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1 Language

We define the language F*'.

1.1 Syntax

¢ € Loc

z € Var

a € TyVar

o€ Typ u==a|unit]int|bool| oy xog|0o1+0s|01 =02 ]| pa.o|Va.ol|Ia.o|refo

veVal  u=a| ()| n|tt|ff| (v,v) |injtv]|injv | rollv |
fix f(x).e | A.e| packv | £

e€Exp u=w|ifegthene; elsees | (e1,e2) | el |e2|injte|inj?e |
(caseeofinj'z = e; |inj*z = e3) | roll e | unroll e | 1 e | €] | pack e |
unpack ey asxiney |refe|le| e :=ea | €1 == e

K € Cont :=e|if K theney else ey | (K,e) | (v,K) | K.1| K2 |inj'K | inj> K |
case K of[inj' z = ¢;] | roll K | unroll K | K e | v K | K[| | pack K |
unpack K aszine|ref K ||IK |K:=e|v:=K |K==¢|v==K

peProg ==ua| ()| n|tt|ff|if pothenp; else ps | (p1,p2) | p.1 | p.2|injlp | inZp |
(casepofinj' z = p |inj*x = po) | rolly p | unroll p | fix f(z:01):02.p | p1 p2 | Ac.p |
plo] | pack (o, p) as Ja. 0" | unpack py as (a,z) inpy | ref p [ !p [ p1:=p2 | pr == p2

h € Heap := Loc iR CVal

1.2 Dynamic Semantics

h,if tt then eq else e5 < h, ey
h,if ff then ey else e < h,es
h, <’U1,’02>.i — h,v;

h,casein’ voffinj’x = e;] < h,e;[v/7]

h, (fix f(x).e) v = h,e[(fix f(x).e)/f,v/x]

h,(A.e)[] < h,e

h,unpack (pack v) asz ine — h,e[v/x]
h, unroll (roll v) < h,v

hyref v — hW[l—v],¢ where £ ¢ dom(h)
hW [l—v],1 — hW[l—v],v
h [l—v], 0 :=v — hd =], ()

h,t ==/{ — h,tt

h, ==1{¢" < h,ff where £ #£ ¢/
h,Kle] — K, K|[e/] where h,e < h', ¢
1.3 Static Semantics
Type environments A == .| A«
Term environments I' == |, zi0
AFo
fv(c) CA names(o) =0
AlFo
AFT

Veioel. Aro
AFT



AFT zwoel AFT
ATHx:0 AT F ¢ Thase

A;TEpriop AT Epoy:os A;TEp:op X oo A;TEp:op Xog

AT F (p1,p2) : 01 X 09 AT Epl:og AT HEpP2:og
AT zio1 Fp:og A;TEpriop =02 A;TEpy:og
AT FAzioy.p: oy — 09 AT Fprpa:og
Aa;TEp:o A;TEp:Va.or Al oo

A;THAa.p:Voa.o AT F plog] : o1[o2/q]

AFoy A;TEp:osfor/a] A;TFpr:3aor Aol zio1bEps:os Al oo
A;T + pack (o1,p) as Ja. 02 : . 09 A;T F unpack p; as (o, x) in ps : 09
AT Ep:olpa.o/al AT Ep:pa.o

AT Frollyy o p:pa.o A;T Funroll p: o[pa. o/al

ATEp:o A;TEpy:refo A;TREpy:o
A;THrefp:refo A;T F py:=po : unit

A;TEp:refo A;TEpr:refo A;TEpsy:refo
A;THEIp:o A;T' F p; == py : bool

’ FC:(AT;0)~ (AT 07)

ACA T CI
Fe: (AT 0) ~ (AT 0)

FCO: (AT 0) ~ (AT 00) AT Fpy oo
FA{(C,p2) : (A;T;0) ~ (AT 01 X 03)

FC: (A T;0)~ (AT 01 X 03) FC:(AT;0) ~ (AT 01 X 09)
FC1: (AT 0)~ (AT 01) FC2:(AT;0) ~ (AT 03)

FC:(A;T;0)~ (AT, x:01;09)
FAz:io1.C: (A T50) ~ (AT 01 — 02)

FC:(A;T;0)~ (AT;01 > 09) AT Fpg:oy
FCp2: (AT 0) ~ (AT 09)

FC:(A;T;0)~ (AT 01) AT Epriop — oo
FpLC: (AT 0) ~ (AT 09)




FC:(AT;0) ~ (A, a;T;0q) FC:(AT;0) ~ (AT Va.oq)
FAa.C: (A;T;0) ~ (AT Va. op) F Cloa] : (A;T;0) ~ (AT 01]02/a])

FC: (AT 0) » (AT 0901 /o)
F pack (01,C) as Ja. og : (A;T;0) ~ (A3 175 3. 0g)

FC:(AT;0) ~ (AT 3a.01) Ao T zio1bpaios Al oy
F unpack C as (o, x) in pa : (A;T50) ~ (AT 09)

AT Epp:3a.o; FC: (AT 0) ~ (A, a; TV zi01502) A’ o9
F unpack py as (o, ) in C : (A;T;0) ~ (AT 09)

FC:(A;T;0)~ (AT o1[pa. o1 /a))
Frolly. o C: (AT 0) ~ (AT pa o)
FC:(A;T;0) ~ (AT paoq)
Founroll C: (A;T;0) ~ (A TV o1 [pa. o1/ a))

FC:(AT;0) ~ (AT 0q)
Fref C: (A;T;0) ~ (AT ref oq)

FC:(A;T;0) ~ (AT refor) AT Eops oy
FC:=ps: (AT 0) ~ (AT unit)

AT Fppirefo; FC: (AT 0) ~ (AT 0q)
Fp:=C:(A;T;0) ~ (A;TV; unit)

FC:(AT;0) ~ (AT ref o)
FIC: (AT 0) ~ (AT 01)

FC:(A;T;0)~ (AT;refoy) AT Fps:refoy
FC ==psy:(A;T;0)~ (A";T";bool)

A:T'Epy:refoy BC:(AT;0)~ (AT refoq)
Fpp==C:(A;T;0)~ (A’;T;bool)

1.4 Contextual Equivalence

Definition 1 (Contextual equivalence).

Let A;T'Fpy:o0and A;T' F py : 0. Then:
A;TEpp et p2 i 0 :=VC hy 1. EC: (A;T50) ~ (4557) = (b, |Clp1]|T < h,|C[p2]|T)



2 Model

2.1 Definitions

Various Relations.

beta(e) .: { e if Vh. h,e <1 h,e
’ undef otherwise
FunVal = {f e CVal|Vu. beta(f v) defined }
TyFunVal := {v € CVal]| beta(v]]) defined }
n € TyNam
Names := {N € P(TyNam) | N is countably infinite }
oc€Type ==mn|a«|unit|int|bool|oy x0oy|0o1+02]|01 03| pa.o|Va.ol|Ia.o|refo
CType ;= {7 € Type| ftv(r) =0}
CTypeF = { (1 = 1) € CType } U{ref 7 € CType } U{ (Va.o) € CType } U TyNam
VRelF := CTypeF — P(CVal x CVal)
VRel := CType — P(CVal x CVal)
ERel := CType — P(CExp x CExp)
KRel := CType x CType — P(CCont x CCont)
HRel := P(Heap x Heap)

Note that as a notational convention we use ¢ to range over possibly open types and 7 over closed types.

Value Closure. We define the closure R € VRel for R € VRelF as the least fixpoint of the following
equation.

E(Tbase) D,,.. . .

R(m x 72) == {((v1,01), (v2,03)) | (v1,v2) € R(m1) A (v],03) € R(72) } -
E(Tl + 7'2) = { (an V1, injl ’UQ) ‘ (’Ul,’Ug) GE(Tl) } U { (inj2 U1, inj2 ’Ug) | (’Ul, UQ) S R(TQ) }
R(pa.o) = {(roll vy, roll v2) | (v1,v2) € R(o[ua.o/al)}

R(Ja.0) = {(pack v, pack v2) | 37 € CType. (v1,v2) € R(o[r/a]) }

R(m1 — 1) = R(11 — T2)

R(ref7) = R(ref7)

Rm) = Rn)

R(Va.o) = R(Va.o)

Dependent World. For a preordered set P = (Sp,Cp) we define

DepWorld(P) :=

{ (N» S,G, Cpub; L, H)
€ P(TyNam) x Set x P(S x S) x P(S x S) x
(Sp — S — VRelF — VRelF) x (Sp — S — VRelF — HRel) |

C,Cpub are preorders A
Cpub is a subset of T A
L is monotone in the first argument w.r.t. Cp, in the second w.r.t. C, in the third w.r.t. <A
H is monotone in the third argument w.r.t. <A
(Vs1,82. VR. Vn & N. L(s1)(s2)(R)(n) = 0) A
(Vsl, s9. VR. V(T1 — To, fl, fg) S L(Sl)(SQ)(R) fl, fg S FunVal) N
(Vs1, $2. VR. Y(Va. 0,v1,v2) € L(s1)(s2)(R). v1,v2 € TyFunVal) }

Here we write < for the pointwise lifting of the usual subset ordering C to function spaces.



Full World. We define
World := { W € DepWorld({x*}, {(,%)}) }

and for W € World and s € W.S often write just W.H(s) for W.H(x)(s) (and similar for the L component).

World for Mutable References. We define the reference world W, € World as follows.

Wref.N = @
Weet.S := { 8¢ € Pgn(CType x Loc x Loc) |

V(T, 61,£2>, (T/,€/17£/2> € Syf.

(=0 = 7=T"Nla=U)N{la=0), = T=T" N1 =0])}
Sy 3 Sy iff sl; D st
S:f gpub Srf iff Sif 2 Srf
Wiet L(see)(R) = { (ref 7,01, £3) | (7,01, 82) € 515 }
Wiet H(s:)(R) := { (h1, ho) | dom(hy) = domyy(s,t) A dom(hy) = dgm[g](srf) A

V(T, 61,62) € Syf. (T, hl(gl),hg(fg)) S R}

where

dom[l](s) = {fl | 37, 4. (T,fl,ég) € S} s
dompg(s) = {lo| 37,4y (7, 01,02) €5} .

Local World. We define

LWorld := { w € DepWorld(Wyes.S, Wiet- C) | Vs, s, B, 7. w.L(s4£)(s)(R)(ref 7) =0 }

Product World. For wq,ws € LWorld, we define w; ® ws € LWorld as follows.

N = wi.N W wsy.N

S = wl.S X wg.S

(sh,8%) 3 (s1,82) iff sl 81 A sy sg

(s, 85) Jpub (51,82) iff 81 Tpup s1 A 85 Jpub S2

L(ser)(s1,82)(R) o= wi.L(ser)(s1)(R) Uwa.L(s:5)(s2)(R)

H(sit)(s1,82)(R) = wi.H(s:)(s1)(R) ® wa.H(s:5)(s52)(R)
where

Hi® Hy = {(hlwh/l,hgwhé) | (hl,hQ)EHl/\(hll,hIQ)EHQ}

Note that w; ® ws is undefined iff w;.N and ws.N is not disjoint.

Lifting of a Local World. For w € LWorld, we define wt € World as follows.

N = w.N

S = Wref.S X w.S

(ste,8") 3 (8ur,8) iff si; JsyAs ds

(S(nfv 5/) gpub (Srf; 5) iff S;f gpub Sef A s gpub S

L(syg, 8)(R) := Wiet-L(spe) (R) Uw.L(se£)(s)(R)
H(s:t, s)(R) = Wiet-H(s:£) (R) ® w.H(s:£)(s)(R)



mon mon

Single-State Worlds. Given a local knowledge L € VRelF' — VRelF and a heap relation H € VRelF —

HRel such that
VR. V(Tl — Tg,fl, fg) € L(R) fl; f2 € FunVal A

VR. V(V()é T, fl, fg) S L(R) fl, fg S TyFunVal
we define the single-state local world wgingle(L, H) € LWorld as follows.

wsingle(L7 H).N = @

wsingle(LaH)-S = { }

* 1 %

* gpub *

Wsingle (L, H).L(s:6) (+)(R) = { (7' = 7, f1, f2) € L(R) } U{ (Va. 7, f1, f2) € L(R) }
Wsingle(Ly H)-H(se) (+)(R) := H(R)

Global Knowledge. We define the ref-name-preserving order >ref between R, R’ € VRelF as follows.
R >N. R iff V7. R'(1) D R(7) A

V7. R/ (ref 7) = R(ref ) A
Vn € N. R'(n) = R(n)

Note that R’ >V, R = R’ > R.

Zref

We define GK(W) for W € World as follows.
GK(W) = {G e WS — VRelF | G is monotone w.r.t. = AVs. G(s) >W:N W.L(s)(G(s)) }

Expression and Continuation Equivalence. We define the following notation.
s' O so,s] iff s Jdpup soAs’ ds

For W € World, we coinductively define Eyy € GK(W) — W.S x W.S — ERel and Ky € GK(W) —
W.S x W.S — KRel as follows.
Ew (G)(s0,5)(T) = {(e1,e2) | V(h1,h2) € W.H(s)(G(s)). VAL hL.
((hlv hlfael)v (h2v hg’ 62)) € OW(KW)(G)(307 5)(7-) }
Kw (G)(s0,8)(11,72) = { (K1, Ky) | V(v1,09) € G(s) (7). (Ki[vn], Kava]) € Ew (G)(s0,5)(72) }
w(RE)(G)(s0,5)(T) := {((h1,h¥ e1), (ha, h,e2)) | h1 W RY defined A hy W hY defined =
(h1 G} hf, e1T Nho W hg, GQT)
V (Ehﬁ,hé,vl,vg. hi W hlf,el ¥ hll ] h{?,l}l Aho W hg,eg ¥ hé (] hg,vg N
3s’ J [s0, 8]. (h}, hy) € W.H(s)(G(s")) A (v1,v2) € G(8')(T))
v (Ehgb /27T/7K17K2ae&7e/2'
hl (] h?,el ¥ hll G] hlf,Kl[ell] A hg G} hg,EQ ¥ hIQ (] hg,Kg[e’Q] A
Js' J's. (h'uh') € WH(s")(G(s") A (7', €1, e5) € S(G(s'), G(8")) A
Vs" Jpup 8. VG' > G. (K1, K») € RK(G’)(SO, s, 7))}
= {(7, frv, fo U2) | 37" (f1, f2) € Ry(7/ — 7) A (v1,02) € R,(T)}
U{ (alr/a], f1ll, f2[]) | 7 € CType A (f1, f2) € Ry(Va.0) }

S(Rfv RU)

Program Equivalence.

For w € LWorld, we define:

stable(w) = VG € GK(wt). sy, s. V(h1, ha) € w.H(srf)( )(G(srﬁs))
Vsle O spp. V(R h2;) € Wref.H(S;f)(G( sle,8)). hipWhy defined A h2,; W hy defined =

ref’ '“ref

s’ Jpub 8. (h1, he) € w.H(sl) () (G(sk, s'))



For W € World, we define:

inhabited(W) = VG e GK(W). 3sg. (0,0) € W.H(s0)(G(s0))
consistent(W) = VG € GK(W). V¥s. V(1,e1,e2) € S(W.L(s)(G(s)),G(s)).
(7, beta(er), beta(ez)) € Ew (G)(s, s)

We define program equivalence A;T'F ey ~eg : 0.
TyEnv(A) ={0]0€A— CType}

Env(T, R) = {(v1,7%) | 71,72 € dom(T") — CVal AVz. (T'(x),y1(x),72(z)) € R}

AT F ey ~w eg: o = inhabited(W) A consistent(W) A
VG € GK(W). Vs. V§ € TyEnv(A). ¥(y1,72) € Env(oT, G(s)).
(60,7v1€1,72e2) € Ew (G)(s, 9)

AT Fep ~yeg:o = stable(w) NA;T Fep ~yppea: 0o

A;Tle; ~ey:o = VN € Names. Jw € LWorld. wNCN AA; T Fe| ~ypea:0



2.2 Basic Properties

Notation. For a monotone function F' € VRelF — VRelF and R € VRelF, we define [F|}, as the least

fixpoint of the monotone function F(—) U R:
[Fg :=pX. F(X)UR.
For W € World, we define [W] € W.S — VRelF as follows:
(W1(s) := [W.L(s)] -

Lemma 1. If G’ > G and s’ 3 s, then:

1. G'(s") > G(s)

2. Env(T',G'(s")) 2 Env(T, G(s))
Proof.

1. By definition of GK we know G’(s') > G'(s). And since G’ > G we also know G'(s) > G(s).

2. Follows immediately from (1).

Lemma 2. VW € World. [W] € GK(WWV)
Proof. We must establish four properties:

a) To show: [W] is monotone w.r.t. C.
Follows from monotonicity of W.L.

b) To show: Vs, 7. [W](s)(7) 2 W.L(s)([W](s))(7).
Immediate after unrolling fixpoint once.

c) To show: Vs, 7. [W](s)(ref 7) = W.L(s)([W](s))(ref 7).
Easy fixpoint induction.

d) To show: Vs,n € W.N. [W](s)(n) = W.L(s)([W](s))(n).
Easy fixpoint induction.

Lemma 3. VIV € World, G € GK(W). [W] < G
Proof. Easy fixpoint induction.
Lemma 4. If

o hyWhi ey —* hywhi e,

o hoWhl ey —* hywhi, e,

e s’ Js,and

o (7, (hy,hi, ), (hy, by, ch)) € Ow (R¥)(s0, "),
then (7, (h1, hi, e1), (h2, h}, e2)) € Ow (R¥)(s0, 5).

Proof. Follows easily from the definition of Oy .

10



Lemma 5. G(s) < G(s) < Ew(G)(s,s)
Proof. The first inclusion holds immediately by definition; the second by choosing the final state to be s. [
Lemma 6. (7,7, ,0) ¢ Ky (G)(s,s)
Proof. We need to show (7,v1,v2) € Ew (G) (s, s) for (1,v1,v2) € G(s), which holds by Lemma O
Lemma 7. If s{ Joup, So, then:

1. Ew(G)(sh,5) < Ew(G)(so,s)

2. Kw(G)(sh,s) < Kw(G)(s0, )
Proof. We define Ef;, and K, as follows:

Ey (G)(s0,5) = {(7,e1,€2) | 50 5o Tpun i A (T e1,e2) € Ew(G)(s),5) }
K@V(G)(So, ) = {(7'1,T27K1,K2) ‘ E'SO SO —pub S0 A (Tl,TQ,Kl,KQ) e Kw(G)(SB,S)}

If E};, < Ew and K{;, < Ky, then for s Jpu, so we have
Ew (G)(sp, 8) < Efy(G)(s0,5) < Ew(G)(s0, )

(and similar for Ky).
We now prove Ej;, < Ey and Kj;, < Ky by coinduction. Concretely, we have to show:

1. Vey,eq,G, 50,8, 7T.
(e1,€2) € Eyy (G)(s0,5)(1) =
V(hl,hz) S WH(S)(G(S))Vhlf, hg ((h1, hf,el)7 (h27h5,62)) S Ow(K{/V)(GﬂSo, S)(T)

2. VK17K27G S0, S, T ,T.
(K1, K2) € Ky (G)(s0,8) (7, 7) =
V(v1,v2) € G(s)(7'). (Ki[v1], Ka[va]) € Ey (G)(s0,5)()

For (1):

e Suppose (e1,e2) € By, (G)(s0,5)(7) and (h1, h) € W.H(s)(G(s)).

o We must show ((h1,hi, e1), (h2, b, e2)) € Ow (Kiy,)(G)(s0, 5)(7).

e By definition of Ef;, we know (e, e2) € Ew (G) (s, s)(7) for some si Jpub So-

o Hence ((h1,hi,e1), (ha, hi,e2)) € Ow (Kw)(G)(s. 8)(T).

e It is easy to see that this implies ((h1,h},e1), (ha, b, e2)) € Ow (Kl )(G)(s0, 8) (7).
For (2):

e Suppose (K1, Ks) € K4y (G)(s0,8)(7,7) and (v1,v2) € G(s)(1').

e We must show (K [v1], Ka[va]) € Ely, (G)(s0,8)(7).

e By definition of Kj;, we know (K1, K2) € Kw (G)(sp, s)(7/, 7) for some si Jpun So-

e Hence (Ki[vr], Kafva]) € Buw (G)(sh, 5)(r) C Biy (G)(s0, 5)(7)-

Lemma 8. If wy, ws € LWorld, then VG € GK((w; ® w2)?1). Vs € ws.S. G(—, —, s2) € GK(w11).

Proof. We must establish four properties:

11



a) To show: G(—, —, s2) is monotone w.r.t. C.
This follows directly from the definition of 1, ® and the monotonicity of G.

b) To show: Vs, s1,7. G(Sit, 81, 82)(7) 2 wit.L(set, $1)(G(8et, 81, 82)) (7).
We know G(syf, $1,$2)(7) 2 (w1 ® wa)1.L(sre, 81,82)(G(set, 81,82)) (7).
By definition, the latter equals wqT.L(syt, $1)(G(Set, 51, 82))(T) U wa.L(Ser)(52) (G(Spt, 51, 2))(T).

c¢) To show: Vs, s1,7. G(Sut, $1, $2)(ref 7) = w1 t.L(svt, $1) (G (81t S1, $2) ) (ref 7).
We know G(sy, 51, $2)(ref 7) = (w1 ® wa)T.L(sye, 51, 52) (G(Sef, 51, S2)) (ref 7).
By definition, the latter equals w1 1.L(syt, $1)(G(Sxt, 51, S2))(ref 7) U wa.L(ses)(s2) (G(Skt, 51, S2)) (ref 7).
Since wy € LWorld, we are done.

d) To show: Vs, s1,n € wiT.N. G(8it, 81, 82) (1) = wiT.L(s:¢, $1)(G (818, 51, 82)) (n).
We know G(syf, 81, $2)(n) = (w1 @ wa)t.L(syt, 51, 2)(G (8, 51, 82)) (n).
By definition, the latter equals wq1.L(syt, $1)(G(8:t, 81, $2)) (1) U wa.L(se£)(82) (G (et 81, 82))(n).
Since n ¢ wo.N by definition of 1, ®, we are done.

