seems tisare subsequently stuck.

Fortunately, we are not. The insight now is that the absehb&ber-order state allows
us to dobacktrackingwithin our STS. Concretely, we can backtrack from the lockide
to the unlocked state we were in befobe{> tt, x <— m), and then transition (publicly) to
its successom(— tt, X — m+1). Intuitively, this kind of backtracking would not be salin
in the presence of higher-order state because, in thatggitie callback might have stored
some higher-order data during its execution (such as fomgtdor continuations) that are
only logically related in the locked state and its succes$&ince p < tt, x — m+ 1) is
not a successor of the previous locked state, the final heapkiwhen fail to satisfy the
final world in which the increment functions return. Herete first-order setting, though,
there is no way for the callback to store such higher-order,da backtracking is perfectly
sound.

We use the term “backtracking” purposefully (if inform3allp suggest that, while this
technique allows more flexibility in proofs, it does not pértnansitioning to arbitrary
states in the STS. Rather, when we prove that two functiankgically related, we must
show they behave the same when applied instayting state swhich could be any state
of the STS. Backtracking means that, inside the proof thaffdimctions are related, we
can transition from any state accessible frota any other state accessible frartby first
backtracking tes and then making a normal transition), but not to any statasdessible
froms. For instance, in the backtracking proof sketch for calksaith-lock above, it was

4 Indeed, the context that distinguishes between the twaranag) inHOSC employs precisely such
a callback, namely one that stores its current continuatienref cell. It is given in Section 9.1.
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fine to transition froml§ — ff, x < m) to (b — tt, x<— m+ 1) because both of them were
accessible from the statb - tt, x — m) in which the proof began, but it would not have
been okay to transition td(— tt, x — m— 1) for instance.

To see why we only permit transitions to states that are edzlefrom the starting state
s, consider how transitions are used within a proof. When \aadition to a state, it
means either that we are about to pass control to relatdobacit in that state-e-g.,the
transition to b— ff, x — m) above—or that we have finished executing the computation of
the function bodies and are ready to return related valutginstate—e.g.,the transition
to (b — tt, x— m+ 1) above. In the first case, it is necessaryddo be accessible from
because the callbacks are parameters of the functions beatgd and, as such, are only
known to be logically related in states accessible from thtes in which the functions
were invoked. In the second casemust be publicly accessible froebecause the end-
to-end behavior of the functions is required to follow a pabiansition.

A precise technical explanation of how the model is changedlow backtracking, and
why this is sound, will be given in Section 7.3.

6.2 Putting It Together

The example we just looked at might suggest that backtrgcismmainly useful as a
replacement for private transitions in the presence ofaralBut in fact, they are comple-
mentary techniques. In particular, for equivalences thlt bnly inFOSbut not inHOS or
FOSC, we can profitably employ backtracking, private transisicend inconsistent states,
all working together.

Consider this simpler version of the “deferred divergereadmple, based closely on an
example of O’Hearn and Reddy (1995):

T = ((unit — unit) — unit) — unit
e = lety=refffin
Af f(Aly:=tt);
if lythen L else ()
e = Af.f(A_ 1)

These programs are not only distinguishable in the settirfgGC (by the same distin-
guishing context as given in Section 5.2), but alsdH@S, as the following contex€
demonstrates:

letr =ref (A_.())in e (Ag.r:=Q);!r ()

It is easy to verify tha€C[e;| terminates, whil€[e,] diverges.
The two programs are, however, equivalentH®S, which we can prove using the

following STS:
B

The proof is largely similar to (if a bit simpler than) the osieetched for the higher-order
version of this example in Section 5.2. We start in the leftesand transition immediately
along the private transition to the middle state. With thip loé the inconsistent right state,
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it is easy to show that the thunk arguments passed to theackltire related in the middle
state. Hence, when the callback returns, we are either irighestate or the middle state.
In the former case, we must show that the continuation in.ths.Iprogram diverges; in
the latter, webacktrackto the initial, left state, which is of course publicly acside from
itself. (We will present this proof in more detail below, ir@&ion 9.2.)

Why, one might ask, is it not possible to avoid the use of racking here by adding
a private transition back from the middle state to the leftes? (Of course, inustnot be
possible, or else the equivalence would hold truel®S, which as we have seen it does
not.) The answer is that, if we were to add such a transitioer) tve would not be able
to prove that the thunk arguments to the callbdckere logically related in the middle
state. Specifically, in order to show the latter, we must skiwat the thunks are related
in any state accessible (by any kind of transition) from thddie state. So if there were
any transition from the middle to the left state, we would én& show that the thunks
were related starting in the left state as well—but they arte Imecause there is no public
transition from the initial left state to the inconsisteigiht state, and adding one would be
unsound.

7 Technical Development

We now present the models for our various languages formiaily easiest to start with
the model foHOS, and then show how small changes to that yield the modeld@8C,
FOS, andFOSC.

As described in Section 3, we employ a step-indexed Kripgehd relation, which is a
kind of possible-worlds model.

Worlds Figure 5 displays the construction of worlds, along withieas related operations
and relations. Worlds W consist of a step indek, heap typingg; and, (for the first
and second programs, respectively), and an array of islands,, ..., im. (We sometimes
write W(i) to refer toi;.) Islands in turn are (possibly infinite) state transitigatems gov-
erning disjoint pieces of the heap. Each consists of a ctistates, a transition relatiord,

a public transition relatiog, a set of inconsistent stat¢sand last but not least, a mapping
H from states to heap constraints (in the form of world-indktteap relations—more on
that below). The public transition relatignmust be a subset of the “full” transition relation
J (note: the private transitions are obtained by subtraatifigm &), and we require both
d and¢ to be reflexive and transitive.

What exactly “states’ are—t.e., how we define the state space State—does not really
matter. That is, State is essentially a parameter of the lhmexleept that it needs to be at
least large enough to encode bijections on memory locafsees our relational interpre-
tation of ref types below). For our purposes, we find it convenient to asstirat State
contains all terms and all sets of terms. Also, note thatenil island’sd map is defined
on all states in State, we typically only care about how it is defioed particular set of
“states of interest’—whether there is other junk in the &sgtace is irrelevant.

5 Here and in the following development we use the dot-natatioproject components out of a
structure. As an example, we wrié >, to extract the first heap typing out of a wokd.
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Fig. 5. Worlds and Auxiliary Definitions

Based on the two transition relations (full and public), vedilde two notions of future
worlds (aka world extension). First, we say tivdt extends W written W' 3 W, iff it
contains the same islands\Wgand possibly more), and for each island¥hthe new state
s of that island inW’—uwhich is the only aspect of the island that is permitted tantie
in future worlds—is accessible from the old state?n W, according to the island’s full
transition relationd. Public extensiopwritten W’ JP'> W, is defined analogously, except
using the public transition relatiof instead ofd, and with the additional requirement that
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the new islands (those W’ but not inW) must besafe An island is safe iff there is no
public transition from its current state to any inconsisttate.

The reason why our (and ADR’s) heap relations are worldxedes that, when ex-
pressing heap constraints, we want to be able to say, farost that a value in the first
heap must be logically related to a value in the second heapat case, we need to have
some way of talking about the “current” world under whichttlegical relation should be
considered, and by world-indexing the heap relations wdlenthe current world to be
passed in as a parameter. These world-indexed heap rslatieguite restricted, however.
Specifically, they must be monotone with respect to worl@éesion, meaning that heaps
related in one world will continue to be related in any futwarld. This ensures that adding
a new island to the world, or making (any kind of) transitioithin an existing island, does
not violate the heap constraints of other islands.

The last two definitions also concern heap relations. Twpslepandh; satisfy a world
W, written (hy, hy) : W, iff they can be split into disjoint subheaps such that fatheialand
in W there is a subheap ¢f and a corresponding subheapmfthat are related by that
island’s current heap relation (the relation associateti tie island’s current state). A
heap relationp is thetensorof ¢/ andy”, written ¢/ ® ¢, if it contains all(W, hy, hy)
that can be split into disjoint parfsV,h},h,) € ¢’ and(W,h/,h)) € ¢".

7.1 HOS

Logical Relation Our logical relation foHOS is defined in Figure 6. The value relation
V[1]p is fairly standard. The environmeptgives meaning to the free type variablesof
for each such variabl@ stores a semantic.€., relational) interpretation and, for the sake
of enforcing well-typedness, two syntactic interpretasigone for the first program, one
for the second). We writp; andp; for the first and second syntactic substitutions obtained
from p.