Lemma 9. If wy, ws € LWorld, then VG € GK((w1 ® w2)?1). Vs1 € w1.S. G(—, 51, —) € GK(ws1).
Proof. Similar to Lemma [§ O

Lemma 10. If w = wi ® woy with wi,wg € LWorld and stable(ws), then for all G € GK(w?) and for all
rf,Srf € Wret.S, 89,81 € w1.S, 59, 89 € wy.S with sp I Tpub 89 :

L. EwlT(G(77 ™ 82))((Srf7 Sl)a (srfa Sl)) < EwT(G)((srf’ 5(1)’ Sg), (Srfv 51, 52))
2. leT(G(fa ) 52))((5(r)f7 5(1))7 (Srf7 51) < KWT(G)((S(r)f’ 5(1)7 88), (Srfv 51, 52))
Proof. We define E; . and K, as follows:

E, (G)((s%,57,59), (ser, 51, 82)) = { (T, e1,€2) |
52 gpllb Sg A (T7 €1, 62) € EU’1T(G(_3 ) 32))((89fa 8(1))7 (Srf7 81))}

K1 (G) (5%, 59, 89), (8cf, 51, 82)) = { (77, 7, K1, K2) |
52 gpub Sg A (T/7T7 Kla KQ) € Kw]T(G(fa ) 52))((5?1“’ 5(1))7 (Sl”f7 51)) }

We now prove Eﬁm < Eyut and KZM < Kyt by coinduction. Concretely, we have to show:

1. v€1762,G78rf78rf78?,88,81,82,7’.
(e1,€2) € El 1 (G) (85, 57, 83), (808, 51, 82)) (1) =
V(hi, h2) € wh.H(syt, s1,52)(G (Srf781, s9)).VAY AE.
((hl’hll:vel)a(h%hgae?)) € OwT( )(G)(( rf,Sl,Sg) ( rfaSI’SQ))(T)

2. VKlaKQaG7S?fa3rf759as(2)751a8277-l77-'
(K1, Ka) € K, (G) (s, 87, 89), (821, 51, 82)) (7, 7) =
V(vi,v2) € Gt 51, 82)(7'). (K1[v1], Ka[va]) € Bl (G)((s), 51, 53), (it 51, 52))(7)

For (1):
e Suppose (e1,e3) € E;T(G)((sff,s?,sg), (S, 51, 82))(7) and (hq, ha) € wT.H(s:t, 51, $2) (G841, 51, S2))-
e By definition of E ; we know sz Jpup 59 and (e1, e2) € By 1+ (G(—, —, 52))((s%, s9), (sc, 1)) (7).

e We must show ((hlv hllq‘v 61)7 (h27 hg? 62)) € OWT(K;T)(G)((S?E 5(1Ja 5(2))7 (Srf7 51, 52))(T)
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e So suppose defined(h; W hY') and defined(hq & hL).

From (h1,hs) € wl.H(s, 81, 82)(G (51, $1,82)) and the definition of 1, ®, we know hy = h} WA} and
he = ki W hY with (hy, hh) € wiTH(st, $1)(G (811, 51, 82)) and (RY, hY) € wa.H(swe)(82)(G (541, 81, 82)).

Hence (( /15 h/ll & h]i:"el)v ( /27 h/2/ @ hg’ 62)) € OwlT(leT)(G(_’ ] 52))((38fv 5?>7 (Srfa 31))(7_)'

e Consequently at least one of the following three properties holds:

A) hyWhY e;tand ho W hl eat
B) (a) hywhl e} —* h’Uh”Uh ,v1 and hg W hY, ey < h’Uh”UhQ,vg

(b) (5:1,51) 2 [(sr, 8Y), (88, 51)]
(c) (W, hh) € witH(5it, 51)(G(5rt, 51, 52))
(d) (v1,v2) € G(8s£, 81, $2)(T)
Q) (a) hi WhY e1 —>* b, Wh! whY Ki[e}] and ha WhE, es —* Bl WY W hE | Kaleb)]
(b) (s:1,51) 2 (5ef, 51)
(c) (A, hy) € witH(5, 51)(G (5, 51, 52))
(d) (e1,e5) € S(G (51,5, 52), G541, 3, 52))(T)
)

S
(€) ¥(5:1,51) Tpup (511, 51). VG = G(—, =, 52). (K1, K3) € Koy +(G")(s5 81), (51, 51)) (7, 7)
e If (A) holds, then we are done.
o If (B) holds:
— By stable(ws) there is §3 Jpup S2 such that
(R, hy) € wa.H(s:¢)(52) (G (ses, 51, 52)) -
— By monotonicity of ws.H, from G(s,t, s1, $2) C G(Sit, $1, sftvg), we have

(h, h3) € wa.H(5)(52) (G 5it, 81, 512)) -

From (Bc) and monotonicity we also know (;71, ;l\;) € w1 T.H(s:t, 51)(G (541, $1, 82)).

Thus by the definition of 1, ®, we get (k] & Y, b} & hY) € wi.H (5, 51, 52)(G (51, 51, 52)).-
From (Bb) and the definition of 1, ®, we get (Syf, s1,52) 3 [(s%, 57, 89), (sf, 51, 52)].

— Together with (Ba) (Bd) we are done.

o If (C) holds:

— By stable(ws) there is 3 Jpup s2 such that
(1, 1) € wa.H(5:¢)(52)(G (821, 51, 82)) -
— By monotonicity of wa.H, from G(s,t, 51, s2) C G(St, 51, g{g), we have
(A, h3) € waH(s51)(52) (G (51, 51, st2)) -
— From (Cc) and monotonicity we also know (;171,;172) € w1T-H(s:1, 51)(G (51, 51, 52))-

Thus by the definition of 1, ®, we get (E&J h'l’jozErJ hY) € w.H(sx, 51, $2)(G (541, 51, $2))-
From (Cb) and the definition of 1, ®, we get (s, 51,52) 3 [(s%, 87, 59), (51, 51, $2)].
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Now it remains to show:

v(gr\fwg\lvs/é) gpub (g\r/fa =§v17*§v2) VG/ > G. (Kl,K2) € K;UT(G/)((S?{?S?,S(Q)); (@78/\175\2))(’?3 T)

So suppose (51, 51, 52) Jpub (Srf, 1, $2) and G’ > G.

Note that (5.1, 51) Jpub (Sif, $1) and, by monotonicity, G'(—, —, §2) > G(—, —, s2).
From (Ce) we therefore get (K1, Ka) € Ko, 1+(G'(—, —, 52))((s%, 8Y), (51, 1)) (7, 7).
By definition of K, this implies

(K1, K3) € K\, (G) (s, 81, 89), (5at, 51, 52)) (7, 7)
For (2):
o Suppose (K1, K) € K, (G)((s%, 57, 55), (srt, 51, 52)) (7, 7) and (v1,v2) € G(sut, 51, 52) (7).

e By definition of K/, we know sy Jpup, 55 and (K1, Ka) € K1 (G(—, =, 52)) (%, 59), (508, 51)) (7', 7).

We must show (Ki[v1], Ka[vs]) € E;}T(G)((S?p 59, 59), (su5, 51, 82)) (7).

By definition of E; ; it suffices to show
(K1 [v1], Ka[va]) € Buy 1 (G(—, =, 52)) (555, 1), (st 51)) (7).

e Since (v1,v2) € G(8¢t, S1,52)(7’), we are done.
O

Lemma 11. If w = w; ® we with wy,ws € LWorld and stable(w;), then for all G € GK(wt) and for all
s(r)f,srf € Wiet.S, 5(1),51 € w1.S, 53,52 € we.S with s1 Jpup 5(1) :

L Buyt(G(=, 51, =) (55, 53); (8165 52)) < Bt (G) (s, 51, 53), (86, 51, 52))
2. Kot (G, 1, ) (5% 59) (521, 52) < Kur(G) (5759, 52), (518,51, 52)
Proof. Similar to Lemma O
Lemma 12. If w = w; ® we with wy, wy € LWorld and stable(w ), stable(ws), then:
1. stable(w)
2. If inhabited(w11) and inhabited(w21), then inhabited (wt).
3. If consistent(w11) and consistent(wat), then consistent(w?).
Proof.
1.

Suppose G € GK((w1 ® wa)1), (h1, he) € (w1 @ we).H(set) (51, 52)(G(8xr, 51, 52)) and sy T sy
Further suppose (h}, h5) € Wiet.H(sl:)(G(S), s)) and defined(h) W hq) and defined(hf W hs).

We must show that there is (s7, s5) Jpub (51, S2) such that

(h1, ha) € (w1 @ wa).H(sy) (51, 85) (G sy, 51, 55))-

e Decomposing (w; ® we).H gives us hi, hd, h? h3 such that:
— hy = hi Wh? and hy = hi W h3
- (h%v h%) € wl'H<srf)(51)(G(Srf7 81, 82))
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— defined(h} & h}) and defined(h), W hi)

1)
= (A%, h3) € waH(s:)(52) (G5t 51, 52))
— defined(h} @ h?) and defined(h), W h3)

e From this, Lemmas [§] and the assumptions, we get s§ Jpup 1 and sh Jpup s2 such that:
(a) (A, hb) € wiH(sle) (s))(Gsls, 51, 52))
(b) (h%,h3) € wa.H(sy)(s5)(G(s3y, 51, 52))

e Using monotonicity and then composing this gives us

(h, ha) € (w1 ® wa).H(sy) (s, 85) (G sy, 51, 55)).

2. e Suppose G € GK(w?).
e From the assumptions, Lemma [2| and definition of 1 and W, we get s1, s2 such that
(0,0) € wi.H@)(s1)([w11](D, 51)) and
(0,0) € wa.H()(s2)([w21] (D, 52)).
e From Lemmas[2, 3] B [0 we know [wi1] < [wt](—, (=, s2)) and [wat] < [wh](—, (s1,—)).
e Hence (0,0) € wt.H(D, (s1, s2))([w](, (s1,s2))) by monotonicity and definition of ®, 1.

3. e We suppose
(a) s = (syf,51,52) € wh.S
(b) G € GK(w?)
(©) (T:e1,e2) € S(wTL(s)(G(s)), G(s))
and must show (7, beta(e1), beta(ez)) € Equp(G)(s, s)).
e From (c) and the definitions of 1, ® and S we know:

(1,e1,€2) € S(Wher.L(s:£)(G(5)), G(s)) V
(1,e1,e2) € S(wy.L(sw)(s1)(G(s)),G(s
(T,e1,e2) € S(wa2.L(s:r)(s2)(G(s)),

e This implies:
(1,e1,e2) € S(wiT.L(se, 81)(G(s)),G(s)) vV
(1ye1,e2) € S(wat.L(st, s2)(G(8)), G(s))
e If the former is true, the goal follows from consistent(w;1) with the help of Lemmas [§| and
If the latter is true, the goal follows from consistent(ws1) with the help of Lemmas |§| and

Lemma 13. For G € GK(W), s, s(,s € W.S, 7,7 € CType, K1, Ky € Cont, if
Vs' 3 [sh,5].VG' > G. (7', 7, K1, Ka) € Ky (G) (50, ),

then:

1. (7',e1,e2) € Ew(G) (s, s) implies (1, K1[e1], Kale2]) € Ew (G)(so, s).

2. (7", 7", K1, K}) € Kw (G)(sp, s) implies (77, 7, K1 [K1], K2[K}]) € Kw (G)(s0, 5).
Proof. We define Ef;, and K, as follows:

Ey, (G)(s0,8) = { (1, Kie1], Kaleo]) | 37, 55. (77, €1, €2) € Eyw (G)(sp, 5) A
Vs J[sg, s].VG' > G. (7,7, K1, K3) € K (G')(s0,5") }

Ky (G)(s0,5) = { (", 7, Ka [K1], Ko[K3)) | 37/, 5. (77, 7/, K1, K3) € K (G) (50, 8) A
VS/ g [8/053]'VG/ 2 G (7—/)7-) K17K2) € KW(G/)(807S/)}

It suffices to show E’W < Ew and KQ,V < Kyw, which we do by coinduction. Concretely, we have to show:
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1. VK1, Ks,e1,¢e9,G, 80,8, T.
(Kiled], Kalea]) € By (G)(s0,8)(1) =
V(ha, hs) € W.H(s)(G(s)).¥hE, A
((h1, by, Kile]), (ha, hs, Kalea])) € Ow (K ) (G)(s0, 5)(7)

2. vKl,KQ,Ki7Ké,G,SO7S,T”,T.
(K1 K1), K2 [K)) € Ky (G)(s0,8)(7",7) ==
V(v1,02) € Gs)(77). (Eu[Ki][v1], K2 [K3)[v2]) € By (G)(s0,5)(7)

For (1):
Suppose (K1le1], Kalea]) € Efy (G)(s0,s)(7) and (hi, ha) € W.H(s)(G(s)).
By definition of Ej;, we know (eq, e2) € Ew (G)(sg, s)(7") and

Vs' O [sg, 8] VG > G. (K1, K2) € Ky (G')(s0,8") (7', 7)
for some s{, and 7’.
We must show ((ha, b1, Kie1]), (ha, b, Kalea])) € Ow (K, )(G)(s0, 5)(7).
e So suppose defined(hy W hY) and defined(hs W AL).
e We know ((h1,hY,e1), (ha, hE, e2)) € Ow (Kw)(G)(sh, s)(').

Hence at least one of the following three properties holds:

A) hywhY e 1 and ho W hl eat

B) (a) hy WhY e —=* Wi Whi v and ho WA, eo —* by W hE v,
(b) s" 3 [sp, 5]

(c) (P1,hz) € WH(s')(G(s"))

(d) (v1,v2) € G(s')()
)
)
)
)

C) (a) hy WhY eg —* by whY Ki[e}] and ho WhY ey —* hy W hE, Kile))]
(b

(c
(d) (e1,€3) € S( (s'), G(s")(7)

(e) Vs" dpup 8’ VG' > G. (K1, Kb) € Kw (G') (s, s")(T, ")

s’ s
(hi, hy) € WH(s")(G(s))

e If (A) holds:
— Then hy & hY, Kile1]1 and hy W AE | Ks[es] 1, so we are done.
e If (B) holds:

— Then hy WhAY, Kile;] —* b} WhY | K[vi] and he W hE | Ko[ea] —* hl W hE, Ky[vs] from (Ba).

— Since (K1, K3) € Kw (G)(s0, s')(7/, 7) from (Bb), we get (K1 [v1], K2[v2]) € Ew (G)(s0,s")(7) from
(Bd).

— Using (Bc), this implies ((h}, Y, Ki[v1]), (hh, Y, Ka[va])) € Ow (Kw )(G)(s0, 8') (7).

We show Ow (Kw)(G)(s0,s")(7) C Ow (K ) (G)(s0, s")(7):
It suffices to show Ky < Kj,, .
* By definition of the latter, this follows from Lemmas [7] and [6]

— Consequently, ((hy, hY, K1[v1]), (hh, b, Kava])) € Ow (Kiy ) (G)(s0, 8') (7).

— We are done by (Bb) and Lemma
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e If (C) holds:

Then hy WAt e; —* by Wbl Ki[K]]le}] and ho WhE, eq —* by W hY | Ky[Kb][eh] from (Ca).
Due to (Cb-d) it remains to show:

Vs" Jpub 8. VG' > G. (K1[K!], Ka|K})) € Ky (G') (50, 8") (T, T)

— So suppose s’ Jpup, 8" and G' > G.
— By definition of KY;, it suffices to show (K7, K}) € Kw (G')(sp, s”)(T,7') and

vs" sy, 8"|VG" > G'. (K1, Ka) € Ky (G")(s0, ") (7', 7).

— The former follows from (Ce).

— For the latter, recall that

Vs’ 3 [sp, s].VG' > G. (K1, K3) € Kw(G')(s0,8 ) (7', 7).

Since s” Jpup ' J s and G” > G’ > G, we are done.
For (2):
e Suppose (K [K}], Ka[K3]) € Kiy (G)(s0,5) (7", 7) and (v1,vs) € G(s)(7").
e By definition of Kj;, we know (K7, K5) € Ky (G)(sp, s)(7”,7") and
Vs 3 [sp, s].VG' > G. (K1, Ka) € Kw(G')(s0,8) (7', 7)

for some s{, and 7’.

We must show (K7[K1][v1], Ka2[K5][v2]) € Ely (G)(s0,8)(T).

By definition of Ej;, it suffices to show (K{[v1], K5[v2]) € Ew (G)(sp, s)(7') and

Vs’ 3 [sp, s].VG' > G. (K1, Ka) € Kw (G')(s0,8) (7', 7).

The latter is given and the former follows from (K7, K5) € Kw(G)(sy,s)(7”,7') and (v1,vs) €
G(s)(r").

O
Lemma 14. If inhabited(w21), consistent(ws1), stable(ws), and defined(w; ® ws), then:
AiTEep ~y,ea:0 = AT Fep ~ygu, €2:0
Proof.

e Using the assumptions and Lemma we get inhabited ((w; ® wa)T) and consistent((wr ® we)1) as
well as stable(w; ® wa).

e Now suppose G € GK((w; ® wz)?1) and § € TyEnv(A), (71,72) € Env(0T, G(s, 8, ")).
e We must show (y1e1,72€2) € E(w, 0wt (G)((5:f, 5,5), (511, 5, 8")) (d0).

o From A;T'F e ~y,, e9: 0 and Lemmawe know:

(’71617 ’7262) € E’wlT(G(_’ ) 8/))((Srf, S)a (srf7 8))(60)
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e We are done by Lemma

Lemma 15. If Vw. (Vie {1...n}. A;Ti Fep~ egzoi) = A;TF e~y e o, then
(Vie{l...n}.Ai;Fil—eiNe;:ai) = A:TFe~eé:0.
Proof.

e Suppose Vw. (Vi e{l...n}. AjTiF e~y el ai) = A;TFen~y e :oand

Vie{l...n}. A;T;Fe;~el:o;.
e Given N € Names, since A is countably infinite, we can split it into A;’s such that N'= N W... WN,,.
e Thus by the premise we have w;’s such that for all i, w;.N CN; and Ay;; Ty Fe; ~y, € : ;.

i

e Since w;.N’s are disjoint, by applying Lemma repeatedly, we have A;;T; F e; ~uy o, 0w, € : 0; for
all i.

e By the assumption we thus have A;T' e ~(y, 0. .gu, )t € : 0
e Using Lemma we get stable(w, ® ... ® wy,) and thus A;T F e~y o gu, € 10
e By definition of ®, we have (w7 ® ... ®@w,).NC AN W...WN,, =N, and thus A;TFe~eé :o.

O
Lemma 16. If VIV. (W e{l...n}. AT bFe~wel: Ui) = A;T'Fe~w e :o, then:
(Vie{l...n}. AyjTiFe ~e, o)) = AThe~e:o
Proof. Immediate consequence of Lemma [I5] O

Lemma 17. If VG, s. V6 € TyEnv(A). V(y1,72) € Env(dT, G(s)). (11 K1,72K2) € Kw (G)(s, s)(d0’, do) then
AThe ~wesio = ATFKifey] ~w Kales] i o
Proof.
e Suppose G € GK(W), § € TyEnv(A) and (v1,72) € Env(oI', G(s)).
e We must show ((v1K71)[y1e1], (12K2)[r2e2]) € Ew (G)(s, s)(00).

From the premise we get (y1e1,v2e2) € Ew (G)(s, 5)(d0”).

By Lemma [13]it suffices to show
(71K1,72K2) € Kw (G')(s,5°) (60", 00)

for s° Jpup s and G' > G.

By Lemma [7]it then suffices to show
(’YlKlv ’YQKQ) € Kw(G/)(SO, so)(éo—/, 50)7

which follows from Lemma [I] and the assumption.
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Lemma 18 (External call). For any G € GK(W) and R € W.S — VRelF, if
consistent(W) A Vs. G(s) = W.L(s)(G(s)) UR(s) ,
then we have
V(7 e1,e2) € Ew(G)(s0, ). V(h1, ha) € W.H(s)(G(s)).
VhY RY. hy W hY defined A ho W hY defined =
(hiWhi,ext AhaWhS, eat)
\Y (ahll,hé,’l)l,’l)g. hl (] hlf,(il —* h/1 (] hf,vl A hg (] hg,eg —* h/2 (] hg,’l)g A
3" D [s0, 8- (hi, hy) € WH(s)(G(s)) A (v1,02) € G(s)(T))
\% (Hh’l,h’Q,T’,KhKQ,e’l,e'z.
hi W hlf,el —* hll (] hf,Kl[e’l] ANho W hg,eg —* h/2 (] hg,KQ[G/Q] AN
s’ T s. (hY, hy) € WH(s')(G(s')) A (77, €}, eh) € S(R(s),G(s")) A
Vs" Jdpub 8’ VG’ > G. (K1, Ka) € Kw (G')(s0,8") (7', 7))

Proof.
e We prove the following proposition by induction on n.

V(7 e1,e2) € Ew (G)(s0, s). V(h1, ha) € WH(s)(G(s)).
VAT hE by @ BF defined A ho ' BE defined —>
(h1 7] hll:, e1T" Nha W hg, eng)
V (thl’ h’2,v1,v2. h1 W hlf,el ¥ hll &) hf,’lﬂ A hg W hg,ez —* h/2 W hg,vg A

35’ 3 [s0, 8. (R}, hY) € WH(s)(G(s) A (v1,v2) € G(s') (7)) (1)
\Y (ﬂh’l,h’Q,T’,Kl,Kg,e’l,e’z.

hl (] hf,el ¥ hll (] h?,Kl[eﬂ A hg (] hg,eg ¥ h/Q (] hg,Kg[e’Q] N

35’ T's. (B, hY) € WH(s')(G(s) A (77, ¢}, ey) € S(R(5"), G(s')) A

Vs” Jpup 8- VG > G. (K1, Ks) € Ky (G')(s0, 8")(7', 7))

e When n = 0, the first case holds vacuously.

e When n > 0, we assume that the goal holds for n — 1. Then we need to show that the goal
holds for n.

e By definition of Eyw (G)(so, s), we have three cases.
e In the first two cases, the goal is trivially satisfied.
e In the third case, we have

Elh,lvhéaTlaKlaKQ,ellveé'
hi W h§‘761 —* hll (] hlf,Kl[G/l] Ahy W hg,eg —* h/2 (] hg7K2[6/2] A
s’ T's. (R, hh) € WH(s")(G(s") A (7, e}, e5) € S(G(s"),G(s")) A
Vs" Jdpup 8. VG > G. (K1, K2) € Kw (G')(s0,8") (7', T)

o As G(s') = W.L(s")(G(s")) UR(s"), by definition of S, we have
(7', €1, €5) € 8(G(s), G(s)) = S(W.L(s')(G(s")), G(s') US(R(s'), G(5)) -

o If (7/,¢],¢e5) € S(R(s'),G(s")), then the goal (1) is satisfied.

o If (7/,€},¢eh) € SW.L(s)(G(s")), G(s")), then by consistent(W), we have that h} & hY, Ki[e]] <! hf W
hY, Ki[beta(e))] and hywhy | Kaleb] <1 hhwhl | Ko[beta(eh)] and (77, beta(e}), beta(eh)) € Ew (G)(s, s').
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e By Lemma [13] we have (7, Ki[beta(e})], K2[beta(eh)]) € Ew (G)(so, ).

e As (Ri,h}) € W.H(s')(G(s')), by induction hypothesis we have that k] W A, Ki[beta(e})] and hy @
hE | Ko[beta(eh)] satisfy the goal (1)) for n — 1 w.r.t. (so,s’).

e As hy WhY e =T hi whl Kilbeta(e))] A ha WhE, ea =T bl w bl Kylbeta(eh)] and s’ J s, we have
that hy WhY ey and ho W AL e, satisfy the goal for n w.r.t. (sg,s), so we are done.

e The original goal is obtained from the sub-goal by pushing the quantification over n inside the first
case and then observing that Vn.h,e{™ is equivalent to h,e.