The only real difference between our value relation and tieefoom the ADR model is
in V[ref 7] p, the interpretation of reference types. Basically, we kay two referencels
andl; are logically related at typef 7 in world W if there exists an islandin W (we write
W(i) to mean théth island inW), such that (1)’s heap constraint (in any reachable state)
requires ol andl;, precisely that their contents are related at typand (2) the reachable
states ini encode a bijection between locations that includes the (baip). The latter
condition is needed in order to model the presence of referequality testindy == 1,
in the language. It employs an auxiliary “bij” function thean for instance be defined as
follows (assuming State contains sets of language values):

bij(s) {(I1,12) | {I3,12) € s} if thatis a partial bijection
9= 9 otherwise

Our formulation of \ref 7] p is slightly different from ADR’s and a bit more flexible—
e.g.,ours can be used to prove Bohr's “local state release” exafBahr, 2007) (see the
technical appendix (Dreyet al, 2012)), whereas ADR’s can’t—but this added flexibility
does not affect any of our “headlining” examples from SetwiB-6.
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Vlalp = p(a)r
V[bjp £ {(W,v,v) € TermAtonib,b]}
VItxtlp & {(W,(v1.v)), (v2.5)) € TermAtor{py (7 x '), pa(t x T)] |
(W,v1.V2) € VIT]p A (W.v,, V) € V[T']p}
V[T —=1]p = {(W,AXT1.e1,AXT2.€) € TermAtomps (1" — 1), 02(t" — 1)] |
YW v, vo. W WA (W/,Vl,Vz) € VﬂT’]p =
(W', e1[v1/x], e2[v2/X]) € E[1]p}
V[va.t]p = {(W,Aa.e;,Ad.e) € TermAtompr(Va.1),02(Va.1)] |

YW JW. V(11,T,r) € SomeValRel
(W', e[11/a],ez[r2/a]) € E[t]p, o (11, T2,1)}

V[da.1]p = {(W,pack (T1,v1) as T{, pack (T2, V2) as 15) € TermAtonips(3a. 1), p2(30.1)] |
ar. (11, T2,r) € SomeValReh (W, vy,v) € V[T]p, a—(T1,T2,1)}
Vipa.tlp £ {(W,rolly, va,rolly, v2) € TermAtonips (ua. ), po(pa.1)] |
(W,vq,v) edV[t[ua.t/a]]p}
V[reft]p £ {(W,l1,15) € TermAtormps (ref T), pa(ref T)] | Ji. YW’ I W.

(11.1) € bij (W/(i).) A 3. W (i).H(W/(i).) =
Y@ {(W,{lz—v1}, {l2—V2}) € HeapAtom| (W, vy, \2) € V[1]p}}

O £ {(Werep)|Vhyhy. (hy,hz) :WA (hyier) |~ consistertW) A (haie2) |}

K[tlp £ {(W.Ki,Kp) € ContAtonipy(1). p2(1)] |
V\NI,Vl,Vz w/ QPUbW/\ (W/,Vl,Vz) S V[[THP = (W/7 K]_[Vl]7 Kz[VQ]) S O}
E[flp = {(W.er,e) € TermAtonipy (1), po(7)] |
VKL K2. (W7 K]_7 Kz) S KﬂTﬂp = (W7 K]_[E,“]_]7 Kz[ez}) c O}
Glle £ {(W,0)|W e world}
G[M,xt]p £ {(W,(y,x—(v1,v2))) | (W,y) € G[lTp A (W,v1,Vo) € V[T]p}
ol £ {0)
D[A,a] £ {p,a—~R|p cDJA] AR e SomeValRe)
S[] £ world
S[s,lit] £ S[E]n{W e World | (W,1,1) € V[ref ]0}

ef

LATHe Jloge: T & ZATHEe  TAZATHE TA
YW,p,y.W e S[Z] Ap € D[A]A (W, y) € G[Tp =
(W, pry1€1, p2Y2€2) € E[T]p

Fig. 6. A Step-Indexed Biorthogonal Kripke Logical Relatimr HOS

As explained in Section 4, the value relation is lifted torarteelation via biorthogonal-
ity. Concretely, we define the continuation relatiofitko based on Y1]p, and then the
term relation E1]p based on K] p:

e Two continuations are related iff they yield related obations when applied to
related values.

e Two terms are related iff they yield related observationem#valuated under related
continuations.
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Yielding related observations here means (see the definitfcO) that, whenever two
heaps satisfy the worl@/ in question and the first program terminates in the first heap
(within W.k steps), then the second program terminates in the secopdaneahe world

is consistent(i.e., no island is in an inconsistent state). This correspondkedrituition
given in Section 5.2 that an inconsistent world is one in Wi first program diverges.

Notice that the continuation relation quantifies only opeblic future worlds. This
captures the essential idea (explained in Section 5.1jhbkatontext can only make public
transitions. In order to see this, it is important to underdthow a typical proof in a
biorthogonal logical relation goes. Roughly, showing thlatedness of two programs that
involve a call to an unknown functior(g.,a callback) eventually reduces to showing that
the continuations of the function call are related; thaok&é definition of 1] p, we will
only need to consider the possibility that those contiruretiare invoked in publicfuture
world of the world we were in prior to the function call—in ethwords, we can assume
that the function call made a public transition. We will s@svithis works in detail in the
example proofs in Section 9.

Finally, the logical relation is lifted to open terms in theual way, quantifying over
related closing substitutions and y matchingA andrl™, respectively, as well as an initial
world in which every location bound i& is related to itself. We writgqs and y» here as
shorthand for the first and second value substitutions awedan y.

Step Indexing Our use of step-indexing to stratify the construction of eiand to define
the logical relation follows the development in ADR quit@sly. In order to avoid a
circularity, the various universes of discourse are defmehduction on natural numbers
(top of Figure 5). Note that Worjds defined in terms of Islapdor k < n. We write World
to mean the limit J,, Worldy,, and similarly for some other semantic classes.

When comparing two generations of an island in the definitibour world extensions,
the |- | operator is used to cut down the heap relations of the oldwtieetlevel of the new
one. Using the “later” operatot, world satisfaction (bottom of Figure 5) requires each pair
of subheaps to be related not right away but one step lateitilrely, this is safe because
it takes a step of computation to dereference a pointer.

The logical relation itself is also defined by induction ortural numbers (in addi-
tion to the usual induction on types). In particular, theueatelation at a recursive type,
V[ua.t1]p, refers to the value relation at a potentially larger typeuses> to decrease
its step index. For further details about step-indexing @ferrthe interested reader to the
literature (Ahmecet al,, 2009; Dreyeet al,, 2010).

Basic Properties We highlight some of the many basic properties that are ustdtedime
in logical relations proofs.

Frequently, we assume that we are given some related vadugsas inputs to func-
tions), and we want them to be still related after we have dddeisland to the world or
made a transition. It is therefore crucial that, like hedatiens, value relations are mono-
tone w.r.t. world extension. Since we enforce this propmtyelational interpretations of
abstract types (see the definition of ValRel in Figure 5)s ieasy to show that the value
relation indeed has this property:
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Lemma 1(Monotonicity of the Value Relatidpn
If W OW and(W,v1,v,) € V[T]p, then(W' v1,v,) € V[1]p.

Another important property of the value relation is thasiiicluded in the term relation.
Consequently, when showing two values related by the tefatioa, it suffices to show
them related by the value relation.

Lemma A Term Relation Includes Value Relatjon
V[t]p CE[r]p

Equally useful in proofs is the following lemma, which reodizes the monadic binding
that occurs implicitly in ML-like languages (Dreyet al, 2010; Dreyeret al, 2011).
It applies when reasoning about two programs that contdates termse; and e, in
evaluation position. In that case, it is okay to forget abguande,, and replace them
with unknown related values in an unknown public future dorl

Lemma 3Monadic Bing

If (W,e1,e2) € E[T]p

andvW’ TP W. vy, v, (W Ve, Vo) € V[T p = (W, Ky [v1],Kz[v2]) € E[T']p,
then(W, K1 [e1],Kz[er]) € E[']p.

Proof

SupposdW, K{,K3) € K[T']p.

We must showW, K/ [K1[e1]],K5[Kz[ez]]) € O.

By the first premise this reduces to showiig, K} [K1], K5 [K2]) € K[1]p.
So suppos#/’ TP W and (W', vy, v0) € V[1]p.

To show: (W', K] [K1[v1]],K5[Kz[v2]]) € O

From the second premise we kndW’,K;[vi],Ka[v2]) € E[T']p.

The claim follows then froniwW, K1, K3%) € K[t']p and monotonicity.

0

The following lemma essentially states that the obsermatitation is closed under pure
expansion (not involving heap mutation) on either side.

Lemma 4Closure Under Pure Expansidn
If (h;er) L <WKimplies(h; €)Wk and(h; &) | implies(h; &) | for anyh, then(W, €, ,€,) €
O implies(W, ey, &) € O.

Finally, the following lemma collects some facts about agtit well-typedness of log-
ical relation components. The judgments it mentions gdngrwell-formedness of value
and type substitutions are defined in the standard way (seyébet al,, 2012)).

Lemma 5 Syntactic Typing Propertig¢s
1. IfW e §[Z], thenZ CW.Z; andX CW.X,.
2. If p e D[A], then-+ p1:Aand-+ py : A
3. If (W, y) e G[]p, thenW.Z3; ;- F yi : p1l andW.Zy; ;- F yo 1 pol.
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Soundness and Completenes$he proof that our logical relation is sound w.iHOS's
contextual approximation follows closely that of ADR (Ahdhet al, 2009). The basic
building blocks are theompatibilitylemmas (Pitts, 2005), which state that the logical
relation is closed under each of the language’s constragtgimit them here as they are
fairly standard (they can be found in (Dreyaral, 2012), though). Together, they yield
the fundamental propertpf the logical relation (Theorem 1) and the fact that thedagi
relation is a precongruence wrt. language cont€xisemma 7).

Theorem {Fundamental Properly
If AT Fe:1,thenZ AT FeJpge: T.

Proof
By induction on the typing derivation, in each case usingdppropriate compatibility
lemma. O

Lemma §Weakeniny
If AT e Soge:Tand> C Y, ACA, T CI, AN FT, thenZ; AT ey Sjog € i T.

Lemma 7APrecongruence
If ZATHe Sioge:Tand -C: (Z;4;T;1) ~ (X417, ), then
2 N;T = Cler] Siog Cleg] : T/
Proof
By induction on the derivation of the context typing, in eaase using the corresponding
compatibility lemma. For a context containing subterms \ge aeed Theorem 1. The rule
for an empty contextis
SC¥ AcChA rcr’

Feo: (A1)~ (X;4;1;1)

and hence that case requires Lemma 60

It remains to proveadequacyof the logical relation (Pitts, 2005).e., the fact that if
two closed terms are logically related and the first one teateis under a (well-formed)
heap, then so does the second (under the same heap). THi@stle construction of a
canonicalsafeworld for a given heap typing. Details of the construction && found in
(Dreyeret al, 2012).