O

Corollary 19. If

o consistent(W)

o Vs. G(s) = W.L(s)(G(s))

o (1,e1,e2) € Ey (G)(s0, )

o (hi,hy) € W.H(s)(G(s)) and hy WY [ hy W hE defined
then one of the following holds:

1. hywhi eit AhgwWhi ext

2. 3hY, kb, v, 09, 8.
hl Lﬂhlf,el * hll Lﬂhlf,vl/\hgbﬂhg,ez * hélﬂhg,vg/\
§" Jpub [S0, 8] A (R, hb) € WH(S)(G(s")) A (T,v1,v2) € G(8)

Proof. Follows from Lemma [18|for R = As.0). O
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2.3 Compatibility
Lemma 20 (Compatibility: Var).
AFT zi0€el
ATFrz~z:0
Proof.
o Let wig = Wsingle(AR.0, ARA{(0,0)}) (so wig.N C N for any N).

e We are done if we can show A;T'F @~y 22 0.

e It is obvious that stable(wiq) (the dependency is vacuous) and that consistent(wiql) (neither Wier nor
wiq relates any functions).

e inhabited(wig?) is witnessed by state (0, *).

e Now suppose G € GK(w;iqT) and § € TyEnv(A), (y1,72) € Env(dL, G(s)).
e We must show (71 (), 72(x)) € Eu, 1+ (G)(s, s)(d0).

e From (v1,72) € Env(0T, G(s)) we know (71(z),v2(x)) € G(s)(d0).

e We are done by Lemma

Lemma 21.

1. If (1,v1,v2) € G(s), then (7/,7 x 7/, (v1, 8), (va, ®)) € Ky (G) (s, 5).

2. If (7', €}, e5) € Ew(G)(s0, s), then (7,7 x 7/, (e, €}), (o, €5)) € K (G)(s0, $).
Proof.

1. e Suppose (v),vh) € G(s)(1').
e We need to show ({vy,v]), (va,v4)) w(G)(s,s)(r x 7").
e By Lemma [5|it suffices to show (( >, (vg, ) € G(s)(1 x 7).
e Hence it suffices to show (vi,vs) € ( )(7) and (v}, v}) € G(s)(7"), which we both already have.

2. e Suppose (v1,v2) € G(8)(7).
e We need to show ({v1,€}), (va,e5)) € Ew (G)(s0,s)(T x 7).
e By Lemma [T3]it suffices to show

((v1, ), (v2,0)) € K (G')(s0,8")(7", 7 x ')
for s J [so, 8] and G’ > G.

e By Lemma [7]it suffices to show ((v1,e), (va, 8)) € Ky (G')(s',s') (7', 7 x ).

e By part (1) it then suffices to show (v1,v2) € G'(s')(7), which follows from (v1,v2) € G(s)(7) by
Lemma [Il

O
Lemma 22 (Compatibility: Pair).

A;They~es:o A;THey ~ey:o
AT F (eg,e)) ~ (eg,eh) : 0 x o
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Proof.
e By Lemmas|16|and [17] it suffices to show VG, s. V§ € TyEnv(A). V(vy1,7v2) € Env(dT, G(s)),
({0, 71€1), (8, 72€5)) € Kw (G)(s,5) (00, 60 x do”)
assuming A;T F )~y eh 1 o'
e By Lemma [21] it suffices to show (y1€],72¢5) € Ew (G)(s, s)(d0”), which follows from the assumption.
O
Lemma 23 (Compatibility: Fst (Snd analogously)).

ATFe ~ey:oxo
A;TFeil~egl:o

Proof.
e By Lemmas[16]and [17] it suffices to show VG, s. V6 € TyEnv(A). V(71,72) € Env(sT, G(s)),

(o.1,0.1) € Ky (G)(s,s)(do x do’,d0) .

Suppose (v§,v5) € G(s)(do x da’).

We need to show (v5.1,v35.1) € Ew (G)(s, s)(d0).
Suppose (hy, ha) € W.H(s)(G(s)) as well as defined(h; W hY) and defined(hq W hY).

e We know v§ = (v1,v]) and v§ = (va,v5) with (vi,v2) € G(s)(d0).

Hence hy & hY v$.1 < hy w hY v and ho W hE, v5.1 < ho W hE, vs.

Since s J [s, s|, we are done.

Lemma 24 (Compatibility: Inl (Inr analogously)).

ATFeg~ey:o

A;TFinjley ~injles i o+ 0’

Proof.
e By Lemmas [16{and it suffices to show VG, s. V§ € TyEnv(A). Y(y1,72) € Env(dT', G(s)),

(inj* o, inj' ®) € Ky (G)(s, s) (60,00 + do’) .

Suppose (v1,v2) € G(s)(do).

e We need to show (inj* vy, inj' vo) € Eyw (G)(s, s)(d0 + da”).

By Lemmait suffices to show (inj' vy, inj' vo) € G(s)(do + 6a”).

This follows from (vy,vs2) € G(s)(d0).
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Lemma 25 (Compatibility: Case).

A;THep ~eg:o +0o” AT zio'be ~ey:o AT zio" el ~ef i o

A;T F caseejof inj' 2 = €] |injz = ¢/ ~ caseeqof inj' . = ¢} |injfPz = ¢} : o
Proof.
e By Lemmas[16] and [I7} it suffices to show VG, s. V6 € TyEnv(A). Y(71,72) € Env(dT, G(s)),
(caseeof inj' & = y1¢] |inj2z = v1€}, case @ of inj' & = 7aeh | inj? 2 = yael) € Ky (G)(s, 5)(d0"+d0”, 60) .
assuming A; T, x:0’ b ef ~w e): 0 and AT x:0” Fefl ~w el 0.

e Thus it suffices to show that V(v1,v2) € G(s)(d0’ + do”'),

(case vy of inj* 2 = 1€ |inj® x = y1€/, case vy of inj! & = yaeh | inj? . = v2el) € Ew (G)(s,s)(d0)

e By definition of G(s)(do’ + do’’), we have v], v} such that either

1. v1 = inj! V) ANvg = inj! vh A (vy,vh) € G(s)(d0’); or

2. vp = inj> Vi Avg = inj>vh A (v],vh) € G(s)(60").

e We show the former case (the latter case can be done analogousely).
e Let v] := v, x—v] and v} := o, z—0).
e Now suppose (h1,ha) € W.H(s)(G(s)) and h¥, hY € Heap with hy & hY, ho W hE defined.

e We have

hi W hY casev; of inj' & = i€ |inj>z = yief — hy WhY e}

and
ho W hY, case vy of inj! & = vaeh | inj? & = yaely < ho WAL Abel,

e Thus by Lemma [4 it suffices to show

(50/3 (hla hlfa 716/1)7 (h27 hgv 7&6/2)) € OW(EW)(G)(Sv 8) .

e This follows from the assumption and (v1,7%) € Env(6(T',z : '), G(s)).

Lemma 26 (Compatibility: Fix).

AT, fio! o200’ Fep~ex o
AT HAix f(z). ey ~fixf(z).eg: 0’ =0

Proof.
e For any N, from the premise we have w such that w.N C N and A;T, f:o! — 0,2:0" F ey ~y €3 : 0.

o Let w' = wsingle(AR. {(00" — do, yifix f(x). e1, yofix f(z). e2) | .
o€ TyEnV(A)a (’717 ’72) € EHV((sF, R)}7 AR. {((Z)v (Z))})

e Since (w @ w').N = w.N C N, it suffices to show A;T F fix (). e1 ~wgw fix f(z).e2: 0" — 0.

e To do so, we first prove inhabited((w @ w’')1) and consistent((w @ w’)?1):
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inhabited (w'T) is witnessed by state (0, x), so inhabited((w ® w’)T) holds by Lemma

The part of consistent((w ® w')1) concerning universal types follows from consistent(w?) by
Lemma because w’.L doesn’t relate anything at universal types.

Regarding the part concerning arrow types, we suppose
1. G € GK((w @ w')?)
2. (v1,v2) € (W@ W) T.L(5:1, 5, 8) (G501, 5, 8)) (07 — F)
3. (v}, vh) € G(su,5,8)(0)

and must show:
(beta‘(vl vll)a beta(UQ UIZ)) € E(w@w’)T(G)((srfv S, 8/), (srfv S, S/))(a)
From (2) and the definition of 1 and ® we know:

(v1,02) € WhL(sus,8) (G811, 5,8)) (0! = ) V
(v1,v2) € w'.L(sp£) (") (G (8xt, 8, 8")) (0! — T)

If the former is true, the claim follows from consistent(w?) with the help of Lemmas [8] and
So suppose the latter.

Then o/ — & = 60’ — 60 and vy = yifix f(z). e1 and vy = yofix f(z). €5 for § € TyEnv(A) and
(71,72) € Env(0T', G(s41, 8, 8')).

Let 41 = 71, femnfix f(z). e, v—=v) and 74 = 72, foefix f(x). ea, =0}

It remains to show (y1e1,73¢€2) € Ewgw)(G)((sit, 8, 8'), (sif, 8,5")) (60).

By Lemmas [8| and [10] it suffices to show (7{e1,v5€2) € Euwr(G(—, —, 8"))((sxt, 8), (Sit, 8))(60).
This follows from the premise if we can show (v],74) € Env((dT, f:d0" — do,x:60"), G(s:t, 8, 8')).

This reduces to showing (v}, v}) € G(syt, s, 8')(dc”) and
(mafix f(). e, yafix f(x). e2) € G(st, 8,8 ) (60" — o).

The former is given as (3).
For the latter, note that by definition of GK it suffices to show

(nfix f(2). €1, 3afix £ (). €2) € (& W) T.L(sut, 5, 8')(Glsut, 5,8')) (00" = 60).
By definition of 7 and ® it then suffices to show
(yafix f(x). e, Yafix f(x). e2) € w'.L(sp¢) (8" )(G (518, 8, 8')) (60" — d0).

Since ¢ € TyEnv(A) and (y1,72) € Env(T, G(sqf, s, 8")), this holds by construction.

Now suppose G € GK((w ® w’)1) and § € TyEnv(A), (71,72) € Env(éT, G(s41, 8, 8)).

We must show (vifix f(). e1, 7ofix f(2). €2) € E(wguw)t(G)((s:t, 5, 8'), (55, 8,5")) (60" — d0).

By Lemma [ it suffices to show (y1fix f(z). e1,72fix f(2). €2) € G(sit,5,8') (60" — b0).

By definition of GK it suffices to show:

(afix f (). €1, 7afix f (). 3) € (w & @'V .L(set, 5,8') (s, 5, 8)) (5" = 507)

By definition of 1 and ® it suffices to show (y1fix f(x). e1, Yafix f(x). e2) € w' .L(syt)(s") (G (st 8, 8)) (00" —

00).
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e Since § € TyEnv(A), (71,72) € Env(dT', G(syr, 8, 8')), this holds by construction of w’.

Lemma 27.

1. If (7" = 7,v1,v2) € G(s), then (7', 7,01 o,v2 ®) € Ky (G)(s, s).

(
2. If (7', €}, e5) € Ew(G)(s0, ), then (7" — 7,7,0 €], 0 ¢5) € Ky (G)(s0, 9).
Proof.
1. e Suppose (v],v5) € G(s)(7').
e We need to show (v1 v, v v5) € Ew (G)(s, s)(7).
e By definition of Eyy it suffices to show the following:
) (v1,v2) € G(s)(7" — 7)

) (vh,v5) € G(s)(7)
) Vs Jpub s.VG' > G. (e,0) € Ky (G')(s,8)(7,7)
)

a) and (b) are already given.
) follows by Lemmas [6] and [7]

(a
(b
(c
(
(c
2. e Suppose (vi,vs) € G(s)(7" — 7).

e We need to show (v €], vz €5) € Ew (G)(s0, s)(7).

e By Lemma [13]it suffices to show

(v1 8,05 @) € Ky (G') (30,8 ) (7', 7)

for s J [so, s] and G’ > G.
e By Lemma [7]it suffices to show (v e,vs @) € Ky (G')(s,8') (7, 7).
e By part (1) it then suffices to show (vy,vs) € G'(s') (7" — 7).
e This follows from (v1,v2) € G(s)(7" — 7) by Lemma

Lemma 28 (Compatibility: App).
A;ThHep ~ex:o' =0 AT He) ~éehy o

A;Thejef ~ese:o

Proof.
e By Lemmas [16] and [L7} it suffices to show VG, s. V6 € TyEnv(A). Y(71,72) € Env(dT, G(s)),
(o y1€], 0 12ey) € Ky (G) (s, 8)(60" — do,00)
assuming A;T F )~y eh 1 o'
e By Lemma [27]it suffices to show (y1€},72¢5) € Ew (G)(s, s)(d0”), which follows from the assumption.
O
Lemma 29 (Compatibility: Roll).

A;TFep ~es:ofpa.o/al
A;T Frolle; ~roll es : pa. o
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Proof.
e By Lemmas[16]and [17] it suffices to show VG, s. V§ € TyEnv(A). V(71,72) € Env(sT, G(s)),

(roll e, roll ®) € Ky (G)(s, s)(do[ua. do/a], pa. do) .

Suppose (v1,v2) € G(s)(do[pa. do/al).

We need to show (roll vy, roll v2) € Ew (G)(s, s)(pa. d0).

By Lemmait suffices to show (roll vy, roll vo) € G(s)(ua.do).

This follows from (vy,v2) € G(s)(d0[pa. do/a]).

Lemma 30 (Compatibility: Unroll).

ATFey ~ex:pa.o

A;T F unroll e; ~ unroll es : o[pa. o/a]
Proof.
e By Lemmas[16]and [17] it suffices to show VG, s. V6 € TyEnv(A). V(71,72) € Env(sT, G(s)),

(unroll e, unroll ¢) € Ky (G)(s, s)(pua. 0, do[pa. do/al) .

Suppose (v7,v5) € G(s)(pa. bo).

We need to show (unroll 5, unroll v§) € Ew (G)(s, s)(do[uc. do/al).
Suppose (hy, ha) € W.H(s)(G(s)) as well as defined(h; W hY) and defined(hq W hY).

e We know v{ = roll v; and v§ = roll v with (vy,v2) € G(s)(do[pa. do/al).

Hence hy & Y, unroll v§ < hy W hY vy and he & hY, unroll v§ < ho W A vs.

Since s J [s, s|, we are done.

Lemma 31 (Compatibility: Ref).
A;TFey ~es:o

A;TFrefeg ~ref ey :refo

Proof.
e By Lemmas [I5|and [17] it suffices to show VG, s,¢, s. V6 € TyEnv(A). ¥(y1,72) € Env(éT, G(s)),

(ref o ref o) € Kyt (G)((Srt, 8), (Sit, 8)) (60, ref §o) .

Suppose (v1,v2) € G(84t, $)(d0).

We need to show (ref vy, ref va3) € Eyy (G)((sir, 8), (e, 8)) (ref 60).
Suppose (h1, ho) € wi.H(s:t, 8)(G(sy,5)) as well as defined(h; W hY) and defined(hy W AY).

We know hy WhAY ref v1 < hy W [(y—v1] WhAY ) for £ ¢ dom(hy W AY).

Similarly, ho W hY, ref v < ho W [fa—vo] W AY £y for £ ¢ dom(hs W hE).
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e By definition of E,¢ it suffices to find (s,r,5) 3 [(ut, $), (e, )] such that:

1. (hl (] [fp—)vl], ho W [fg'—)?]g]) S wTH(g;;,g)(G(g;},g))

2. (l1,05) € G(op, 3)(ref 60)

e From (hy,h2) € wh.H(syt, s)(G(si,8)) we know h; = hl W hl for some hi,hY, hi, hY with (hi,h}) €
Whyet H(8:£) (G (811, 8)) and (B, hY) € w.H(swt)(s)(G (541, 8)).

e Since ¢; ¢ dom(h}) and ¢ ¢ dom(h}), we therefore know that s,¢ W {(dc,¢1,02)} is well-defined and
that sy W {(d0, l1,02)} € Wyet.S.

e We choose 55 = s¢ W {(d0,01,42)}.

e Note that syt Jpup spf and that (h] W [f1—=v1], hhy W [la—v2]) € Wier.H(555) (G (Sxt, 9))-

e By dependent monotonicity we also get § Jpu, § such that (A, h5) € w.H(sw)(5)(G (541, ))-

e Together this yields (hy W [¢1—v1], ho W [la—va]) € w.H(sr¢, $)(G (s, s)) and then (1) by monotonicity.
e To show (2) it suffices, by definition of GK, to show ({1, f2) € wt.L(5:, 5)(G(541, $))(ref do).

e By definition of 1 and W, this in turn reduces to showing (dc, ¢1,¢3) € 3¢, which holds by construc-
tion.

O

Lemma 32 (Compatibility: Deref).
A;T'Hey ~eg:refo

A;THlep ~leg:o

Proof.
e By Lemmas[I5]and [17} it suffices to show VG, sy, s. V8 € TyEnv(A). V(y1,72) € Env(T, G(s)),

(!.7 !.) € KwT(G)((Srfa 3)’ (Srf7 s))(ref oo, 60) :

e Suppose (v1,v2) € G(s1, 5)(ref 60).

o We need to show (lvq,va) € Eyr(G)((set, 9), (Set, 5))(0).

e Suppose (hy, ha) € wi.H(s.t, s)(G(s:t, 5)) as well as defined(h; & hY) and defined(hs & hY).

e From (v1,v2) € G(ss,5)(ref 60) we know by definition of GK and Wit that (80, v1,v2) € .

e From (hy, ha) € wh.H(su, $)(G (s, 8)) we know (R, hb) € Wier . H(spe)(G(8yt, 8)) for some b} C h; and
h, C ho.

e From the definition of Wit we thus get (R} (v1), h5(v2)) € G(vt, $)(d0).
e Hence we know hy WhAY vy < hy WhAY B (v1) and ho W hE, vy < ho W RE, RS (v2).
e By definition of E, it suffices to find (sy¢,s) Jpub (Sif, ) such that:

L. (h1,h2) € wi.H(set, 5)(G(5:1, )

2. (W (v1), By (v:)) € Glor,3)(00)

e We choose (5,¢,5) = (s, 8) and are done.
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Lemma 33.

1. If (ref 7, v1,v9) € G(841, S),
then (7, unit, v := e, vy := o) € Ky (G)((5et, 5), (Sit, 5))-

2. If (1, €], €5) € Eyt(G)((Srt, 9), (St 5)),
then (ref 7,unit, e := e}, ® := e5) € Kyt (G) (811, 8), (811, 8))-

Proof.

1. e Suppose (v],v5) € G(8t,5)(T).
e We need to show (v1 1= v, v2 := v)) € Byt (G)((8e1, 8), (8e1, 5)) (unit).
e Suppose (h1, hy) € wi.H(sy, 5)(G (i1, 8)) as well as defined(h; & hf') and defined(hy W AY).

e From (vy,v2) € G(84t, s)(ref 7) we know by definition of GK and Wit that (7,v1,v2) € sys.

e From (hq, ha) € wt.H(syt, $)(G(syt, 8)) we know h; = hWh! for some hy, hY, hb, b with (R}, hf) €
Wiet H(s:£)(G (81t 8)) and (RY, hY) € w.H(s:£)(s)(G (s, 5)).

e From the definition of Wyer we thus get v; € dom(h)) and vy € dom(hj).
e Hence hy W hY, vy :=v] < hyfvp—=ov]] WhAY () and hy WAY, vy := v} — ho[vag—vh] W hE, ().
e By definition of E,,4 it suffices to find (s:1,5) Jpub (Si, 5) such that:
(a) (hafvor=v1], holvavg]) € whH(ser, 5)(G(s:r, 5))
(b) (0, () € G(str, 5) (unit)
e We choose (S, $) = (81, 5).
e Note that (b) is immediate.

e Showing (a) reduces to showing (v}, v}) € G (81, 5)(7), which is given.

2. e Suppose (v1,v2) € G(8yt, s)(ref 7).
e We need to show (v; := e}, ve := €}) € Eyt(G)((xt, 8), (Se£, ) (unit).
e By Lemma [13|it suffices to show

(01 = o,03 = 8) € Kot (G') (511, ), (537, 3)) (7, unit)

for (s:1,8) Jpub (8ur,8) and G > G.
e By Lemma[7]it suffices to show (vy := e, vy := ) € Kyt (G')((531, 3), (5:¢, 5)) (7, unit).

e By part (1) it then suffices to show (v1,v2) € G'(5;¢, 5)(ref 7).
o This follows from (v1,v2) € G(Syt, s)(ref 7) by Lemma

Lemma 34 (Compatibility: Assign).

A;ThHep ~eg:refo A;ThHej~eh:o

AT ey =€) ~eg =€l :unit

Proof.
e By Lemmas[I5]and [17} it suffices to show VG, sy, s. V8 € TyEnv(A). V(vy1,72) € Env(T, G(s)),

(ref do, unit, @ := '716/1a ¢ = ’726/2) € KwT(G)((Srfv 8)7 (srfa 8))

assuming A;T F e}~y e): 0.