Lemma §Canonical Worlg
If +h:Z, then for anyk there isW € S[Z] such thawW.k =k and(h,h) : W and saféw).

Lemma QAdequacy
If % e Zoge: Tand - h: X and(h;er) |, then(h;e) |.

Proof

Say(h;er) .

By Lemma 8 there i8V € S[2] withW.k= j + 1, (h,h) : W, and saféN).
Instantiating?; -;- - 1 Jjog €2 : T yields(W, ey, &) € E[1].

It thus suffices to sho\\W, e, e) € K[T].

So supposeV’ IPb W, (W', vy, V) € V1], (hy,h2) : W’ and(hy;vy) | W'k,
We need to show consistéW’) and(hy;v») |..
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e The former follows from saf@V) because public world extension preserves safety,
and the latter is immediate.

O
Theorem ZSoundnegs
jlog C ;jctx
Proof
e Suppose;A;T e Spge: Taswellask-C: (54;1;1) ~ (2;+47), Fh: ¥,
and(h;Cleq]) |.
e By precongruence (Lemma 7, ;- - Cley]| Ziog Cleo] : T'.
¢ By adequacy (Lemma 9}h;Clez]) J.-
O

Following Pitts and Stark (1998), we show completeness oflagical relation w.r.t.
contextual approximation with the help of Mason and Tals@iu-approximation (Mason
& Talcott, 1991) as an intermediate relation.

Definition 1(CIU Approximatior)

SATHe ZScue:' T E SATHe  TASATHe: TAVY,y, K, h.
FOIANY Ry OTAY - FKEOTAZC I ARNITA

(h;K[oyew]) | = (hK[oyes]) |

Theorem JCompleteneds
jctx c jciu - ;jlog

Proof

Proving the inclusion of3q in 2y is fairly easy (details can be found in (Dreyetral,
2012)). The inclusion ofscy in Ziog follows as an almost immediate consequence of the
Fundamental Property, together with the logical relagdrorthogonal definition:

e Suppos&V € §[], p € D[A], and(W, y) € G[I']p.
e To show:(W, p1yier, p2ye€2) € E[T]p
e S0 supposéW, Ky, Kz) € K[1]p, (hy,hz) : W, and(hy; Ki[pryr€1]) L <WK.
e To show: consisteV) and(hy; Kz[p212€2]) |
e By Theorem 1 we knovi;A;l" - e; Sog€r: T.
¢ Instantiating this yields consistéit) and(h,; Kz [p2yee1]) |-
e Using the assumption thatA;T e ey €2 @ T, it suffices to show:
1. -Fpo:AandW.2y; ;- F w : polr, which follow by Lemma 5;
2. W.25; ;- F Ko+ po1, which holds by definition of ContAtom;
3. Z CW.2;,, which follows by Lemma 5; and
4. + hy : W.Z,, which holds by definition of HeapAtom.
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7.2 HOSC

The model forHOSC can be obtained from the one fB#OS by making two changes.
First of all, inHOSC, we have to account for the presence of first-class conimuaalues
cont; K, i.e.,we have to define what it means for two values to be relatedp@tdynt 7.
We do that by essentially just copying the definition of ountiuation relation K1]p:®

V[contT]p = {(W,cont Ky, cont Ky) € TermAtonips(cont T), pa(cont T)] | YW', vy, Va.
W JIWA (W, vi,v2) € V[T]p = (W',K1|[v1],K2[Vv2]) € O}

Notice, however, that the definition given here quantifiesr@vbitrary future worlds rather
than just public future worlds. The reason is that the ldgietation on values needs
to be monotone w.r.tJ (Lemma 1), not justZP'?. This (forced) change has serious
consequences. Since HOSC any continuation can be injected into the value language,
we will therefore need to prove that continuations relate# pr] o become values related
by V[cont 7] p (see Lemma 10 below). Hence, the strengthening[lab¥t 7] p to quantify
over arbitrary future worlds forces the correspondingsithening of K 1] p as well.

Of course, what this means is that in the presence of catllie@rivate and public transi-
tion relations must be collapsed into one, and consequestinust disallow inconsistent
states, too. This corresponds to the intuition we gave ini@e&.1, namely that private
transitions and inconsistent states are only sound to ube iabsence of call/cc. Formally,
we can easily implement these restrictions by redefinirapt$las follows:

Island, £ {i1elsland,|1.¢ =1.0A1.4 =0}

Under this definition, the two notions of world extensionrende and all worlds are
consistent. The rest of the model stays the same. In patjquioofs done in th&lOS
model that do not make use of private transitions or incéasistates can be transferred
without any change. The soundness and completeness paspferer as well. The former
merely needs to be extended in a straightforward way to délabant, call /cc, andthrow,

as we show below.

It is worth noting that, even in the model fBIOS, where private transitions and incon-
sistent states are supported, one may not require the usetlothese features in every
equivalence proof. For instance, in Sections 9.1 and 94pmofs employ private transi-
tions but not inconsistent states. In such cases, it is figs$ome the model is restricted
to one where all states are consistent, thereby avoidingaeg to reason explicitly about
consistency of worlds within logical-relations proofs.igis perfectly sound for the same
reason that the above restriction of tH®SC model {.e., Island,) is—namely, because the
proof of soundness and completeness of the logical relatioh contextual equivalence
does not itself make use of either private transitions andrisistent states. (The proof of
compatibility for reference allocation does rely on theligbto extend the world with a
new island, but this only requires public world extension.)

In order to state compatibility fatont we first need to lift 7] to open continuations
the same way we lifted [E] o to open expressions:

6 The reason why we don’t simply define[a6nt1]p directly in terms of Kt]p will become
apparent in Section 8.
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Definition 2

def

AT Ky Zog Ko+ T £ AT FK + TASAT FKa+ TAYW,p, Y.
W e S[z]Ap € D[AJA (W,y) € G[p =
(W, p1y1K1, p22Ko2) € K[1]p

Lemma 1qCompatibility: Conj

AT EKy Zlog Ko+ T
05T = conty Kp Siog conty Ko :cont T

Proof

Suppos&V € S[Z], p € D[A], and(W, y) € G[']p.

e To show:(W, cont p1y1K1,cont p2yoK3) € E[cont T]p

e By Lemma 2 it suffices to sho@WV, cont p1y1K1,cont p1Ky) € V[cont T]p.

e This is implied by(W, p1y1K1, p2y2K2) € K[ 1] p, which we get from the premise.
O

Lemma 1YCompatibility: Call/cg

AT, xcontTHe Jjog€: T

AT Fcall/cep (X €1) Zjogcall/ce, (x. &) 1 T

e Suppos&V € S[Z], p € D[A], (W,y) € G[I']p, and(W,K1,K>3) € K[1]p.

e To show:(W,Kj[call/cc (x. pryier)], Ka[call /cc (X. p2yeer)]) € O

e By Lemma 4 it suffices to sho@V, K1[(p1yie1)[K1/X]],K2[(p22€2) [K2/X]]) € O.

e Since(W, Ky, Ky) € K[1] p implies(W, cont Ky, cont K3) € V[cont 1] p, we get(W, y') €
G[I,x:cont T]p for Y = y,x—(cont Ky, cont K3).

e Instantiating the premise now yiel@#/, p1y;e1, p2y,€2) € E[1]p.

e Hence(W,Ki[p1yse1],Ko[p2y4er]) € O.

e By definition of ContAtomK; andKj; contain no free type variables. Consequently,
p1yr€1 = (pryie1)[Ki/x] andpzyser = (P2y2€2) [K2/X.

O

Lemma 1ZCompatibility: Throwy

AT e Soge: T 0T - e3 Sjog €t cont T/

20T = throwr €; to €3 Jjog throwr €xto ey 1 T

Proof
o Suppos&V € S[2], p € D[A], (W,y) € G[I']p.
e To show:(W,throw p1yi€; to p1yi€s,throw poyse; to payees) € EfT]p
e By instantiating the premises and applying Lemma 3 twicgyftices to show
(W' throw v1 to (cont K3),throw Vs to (cont Ky4)) € E[T]p, where
1. W/ Jpubw
2. (W,vi,w) e V[T']p
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3. (W cont Kz, cont K4) € V[contT']p

So supposéW’ Kq,Kz) € K[1]p.

To show:(W’, Ky [throw v1 to (cont K3)],Kz[throw V5 to (cont Ky)]) € O
Note that by Lemma 4 it suffices to shqW’, Ks[v],K4[v2]) € O.
Hence instantiating (3) with (2) yields the claim.

7.3 FOS

In the first-order state setting, observe that, for the tygfeslues that can be stored in the
heap—namely, those of base type—our logical relation farascoincides with syntactic
equality. Consequently, when expressing that two heapegadve logically related, we no
longer need to refer to a world. Obtaining the model F@S from the one fortHOS is
therefore very simple—all that is needed is to remove thétalif heap relations to be
world-dependent:

HeapRd| = #(Heapx Heap
Our heap relations are now more or less the same as in PittStankl (1998)—that is,
they are simply heap relations! Correspondingly, we must alpdate the definitions of
(hy,h) W, ¢/ @ ¢, and V[ref T] p, all in the obvious manner, to reflect the lack of world
indices in heap relations. (For details, see (Dresteal, 2012).) Note that while step-
indices are no longer needed to stratify our worlds, thegtlteiseful in modeling general
recursive types.

This simplification of HeapRel enables backtracking (seeti&e 6.1) by isolating is-
lands from one another completely. Specifically, in the moflélOS, changing the state
of an island! in a way not prescribed bys transition system could have the effect of
breaking the heap constraintsdtherislands, since those heap constraints were allowed to
depend on the state of the world as a whole and were only etjtdérbe monotone under
advancement ttutureworlds. In contrast, with the simplifiedOS model, there is now no
way for any change to's state to affect the satisfaction of other islands’ heapstraints,
since those heap constraints are not permitted to depenalyimay on the state of the
world as a whole. This gives us the freedom to backtrack witlsi transition system as
we like.

7.4 FOSC

The changes to theOS model discussed in Sections 7.2 and 7.3 are completelygotiad
and may be easily combined in order to obtain a fully abstramiel forFOSC.

8 Reasoning in the Presence of Exceptions

In this paper, we have focused attention on first-class coations as our control effect
of interest, and demonstrated that their absence enaldesxtbnsion of our STS-based
Kripke model with the mechanisms of private transitions amzbnsistent states. It is
natural, then, to ask about the impact that other contra@cedf have on our model. At
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least in the case of simple, glob&tceptionsthe answer is quite straightforward, as we
now briefly explain. We conjecture that this basic story a@pplies to more sophisticated
(generative) exception mechanisms like Standard ML'swmiteave the consideration of
those—as well as of other control effects such as delimitediicuations—to future work.

First of all, unlike throwing to a continuation, raising arception causes a “well-
bracketed” kind of control effect, in the sense that it passmtrol to the exception handler
that was most recently pushed onto the control stack. Thaqresence of exceptions does
not per serestrict our STS model: we are free to use STS’s with privageditions and
inconsistent states.

However, the possibility of exceptional behavior means, tivaen proving twacontin-
uationsto be logically related (by Kr]p), we must show that they behave in a related
manner not only when they are plugged with related valugsalso when they are passed
related raised exceptions. Concretely, consider the Eggextension presented in Fig-
ure 7. It adds a new base typen that is inhabited by a fixed set of exception constants
Cexn, and provides constructs for comparing, raising, and @agahem. (We write K does
nottry” to mean thaK'’s hole is not surrounded by any exception handler.) In thtirsy,
the definition of K[ 7] p becomes the following:

{(W,Ky,Kz) € ContAtonipa (1), p2(T)] | YW/, vy, Vo, W PO W =
(W' vi,v) € V[T]p = (W' Kq|v1],K2[Vv2]) € O) A
((W',v1,v2) € V[exn] = (W', Kq[raise v1],Ky[raise vo]) € O)}

where the value relation at exception type is simply thefitien

V[exn]p = {(W,V,v) € TermAtoniexn,exn]}
In essence, this new definition is equivalent tfM(1)]p, whereM is the exception
monad—i.e.,M(T) ~ T+ exn.

Both this language extension and the changes to the logitation can be applied
to any of the previously discussed languages and their modélus, they really form
another axis and result in four additional languages antesponding model$=OSE,
HOSE, FOSEC, andHOSEC. For the latter two, note that we do not change the definition
V[contT]p, i.e., the meaning of continuations as values. Doing so would beddut
unnecessary: the only way to use a continuation vabie K is by feeding it a value
of the expected type, not an exception, so we need not placadditional conditions
on when two continuation values are logically related. Merr, doing so would keep
us from proving some equivalences: for instancand(try e with x.tt) are certainly not
related continuations but, injected into the value langu#teyare contextually equivalent
continuation values.

In each of the previous compatibility proofs and in the probthe adequacy theorem,
we need to make the following extension: whenever we shotstirae continuations are
related by K] p, we now—as dictated by its new definition—also have to deti thie
case that the continuations are passed exceptions. In aaehtbis is easy since the code
in question does not install any exception handlers.

The interesting additional compatibility lemmas are Lersrhd and 14:

Lemma 13Compatibility: Raisg
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T I=...|exn
€ = ... |Cen | €1 =€ | raiser €] try e with X.&
V = ... | Cexn
K = ... |raiser K| try Kwith x.e

(h;K[v=V]) — (h; K[tt])
(K [v1 = va]) <= (hKff]) (V1 # V2)
(h; K[raiser V) — (h; raiser V) (K # e andK does notry)
(h; K1[try Ko[raiser V] with x.€2]) — (h;K1[e2[v/X]]) (K2 does notry)
(h; Kq[try v with x.ep]) — (h;K1[V])

2 AT Hepexn 2 AT Hey:exn

20T F Cexn & €XN 20T Hep =6 :bool
2O T He:exn ZATHFe 1T ZAT Xexnke: T
2 AT Fraisere: 1 AT Htrye withxe ' T

Fig. 7. Adding Simple Exceptions

0T e Siog € exn

2T = raiser €1 Jjog raiser €1 T

Proof

Suppos&V € S[Z], p € D[A], and(W, y) € G[']p.

To show:(W, raise p1 161, raise poyo&r) € E[T]p

So supposéW, Ky, Ks) € K[[1]p.

To show:(W, K [raise p1y1&1], Ko[raise poyoes]) € O

Using the premise, it suffices to sh@W, Kj[raise o], Ks[raise o]) € K[exn]p, which
decomposes into two parts.

1. We supposéN’ vy, V,) € V[exn]p for W P> W and must show
(W', Kq[raise v1],Kp[raise Vo) € O.

This follows immediately from instantiatinV, K1, K») € K[1]p.
2. We supposéN’, vy, Vv2) € V[exn]p for W JP> W and must show

(W' Kj]raise (raise v1)],Kz[raise (raise V2)]) € O.

By Lemma 4 this reduces to showiiy’, K1 [raise v1], Kz[raise v2]) € O, which
we just did in part (1).

U
Lemma 14 Compatibility: Try)

LAT e Joge: T LA T, Xexnk€3 Jjog€s: T

AT - try € with X.€3 Jjog try € with X.e4 0 T
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Proof

SupposéV € S[Z], p € D[A], and(W, y) € G[']p.

To show:(W, try p1yi€1 with X.p1y1€3,try paVees with X.p26€4) € E[T]p
So supposéW, Ki,K3) € K[1]p.

To show:(W, Ky [try pryrer with X.p;y1€3], Ka[try paye€2 with x.p2)5€4]) € O
Using the first premise, it suffices to show

(W,Ky[try e with x.p1)1€3],Ka(try e with X.p2)5e4]) € K[T]p

which decomposes into two parts.
1. We supposéW’,vy,V,) € V[1]p for W ZIPb W and must show

(W' Ky [try v1 with X.p1y1€3], Ko [try Vo with X.p2)5€4]) € O.

By Lemma 4 it suffices to shoWW’, Ky [v4],Kz[vz]) € O, which follows from
(W, Ky, Kz) € K[1]p.
2. We supposéN’, vy, v,) € V[exn]p for W JP> W and must show

(W', Kqtry raise v1 with X.p1y1€3], Ko[try raise Vo with X.p215€4]) € O.
By Lemma 4 it suffices to show

(W', Ky [(p1yr€3)[vi/X]], K2[(p2y2€4)[V2/X]]) € O.

Using monotonicity it is easy to see thW’,y) € G[I,x:exn]p. The second
premise then yield$W', p1yjes, paVses) € E[T]p. Using (W, Ky, Kz) € K[1]p
and monotonicity we therefore get

(W',K1[p1yi€3],Ka[p2ys€4]) € O

for y = y,x—(v1,V). Sincevs andv, contain no free type variables by definition
of TermAtom, this is what we needed to prove.

O

Each of the various examples we have considered in this papEves proving equiv-
alence of two higher-order functions that, when called| mianipulate some local state
and invoke their (unknown) callback arguments. Thus, fehez the examples, the new,
more restrictive definition of Kr]p requires us to consider the possibility that the callback
invocation may raise an exception. Since the higher-ongieetfon in each example does
not install any exception handler around its callback imtmn, any exception raised by
that callback invocation will remain uncaught, causingfilngction to return immediately
(raising the same exception).

We therefore need to show that any state in which the callbskraise an exception—
i.e.,any state thatis publicly accessible from the one in whietttilback was invoked—is
also publicly accessible from the initial state in which kigher-order function was called.
For the callback-with-lock example, this is indeed the ¢cag®e the only state publicly
accessible from the “locked” state (in which the callbacknigoked) is itself, which is
publicly accessible from the “unlocked” starting stater. the other examples, on the other
hand, this criterion is not met; and indeed, in the presefexaeptions, it is not hard to
find program contexts that distinguish the higher-ordecfioms in those examples.
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9 Detailed Proofs of Selected Examples

9.1 Callback With Lock

((unit — unit) — unit) x (unit — int)

C[f ();x:=1x+1]

Clletn=1!xin f (};x:=n+1]

let b=ref ttin

let X =ref Oin

(Af.if Ibthen (b:=ff;e;b:=tt) else (),
A_IX)

Here is a context’ that is able to distinguisk, ande, in HOSC:

0% e
I

let (inc,poll) = e in
call/cc (ko. let r =ref kg in
let b=ref ttin
letg= (A_.call/cc(k.r:=K))in
leth= (A_.b:=ff;throw () to!r) in
inc g; (if Ibthen inc helse ());if poll () = 2then () else L)

When the second call to the increment methaxkxecutes the callbadk the latter jumps
back to the continuation that was stored dyn r during the first call toinc. In that
continuationn in e is still bound to 0, whilex in e; points to 1 now. It is easy to verify
thatC'[e;] terminates, bu€’[e;] does not.