28



e By Lemma [33 it suffices to show (y1€],72¢5) € Eut(G)((set, ), (S, 8))(d0), which follows from the

assumption.
Lemma 35.
1. If (ref 7,01, v0) € G54, 5),
then (ref 7,bool,v; == o, vy == ) € Kt (G)((5vf, ), (Sif, 5))-
2. If (ref 7, €}, €5) € Byt (G)((Sef, ), (Sef5 8)),
then (ref 7,bool, @ == e}, 8 == ¢) € Ky (G)((Sxf, 5), (Srf, 5)).
Proof.
1. Suppose (v],v4) € G(syt, s)(ref 7).
We need to show (v1 == v{,ve == v}) € Eyt(G)((sit, 8), (i, $)) (bool).
Suppose (hy, ha) € wi.H(syt, s)(G (i, 5)) as well as defined(h; & hY) and defined(he & hY).
From (vf,v5) € G(syt,s)(ref 7) we know by definition of GK and Wit that (ref 7,v], v}) € sy¢.
From (v1,v2) € G(sy, s)(ref 7) we know by definition of GK and Wiy that (ref 7,v1,v2) € syf.
By definition of Wit.S this yields v; = v] <= vq = v}.
Hence either hy W Al vy == v} — hy WA tt and ho WhAY vy == vh < hy W R tt or Ay
RY vy == v} < hy WRY ff and hy W AL vy == v < hy W AL .
By definition of E,4 it suffices to find (s;¢,5) Jpub (8if, §) such that:
(a‘) (h17h2) € ’U}TH(;;},E))(G((E;},??’))
(b) (tt,tt) € G(541, 5)(bool)
(c) (ff,ff) € G(5:, 5)(bool)
We choose (5y¢,35) = (Sit, 5), and are done.
2. Suppose (vi,v2) € G(sys, s)(ref 7).
We need to show (v; == €}, v2 == ¢}) € Eyy(G)((8e1, 8), (e, 5)) (bool).
By Lemma [13]it suffices to show
(v1 == 0,03 == o) € Kyt (G')((8s1, 5), (58, 5)) (ref 7, bool)
for (s:1,8) Jpub (8u1,8) and G > G.
By Lemma [7]it suffices to show (v; == e,v; == o) € Kyt (G')((531,9), (53¢, 5) ) (ref 7, bool).
By part (1) it then suffices to show (vq,vs) € G’(sy1,5)(ref 7).
This follows from (v, v2) € G(syt, $)(ref 7) by Lemma

Lemma 36 (Compatibility: Refeq).

Proof.

A;ThHep ~eg:refo AT e ~el:refo
AT ey ==¢) ~ ey ==eé: bool
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e By Lemmas|15|and [17] it suffices to show VG, s,1, s. V0 € TyEnv(A). V(y1,72) € Env(éT, G(s)),

(ref 6o, bool, @ == 1€], 0 == aeh) € Koyt (G)((5e£, 9), (Set, 8))

assuming A;T F €] ~y4 € @ refo.

e By Lemma [35]it suffices to show (yi€],7v2¢5) € Euwt (G)((s:t, 8), (51¢, 8)) (ref do), which follows from the
assumption.

O

Lemma 37 (Compatibility: Gen).

Proof.

Aa;T'Hep ~es:o
A;THA er ~Aes:Va.o

e For any N, from the premise we have w such that w.N C N and A, ;T Fe; ~y €3 : 0.

o Let w' = Wsingle(AR. { (Vo 60, A. y1e1, A.2e2) | 6 € TyEnv(A), (v1,72) € Env(dI', R)}, AR. {(0,0) }).

e Since (w®@w').N = w.N C N, it suffices to show A;T'F A.eg ~pguw A. e : Va.o.

e To do so, we first prove inhabited((w ® w')1) and consistent((w ® w’)?1):

inhabited(w'T) is witnessed by state (0, x), so inhabited((w ® w’)T) holds by Lemma

The part of consistent((w ® w’)1) concerning arrow types follows from consistent(w?) by Lemmal[12]
because w'.L doesn’t relate anything at arrow types.

Regarding the part concerning universal types, we suppose
1. G € GK((w ® w')?)
2. (vi,v2) € (w R W )t.L(syt, 8,8 )(G(sit, 8,8")) (V. 7)

and must show:
V1 € CType. (beta(v1[]), beta(vs[])) € Ewgw)r(G) (s, 5,5"), (s:, 8, 8")) (@[1/])
From (2) and the definition of 1 and ® we know:

(v1,v2) € wh.L(set, 8)(G (848, 8, 8")) (V. o) V
(v1,v2) € W.L(8:£)(8")(G (541, 8, 8")) (V. 7)

If the former is true, the claims follow from consistent(w?) with the help of Lemmas [8] and
So suppose the latter.

Then Va.o = Va.do and v; = A.vyie; and va = A.7yzey for 6 € TyEnv(A) and (y1,72) €
Env(oT, G(s,t, 8,8")).

Let ¢/ := 6, ar—r.

It remains to show (y1e1,72€2) € Ewgw)t(G)((sif, 8,8"), (scf, 8,8"))(6'0) since o[ /a] = do[r/a] =
do.

By Lemmas [8| and [10] it suffices to show (yie1,y2€2) € Euwt (G(—, =, 5))((5:£, 5), (11, 5)) (0'0).

This follows from the premise since ¢’ € TyEnv(A,«) and (y1,72) € Env(l, G(sy,s,8")) =
Env(6'T, G(svt, 8, 8")).

e Now suppose G € GK((w ® w')1) and ¢ € TyEnv(A), (y1,72) € Env(dT, G(sy, s, 8')).
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We must show (A.vie1, A y2e2) € Equguw )+ (G)((sif, 8,5"), (501, 8,58")) (Ve 60).

By Lemma [ it suffices to show (A.vie1,A. y2e2) € G(syq, s, 8') (Vo §0).

By definition of GK it suffices to show:

(A.yier, A.yaez) € (w @ w)T.L(sit, 8,8 ) (G (51,8, 8")) (V. §o)

e By definition of T and ® it suffices to show (A.vy1e1, A.y2e2) € w' .L(s')(G(8st, 8,8")) (Var. 60).
Since § € TyEnv(A), (v1,72) € Env(dT, G(s4t, 8, ")), this holds by construction of w’.

Lemma 38 (Compatibility: Inst).

ATkFe ~e:Va.o Ak’
A;TEe[] ~es]] : oo’ /al

Proof.
e By Lemmas[16]and [17] it suffices to show VG, s. V6 € TyEnv(A). V(y1,72) € Env(sT, G(s)),

(o[],0[]) € Kw (G)(s,s)(Va.do,daldc’ /a]) .

e Suppose (v5,v3) € G(s)(Va.do).
e We need to show (v7[],v3[]) € Ew (G)(s, s)(dc[do’ /a]).

e Since (v§,v3) € G(s)(Ya. d0), by definition of Eyy, it suffices to show
Vs' Jpub 8. VG' > G. (e,0) € Ky (G')(s,5")(dc]d0’ /], 6o (b0’ /a])

which holds by Lemma [f]

Lemma 39 (Compatibility: Pack).

AFo" AThke ~ey:ofo’/al
A;T'F pack e; ~ pack es : da. o

Proof.
e By Lemmas [16] and [17] it suffices to show VG, s. V8 € TyEnv(A). V(v1,72) € Env(0T, G(s)),

(pack e, pack @) € Ky (G)(s, s)(60[d0’ /], Ja. b0) .

Suppose (v, v2) € G(s)(do[d0’/a]).

We need to show (pack vy, pack v3) € Ew (G)(s, s)(3a. d0).
By Lemma [5| it suffices to show (pack vq, pack ve) € G(s)(3a. o).

This follows from (vy,v2) € G(s)(da[do’/a]).
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Lemma 40 (Compatibility: Unpack).

AT kel ~ey:da.o Aa;T x:ob e ~ey:o At o

A;T - unpack e; as x in €] ~ unpack es as z in €}, : o’

Proof.
e By Lemmas[16]and [17] it suffices to show VG, s. V5 € TyEnv(A). V(71,72) € Env(sT, G(s)),

(Ja. 80, 50" unpack e as x in i€, unpack e asx in yaeh) € Ky (G)(s, s)

assuming A, a; T,z o b€} ~yw eh: o'

e Thus it suffices to show that V(v1, v2) € G(s)(3a. do),

(60’ , unpack v1 as x in y1€], unpack vy as x in y2¢eh) € Ew (G)(s, s)

e By definition of G(s)(3a. do), we have vf,vs and 7 € CType such that

vy = pack v} A vy = pack vy A (v],vh) € G(s)(da[T/a])

o Let ¢ := 0, =7 and v 1= vy, x—v] and 75 1= yo, 20},
e Now suppose (hi, he) € W.H(s)(G(s)) and hY', hE € Heap with hy & A", ho W hE defined.

e We have h; WAl unpack v as x in yie} — hy W hY, vie) and ho W AL unpack vy as z in ypel —
ho W b A4el and thus by Lemma it suffices to show

(50/’ (hla hf, ’Yiell)v (h2v hgv 7&6/2)) € OW(EW)(G)(Sv S) .

e This follows from the assumption and do’ = §’0’, &' € TyEnv(A, ), (71,74) € Env(§' (T, z : 7), G(s)).
O
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2.4 Soundness

Theorem 41 (Fundamental Property). If A;T F p: o, then A;T F |p| ~ |p| : 0.
Proof. By induction on the typing derivation, in each case using the appropriate compatibility lemma. [
Lemma 42 (Weakening). If A;T'Fe; ~ey:0and A CA’AT CTV, then A';TVFeyp ~ey: 0.
Proof. One can easily see that the goal is a direct consequence of the definition from the following observation:

for i = 1,2, VR. V6 € TyEnv(A'). Vv; € Env(oIV, R).

[6]a € TYEnv(A) A |Vildomr) € Env([6]aTl, R) Aviei = [Vi]dom(r)€i
where | f]q denotes the restriction of the function f on domain d. O
Lemma 43 (Congruence). If A;T'Fey ~ey:0and HC: (A;T;0) ~ (A';T;0'), then

AT FCler] ~ |Clle2] : 0" .

Proof. By induction on the derivation of the context typing: in each case using the corresponding compati-
bility lemma. For a context containing subterms we also need Theorem The rule for an empty context
requires Lemma [12] O

Lemma 44 (Adequacy). If ;- - e; ~ ey : 7, then
1. Vhq, ho. neither hq, e; nor hs, e gets stuck.
2. Yhi,ha. hi,e1T <= ha,e2?.
Proof.
e We know ;- e ~y, es : 7 for some w with w.N C TyNam.
e Hence we have consistent(w?) and inhabited(wt).

e Thus, using Lemma [2] there is so such that (§,0) € wt.H(so)([w?](s0))-

We also have (e1, e2) € Eyr([wl])(s0, 50)(7)-

Since consistent(w?), (0,0) € wt.H(so)([wt](s0)) and Vs. [w](s) = wi.L(s)([w?](s)), by Corollary [19]
for any heaps hi,ho both hi,e; and ho, ey diverge or both terminate without getting stuck.

O
Theorem 45 (Soundness). If A;T'F py : o and A; T py @ o, then:
A;TE [pif ~[p2| 0 = AT Epr~expa i o
Proof.
e Suppose A;T'F |p1]| ~ [p2] o as well as = C: (A;T50) ~ (45 7).
e By congruence (Lemma[43)), we have -;- - |Clp1]| ~ |C[ps]| : 7.
e By adequacy (Lemma , we have h, |C[p1]| T <= h,|C[p2]| T for any h, so we are done.
O
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2.5 Symmetry

Definition 2. Given R € VRel (or VRelF), we define R~! € VRel (or VRelF) as follows:

R =) R(r)!
Lemma 46. (R)~' = R-1T
Proof. Easy to check by induction.
Lemma 47. S(R;',R;") = (S(Rs, R,)) '
Proof. Easy to check.

Definition 3. Given w € LWorld, we define w~! € LWorld as follows:

w~ LN = w.N

w~L.S = w.S

wt.J = w.d

w . jpub = w-gpub

e L) (5)(R) = (wl(s")(s)(R™) "
w L H(s)(s)(R) = (w.H(s;fl)(s)(R_l))

where s;' 1= AT, (1)t
Lemma 48. w™'1.H(s,r, 5)(R) = (wi.H(s5', s)(R™1))
Proof.
w™ . H(su, 5)(R)

= Wref H(Srf)(R)

(( ref- H Srf (
(WrefH(S*l)(R_l) ®w.H(s;')(s)(R™))
= (whH(sz" 9@ ™)

@ w His, 0l
J(B) ™ @ (w His) () (B) )

-1

Lemma 49. w™'1.L(s,,5)(R) = (wT.L(s;fl,s)(R_l))_l

Proof. Analogous to Lemma

Definition 4. If G € GK(w™!1), we define G™1 := \sy, s. G(sr_fl,s)fl.
Lemma 50. If G € GK(w™!1), then G~! € GK(w?).

Proof.

1. Monotonicity of G~ follows immediately from monotonicity of G.

Srf, § )( (Srf,S))I

2. It remains to show Vs, 5. G71(syt, 5) 7;‘;? N

T.L(s
( Sif, S )
= G( aes) !
> (0T (s 8) (Gt 9)))
= w?.L(spf, )(G(sr}17s)’1)
= wh.L(set, 8) (G (set, 8))

—1
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Lemma 51. If stable(w), then stable(w™1).
Proof.
e We suppose

1. G € GK(w™11)
2. (h1,h2) € wEH(s:)(8)(G (508, 8))
3. she O sif
4. (h%cf’h?cf) € Wref~H(5;f)(G(3;f75))
5. hl;Why defined A hZ; & hy defined
and must show: 3s' Jpup 8. (h1, he) € w L H(s)(s")(G(s, 8'))
e From (2) we know (hg,h1) € w.H(s;")(s)(G(ser,8) 1) = w.H(s:') () (G (s, ).

e From (3) we know s, " J s,

From (4) and Lemma 46| we know (h2;, hl;) € Wier.H(s's ) (G (54, 8) ™) = Wit H(si (G151, 9)).

ref Spf

e Hence, using Lemma the assumption yields s’ J,,p s such that

(ha.hn) € wH(si ()G (sl5 o).

e This implies (A1, ha) € w™ . H(sl)(s')(G(sl, ).
O
Lemma 52. If inhabited(w?), then inhabited(w~=11).
Proof.
e We suppose G € GK(w™!1) and must show Jsg. (0,0) € w™11.H(s0)(G(s0)).
e Using the assumption and Lemma we get (syf, s) such that (0,0) € wt.H(sy, 8) (G (s, 8))-
o Lemmaimplies (0,0) € w . H(s ', 8)(G(s 5", 9)).
O

Lemma 53. If G € GK(w™'1), then:

(But (G (55" 0r50), (557, 9)) ™ C Byy14(G) (5150, 50): (511, 9))
Proof. Let
E},-11(G)((srf0, 50), (srt, 8))(T) = (Bur(G ) (5" o 50), (557, 9)) (1)
K., 1:(G) (50, 50), (506, 9)) (7' 7) = (K (G (555705 50) (55575 8)) (77, 7))
By coinduction, it suffices to show:

1. Veq,e1,G, Sitg, S0 Sefs Sy T-
(e2,e1) € B} 1, (G)((srt0, S0), (5:f,8))(T) =
Y(ho, h1) € w™ . H(s:t, 8)(G(sy1,5)). VRY, AY.
((h27 hga 62), (hla hll?a 61)) € walT(Kiu—lT)(G)((srfm 50)3 (Srfa 5))(7—)
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2. VK9, K1, G, 5180, 50, Scf, S, T, T.
(K2, K1) € K, 1, (G) (5150, 50), (sir,8)) (77, 7) =
V(vg,v1) € G(8pt,8) (7).
(Ka[va], K1[v1]) € E), 1 (G)((5r505 S0), (818, 8))(T)

For (1):

e By deﬁnition of E| ., and Lernma suppose (e, e2) € EwT(G*I)((sr—fl(J’ 50), (55, 8))(7) and (hy, hy) €
whH(sy',8)(G (st 5)).

o By definition of E,+ we have ((h, RY,e1), (ha, hY, e2)) € OwT(KwT)(Gfl)((sr_flo, 50), (sr_fl, $))(7).

e Using all the lemmas above, it is easy to check that this implies
((ha, b5, e2), (hi, By e1)) € Oy=11 (K1) (G)((Ses0, 50), (Set,9))(7) -

For (2):
e By definition of K| _,, and Lemma suppose (K1, K») € KwT(G_l)((sr_flo,so), (s',8))(7',7) and
(v1,v2) € G (s, 8)(7).
e By definition of K4 we have (K1[v1], Ka[va]) € Ewt (G (s, 50)5 (s555,8))(7).
e By definition of E|, ., it implies that (Kz[vs], K1[v1]) € B 1, (G)((s:10, 50), (rr, $))(7).

Lemma 54. If consistent(w?), then consistent(w~=11).
Proof.

e We suppose G € GK( _1T) and (e1,e2) € S(w™1.L(syt, 8)(G (81, 5)), G(8:1, 8))(7), and must show
(beta(el) beta(eg)) (G ((Srfas)’(srfvs»(T)'

e By Lemmawe know (e2,e1) € S(wt.L(s; ,s)(G’l(s;f17s)),G’l(sr}17s))(7).
e Using the assumption and Lemma we get (beta(es), beta(er)) € EwT(Gfl)((s;fl, s), (s;fl, $)) (7).
e We are done by Lemma

Theorem 55. If A;T'Fe; ~eg: 0, then A;T'F ey ~eq:0.

Proof. Suppose A;T'F ey ~y, eg : 0 with stable(w). By Lemma it suffices to show A;T'F eg ~,-1 €1 : 0.
Using Lemmas [52] and [54] this in turn reduces to showing:

VG € GK(w™). Vs, 5. V6 € TyEnv(A). V(71,72) € Env(ST, G(sy1, 8))-
(v1€2,72€1) € Eyo14(G) (811, 5), (11, 8)) (00)

From (v1,72) € Env(0T,G(sy,s)) we have (y2,71) € Env(0T,G(s:,5)7 1) = Env(oT,G (s, s)).

Lemma and the assumption thus yield (y2e1,71€2) € Euwt(G™)((s5',5), (55", 5))(d0). We are done
by Lemma O
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3 Examples

3.1 World Generator
NLWorld := { W € Names — LWorld | YN". W(N').N C '}
Definition 5. We define G : NLWorld — NLWorld as follows.

GW)(N).N =N

G(W)(N).S = {(s1,---,80) | mENAVie{l...n}. s, e WN;).S}
GOV)N).-L(set) (51,5 5n)(R) = Useqr..ny WN)-Lsae) (5:) (R)

GOWV)WN)H(sie) (1, 0)(R) := Biefr..nyWNi)H(ss) (s:)(R)

where { \; } is a countably infinite splitting of N i.e., N'= N7 W Ny & N3 W
The transition on G(W)(N) is generated by the following rule.

(31,...,Sk78k+1) gpub (817 75/1?)
(517 S;C) gpub (517 . 75k) if /1 g ub S1 A A 519 —pub Sk
(1, 8%) 3 (s1,...,8) if s/lgsl/\ /\skjsk
(81,---,85) D (s1,.-0,8K) if (s, 5%) Jpub (51, -+, 5k)

We define the following notation.

{n\i} == {1,...,i—1,i+1,...,n}
G({Sk}ke{n\i}) = G(fasla sy Si—1y Ty Sitly - - '75n)

Lemma 56.
VG e GK(G(W)(N)T) Vsl ce e 8i—1ySi4+1---Sn- G({Sk}ke{n\z}) S GK(W(M)T)

Proof.

e We need to show G({s}refn\i}) is monotone w.r.t. =, which follows directly from the definition of C
and monotonicity of G.

o We have

G({Sk}ke{n\z )(Srfasi)
= Gsi,s1.
Zi\e/f G( )( ) (Srfv 81 Sn)(G(Srfv 51...5n))
> ( ) ( Srf, S )(G( rfasla"'75n))
= WW)tL(sie, i) (G({sk}regn\i) (si, 50)) -

e Now it suffices to show that the latter inequality is contained in zféf, which follows from Vi. W(N;) €
LWorld and the fact that A7, ..., N, are disjoint.
O
Lemma 57. If W = G(W)(N)1 and VA”. stable(W(N”)) and G € GK(W), then:
D((%87), (80, 80)) < By (G)((spg, 81+ - 8i—1, 87, Si1 - 8n)s (S8, 81 - 8n))
2. Kt (GUsidregmvin) (8%, 57)s (sery 80)) < K (G) (83 81+ 801,80, 81 -+ 8n), (808, 51+ 50))
Proof. We define Ef;, and K, as follows:

E (G)((s%,59...8% ), (80,81 .8n)) = { (T, €1, €2) |
(Vk € {no\i}. s Tpub 5p) A (T, €1, €2) € Eyyn )1 (G{sk treqnriy)) (5% 87), (sef,5:)) }
Ky (G) (s, 89 .. s0,0), (ser, 81+ 8)) = { (77,7, K1, K2) |
(Vk € {no\i}. sr Tpub sp) A (7,7, K1, K2) € Kyyniy+ (G({se ke fmi})) (%, 59), (505, 86))

Then it suffices to show EQ,V < Ew and KW < Kw by coinduction. Concretely, we have to show:

L Eywwir (G({sk ke fn\i}

= —
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1. Vey, ez, G, s%,s? .S%O,Srf781...8n77'.
(e1,e2) € E' (G (%, 89 ... 820), (Scfy 81 .--8n)) (1) =
V(hy,he) € WH(se, 51 - .- 5,)(G(8et, 81 - - - 5)).VRY , BE.