In the absence of call/cc but presence of exceptinas,in HOSE, the programs are
equivalent. We show -;- - e, Ziog € : T (the other direction is very similar), which imme-
diately reduces to showin@V, e, e») € E[1] for W € World. So we suppose

1. (W,Kq,Kz) € K[1]
2. (hl, hz) W
3. (hy;Ky[eq]) =K
and must now shovhy; Kz[e]) |.. From (3) we know(h]; Ky[va]) L <WK, where
hy = hy W {12t} w {1%—0}
1, 1X are fresh and distinct
v = ()
Vi = A f.if U then (1D := ff; f (); 15 =X+ 1519 :=tt) else ()
V= ALl

Similarly, (hy; Ka[es]) | if (ha;Ka[va]) |, where

o hy = hyw {IB—tt} w {130}

o Vo — <VS°,\I%OII>

o Vie=Af.if 15 then (19 :=ff;let n=!%in f ();15:=n+ 115 :=tt) else ()
o V' = A1

We now proceed as follows. We first extewtto W with an island governing® andI3 as
well aslf andl3, and then showW,vi,v2) € V]((unit — unit) — unit) x (unit — int)],
which, combined with (1), concludes the proof.
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The island we add is represented by the STS shown in Figuraiig in the top left
state): Concretely, we define:
W = (W.k, (W.23,12:bool, I%:int), (W.Z2,19:bool, IX:int), (W.co, 1))
({(tt,0),0,¢,0,H)
(o W {((ff,i), (tt,i+ 1)) |i e N})*
(et ), (tt,i+ 1)) [T e Npw{((t,i), (fF,i)) [i € N})* _
((0,i)) = {(W, hy,hp) € HeapAtom| hy(19) = hy(15) = o Ahy(IX) = hp(I1%) =i}
Here the superscript “*” in the definitions @ and ¢ denotes the reflexive, transitive
closure over State. Note th@tgP“bW and, using monotonicity, thahAl, hAz) “W. It thus re-
mains to showW, v1, V) € V[((unit — unit) — unit) x (unit — int)], which decomposes
into two parts.

|

o
¢
H

(A) We must shOV\(VA\/,\/f,\/’gc) € V[(unit — unit) — unit]. So we suppose
4. W IW
5. (W,Ay.e3,Ay.€e1) € V]unit — unit]
6. (W',K1,Kb) € K[unit]
7. (h},h5) W/
8. (
and need to show
(hh; K [if 113 then (1 := ff;let n =115 in (Ay.e4) ();15 :=n+1;10:=tt) else ()]) | .
To do so, we inspect our island’s state/ifh and distinguish two cases:
(a) Itis (ff,i) for somei. Then we know from (7) thalt),(1®) = N,(1%) = ff and

h, (1X) = h,(1%) = i. Consequently we géti; K;[()]) 1<k from (8). And simi-
larly, if (h,;K5[()]) ] then

(M Ky [if 18 then (15:=ff;let n=11%in (Ay.eq) ();15:=n+1;15:=tt) else ()]) | .

Finally, since(W’, (), ()) € V[unit], the claim then follows from (6).
(b) It is (tt,i) for somei. Then we know from (7) thal}(I?) = M,(18) = tt and
h(IF) = h,(15) = i. Consequently we get

(] K [es[() /Y1 1Y o= X+ 1319 1= ]y LWk
from (8). And similarly, if (W, [I13f]; Kb [ea[() /y]; 15 := i+ 1;15 :=tt]) | then
(M K [if 18 then (15:=ff;letn=11%in (Ay.eq) ();15:=n+1;15:=tt) else ()]) | .

LetV\/<’fF’i> be the world obtained from/’ by setting our island’s state frofat, i)

to (ff,i), soV\/<’fF i Jpub W/, Using monotonicity, it is easy to see that
(12—, P 15—F]) - W .

Since(Wjg ;. (), ()) € V[unit], we get(Wy ,es[()/¥], ea[() /y]) € E[unit] from
(5). Therefore, it now suffices to show

(Wi iy, Kq o315 1= 1+ 1512 1= tt] Kj[o; 13 1= i 4 1313 = tt]) € K[unit] .

To this end, we need to consider the continuations to be filigd either related
values or related exceptions. For the former, we suppose
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9. W :,pub Vv<lﬂf "
0. (1Y) : W
11, (WKL 15 = 1+ 119 = ]y WK
and need to showhyy; K5 [();1% =i+ 1;15 := tt]) |.. Notice that in our island the
only public successor of sta(é‘ i) is (ff,i) itself. Therefore we know from (9)
and (10) thab/ (1) =i and thus from (11) that
(I DI KELOT) L7

Similarly, if (h[13— (i +1)][13—tt]; K5 [O]) 4 then(hb; K5 [(); 15 =i+ 1,18 :=tt]) |.

Now, IetV\/<’t’t 1) be the world obtained frotdv” by setting our island’s state
from (ff,i) to (tt,i + 1), soV\/<’t’t 1) 2 W”. Using monotonicity it is then easy to

see thathf[I¥— (i + 1)][12—tt], h3[1 3 (i + 1)][13—tt]) : W, ;,,,- Moreover, and
crucially, observe that from (9) we knd|I\/<’t’tI b1y 2P PUb W becausedtt,i+ 1) is

a public successor dtt,i). Finally, smce(V\/<tt 1) (0, () € V[unit], the claim
then follows from (6).

It remains to deal with related exceptions. We suppose 18)=s above but then
11. (W, V},V,) € V[exn]
and have to show

(W K] [raise Vi; 15 := 11X+ 1;10 1= tt], K [raise Vy; 1X := i+ 1;15 :=tt]) € O.

By Lemma 4 it suffices to shoWV”,Kj [raise V], Kj[raise V,]) € O, which fol-
lows from (6).
(B) We must showW, V%" ") € V[unit — int]. So we suppose

4. W IW

5. (W, K{,Kj) € K[int]

6. (h},hy) W

7. (KR L=

and need to showh); K5[!15]) |. From (6) we knowh (1Y) = h,(I5) =i for somei.

Consequently we ge(h’;Ki[i]>¢<W'-k from (7). And similarly, if (h,;K5[i]) | then

(h; K5[13]) | Since(W',ii) € Vint], the claim then follows from (5).

It turns out that the two programs are also equivaler®@SEC. The proof is almost
the same as the one fBIOSE, except that a slightly different STS is used, and the partin
(Ab) where we show

(Wi iy, Ki [0 15 1= 15+ 119 = tt], Kp[os 13 = i 4 1515 = tt]) € K[unit]

needs to be adapted.

The necessary change to the STS is, as shown in Figure 4, tivedime private transi-
tions from statesff, i) to (tt,i 4+ 1) (recall that the distinction between private and public
transitions is not sound in the presence of call/cc). Asagrttis is our island’s STS, we
now show

(Wi jy, Ko 1 i= 115+ 1319 = tt] Ky o515 1= i 4 1312 1= tt]) € K[unit]
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in the same environment as above. The part dealing withegklakceptions stays un-
changed.
In the other part, we only need to modify the argument esthinlg

(P[5 (i DI tt], W15 (i DII3tt]) W .

Observe that this timli,*\/<’t’ti+1> is not a future world ofA" because our modified island

has no transition fron(ff,i) to (tt,i + 1). Howeverbecause heap relations in tf®OSEC
model are world-independeritis nevertheless easy to see from (10) that

(P15 (4 D] tt], W51 (i 4+ D] 12tt]) T W g

holds. The rest goes as before, in particular we still W(Y’t%b JPub W becausétt, i+ 1)
is a successor dftt,i). '

9.2 Deferred Divergence (FOS Version)

Recall theFOS version of the “deferred divergence” example from Secticgh 6

T = ((unit — unit) — unit) — unit
e = lety=refffin
Af.f(Aly:=tt);
if lythen L else ()
e = Af.f(A.l)

We have already seen before that the two programs are nefjo@mlent inFOSC nor
in HOS. They can also be distinguishedHOSE, for instance by the following context,
which uses a callback that runs its argument and then raisesception.

* (Ag.(g();raise c))

As sketched in Section 6.2; ande, are equivalent iFOS, and, unsurprisingly, the
proof combines all three of our model’s special features/gpe transitions, inconsistent
states, and backtracking). Here, we show the details of iffieudt direction of approxi-
mation.

Formally, our goal is to prove ;- - &, Jjog € - T. Unfolding the definition, this reduces
to showing(W, ey, &) € E[1] for W € World. So we assume

1. (W,Ky,Kz) € K[7]
2. (hoh) 1 W
3. (hy;Ky[e]) | =Wk

and must show consistéiff) and(hy; Kz[e;]) J.. From (3) we get
(hats {ly—F}; Kafeilly/yil) 4=

where€; is the body of théet-expression ire; andly some fresh location. We now extend
the world with an island governinlg and representing the STS from Section 6.2, with
s=1, 2, and 3 being the left, middle, and right states of the $8§pectively:

OO
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Wi = (WK (W.Zg,ly:bool),W.Za, (W.0, 1))
1 = (1,9,¢,4,H)
o = {(172)7(273)}*
¢ = {23}
fo= {3y
H(1) = {(hyhp) [ ha(ly) =ff}

)
HR) = {(h.ho) | hu(ly) =7}
) = {(hs,h2) [ hy(ly) =tt}

Note that safer) and therefor&\y PP W. Using (2) and monotonicity, it is also easy
to see thath, W {ly—ff},hy) : Wy. Assuming we are able to sha, € [ly/y],e) € V[1],
we can apply (1) to get consistég ) and(hy; Ky[e)]) . The latter is one of the two things
we needed to show. The other one is consigW#it Since the only difference betwe
andWj is our island, this follows from consistelit, ).

It remains to showW, &1[ly/y], ) € V[T1]. So we suppose

4. W IW,

- (W, f1, f2) € V[(unit — unit) — unit]

. (W' K1, K3) € K[unit]

. (hl,hp) - W/

€ = f1 (A_.ly :=tt);if !y then L else ()
(MKl LW

0N oW

©

and need to show consisté') and (h,;Kj[f2 (A-.L)]) |. We now consider the case
where our island’s state W' is 1-the other two are similar (and simpler). In that cage, le
W, J W’ denote the world obtained froWd’ by transitioning our island’s state from 1 to 2.
Since the heap constraints of state 1 and 2 are the ganby5) : W, follows from (7) and
monotonicity. Now, we want to prove

(W5, f1 (A ly i=tt), f2 (A_. L)) € E[unit]
and
(Wa, K1 [e;if tly then L else ()],K35) € K[unit],
as combining the two yields consisté®) and (h,; K5[f2 (A_.L)]) |. The latter is one
of the two things we needed to show. The other one is congigén which obviously

follows from consisterfi\).
To show

(W5, f1 (A ly i=tt), f2 (A_. L)) € E[unit]
note that sincéW,, f1, f2) € V[(unit — unit) — unit] by monotonicity, it suffices to show
(W5, (A ly:=tt),(A_. L)) € V]unit — unit].

Because the first function always terminates while the sgoener does, this is the part of
the proof where inconsistency comes into play. We suppose

10. W/ JWj
11, (W”,KY,KY) € K[unit]
12. (h,hy) : W”
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13. (WK [ly = tt]) W'k

and, with the help of the inconsistent state 3, will deriv@atcadiction. From (13) we get
(Y ly—tt]; KYTO]) <" K. Letwy/ denote the world obtained frow” by transitioning our
island’s state to 3. Due to (10) we know thatWi’ it is either 2 or 3, and thus we have
WJ' Jpub W”. Moreover, using monotonicity, it is easy to see ttaf{l,—tt],hy) : WY
Since(Wy, (), ()) € V[unit], instantiating (11) then yields consist&M'), which is clearly
in contradiction to 3 being an inconsistent state.

To show
(W5, K1 [e;if !y then L else ()],K5) € K[unit],
we suppose

10. W Zpub Wy
11. (W, hg) - wW”
12. (h;K][if !y then L else ()]) L <W"k

and must show consistéifi”’) and (h}; K5[()]) . From (12) it is clear thahy(ly) must
be ff. This implies that(hy; K;[()]) JW'* and that our island’s state W” must be 2. We
now want to instantiate (6), bM¢” does not publicly extend/ because there is no public
transition from state 1 to state 2 (recall that we are comsigehe case where our island
in W is in state 1).

However, we can nowacktrackto state 1: le¥\]’ denote the world obtained frow” by
setting our island’s state from 2 to 1. Because both staeess the same heap constraint
and because heap relations F@S are world-independenty/, i) : W’ follows from just
(11). Note thaw” JPu> W5 impliesW,’ JPu W', Finally, we can use (6) with\,’, (), ()) €
V[unit], and thus obtain consistéW’) and(h}; K5[()]) |. Since state 2 is consistent, the
former implies consistefi;’) and we are done.

9.3 One-Shot Continuations

This example, due to Friedman and Haynes (1985), demoesthaiw call/cc can be
encoded irHOSC using local state and one-shot continuations, where tter late them-
selves encoded using call/cc and a local ref cell.

Let 1, = conta — a. We start by turningall /cc into a value of type/a.1q — a:

def

callcc = Aa.Af:1q.call/ccy (. fX)
Let us now defineallccl, its one-shot version:

callccl & Aa.Af:1y.let b= ref ffin
call/cc, (X.
f (contq (lety= e inif !bthen Lt
else (b:= tt;throwy,i: yto X)))))

Compare this teallcc. callccl first creates a reference holding a boolean flag that exgsess
whether the continuation has been used (the shot has be#ydiiready. Correspondingly,
the continuation it passes fois not justx but rather a wrapper arounxdhat diverges if it
has been used before (otherwise it behavesdiet flips the flag).
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The encoding of call/cc using one-shot continuati@alicc’, is as follows:
called = Aa.Af:Tq.letr = ref (conty ) in G¥ f
which makes use of the following abbreviation

GY = fixg(f). letx = callccl a (Azconta. (r :=z f (conty (throwynis ® to!r)))) in
calleccl o (Azconta.g (A _icontd.throw,,it Xto 2))

The code is quite tricky and hard to explain. The correctpessf, however, is concep-
tually simple as it requires only a single (permanent) irarar In fact, we will show that
callcc is equivalent tacallcc’ in HOSEC, i.e., even in the presence of exceptions.

We show:; ;- F callcc Zjog callec’ : VYa. 14 — o (the other direction is similar), which
immediately reduces to showing

(W, callcc, callec’) € V[Va. 14 — a]
for Wp € World. So suppos®@) JWp and(11, 72,1) € SomeValRel. We must show that
(Wi, A focall/cc (x. f X),Af.letr =ref (cont e)in G2 f) € V[14 — a]p

wherep = a— (11, To, ).
To do so, we suppose

. WIW

. (W,v1,v2) € V[Ta]p

. (W,K1,Kp) e K[a]p

. (hl,hz) W

. (hy;Ky[call /cc (x. vg X)]) LWk

A WONPF

)]

and have to shoWhy; Ko[let r = ref (cont ) in Gf? v»]) |. From (5) we know that
(h; Ky [va (cont Kyq)]) L <Wk.

Similarly, unfoldingGr2 makes it easy to verify thahy; Ka[let r = ref (cont e) in Gr? va]) |
if (hy;Ka[v2 (cont (throw e to!l;))]) |, where

. ﬁz =hyw {li—e,} & {lp—ff} (for distinct and fresty, 1)
e g =cont (lety= e inif !l then L else (I := tt;throw y to cont K))
e K=Ky[letx= e incallcclt; (Az Glrr2 (A_.throw X to 2))]

We now extend the world with an island concernipgndly,. Let

o W= (W.kW.Z1, (W.Zo, I :cont Tp, Ip:bool), (W., 1))
o 1=((),0",0",0,H) N N
e H(()) = {(W,hy,hy) € HeapAtom| 3l € dom(hy). ha(l;) = Ahy(l) = ff}

It is easy to see thal J W and then tha(hl,ﬁz) ‘W. By (3) and monotonicity it thus
suffices to show

-~

(W, vy (cont Kj),V> (cont (throw e to!l;))) € E[a]p.

7 Here fix f (x).eencodes a recursive function in the usual way using reaitgpes (details can be
found in the technical appendix (Dreyetral, 2012)).
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For this, it in turn suffices, due to (2) and Lemma 4, to show
(W, cont Ky, cont (throw e to!l;)) € V[conta]p.

To this end, we suppose

6. W JW

7. (W.,vy,v,) € V[a]p

8. (hy,hy) - W /

9. (hy; Kafvg]) 4= ¥
and need to shoyh); throw V; to !ly) |. From(h/,h}) : W' we know thath,(I;) = g and
h,(I) = tt, for somel. Hence

(hy; throw V, to ) | if
([l —ff]; Ka[callccl T2 (AZ G2 (A . throw V; to 2))]) | if
(W[l ff] [l ] W {I=tt }; Ko [V]) |

wherel’ is fresh. Notice thalt now has taken over the role bfSo let
W = (W kW21, (W55, 1":bool), W' .w).
SinceW” J W’ we get, using monotonicity, that
(N, 5[]l e ] w {1/ —tt}) - W”.
Finally, we use (3) and (6) to instantiate (7), which yields tlaim.

9.4 Well-Bracketed State Change
Recall the motivating example from Section 5.

T = (unit— unit) —int
et = letx=refOin
Af.(x:=0;f (;x:=1;f ();!x)
e = Af.(f(;f ()1
We have already shown in Section 5 tlegtande, are not equivalent itHOSC (and
FOSCQ). It is also easy to see that they are not equivaleht@EE (or evenFOSE). The
following is a distinguishing contexi:

letg= e in
let fo = (A_.raise C) in
let X =ref ttin
let fg = (A_.if Ixthen x:= ff else try g fo with _.()) in
gf
Again, it is easy to verify that[e;] yields 0, whileC|ey] yields 1.

The programs are, however, equivalenH®S, which we can prove by showing that
each logically approximates the other. Here we only presaetdirection, the other is
similar.

We show:;-;- F €1 Ziog € : (unit — unit) — int, which immediately reduces to showing
(W, e1,e2) € E[(unit — unit) — int] for W € World. To do so, we suppose
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1. (W,Kq,Kz) € K[(unit — unit) — int]
2. (hl,hz) W
3. (hu;Kafeg]) 1=K

and must now shovhy; Kz[e]) J.. From (3) we know that
(hy & {lx—0}; Ka[A f. (Ix = 0; ()5l := 15 ();10,)]) L WK

for some fresHy. We will now extend the world with an island fby and then show that
the above function value is relatedepin that world. Let

o Wp = (W.k, (W.Zq, Ixint),W.Z2, (W.c0, 1))
e 1 =(0,0,¢,0,H)
° 0= (9w{(1,0)})"

e o={01} N
e H(i) = {(W,hy,hy) € HeapAtom| hy(lx) =i}

Wp publicly extenddV by the following STS (with its left state being the curreneg@n

~—
~__ -

Using monotonicity it is then easy to see tlaiw {Ix—0}, hy) : Wp. If we can show
Mo, A f.(Ix:=0;f ();lx:=1;f ();llx),e) € V[(unit — unit) — int]

then instantiating (1) yields the claim.
So we suppose

4. W IWp

5. (W' Az €,Az &) € V[unit — unit]

6. (W' Ki,Kj) € KJint]

7. (W, hy) W/

8. (N K{[(Ix:=0;(Az€]) ();lx:=1;(Az &) ();!y))] LWk

and have to shouh;; K5(((Az &) (); (Az€&,) ();1)])}. From (8) we know
(ML 1x—0); KL[(&1[() /2 1x i= 1;(Az &) (itho]) 4.
Let\W; denote the world obtained froW’ by setting our island’s current state (which may
be either 0 or 1) to 0. It is easy to see thgf 1 W’ and thus(h, [lx—0],h,) : W. Since
(Wg, (), () € V]unit], instantiating (5) yields
(Wo.€1[()/2,€5[()/2) € E[unit].