((hh h?v 61)) (h27 hga 62)) € OW(KQ/V)(G)((ng’ 8(1) s 59;0)7 (Srf’ S1... Sn))(T)
2. VK15K27G75rfa31 % asrf751 SnyT y T-
(K1, K3) € Kw(G)(( b ST - 3% s(sepy 81 80)) (7, T) =
V(v1,v2) € G(Set, 81 -+ S ) (7). (K1[v1], KQ[UQ]) € By (G)((s%, sY...80,), (se,81 - 80))(T)

For (1):
e Suppose (e1,e2) € By (G)((s%, Y ... s ), (scg, 51 - .- 8))(7) and (hy, ho) € W.H(sye, 51 ... 80 ) (G508, 51 - .-
e By definition of Ej;, we have (Vk € {ng\i}. s, Jpup s%) and

(m €1, e2) € Byyoniyt (G({situemiip)) (s, 87), (18, 80)) -
o We must show ((hq,hi,e1), (he, by, e2)) € Ow (Kiy )(G)((s%, 89 ... 80, (se6, 81 - 80))(T).
e So suppose defined(h; W hY') and defined(hy W AY).
e From (hi,he) € W.H(sit,81-.-80)(G(Sf, 81 ---8,)), we have hy = b} WhY and he = hl, WAL with

(R, hy) € WN)TH (505, 8:) (G (811,51 - - - 8n)) and (R, hy) € @pe iy W(Ng)-H(see) (1) (G (508,51 -+ 50))-

e Hence ((hllﬂ h” W hl 761) (h/27 h// S h2 ; 62)) € OW(J\/})T(KW(N?‘,)T)(G({sk}ke{n\i}))((sgﬁ S?)v (Srfﬂ Sl))(T)

e Consequently at least one of the following three properties holds:

A) hl (] hlf,elT and hg ] hg,egT

B) (a) hi WhT,e1 —* Bl Wwh? WhY vy and ho WAE e3 —* hl W hY & hE vy
(b) (555, 8:) 3 [(s%, 89), (505, 50)]
(c) (hy,hh) € WN)TH(5er, 8)(G(Srty 1 -+ Siz1, Siy Sit1 -+ - Sn))
(d) (vi,v2) € G(5e1, 81 - - - Si—1, 81, Sit1 - - - S )(T)
C) (a) b WAY e1 —>* W Wh? whY vy and hy WhAE s —* bl W RY W hE vy
(b) (5:t,8:) 3 (8ut, 84)
(c) (h},hh) € WN)TH(5c¢,5) (G(Sxf, 1+ - - Si—1, 85, Sit1 - - - Sn))
(d) (617 62> S S<G(Srfa S1... 81717 g%) Si+1 e 577,)7 G(g;‘;a S1... Si*l» §;7 8’L+1 n))(F)
(e) V(5 8i) Jpub (5:8,5:). VG > G({sk}refniy) (K1, K2) € Kyyar) (G’)(( 5%, 89), (5:1, 51)) (T, T)

e If (A) holds, then we are done.
e If (B) holds:

— For all k € {n\ i}, iteratively applying stable(W(N},)) and using monotonicity gets us s Jpub Sk
such that:
(WY 1) € Dre iy WNL)-H ) (50 (G5, 81 - 52)
— Thus from (Bc), monotonicity, and the definition of W we get
(W WY Wy WhY) € WH(537, 51 ... 52)(G (5, 61 - .. 57)
— From (Bb) we get (Spr,81...5,) 2 [(s%, 57 ...80 ), (80,51 50)].
— Together with (Ba), (Bd), and monotonicity we are done.
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e If (C) holds:

— For all k € {n\ i}, iteratively applying stable(W(N},)) and using monotonicity gets us s Jpub Sk
such that:
(WY 1) € Dre iy WNL)-HGT) (50 (G5, 83 - 52)

Thus from (Cc), monotonicity, and the definition of W we get
(W WY Wy WhY) € WH(3t, 51 ... 52)(G (5, 61 - .. 57)

— & 0 0 0
From (Cb) we get (scf,51...5,) 3 [(Sy5, 57 -+ 5py )5 (Sef5 51 -+ 8n)]-
— After applying monotonicity to (Cd), it remains to show:
V(5et, 51 5m) Dpub (518,81 -80). VG' > G.
(K1, K2) € Ky (G')((s5, 8 - - 80,), (5ek, 81+ 5m)) (7, 7)

— So suppose (5¢f, 51 - - - Sm) Jpub (Sif, 51 ... 5,) and G’ > G.

By monotonicity we have G'({5k }rem\i}) > G {5k re(n\i})-
From (Ce) we therefore get (K1, K2) € Kyt (G'({8k bregm\ip)) (s, 59), (5:t, 50)) (7, 7).
— By definition of K{;, this implies (K7, K») € K’ w(G((%,8Y .. s ), (555,81 - - 5m)) (T, 7).

For (2):
Suppose (K1, K2) € Kiy (G)((s%, 89 ... 80 ), (8e, 81+ .. 80)) (7, 7) and (vi,v2) € G(f, 51 - .. 80) (7).
By definition of K}, we have (Vk € {no\i}. sy Jpup s%) and
(7,7 K1, K2) € Kyt (G({skbhefnyi)) (53, 87, (511:80))
We must show (7, Ki[v1], Ka[v2]) € Efy (G)((s%, 87 ... 85), (sae, 81 - .. 8n)).

By definition of Ej;, it suffices to show
(7, K [v1], Kafva]) € Byt (G{sk boetmap)) (sir, 89, (st 54)) -

e Since (v1,v2) € G(Sf, S1- - Sn)(7'), we are done.

O
Lemma 58. Suppose V. stable(W(N)).
1. VN stable(G(W)(N))
2. It V. consistent(W(N)1), then VN consistent(G(W)(N)T).
Proof.
e We suppose
(a) G € GK(GW)(M)T)
(b) (1,e1,e2) € S(GIW)(N)T.L(set, 81 -+ - 80) (G(Sef, 81 -+ 8n)), G(Suf, 81 - - - Sn))
and must show (7, beta(e1), beta(ez)) € Eqonyw)r(G)((set,51 -+ - 5n), (Scf, 51+ - 8n)).
e From (b) and the definition of S we know: for some 4,
(1,e1,e2) € SOV(N)T.L(Sxt, i) (G(Sef, 81« - - Sn))y G(Sef, 81 -+ - Sn))
e The claim follows from consistent(W(N;)?1) with the help of Lemmas [56] and
O
Lemma 59. inhabited(G(W)(N)?T)
Proof. 1t is easy to check that (0,0) € GOV)(N)T.H(0, ())(R) for any R. O
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3.2 Substitutivity

Theorem 60.
AT, z0' e ~e:o AT Fo ~vg:o

A;T Fegfvy/x] ~ egfvg/z] i o
Proof. By Lemma [16] it suffices to show:

AT, x0' Fe ~wey:o AT o~y vt 0!
AT Fep[vg/z] ~w ealva/x] i o

This boils down to showing
(00, 71 (e1[v1/x]), 12(e2[v2/x])) € Ew (G)(s, s)
for 6 € TyEnv(A) and (y1,72) € Env(dT, G(s)).
e So suppose (h1,he) € W.H(s)(G(s)) and kY, kY € Heap.
e We must show (3o, (h1, hY, v1(e1[v1/x])), (ha, hE  y2(e2[va/7]))) € Ow (Kw)(G)(s, s).
e From the second premise we get (o, y1v1, 72v2) € Ew (G)(s, 3).

e As a consequence of this, there is s’ Jpyp, s such that:

1. (80", 7101, y2v2) € G(s')
2. (h1,hg) € WH(s")(G(s))

o Let 7] := v, x—=y1v1 and 5 1= a2, x—y20s.

e By monotonicity and (1) we have v/ € Env(§(T, z:0”), G(s')).

e The first premise then yields (do,vie1,v4e2) € Ew (G)(s, s').

e By Lemma [7] we get (60,7 e1,v4e2) € Ew (G)(s, 8).

o This implies (60, (b, ¥, 71 (e1[o1/2])), (2, BB, 12 eafva/2]))) € Ow (Kw)(G) (s, 5)-
e We are done by Lemma [4| and (2).

3.3 Expansion

Theorem 61.
A;THe, ~éy:o Vh,v. h,yer —* h,ve] Vh,v. h,yes —* h,~ve,
ATFeg~ey:o

Proof. By Lemma [16] it suffices to show:
AThHey ~wey:o Vh,~. h,ver —* h,ve] Vh, 7. h,ves —* h,veh

ATFey ~wes:o
This boils down to showing
(507 (hh hf7 ’)’161), (h'27 h'ga ,7262)) € OW(KW)(G)(S7 S)

in a context where the premise provides
(5Ua (h17 hj}l?a 716/1)7 (hQa h’gv 726/2)) € OW(KW)(G)(Sa 3)

Using the side condition, we are done by Lemma [4]
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3.4 Beta Law
Theorem 62.

AT, z0' e ~e:o

AT Fo ~vg:o

AT F (Ax.eq) vg ~ exve/x] i o

Proof. From the premises and Theorem [60| we know A;T F e[vy/x] ~ es[vy/x]

holds by Theorem

3.5 Awkward Example

: 0. Thus the conclusion

O

7 := (unit — unit) — int

v = Aff ()51

eg = letxz=ref Oin
AM.ox:=1f () lx

We show ;- F v ~ ez : 7. So let N be given. The proof splits conceptually into three parts:
1. Constructing a local world @ with @.N C N, stable(w), and inhabited (w?).
2. Showing consistent(w?). This is the meat of the proof.

3. Showing that v, and ej are related by Eg;.

Constructing the world. First, we define w € LWorld as follows:

w.N = 0

w.S = Loc x {0,1}

w. = w. dpub

- Tpw = {((1).(4,0)) | €€ Loc}*

w.L = Aseg, (6,m), R {((unit — unit) — int, v, (Af.£:=1; f ();10))}
w.H = Ase, (6,n), R. {(0, [¢—n])}

Now let w = G(AN .w)(N). By definition of G we have @w.N C A. Furthermore, by Lemmas [68 and
we know stable(w) and inhabited(w?t).

Showing consistency. In order to show consistent(w?), it suffices by Lemmato just show consistent(wt).
e So suppose (5,1, (£,n)) € wt.S and (v}, v4) € G(scf, (£,n))(unit — unit).
e We need to show:
((v1 (5 1), (€= 1505 (); 1)) € But(G)((518, (€,m)), (u, (£,n)))(int)
e So suppose defined(h; W hY') and defined(hy W hY) as well as
(h1, h2) € w.H(swt, (€, n))(G (51, (£,m))).

Then there are (hi°f, hief) € Wier H(s:£)(G (1t, (¢,1))) such that hy = hief and hy = Rt W [6—n).

Therefore we know:

ho W hE (€= 1,0 ();10) — Wt w [61] W RE ) (v) ();10)

By definition of E, it suffices to find 5" J (¢,n) such that:
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(h¥et, hief w [6—=1]) € wi.H(syt, 8') (G (508, 8"))
(v, vh) € G(syt, s")(unit — unit)
((), () € G(s:t, 8") (unit)

Y(5le25") Tyt (526, 8)59G = G. (931, (310)) € Kot (C") (s, (£,1), (515, ")) unit i)
We pick s’ = (¢,1) 3 (¢,n).

1.
2.
3.
4.

(1) follows from monotonicity and (0, [¢—1]) € w.H(s")(G(s’)), which holds by construction.
As (2) holds by monotonicity, and (3) is immediate, it remains to show (4).
So suppose (sk, s”) Jpup (Sir, ') and G > G.

Then necessarily s” = s'.

We must show (((); 1), ((;1)) € But (G')((srr, (€,1)), (514, 8”))(int).
So suppose defined(h} & hF’) and defined(hfy & hE') as well as (h}, hy) € wh.H(slg, 8" ) (G (sls, 87)).
Then there are ht, et such that b} = At and hl = bt w [6—1].

Therefore we know: )
Wy whE (0310 —* by whE 1

Of course we also know: ) )
B RE (1) = By wRE 1

Since (i, 5") Dpub (Sef, (¢, 1)), it suffices by definition of E,4 to show (1,1) € G(s, s”)(int), which is
immediate.

Proving the programs related. It remains to show (v1, e2) € Egr(G)((Scr, ), (S, 8)) (1) for any G, sy, s.

So suppose (hi, ha) € W1.H(s:,5)(G (545, 5)) as well as defined(h; W hY') and defined(hy W AL).
Then there are
(REY hECT) € Wier.H(s0£) (G (5, 5)) and (a,ﬁ;) € W.H(swt)(8)(G(8et, 8))

with 7y = R & Ry and hy = h3F W Ry,
Hence we have hy W hY, ey < i w Ty & [6—0] & hY, va, where vy = Af. € :=1; f ();!¢ and £ is fresh.
We are done if we can find s’ Jpy1, s such that:

L. (I3 W by, BT W Ry @ [60]) € @1H(sur, 8')(Glsut, ')

2. (v1,v2) € G(syp,8")(T)
We pick s" = (s, (£,0)) Jpup .
To show (1), it suffices by monotonicity to show (A1, ha W [6—0]) € @.H(sy)(s') (G (541, 8')).

By monotonicity and construction of @ it then suffices to show (@, [¢—0]) € w.H(s.f)(¢,0)(G(s:s, 5')),
which holds by construction of w.

To show (2) it suffices by definition of GK to show (v1,v2) € Wt.L(sys, 8")(G (8, 8"))(7).

By construction of @ it then suffices to show (v1,v2) € w.L(¢,0)(G(syt, 8"))(7), which also holds by
construction of w.
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3.6 Well-Bracketed State Change

7 := (unit — unit) — int
vr o= ALF O f (51
es = letz=refOin

Mow=0f (iz:=1f (e
We show -;- F v ~eg : 7. So let N be given. The proof splits conceptually into three parts:

1. Constructing a local world @ with w.N C N, stable(w), and inhabited(w?).
2. Showing consistent(@w?). This is the meat of the proof.

3. Showing that v; and ey are related by Egs.

Constructing the world. First, we define w € LWorld as follows:

w.N = 0

w.S := Loc x {0,1}

w. 3 = w. Jpup U{((4,0),(¢,1)) | £ € Loc}

w-Fpup = {((£,1),(£,0)) | £ € Loc}*

w.L = As, (6,n), R {((unit — unit) — int,v1, Af.£:=0;f ();€:=1;f ();10)}
w.H = Asip, (6,n), R. {(0, [6—n))}

Now let @ = G(AN.w)(N). By definition of G we have w.N C N. Furthermore, by Lemmas [58 and
we know stable(w) and inhabited (w?).

Showing consistency. In order to show consistent(w?), it suffices by Lemmato just show consistent(wt).
e So suppose (81, (£,n)) € wt.S and (v}, v5) € G(syt, (€,n))(unit — unit).

We need to show:
(01 Q31 (5 1), (€:= 0305 ()3 £:= 1505 (); 1)) € Bup(G) (st (€,m)), (28, (€,m))) (int)
e So suppose defined(hy ¥ hY') and defined(hy W AY) as well as

(h1, ho) € wtH(spt, (€, 1n))(G (81, (£,1))).

Then there are (R5°f, h5F) € Wier. H(s:£)(G (15, (¢,1))) such that hy = Aif and hy = 5 W [6—n).

e Therefore we know:

ho WA (£:=0;0) ();0:= 1;0) ();1€) — T w [0—0] W B, (v (); € := 1;05 ();10)

By definition of E, it suffices to find s’ J (¢, n) such that:

(href href VHO]) c wT-H(Srfa 5/)(G(Srf7 3/))
. (v}, vh) € G(sy, ') (unit — unit)
- (

(), ()) € G(ser, 8') (unit)
V(S fvs) pub( Srfy S /) VG > G. N
(001 (1), (05 := 130} ()310)) € Kot (G") (st (€, ), (sl 7)) (unit, int)

We pick s’ = (¢,0) 3 (¢,n).

= W N
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(1) follows from monotonicity and (0, [(—1]) € w.H(sy)(s")(G (s, 5")), which holds by construction.
As (2) holds by monotonicity, and (3) is immediate, it remains to show (4).
So suppose (5%, ') Dpub (s:5, ') and G’ > G.

We need to show:
(0301 (1), (O3 £:= Livy (0510)) € B (G)((5u1, (6,)), (51, ) (int)
So suppose defined(h} & hF') and defined(h}, & hE') as well as
(1, hy) € whH(sig, ') (G (s, ).

Then there are (B7F, hye") € Wy H(s!)(G/ (5L, 8)) such that k) = href and hfy = hif w [6—n’].
Therefore we know:

e (O (51 < ArtwRl (vf (51)
My whE (0= 105 (:10) = hgtw[b=1]whE, (v} ();10)

By definition of E, it suffices to find s” J s’ such that:
L. (hyet, hief w [0=1]) € wiH(s), s")(G' (s, 8"))
2. (vf,vh) € G'(s;, s")(unit — unit)
3. ((),() € G’ (s, ") (unit)
4. Y(s%, ") Dpup (s, 8" ) VG > G ((951), (9;10)) € Kot (G) (55, (£, m)), (5%, 5")) (unit, int)
We pick s = (¢,1) 0 5.
(1) follows from monotonicity and (@, [¢—1]) € w.H(sy)(s")(G'(s")), which holds by construction.
As (2) holds by monotonicity, and (3) is immediate, it remains to show (4).
So suppose (5%, 5") Dpub (sl s”) and G > G,
Then necessarily s/ = s”.
We must show ((();1), (0510)) € Bt (G”) (svt, (6, m)), (515, ")) int)
So suppose defined(hy W hY") and defined(hy & hE") as well as (hY/, hY) € wh.H(sl%, s")(G" (s, s")).

Then there are h{™f b f such that b} = h{™" and hY = hy™f W [6—1].

Therefore we know: . "
Wy why" (1) —* hy why" 1

Of course we also know: B .
W (1) = B w Rt

Since (875, 5") Tpub (Sif, (¢, 1)), it suffices by definition of E,4 to show (1,1) € G(s)%, s”)(int), which is

T
immediate.
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Proving the programs related. It remains to show (v1, e2) € Egt(G)((set, 8), (S, 5))(7) for any G, sy, s.

3.7

So suppose (hi, ha) € @W.H(su, 8)(G(s,f, 8)) as well as defined(hy W hY') and defined(ha W AY).
Then there are

(Rt BT € Wier.H(s:6) (G501, 5)) and (a, E) € W.H(see)(8)(G(8kt, 8))
with hy = hif W hy and hy = hEef W hs.

Hence we have hy W hE | ey < hEef W hy & [0—0] W hY vy, where vy = Af. £ :=0; f (); £ :=1; f ();10 and ¢
is fresh.

We are done if we can find s Jpy1, s such that:
1. (REef W hy, W5F W g W [60]) € @1 H(sy¢, 8') (G505, "))
2. (v1,02) € G(su1,8)(7)
We pick s’ = (s, (£,0)) Jpub s
To show (1), it suffices by monotonicity to show (l/z:,l/z; W [6—0]) € W.H(syt) (") (G (8et, 87)).

By monotonicity and construction of @ it then suffices to show (@, [¢—0]) € w.H(s.f)(¢,0)(G(sxs, 5')),
which holds by construction of w.

To show (2) it suffices by definition of GK to show (v1,v2) € Wt.L(syt, 8")(G(8:t, ")) (7).

By construction of @ it then suffices to show (v1,v2) € w.L(sy)(¢,0)(G(syt, s"))(7), which also holds by
construction of w.

Twin Abstraction

7 = da.36. (unit = ) x (unit — £) x (a x 8 — bool)

er = letx =ref 0in pack (int, pack (int, \_.z := o + 1; !z,
Az :=lr+1;lx,
Ap.p.1 = p.2))

es := letz =ref 0in pack (int, pack (int, A\_.x := lx + 1; !z,
Az =z +1;lx,
Ap. ff))

We show ;- Fe; ~ ez : 7. So let A/ be given. The proof splits conceptually into three parts:

1.
2.
3.

Constructing a world w with w.N C N, stable(w), and inhabited(w?).
Showing consistent(w?). This is the meat of the proof.

Showing that e; and ey are related by E;.

Constructing the world. First, we define W € NLWorld as follows:

W(N').N = {N(1),N'(2)}

W(N/)S = {(61,52751, 52) € Loc x Loc x ]P(N>O) X P(N>0) | 51 n SQ = @}
W3 = W), Do

WN'). Dy := {((41, 65,51, 53), (€1, €2, 51,82) | by = €3 Nl = L5 NS1 C ST NSy C Sh}
W)L = Al fo, 51, 85), R {(N"(1),m.n) | n € S} w {(N"(2),m,n) | n € So} W

W(N/)H = )\(ﬁl,ﬁg,Sl,Sg),R

{((unit — Nl(l)), ()\, 61 = 'El + 1, !61), ()\, él = 'El + 1, 'fl))} (]
{((unit = N7(2)), (A by := g + 1;Ws), (A by := 1o + 1;Ua)) } &
{((N'(1) x N"(2) — bool), (A\p.p.1 = p.2), (Ap.ff))}

A([lr—n], [la—=n]) | n = max({0} W S, W.Sy)}
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where N’(1) and N’(2) denote two distinct elements of N”.
Now let w = G(W)(N). By definition of G we have w.N C N. Furthermore, by Lemmas [58| and [59] we
know stable(w) and inhabited(w?).

Showing consistency. In order to show consistent(w?), it suffices by Lemmal[58]to just show consistent(W(N”)1)
for any A/’. This decomposes into the following subgoals (for any G, s.¢, s = (¢1,£2,51,.52)):

Lo((0 =0+ 1;10), (0 == 1 + 1;1)) € Eyy a1 (G)((5e8, 8), (501, 8) ) (N (1))

2. ((lg := Uy + 1;Us), (by := s + 15 Us)) € Eyyaryr (G) (511, 5), (82t, 5) ) (N (2))

3. V(vi,vh) € G(sef, 8)(N'(1) x N'(2)). (v].1 = v}.2,fF) € Eyynr)1(G)((5:1, ), (15, 5)) (bool)
For (1) (part (2) is analogously):

e Suppose (hi,ha) € WN')T.H(s:t, 5)(G (811, 8)) as well as defined(hy & hY') and defined(hy W hY).

e Then there are

(REF, hECT) € Wier.H(s:6) (G (551, ) and (A, hS) € W(N).H(se)(5)(G (51, 5))
with hy = 1 & he and hy = hEF W RS,
e By construction of W(N’) we know h{ = [¢1+n] and h§ = [f2—n] where n = max({0} W S1 W Sa}.

e Hence hy WhY, (01 =10 + 1;1)) —* Bt w [lpsn + 1w hl n+1
and ho WhAY | (fg := 1y + 1; o) —* RE W [loon + 1) WA n + 1.

e By definition of Eyy x4 it suffices to find s” Jpup s such that:

a) (Rt w [ly—sn + 1), ket @ [la—=n + 1)) € WN') T H(sur, 8') (G (801, 8"))
b) (n + ]-777’ + 1) € G(Srfv S/)(N/(l))

e We pick s’ = ({1,02,51 W {n+1},52).
e Note that n+1 ¢ S; U Sy and thus (S; W {n+1}) NSy =0, so s is well-formed.

e Sincen+1 =max {0} W.S; W {n+ 1} W Ss, (a) follows from ([¢;—n+1], [fa—n+1]) € W(N).H(s:£)(s") (G (501, 5"))
by construction of W(N”).

e To show (b) it suffices, by definition of GK, to show
(n+Ln+1) € WN)T.L(sir, 8)(G(see, 87))(N'(1)).

e This follows from

(n+1,n41) € WN").L(s:) () (G515, 8"))(N'(1)),
which in turns holds by construction of W(N”).
For (3):
Suppose (v}, vh) € G(st,8)(N'(1) x N'(2)).
Then v} = (01, 01) and vh = (3, 03) with (01, 72) € G(s.t,5)(N’(1)) and (01, 72) € G(s,1, 8) (N (2)).

By definition of GK and construction of W(N”") we know 07 = 03 € Sy and 07 = 03 € 5.

Now suppose (h1,ha) € WN')T.H(s:t, 8)(G(sc5,5)) as well as defined(hy W hY) and defined(hy W AY).
Since S; NSy = ), we get hy & h1 il =012 =" W th,fF and ho W hg,ff —* ho W hg,ff.

Since (ff, ff) € G(s.¢, s)(bool), we are done.
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Proving the programs related. It remains to show (e1, e2) € Eyr(G)((Set, ), (Sif, 8)) (1) for any G, sy, s.

So suppose (hi, ha) € wi.H(s, 8)(G(s,f, 8)) as well as defined(hy W hY') and defined(hy W AY).
Then there are
(REE, 1ET) € Wier-H(50)(G(5ut, 5)) and (R, ha) € w.H(s:¢)(5)(G (515, 5))
with hy = B3 & By and hy = W3 W hy.
Hence we have
hiwhl e < hﬁef&da&)[ﬁl»—m]&dhf, pack pack v; and hoWh}, ey — hgefwﬁ;w[ﬂgHO]Lﬂhg, pack pack vq
where /1 and /5 are fresh and vy, vo are what you think they are.

We are done if we can find s Jpup s such that:

(hief W By W [£1—0], B W ho W [€o—0]) € whH(st, 8')(G(set, 8))

1.
2. (1}1, ’Ug) c G(Srfa S/)(T)
We pick s = (s, (£1,£2,0,0)) Dpup s
To show (1), it suffices by monotonicity to show (g & [(1-0], by & [(20]) € w.H(s:)(s')(G (511, ).

By monotonicity and construction of w it then suffices to show
([€10], [(2—0]) € W(N").H(syt)(l1,€2,0,0)(G(8:,5")) (for any N”), which holds by construction of
W.

To show (2), we pick the witness types N, (1) and N,,(2), where n := |s'|.

It thus suffices to show:

(v1,v2) € G(spt, 8")((unit — N, (1)) x (unit = N, (2)) X (N (1) x N, (2) — bool))

This in turn reduces to showing the following:

— ((unit — Nn(l)), ()\, 0 = '61 + ]., !81), ()\, él = '61 + ]., '61)) S C;(Srf7 8/)
- ((unit — Nn(Q)), ()\, »62 = '62 + 1, !62), ()\, ZQ = '62 + 1, 'Ez)) € G(Srf, S/)
= ((Wa(1) x M(2) = bool), (Ap.p.1 = p.2), (Ap.ff)) € G(sy, s")

By definition of GK and construction of w, it suffices to show that these triples are in

W(N).L(lr,£2,0,0)(G (515, 8')).

This is true by construction of W.
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4 Weak Isomorphism Theorem

4.1 Weak Isomorphisms

Definition 6. Assuming Wi, W5 € World, then a function ¢ € W1.S — P(W5.S) is a weak morphism from
W1 to Wy, written ¢ : Wy — W, if:

1. W1.N = W5.N

2. Vs1,87. 51 £ 8) = Vsa € ¢(s1),55 € ¢p(s]). s2 C sh
3. Vs1,8h. 51 Cpub 81 = Vs2 € ¢(s1), 55 € ¢(s1). s2 Cpub S5

4. Vs1.¥sg € ¢(s1). W1.L(s1) = Wa.L(s2)

5. Vs1.¥G € GK(W1). Wi.H(s1)(G(51)) < Us,ep(s,) Wa-H(52)(G(51))

Definition 7. The identity weak morphism idy on W is defined as idw (s) = { s }. It is obvious that idy
forms a weak morphism.

Definition 8. The composition of weak morphisms ) o ¢ is defined as (1 0 §)(s) = Uy¢ (5 ?(s"). We will
show that ¢ o ¢ forms a weak morphism in Lemma [69]

Definition 9. Between two weak morphisms ¢1, ¢2 : W7 — Ws, we define the following preorders = and

Epub:
¢1 3 @2 iff  Vs.Vsy € ¢1(s). Vsa € ¢a(s). 51 0 52

¢1 ;pub d)g iff Vs. Vs1 € ¢1(S). Vso € (bg(S) S1 qub So
Definition 10. A pair of weak morphisms ¢ : Wy — Wy, ¢ : Wy — Wi is a weak isomorphism, written
¢ W1 =Wy 1), if o ¢ Jpup id and ¢ o9 Jpyp id.
4.2 Global Knowledge Constructions

Recall that for a monotone function F' € VRelF — VRelF and R € VRelF, we write [F|}; for the least
fixpoint of the monotone function F(—) U R.

Definition 11. Given ¢ : Wi — W5 and G € GK(W3), we define &; € W1.S — VRelF as follows.

Gols1) = Wi L(sn)liy,,

siCsq As/26¢(s'1)G(5/2))

—
Definition 12. Given ¢ : W7 — W5 and G € GK(W;), we define G;l € Ws.S — VRelF for s; € W1.S as
follows. N

Gy (s2) = [Wa.L(s2)]

?Us’lEsl/\ségsz/\séecb(sll)c(sll))
Lemma 63. Given ¢ : Wy, — W5 and G € GK(W3), we have Vs € ¢(s1). a(sl) = G(s2).
Proof.
e Suppose s2 € ¢(s1).
o We first show G(sq2) = Us’lgsl/\sszq}(s’l)G(SIQ):
= G(52) < Uy oy nsyep(s) G(s2) Is obvious.

— To see the other inclusion, note that whenever s§ € ¢(s}) and s} C s1, then s§ C sy and thus
G(sh) < G(s2).
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e Consequently we know Eﬁ (5|6 (55) = Wi-L(s1)([W1.L(s1)]55(s,)) U G(s2) = G(s2).
o To show [W1.L(s1)]5s, ) < G(s2), it suffices by induction to show Wi.L(s1)(G(s2)) U G(s2) < G(s2).

e This follows from Wi.L(s1)(G(s2)) = Wa.L(s2)(G(s2)) < G(s2).

Lemma 64. If ¢ : W; — W3 and G € GK(W3), then &; € GK(W7).
Proof.

. gd, is monotone by definition because [W1.L(s1)]{_, is monotone.
— - —
e We have Gy(s1) = W1.L(s1)(Gy(s1)) U Us’lgsl/\s’26¢(s’1)G(3l2) > Wi.L(s1)(Gg(s1)).
— —
e Moreover, for any 7 € CType we have Gy (s1)(ref 7) = W1.L(s1)(Gy(s1))(ref 7) because:

Us 1Cs1Ashbep(s)) ( )(re T)

= U consents! )W2 L(s5)(Gsh))(refT) (G € GK (W)
= Us Counmyeoey Wi LD (Gsp)(refT) (6 Wi — Wa)
= Usconseonn, Wi L) (@o(s))(ref7)  (LemmalG3)
C Uuconnyeorey WiL(s1) (Gols1)) (ref 7)

WiL(51)(Go(s1)) (ref 7)

H
e Using an analogous argument, for any n € W7.N = W5.N, we have &;(51)@) = W1.L(51)(Gy(s1))(n).

O

—
Lemma 65. Given ¢: W1 — W and G € GK(W1), we have Vsg € ¢(s1). G (s2) = G(s1).

Proof.

Suppose s2 € ¢(s1).
We first show G(Sl) = Us’lgsl/\ségsy\séG(ﬁ(s’l)G(s/l):

— G(s1) < Us’lEslAs;EszAs;eﬂs’l)G(s/l) is obvious.

— To see the other inclusion, note that whenever s} C s1, then G(s]) < G(s1).

—
o Consequently we know G (s2) = [Wa.L(s2)]5;,) = Wa.L(s2)([Wa.L(s2)]5y(4,)) U G(s1) = G(s1).

0 show 9.L(89 < S1), 1t sutfices by induction to show Ws.L(s2 s1))UG(s1) < S1).
To show [Wa.L(s2)]y(,,) < G(s1), it suffices by inducti how Wo.L(s2)(G G G

This follows from W5.L(s2)(G(s1)) = Wi.L(s1)(G(s1)) < G(s1).

—
Lemma 66. If ¢ : W; — W5 and G € GK(W7), then G;l € GK(Ws) for any s, € W1.S.
Proof.

e We have the following monotonicity by definition because [Ws.L 82)]?7) is monotone:

(
— —
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— — —
e We have G (s2) = Wa.L(s2)(G' (s2)) U, | Csy sy CoanslEd(s), NG(s1) = Wa.L(s2) (G (s2))-

—
e Moreover, for any 7 € CType we have GZ} (s2)(ref 7) = Wa.L(s2)(G (s2))(ref 7) because:

Ua'lEslAs2EszA52€¢(sl)G(S/1)(re 7_)
= Us’lgsl/\s2252/\s2€¢(sl)wl L(S&)(G(Sll))(ref’r) (G € GK(Wl))
= Ustconmtaansg ot WarL(sH)( jm(refr) (6: W1 > W)
= U coinsCoansyeaisy) WerL(52) (G (s5))(ref 7) (Lemma [65))
A
S Uy consiConsyesis) We- L(s2)(G (s2))(ref 1)  (Monotonicity)
et
= Wal(s2)(Gy' (s2))(ref 7)
. — —
e Using an analogous argument, for any n € W5.N = W1.N, we have G} (s2)(n) = Wa.L(s2) (G (s2))(n).
4.3 Category of Worlds
Lemma 67. If ¢ : W; — Wy, then ¢ oidw, = ¢ = idw, o ¢.
Proof. Obvious. O
Lemma 68. If ¢ : Wi — Wo, b : Wo — W3, x : W3 — Wy, then x o (¢p o ¢) = (x 0 ¢) o ¢.
Proof.
54 € (x o (¥o9))(s1)
< ds3. 84 € X(83) As3g € (Yo )(s1)
<= ds3,52. 51 € X(53) A\ 53 € Y(s2) A sz € ¢(s1)
< dsg. 84 € (xo¥)(s2) Asa € (s1)
= sa€((xe)og)(s1)
Lemma 69. If ¢ : W7 — W5 and ¢ : Wy — W3, then 9 o ¢ forms a weak morphism.
Proof. Conditions (1) through (4) hold vacuously. Condition (5) follows from Lemmas [65 and [66] O
Proposition 70. Worlds with weak morphisms form a category.
Proof. It follows from Lemmas and O

4.4 Isomorphism Theorem

Definition 13. Given ¢ : Wi — W», we define [—[, € P(W1.S) — P(W1.5) as follows:

S|y ={s1€5]o(s1) #0}
When ¢ is clear from context, we often just write |S].

Lemma 71. If ¢ : W, 2 W5 : ¢ and G € GK(W3), then:

et Meretogen B (Go) (2. 51) < Euws (G)(s83, 52)
%
sge|¢(sg)\ﬂsle\¢(32)|KW1 (Go)(sY,51) < K (G)(s3, 52)
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Proof. We define:

Ely, (G) (52, 52) = Usoeip(s9) Ny e oo (sa) EWa (Cf_)(sp s1)

K%/Vz (G) (8(2)7 82) = s?€|w(sg)\ﬂ51€\w(52)|KW1 (G¢)(81> 81)

We prove Ey, < Eyy, and Ky, < Ky, by coinduction. Concretely, we have to show:

1. Vel,eg,G,sg,SQ,T.
(e1,€2) € By, (G) (9, 52)(7) =
V(hl,hg) € WQH(SQ)(G(SQ))Vh?, hg
((h’lah?vel)a (h27h5a62)) € OW2<K§/V2)(G)(3(2)782)(7—)

2. VK1,K»,G, 89,89, 7', 7.
(K1, K2) € Ky, (G)(3,82) (7, 7) =
V(v1,v2) € G(s )( ). (Ki[v1], Ka[va]) € By, (G)(s9, 52)(7)

Part (1):

e Suppose (e1,e2) € By, (G)(s9,52)(7), and thus (e1,ez) € ) Ews (&;)(8?,51)(7) for some s €

[ (s3)-
Further suppose (h1, h2) € W2.H(s2)(G(s2)), and thus (h1, ha) € U;, cy(s,) Wi-H(s1)(G(s2)).

s1€]Y(s2

e Thus there exists s; € ¥(sg) such that (hy, hs) € W1.H(s1)(G(s2)).

—
By Lemmawe know G(s2) = G—ff)(sl) and thus W1.H(s1)(G77 (s1)) # 0.

—
Since Wl.H(sl)(CTf/f)(sl)) C US/E¢(81)W2.H(SI2)(G;S; (s1)), there also exists sh € ¢(s1).

Since s5 € (¢ 0 1)(s2) and ¢ 0¥ Jpyp, id, we have that sh Jpup s2.

Hence (h1, h2) € W1.H(s1)(G(s5)), which means (hi, ha) € Wl.H(sl)(a(sl)) by Lemma

For hi and hY with defined(h; W hY) and defined(hs W hY) we then get three cases from (e, es) €
Ew, (Gg)(st, s1)(7):
a) hl &Jhlf,elTAhg H’Jhg,QQT
We are done.
b) hi W hlf,el ¥ hll (] hlf,vl Aho W hg,eg ¥ h/2 (] hg,’Ug
: ! 0 /AN N (o 8 /
with s1 3 [s7, s1] A (B, hy) € Wi.H(s1)(Gg(s1)) A (v1,v2) € Go(s1)(7)
— Since WlH(s’l)(@(s’l)) - Usge¢(s,l)WQ.H(s’Q’)(a(s’l)), there exists s§ € ¢(s}) such that
(hi, hy) € Wa.H(s4)(G(s4)) by Lemma [63]
— Also by Lcmmawe have (vi,v2) € G(s4)(T).
It remains to show s4 3 [s9, sa].

— From 5’2’ € ¢(sh) and s5 € ¢(s1) we get sy Jsh 3 so.
From 51 € |Y(s9)] we knovv there is 55 € ¢(s9).
— From s} € ¢(s}) and s5 € ¢(s7) we get s _pub sy

— Since s5 € (po1)(s3) we also get s5 Jpub s9 and thus s§ Jpup $9.
C) hy &Jhl,el —* hll &Jhl,Kl[eﬂ /\hQEJ‘h27€2 —" h/2 Uh2’[<(_2iez] -
with &1 J sy A (B, hy) € Wi H(s1)(Gy(s1)) A (€1, €3) € S(Gg(s1), Gy(s1))(7') and
vsl —pub 51 VG’ > qu (KviZ) € KW1 (G/)(Sh )(T T)
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Part

— Since WlH(S’l)(a(s'l)) C US,2,€¢(53)W2.H(s;’)(g(s’l)), there exists s§ € ¢(s]) such that
(hy, hy) € Wa.H(s4)(G(s4)) by Lemma [63]

Also by Lcmmamwe have (e}, e5) € S(G(s5), G(s5)) (7).

From sj € ¢(s}) and s, € ¢(s1) we get sh T s T sa.

— It remains to show: Vs’ Jyup s5. VG’ > G. (K1, K») € Ky, (G')(s9, s5') (', 7)

— So suppose sy’ Jpub 55 and G' > G.

By definition of K, it suffices to show (K7, Ks) € KWI(G¢)(S(1),SI1//)(T 7) for any s}’ €
[9h(s3")]-
— Since (h}, hy) € Wa.H(s5)(G(s%)) € Ugpeysyy Wi-H(s1)(G(s7)), there exists sf € y(s3).
T
— First, note that G’ > Gy.
— Second, from s e p(sy)] and s4" Jpub S5 and si € ¥(s5) we get s{’ Jpup s7, which in turn
yields s{” Jpub s because s{ € (1 o ¢)(s)).
— The claim then follows from Vs{ Jyup ). VG' > &b (K1, K3) € Ky, (G") (Y, s7)(7', 7).

(2):

. S
Suppose (K1, K3) € Ky, (G)(s9, s2)(7/,7), i.e., (K1, K3) € nslelw(sz)\le(G¢)(5(l)v51)(7/’7) for some
s1 € [1(s5)].
Further suppose (v1,v2) € G(s2)(7).

By definition of Ef,, it suffices to show (Ki[v1], Ka[va]) € Ew, ((<¥_¢)(5(1), s1)(7) for any s1 € |¥(s2)].

Pick s}, € ¢(s1), so s € (¢ o1))(s2) and thus sh Tpup So.

Hence (v1,v2) € G(s2)(7) C G(sh)(7') = ( 1)(7") by Lemma
The claim then follows from (K7, K2) € Ky, ( &) (89, 81) (T, 7).

Corollary 72. If ¢ : Wy = W, : ¢ and G € GK(W3), then:

V32. (VSl S |’¢(82>| (T,el,eg) S EW1 (&;)(81,81» — (7’,61,62) S EWZ(G)<52,82)

Proof.

Suppose V1 € [i)(s2)]. (7, e1,¢2) € By, (Gy)(s1,51).

We need to show (7,e1,e2) € Ew, (G)(s2, s2).

Now suppose Wa.H(s2)(G(s2)) # 0 (otherwise there is nothing to show).

From Wa.H(s2)(G(52)) < Uy, cp(sn) W1-H(51)(G(52)) we get s§ € (s2) with Wi.H(s9)(G(s2)) # 0.

— —
By Lemma [65 we know G(s2) = G7(s7) and thus Wl.H(s(l))(fo (s9)) # 0.
— —
Since also W1.H(s9)(G}; (s7)) < Us,ze(b(s(l;)Wg.H(s’Q)(Gfﬁ(5(1’)), we have ¢(s{) # 0 and thus s§ € |¢(s2)].

By Lemma |71} it suffices to show (7,e1,e2) € EWl(a)(sg, s1) for any s1 € |[¢(s2)].

Since s1, ) € 1(s2) and thus s; oub 59, this follows from the assumption by Lemma
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Theorem 73 (Weak isomorphisms preserve equivalence). If ¢ : Wy = Wy : 4, then: VA, T, 7, €1, es.
AT ey vy, ea:7 <= A TFep ~w,ea: T

Proof. By symmetry, it is enough to show A;T'F ey ~yw, e2 : 7 = A;T'F ey ~w, e2 : 7. From the premise
we know:

1. inhabited (W)
2. consistent(W7)
3. VG € GK(W7).Vs1.¥6 € TyEnv(A).¥(v1,72) € Env(oT, G(s1)). (71€1,72€2) € Ew, (G)(s1,51)(67)
a) We prove inhabited(Ws).
e Suppose G € GK(Ws).
e From (1) we know there is s; such that (0,0) € Wl.H(sl)(&;(sl)).
o From W1.H(s1)(T5(51)) < Uy, ey Wa-H(s2)(Ga(51)) we get 55 € ¢(s1) with (0, 0) € WoH(s2) (G (s1)):
e By Lemma [63] we have (0,0) € Wa2.H(s2)(G(s2)).
b) We prove consistent(Ws).
o Let G € GK(W2) and (e}, e5) € S(Wa.L(s2)(G(s2)), G(s2)) (7).
e We need to show (beta(e}), beta(eh)) € Ew, (G)(s2, s2)(T').
By Corollary it suffices to show (beta(e]), beta(eh)) € Eyy, (@)(sl, $1)(7") for any s1 € |¢(s2)]-
Since ¢(s1) # 0, we have s5 € ¢(s1) and thus <CT¢(31) = G(s5) by Lemma
Since s5 € (¢ o )(s2), we have sy, Jpup s2 and thus g(sl) > G(s2).

Thus we have S(Wa.L(52)(G(52)), G(52)) < S(WaL(52) (G (1)), Fo(s1)) < SW.L(s1) (G (51)). T s1)).

e Consequently, the claim follows from (2).

c) We prove VG € GK(Ws).Vs2.Vd € TyEnv(A).V(v1,72) € Env(dT, G(s2)). (71€1, 12€2) € Ew,(G)(s2, 52)(7).
o Let G € GK(W3), § € TyEnv(A), (71,72) € Env(oT, G(s2)).
e By Corollary it suffices to show (yie1,72e2) € Ewl(aﬁ)(sl, s1)(97) for any s1 € |9(s2)|.

Since ¢(s1) # 0, we have s}, € ¢(s1) and thus C<77_¢(51) = G(s}) by Lemma

Since s5 € (¢ 0 1)(s2), we have s5 Jpyp, 2 and thus @(51) > G(s2).

Thus we have (v1,72) € Env (6T, G(s2)) < Env(dT, <G_¢(31))

e Consequently, the claim follows from (3).

4.5 Examples
Erased World. For W € World, we define its erasure [W| € World as follows.

|W|.N = WN

|W|.S = {se€WS|3G e CK(W). W.H(s)(G(s)) # 0}
|W|.3 = W.3

|W| gpub = W ;pub

|W|.L = WL

|W|.H = WH

Note that erasing preserves inhabitance and consistency.

53



Theorem 74. 3¢,¢. ¢ : W = |[W] : ¢

Proof. We define ¢, as follows:
é(s) {s}N[WI]S
P(s) = {s}

It is easy to check all the properties of a weak isomorphism.

Flattened World. For W € World, we define its flattening Flat(WW) € World as follows.

Flat(W).S := W.S x Heap x Heap

Flat(W). 2 = {((s';h1,h5), (s,h1, ko)) [ 8" D s}
Flat(W). Jpup = {((s', 1, h5), (5, h1, ha)) | 8" Tpun s}
Flat(W).L(s, hi, ha) = WL(s)

Flat(W).H(s, h1,ha)(R) = {(h1,h2) } NW.H(s)(R)

Note that flattening preserves inhabitance and consistency.
Theorem 75. 3¢, . ¢ : W = Flat(W) : ¢
Proof. We define ¢, as follows:

@(s) = {(s,h1,h2) | h1,hs € Heap }
¥(s,hi,ho) = {s}

It easy to check all the properties of a weak isomorphism.
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5 Transitivity

Suppose A;T'Fe; ~ey:0 and A;T'F ey ~ ez : 0. The goal of this section is to prove A;T'Fe; ~e3: 0.
To this end, suppose we are given N. We may assume N' = N7 W No W A3 with names(T', ) N N3 = @. Then
there are Wy, wq, W5, ws such that:

o W;=wT
o stable(w;)

o 'Fe ~w, ex:ocand ey~ e3:0

5.1 Constructing a Full World That Relates e¢; and e;
5.1.1 Type Decomposition

Definition 14. We mutually inductively define o1 ~ 09 and o7 ~ 03 for 01,09 € Type as follows:

n~n if n¢N3

ar o

Thase ~ Tbase

o1 X0l oy xoh if op~o3ANdi~0)
o1+oymos+oy if o1 ~0yNo)~ )

o1 =0l oy = ol it o1~y Aoy~

U 01 & Q. 09 if o1 ~o09
Va. o, =~ Vo. oy if o1~ o9
3&.01%30[.0'2 if o1 ~ 02
ref o1 =~ ref oq if o1~ o9
with
o1 ~ 09 if 01,00 € CTypeV o1 &= 09

Definition 15. Since CType and N3 are countably infinite sets, there exists a bijective function
A € {(r,m) € CType x CType | 11 % 12} — N3 .
Definition 16. Given o € Type, we define o(1),0(2) € Type recursively as follows:

7 if n= A(r, ) for some 71,72
n otherwise, i.e., n ¢ N3

Q(5) =
Thase (1) ‘= Tbase
(0’ X 0'/)(2-) = oG X O‘Ei)
’ - /
(O’ +o 2(1') = o+ U(l})
(0’ — 0 )(i) = OG> U(i)
(Va. o)y = Va.og
Ja. o) = da.oy
(@) (4)
Q. 0); = Q.o
(na. o)) (i)
(ref U)(z) = ref ()

Lemma 76. For o € Type,

o) € CType A o(g) € CType <= o € CType
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Proof. By straightforward induction on o.