Hence, if we can now show
(WG, K [(0: 1 = 15 (Az€) (); 1], Kl(; (Az &) ();1)]) € K [unit]
then we get

(h; Kol(&5[()/2: (A2 &) (; D))

which implies(h,; Kj[(Az &) (); (Az &) ();1)]) |
To this end, we suppose
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9. W by
10. (WY, hg) - W”
11 (KOs = 1i(Azg)) ()] 4=
and have to shovwhy; K5[((); (Az. &) ();1)]) J. From (11) we know

QTSI ACTOEH A

Let W/’ denote the world obtained frolfv” by setting our island’s current state (which
may again be either 0 or 1) to 1. It is easy to see Watpublicly extendsV” and thus
(W] [Ilx—1],h5) : W', Since(W/’, (), ()) € V[unit], instantiating (5) yields

W', €[()/2],€[()/2) € E[unit].
Hence, if we can now show
(W', Ki[(e; 1)), Ka[(;1)]) € K[unit]

then we gethy; K[(e5[()/2); 1)) |, which implies(hy; K[(Az &) ();1)]) 4

To this end, we suppose

12. W" gpub Wl//

13. (W', h") - w"” .

14. (K (Oshl) 4=
and must showh'; K5[((); 1)]) |. Observe that (12) and (13) imphy}’(Ix) = 1 (there is
no public transition leading out of the— 1 state). Therefore we know from (14) that
(N, K4 1)) 1<V, Independently, it is not hard to see that (9) and (12) ity 2P > W’
(thex — 1 state is publicly reachable from whatever state our islaad in inW’). As
(W"”.1,1) € V[int], instantiating (6) yieldshj’; K5[1]) |, which in turn implies the claim.

9.5 Single Return

This example is due to Thielecke (2000) (see section 4 ofdgiep. His proof method is
relatively brute-force, however, and we can easily progeeitample using an STS with a
single private transition.

T = (unit— unit) —int

e = Af.letx=ref Oinlety=ref Oin
f;x:=lyy:=1;x

e = Af.letx=ref Oinlety=ref Oin

f);x:=lyy:=2;x

The programs are not equivalentit©OSC as the following context demonstrates:

letg= e in

call/cc (ko. let r =ref kg in
let b=ref ttin
let f = (A_.call/cc(k r:=K))in
letx=g fin

if 1bthen b := ff; throw () to It else X)
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It is easy to verify tha€le;] yields 1, whileC[e;] yields 2.

They are, however, equivalentOSE, for which we now sketch the proof. Assuming
e; ande; are applied in some world/, we symbolically execute the allocations and add
the following STS tdV, making the left state its current state:

""*

When the two programs now invoke their callback argumenkmev that, assuming they
return, they do so still in the left state, as there is no putthnsition leading out of it.
Hencex will be set to 0 in both programs, after which we transitioritte right state and
observe that both return 0. Note that despite this privatesition, the resulting world
publicly extends the initial worl®W—becauséV didn’t contain the island in question at
all, and any extension &% with a new island is considered a public extension—so we are
done.

9.6 Higher-Order Profiling

The following example is due to Pitts and Stark (1998). Althb it seems quite different
in nature from the previous one, it turns out that it can be/@naising an STS structurally
equivalent to the one above.

T Tf — Tg— T — int

e = Af.Ag.Aflet(g.9") =pgin(fg;d () f g;9" ()
€& Af.Ag.Afllet(d,g") =pgin(fdig();f g;9" () +1)
where

Tf = Tg— unit

Ty = unit — unit

p = Ag.letc=ref Oin (Ax.(c:=!c+1;gx),A_.Ic)

The higher-order functiop takes a functiorg and returns a profiling version of itge.,
a function that behaves likg except that each time it is called it also increments a local
counter by 1. Additionallyp returns a function for reading the current value of that ¢eun
We sketch the proof th&; ande, are equivalent, which can be seen as a partial correctness
proof of the profiling operation.

We assume the two functions are called in an initial woiNld When the profiling
operationp is applied, we add the following STS YW:

_—— >

The left state, which we make the current state, assertghbatounteic has the same
value in both programs (this is fine because at that time itpdd 0 in both). The right
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one asserts that the value storec @b the first program is 1 greater than in the second
program.

Consequently, if and whehreturns, we know that we are still in the left state as there
is no public transition leading anywhere else. (Of courseight have increased by now,
but if so, then by the same amount on both sides: the only fasegn touch the counter is
by running its argument.) Now we call the tracked versiog of the first program and the
original g in the second, thus incrementing the counter only in the fixstordingly, we
move along the private transition to the right state. Theis called and, since there is no
other state reachable from hecan the first program will still point to a number 1 greater
than in the second program if and whErreturns. Consequently, () in the first program
will yield the same value ag’ () + 1 in the second. Moreover, the world at that point is a
public future world ofW.

10 Related and Future Work

Many techniques have been proposed for reasoning abowboat equivalence of state-
ful programs. Using a variety of these techniques, moste@tttamples we discuss in this
paperhavebeen proven already (with minor variations) in differemdaage settings, but
there has not heretofore been any clear account of how théy @mgether. Indeed, our

main contribution lies in our unifying framework of STS’dpag with the realization that

the absence of call/cc and/or higher-order state enabdesxtension of our STS model
in orthogonal ways. That said, some of our examples are @&apsuch as “callback with

lock” in FOSEC, and the other ADR examples HOSEC.

Game SemanticsAs explained in the introduction, game semantics has seagedn
inspiration to us, especially Abramsky’s idea of the “setitanube”. There are many
papers on this topic; perhaps the two most relevant to oseptevork are Laird’s model of
call-by-name PCF extended with a control operator (LaiB97) and Abramsky, Honda,
and McCusker's model of call-by-value PCF extended withegalreferences (Abramsky
etal, 1998). In the latter, references are modelled essenéalfyrbitrary pairs of “reading”
and “writing” functions. Unfortunately, this means thaeth are bogus references (“bad
variables”), which do not behave like regular referencastans break some basic equiv-
alences. It also means that this model—unlike ours—canupgiart pointer equalit§. In
very recent follow-up work, Murawski and Tzevelekos (20dBnaged to overcome these
issues.

The primary focus of the research on games models has bdabéttaction. One of
the key motivations for having a fully abstract model is, olurse, that it allows one
to prove two programs observationally equivalent by prgvinat their denotations (in
games models, “strategies”) are the same. However, thegarodels do not in general
directly facilitate such proofs since the strategies are-mivial to analyze for equality
(and since game categories also involve a non-trivial gatitig). Hence, proof methods

8 We have not emphasized the fact that we model pointer egirlibis paper, but some of ADR’s
examples do make use of it, and it is a feature one generafigotx to find in real ML-like
languages.
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for proving actual program equivalences based on specifiteganodels have primarily
been developed only for simple languages with state, nacadipy-name Idealized Algol.
For a finitary version of that languagies(, a version with only finite ground types and no
recursion) there is a full classification of when contextemlivalence is decidable.g.,
see (Ghica & McCusker, 2000; Murawski & Walukiewicz, 200&)finitary version of a
call-by-value variant has also been studied by Murawskd®0and with that model he
could show some finitary versions of the examples of Pitts Stiadk, e.g.,the profiling
example (see p. 29 of (Murawski, 2005)).

Another focus of game semantics is on understanding how theepce of different
features in a language affects the kinds of interaction®gram can have with its context.
Laird (1997) models the presence of control operators kgxied the “well-bracketing”
restriction on strategies. Abramsky al. (1998) model the presence of higher-order state
by relaxing the “visibility” restriction. There seems iiitiuely to be some correspondence
between the former and our private transitions, and betweslatter and our backtracking,
but determining the precise nature of this correspondeniedtito future work.

Operational Game SemanticsAnother line of related work concerns what some have
called “operational game semantics”. This work considabgled transition systems, and
either traces or bisimulation relations over those, diyanspired by games models. Such
so-called “normal form bisimulation” relations have beeveloped for an untyped lan-
guage with state and control (Stgvring & Lassen, 2007), fiypad language with recur-
sive types (but no state) (Lassen & Levy, 2007), and for adagg with impredicative
polymorphism (but no state) (Lassen & Levy, 2008). LairdqQZDgave a fully abstract
trace semantics for the language of Abrameksl. (1998) extended with pointer equality.
His trace-sets may be viewed as deterministic strategidisense of game semantics.
Normal form bisimulations have been used to prove conté@gaivalence of actual ex-
amplesg.g.,Stgvring and Lassen’s proof of correctness (Stgvring & €as2007) for the
encoding of call/cc via one-shot continuations that we diesd at the end of Section 4.
Koutavas and Lassen have shown, in unpublished work (Kaaté&vlLassen, 2008), how
Laird’s trace semantics can be used to proveHIS version of the deferred divergence
example (Section 5.2), by showing that the two programs tiaveame set of traces.

It is difficult to directly compare the proofs of these exasglising operational game
semantics methods versus the proofs using our present nadttielugh the essential proof
ideas are the similar, their formalizations are very défay and neither approach is clearly
superior. However, to the best of our knowledge, no fullytetzs games model (either
operational or denotational) has yet been given for the laciguage that we consider
in this paper (call-by-value, impredicative polymorphjsyeneral references with pointer
equality, call/cc, and recursive types).