Lemma 77. For o € Type,
I(1) ~ (2

Proof. By straightforward induction on o.

Lemma 78. For o € Type,
O(1)RO@) <~ 0 ¢N§

Proof. Straightfoward to show by case analysis on o using Lemma [77]
Lemma 79 (Injectivity of Type Decomposition). For o1,09 € Type,
o1(1) = 0201) N O1(2) = 02(2) = 01 = 02
Proof. Easy to show by induction on o;. We just show the following representative cases.
e when o1 = A(11,72) € N3:

— We have 03 € N5 by Lemma,

— Thus we have 01 = A(71,72) = 09 since A is bijective.
e when 0y =n ¢ Na:

— By case analysis on 03, we have o9 € TyNam.

— By Lemma [7§] we have oq ¢ N3.

— Thus we have 09 = n = o;.
e when oy = o} — of:
By Lemmas [77] and we have o9 ¢ N3.

— By case analysis on 09, we have oo = o5 — o for some o}, 04 € Type.
y y ) 2 2 2,02 y

— Then we have 0/ ;) = 03(;) and o7 ;) = 03 ;) for i =1,2.

Thus by induction hypothesis we have o] = o} A of = ¢f, which yields o1 = g3.
e when oy = Ja. of:

— By Lemmas [77] and we have o3 ¢ N3.
— By case analysis on oy, we have o9 = Ja. 0 for some o} € Type.
— Then we have o} ;) = 03, for i =1,2.

— Thus by induction hypothesis we have ¢} = ¢4, which yields o1 = o9.

Lemma 80. For 01,09 € Type,
01~ 0y = Jo.0q) =01 N0(@2) =02

Proof. Easy to show by induction on o;. We just show the following representative cases.
If o1 % 09, then 01,02 € CType and we are done for 0 = A(oy,03). Otherwise we proceed as follows:

e when 07y = n € TyNam:

— From o7 &~ 09, we have 09 =n ¢ N3 .
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— Thus we are done by letting ¢ = n.
_ ! 11,
e when o7 = 0] — o7
— From o1 = 09, we have oy = ¢y — o} such that o} ~ o} and o ~ o4.
— By induction hypothesis, we have ¢’ and ¢” such that agi) = o} and UE;‘) =0} fori=1,2.
— Thus we are done by letting o = ¢/ — o”.
e when oy = Ja. of:

— From o1 = 09, we have 0o = Ja. 0 such that o] ~ o).
— By induction hypothesis, we have ¢’ such that o’Ei) =g, fori=1,2.
— Thus we are done by letting o = Ja. 0.

O

Corollary 81 (Surjectivity of Type Decomposition). For 71,7 € CType, we have 7 € CType such that
T(1) = T1 A\ T(2) = T2.

Proof. Since 71 ~ 75 by definition, we have o € Type such that o) = 71 A 0(2) = 72 by Lemma [80] Hence
o € CType by Lemma [76]

5.1.2 World Construction
Definition 17. Since CType and CVal are countable sets, there exists an injective function
I € CType x CVal x CVal —+ N .

Definition 18. Given R € VRelF, we define Ry, Rz € VRelF as follows:

Ruy = {(rqy,v1,I(r,v1,v3)) | 7 € CTypeF \ (N U {ref 7" € CType}) A (7,v1,v3) € R}

Ry = {(72),1(7,v1,v3),v3) | 7 € CTypeF \ (N U {ref 7" € CType}) A (1,v1,v3) € R}
Definition 19. For X, X5 € VRel, we define X; ¢ X5 € VRel as follows:

(X1 0 Xp)(1) = Xi(m1)) o Xa(7(2))

Note that this is well-defined due to Lemma

Recall that for a monotone function F' € VRelF — VRelF and R € VRelF, we write [F]% for the least
fixpoint of the monotone function F(—) U R.

Definition 20. We define W € World as follows:

W.N =N

Ww.S = W15 X WQS

w.C =A{(p,p) | plCp 1AP2EP 2}

W. Cpub ={(p,p) | p1Chu P 1ADP2C L p'.2}

W.L(s1,82)(R) = {(r,v1,v3) € Wl.L(sl)([Wl.L(sl)]}‘%{l}) . Wg.L(32)([W2.L(52)]}‘%(2}) | T € CTypeF \ N3} W
{(n,vy,v3) € [Wl-L(S1)]Em . [WQ.L(SQ)]}K%{2} Ine N5}
W.H(Sl, SQ)(R) = Wl-H(Sl)([Wl-L(Sl)]E{l}) o WQ.H(SQ)([WQ.L(S2)]E{2})

It is easy to check that W is well-defined.
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5.1.3 Transitivity of Value Equivalence

Definition 21. Given G € GK(W) and (s1,s2) € W.S = W1.S x W5.S, we define fo) € W..S = VRelF
and G‘a) € W5.S — VRelF as follows:

Gih(s) = L),

Gfé) (5) = [WQOL(S)}E(SMS){2}

{1}

Lemma 82.
1. VG € GK(W).Vso € W,.S. G‘(Sf) € GK(Wy)

Proof. We only show part (1) since part (2) is analogous. Monotonicity of fo) is easy to show by induction,
using that G and (—)¢1y and Wj. L are monotone.
It remains to show fo)(s ) > N WLL(s )(G‘zf)(sl)) for any s;. For 7 € CTypeF we know:

1)<sl><7>
[ L), mmm
LWL, 0y, () UGl 52) 1y (7)
L(s) (G2, (50) (1) U Glst, s2) 1 (7)

The claim follows from this and the fact that by construction G(s1,s2)13(n) = 0 = G(s1, s2) 1y (ref ') for
anyn € W;.NC N and 7'.

Lemma 83. VR € VRelF. V7 € CTypeF \ (M U {ref 7/ € CType}).

VSl,R1. Wl.L(Sl)(Rl)(T(l)) OR{Q}(T ) @
VSQ7R2. R{l}(T(l)) o W2I_( )(Rg)(T ) @

Proof. We only show the former part since the other part holds analogously.
e When 7 € TyNam \ NV: holds vacuously since W;.L(s;)(R;)(7(;)) = 0.

e When 7 = 7/ — 7: holds vacuously since v € FunVal for any (vi,vs) € Wi.L(s1)(R1)(7(1)) but
I(7,v1,v3) ¢ FunVal for any 7, v1, vs.

e When 7 = Va.o: holds vacuously since vy € TyFunVal for any (vy,va) € Wi.L(s1)(R1)(7(1)) but
I(7,v1,v3) ¢ TyFunVal for any 7,vy, vs.

O]
Lemma 84. VR € VRelF. Vr € CTypeF \ (N U {ref 7' € CType}).
Ry (m(r)) © Ray (12)) = R(7)
Proof. By construction of Ry and Rygy, the injectivity of I, and Lemma@ O

Lemma 85.

Vr € CTypeF. YG € GK(W). ¥(s1, s2) € W.S. (fo)(sl) . Gg)(@)) (r) = G(s1, 52)(7)

Proof. By case analysis on .
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e when 7 =n € N3:

Gy (s1)(nq)) 0 Gy (s2)(n(z))
= W.L(s1,s2)(G(s1,$2))(n) (construction of W.L)
= G(s1,82)(n) (G e GK(W))

o when 7 =ref 7’ or 7 € N7 W Ny:

G (s1)(11)) 0 Gy (52) (72))
G (s1)(1(1)) © G{3) (52)(7(2))
(Wi L(s1)(G2) (1)) (71)) U G5, 82) (13 (T(1))) © (WarL(52) (Gh (52))(7(2)) U G(s1, 82) 23 (7(2)))

(fixpoint)
= Wl.L(sl)(fo)(sl))(T(l)) o Wg.L(Sg)(G&(Sg))(T(g)) (construction of (—)g;1)
= W.L(s1,s2)(G(s1,52))(7) (construction of W.L(s1, 82))
= G(s1,82)(7) (G € GK(W))

e when 7 € CTypeF \ (N U {ref 7’ € CType}):

( )( ) (2)(52)(7—(2))
( )(T ) G5y (s2)(7(2))
( L(s1)(GF) (1)) (7(1)) U G(s1, 52) (13 (T1))) © (W2.L(52) (G5 (52))(7(2)) U G (51, 82) 23 (7(2)))

(fixpoint)

= (Wi.L(s1)(G(3) (1)) (7)) © Wa.L(52) (G5 (52))(7(2))) U (G(51, 82) 13 (T(1)) © G (51, 82) {2} (T(2)))
(Lemma [83)
= W.L(s1,82)(G(51,82))(7) U(G(51,82) {13 (T(1)) © G(51, 82) {2} (T(2))) (construction of W.L(s1, s2))
= W.L(s1,$2)(G(s1,82))(T) UG(s1,52)(T) (Lemma [34))
= G(s1,82)(7) (G € GK(W))
O

Recall that R is the least fixpoint of the monotone function Fg : VRel — VRel given as follows:

FR(X)(Tbase) = ID

Fr(X)(n x 1) = {((Ul o), (v2,03)) | (v1,v2) € X(m1) A (v], v3) € X(72) }

Fr(X)(ri+m2) = {(inj’ vi,inj v2) | (v1,v2) € X(71) } U {(inj* vy, inj* v2) | (v1,02) € X(72) }
Fr(X)(3a.o) := {(pack v, pack ve) | 37" € CType. (v1,v2) € X(o[7'/a]) }

Fr(X)(pa.o) = {(roll vy, roll va) | (v1,v2) € X(o[pa.o/a]) }

Fr(X)(m1 = m2) = R(r1 — 72)

Fr(X)(Va.o) = R(Va.o)

Fp(X)(n) = R(n)

Fr(X)(ref T) == R(ref )

Lemma 86.
V1 € CType \ CTypeF. (Fg,(X1) ® Fr,(X2))(7) = Fr(X1 @ X2)(7)
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Proof. Easy to check by case analysis of 7. We show the only interesting case, 7 = Ja. 0

(v1,v3) € (Fg,(X1) ® Fr,(X2))(Fa. 0)

<= Jv],vy,v5. vy = pack v} Awvz = pack v3 A (pack v, pack vy) € Fg, (X1)(3a. o)) A
(pack v}, pack v}) € Fig(X2)(3a. 0(2)
<= v}, vy, 5. 311,75 € CType. vy = pack v} Awg = pack v3 A (v, v5) € X1(o[r1/a]) A
(v3,v3) € Xa(0(2)[72/al)

<= Juy,vh,v5. 37" € CType. vy = pack v Awg = pack v A (vy,v5) € X1(o@) [7'(1 Jal) A

(v, v5) € Xa(0(2)[7(3) /) (Corollary [81)
<= Juy,vh,v5. 37" € CType. vy = pack v] Awz = pack v3 A (v, v5) € X1(o[r'/a]qy) A

(v3,v3) € Xa(o[r /Oé](z))
< i, vh,v5. 3" € CType. v; = pack v] A vg = pack v A (v],v5) € (X1 @ Xo)(o[r'/a])
< (v1,v3) € Fr(X; @ X5)(3a. 0)

O

Lemma 87 (Generalized Fixed-Point Induction). For a monotone function F' € VRelF — VRelF and
R € VRelF,
F(RN[F;) SR — [Fl; CR

Proof. Suppose F(RN [F];) € R. By monotonicity of F', we have F(RN [F];) C F([F];
have F(RN[F];) € (RN[F]y), i.e., RN [F]j is a prefixpoint of F'. Thus we have [F1p € (

Lemma 88 (Transitivity of Value Equivalence).

VG € GK(W). V(s1,52) € W.S. G(7(s1) G (3 (s2) = G(s1, 52)

Proof. First part (C): It suffices to show G G2 (s1) ( 1) € S, where:
S = {(r,v1,v2) | V7' 05, T = 71y A (7(3), v2,v3) € G?é)( 9) = (7',v1,v3) € G(s1,52) }

We prove it using Lemma i.e., it suffices to show Fij)(sl)(S,) C Sfor & =5n fo)( 1), which is
equivalent to show Ffo)(sl)(S') ° G'(Sé)(SQ) C G(s1, $2) by definition of S.

e 7 ¢ CTypeF:
(Fors () (8') # Ty (52)) ()
= (g o(S) o FGn o (@GN ()
= Fi(s,,5)(S' ¢ G (52))(r)  (Lemma [8G)
C Fg(sy,50)(G(51,52))(7)
= G(s1,52)(7)
o 7 € CTypekF:

(Foez (o) (') @ Gy (52))(7) € (Gt (51) ® G5 (52)) (1) = G(s1,52)(7) = Gls1,2)(r)  (LemmalBF)

Second part (2): By induction it suffices to show Fg(shs2)(fo)(sl) . G&(sz)) C G?f)(sl) * G5 (s2).
e 7 ¢ CTypeF:

Foor.o) () (51) » G (52)) (7)
= (Forz (oG (1)) » Fry ) (G (52))(7) (Lemma [50)

)
= (Ga)( 1)e G(z)( 52))(7)
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e 7 € CTypeF:

Fatoro (G (51) » o3y (52))(7)
= Gls1,8)(7)
= (G{})(s1) @ G{3(s2))(7) (Lemma [85))

5.1.4 Transitivity of Term Equivalence
Lemma 89 (Transitivity of Term Equivalence). If G € GK(W) and (s?, 59), (s1, s2) € W.S, then:

L Ew, (G7}))(sY, 51)(7(1)) © B, (G(3)) (53, 52)(7(2)) € Ew (G)((s1, 53), (s1,52))(7)
2. Kw, (G{)(s1,51) (1), m(1)) © Ky (G73)) (83, 52) (T2, (2)) © K (G) (51, 53), (1, 52)) (7, )
Proof. Let

Bly (G)((s4, 89), (s1,52))(T) = By (G32))(s%, 51) (1)) © B (G3)) (55, 52) (7))
Ky (G)((s9, 59, (51, 52)) (7. 7) = Ky (G32) (52, 1) (1), 7)) © Kuwa (G ) (83, 52) (72, 7))

Now it suffices to show that Ej;,, Kj;, forms a post-fixpoint.
We first consider Ki;,. We suppose

e (T1), (1), K1, K2) € KW1(G( ))(51751)
. (T(2),7T(2)7K2,K3) S KWQ(Gfé))(Sg,SQ)

° (T, Ul,’Ug) c G(Sl,SQ)

and must show (m, K1[v1], K3[vs]) € Ejy(G)((s9, 83), (s1,52)). By Lemmathere is vp such that (7(1y,v1,v2) €
G7(s1) and (7(2),v2,v3) € G2 (s3). Hence we get:
1) (2)
o (may, Kalon), Kalos]) € B, (G22)(s2, 51)
o (m(2), Kzlv2], Kslvs]) € Ew, (G(3))(s3, 52)
By definition of Ef;, we are done.

We now consider Ef;,. Suppose (7(1),e1,e2) € Ep, (Gs2 )(sY,51) and (7(2),e2,€e3) € Ew, (G?é))(52,52)
Further suppose (h1,h3) € W.H(s1,52)(G(s1,52)) and kY, hY € Heap such that hy & Al hz W hY defined. By
construction of W.H, we have hs such that (hi,h2) € Wi.H(s )(G?f)) and (ha, h3) € WQ.H(SQ)(GLE%)). By
Lemmaﬁ, from consistent(W1), (11y, e1,e2) € Ew, (G52 )(s9,s1) and fo) = Wl.L(fo)) U G(s1,52)(1}, we
get three cases by letting hY = (). For each of these, again by Lemma and letting hY = (), we get another
three subcases from conszstent(Wg) and (7(2), €2, 63) € Ew, (Gb1 )(s3,52). So there are nine cases in total.

1. (1) hl Lﬂhf,elT/\hQ,QQT

(1) ho,eat A hg W hf,es?t
We are done because hy W ht' e; T A hg W hi, e31.

2. (1) hl Lﬂhlf,elT/\hg,egT
(2) h2,62 —* hIQ,Uz A hg W hg,eg ¥ hé,’l)g

This is a contradiction by determinacy.
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3. (1) hq &th,elTAhg,egT

(3) ha, ez —* hly, Kaleh] A hs W hE ez —* by, K3[es] with (77, €, e}) € S(G(sl,s'z){g},Gfé)(s’Q))

Since e}, = I(7, f1, f3) vy or e) = I(7, f1, f3)][] for some T, f1, f3,v2, we know by determinacy that eg
eventually gets stuck. This is a contradiction.

- (2) W hY er —=* By W hY v1 A hg,ea <—* hly,ve with 8§ O [s9,s1] and (h}, k) € Wi.H(s] (G (1))
and (7(1), v1,v2) € G{7)(s1)
(2) ho,ea —* hY, vh A hsWhY, es —* hl WhY, vs with sh 3 [s3, so] and (hf, %) € Wa.H(s2)(G(3(s3))
and (7(2),v,v3) € G(5(s5)

By determinacy we have h}, = hf and vy = vj. Since fo)(s’l) < G?%)(s’l) and Gfé)(sg) < Gé)(s’z), we

have (1,v1,v3) € G(s},s5) by Lemma Similarly, (hf,h%) € W.H(s], s5)(G(s}, s5)) by construction
of W.H. Since (s}, s5) 3 [(s9,59), (s1, s2)], we are done.

. (2) hl G} hf,el oy * h/1 O] hlf,Ul A h2762 - hl271)2

(3) ha,ea —* hY, Kaleb] A hs WhE e3 —* hi W h K3lei] with (77, eh,e5) € S(G(s1,s’2){2},Gf§)(s’2))
Since e}, = I(7, f1, f3) vy or e, = I(T, f1, f3)][] for some T, f1, f3,v2, we know by determinacy that es
eventually gets stuck. This is a contradiction.

. (3) hi WA er —* by WhY, Ki[e}|Aha, ea —* hh, Koeb] with s O sy and (h], hb) € Wi.H(s) DG (1))
and (7', €], €5) € S(G(s1, 52) (1}, G(1)(s1)) and Vs{ Jpup 81.VG" > G (7, 71), K1, K3) € Ky, (G")(sY,
(3) ha,ea —* hY, Kj[ef]AhsWhY, e3 —* hiwhE | K3[es] with sh, O so and (hY, hf) € Wa.H(st 2)(G (3 (s5))

and (77, el es) € S(G(sl,s’z){g},G‘(g)(s’g)) and Vs§ Jpup $5.VG > Gfé) (", 7(2), K2, K3) € K, (G’ )(89,85)

By definition of S, G(s},52)1y and G(s1,s5)12}, there are four possibilities.

/l)

(a) We have for some 7,7, f1, f3,v1,v2,

~

[ ) 6/1 = fl (% and 6/2 = 1(7’:‘) ?7f15f3) U2 and T/ = 7(1)
o (F 7. f1. fs) € Glsh.52) C Gls).5) and (7). v1,02) € Gy (51) € Gy (4)
and for some 7,7, f1, f4, v}, vs,

o e =17 =7, f1, f4) vy and e5 = f} v3 and 7" —T(Z)

o (7' =7, f1, f3) € G(s1,85) € G(s1,85) and (7(,),v5,v3) € G(z)(SQ) = G(z)( 2)
Since both ¢}, and e} are stuck, we know by determinacy:
o Wy ="hY and Ko = Kj and I(T — 7, f1, f3) = 1(7 — 7', f1, f) and vy = v},
Since I is injective, we also have:
e 7=7and 7=7" and f1 = f] and f3 = fj§.
Since e = fz v3 A (f1, f3) € G(s},85)(F — 7) A (v1,v3) € G(s], 55)(7) by Lemma we have
o (7,e1,e5) € S(G(s1,55), G(s1, 53)).
Since (1) € W0 H(S5) (G (1)) € WaH(s5) (G 51)) and. (05, 15) € WaH(s3)(G3 (5) €
Wa.H(s4 )(G(Q)(sg)), we have
o (sh,85) 3 (s1,52) and (R, h%) € W.H(s], s5)(G(s), s5)) by construction of W.H.
It remains to show that V(shsz) Tpub (87, 85).VG' > G. (7,7, K1, K3) € K, (G')((s9, 83), (s, s5))-

Since G > G and G/(“;) > Gs , we have

s

(TlvT(l)aKlaKQ) € KWl (G(1))(S(1)781) A (T T(Q)aK27K3) € KW2 (G( ))(5(2)782)
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Note that 7" = 7(1) and 7" = 7).
Thus, by definition of K};,, we have (7,7, K1, K3) € K (G')((s7, 89), (57, s5)).

(b) We have for some o, 71, f1, fs,
e ¢y = fi[] and ey = I(Va. 0, f1, f3)[] and 7" = o1 [71 /]
o (Vo.o, f1, f3) € G(s},52) € G(s},55)
and for some o', 7o, f1, f4,
o ey =I(Va.o’, fi, f3)[] and e5 = f3]] and 77" = o, [72/c]
o (Ya.o', f1, f3) € G(s1,53) € G(s},55)
Since both e, and ef are stuck, we know by determinacy:
o hhy = hy and Ky = K5 and I(Va. o, f1, f3) = I(Va. o', f1, f5).
Since I is injective, we also have:
e 0 =0¢" and f; = f] and f5 = fi.
Since e = f3]] A (f1, f3) € G(s), 85)(Va. o), we have
o (o[f/al e}, e3) € S(G(s1,53),G(s], 85)) for some T with 71y = Ty AT(2) = T2 by Corollary

Since (), ) € WiH(sh) (G35, (54)) € Wi H(sh)(GE3 (51) and (K, hh) € WaH(s5)(G23(s5)) €
W H(s)(G 3 (4)), we have

o (sh,85) 3 (s1,82) and (R, h%) € W.H(s], s5)(G(s), s5)) by construction of W.H.
It remains to show that V(s7, s5) Jpup (s, s5).YG' > G. (o[7/a], 7, K1, K3) € Kiy, (G')((sY, 83), (7, 85)).
Since GG% > G‘Zf) and GI(;/I), > Gfé), we have

" /

(7', 70), K1, K2) € Ky (G33) (51, 87) A (77,702, Ko, K3) € K, (G(3)) (55, 55)

Note that 7" = o(1)[71/a] = o[T/a]) and 7" = o(9)[T2/a] = o[T/a](2).
Thus, by definition of K{;,, we have (o¢[7/a], 7, K1, K3) € K{;,(G')((s9, 59), (s{, s5)).

(¢) Proceeding as in the previous two cases, we get e5 = I(T — 7, f1, f3) v2 and e = I(Va. 7', f1, f3)]]
and later then e, = ef, which is a contradiction.

(d) Similar to the previous case.

7. The1 remaining three cases (2)(1), (3)(1) and (3)(2) are symmetric to (1)(2), (1)(3) and (2)(3), respec-
tively.

O

5.1.5 Transitivity w.r.t. the Full World

Lemma 90.
A;Tkey ~wes:o

Proof.
We show inhabited(W).

e By Lemma [2] we have [W;] € GK(W;) for i = 1,2.
e From inhabited(W;) for i = 1,2, we have s such that (0,0) € W;.H(s?)([W;](s?)).

?
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e Thus, for any G € GK(W), we have

(0.0) € WyH(SH) (W) 0 W H(s9) (Wl (D)
C Wl.H(s(l))(Gf’f)(s(l))) o WQ.H(sg)(Gfg)(sg)) (Lemmas [82| and
= W.H(s9, s9)(G(sY, 59)) (construction of W.H)

We show consistent(W).
e Suppose G € GK(W) and (€], e}) € S(W.L(s1,82)(G(s1, 82)), G(s1,52))(7").
e We need to show (beta(e}), beta(es)) € Ew (G)((s1,52), (51,52)) (7).

e By definition of S and W.L, and by Lemma there is e}, such that
(€1, €3) € S(Wi.L(s1)(G (7 (51)), G(7) (51)) (7)) and
(chy€h) € S(Wa.L(52) (G (2)), G2y (52)) (7).

e From consistent(W1) and consistent(Wz), we get
(7(1), beta(ey), beta(es)) € Ew, (GEy)(s1,81) A (7(2), beta(es), beta(es)) € EWQ(Gfé))(827 s2) .
e By Lemma [R9 we are done.
We show VG € GK(W).Vsy, $2.¥0 € TyEnv(A).Y(y1,73) € Env(dT', G(s1, s2)).

(60,71€1,73€3) € Ew (G)((51, 52), (51, 82)) -

By Lemma [88] there exists -2 such that

(71,72) € Env((61) 1), G(3)(s1)) A (72, 73) € Env((d1)(2), G{5)(s2))-

e Since names(I') N N3 = 0, we have (6")(;) = oI

From A;T F e ~ywy, e2: 0 and A; T F es ~yy, es 1 0 we thus get:
(0yo,11€1,72€2) € Bw, (G7)) (51, 81) A (8(2)0, 7262, 13€3) € Ews, (G3)) (52, 52)

e Since names(c) N N3 = (), we have §;y0 = (00) ;).

Thus, by Lemma[89] we have (30, v1e1,73€3) € Ew (G)((s1, s2), (51, 52)).

5.2 Constructing an Isomorphic Lifted World

We now come to the second part of the proof. Recall that the goal is to show A;T' F e; ~ e3 : o and that,
to this end, we already assumed a set of names N to be given. Hence we must find w € LWorld such that:

1. wNCN
2. stable(w)
3. A;l"}—el ~Nwt €3 1T

We will now construct such a w. However, instead of showing (3) directly, we will rely on Theorem [73| and
Lemma [90] and just show that wt is isomorphic to W.
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Definition 22. For s, s;; € Wher.S, we define s,¢\[178}¢, 50t \[25s € Whet .S as follows:

sef\ysey = (7,01, 02) € st | V'l (T ) ¢ sty )
Srf\[Q]S;f = {(7‘, 51762) € St | VT/,E/. (T/,fl,gg) ¢ S;f}

Definition 23. We construct w € LWorld as follows (recall that W; = w;1).

w.N = W.N

w.S = WS

w. J = W.3

w. gpub = W. gpub

w'L(Srf)(S%P 811c7 s?f’ Slzc)(R) = { (T7 U1, U3) € WL(S%E Sllc’ sff’ S%c)(R) ‘ vl T 7é ref 7/ }
w'H(Srf)(S%f?311c75?f7812c)(R) = {(h17h3) | Srf = Sif.sff/\ahcl)v 1 "3as 5a’hgb7h5b7 3, 3.

hy = hS WA A RS, W hY, = hS, W RS A hy = hS W B A
dom(hk,) N dom[g](slif) =0 dom(hlf%) ﬁldom[l](sff) =0A
(h;h54) € Weer-H(spp\yser) ((Wr-Lisigs s10)] R,y ) A

BE, B, € wy M5l (S (1 L (sl sl ) A

(
(h5y, h3) € Wrer H(se\2)5:0) (W2 L (83, 5% )]y, ) A
(

B, ) € wy H(s%) (s2)(WarL (% 2], ) )

Definition 24. For G € GK(wt), we define 8 € W.S — VRelF as follows:

(_
1 1 2 2\ . 1 2 1 1 2 2
G (Srf7 Sley Srfs Slc) i G(‘Srf ® Srfs Srfy Sler Srf Slc) .

Lemma 91.
1.2 1 2
Spy Sep € Wiet.S = 55 @ 55 € Wit S

Proof.
e Since s and s% are finite by assumption, sl e s% is finite, too.
e Now suppose (7, {1, 03), (7', 0, 04) € sk o s%.
e Then there is {3 such that (1), 41, 02) € sl and (7(a), l2,(3) € s%.
o Also there is £; such that (7(,), (1, 05) € sk and (T(2), 15, L3) € s%.
e Now further suppose ¢; = £; (the reasoning for ¢3 = ¢4 is analogous).
e From the assumption we get (1) = T(’l) and fy = 05,
e From the latter and the assumption we get 75y = 7'(’2) and {3 = (4.

e It thus remains to show 7 = 7/, which follows by Lemma

Lemma 92.
al 1 2 2 2l o 22 1 g o2
1. If 5,4 3 s,y and 85 3 s%, then 5., @ 55 1 s, @ 57
sl 1 2 2 2l g 82 1 o 2
2. If 3¢ Jpub Sy and 87 Tpub S5, then 5 @ 3% Joup 5. ® 55.
Proof. Easy to check.

Lemma 93. For G € GK(w?), we have G e GK(W).
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Proof. We know from Lemmaand G € GK(wt) that G is monotone. It thus remains to show ¥s. 5( ) >IN
%
W.L(s)(G(s)):

e Suppose s = (sl si., s%,s) and T are given.

From G € GK(w?) we know G (s)(r) >N wh.L(sk e 5%, 5)(G (5))(7).

e Note that w.N = W.N.

If 7 is not of the form ref 7/, then we have:

whL(sk o 5%, 5)(G(s))(7)
— w.L(sk o s%)(s)(G (s))(r)
— W.L(s)(G(s))(7)

o If 7 = ref 7/, then we have:

whL(sls o 5%, )(G (s))(7)
— Wier.L(sk  52)(G (s))(7)
= (S%f b Sff)(T/)
= Sif(T(/l)) © Sff(T(/z))
= Waer L(si) (Wi L5l skl ) )0) @ Waen L) (W L (3 sl ) ) (@)
= WiL(slg, sl (Wa L (st sl (7)) © WarL(sh, st (W L (2 st ) ) (7))

= (Wl'L(Srﬁslc)([Wl'L( rf7slc)}(§(s) ) WQ'L(SrﬁSlc)([W2'L(S?f7Slc)]%(s){2}))(7—)
F
= W.L(s)(G(s))(7)
O
Lemma 94. w.N C N
Proof. By construction. O

5.2.1 Stability

Definition 25. Lemma [88] gives rise to a choice function mediate that, given G € GK(W) and (7,v1,v3) €
G(s1, s2), returns a value vy = mediate(G, s1, 52, T,v1,v3) such that (1), v1,v2) € fo (s1) and (7(2),v2,v3) €

GSl ( 2). We usually leave out some arguments of mediate that are clear from context.
Lemma 95 (Stability of w). stable(w)
Proof.
e Suppose G € GK(w?), s = (sk, sk, s%,s2), (h1, hs) € w.H(se)(5)(G(5¢f, 8)) and Sy I Sy
e Further suppose (h?,h3) € Wier H(5:¢)(G(354, 5)) and defined(hy & k) and defined(hs & hS).

e We must find § = (84, 5\, 8%, 52) Jpub s such that (hq, h3) € w.H(5:)(8)(G (5, 8)).
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e From (hy,hs3) € w.H(s:)(s)(G (s, 8)) we know that there are h$, hi¢, hS,, hi,, hSy, b, b, bl such that:

otk oo

6.

where G is short for [W;.L(s rf’slc)]G(

hi = hS WhAIE A RS, W hY, = hS, WhiS A hg = h§ W RY
dom(h;,) N domypy(si;) = @ A dom(hl;) N domyy(s%) =0
(h?,h34) € Wree-H(sye\ 181 ) (G1)

(hi, hi,) € wiH(s}) (s1.)(G1)

(hSy, hg) € Wit H(s7\(2)8:¢) (G2)

(higy, I € wa.H(s%) (s7.)(G2)

ENIOION

e We know §.¢ = s.¢ W st for some s™.

For each (7, 1,/3) € s* we pick a fresh location £(, ¢, ¢,)-

Now let §1f = Slf (U] { (T(l),gl,e(T,gl,gs)) | (T, 61,63) S 8+) }

e And let §2 WS Srf (] {( 2),6(741’53 63) ‘ (T,Kl,gg) € 5+) }

o Using s, Sk, 5%, Sef € Wher.S and s,¢ = s); @ 5%, it is easy to see that 31 e §% = ;4.

We show 8%, 8% € Wyer.S:

We do only one part, the other is symmetric.

Suppose (77,01, 03) € sk and (1,01,03) € s*, i.e., (T,01,03) € 5 \ Sut.

We derive a contradiction.

Since 1 € dom(h?) and defined(hy W h3), we get £1 ¢ dom(hy) D dom(h$).
From (3) we learn ¢ ¢ dompj (sl \(1) sr¢), and hence ¢ € dompyj(ss).
Consequently there is 77, ¢4 such that (7", 01,05) € syt C 8y¢.

Since (7,¢1,03) € sT C 8¢, we learn 7 = 7 and ¢3 = ¢4.

This contradicts (7, ¢1,¢3) ¢ sys.

§'; O s'; holds by construction.

From (h$,h3) € Wier H(3:t) (G35, 54, 51, 5%, 52.)) we know by monotonicity that

%
(h{,h') € Wiet-H(3:6)(G (3 %f?sllw rfaslc))

Note that G € GK(W) by Lemma

[ ]
o We define:
7. B =Rt W he
8. hg = { Ly—ymediate(G,7,h3(01), h§(6)) | (1), 01, 62) € 8l A (o, Lo, bs) € % }
9. hif, = h$ Whs,
10. B = b W hg,
11. hy = hSwhg

e It is easy to check that:

dOHl(hlif) = dom[l]( ) A dom(h¥ ) dOIIl[Q]( )
dom(ht}) = domyyj(8%) A dom(hy) = domy(5%)
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o Since G(Svt, s) = <5(8) we know from (3-6) by monotonicity:
< :2 2 .
12. hcl),hga) S Wref.H(S%f\[l]Srf)(Géi;ﬁslc)(sif,Sllc))
S (82%,s2,
B,) € wiH(sk) (s5) (G (5 (sl 51))
o 10 2 SBiesic) (p2 2
3y, hs) € Wref-H(Srf\[2]5rf)(G (856> 51c)

15. (hi,, hY) € wo.H(s? )(%)(G(s'f’glc (52 51))

(
13. (hl,
14. (

(

e Using (6-11), (13), and (h$,h3) € Wref.H(grf)(g( sk, sk, 8%, s%)), it is easy to check that:

~ (52 ,SIQC ~
— W(ry, 1, ) € 8Ly (71, B (61), 3, (£2)) € G (5" (L, sh)

— Y(72, 2, ) € 8% (72, Wiy (L), W5 (£3)) € G(g”’g“ (8%, 51)

e Consequently we have:
2 2
Ei)f (5, 51)
(A} 1C
(;)f i) ( 3f7 Slzc))

e From (1-2), (7-11), (16-17), defined(hy & h?) and defined(hs & h3) it is easy to see that:

16. (i, hy) € Wier H(3L)(G
G

17. (B3, hE) € Wier H(3%)(

18. defined(hi¢ & hif) A defined (hY, w L)
19. defined(hk, W hiL) A defined (bYW hY)

e From (13), (16), (18), and stable(w;) we get 3{. Jpub sk such that
(hle 1) € w K3k (31) (G 55 (81, 8L).

e From (15), (17), (19), and stable(wz) we get 52, Jpup sZ. such that
(1l Hi) € w2 H(2) (82)(G (5 (33 82).

e Thus by monotonicity we get

A KRV IC I A TSI
(hle, hk,) € wl.H<ssf><s%c><GEI;f 1r><s$f,s%c>> and

<_ S S ~
(hls ) € w2 H(E2)(32) (G 5 (32, 32)).

%
e From (12) we get by monotonicity (h{, h3,) € Wref.H(él}f\[l]érf)(Ggl‘)f lc)( sk, 81))
because §1¢\[118:f = 5 \[1)5xt-

%
e From (14) we get by monotonicity (hg,, h3) € Wier-H(3%\2) grf)(agﬁfvslc)(sff, §2))
because 8% \[28:f = 5% \[2)xt-

e Hence (h1,h3) € w'H(grf)(gif? §llc7 é?ﬁ §l2c)(G(5rf? Srfo Slc7 rf7 slc)) by construction of w.
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5.2.2 Isomorphism
Lemma 96 (Isomorphism between W and wt). 3¢, 1. ¢ : W = w? : ¢
Proof. We define ¢ € W.S — P(w?.S) and ¢ € wt.S — P(W.S) as follows.

1 1 2 .2 ._ 1 2 1 1 2 .2
D(Spps Sies Sats Sie) = {(Sef ® S5ps Srp» Sies Sips Sic)
1 .1 2 2 : 1 2
e sl gl &2 32) { (556> i S5, 818) b i sep = s7p @85
T Zrf> Pler Prfs le 0 otherwise

It is easy to see that ¢ o9 Jdpyp id and ¥ o ¢ Jpyp, id. So it remains to show that ¢ and i are world
morphisms:

1. To show: ¢ : W — w?

(a) To show: W.N = wt.N
o wh.N =W, Nw.N=wN=WN.
(b) To show: Vsy,s]. s1 £ 8] = Vsa € ¢(s1), 85 € ¢(s)). s2 C 55
e This boils down to the fact that sl; e s% C 3l e 5% if s}, C 3l and s% C §%.
(c) To show: Vsi,s]. s1 Cpup 81 == Vs2 € ¢(s1), 55 € ¢(s]). s2 Cpup h
e See (1b).
(d) Vs1.Vsg € ¢(s1). W.L(s1) = wt.L(s2)
o In fact, we show Vsk, sl s%, s2. W.L(sk, sk, s%, s2.) = wh.L(sk e s%, sk, sk, s%,s2).

For non-reference types this is immediate:

w. L( Sre> Slc’ rf7 Slc)(R)(T)

= w.l(s %f o s%)(sk, st 8%, sE)(R)(7) (construction of w)
= whL(s; ® 5%, 3¢ S, 53 5i) (R)(7) - (construction of Wier)

For reference types we have:

WL( rf7slc7 rf’slc)(R)(refT)
= Wi.L(sk, sh)(R1)(ref 1)) o Wa.L(s%, s, ) (R2) (ref 7(2)) (construction of W)

= Wher.L(s%)(R1)(ref 7(1)) © Wiee.L(s%) (R2)(ref 7)) (W; = w;?)
= S%f(T(l)) © ng(T(Z)) (construction of W)
= (oot

= Wiet. L( sk o %) (R)(ref 1) (construction of W)

= whL(s;; @ 8%t 85p i, Sip 1) (R) (ref 7)
where R; is short for [W;.L(s rf7slc)}Rm.

(e) Vs.VG € GK(W). W.H(s)(G(s)) < Uy eq(s) w-H(s)(G(s))

o Let s=(s %f,sllm ff,slzc) and G be given and suppose (h1, h3) € W.H(s)(G(s)).

o Let s’ = ( Srf .Srf7 rf’slc’ I%f751c) so s’ € ¢( )
We will show (hq, hs) € w.H(s')(G(s)).
We know by construction of W that there is hs such that
(hl,hz) S WlH( rf751c)(G1) and _ '
(ha, h3) € Wa.H(s%, s2.)(Gs2), where G; is short for [Wi.L(sf,f,sfc)}g(s){i}.
Hence there are hif, ¢, hif bl REE R REL BY such that:

i. hy = hifwhle

ii. hy = hif whlk,
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fii. ho = hi WAL
iv. hy = b WhY
v. (B hAE) € Weer H(sk )( 1)
vi. (RIS, RY)) € wi H(sk)(sL)(Gh)
Vil (hE, BE) € Wiet. H( 1)(G2)
vii. (hI;b,th) € wa.H(s%)(s.)(Ga2)
o Let 57 = si \[i (5 @ 57)-
o Let s? = s\ s5.
e Note that s’ = s? W 5.
e Hence by (v), (vii) and construction of Wyes there are ht,h{,h3,, hS,, h3y, hsy, hS, h§ such
that:
ix. Bt = Wt WA
x. hif, = hS, WhS,
xi. hif = h$, WhS,
xii. Ay = h Whg
xiii. (B3, hS,) € Wier.H(s3)(G1)
xiv. (h{,hs,) € Weer.H(s$)(G1)
XV. (h;b,h?,) € Wrer-H(53)(G2)
xvi. (hSy, h3) € Wier-H(s5)(G2
o Also, from (ii-iii), (v), (vii) we know dom(hi,) N domyz(sy;) = 0 Adom(hg}) N domyy(sfy) = 0.
o We show (h$, hS) € Wiet. H( st @ s%)(G(s)):
— Suppose (7,01, 03) € sl o s%.
— We must show (7, h$(¢1),h3(¢3)) € G(s).
Observe that s} e s§ = sl e s%.
So there is £5 such that (7(1y,£1,f2) € 57 and (73, {2, {3) € 5.

— From (xiii) we know (7(1y, h$(¢1), h3,(£2)) € G1.
From (xv) we know (7(2), h3,(f2), h3(£3)) € Gs.
Since h$,,hS, C he, we have h$,({2) = h$,(¢2) and thus (7,h}(¢1),h5(¢3)) € G(s) by
Lemma B8]
e Since hy \ h} = h$ W hlS and hs \ h§ = h$ W AL, we know by construction of w that
(h1\ b3, hs \ h3) € w.H(sy @ s%)(s)(G(s)).
e Hence (hq, h3) € wt.H(s")(G(s)).

2. To show: ¥ : wt - W

(a) To show: wt.N = W.N
e See (la).
(b) To show: Vsy,s). s1 C 8] = Vs € 1(s1),85 € ¥(s]). s2 C s
e FEasy to see.
(c) To show: Vs1,s). s1 Cpub 81 = Vsa € 9(s1), 55 € ¥(s)). s2 Cpub 85
e See (2b).
(d) Vs1.Vsg € 1/)(81). wTL(sl) = WL(SQ)
e See (1c).
(e) Vs.VG € GK(wt). wi.H(s)(G(s)) < Uy ey s W-H(S)(G(s))
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viii. dom(his,) N domyy (s}

Let s = (s, sk, s, s%, s2.) and G be given and suppose (h1, hs) € wi.H(s)(G(s)).

This implies s+ = sl; o s% and s’ € ¢(s) for s’ = (sk, s, s%, s2).
We will show (hq, hs) € W.H(s')(G(s)).
We know there are h{, hl, b3, h% such that:
i hy =W,
ii. hg = h3Whj
iii. (hY,h3) € Wier.H(s); @ %) (G(s))
iv. (b, h) € wH(sk @ 52)(5) (G(s)).
From (iv) we further know there are h$, hi¢, h3,, b, hsy, hiS, hS, Bl such that:
v. b = hS W Rl
Vi. hg, W hls, = h3, WAl
Vi, hf = hg Wl
) 0 A dom( 2b) n dom[l]( ) =0
ix. (h,h5,) € Waer H(sk \1y) (s1 @ 52)) (G1)
x. (B, hi,) € wiH(sk) (si)(G1)
xi. (hgy, h§) € WaerH(s% \pzy (517 @ 53)) (G2)
xii. (hgy, hi) € wa.H(s? ) sie) (G2)
where G; is short for [W;.L(s’;, slc)]* &)y

We have E(s’) = G(s). Thus by Lemmas and we have G1 @ Gy = G(3).

Thus, for each (7,01,03) € sl o s%, we know from (iii) that there is V(r,t,,05) Such that

(T(1)s 23 (€1), 0(r 0, 25)) € G and (T(2), V(r.t, 04), D3 (£3)) € G

Let h$ := {fl—H}(T,gl’gS) | (T(l),€1,€) € S%f A (7’(2),€7 l3) € S?f}.

Let s7 = sip \[i] (5;¢ @ 57¢)-

Let s? = si; \ s2.

Then we have (h$, hS) € Wier H(s})(G1) and (h$, hS) € Wiet.H(s3)(G2).
Observe that s W s? = si;.

Consequently, (h{ Wh$, h3, Whs) € Wier.H(sk)(G1) and (hS, WhS, hy WhS) € Wyer.H(s3

t)(G2).

From (viii), (x) and (xii) we get (h§ U h$ W R, hg, W hS W hY) € Wi.H(sk, sL)(G1) and

(hgy & hS W hig,, hg W hs W hi) € W H(sZ, Slc)(GZ)

By construction of W, this means (hq, h3) = (h§ WA WA, kS WA W hY) € W.H(s')(G(s)).

5.2.3 Transitivity

Theorem 97 (Transitivity). A;TFe; ~ez:0

O

Proof. We have A;T' F €1 ~yt €3 : 7 by Lemmas [00] and [96] and Theorem The result then follows from

Lemma

71

O



	Language
	Syntax
	Dynamic Semantics
	Static Semantics
	Contextual Equivalence

	Model
	Definitions
	Basic Properties
	Compatibility
	Soundness
	Symmetry

	Examples
	World Generator
	Substitutivity
	Expansion
	Beta Law
	Awkward Example
	Well-Bracketed State Change
	Twin Abstraction

	Weak Isomorphism Theorem
	Weak Isomorphisms
	Global Knowledge Constructions
	Category of Worlds
	Isomorphism Theorem
	Examples

	Transitivity
	Constructing a Full World That Relates e1 and e3
	Type Decomposition
	World Construction
	Transitivity of Value Equivalence
	Transitivity of Term Equivalence
	Transitivity w.r.t. the Full World

	Constructing an Isomorphic Lifted World
	Stability
	Isomorphism
	Transitivity