Logical Relations Our work is heavily indebted to the pioneering work of Pithsl &tark
(1998), who gave a fully abstract logical relation for a siyafyped functional language
with recursion and first-order state. In particular, we @iythe basic setup of their biorthog-
onal Kripke model, although (like ADR’s) ours is also stepléxed. In the absence of
step indices, biorthogonality renders the logical relatidmissiblgan important property
when modeling recursion). In the presence of step indicksjssibility is not as important,
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since the model essentially only consists of finite appratioms, and there is no need to
ever talk about their limit. Nevertheless, as we have seenthogonality plays a crucial
role in modeling control and ensuring full abstraction.

With respect to the latter, it is not clear how useful the &lbiktraction property is for
usper se since it is achieved in a largely “feature-independenthme. That is, the proof
that biorthogonality makes the logical relation completegsentially the same for each of
the four languages we consider, so full abstraction hererisgps not the most informative
criterion. One could for instance take Pitts and Stark'giogl model, add step-indexing
to it, and get out a different fully abstract model idOSC. Clearly, that model would
not be as practically powerful as our STS-based model, bubitld nevertheless be fully
abstract.

Aside from ADR, the closest logical relations to ours aredhes developed by Bohr in
her thesis (Bohr, 2007). Hers also employ biorthogonadityeit in a denotational setting.
Her possible worlds bear some similarity to ADR’s in thatythteo, allow one to model
heap properties that evolve over time. In addition, thegvalbne to impose constraints
on continuations. Like us, she is also able to handleHXS version of the deferred
divergence example, but the language she considers is mithaas ours (it does not
support full polymorphism), and she does not consider hiagdhll/cc or the restriction to
first-order state. We can prove all of the examples from hesith and we believe that our
proofs are significantly simpler to understand.

Regarding the deferred divergence example: it is origyrdhlle to O’'Hearn, who formu-
lated it in the context of Idealized Algol (O’Hearn & Redd@db). Pitts showed how to
prove this example using operational Kripke logical relas, by allowing the parameters
of the logical relation to relate proper states to undefirtates {.e., by phrasing heap
relations over “lifted” heaps) (Pitts, 1996). It is not adl@ahether this technique generalizes
to higher-order state, however.

More recently, Johann, Simpson, and Voigtlander (201%¢ lpaoposed a generic frame-
work for operational reasoning about algebraic effectgiffvork is complementary to
ours: they develop effect-independent proof principldsereas we develop effect-specific
proof principles. They do not consider local state, higweter state, or control.

Our decision to employ both step-indexing and biorthogiynalas influenced directly
by the work of Benton, together with Tabareau (Benton & Tebhar 2009) and Hur (Ben-
ton & Hur, 2009), on compiler correctness. They argue paigaly for the benefits of
combining the two techniques.

Birkedal, Mggelberg, Schwinghammer, and Stegvring (Bigdext al., 2011) recently
proposed a new type theory and logic for guarded recursibichnallows for the forma-
tion of both guarded recursive types and guarded recursadiqates. The former means
that the type theory is sufficiently expressive to allow foe tconstruction of recursive
worlds used in step-indexed models. Guarded recursivdéqatted are used to define the
operational semantics of the programming language. Thiéiegossible to give a more
abstract “synthetic” logical relations model where thgstedexing is hidden and replaced
by a few uses of guarded-recursion operators. In (Birketlal, 2011) this approach was
demonstrated for a simple unary model of HOS; we believe pipecach scales well and
that it should be possible to apply it to construct the modeissidered in the present paper.
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Lastly, inspired by our work, Reddy and Dunphy (2011) havevigted a relational
model that accounts for a number of the examples in the presger in a denotational
setting (and recast in the setting of Idealized Algol). Tlagiproach to local reasoning is
essentially to allow an object to place restrictions on #galtransformationof its local
state (think: the “public” transitions, in our lingo). Iritively, while the ADR model can
be understood as a instance of ours in which the privateitimmsare required to coincide
with the public transitions, we believe Reddy and Dunphy&tmd may be understood
(at least in terms of practical applicability) as an ins&wd ours in which the private
transition relation is required to coincide with thel transition relation between all valid
states. Consequently, it seems difficult to apply their métto examples that demand
restrictions on private transitions, such as the callbaitk-lock example extended with
thetestmonanethod (described at the end of Section 5.1).

Environmental Bisimulations and Relation Transition Sysems For reasoning about
contextual equivalences (involving either type abstaactr local state), one of the most
successful alternatives to logical relations is the coatisle technique oEnvironmental
(aka “relation-sets”) bisimulationsThe current state of the art is Sumii’s work on type
abstraction and general references (Sumii, 2009), whidélddon work by Sumii and
Pierce (2007), Koutavas and Wand (2006), and Sangiorgiay@hi, and Sumii (2011).
Sumii is able to handle all the examples we have presenterlihghe setting oHOS;
he does not consider call/cc or first-order state (but doegSangiorgiet al., 2011),
consider concurrency). Being coinductive, his proofs dtbée tedium of reasoning about
step-indexing, but in some casesd.,for the well-bracketed version of the “awkward”
example—see Section 5.1), they are somewhat “brute-fandée sense that they require
explicit reasoning about the intensional structure of progcontexts.

Essentially, it seems that there is a close correspondesteebn environmental bisim-
ulation proofs and proofs using our method that only relylmuse ofublic transitions.
Specifically, environmental bisimulations are definedsets Xof relations, and one can
roughly think of them as baking in a fixed state transitiontesys in which the states
are the relation®R in X, and a statei., relation) R is (both publicly and privately)
accessible fronR iff R O R. Environmental bisimulations’ apparent conflation of peibl
and private transitions would explain why they do not offerl@an method for proving
the well-bracketed “awkward” example, which requires diddion between the two
forms of transition. In contrast, our state transition eyst capture the intuitions about
well-bracketing more directly. That said, it seems quitgugible that the environmental
bisimulation method could be generalized to support a righivate/public distinction
along the lines of our present model.

Indeed, Hur, Dreyer, Neis, and Vafeiadis (2012) have réggmesented a new type
of model—dubbedelation transition systems (RTSsjvhich achieves something in this
general direction. RTSs marry together the coinductiviesifbisimulations with a treat-
ment of local, higher-order state (via public and privasansitions) closely based on the
framework we have presented in this paper. Proofs using Rf&sery similar in their
core content to proofs using our method; the main differermween the methods are
structural. In particular, RTS proofs have a very rigid sttme—inspired in part by that
of normal form bisimulation proofs (discussed above)—whitakes them easier to com-
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pose transitively than logical-relations proofs, but at éxpense of a more complicated
definition of the model itself. Thus far, RTSs have only besaduito model theHOS
language, and (unlike logical-relations methods) thelyttaivalidate n-equivalence for
function values.

Anti-Frame Rule Pottier (2008) has proposed an alternative way of reas@bogt local
state using a rich type system with capabilities, regiond,lmearity. Hisanti-frame rule
allows one to establish a hidden property about a piece af lstate, much in the same
way that our islands do. In its original form, however, thei-irame rule was restricted
to reasoning aboutvariants which we argued in Section 3 are insufficient for many
examples.

To address this limitation, Pottier has suggested two sites of his framework. First,
in joint work with Pilkiewicz (Pilkiewicz & Pottier, 2011)he proposes the use fi#tes
which enable reasoning abomtonotonicstate in a manner rather similar to the state
transition systems in our Kripke model. Second, in a brigfublished note (Pottier, 2009),
he sets forth generalizedrersion of the anti-frame rule that permits reasoning alamlit
bracketed state change.

While there are clear analogies between these extensi@hswnpublic/private state
transitions, determining a precise formal correspondéntikely to be difficult because
the methods are tailored to different purposes. On one Haottier's type systems are
richer than that of ML, and thus his techniques can be use@tify\correctness of some
interesting programs that exploit the advanced featurdgsoype systems. On the other
hand, some equivalences—like our “deferred divergenceh®pte from Section 5.2—
do not seem to be easily expressible as “unary” typechegkioglems and thus cannot
seemingly be handled by Pottier's method. Moreover, likemB(009), Pottier restricts
attention to languages that support higher-order statadoabntrol effects.

Pottier’s anti-frame rule has only recently been provemsitirst in a relatively ideal-
ized setting (Schwinghammetal,, 2010), and then, in (Schwinghamnatial, 2012), for
the type-and-capability system (without regions) in whitalias originally proposed (Pot-
tier, 2008). The model in (Schwinghammedral,, 2012) also covers the generalized anti-
frame rule, but not the extension with fates to reason abautatonic state mentioned
above (Pilkiewicz & Pottier, 2011).

Other Related Work Seminal work on operational reasoning about state andaomas
conducted by Felleisen and Hieb (1992) and Mason and Talt681), but the proof
principles they developed are relatively weak in comparigothe ones afforded by our
model.

More recently, Yoshid&t al. (2008) proposed a Hoare-style logic for reasoning about
higher-order programs with local state, but it does not laabtistract types, nor does it
permit the kind of reasoning achieved by our STS’s. Dregteal. (2010) have devised a
relational modal logic that accounts for the essential etspef the ADR model. In the
future, we hope to generalize that logic to account for theitamhal features we have
proposed here. Lastly, Hur and Dreyer (2011) have devellmagchl relations for relating
ML and assembly-language programs, based on the model veepnasented here. They
show how private and public transitions may be used to caemdly model low-level
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calling conventions concerning the stack and callee-sagisters, as well as irreversible
state changes in self-modifying code.
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